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Abstract

In this paper we obtain lower bounds for the tails of the distributions of the first passage-times
for some stochastic processes. We consider first discrete parameter processes with asymptotically
small drifts taking values in Ry and prove for them a general result giving lower bounds for
these tails. As an application of the obtained results, we obtain lower bounds for the tails of the
distributions of the first passage-times for reflected random walks in a quadrant with zero-drift
in the interior. The latter bounds are then used to get explicit conditions for the finiteness or
not of the moments of the first passage-time to the origin for a Brownian motion with oblique
reflection in a wedge.
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1. Introduction

This paper deals with lower bounds for the tails of the distributions of the first
hitting times of compact sets (called simply first passage-times) for one class of one-
and two-dimensional stochastic processes with a discrete parameter.

An extensive literature exists on first passage-times for general irreducible count-
able Markov chains. They are known to be particularly important for the recurrence
classification due to the fact that generally under moment conditions on their one-step
transition probabilities the tails of the first passage-times have the same asymptotic be-
havior as the tails of the first return time to a given state. Many of the papers deal with
the so-called geometric ergodic Markov chains when the first return and passage times
has exponential moments and the rate of convergence to the stationary distribution
is exponential (we invite the reader to consult Meyn and Tweedie, 1993; Nummelin,
1984; Fayolle et al., 1995). Another class of well-studied processes is one-dimensional

* Corresponding author. E-mail address: aspandij@oscar.proba jussieu.fr.

0304-4149/97/$17.00 © 1997 Elsevier Science B.V. All rights reserved
PII S0304-4149(96)00118-4



116 S. Aspandiiarov, R. Iasnogorodskil Stochastic Processes and their Applications 66 (1997) 115-145

Markov processes where one can obtain thorough results on first passage-times, like,
for example, in the case of birth and death processes. On the other hand, there are
only few results available in the case of multidimensional Markov processes with sub-
geometric ergodicity when the first return times do not have exponential moments and
the rate of convergence is subgeometric. We can mention here the papers by Num-
melin and Tuominnen (1983) and Nummelin and Tweedie (1994). Such processes
have got recently a rising interest because of their links with various applications, like
for instance, statistical physics, the queuing theory, etc. Moreover, the existing results
deal only with upper bounds on the tails of the first return times and do not pro-
vide one with lower bounds which are especially of interest in the case of Markov
processes with subgeometric ergodicity because of their intimate connections with
lower bounds on the rate of convergence of the transition probabilities to the invariant
distribution.

One of the natural approaches to the first passage-time problem for multidimensional
Markov chains consists in reducing it to the one-dimensional one and then to get some
information about “transformed” first passage-times. Obviously, by doing so we sim-
plify the state space but bring a new difficulty: the obtained one-dimensional process
need not be Markovian. For one-dimensional non-Markov processes with discrete pa-
rameter, Lamperti (1963) has obtained general conditions on existence or non-existence
of their first passage-time moments of the integer order greater or equal to one. In As-
pandiiarov et al. (1994), the criteria of Lamperti were extended to cover the case of
the moments of arbitrary order. We also weaken the hypotheses of Lamperti. However,
again these results are not entirely satisfactory because they only provide us with upper
bounds on the tails of the first passage-times. In the present paper we complete them
by proving general conditions formulated in submartingale terms for lower bounds for
the tails of the first passage-times for positive stochastic processes that need not be
Markov. The main results are given in Theorems 1 and 1’. As a consequence, in
Corollary 2 we immediately get sufficient conditions of non-integrability of functions
of the first passage-times. It should be mentioned that although in this study we were
primarily motivated by discrete-time applications, the recent paper of Menshikov and
Williams (1994) on continuous-time analogues of the results in Aspandiiarov et al.
(1994) strongly indicates that Theorems 1 and 1’ and Corollary 1 can also be extended
to the continuous-time setting.

In Section 3 we illustrate the obtained results on two-dimensional driftless reflected
random walks in a quadrant. We get lower bounds for the tails of their first passage-
times (Theorem 3) and prove the non-integrability of functions f of the first passage-
times of the type f(x) = x*2 log™ ' x ...logk_1 x (resp. f(x) =logx ]ogz_1 x...logk_+11 x),
in the case o > 0 (resp. « = 0) for any k=1 (« is one parameter depending on the
geometrical data corresponding to the reflected random walk). This gives a negative
answer to the question of existence of the moment of the critical order a/2 raised
in Aspandiiarov et al. (1994) where it has been proved that pth moment of the first
passage-times is finite (resp. infinite) if p < a/2 (resp. p > a/2). Besides, it refutes one
conjecture in Fayolle et al. (1995) on ergodicity of the reflected random walks in the
case o = 2. In a forthcoming paper (Aspandiiarov and Iasnogorodski, 1994) we will
show that the estimates of Section 3 give in fact fairly sharp bounds for tails of the
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distributions of the first passage-times (for instance, in the case « = 0, the functions
f(x)=logx log:,‘1 x... logi ' x logk_ﬂ“‘)x will be integrable for any y >0 and k>1).

The second class of two-dimensional processes treated in the paper is Brownian mo-
tion with oblique reflection in a wedge constructed in Varadhan and Williams (1985).
We get a sufficient condition for existence and non-existence of the moments of the
order p > 0 of its first passage-time to the origin (Theorem 5). The criterion is an
analogue to the classical one of Spitzer for the first exit times from a wedge by pla-
nar Brownian motion and in very particular case p = 1 has been proved earlier by
Varadhan and Williams (1985). Its proof is based on the lower bounds for the reflected
random walks, the results of Aspandiiarov (1995) on the approximation of Brownian
motions with oblique reflection and the results on the existence of the first passage-time
moments in Aspandiiarov et al. (1994) and suggests another way of using Theorem 1.
Let us finally mention that using a different approach based on the continuous-time ana-
logues of the results in Aspandiiarov et al. (1994), Menshikov and Williams (1994)
gave a direct proof of Theorem 5 in all except the critical case p = «/2. Moreover,
they are able to prove finiteness of the pth moments in the case 0 < p < /2 < 1
which is not covered by our results.

2. Non-negative stochastic processes with asymptotically small drift

Let (2, %,P) be a probability space equipped with a filtration {#,},0. Let x be
a positive number and let {X,, n=>0} be a discrete-time {%,}-adapted non-negative
stochastic process such that Xy = x. For each 4 >0, we will denote by 74 the following
first passage-time into the interval [0, A4]:

14 = 10 =inf{n>0; X, <4}.
(as usual inf §# = +00.) For each B>0, let
Tg=inf{n=0; X,>B}.

We recall a result proved in Aspandiiarov et al. (1994) (Lemma 2) which plays a key
role in the investigation of the non-existence of means of functions of the passage-
times 74.

Lemma 1. Suppose there exist positive constants A,C and D such that for any n>=0,
EXZ, - X2 %)= —C on {t4>n} (1)
and, for some r > 1,
E(XZ, - X¥ | F)<DX>™> on {t4>n}. @)

Then, for any v € (0,1), there exist positive ¢ and 6 that do not depend on A such
that for any n:

P(ty>n+eXh, |F) = 1—v on {Xuns, > A(1 + 8)}. 3)
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Remark 1. Let us now explain why we call the processes {X,, n>0} the processes
with asymptotically small drift. Suppose that in addition to the conditions of Lemma
1 there exists a positive constant ¢ such that for any n>0

E((Xnr1 — X)) | %) <c  on {14 >n}. (1)
As easy then to see, there exists a positive constant ¢; such that

c

|E(Xns1 —X,,|5°',,)|<)?1 on {14 > n}. 4)
n

In fact, it suffices to apply (2) and the inequality x*" — y* >2ry? ~!(x— y), for x,y > 0

(valid since f(x) = x* is convex) to get the upper bound in (4), whereas the lower

one follows from (1) and (1').

The main result of this section is the following lower bound for tails of 7.

Theorem 1. Let {X,, n=0} be an {%,}-adapted stochastic process taking values in
an unbounded subset of R, and satisfying the conditions of Lemma 1 with some
positive constants r,A,C and D. Suppose that Xo = x > A and 14 is finite with
probability 1. Suppose also there exist a positive constant By > A and a { %, }-adapted
process {U,, n=0} with the following two properties:

1. The process {U, n=0} is an uniformly integrable submartingale for all
B> By,

2. There exist functions G : Ry — Ry and H : Ry — Ry such that for all B> By:

G(B) on {t4> ip},
TA/\’;B g

AtyNTg’

H(4) on {t4<1g}.

Then, for any v € (0,1) there exist positive constants ¢, = ¢;(v,r,C,D) and sy =
so(v, 7,4, By, C, D) such that for s > s¢:

(1 —v)(Uo — H(4))
G(c1v/s)

P(tyzs)z

()

Remark 2. As can be seen from the proof the quantities ¢; and s can be defined by:
er=1/ve, o= emax(4*(1 + 8%, B}),

with any positive constants ¢ = &(v,r,C, D) and é = (v, r, C, D) satisfying the inequal-
ity (3) in Lemma 1.

