Journal of Theoretical Biology 364 (2015) 397-406

Contents lists available at ScienceDirect - Journal of
T%?ogtical
. 5 ology
Journal of Theoretical Biology '
journal homepage: www.elsevier.com/locate/yjtbi .

Determining equilibrium osmolarity in poly(ethylene glycol)/chondrotin @CmssMark
sulfate gels mimicking articular cartilage

S. Sircar **, E. Aisenbrey®, S,J. Bryant”““, D.M. Bortz

@ School of Mathematical Sciences, University of Adelaide, SA 5000, Australia

b Department of Chemical & Biological Engg., University of Colorado, Boulder, CO 80309, United States
€ BioFrontiers Institute, University of Colorado, Boulder, CO 80309, United States

d Material Science and Engineering Program, University of Colorado, Boulder, CO 80309, United States
¢ Department of Applied Mathematics, University of Colorado, Boulder, CO 80309-0526, USA

HIGHLIGHTS

e A comprehensive model of a multi-phase, multi-species polyelectrolyte gel model is proposed.

e Model features include: elasticity via covalent cross-links in the polymer network, microscopic nearest-neighbor interaction between the various
polymer/solvent species, electrostatic and osmotic pressure.

e In vivo studies are conducted and the equilibrium electrochemical composition are compared with the model output.

e [t is generally seen that swelling is aided in the case of a highly charged gel with low cross-link fractions or the ones immersed in a bath with low

solute concentration or a high pH.

e A de-swelled state of the gel is preferred at high cross-link fraction and higher average charge per monomer.
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We present an experimentally guided, multi-phase, multi-species polyelectrolyte gel model to make
qualitative predictions on the equilibrium electro-chemical properties of articular cartilage. The mixture
theory consists of two different types of polymers: poly(ethylene gylcol) (PEG), chondrotin sulfate (ChS),
water (acting as solvent) and several different ions: H*, Na*, CI~. The polymer chains have covalent
cross-links whose effect on the swelling kinetics is modeled via Doi rubber elasticity theory. Numerical
studies on equilibrium polymer volume fraction and net osmolarity (difference in the solute concentra-
tion across the gel) show a complex interplay between ionic bath concentrations, pH, cross-link fraction
and the average charge per monomer. Generally speaking, swelling is aided due to a higher average
charge per monomer (or a higher particle fraction of ChS, the charged component of the polymer), low
solute concentration in the bath, a high pH or a low cross-link fraction. A peculiar case arises at higher
values of cross-link fraction, where it is observed that increasing the average charge per monomer leads

Hydrogel .
to gel deswelling.

© 2014 Elsevier Ltd. All rights reserved.

1. Introduction

Articular cartilage is a polyelectrolyte biogel that forms a thin
tissue layer lining the articulating ends of all diarthrodial joints in
the body and contribute to the lubrication mechanisms in the joint
(Mow and Ratcliffe, 1997). The water phase of cartilage constitutes
on average from 60 to 80% of the total weight for normal tissue
while the dominant structural components of the solid matrix are
the collagen molecules and proteoglycans (PGs) (Mow et al.,, 1993).
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The collagen fibrils are densely packed polymer strands with a high
resistance against fluid flow (Armstrong and Mow, 1982), which
helps in retaining the shape of the cartilage when compressed
(Maroudas, 1979). PGs are macromolecules consisting of a protein
core to which are attached short chains of negatively charged
glycosaminoglycans (GAGs) (Setton et al, 1993). The primary
GAGs associated with PGs in cartilage are chondroitin 4-sulfate,
chondroitin 6-sulfate and keratan sulfate (Maroudas, 1979).

An increase in cartilage tissue hydration, governed by the
density and the nature of fixed charges on the PGs as well as the
density of the mobile counter ions in the interstitial fluid are
the earliest signs of articular cartilage degeneration during
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osteoarthritis (Armstrong and Mow, 1982; Maroudas, 1979). For
this reason the development of mathematical models and numer-
ical methods to quantify cartilage swelling have been of great
interest for many years. Each PG-associated negative charge on the
polymer chain (known as the fixed charge), requires a mobile
counter-ion (e.g., Na™) dissolved within the interstitial fluid in the
cartilage gel to maintain its electro-neutrality (Maroudas et al.,
1991). This effect gives rise to an imbalance of mobile ions across
the gel interface. The excess of mobile ions colligatively yields a
swelling pressure, known as the osmotic pressure (Maroudas,
1968), while the swelling pressure associated with the fixed
charges is known as the Donnan pressure (Donnan, 1924). Changes
in this internal swelling pressure, arising from altered ion con-
centrations of the external bath, or changes in the fixed charges
result in changes in tissue dimensions and hydration. However,
this swelling pressure is balanced by tensile forces generated in
the collagen network (Muir et al., 1970). This effect is due to the
presence of covalent cross-links within the gel matrix.

