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Abstract

In this paper, we establish the dimension-free Harnack inequality on configuration spaces by using the
coupling argument. Furthermore, a unified treatment is also used to prove the equivalence between the
Harnack inequality on configuration space and that on the corresponding base space under a very mild
condition.
© 2013 Elsevier B.V. All rights reserved.
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1. Introduction

The second quantization of a Markov semigroup, which can be realized by an independent
particle system on the configuration space (cf. [16, (5.3)]), is a fundamental model in the study
of infinite-dimensional analysis. Second quantization is a powerful tool used in quantum field
theory for describing the many-particle systems. We refer to [10,15] for physical background of
the second quantization semigroup. A key point for the study of this model is to characterize
the second quantization semigroup by using properties of the base process. For known results
concerning particle systems on configuration spaces, we refer to [13,14,23,5] for functional
inequalities and exponential convergence, [8] for the Feller and strong Feller properties, and [24]
for small time behaviors. In this paper, we aim to establish the dimension-free Harnack inequality
in the sense of [17] on configuration spaces. See e.g. [22] and the references therein for
applications of the dimension-free Harnack inequality.
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Let us first introduce the basic framework. Let (M, .%#) be a measurable space, and let
P (x, dy) be a transition probability on M. Then

Pf(x) 1=/Mf(y)P(x,dy), x €M, feBpM)

gives rise to a Markov operator P. Here and in what follows, %, (M) (resp. %’; (M)) denotes the
set of all bounded measurable (resp. bounded non-negative measurable) functions on M. Denote
by §x the Dirac measure concentrated at x € M. Consider the infinite configuration space

o0
F::{y: Sxi;xieM}
i=1

equipped with the o -field induced by {y > y(A); A € .#}. In many cases, one may be restricted
to the locally finite configuration space

Iy :={y € I'; y(K) < oo for compact K C M},

on which the induced o-field coincides with the Borel o-field of the vague topology. See [1]
for more details on analysis and geometry on configuration spaces. Let %, (") be the set of all
bounded measurable functions on I', and %;(F) the set of all non-negative elements in Ay (I").

The Markov operator P! considered in this paper is

PIF(y) = / . F<Z 61,.) [[P@idz). vy =) 64.FeB).
M i=1 i=1 i

i=1

The central purpose of this paper is to discuss the dimension-free Harnack inequality for
PT. Tt is well-known that the coupling argument, developed in [2,20], is quite efficient for
proving a Harnack inequality (see also [9,11,22]). Therefore, it is natural for us to investigate the
Harnack inequality for PT via the coupling approach. Since the underlying space I’ is infinite-
dimensional, on the other hand, we can use techniques in infinite-dimensional analysis to handle
this problem. A unified treatment will be presented (see Section 3 below).

In order to formulate the Harnack inequality for pr , we need a distance-like function on
I'x I'. Let

o0
1M > T, (xi)iz1 = Zfor
izl

For any non-negative function ¢ on M x M, define

ol (v, ) = inf!Zgo(xi, )i @diz1 € I7H(y), )iz € 1—1(n>} . yonel. (LD
i=1

The organization of this paper is as follows. The Harnack inequality for P! is established in
Section 2 via a coupling approach. We first present a general result, and then as an application
diffusion processes on the configuration space over a Riemannian manifold are considered. The
results are also applied to study the strong Feller property, hyper-bounded property, and entropy-
cost inequality. In Section 3, a unified treatment is used to prove that under a very mild condition
PT satisfies the Harnack inequality iff so does P. Finally, we present a fundamental property of
¢! in Section 4.
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2. Coupling approach

This section is devoted to establish the Harnack inequality for Pl viaa coupling argument.
We first present a general result and then apply it to the diffusions on the configuration space
over a Riemannian manifold as a special case.

2.1. A general result

Theorem 2.1. Assume that for any x,y € M there exist an M -valued random variable &, , and
a [0, oo)-valued random variable Ry y such that

Pf(x) = ]Ef(sx,y)’ Pf(y) = E[Rx,yf(éx,y)]a f e BrM). 2.1
(1) Let p € (1,00) and ¢, : M x M — [0, o0) such that
(ERIP=DVP ! < ety e M. (22)
Then
(PTFO)? < (PTFP)e» "™, F e B (). y.nel.
(2) Let ¢ be a non-negative function on M x M such that
IE[Rx,y 10g Rx,y] <ekx,y), x,yeM. (2.3)
Then
Pl log F(y) <log P'F) + 9" (v.m), 1<Fe®BI).y.nel.