Remark 3. Even though the process X does not appear clearly in the formulation of
Theorem 1, it influences the behavior of U through the random times 14, T5.

We first give one immediate consequence of Theorem 1 whose intuitive meaning
is that if X is a process with asymptotically small drifts and if {F(X,), n=0} is a
submartingale with some positive function F, then lower bounds for the tails of the
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first passage-time are at least of the asymptotic order O(1/F(+/s)) as s — co. More
specifically, we have:

Corollary 1. Let {X,, n=0} be a process satisfying the hypotheses of the last theo-
rem. Suppose also that there exists a positive function F increasing on some interval
[B,o0) such that the process {F(Xnn.,), n=0} is a submartingale. If the process
{Xs, n>0} satisfies the condition |X- — X. ||<KB, for all large enough B and
Jfor some positive constant K, then for any v € (0,1) there exist positive constants
c1 = c1(v,r,B,C,D,K) and sy = so(v,r,4,B,C,D) such that whenever Xy = x satisfies
x> AV B we have for s > sy:

(A - v)(Fx) - F(4))
F(c1v/s) '

Proof. It suffices to set U, = F(X,), G(x) = F(x(1 + K)), Hx)=F(x). O

P(tyzs5)=

(6)

Let us now discuss the meaning of Theorem 1 and the method of using it for multi-
dimensional Markov processes. Suppose we are given a multidimensional Markov pro-
cess {Z,, n=0} and we would like to find lower bounds for the tails of its first
passage-times. The algorithm based on Theorem 1 is very natural and is as follows.
We first try to find a positive not necessarily one-to-one function f defined on the
original state space such that the image-process {X,, n=0} defined by X = f(Z)
satisfies the conditions of Lemma 1. The important restriction on the choice of f is
that the knowledge of the asymptotic behavior of tails of the first passage-times for
X should provide the adequate information for the original process Z. Once such f
is found, the next step consists in constructing a submartingale {U,, n>0} satisfying
the conditions of Theorem 1. As a rule, we look for U among U =g(Z), where g is
another positive mapping of the original state space. Such functions g are sometimes
called Lyapunov functions. It is important to mention here that generally the processes
X and U can be related to each other only implicitly. Finally, applying Theorem 1 we
get lower bounds for the tails of the “transformed” positive processes which in turn
give us the desired lower bounds for the process {Z,, n>0}.

Let us notice here that one hidden difficulty in applying Theorem 1 for muitidimen-
sional Markov chains in the method described above is that generally the jumps of
the process U = g(Z) are not bounded at the random time 7z so that the function G
from Theorem | may take infinite values which makes the lower bound trivial. The
following observation and corresponding modification of Theorem 1 might be of use.
Notice first that the condition on G deals only with U, on {z4 < tp}. The modifica-
tion of Theorem 1 given below (Theorem 1’) shows that if we can “truncate” infinite
jumps of the process Z only at tz without changing the process {g(Zyaz,nz, ), =0} on
{nA14 <1} in such a way that the images UZ = g(Z®®) under g of the “truncated”
processes are still submartingales, then we still get lower bounds of the first passage-
times for the process X = f(Z) and, hence, for the tails of the first passage-times for
the original process {Z,, n=>0}. An example of this approach will be given in the next
section where we treat two-dimensional reflected random walks in a quadrant.
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In a similar way based on truncating, one can extend Corollary 1 to the situations
where the process {X,, n>0} does not satisfy the condition | Xz, — X;,_1| <KB.

Theorem 1. Let {X,, n=0} be an {%}-adapted stochastic process taking values
in an unbounded subset of Ry and satisfying the conditions of Lemma 1 with some
positive constants r,A,C and D. Suppose that Xo = x > A and v, is finite with
probability 1. Suppose also that for some positive By > A we are given a family of
{#,}-adapted processes {{U®, n=0}, B=B,} with the following properties:

1. The initial values Ué )= Uy do not depend on B.

2. For all B=B,, the processes { , n=0} are uniformly integrable sub-
martingales;

3. There exist functions G : R, — Ry and H : R. — Ry such that for all B> By:

® o [GB) on{ty> s},
A | H(4)  on {t4<7s).

n/\tA/\ 18

Then, for any v € (0,1), (5) holds with s > sy, where the positive constants ¢, =
c1(v,r,C,D) and sy = so(v,¥,A, By, C,D) are given in Remark 2.

Proof of Theorems 1 and 1’. We only prove Theorem 1. The proof of Theorem 1’ can
be obtained from it by replacing U by U®) and is omitted. The idea of the proof is
inspired by that of Theorem 3.2 in Lamperti (1963). Let v be any fixed number from
(0,1). By Lemma 1 there exist positive ¢ = &(v,r,C,D) and é = é(v,»,C, D) such that
for any n:

P(tay>n+eX ., | F) = 1—v on {Xpny, >A(1+ )}

n/\‘r,g

As is easy to see, this implies that for any stopping time p we have
Pty >p+eXi, | F) = 1—v on {Xune, >A(1+6)} N {u<oo}.

Let us fix any B such that B > max(4(1 + §),By). We set u = Zz. Then, the last
inequality permits us to deduce that

P(t4=¢eB%) > P(ty > T+ eXi p,,, T <T4)
= E(1(1:5<1A)P(TA >Tp+e 15/\1A|*/ %)) (7)
> (1 —v)P(ip < 14).

A good control of the last probability in (7) is given by the properties of the process
{U®, n=0}. Namely, from 1 and (t4 ATg) < 0o we have

Uy <EU®) .

TANTg"
Hence, from assumption 2,
Uo<E(UP1,,<2,) + E(UD V155, ) SH(A) + G(BYP(t4 > Tn).
and

Uy — H(A)

P(TA>‘L~'B)> G(B)
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Putting this estimate into (7), we get that for B > max(A(1 + 6),By),

(1 =v)(Up — H(4))
G(B) ’

P(t4=¢eB*)>

This implies that for all s > ¢ max(42(1 + 6)%,B3),

(1 =v)(Uo — H(4))

G(+/s/e)

as was to be shown. O

P(ty>5)>

Theorems 1 and 1’ easily give a sufficient condition of the non-integrability of func-
tions of 4. To formulate it we need to introduce the following:

Definition 1. Let f be a positive function deﬁrled on [0,00). It is said to satisfy the
con~dition (R), if there exist positive as > 1 and 4 s such that limsup, _, [ f(asx)/f(x)]
<Ay,

Corollary 2. Let f : Ry — R, be some positive function such that it increases in
some neighborhood of oo, and f(s) — +o0o as s — +oo. In conditions of Theorem 1
(or 1'), suppose that G is a positive continuous function satisfying the condition (R)
such that

T fi(s)ds
G(vs) ()

Suppose also that whenever Xy = x > A, we have Uy > H(A). Then whenever
Xo=x>A, E(f(t4)) is infinite.

Proof. We see that since G satisfies the condition (R) and G is a positive continu-
ous function, then there exist positive constants ag > 1, ANG such that for all x>1,

G(agx)/ G(x)SA}. By Lemma 1 there exist positive constants &, d¢ such that (3) holds
with ¢ = &, 6 = dp. Obviously, (3) will also hold with any e<gy A 1, § = Jg. Let ny
be any positive integer such that agz"" <g and let ¢ = agz"". Then, by Theorem 1’
and Remark 2, (5) holds with

cr = 1/ve,  so = & max(4%(1 + &), B3).

Using the condition (R), we have that for all s>1, G(cl\/E)/G(\/E)SAN'g’. Now the
assertion of the corollary follows from the following observations:

P(f(t4)=f(s)) = P(ty4 zog) for all sufficiently large s and
Ef(t4) is infinite iff / P(f(t4)= f(s))df(s) 1is infinite. 0
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3. Two-dimensional driftless Markov chains in wedges with boundary reflection
3.1. Notation and statement of results

In the sequel G is the quadrant given by G = {(x,y) € Rz, x20, y=0}. The two
sides of the quadrant are denoted by 0G, and 3G,, where 0G; = {(x, y) € G, x #
0,y = 0} and oG, = {(x,¥) € G, y#0, x = = 0}. The interior of G is referred
to as G°. Next, for any set FCR? and m € 0,1,2,... we denote by C™(F) the set
of real-valued functions that are m times continuously differentiable in some open set
containing-F. C7'(F) denotes the class of functions in C™(F) which together with their
first m derivatives are bounded on F.