Mathematical models are essential for understanding systems
with many interacting components (e.g. the collagen network,
proteoglycans, interstitial fluid and ionic solutions present in carti-
lage), since the complexity of the interactions taking place over-
whelms the ability of the human intuition to make accurate
predictions of their behavior. Early work in this direction began with
the classical work of Flory (1953), Flory and Rehner (1943a, 1943b)
and Katchalsky and Michaeli (1955) (see also Doi and Edwards, 1986;
Flory, 1976) to understand the swelling and deswelling of hydrogels.
In this theory, the free energy is used to make predictions about the
thermodynamical equilibrium configurations of polymer gels and
their dependence on environmental parameters such as temperature
or solvent ion concentrations. An important problem is to under-
stand how the kinetics (and not simply the equilibria) of swelling and
deswelling is governed. An early answer was given by Tanaka and
Filmore (1979) and Tanaka et al. (1980) who developed a kinetic
theory of swelling gels viewing a gel as a linear elastic solid
immersed in a viscous fluid. Subsequent studies relaxed the assump-
tion of linear elasticity by defining the force on the gel to be the
functional derivative of the free energy function for the polymer
mesh (Durning and Morman, 1993; Maskawa et al., 1999; Onuki,
1989; Sekimoto et al., 1989; Yamaue et al., 2000). However, most of
these works neglected the fluid flow that must accompany swelling.
Wang et al. (1997) added fluid flow by application of two-phase flow
theory but considered only small polymer volume fractions and
small gradients in the volume fraction. Durning and Morman (1993)
also used continuity equations to describe the flow of solvent and
solution in the gel, but used a diffusion approximation with a
constant diffusion coefficient to determine the fluid motion. Simi-
larly, mathematical models and simulations of polyelectrolyte gels
have been developed by other groups, in an effort to examine the
effect of fixed charge density via Donnan potential (English et al.,
1996; Wolgemuth et al., 2004; Hou et al., 1989; Lai et al,, 1991; Gu
et al., 1998), Nernst-Planck motion of ions (Setton et al, 1993;
Dhanarajan et al, 2002) and van't Hoff osmotic pressure (Lanir,
1996), in cartilage. These efforts include using the Poisson-Boltz-
mann equation and Biot's theory of poroelasticity (De et al., 2002), as
well as phenomenological modifications of Flory-Higgins theory to
capture some effects of multi-ionic cations (Kokufuta, 2005; Hirotsu,
1991; Zribi et al, 2006). However, these current state of the art
models do not couple the binding/unbinding of the ions to the
network micro-structure (Calderer et al., 2013). The National Institute
of Health (NIH) states that these binding/unbinding events are
critical to describing the local ion environment inside cartilage, the
environment that cells ‘see’, and the bulk mechanical properties of
the tissue and/or polymer (Health, United States, 2006).

In this regard, the innovative approach of this work is to create
the next generation, multi-phase, mechanistic ionic gel-swelling

model which mimics the equilibrium, free swelling/deswelling
environment within the articular cartilage and which captures all
of the fundamental scientific elements mentioned above. Using
this model we will outline how to extract the information from the
macro-scale data of gel-swelling (derived via in vivo experiments)
and help explain some micro-scale effects (e.g., details on polymer
cross-linked structure). To calibrate the outcome of this model,
in vitro set-ups of cross-linked copolymerized poly(ethylene
glycol) (PEG) and chondrotin sulfate (ChS) gels were developed
(Bryant and Anseth, 2003; Bryant et al., 2004; Villanueva et al.,
2010). PEG was chosen since it can be functionalized to enable
cross-linking to form a 3-D matrix, a system that promotes the
deposition of proteoglycans and collagen molecules and emulates
the mechanical strength, load bearing capabilities and resilience of
cartilage tissue (Bryant and Anseth, 2003). The ChS component
serves two purposes: to mimic the biochemical environment of
cartilage (since it is the main component of proteoglycans) and
to introduce fixed negative charges into the network (Bryant
et al., 2004). In the next section, we present the details of this
model, including the chemical potentials (Section 2.1) and the
chemistry of the binding reaction at quasi-equilibrium conditions
(Section 2.2). Further, we provide the details of the in vitro gel-
swelling experiments (Section 3) and the methods to estimate the
model parameters (Section 4). The results pertaining to the
equilibrium configuration of these ionic gels under different
electro-chemical stimuli are presented in Section 5. We conclude
with a brief discussion of the implication of these results and the
focus of our future directions.

2. Multi-species, multi-phase cartilage-gel model

We view the PEG-gel with negatively charged ChS strands in
ionic solution, as a multi-component material, including solvent
particles, polymer and particles of several ionic species. The
polymer is assumed to be made up of two types of monomers
the uncharged units (PEG segment of the polymer) and those that
are the charged ones (ChS segment of the polymer). Only the
charged units participate in the binding reactions, carry a double
negative charge and are denoted as M?~. The positively charged
ions in the solvent are Hydrogen (H*) and Sodium (Na*). The
negatively charged ions could include Hydronium (OH™) and
Chloride (Cl™). Because the negatively charged ions are assumed
to be not involved in any binding reactions with the gel, acting
only as counterions to positive charges, we identify these ions by
the name Chloride. The binding reactions of the positively charged
ions with the monomers are

(@ M?~ +H" kﬁ MH",
—h

(b) M>~ +Na* = MNa~,

k_n

k
(o MH™ +H™ kéz MH,,

—h2

Kn
(d) MNa~ +Na* = MNay,

—n2

Kpn
() MH™ +Na® = MHNa. (1
—hn
We assume that all the binding sites/charge sites are identical and
the binding affinities for the different ions are different. The
species M2~, MH~, MNa~, MH,, MNa, and MHNa are different
monomer species of the charged type, all of which move with
the same polymer velocity. The ion species are freely diffusible,
but because they are ions, their movement is restricted by the
requirement to maintain electroneutrality. Finally, because a small
amount of water dissociates into hydrogen and hydronium, we are
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guaranteed that there are always some positive and negative ions
in the solvent.

Suppose we have some volume V of a mixture comprised of k
types of particles each with particle density (number of particles
per unit volume) nj, and particle volumes v;, j=1, ..., k. From now
on we will denote the quantities with subscript “1” related to PEG
monomer species, subscript “2” related to ChS monomer species
and subscript “3” related to solvent molecule. The subscript (p,s)
denotes polymer and solvent phase, respectively. The volume
fraction for each of the polymer species (6,,6,) and the solvent
(65 =0;) are 6;=v;n; (i=1, 2, 3) respectively and 8, =6, +6,.
Suppose the ChS monomers constitute a fraction ‘@’ of the total
number of monomers, ny, (i.e., Ny = any, N =(1—a)n,). Assuming
that the ionic species do not contribute significantly to the volume
(ie, we take 1;=0, j=4,...,k), conservation of total volume
implies @;+6,+603 =1. Further, in subsequent calculations we
make an assumption that the particle density of the ions is
insignificantly small compared to the particle density of polymer
and solvent, ie. Y;.4nj<ns+n, Hence, ¢;=ns/(ny+ny),
by =np/(p+ns), P; =n;/ ¥ » 121 for j = 4 (assuming that the ions
are dissolved in the solvent), are the polymer, solvent, and ion
species per total solvent particle fractions, respectively.