Proof. (1) It suffices to prove the statement for goll:(y, n) < oo. Fix any (x;)i>1 € 1—1(77) and
(yi)i=1 € I7'(y) such that

o0
> ep(xi yi) < oo.

i=1
By (2.1) and (2.2), we may construct a family of independent M x [0, co)-valued random
variables {(&;, R;); i > 1} such that forany i > 1 and f € B,(M),

—Dp—1 .
PFo) =EfE),  PfOO=E[RfE)]  (ERTTV) < e,
Now it holds from Holder’s inequality that

(PFF(V))P = (]E [(,lj Ri) ‘ (ga&)Dp y
< (EFP(§§5&)> E{ini

p/(p—D\P~!
(o)

p—1

—12

= (PTF’ ()

Il
<N

e(pp(xivyi)

—12

< (PTFP(p)

I
-
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= (PTFP(n)) exp [Z (Pp(xi»}’i)i| :

i=1

This completes the proof of the first assertion by minimizing in (x;);>1 € ! (n) and (y;)i>1 €

I~Y(y).
(2) By (2.1) and (2.3), for any fixed (x;);>1 € I (n) and (y;)i>1 € I (v), we may construct
a sequence of independent M x [0, oo)-valued random variables {(§;, R;); i > 1} such that

Pf(x) =Ef(&), Pf(yi) = E[R; f(¢)], E[R; log R;] < ¢(xi, yi)
foralli > 1 and f € %B,(M). By the Young inequality (see e.g. [3, Lemma 2.4]), we obtain

PllogF(y) = E [(]‘[ Ri) log F <Z5a—ﬂ
i=1 i=1

e (§55) 2] ()71

=logPL'F)+ ) E [(]‘[ Ri) log R
i=1

Jj=1
o0

=log PT'F(n) + > E[R;log R;]

j=1
o0
<logPTF() + ) o(x).y)).
j=1
which finishes the proof since (x;);>1 € I (n) and (y;)i>1 € I (y) are arbitrary. [J
This result implies the Harnack inequality for a large number of Markov semigroups of
independent particle systems such that the semigroup P; of the single particle process satisfies

a Harnack inequality derived from the coupling argument, see e.g. [20,9,11] for Harnack
inequalities associated to various SDEs and SPDEs using coupling.

2.2. Diffusion processes on the configuration space over a Riemannian manifold

As applications of Theorem 2.1, in this subsection we consider the particular case where the
base process is a diffusion on a Riemannian manifold. We will assume throughout this subsection
that M is a complete connected Riemannian manifold and let P; be the semigroup generated by
L == A+ Z for some C'-vector field Z. To establish the Harnack inequality, we shall assume
that the curvature of L is bounded below, i.e. there exists a constant K € R such that

Ric(X, X) — (VxZ, X) > —K|X|>, X eTM. (2.4)

Let p be the Riemannian distance on M. According to [17], this condition implies the dimension-
free Harnack inequality

(P f)? < PifP(y)

o Kpp(x, y)*
P2 - D=

], x,yeEM, t>0, feB (M (25
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for all p € (1, 00). Indeed, according to [18,21], (2.4) is equivalent to (2.5) for all/some
p € (1, 00), as well as the log-Harnack inequality

K , 2
Blog f(x) < log PLf(3) + 5.1 (x.5)

m, x,yeM,lffe,@b(M).

When Z = VV forsome V € C2(M) such that 1 (dx) := e ®dx is infinite, where dx stands
for the Riemannian volume measure, P; is symmetric in Lz(u). Moreover, PtF is a realization of
the second quantization of P; (see [16, (5.3)]), which is symmetric in Lz(rru), where (and in the
sequel) 7, stands for the Poisson measure with intensity L.

Recall that

{pz}%,n)=inf{2p<x,-,yi>2; @izt € 17 (), Gz e I, vonel.
i=1

Throughout this subsection, we shall simply set

ol om = (101 )"

o 12
= inf (Zp(xi,yi)2> s )izt € 171 (), )iz € 171 ()
i=1

if there is no confusion. When Z = VYV for some V € C%(M) with w(M) = oo mentioned
above, it is proved in [12] that ,oF is the intrinsic distance for the Dirichlet form associated to the
semigroup P,F .

Theorem 2.2. Assume that (2.4) holds. For any p € (1, 00),

Kpp!' (v, m)?
PrF@y)) < (PLFP 2.6
( t (J/)) — ( t (77)) eXp |:2(p _ 1)(] _ 672Kt) ( )
holds forally,ne I',;t > 0,and F € @;’ (I"). Moreover, the log-Harnack inequality
Kp"(y,n)?
Pl log F(n) <log P F(y) + Aok V1€ r (2.7)

holds forallt > 0 and F € By(I") with F > 1.