Let (Q,%,P) be a probability space equipped with a filtration {%,},50. We are
dealing with a discrete-time homogeneous irreducible aperiodic {#,}-adapted Markov
chain {Z,, n=0} defined on (Q,F,P), with values in 22 Its transition mechanism is
given as follows. The Markov chain starting from the point Z = (x y) of 72 4 jumps to
the point (x + i,y +j), i,j € Z, i,j= — 1 with the probability pi,j, LjeZ, i,j=—1
(respectively p;;, p?;, pi;) according as (x,y) € G° (respectively 0G!, 8G?, 0G® =
(0,0)). Regarding the transition probabilities we assume the following moment condi-
tions:

1. For any i,j p} | = p*,; = p}_, = p>, ; = 0 (this simply means that our chain
cannot jump out of the quadrant) and:

yzsup{x; S il + 1% pE, < o0, v1:0,1,2}>2. 9)

Ly

2. In the interior G°.
We assume that the Markov chain has one-step zero mean drift, i.e.

Yoirl;=> i, =0 (10)
ij ij

We also assume that the covariance matrix of the one-step jump distribution is non-
degenerate, i.e. 4043 — (R%)* > 0, where 42,49 and R by

Z'pu, R=3"im, %= 7P (11)
ij i,j

Geometrically, this condition simply means that the Markov chain cannot jump only
along a fixed straight line.

3. On the boundary 8G.

Let 231 = Zi,j ip},j, ﬁZ = Zi,jjp},j’ 61 = Zi,j ipl%j, 52 = Zi,jjplz,j and let the
vectors of boundary reflection be defined by P’ = (1, p2), Q' = (¢1,92). We suppose
that the boundary reflection field is non-degenerate in the following sense: p, # 0,

q1 # 0.
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Definition 2. Let 7 be any Borel subset of R2. For any Z € 72, the first passage-time
in F of the Markov chain {Z,, n>0} with Zy =7 is defined by

Tt =E = inf{n>0; Z, € F}.
In particular, if F; = {z; |z| <4}, we denote by T:
Ti=Tigy =inf{n>0; |Z,|<4}.
In Aspanduarov et al. (1994) it has been established that the existence of a parameter

o = a(Ax,Ay,R P1/P2,92/ 1) with exact value will be given in (18) such that the
following result holds:

Theorem 2. (I) If « < 0, then the Markov chain {Z,, n=0} is transient. If a > 0,
then the chain is recurrent.
(I1) Suppose that 0 <o <vy. Then the following statements hold.

1. For any p <a/2, there exists Ao >0 such that whenever Zy =% € 72 satisfies
|E| > Ao,

E(T;) is finite.
Furthermore if @ >2, then for any p < a/2 there exist positive Ao, Ty such that for
any A >4, whenever Zg =% € 72 satisfies [z| >4,

E(TD)<aF>. (12)

2. For any p > a/2 there exist positive Aq,Co such that for any A=A, whenever
Zy =2 € 72 satisfies [7] > CoA,

E(T;T) is infinite.

Let us define the functions Log, x by
Logyx =1, Log,x =log,(x +cx), k=1,

where the constants ¢; are chosen in such a way that Log, 0 = 1. The principal results
of this section are stated as follows.

Theorem 3. Let {Z,, n>0} be the Markov chain defined above. Suppose that 0<a <
. Then there exist positive constants A 1s C] > 1, ¢ and sy such that for any A >A1

whenever Zo=7%€ 72 satisfies [z| > C1A, the following bound holds for all s > soA :
%11’4\/15‘_% lf x>0,
P(T~=s5)> z (13)
4 c1 if a=0.
log(s)

In particular, if o >0 (resp. o = 0), then for any k=1,

E(T} Logg ' (Ty)...Log; ' (T;)) is infinite,
(resp. E(Log(f;) Log; ' (?})...Log,;fl (]})) is infinite).
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Remark 3. This result shows that the moment of the critical order «/2 does not exist
which answers the open question in [AIM]. Furthermore, it disproves one conjecture
in Fayolle et al. (1995) (Section 4.3) stating that in the case o = 2 the Markov chain
{Z,, n>0} can still be ergodic provided that the jumps are uniformly bounded by
a constant and some third-order moment conditions of the transition mechanism are
imposed.

Remark 4. We will also give a simple proof of the following result proved in Asymont
et al. (1994) (Theorem 1): {Z,, n>0} is recurrent in the case a = 0.

Remark S. In the forthcoming paper (Aspandiiarov and Iasnogorodski, 1994) we will
complete the results of Theorems 2 and 3 by proving the following assertions:
1. Suppose that 0<a < y. Then for any posmve o there exist positive constants

A,, & and 3, such that for any A >4, whenever Zy=%¢ Zi satisfies [Z] > A, the
following bound holds for all s >,

- JogtIVe/2)+s
e SR CUR TN
- i
P(Ty2s)< < - (14)
’ alog) L o
log(s) '

2. If 2 <a <y (resp. 0<a<2), then for any g > o/2 (resp. g > > 1) and for any
1nteger k=1, there exists a pos1t1ve constant A2 such that for any v >A2 whenever
Zy =% € 72 satisfies [7] > 4,

E(T%«Log_q(’l})) is finite in the case o > 2,
E(7[§~Log1_1 (T;) Log (T )Log, (T~)) is finite in the case 0 < a <2,
E(Log(Y})Log2 (T;)...Logk (7;7)L0gk+1 (T )) is finite if & = 0.

The proof of these results goes along the same lines as those of Theorems 3 and 4 in
Aspandiiarov et al. (1994). Namely, we first introduce the “transformed” Markov chain
{Z,, n=20} in a new wedge G as the image of the Markov chain {Z,, n>=0} under
some linear isomorphism @ of R?. Then using the results of Section 2 we establish
the analogues of our main results for {Z,, n>0}. This will almost immediately give
the desired results for the original Markov chain {Z,, n>0}.

3.2. “Transformed” setting and some technical results

As a preliminary step in the proofs of our main results we recall the construction
of “transformed” Markov chains given in Aspandiiarov et al. (1994). Let us consider
the linear isomorphism @ of R?, defined by

u=(bx—rya,

(15)
v=1V1-7ya,
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G G

/\ () ‘
q>(1>' '

Fig. 1.

A0 RO ]

b= :)i, r= —> a4 = —F——. (16)
232 VAR VA1 = 7)

As it is easy to see, this transformation has the followmg property: the image of the
covariance matrix 4° under @ is unit. Next, the wedge G under @ is transformed into

the wedge G of angle £, given in the standard polar coordinates by G = {(p,0), p =0,
A I~ rﬂ /‘:11 where with F is defined bv

uviiiva

¢ = arccos(—7), ¢ €(0,m). (17)

Let oy, be the angles that makes the vectors ®(P') (resp. ¢(Q’)) with the inward
normals to the corresponding sides of the wedge G positive angles being toward the
corner. It follows from the moment condition (3), that &, «; € (—n/2,7/2) (see Fig. 1).

The parameter « appearing in the statement of the last theorems is simply

o= &5“2 (18)

We now introduce the “transformed” Markov chain {Z,, n>0}. For each n>0, let us
set

Zy = D(Z,). (19)
The Markov chain {Z,, n>0} takes values in
Gs=P(Z3) = {(u,v) € R*; u = a(bx — Fy), v=ayV'1 -7, (x,y) € 72},

and is governed by the following transition mechanism. For all integer i,j> — 1 the
Markov chain jumps from points («,v) € G4 to (u + a(bi — 7j), v+ aj\V/'1 —7)
with probabilities p{;, i,j € Z, i,j> — 1 (respectively p|;, p};, p;;) according as
(x,¥) € G° (respectively, 6G!, 0G?, 6G> = (0,0)), where

G=®G), G’°=&(G%, oG, =ddG,), 0G,=PG,). (20)
Definition 3. Let F be any Borel subset of R?. For any z € Gy, the first passage-time
of the Markov chain {Z,,n>0} with Zy =z in F is defined by

T(ry = TZpy = inf{n20; Z, € F}.
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In particular, if F; = {z; |z| <A}, we denote by T}:
TA = T{FA} = 1nf{n>0, IZ,,| SA}
In order to prove the main results we need to introduce a family {;, ,,, f1,B: €

(—n/2,7/2)} of non-negative functions on G which are defined in polar coordinates
(p,0) as follows. For any B, 8, € (—n/2,7/2) we set f = (f1 + p2)/¢ and

pﬂCOS(ﬂg—Bl), ﬁ1+ﬁ2#0’ p>039€[0’é]’
l///fl-ﬁz(p’e) = logp + |tanﬁ1’9a ﬁl + B2 = Oa ,0 > 0’ H € [0’ é]’
0, p=0.

Convention.
1. Whenever f8; and f, are fixed the symbol S should be understood as f =

(B + B2)/¢.
2. For any positive functions f and k4 defined on G the equality

f(z) = h(p,0) should be understood as f(z) = h(p(z), 0(z)),

where (p(z),0(z)) are the standard polar coordinates of z.
At this point we need some further notation.