2.1. Chemical potential

This section outlines the calculation of the free energy and the
chemical potential for this multi-species material. As above, we
suppose there are k different kinds of particles, with particle
volumes v; and particle numbers n;,i=1,...,k. To calculate the
chemical potentials, y;, we use Gibb's free energy

G= —kgTS+U+PV, )

where U is internal energy, S is entropy, T is temperature, kg is
Boltzmann's constant, P is pressure, and V =Y ;u;n; is the total
volume of the system. However, we assume that the volume
occupied by species j=4,...,k (which are the ions dissolved in
the solvent) is small compared to that of the monomer plus
solvent volumes v,np,+vsns and so take V =uv,n,+vsns. The
chemical potential is given by
oG oS oU

= om = —kBTa—m+a—r1j+ij=uf+ﬂj’»+ujP, 3)
where 3, pf are the contribution due to entropy and internal
energy respectively. In the next two sections these two contribu-
tions to the chemical potential are derived.

2.1.1. Entropic contributions to chemical potentials
The entropy of the system is defined as

S= Zn,»a),-, (4)

where @ is the entropy per particle for the ith particle. Using standard
counting arguments (Doi, 1996), for single-molecule species,

wj = —lﬂ((/)j) ji=3 (3)

The PEG and ChS chains exhibit permanent cross-link bonds (ie.,
covalent bonds), and we calculate the per-particle entropy of these
two species using the rubber elasticity theory (Doi, 2009)

C3kif o o
w,.__m[@i) 1], i=12, (6)

where i=1,2 corresponds to PEG and ChS polymer species res-
pectively. The corresponding particle fractions are ¢, = (1—-a)¢, and
¢y = aq{)p. k; and N; are the fractions representing the number of cross-
linked monomers per total number of monomers in one chain, and
the number of monomers per chain, respectively. Using Eq. (3), the
entropic contribution to the chemical potentials for different species

are

Hy ki 23 1-a] ky,_ 23 ay 3k ko

ot o S g g -] o
(7a)

s

s ki 13 ko 13

I<BT_ln¢$+¢”+N1 1N, o, (7b)

e

J .

kB—T=ln¢j+l—a,, ji=4, (7¢)

where o) =Y. 4¢; is the total ion particle fraction and represents
osmotic pressure as characterized by van't Hoff's law.

2.1.2. Internal energy contribution to chemical potentials

The internal energy consists of two contributions, long range
electrostatic interactions and short range (nearest neighbor)
interactions. The long range electrostatic interactions have energy

Ue = sznj(De, (8)
J

where z; is the charge on the ith ionic species (z; =z, =z, is the
average charge per monomer), and @, is the electric potential.

To calculate the short range interaction energy for the polymer
and solvent, we assume that each of the nr (=n,+ns) particles
have z neighboring interaction sites (called the coordination
number). Of the total of n, monomers, kin; and kyn, of them
are the cross-linked PEG and ChS monomers, respectively. Since
the cross-linked particles are pair-wise connected, we treat each of
these pair as a single species.

The different species with their pairwise interactions (i.e., the
cross-linked species, X, the uncross-linked species, u, and the solvent
particles, s) are shown in Fig. 1. Following assumptions are made
while calculating the per-particle interaction energy, U: (1) all cross-
links are assumed identical, (2) the cross-links are covalent perma-
nent bonds (unlike the case of transient cross-links, Sircar et al.,
2013), (3) the polymers have long chains and hence the end-effects
are neglected and (4) different polymer species have the same
interaction energies if they are of the same type (e.g., uncross-
linked PEG and uncross-linked ChS monomers have the same
interaction energy). The cross-linked particle pair and the uncross-
linked monomer have 2z-6 and z-2 free interaction sites based on
their position in the middle of the polymer chain, respectively (Fig.
1a and b). The solvent particles have z free interaction sites (Fig. 1c).

We let kBTQ(:'xx, I<3T0€uu, kBToepp, kBTOEus and I(BT()ESS be the
interaction energies associated with the covalent cross-links,
uncross-linked monomer-monomer interaction, monomer—
monomer interaction within a polymer strand, monomer-solvent
interaction and solvent-solvent interaction, respectively. Tp is a
reference temperature. The interaction energies for crosslinked,

a b c
s s s
€pp L0 . -
H : L €
U2 PP 5 uﬂu_ .......... : AT
| [ez= Euu f€us
- X &

Fig. 1. Pairwise interactions of the different species and their associated interaction
energies for: (a) cross-linked monomers, x, (b) uncross-linked monomers, u, and
(c) solvent, s. Double solid lines denote cross-linking, single solid lines denote
interactions within a polymer chain while the other types of interactions are
denoted by dashed lines. The nearest neighbor interactions are assumed identical
for both the PEG and ChS monomer species.
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uncrosslinked polymer particles, and solvent particles are

F. n n ni+n

T = (G + 3G+ 52 kks ) (2ex+ (22— 6)Eus +4€pp).  (92)
Fy

KaTo = =((1=kp)ny+(1 —k)nz) ((z—2)Eus +2€pp), (9b)
Fs . Nm N

KkeTo 21 (eus + essnT> (9¢0)

respectively, where Eys = €,u(11,/n1)+ €ys(ns/nr). Each of these is
calculated using standard mean-field arguments. For example, for
F, (Fig. 1a), there are either n, /2 pairs of only PEG monomers, n,/2
pairs of only ChS monomers or (n; +n;)/2 pairs of both PEG and
ChS monomers, respectively. The corresponding probabilities of

forming cross-links are kf, k% and k1 k,. For each of these pairs, two
neighboring sites are occupied by the covalent cross-link, four
neighboring interactions are the monomer-monomer interactions
within the polymer strands, and the remaining z—6 interactions
are distributed to monomer-monomer, with probability n, /nr and
monomer-solvent, with probability ns/nr.

Using the relations, ny = (1 —a)n,, ny = any, it follows that the
total per particle interaction energy is

= Pt Fut B

= ksTo [ ppbs + Hsths + by + 56us . (10)
where
X= €1(’<1k2 (1= k1 (1 —k1)—aka(1—k3))

3
+§ez +€ <k1(1 —a)(l —§l<1>

3 3 1
+ak; (] 7jk2> *jkl ko +§>a

P7ﬁiiifﬂ(a—mﬁ+a@+mm)+a_m<q—§q>a—a—mm_abx

0 2 2
z
/lf):—t?zj, (11)
and

€1 =C€us —€yu, €2 =CEys—E€ss, €3=Exx—C€uu, €4=Epp—~Eyy.

(12)

In polymer chemistry literature, the coefficients, y,ub,us, are
referred as the Flory interaction parameter and the chemical poten-
tials of pure polymer and solvent species respectively (Keener et al.,
2011b; Flory, 1953). The factor 1/2 in the per-particle interaction
energy in Eq. (10) is to correct for double counting. The correspond-
ing contributions to chemical potentials are

Hy = ko (2 +4). (13a)

ph=kaTo (xepp+42). (13b)

In summary, the chemical potential for the polymer and solvent
phase is

Wi P
KeT M+Z.¥’e+v., T J=ps (14)
where ¥, =, /kgT, My = 1/kBT(,uf,+;4})) and

M; =1/ksT(u5 +pi)—oy. For the ion species, uf =
its volume, vj, so that

Hi
ksT

0, and we ignore

=Ing;+1-01+z¥e, j=4, (15)

Finally, since there is a free moving-edge to the gel, on one side
of which (inside the gel) 8, =0, , and on the other side of which
(outside the gel) 6’+ =0, 0+ = 1 there are interface conditions,

1 _ kBT P
zTPMI’n P (M +zp¥’e+upk T)n 0, (16)

for the polymer, and

l(ﬂ; —y;)n= kBT(M* M; —of +o; —ysi)nz 0, 17)
Us kBT

for the solvent. P=P~, P* =0 and ¥, =¥, ¥, =0. n is the
normal to the free surface. The interface conditions are derived
using the standard variational arguments to minimize the rate of
work, which constitutes the viscous rate of energy dissipated
within the polymer and the solvent, energy dissipation rate due
to the drag between solvent and polymer and between solvent and
ion species particles as well as the rate of work required against
the chemical potential, y;. Readers are directed to Keener et al.
(20114, 2011b) and Sircar et al. (2013) to see the derivation details.
Eliminating P from Eqgs. (16) and (17) we find the single interface
condition at equilibrium swelling conditions

Zne[n =0, (1 8)
where X, is the net swelling pressure,

Z‘net:IVI;; M7+T0/’ts zPl[/ i
kgT Up T vs l/s Vs

(19)

The first three terms in the right-hand side of the above equation
correspond to the swelling via entropic contribution, the fourth
term represents swelling pressure coming from the fact that the
monomers may be charged, i.e.,, the Donnan equilibrium (z,¥. is
the corresponding Donnan potential) while the last two terms
represent the osmotic swelling pressure coming from the differ-
ence between the concentrations of ions dissolved in the gel and
those dissolved in the bath ((6; —o;") termed as the ‘Net
Osmolarity’).

2.2. lonized-species chemistry

Let the concentrations per total volume of the monomer
species be denoted by =[M?>"Ly=[MH ],v=
[MNa~],w =[MH;], x =[MNa;], g = [MHNa], with the total mono-
mer concentration

mr=m+y+v+w-+x+q, (20)

The concentrations per solvent volume of the ion species are
denoted as n=[Na*], h=[H"], and ¢; = [Cl~]. With concentrations
expressed in units of moles per liter, the relationship between ion
particle fractions ¢; and concentrations ¢; is ¢j =UsNacj, where Ny
is Avagadro's number.

To describe the chemical reactions, we use the law of mass
action. Since all the monomer species are advected with the
polymer velocity v,, the monomer species evolve according to

9
ot
where Rj+,Rj‘ are the forward and backward rates for the mono-
mer binding reactions in Eq. (1), respectively. The ChS monomer
concentration, m, is obtained from Eq. (20).

Under the assumption of fast chemistry, we set the r.h.s. in
Eq. (21) to zero, which reduces into the following set of equations
for each of the monomer species

= +V- (V) =R* =R, j=y.v,w,x.q, 1)

@ kymhOs+(k _p,w+k_ @2 =k_ Y2 +kn,yh+knayn)Os
(b) (knmn+knp,vn)0s = (k_,,v+k_n2x)¢§
(C) khzyhes =k —hy W¢§
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(d) kn,vnOs = k,,.zxd)f

€ Knyn6s =k_pmqep? 22)

Since the unbinding (dissociation) reactions are ionization reac-
tions that require two “units” of solvent, we take the unbinding
reaction rates to be k,c(,zﬁsz, C=h,n, hy,ny, hn, and because ChS
monomers carry a double negative charge, 2k;, =k, k_;, =2k_;,
i=n,h and 4k, = ky+kn, k_py = k_p+k_,,. Simplifying Eq. (22),