Notation. For any n>0 we define 4, = Z,,; — Z,. For any f € C*(G\(0,0)),4 =
(41, 4,) € R? we denote by

D*f(z,4,4) = 22 ol gl f(@)
T L ou? 12 Budw 2012 |

For any %, -measurable function F the symbol Ez F stands for E(F| Z,). For 3, €
(—n/2,7/2), £ €(0,m), and 4 > 0 we introduce:

F = {Z €G; ll/l/ﬂﬁl,ﬂz(z)gA} if ﬁ ?é 0, 2D
4,1, 82,¢ {Z €G; exp('pﬂ],ﬁz(z))sA} if ﬂ =0
and

_ JeosTHBIV 1B if B £,

CW)_{l if = 0. 2
1 if #0,

= {exp(—éltanﬁll) if f=0. >
_ B if #0,

d(ﬂ) - { COS_lﬂl if ﬂ =0. (24)

Finally, throughout the rest of the paper # is a fixed positive number such that

7 < min (ng,y—a,%). (25)
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Let us fix f; and B, € (—n/2,7/2). The following properties of the function ¥y,
will play a crucial role in the proof of Theorem 3. Their proofs are easy and can be
found in Aspandiiiarov (1994, Ch. B).

1. g, p, is a harmonic function in G\(0,0).

2. The “monotonicity” property.

If B # 0, then for any z € G\(0,0),

l2I” cos(1B1| v 1B2]) <V, p.(2) < [l (26)
If f =0, then there exist a positive constant ¢; such that for all |z| >2 we have
log |Zl<l//ﬁl’[32(2)<cl log |Z| (27)

3. If we are given the inward pointing non-degenerate vector field {v(z),z € 0G; U
0G,} defined by

) v; = (—sinag,cosay) if z € 0G1,
v(z) =
v, = (sin(& — o), ~cos(& —ap)) if z € 0G,,

then for each i = 1,2,

rd

(0(2), VY3, ,(2)) = { o) if p#0,z€0G,

(|| cos 1) sin(B; — o) if f =0,z € 3G (28)

4. For any integers i,k such that 0<i<k and for any s # 0 there exists a positive
constant ¢ = ¢(f;, 2,5, k) such that for any z € G\(0,0),

& (¥p,.,)'(2)

Ol ovk—i <C|Z|_k¢l§1,ﬁz(z)' (29)

In particular, there exist positive constants ¢;,cz such that for any z € G\(0,0),4 € R2,
(V... (2), D <crlz] ™ g, (2D A,
|DYsp, g, (2, 4, D) < calz| =2, 5,(2)| 4%

Furthermore, in the case f§ = 0, there exist positive constants cs,cs such that for all
z € G\(0,0),

(7., 5,(2), A)| <3z 714,
|D*p, p,(z, A, A)| Scalz| 72|42

(30)

(31)

Let f € C3(0,00). We have the first-order Taylor’s expansion:

S o 5:(Znr1) — f o, 5,(Zn)
= /" o 5, (Zu ), 5o(Zn ), An) + Ra(Zys An, f 1 B, 1) (32)
and the second-order Taylor’s expansion:
S o p(Znv1) — f o, p,(Zy)
= [ o, g (Zu)(TUp,, . (Zn), A)+5 S 0 U, 3.(Za (T 0p,. 5 (Zn)s A Y
+ 3" 0 U, 5(Za) D, ,(Zns Ans An) + Ro(Zn, A, £, B,2), (33)
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where the remainders R,(Z,, 4., f,B,k) for k = 1,2 can be written in the following
integral form:

k+1

1 ['d
R,,(Z,,,A,,,f,ﬁ,k):E/ W{fo;//ﬁl’pz(Zn—HA,,)}(l—t)kdt, k=12 (34)
< JO

The following result shows that under suitable conditions on f and on the means of
the increments Z,.; — Z, the asymptotic behavior of the conditional expectations of
S o, ,(Zns1)— f o, p,(Z,) can be completely described in terms of the conditional
expectations of the principal terms in the Taylor’s expansion (33).

Definition 4. Let ¢ be the following class of non-negative functions defined on R, :
= {f 'Ry — Ry f € C(0,00)
1 1 1!
f(x)zo(_) and S(x) O(l) a5 x — 00,
X X

S"(x) S'(x)
o fll( )x1+v o f/(x)x1+v
VYv>0, liminf|—————|>0 and liminf |————| >0,
o | 0 oo | ()
, . 7 , 1/"(asx)|
there exist positive as > 1 and 4 such that limsup ————— 7700 A

Lemma 2. Let ) and B, € (—n/2,7/2) be real numbers such that f, + f,>0. Set
B = (B + B/ Let [ be a function from ¥ such that in the case B # 0 (resp.
B = 0) | f"(xP) x*2 (resp. |f"(logx)|x~?) is monotone on some interval [B,oc).
Suppose there exist positive constants yin(0,1) and ¢ such that for all n=0 and
for all z, P;-a. s.

Ez, (|4 max(L, | (| 4aO)|4a P~y <e if B#0,
(log | 4[| 4n =)< if B=0.

Then there exist positive constants A,b,C such that for any n=0 and for any |z| > A
the following two statements hold P;-a.s.:
(a) On {Z, € G°} n{|zZ,| > 4},

Ez, (f 0 W, 5,(Zn1) — £ 0 W, 5,(Za)) | <BIf" 0 g, 5, (Zo)||Za 2. (36)

Furthermore,

(35)

sgn(f" o g, 5, (Zu))Ez,(f © Yy, (Zus1) — f 0 ¥, p.(Z4))
>C|f" o, 5 (Zo)|Za| P 2. (37)

(b) For each i = 1,2 we have on {Z, € 0G;} N{|Z,] > 4},

|Ez,(f 0 Y., (Zn11) — f 0 g, (Zn)]

{b'f l/jﬂl ﬂz(Z )|¢ﬂ1 ﬂz(Z )IZ I-_ lfﬁl = &,

b'f Wﬁ] ﬂz(Z )”Z Iﬁ ! otherwise. (38)
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Furthermore,

Sgn(f, o l/’ﬂl,ﬁz(zn) Sin(ﬁi - ai))EZn(f o 'llﬂl,ﬂz(Zn+1) - f © l//ﬁl,ﬂz(zn))

>C|f" 0 g, 5 (Zn) sin(B; — ;]| Zu]P". (39)

Proof. Let n be any fixed non-negative integer. We will first estimate the conditional
expectation of the remainder R,(Z,, 4., f, ,2). Namely, we will show that there exist
positive constants ¢ = ¢(x) and # such that for all n, if |Z,| is large enough, the
following estimate holds:

Ru(Zas A £+ B, 2 SEIZuP~21 1 £ 0 g, po(Z0))- (40)

We will only prove (40) in the case f>0. The proof in the other case can be carried
out using the same ideas and is left to the reader. Let 6 €(0,1) be some fixed real
number. Then,

Ez,Ri(Zy, An, [, B,2) = Ez,(Ru(Zp, A, [, B, 2 V(401 <512,y + L(|anl> 812, })
=I+1L (41)

Ez,(

To estimate the first term in (41) we will look at the integral form of R,. Easy
calculations based on properties of functions yp, s, show that there exists a positive
constant ¢; (here as elsewhere in the proof of the lemma the constants ¢; do not depend
on r) such that

\| = |Ez,(Ru(Zp, Ans [ B, 2)) (14,1 <0612,1)))
< aiFy, {/Ol(lf' o Wp,,8,(Zn + tA)||Zy + t4,)P 3
+ 11" 0 Y, 5(Zn + tA|Z0 + 14,7
+ 11" Wy, 5. X2 + tA|Zo + 4, PPN 4P (1 = t)zdt)l(un\smznl)}-

Fix any positive v<y/2f. Then, using the assumptions on f we deduce from the last
bound that there exists a positive constant ¢, such that for all large enough |Z,|,

1
1| < 2y, {/ (Lf" 0 gy 5 (Zn + tA0)|(Wp,. 8, Zn + t42))' | Z0 + 14,7
0
+|f” © ‘/’ﬁn,ﬁz(Zn + tAn)”Zn + tAn|2ﬁ_3 + |f" o ‘/’Bl,ﬂz(zn + mn)l
X (U, 5o (Zn + 140)) " | Zo + t4,P73) 40P (1 - t)zdr)l(.dnlsmzm}. (42)

Next, easy geometrical arguments show that for any ¢ € [0, 1],

2ol +14a] 2 120+ 14| 2120+ (4n)"| = [(4)7| > inf 12+ 4] = |(40)"

> sin(g \% f) |Zn| = [(4n)~ 1, (43)
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where (4,)" = ((4; YA, (4,)™ = ((45)7,(47)7). Since the jumps of the Markov
chain {Z,, n>0} towards the origin are bounded from below, then the last inequalities
imply that for any ¢ € [0, 1] and for all large enough |Z,],

. T
\Zal + |40 =12, + 14, Zsm(—z- v 6) 1Z,1/2, (44)

On the other hand, the “monotonicity” property of s, 5, ensures the existence of
positive constants c3, ¢4, ¢s5 and ¢ such that

3| Zn + t4n 1P g, 5, (Zy + tA,) <l Zy + 14, (45)

and

CS‘/’ﬂl,ﬁz(Zn)<'//ﬁ1,ﬁz(Zn + tAn)<C6lpﬂ|,/32(Zn) on {,An| <5|Zn!}- (46)