2
y= 95 2mh, _ 952 _ ( 95 2) th’
Kh¢5 K”¢s 2Kh¢s
2 2
X= < 0s 2) mn?, q= <Lz> mhn, (23)
2Kn¢5 \% KhKhn(ﬁs
where Kp=k_p/k,, Kn=k_n/kn, Kp,=4K, Kn,=4K, and

Kpn =4k _p+k_n)/(kp+kn).
Similarly, under the assumption of fast diffusion and chemistry,
the law of mass action for the ion species (1, h, ¢;) reduces into

C=Cpe ¥ (24)

with C=h,n,¢, z;=2z,=1 and z, =—1 and the subscript ‘b’
denotes the corresponding bath concentrations (Sircar et al.,
2013). The electrostatic potential, ¥,, is determined by the
electroneutrality constraint inside the gel, namely,

(n+h—c)fs+z,mr =0, (25)

where z, is the average charge per monomer. This charge depends
on the residual charge of the unbound and the bound ChS
monomers,

Zpmr = —(2m+y+v). (26)

Both the electrostatic potential and polymer particle fraction are
assumed to be zero outside the gel. Electroneutrality in the bath
requires that

ny +hb_clb =0. (27)
Finally, the ‘Net-Osmolarity’ in the gel, Osm, is
Osm = (n+h+c)—(p+hy+c,) = p+hp)e~ Fe+efe—2),  (28)

which measure the excess moles of solute (inside the gel) per liter
of solvent.

a
09
0.75
<= 06 :
+ ChS-10%
5 ChS-20%
045 T T o Chs-30%
3 5 ChS-40%
— 0,
o3 o ChS-50%
—4 -3 -1 0

log1 0[NaCl] b

3. Experimental setup

Experimental validation of the model is performed by running a
subset of experiments in tandem with the proposed computational
experiments described below. lonic gels are formed by co-polymeriz-
ing methacrylated chondroitin sulfate (containing approximately 16
methacrylates per molecule) and poly(ethylene glycol) dimethacrylate
in deionized water with a photoinitiator and 365 nm light (Villanueva
et al., 2010). Monomers are synthesized and characterized by "HNMR
in the Bryant laboratory following well-established protocols (Bryant
et al, 2004). Gels of varying cross-link density are achieved by
changing the total monomer concentration in solution prior to
polymerization (e.g., 10 wt%, 20 wt%, and 30 wt% Nicodemus et al.,
2011). In our experience, the monomers are fully incorporated into the
gel with no detectable soluble fraction. These gels are then allowed to
reach equilibrium in deionized water (e.g., 24 h) and then placed into
appropriate solution (pH, salt, etc.) to reach a new equilibrium.

To quantify the local configuration of the gels, the counter-ion
concentrations and the osmolarity inside these gels, the following
in-vitro experiments were performed and the results were utilized
to validate the outcome of numerical simulations: (i) Vary the
particle fraction of PEG:ChS in a salt-free, neutral bath
(H, =10"7 M), where a, the particle fraction of ChS, is: 0.1, 0.2,
0.3, 0.4, 0.5 and 1. This experiment is performed to determine the
role of fixed charges. Since the ChS monomer volume and the
density are constant, increasing the particle fraction of ChS directly
corresponds to increasing its weight fraction. (ii) Vary the bath
concentration of the monovalent salt within a range of concentra-
tions, 0.1-1 M, and (iii) repeat experiments (i) and (ii) in a salt-free
bath and variable pH for neutral hydrogels (i.e., @ =0) as well as
for ionic gels (i.e., @ >0). The pH is varied in the range 3-8 to
ensure that the model accurately captures the local variables (i.e.
the volume fractions, 6;, and the osmolarity), within the physio-
logical range (Maroudas, 1979). Further, the above-mentioned
three sets of experiments are repeated for gels with different
cross-link fractions. Polymer volume fraction will be determined
from equilibrium swollen volume and dry polymer volume mea-
surements and compared to the numerically determined value.
Based on our preliminary results (Fig. 2), we see excellent
correlation between experimental and numerical results. The
initial volume of the dry polymer, V;, was determined from the
initial mass, m;, using a weighted density of PEG and ChS, as
follows:

(29)

) 2
V=01 (m, /PEG+m, ChS>

PPEG Pchs

b
0.8
* ChS—10%
A ChS—-20%
0.7 ¢ ChS—30%
. o ChS—40%
o ChS—50%
™ 0.6
0.5
0.4
-8 -7 -6 —4 -3

Fig. 2. Experimental data of equilibrium volume-fraction of the PEG-ChS gel vs. (a) different NaCl concentration in the bath (in mol/It) and pH=7.0, and (b) different pH and
zero salt concentration. The gel sample is 10 wt% in solvent. The cross-link fraction of the PEG/ChS polymer pairs is 0.25/0.25, respectively. Notice the closeness of fit between

the model output (i.e., solid lines) and the experimental data points.
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The mass of the gel at equilibrium was measured and used to
determine the swollen volume, Vyouen. It was assumed that all
polymer was incorporated in the gel, which was confirmed for
chondroitin sulfate, and therefore a change in mass was solely due
to the change in the water content. Hence, for polymers with a
10 wt% dry weight in solvent,

i - Y%oPEG i - %ChS
szollen =01 (ml ’ +m1 ’ )
PPEG Pchs

Mswollen — 0.1 m;

Psolvent Co
The initial mass, m;, was the mass of the gel immediately following
polymerization and before being placed in a solvent. The swollen
mass, Mswouen, 1S the mass of the gel at equilibrium. The volume
fraction of the polymer was calculated as the volume of the dry
polymer (i.e. before swelling) divided by the volume of the
swollen gel, V;/Vuoien- The kinetic chains associated with metha-
crylate group (-MA) represents less than one percent of the total
gel volume and therefore are not considered in the volume
calculations.

4. Parameter estimation

The experimental data, collected from the list of experiments
described in Section 3, are used to calibrate the model for the gel
volume-fraction at equilibrium. Fig. 2 presents the sample aver-
aged equilibrium data-points at different salt concentrations in a
neutral pH sample (Fig. 2a) as well as in a salt-free, variable pH
solution (Fig. 2b). The equilibrium values were noted at time
t=24 h. Each point represents the average of four samples. The
values are noted in identical conditions with the upper and the
lower limits in the error bar representing maximum and the
minimum variation from the average, respectively.

The values of the parameters used in our numerical calcula-
tions are listed in Table 1. The constants in the model are the
monomer volumes, vq,1,, the coordination number of the PEG-
ChS polymer lattice, z, and the nearest neighbor interaction
energies, €;, assumed identically equal for both types of polymer
(Eq. (12))). The undetermined constants are the binding affinities
of the various cations with the gel, K, K, (introduced in Eq. (23)).

The monomer volumes are found from the density and the
molecular weight information (v; = M;/(p;%Na)). The cross-linked
PEG-ChS matrix has a 3-D configuration, which suggests that we
choose the coordination number, z=6, which mimicks a 3-D cubic
lattice (Nicodemus et al., 2011). The standard free energies, kBTO,ug
and kpTou? (Eq. (11)) and the interaction energies, €; (Eq. (12)) are
found from the Hildebrand solubility data, o; (Barton, 1990). The
standard free energy is the energy of all the interactions between
the molecule and its neighbors in a pure state that have to be
disrupted to remove the molecule from the pure state. The relation
between the standard free energies and the solubility parameters
(listed in Table 1) are

— kBToﬂg((l = O) =l (S%
— kBT()/lg(a =1)= 1/253
—kBToﬂg :UW(S‘ZN, (31)

Table 1

where vy, =2 x 10~2% cm? is the volume of 1 molecule of water at
reference temperature, To =298 K. The negative sign in Eq. (31)
indicates that kBToﬂg,kBToyg <0, since they are the interaction
energies.

The molecular mass and the density of PEG were fixed at
4600 g/mol and 1.07 g/mL, while that of ChS were selected at
48,700 g/mol and 1.001 g/mL, respectively. These values give the
monomer volumes of the PEG chains as v =7.14 x 102! em3,
and that of ChS chains as v, =8.08 x 10~2° cm3. The density of
the solvent, Psorenss Was assumed to be 1.00 g/ml (Milch, 1965). The
Hildebrand solubility parameters for pure species (values given in
Table 1) and the monomer volumes are used to calculate the
interaction energies, €; (i=1,...,4). Using the relations in Eq. (31),
these values are fixed at €; =0.0,¢y =3.74,63 =9.58,€4 = —56.17.
The reference temperature of the experiments was fixed at
To=298 K.

The undetermined parameters, namely the binding affinities,
Ky, K, (Eq. (23)) are computed by minimizing a nonlinear least-
square difference function between the experimentally observed
values of the equilibrium volume fraction, 8, and the correspond-
ing model output (explained in Section 2), implemented via the
MATLAB non-linear least-square minimization function Isqnonlin.
These values are found as log ;o(Kn) = —2.17, log 1o(K,) = —3.65.
The closeness of fit between the model (highlighted by the solid
lines) and the experimental data points is shown in Fig. 2.

5. Results and discussion

At equilibrium, we solve the system of equations given by the
interface conditions, Eq. (18), monomer conservation, Eq. (20), ion
motion, Eq. (24) and electroneutrality, Eq. (25). It is observed that
the cross-link fraction of these gels is variable under identical
experimental conditions. Therefore, we study the effect of cross-
linking on the equilibrium configuration of the gels by selecting
three different pairs of cross-link fractions for the PEG-ChS gels:
CL,: (0.25, 0.25), CLy: (0.35, 0.5) and CL3: (0.45, 0.75). In the next
subsections we delineate the equilibrium state of the unconfined
gels versus three different physiochemical stimuli, namely the
charge density (Section 5.1), bath salt concentration (Section 5.2)
and bath pH (Section 5.3).

5.1. Effects of changes in the gel composition

The first set of numerical experiments are designed to find the
relation between the equilibrium configuration and the particle
fraction of the charged component of the gel, &, of the gel. The
experiments are repeated for gels with different cross-link frac-
tions, (kq, ko). Fig. 3a,b,c present the equilibrium volume fraction,
corresponding Donnan potential and the net-osmolarity vs. the
particle fraction, a, respectively. It can be shown that the average
charge per monomer (or the average ionization) increases in
proportion to the particle fraction, . The gel is dissolved in salt-
free, neutral water ([H], = 10~ M). Any far field boundary effects
are neglected in our numerical simulations, by assuming infinite

Parameters common to all the numerical results. The reference temperature for the solubility parameters is fixed at Ty =298 K.

PEG (i=1) ChS (i=2) Units Source
Density (p;) 1.07 1.001 g/mL Bryant et al. (2004) and Milch (1965)
Molecular weight (M;) 4600 48,700 g/mol Bryant et al. (2005)
Repeat unit per chain (N;) 102 86 - Bryant et al. (2005)
Cross-link fraction (k;) 0.25, 0.5, 0.75 0.25, 0.35, 0.45 - Bryant and Anseth (2003)
Hildebrand solubility (s5;) 17.39 5.19 MPa'/? Barton (1990)
Hildebrand solubility for water (5,,) 48.07 MPa'/? Barton (1990)
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Fig. 3. (a) Equilibrium polymer volume-fraction, (b) Donnan potential, and (c) net-osmolarity in neutral salt-free, bath conditions vs. @, the particle fraction of chondrotin

sulfate component for gel solutions with different cross-link fractions.

bath conditions. The negative charges on the gel causes water to
dissociate into hydrogen (H*) and hydronium (OH ~) ions. The free
H™ ions can bind with the monomers according to the binding
reaction