Let us put the estimates (45), (46) into (42). Then, using again the assumptions on
/ and the “monotonicity” property of g g, we easily see that there exists a positive
constant ¢; such that for all large enough |Z,|,

0 <erlf" o W, o (Z) | ZalP TP B {| AP 114 <8120}

It then follows from (35) that there exist positive constants cg,cg such that whenever
|Z,| is large enough and Z, € <,

|I| < CS'f” © 'pﬁl-ﬁz(Zn)' IZn|2ﬁ_2+Vﬁ~ZEZn{

A1 <512) )

< col £ 0 Wy, o (Zu)| | Zn P27, (47)

Let us determine the bounds of the second term in (41) dealing with the big jumps.
To this end instead of working with the integral form of R,(Z,, 4,, f,B,2) given by
(34) we will look directly at its expression that follows from (33). Namely,

I = Ez, {1(14,1>82,)(f © ¥p,,5,(Zn+1) — f o Yp,,5,(Zn)
- fl o l//ﬂu,ﬁz(zn)(vd/ﬂl,ﬂz(zn)’ 4,) — %f” o wﬁl,ﬂz(zn)(vWﬁl,ﬂz(Zn)y An)z

—% f/ o wﬂl,ﬁz(ZM)Dz‘//ﬂl,ﬂz(Zm An:An))}' (48)

As is easy to see, the properties of Y g, ensure that there exist positive constants
€10, .- .,C16 such that

Yp, p.(Zn + An)<010|An|ﬁ on {|4,]>0[Z,[}. (49)
and

l(vWﬁl,ﬂz(Zn), An)l Scll lan_ll//ﬂl,ﬂz(Zn)lAnl <012|anﬁ—l |An|,

(50)
|D2¢ﬁ|,ﬂz(zm An, AII)| < C]3 |Zﬂ|_2l//ﬂl,,32(zn)|An|2 <cl4|Zn|ﬁ_2lA" |2'
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Then, the assumptions on f and (48)—(50) yield that there exist positive constants
c1s, 16 such that

| < eisEz {|f" (a1 4n PP 1L g1 5012, ) + caslf7 0 gy, o (Za)] 1 Za|F 2
X EZH{(|Zn‘ZBV+2|Zn|ﬂv+1lAn| + |An|2 + |Zn|ﬂv|An|2)1(|An|>5|Z,,|)}
LB An PP 415 012,00}

+eisl 7 o U, gy (Za)| |Za| P21, (51)

< ¢15E2,{

To estimate the term including f”(|4,|%) we recall that | " (x#)|x*~2 is a monotone
function on some interval [B, c0). If it is non-increasing, then by “monotonicity” prop-
erty of g, p, there exist positive constants c7,c¢15,c19 such that for all large enough
|Zal,

Ez{

AP A0 P22 4,15 012,00
| " 0 Yp, 4, (Zn)] |21 =2

|/ (1Z))|
s | £ 0 g, 8,(Zy)]

<C|Za*P1EL {| 4,17} < 9] Za PP (52)

Ez {1 4uP P 14,15 8120}

In the other case, when the function |f”(x#)[x?~2 is non-decreasing, one can see from
the assumptions on f that there exist positive constants cyg, ¢y such that for all large
enough |Zn|’ |f“ ° wﬁl,ﬁl(ZnM lZﬂlzﬁ—z Zcy and

Ez {1/ An)PN | 4PFB4 0 14,15 5120}
|f" 0 g, p.(Zn)| 1 Z, B2

< ¢ 2P Eg {

(4P | 4a PP
< c1|Z, P,

This result and Eqgs. (51) and (52) imply immediately that there exists a positive
constant ¢y such that for all large enough |Z,|,

| <ol f(ZP)] |Z, 2P ~2420 2, (53)

This and (47) give the desired conclusion with 7 = y — 2Bv.

Next, we investigate the principal terms in the second-order Taylor’s expansion (33).
We separate two cases.

(a) Suppose Z, € G°. Then it can be seen from the moment conditions on the tran-
sition mechanism of the Markov chain {Z,,, n=0}, the form of transformation ¢ and
properties of i, p, that for any n>0,

EZn(vwﬁlaﬂz(Z")a An) = 0,
Ez, (Vg 5.(Zo), 40 ) = [Vp,, 5,(Z0)* = d*(B)|Z,[P 2
and

Ez, (DY, 5(Zns Ans 4n)) = D, 5,(Zn) = O, (54)
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where d(f) was introduced in (24). Therefore, we have from (33),
EZ,,(f o l//lffl,ﬂz(Zn+l) - f © l//ﬂhﬁz(zn)) = %dz(ﬁ)f” o lp;‘?l,ﬂz(Zr1)|Zn|2ﬂ—2
+ Eg,Ro(Zos dus £ B, 2). (55)
But (40) shows that for all large enough |Z,|:

IEZan(Zm A, f’ ,8,2)| < |f” © l//ﬂl,ﬂz(Zn)Hanzﬁ_z—;' (56)

with some positive constant #. The bounds (36) and (37) follow readily from (55)
and (56).

(b) Let Z, € 0G; for some i€ {1,2}. In this case we have from the moment con-
ditions on the transition mechanism of the Markov chain {Z,,, n>0}, the form of
transformation ¢ and (28) that for any »n >0,

Ez, (V. 5,(Z0), An) = did(B)|Z,|F~ " sin(B; — ), (57)
where dy = |®(P")|,dy = |#(Q')|. Hence, on {Z, €3G}, i = 1,2,

Ez,(f o, 5,(Zns1) — f o Yp,.5:(Zn))
= did(B)sin(Bi — )| Z,)P~" 1" 0 Y, pu(Z0)
+ 5 1" 0¥, 5, (Z0)EZ, {(Vip, 5,(Zn), 4:)7}
+ 1 o, . (Z0)Ez AD* Wy, 5 (Zn, Ans An)} + Ez, {Ru(Zn, 40, £ 8,2)}
= did(B)sin(B; — aZu|*~" 1" o Yp, p,(Za) + L (58)

Next, it can be easily deduced from the bounds (30), (40), the “monotonicity” property
of g, 5, and the assumptions on f, that there exist positive constants cz3, cz4 such that
for all large enough |Z,],

1) < cas{lf” o g, g (Z)WG, ,(Z)Zal 72 + | 0 W1, .(Z0) Wop 3 (Z)|Z0| =2

+ 'f” © wﬂl,ﬂz(zn)”Zrllm_z_;’v} <C24|fl ° lﬁﬂn,ﬂz(zn)|l///3.,ﬂz(zn)|Zn|—2- (59)

Now the inequalities (38) and (39) are immediate consequences of (58) and (59) and
(26) written in the following form:

Vg s (2|2 = o(zF1) as |z] w00, O

In the sequel we will denote by {X,, n=0} the process defined by

X = { wa%,az(zn) if o 7& 0,
' exp(Y,,«,(Zy)) if « =0.

(60)

Lemma 3. The process {X,, n=0} satisfies the conditions of Lemma 1 with some
rAd=A4,CD.

Proof. The proof in the case «>0 is a direct consequence of the previous lemma. As
far as the other case is concerned, the proof is very similar to that of Lemma 2, and
we omit it here. [J
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3.3. Proof of Theorem 3
The essential part of the proof consists in proving the following:

Theorem 3'. Let {Z,, n=0} be the Markov chain defined above. Suppose that 0 <o <y.
Then there exist positive constants Ay, Cy>1, ¢ and so such that for any A=A,
whenever Zo = z € 7% satisfies |z| > C14, the following bound holds for all s> seA*:

6%~ if a>0,
P(Ti=2s5)= ¢
(Ty=5) 3} if =0,
log(s)

(61)

Let {X,, n=0} be the process defined in (60). Using the “monotonicity” property of
W, 0, it i €asy to see that in order to prove the last theorem it suffices to demonstrate
the corresponding statements for 74 (recall that ty=inf{n>0; X, <A4}). Suppose for a
while that we have proved Remark 4. From Theorem 2 and Remark 4 it follows that the
Markov chain {Z,,, n=0} is recurrent (recall that a>0). This and the “monotonicity”
property of iy, ., imply in turn that with probability 1, 74 <oo for any positive A.