11 — — 11
M2~ +H* < MH-, MH™ +H* < MH, (32)

k_p k_pno

Our numerical investigations reveal that there are qualitatively
three different types of equilibrium swelling curves. If the cross-
link fractions of the PEG/ChS polymer pairs is relatively low (e.g.,
the solid curve represented by the cross-link fraction pair, CL;),
there is a gradual swelling of the gel as the particle fraction, a, is
increased. This transition is known as a second order/continuous
volume transition. Otherwise, the gel can have there equilibrium
states, depending on «, with hysteretic swelling-deswelling phase
transition behavior which is either reversible (dashed curve,
Fig. 3a) or irreversible (dash-dot curve). That is, in general at
higher values of cross-link fractions there is a discontinuous (first
order) swelling transition with increasing « or a discontinuous
(first order) deswelling transition with decreasing a. An exception
to this rule is seen for highly cross-linked gels when the gel
deswells with increasing a (e.g., the disjoint branch of the dash-
dot curve represented by the cross-link fraction pair, CL3). The
reason for this exception is explained below.

With our choice of parameters, the uncharged gel has a unique
equilibrium (i.e. ‘@(a = 0)’ is unique). However, the appearance of
three solutions for a range of a should not be a surprise. It results
due to changes in the Donnan pressure which is a function of the
binding chemistry of the gel. The swelling pressure that result
make the total free energy (Eq. (2)) into a double-well potential for
certain particle fraction values, a, although this free energy is a
single-well potential for uncharged gels.

There is an inverse relation between the volume fraction, 6,
(Fig. 3a) and the Donnan potential, z,%¥. (Fig. 3b). That is,
increasing z, ¥, closely correlates with decreasing 6. This is easily
understood since the gel-swelling occurs due to increasing swel-
ling pressure (Eq. (19)). The dominant contributions to the swel-
ling pressure arise from those due to entropy, Donnan pressure
and the osmotic pressure. At equilibrium these must be in balance.
At low cross-link fractions and for long chain polymers, the
entropic contribution to the swelling pressure is negligible (due
to the factors ‘1/N;’ and ‘1/N’, Eqgs. (7a)-(7c)). For all parameter
values examined in this study, the pressure contribution via
Donnan potential dominates the pressure due to osmotic potential.
In fact, osmotic pressure difference due to the dissolved ions, is
about six orders of magnitude smaller than the corresponding
pressure due to Donnan potential in the range of parameters
considered (Fig. 3c). Hence, an increase in the Donnan potential
positively impacts the swelling pressure and leads to gel swelling.

For higher cross-link fractions and higher particle fraction
values, the gel experiences deswelling with increasing « (i.e., the
disjoint branch of dash-dot curve, Fig. 3a). This could be explained
as follows. For our selected range of parameters and at sufficiently
high cross-link fraction and particle fraction values, the term
ko /2Ny a(¢py 2/3 —3)’ in the polymer entropy is negative (Eq. (7a))
and offsets the increasing contribution from the Donnan potential.
The total swelling pressure decreases for these values of cross-link
fraction and particle fraction, which leads to gel deswelling.
Experiments corroborate that a highly cross-linked network pro-
vides a barrier against the Donnan potential and deswells at
higher ionization levels (Muir et al., 1970; Khare and Peppas,
1995).

In summary, the physically relevant solutions generally swell as
a function of increasing a.. The physically relevant solutions are the
largest and smallest ones, if there are three solutions, because the
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Fig. 4. (a) Equilibrium polymer volume-fraction, (b) Donnan potential, and (c) net-osmolarity, vs. NaCl-concentration (in mol/It.) in the bath. Different curves represent
samples a fixed ChS particle fraction, @ = 0.1, and variable cross-link fractions. Note the match in the equilibrium volume-fraction and the experimental data (Fig. 2a) in the

range, —4 < log ;o[NaCl], < 0.

intermediate solution is unstable. However, the gel deswells
versus increasing «, at high cross-link fraction and certain range
of particle fraction values. This exception highlights the impact of
covalent cross-links which resist gel-swelling due to the effects of
the Donnan potential and osmotic pressure of the dissolved
counter-ions.

5.2. Effects of changes in the bath salt concentration

Next we numerically investigate the equilibrium solutions
when the gel is immersed in an infinite bath with fixed hydrogen
concentration (H, =107 M) and containing a monovalent salt
(i.e., a salt which furnishes monovalent cations when dissolved in
water, e.g., Na*). The simultaneous binding reactions of the
negatively charged gel with two cations (i.e., H", Na™) are listed
in Eq. (1). Fig. 4a,b,c highlight the corresponding equilibrium
volume fraction, Donnan potential and the net-osmolarity vs. the
bath salt concentration, [NaCl],, for gels with different cross-link
fractions but a fixed ChS particle fraction, @ =0.1, respectively.
Usual features emerge at high concentrations ([NaCl], > 103 M)
and low concentrations ([NaCl], < 108 M) of salt. At higher salt
concentrations, the gel deswells and the deswelling is more
prominent for specimen with greater cross-link fraction. This is
readily understood since at higher salt concentrations, more
dissolved Na™* ions are furnished which can bind with the
negatively charged gel. As a result, the primary ingredient of
swelling pressure, i.e., the Donnan potential, is negligible (Fig. 4b).
High cross-link density within the gel resists the swelling pressure
which further enhances the deswelled state of the gel. At lower
concentrations of salt, there any hardly any Na® (or H*) ions
readily available to bind with the gel. The Donnan potential is
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Fig. 5. Plots of average charge per monomer |z,| (solid curve), hydrogen binding
fraction by (dashed curve) and sodium binding fraction by (dash-dot curve) vs. bath
concentration of salt, [NaCl],, for ChS particle fraction, @=0.1, and cross-link
fractions, k; =0.35, k,=0.5.

nearly constant and this feature leads to a fixed equilibrium state
of the gel (6, ~ 0.65).