Our plan of the proof is as follows. We first prove the following weaker result on
non-integrability of functions of the first passage-times and during the proof we obtain
as well the desired estimates of Theorem 3’,

Proposition 1. Let {Z,, n>0} be the Markov chain defined above. Suppose that
0<a<7y. Then there exist positive constants Cy, A, such that for any A>A;,
1. In the case >0, whenever Zy = z € Gy satisfies |z|>C 4,

E(T*log™" (Ty)) is infinite; (62)
2. In the case a = 0, whenever Zy = z € G4 satisfies |z|>C\ A4,
E(log (Ty) logy ' (T)) is infinite. (63)

To prove this proposition we would like to construct a family of the processes U®),
functions G,H satisfying the conditions of Theorem 1’ such that in the case >0
(resp. a=10),

too  ou/2-1 ds
is infinite:
/ ——_G(\/E)logs 1§ 1nnnite;

oo ds .
<resp. / mo—g—z—s is in mte)
and to use Corollary 2.
Before going into details, let us briefly describe the ideas of the proof and make
some preliminary observations. Suppose for a while the original process {Z,, n>>0} has
the bounded jumps. Then the process {X,, n=0} also has bounded jumps and, in par-

ticular, | X3, — X3, 1| <B for all large enough B. In this case, if we find a non-negative
increasing function F such that the processes {F(Xynr,nz,), 70} are submartingales

(64)
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for all large enough A4, B such that 4 <B and in the case a>0 (resp. o =0),

/+°° slds . fnit
—_— i ni
F(s)log s s ©

+oc
resp. / __ O is infinite ),
sF(s)log, s

then U®, G, H can be simply defined by U® = F(X,), G(x) = F(2x), H(x) = F(x).
Let us try to find such F. We will search for F in the class of functions satisfying
the conditions of Lemma 2. One restriction on F follows immediately from (65): this
condition shows that in the case a >0 (resp. « = 0) the order of the asymptotic growth
of F(x) at infinity should not exceed O(x*log®(x)) (resp. O(logxlog} (x))) for any
¢>0. Let us find out what other properties of F' can be deduced from the fact that for
all large enough 4 <B, the processes {F(Xunr,nz,), n=0} are submartingales. Let us
define the function F by

Fxy = F(x#) if a>0,
" | Fexp(x)) ifa=0.

(65)

(66)

Then F also satisfies the conditions of Lemma 2 and we know that there exist positive
constants ¢, 4o such that on {Z, € G°} U {|Z,| >4},

sgn{F" 0 Yy 0 (Zn) Y E(F (Xni1) — F(Xa)| %)
= sgn{F" o Y, 0,(Zu)}E2,(F 0 Yuy 2y (Zni1) — F 0 Yy 03(Z0))
> clF" o W, 0(Zp)||Za* 2. (67)

These inequalities show that if the processes {F(Xuac,nt), 1220} are submartingales
for all large enough A4, B such that B>A> Aq, then limsup,_, _ F"(x)>0. Easy cal-
culations show that F”(x)>0 for all large enough x, if and only if the function F
satisfies for all large enough x,

xF"(x) + (1 — 2)F'(x) =0, (68)

(notice that this condition readily implies that liminf,_,», F(x)x~*>0). Suppose now
F satisfies (68). Then (67) and the “monotonicity” property of i, ,, imply that there
exists a positive constant 4; > A4, such that for all 4, B such that B>A> A4,

E(F(/\/(n+1)/\’(,1/\f5) - F(Xn/\u/\fg)Lg’-n)?O on {Zn € GO}-

On the other hand, even if the function F satisfies the condition (68) and 4>4;, on
{Z,€0G;} N{|Z,| >4}, i=1,2 we only have

\E(F (Xns1) = FX)|F)| = |E2,(F 0 Yay 0(Zns1) — F 0 Yy 0y(Z0))

< z"|ﬁl ° ‘Pa],az(zn)[‘/’al,az(zn)lznl_2’ (69)

with some positive constant ¢. The last bound shows that in general the processes
{F(Xunt,n2), 120} are not submartingales and we cannot simply set U, = F(X,) in
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our construction. The idea that will permit us to overcome this problem is very simple
and is as follows. We perturb the process {F(X,ar,nz,), n20} by adding a process
{eo l//;i,/f{ﬁz(zﬂ/\u/\ﬁ ), n=0}, with some fi, $2 € (—n/2,7/2) such that >, f2>m
and some positive function e satisfying the following conditions:

1. e satisfies the conditions of Lemma 2 with just defined f;;

2. €'(x)>0 on some interval (B,00) and e(x) = o(F(x)) as x — oc;

3. As |z| — oo,

Va2 0 Yy, 0 (2)] [2) 72 = 0(&7 0 Y g, (2)|z1F)

and

e oy, 5. ()27 = o(F" 0 Yy, my(2)]2[**72). (70)

where the function é(x) is defined by e(x) = e(x!/).
For example, we can take F(x)=cx*(1 — x™ "), e(x)=x%° with positive constants
c, 7 and po such that (o — 1)} <2pg<a — 3o, x€(0,1 Aa~') in the case «>0 and
F(x) = log(x)(1 — log; *(x)), e(x) = (1 — logz_"{(x)) with y €(0,1), {>1 in the case
a=0. B

Next, applying Lemma 2 we see that there exist positive constants ¢ and b such
that for all large enough |Z,|:

1. On {Z,€ G},

B (e 0 Yyl (Znsr) — e 0 gy (ZFo)| <bE" 0 Wy, 5, (Z2)|Zo[F 2 (71)
2. 0n {Z,€0G,} U{Z,€0G,1},

E(e o’y (Zui1) — e oW’y (Z)|F) = E@(Zo) — €(Z)| %)
> el op p(ZZ)P " (72)

Taking into account (70) and comparing (67), (69) with (71)—(72) we see that for all
large enough 4 and B such that B> 4, the processes {U, &) n>=0} defined by

nAT4A\Tg?

U ny = FXaneinzy) + € 00y (Zuneonz,),  Yn20.

nATIN T

have the desired submartingale property. Moreover, using the assumption e(x) = o(F(x))
as x — 00, it can be seen that the function G corresponding to the “perturbed” processes
{U,Ei)u nze> 120} still verifies the condition (64). This will then finish the proof of
Proposition 1. The same arguments can be applied in the general case, when the jumps
of the process {Z,, n>0} are not necessarily bounded. In this case we will first
“truncate” the process and then apply the last arguments to the obtained “truncated”
process.

Let us now proceed. For each positive B, we define the following “truncated” pro-
cess Z(5):

20—z 28 =2+ 4D,
where

AB) —

n

4, if |4,] <2B,
0 if |4, >2B.
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Let By =p1(0q, 02,¢) and By = Ba(a, 2z, ¢) be any fixed real numbers such that
Bi€(—n/2,m/2) and a; < p;, for i = 1,2. Set B = (B1 + B2)/E. Let x€(0,1 Ana=t),
{>1 and let py be any fixed number such that & —(n A o) <2po <a— yo. Let us define
the function g by

V2 (2) (1 = (14 Y @) ) + U7 50(2)  if >0, [2]>0,
Yoo )(1 — Log ™ (Ya, ,(2)))

+(1 - Log; “ (Y5, (), if %= 0, |2/ >0,
0 if |z| = 0.

g(z) =

For each n>0, we finally set

UP = g(Z™).

Our previous discussion in the case when the process {Z,, n>0} has bounded jumps
makes credible the following claim.

Lemma 4. For all initial values ZSB ) = Zy and for all large enough A and B such

that A<B the processes {U,fi)u nz» 120} are submartingales.

Suppose for a while that this lemma has been proved.
Let us check the conditions of Theorem 1’. As is easy to see, the “monotonicity”
property of Y, »,,¥p,.p, and the choice of po, B, B2 imply that there exists a positive

constant 4 such that for all |z| >4,

2y, 4, (2) if >0,

92 < { Yy, (2)(1 — Log ™ (i, 2, (2))) + 1 if = 0.

Therefore, for all A>/T, B>A4 and for all n we have on {n< (14 A T3)}:

2X* <2B* if >0,
UsP <4 log(X, (1 — Log *(log X,))
+ 1< log(B)(1 — Log *(logB))+1 ifa=0.

Similarly, for any 4 > 4 and any B > A we have on {74 < %}

3 24°* if >0,
< .
s log(4)(1 — Log *(logA4))+1 ifa=0.

By our construction of the process Z¥® n>0} and the “monotonicity” pro erty of
y Y prop
Y0, W have that there exist positive constants co, ¢, ¢, such that for all large enough
B> A4:
B B B B B ~
i l<colz) < o125 1|+ 145 D <eolcr] X3, | +2B)<c2B on {14 > Tp}.

‘L’B—l f3~—l T
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Therefore, there exists a positive constant ¢; such that for all large enough B > 4 we
have on {74 > g}

U® < 3 B* ifa>0,

' 2log(B) if a =0.
This demonstrates that for all large enough 4 and B the family {Un(fr)A Agpp N20} 18
uniformly integrable and satisfies condition (3) of Theorem 1’ is satisfied with the
following functions G,H:

2s* if >0,
H(s) = { - . (73)
log(s)(1 —Log *(logs))+1 ifa=0.

and

c3s® if x>0,
G(s) = . (74)
2log(s) if a=0.

Notice that the function G satisfies condition (R). We are now ready to conclude the
proof of the theorem.

Let us fix any E 1 such that

(1) 4, >(AVAV1) (4 as in Lemma 3).

(2) For any B, A such that B > 4 > 4, the process {Un(fr)A Az, 120} is an uniformly
integrable submartingale.