For intermediate salt concentrations (10~ < [NaCl], < 1073 M),
a new swelling-deswelling feature emerges, namely, there is a
swelling, either gradual or through a phase transition, as the salt
concentration in the bath increases. The explanation for these
swelling feature is that there is a complicated interplay between
ionization (which promotes swelling) and increases in bath concen-
tration of salt which promote deswelling. This is illustrated in
Fig. 5 where the total ionization, represented by the average charge
per monomer |zp|, hydrogen binding fraction by =({y+w+q/2)/
mr = ((MH ™ ]+ [MH;]+[MHNa]/2)/mr and sodium binding frac-
tion by =(v+x+q/2)/mr=(MNa~ ]+[MNay]+[MHNa]/2)/mr are
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plotted vs. [NaCl], for the specific case in which the cross-link
fractions k;=0.45 and k,=0.75 (the curve represented by CLs, see
Fig. 4). In Fig. 5, we see that as [NaCl], increases, there is an increase
in sodium binding, and a decrease in hydrogen binding, with the net
effect of an initial increase in the total ionization |z,|, ie., there
is more unbinding of hydrogen than binding of sodium when the
bath concentrations of the two ions are about the same (Na®™ =
H + ~10~7 M). The binding affinity of the sodium and hydrogen
ions, with the gel, is logy K, = —2.17 and logy K, = —3.65,
respectively. This implies that K, /K, =30.2, or approximately every
1 Na™ ion binding leads to unbinding of about 30 H* ions. This
forces significant unbinding of hydrogen, leading to the observed net
ionization.

As noted before, ionization promotes swelling and increased
ion bath concentration promotes deswelling. For the selected
values of material parameters, ionization swelling pressure dom-
inates the ion bath concentration deswelling pressure. Thus, this
ion exchange process explains the appearance of swelling regions
in the swelling curves of Fig. 4. Additionally, we explored the
equilibrium solutions vs. the bath salt concentrations for gels with
variable ChS particle fractions but a fixed cross-link fraction and
found that a swelled state was preferred at higher particle fraction
values. This was due to a higher degree of ionization leading to a
greater swelling.

5.3. Effects of changes in the bath pH

Finally, we explore the equilibrium state of an ionic gel
immersed in a bath containing only hydrogen ions. The first set
of numerical experiments involved predicting the equilibrium
volume fraction of the charged gel with variable particle fractions
(Fig. 6a). The cross-link fraction of the polymer matrix is fixed,
ki =k, =0.25. Hydrogen ions bind with the gel and the binding

a
1
—10% ChS
---:50% ChS
‘‘‘‘‘ 100% ChS
@ﬂ-

reactions are given in Eq. (32). The experiments reveal that
qualitatively there are two types of equilibrium swelling curves,
the reversible curves at lower particle fractions (e.g., solid and
dashed curves), and the irreversible/disjoint curve at higher values
of a (e.g., dash-dot curve), both of these curves highlight a first-
order volume transition. Note that the pressure created by the
Donnan potential is about an order of magnitude greater than
potential induced osmotic pressure (comparing magnitude in
Fig. 6b vs. Fig. 6¢) as well as an order of magnitude greater than
the pressure due to entropy. This implies that swelling is aided by
the ionization which is induced by the Donnan potential. Since
ionization is a positive function of the particle fraction of the
charged gel, a, increasing this fraction leads to greater swelling
(e.g., comparing magnitude of 8, represented by the solid curve vs.
dash-dot curve, Fig. 6a). Conversely, increasing the bath concen-
tration of hydrogen leads to an increase in the dissolved cations
which readily bind with the gel, thereby decreasing the ionization
which leads to deswelling.

Another set of numerical simulations was carried to determine
the equilibrium solutions of gels having a fixed ChS particle
fraction but a variable cross-link fraction. It was found that gels
progressively preferred a deswelled state in the order of increasing
cross-link fraction values, consistent with our observations in
Section 5.2. In summary, for the values of parameters examined,
the gel swells predominantly due to effects of increasing Donnan
potential and deswells due to the combination of increasing bath
concentration of cations and increasing covalent cross-links within
the polymer matrix.

6. Conclusions

In this paper, we have provided a multi-phase, multi-species
model to quantify the swelling/de-swelling mechanism for
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Fig. 6. (a) Equilibrium polymer volume-fraction, (b) Donnan potential, and (c) net-osmolarity vs. hydrogen bath concentration H, for a gel with fixed cross-link fraction
ky =k, = 0.25 and variable composition of ChS. Note the match in the equilibrium volume-fraction and the experimental data (Fig. 2b) in the range, —8 < logo[H], < —3.
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polylelectrolyte gels with covalent cross-links. Using this model
we have examined the effects of the changes in the average charge
per monomer (via variations in the chondrotin sulfate particle
fractions), the bath concentration of monovalent solute (i.e., [NaCl]),
the pH and the cross-link fraction of the gel on the equilibrium
configuration. We conclude that, generally speaking, increasing the
bath concentration of the ion species as well as the cross-link fraction
of the gels per volume of total solution leads to deswelling while
increasing the pH, the average charge per monomer leads to swelling,
in agreement with experimental observations (Bryant and Anseth,
2003; Bryant et al, 2004, 2005). However, because of complex
interactions between competing effects (e.g., pressure due to Donnan
and osmotic potential which aids swelling and the elastic potential
from covalent cross-links which helps de-swelling), the swelling/de-
sweling mechanism is non-linear (or hysteretic) exhibiting either a
first order (or discontinuous) transition or a second order (or
continuous) transition in some situations. The full study of the
kinetics of swelling of these gels under spatio-temporally varying
mechanical loads will be the subject of a forthcoming article.
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