Let us take any fixed 4 greater than 4;. Then, a routine checking shows that there
exists a positive constant C; > 1 that does not depend on A such that whenever
Zy = z € G4 satisfies |z| > C,4:

() { Va2 (2)/2 2 2H(A) if 4 >0,
Up = Uy ' = B '
l//111,(12(2)(1 - Log X(lpal,az(z)))ZH(A) + 1 lf o = 0

Next, using the choice 4 > A and Lemma 3, we sec that the process {X,, n=0}
satisfies the conditions of Lemma 1 and there exist constants & ¢ independent of A4
such that inequality (3) holds with v = % Obviously, we can suppose that ¢ < 1. Let
us fix such &,0. Finally, let By be any fixed positive number such that By > A(1 + ).
Let us take, for instance, By = 24(1 + §).

Summing up the last arguments, we see that the family of the stochastic processes
{{U,,(B), n=0}, B2By} with UéB ) = g(z) satisfies conditions of Theorem 1’ with the
functions G, H defined by (73). It then follows from the assertions of Theorem 1’ and
Remark 5 that whenever Zy = z € G, satisfies |z| > C4 the following bound holds
for all s > 4e(1 + 6)%42,

H(A)
9z)—H(4) _ ) 26(/5/e)

2G(+/s/e) ~ 1 o
2G(\/s—/£) if o« =0.

if >0,
P(TA >S)>
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But from the “monotonicity” property of s, ., we know that for any 4 > 0 and any
s >0, we have the following inclusion: {t4 > s} C{T4c) > s} (recall that C(x) was
defined in (23)). This observation easily implies that (61) holds with 4, = 4;C(2),
C1 = C1/C(a), so (= 4(1+6)*/(C(x))* and some positive ¢; < 1. The statements (62)
and (63) are now immediate consequences of (61).

To complete the proof of Theorem 3’ we only need to prove Lemma 4. Notice that
to this end it suffices to prove

Lemma 5. For each A and B, let us set Sgp = inf{n=0; |Z,| =B}. Then, for all initial
values Zy the processes {Un(f}A rsy» W20} are submartingales for all large enough A, B
such that B > A.

In fact, suppose that we have proved Lemma 5. We have to show that for all large
enough A4 and B such that 4 < B:

Em(9(Z) - 9(ZP)N >0 on {n < (x4 A T)}.

But, the statement of Lemma 5 ensures us that for all large enough 4 and B such

that 4 <§, the LHS in the last formula is non-negative on {n < (T%E) A SE)}' It only

remains to set B = c(x)B, 4= C(a)A and to notice that by our construction of the

process {Z®), n>0} and the “monotonicity” property of the function 4, ,, we have

{n<(uiAis)} = {Vk<n, A <Xy <B}C{Vk<n, A<|Z|<B}). O

Proof of Lemma S. To prove the lemma we have to show that there exists 4 > 0 such
that for all 4> A4 and B > 4:

Eum(@(Zy) — 9(ZP) 20 on {n<(T4ASp)}.
We notice that on {n < (T4 A Sp)}, Z,EB) = Z,. Then, on {n < (T4 A Sp)},

Eyn(9(Z)) — 9(Z))
= Ez,(9(Zn+1) — 9(Z2)) + Ez(9(Zs + Anl(4,)< 28)) — 9(Zn+1))
= Ez,(9(Zn+1) — 9(Z,)) + Ez, {(9(Z1) — 9(Zy + 4n))1 (4,1 528))}
2Ez(9(Zny1) — 9(Z3)) — Ez,(9(Zn + 42)1(4,]>28))- (75)

Let us investigate the asymptotic behavior of the second term in the last expression.
We easily see that there exists a positive constant ¢y such that for all large enough 4
and B> A4 on {n < (T4 A Sp)}:

Ez(9(Zn + An) 114, »28)) < C0Ez, (Y, 0,(Zn + An) (14,1 >28)))-
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Recall that on {n < (T4 A Sp)}, 4 < |Z,| < B. Hence, there exists a positive constant
Co such that for all large enough 4 and B> A4 on {n < (T4 A Sp)},

Ez (9(Z, + An)1(14,1228)) S C0Ez,(Ez, (Ym0, (Zn + An)L(|4,1222,)))
_ 3V _
S QEz,(1Zs + 4a" M 4,1 5212,) € (5) CoEz,(|4n|* 4,1 5212,)))-

On the other hand, using the choice of #: n < ((y —2)/2 Ay — a) we get that there
exist positive constants ci,c; such that
Ez,(|14a" ™M 4,12212,1))

- { c1<e|Z, 7, ifa>2+7
S EL (4 TN A P s s 2z SCIZ T i 0 <24,

Finally, we obtain that there exists a positive constant ¢3 such that for large enough 4
and B> A we have on {n < (T4 A Sp)}:

Ez(9(Zy + An)1(ja,128)) <3| Za| 7277 (76)

We turn now to the estimate of the first term on the RHS of (75). Applying twice
Lemma 2 and the “monotonicity” property of iy, ., it can be easily seen that there
exist positive constants c4...c19 such that for all large enough |Z,|:

1. If @ > 0, then on {Z, € G°},

—_ _
Ez,(9(Zur)) — 9(Z0)) = ealy 7 (Za)|Za* 2 — esWiPh 2 (20122
= 6| Za |2 — 9| Zy |2 (77)
and on {Z, € 0G;}, i = 1,2,
« _l— —
E7,(9(Zus1) — 9(Z0)) > cssin(B; — a2~ (Za)lZalP~!
— cocaly 5 M Za T 2 a0l Za PP — e Z 2 (78)
2. If « = 0, then on {Z, € G°},
Ez2(9(Zns1) — 9(Za)) = crally L (Z)log ™ M, 0y (Z0)| 24| 7
— er3(Wy 25, (Zn)log ™ (W, p.(Zu)Vogy ™~ (U, . (Za))1 Zu[ 2
> |Zy| " Hog ™ (1Za]Ncralogy 1 (|1Z4]) — erslogy * ' (1Z4])) (79)
and on {Z, € 0G;}, i = 1,2,
Ez(9(Zni1) = 9(Z2)) = = CroWing,a(Zn)|Zn| 72

+crrsin(B — o) { (W, . (Z)log(Wp,.p,(Zn )}~ logs ™' (Y, 5 (Za))|Z4| P~
> — c18]Za| Hog(|Z,)) + c19|1Za] " Nlog T (1Za]Ylog; © T (1Za)). (80)

Therefore, using the choice of y,{, po (x € (0,1A7a™"), { > 1 and a— (nAa) <2pg <
o — ya), we deduce from (77)—(80) that there exists a positive constant cyp such that
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for all large enough 4 and for all B> 4, on {n < (T4 A Sp)}:

c20|Z, |2 if 0>0,

E Zn - Zn > — - —tT 1
2,(9(Zn11) — 9(Zn)) {Czolan Nog~'(1Z,))log; “ " (1Z,]) if @ = 0.

Joining together this and (76) we obtain that for all large enough 4 and for all B > 4
the RHS in (75) is non-negative on {n < (T4 A Sp)}. I

The rest of the proof of Theorem 3 is very easy. Let, for instance, 0 < o < 7.
Theorem 3’ yields the existence of positive constants C),4,,¢;,so, such that for any
A>A; whenever Zy =z € Gy satisfies |z| > C14, we have for all 5 > 5042,

P(T4 > 5) =T A% 2. (81)

Recall that the Markov chain {Z,, n>>0} was introduced as the image of the Markov
chain {Z,,, n>=0} under @ defined by (15) and (16). It is easy to see that there exist pos-
itive constants &(®), C(®) such that for any positive 4, {Z € R2; |Z|<4(®)} c{z €
R:; |®(Z)| <4} C{Z € R : || <AC(®)}. These inclusions and (81) show that for
any A > A, whenever Zo =% € Z? satisfies |Z| > C1AC(P) we have for all s > 5942,

P(fé(q:),q > 5) =A%,
Letting

CE (D ~ Y ~
ci(q(ﬁ))’ So = 0 and ¢

A~1 = A1c(P), 61 = - ('5(4;))2

(c(P))”
terminates the proof of (13). [
Proof of Remark 4. It suffices to show that the Markov chain {Z,, n>0} is recurrent.

To this end it will now be checked that the conditions of the following well-known
result (see, for instance, Asmussen (1987), Proposition 5.3) are satisfied.

Lemma 6. Let {U,, n=0} be a discrete-time irreducible aperiodic Markov chain
with some countable state space 4. Then the Markov chain is recurrent, iff there
exist a function f defined on U, and a finite set F, such that for any m:

E{f(Unt1) = f(Un) | Un = a}<0, VagF, (82)
and the set {a € U; f(a) <K} is finite for each K.
In fact, let us fix any real numbers f; = (a1, &) and ff; = Ba(xy, &) such that: §; €

(—n/2,m/2) and o; < f;, for i = 1,2 and any positive number py such that 2py < #.
We define the function f by

f@ =¥ @+ 5", zeq, (83)

where s is any fixed real number such that s € (0,1). Applying twice Lemma 2, one
can see using the choice of py (namely, 2py < 1), s and f;, B, that for all large
enough A the processes {Z,x:,, n=>0} are supermartingales. On the other hand, it is
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immediate that the set {z € Gi; f(z) < K} is finite for each K. This finishes the
proofs of Remark 4 and Theorem 3. [

4. Reflected Brownian motion in a wedge

In this section we will obtain partial analogues of the results of Section 3 for
reflected Brownian motions in a wedge. To state these results we need to intro-
duce some additional notation. Let F be any subset of R2. We denote by D =
D([0,00),F) the space of right continuous functions w : [0,00) — F with left-hand
limits endowed with the Skorohod topology. The subset of Dp of continuous func-
tions is denoted by Cr. The symbol % will stand for the og-algebra of Dr gen-
erated by coordinate functionals n,, 0<u<t. Let Y, denote the canonical process
on Dr. Let G be the wedge with the corner at the origin 0, and with an arbi-
trary angle ¢ < =, given in polar coordinates by G = {(p,0),0<0<¢, p > 0}.
Let oy, be any fixed numbers such that a; + a; > 0 and |o;| < #/2, j = 1,2. As
usual, let o = (a; + oz)/€. Let us fix any non-zero zp € G.

Suppose o + oy < 2& (resp. o) + oy =2&). By definition, Brownian motion (resp.
stopped Brownian motion) with oblique reflection »;,v; in the wedge G starting from
zo is a G-valued process that solves the submartingale problem (resp. stopped sub-
martingale problem) associated with (%A,vl,vz) starting from zy (A is the standard
laplacian operator in R?). Intuitively, Brownian motion (resp. stopped Brownian mo-
tion) with oblique reflection is a process that behaves in the interior of the wedge like
a planar Brownian motion, reflects instantaneously at the boundary of the quadrant, the
directions of reflection being given by the vectors vy, v,) and spends zero time at the
origin (resp. reach almost surely the origin and remains there). For precise definitions
we refer to Varadhan and Williams (1985) or Aspandiiarov (1995). As it follows from
the results of Varadhan and Williams (see Theorems 3.4,3.10,3.11), if o + ap < 2&
(resp. a; + ay =2¢), then Brownian motion (resp. stopped Brownian motion) with
oblique reflection exists and is unique in law. In both cases, it will be denoted by
{w,, >0}

For each x>0, we introduce the first passage-time S, by

S, =inf{t=0; |W,|<x}.

Then Theorem 2.2 in Varadhan and Williams (1985) shows that P(Sy < o) = 1, if
and only if a > 0.

The main result of this section is the following condition for the existence of pth
moments of Sp.

Theorem 4. 1. If « > 2, then for all p <oa/2, ES{ is finite.
2. If a >0, then there exist positive T and c such that for all t > T,

C
P(Sy>1)> 7.

In particular, for all pzo/2, ESy is infinite.
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Remark 6. As a consequence of the last theorem we immediately obtain the following
criterion of existence of ESp derived in Varadhan and Williams (1985) (see Corol-
lary 2.3):

ESy is finite iff o> 2.

Remark 7. Using a direct approach based on the analogues of the results in Aspandiiarov,
et al. (1994), Menshikov and Williams (1994) have recently showed that the condition
o >2 in the first part of Theorem 4 can be removed.

Proof. The idea of the proof is to use the results on approximation of the process
{W,, t=0} by Markov chains in G with boundary reflection and the results on the
first passage-times for these Markov chains of Section 3 (more precisely, Theorem 4
and (61)).

Step 1: We need to recall some preliminary results.

(a) As was shown in Aspandiiarov (1995), there exists a Markov chain {Z;, £ >0}
with bounded jumps governed by the transition mechanism described in Section 3
such that its corresponding o, o, defined as in Section 3.2 coincide with the angles of
boundary reflection ay,a, for the process {W,, ¢t =0}.

Let us state the result on existence of the approximating family of Markov chains
for the process {W;, ¢t=0} established in Aspandiiarov (1995) (see Theorem 2 and
Remark 3 therein). For each N =1, we set

v ={( LY e,

4 \/]v \/]_V_ ( j) +

Proposition 2. Let (z) )v>1 be any sequence such that VN 21, z{ € GY and limz)) =

zo as N — oo. Then there exists a family of Gs-valued discrete parameter Markov

chains {{Z), k >0}, N > 1} with the same transition probabilities as {Z, k >0} such

that Z)Y = z)\/N and the “rescaled” Markov chains {WY, t>0} defined by

ALY
VN

converge weakly in Dg to the process {W,, t=0}.

wh 10

(b) Let us now fix any sequence (z} )y > such that VN > 1, z) € GY and limz) = z
as N — o0o. We also fix the Markov chains {{ZV, k>0}, N >1} and {W}, >0} with
the properties described in the last proposition. Let Piv,v (resp. P;,) be the distribution

0
of the process {WX, t>=0} (resp. {W,, t=0}) on D¢ under P.
(c) The next ingredient of the proof is the following:

Proposition 3. For any fixed y >0, there exists a set H, CDg such that
1. P, (H,) = 1.
2. The function &, : Dg — [0,00) defined by

F(w) = inf{t 20, |o,|<x}, € Dg,

is continuous in the Skorohod topology of Dg on H,.
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Proof. The main role is played by the continuity of the coordinate functionals 7, :
Dg — G(n(w) = w(t)) on some subset of D of P,, — probability 1 and the follow-
ing easy consequence of the strong Markov property of planar Brownian motion and
reflected Brownian motion in a half-plane. For any fixed y > 0, 4 > 0, there exists a set
F, 4 CDg such that P, (F, 1) =1 and, for any w € F, 4, there exists t € (¥, S, + 4)
such that |w(?)| < z. The rest of the proof is carried over using standard arguments
and we omit it here. [J

(d) Let us set, for each y >0 and N>1,
T} =inf{k>0; |Z¥|<y},
SY =inf{r=0; W<y}

It follows from the last proposition and the continuous mapping theorem that for each
x>0, S)’(V converges weakly to S, as N — co. Notice also that for any y >0, N>1,

N @) N
Sx = I;\/N/N. (84)

Step 2: Here we relate the results on the first passage-times Siv for the Markov
chains {W}, t>0} to their counterparts for the process {W,, t>0}. This will give the
desired result.

1. Let o > 2 and let p < /2. We fix any positive y such that y < |zg|/2. Tt then
follows that for all large enough N we have, y < |z)| < 2|zp|. We recall that the
Markov chain Z has bounded jumps and the parameter y corresponding to it is infinite.
Therefore, we can apply Theorem 4 to obtain that for any p < 2, there exist positive
¢(p) and Ao(p) such that for all 4= Ao(p) whenever Zy = z € G, satisfies |z| > 4,

ET? <E(p)lz/>. (85)

Let po be any number such that p < py < a/2. It easily follows from (84)—(85) that
there exists Ny = No(y, p, po) such that for all N =N,

E(S))? = E(T)\ ) IN? < E(p)lg |7,
E(S))P = E(T)y2) NP <E(po)les .

This shows that the family {(Sfcv )P, N =Ny} is uniformly integrable. Therefore, by
weak convergence of S)’C" to §X (see, for instance, Theorem 5.4 in Billingsley (1968)),

E(SY)? — E(S,)? and  E(S,)P = E(S,)” <2%¢(p)|zol”.

Notice that the last inequality holds for any y < |z0|/2 and ¢(p) is independent of y.
Therefore, letting in the last inequality ¥ — 0 and using the monotone convergence
theorem we finally arrive at

E(So)” <2%¢(p)|zol*. (86)
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2. Let now p>=ua/2. Recall that by (61) there exist fixed positive constants C; > 1,
Ay and ©,s0 such that for any 4>4;, whenever Zy = z € Gy satisfies |z| > C4, the
following estimate holds for all s > so4%:

P(Ty > s)z=c A% ¥, (87)

Let us fix any positive y such that y < |z9|/2C). This choice of y ensures that for
all large enough N, Ciyx < |z|. Using this, (84) and (87) we get the existence of N,
such that for any N >N, and for all ¢ > soy*:

P(SY >1) = P(];”\’/N > Nt) = %2,

Passing to the limit as N — oo and using the weak convergence of S)](V to §,, we
obtain that for all except countably many ¢ > 5oy,

P(S,>1) = jvlemP(sy >zt

This obviously implies that for all except countably many ¢ > sox2,

&

P(Sy > t);@lf%. O (88)

Remark 8. It can be obtained from the estimates (86) and (88) and the explicit con-
struction of constants ¢( p),¢;,s0,C; and x that if o > 2, then for any p < /2 there
exist constants by, b, depending on p,a;,a,, ¢ such that 0 < b <b, < oo and

b1 |20 <E(So)? <bazo|*.
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