Remark 2.3. Let 1 be an infinite measure on M. According to Proposition 4.1 below, if

lim sup /L({y eM; p(x,y) < ”}) =0

ri0 xem

and there exist some constants C > 1 and N € N and a fixed point o in M such that
M({x eM; p(x,0) <n+ 1}) < Cu({x e M; p(x,0) < n}) < 00

holds for all n > N, then ,oF(y, n) = oo for (7, x my)-a.e. (y,n) € I' x I'. Therefore, under
this circumstance Theorem 2.2 is trivial in the sense of (7, x m;)-a.e.

Since the Harnack inequality implies the strong Feller property (see e.g. [22, Theo-
rem 4.4(2)]), the following result is a direct consequence of Theorem 2.2.
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Corollary 2.4. Foranyt > 0, PtF has the p! -strong Feller property, i.e.

F(lim) OP,FF(r/) =PI'F(y), yel.,Fe®BI).
P y,n)—>

Remark 2.5. When L = A on R?, the p! -Feller property is confirmed in [8, Theorem 7.1]
on the smaller space Iy. Therefore, Corollary 2.4 provides a much stronger and more general
assertion.

Proof of Theorem 2.2. Fix an arbitrary ¢+ > 0. According to Theorem 2.1, for any x, y € M it
suffices to construct a random variable (§x y, Ry y) on M x [0, 00) such that

PP =EfEy),  PfO)=E[RoyfE)] [ €A, 28)
p/(p—D\P ! Kpp(x,y)?
(st ) <o [z(p — D - e—zm} | 22

and

| < Kot y)?
~2(1 —e 2Ky’

We will adopt the coupling by parallel displacement introduced in [2], which goes back to [7].

As explained in [2, Section 3], due to [19, Chapter 2] we may simply assume that M does not
have cut-locus so that the parallel displacement

E[Ry ylog R,y (2.10)

Piy: TxM — TyM

along the minimal geodesic from x to y is smooth in (x, y).
Now, let B; be the d-dimensional Brownian motion and let X solve the Itd differential
equation in the sense of [6]:

d"X, = v2u,dB, + Z(X,)ds, X0 = x,
where u, is the horizontal lift of X on the frame bundle O (M). Then

Pif(x) =Ef(Xy), [ € BpM). (2.11)
On the other hand, let Y; solve the equation

A"y, = V2Px, y,usdBs + Z(Y5)ds — hyVp(X,, @) (Y)ds, Yo =y,

where

2Ke Ksp(x,y)

ﬁ, T .= inf{s > O; XS = YA}
— €

hs = 1{s<1:}

Then the equation for Y has a unique solution and X; = Y; holds for s > 7. By It6’s formula
and the second variational formula (cf. [2] and references within), we have

dp(Xy, Ys) < Kp(Xs, Yy)ds — hgds.
Applying the Gronwall lemma to the above inequality, it holds that

eKS(672KS _ 672Kt)p(x, y)

p(X31YS)S l—e*QK’ ’

0<s <t.
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In particular, one has p(X;,Y;) = 0, and so X; = Y; =: &, . To formulate P, f(y) using &y y,
rewrite the equation for Y; as

d"y, = V2P, y usdBy + Z(Y,)ds, Yo =y,
where

y 1
&:&—Eﬁhﬂxmﬂwmm»mwnszo

By the Girsanov theorem, (és)se[o, 1] 1s a d-dimensional Brownian motion under the probability
measure R, ,IP, where

1 ! _ 1 [t
Rx,y = eXp [E/(; (hs(PXS,Y_vus) IVP(XSv')(Ys), dBy) — Z/(; h?dsi| .

Therefore, due to (2.11) and &, , = X; = Y;, we obtain (2.8).
In order to get (2.9) and (2.10), we first observe that

t 2 2 t 2
/ B2 ds < 4K=p(x,y) o 2Ks gy 2Kp(x,y)
0

! _e—ZKt)Z 0 1 —e2Kt°
Let
M, = L/t(h (Px, v,uts) "' Vp(Xs, 0)(Ys), dBy)
- S ssXgts S S/ S/
V2 Jo
Then
1
Ryy = exp [Mt - §<M)z:|
and
[, Kp(x,y)?
<M>l=§/(; hsdsfm
Thus,
-1 2 p—1
ERP/P-DN'T _ (g P oy __ P " p I,
(ERZAPD) xp | T My = 5 (M) + 5 (M),
2 p—1
< (Eexp| Lbt, — P m),
P17 2(p -1
X exp p .Kp(x,y)?( _1
2p— 12 1—e 2k P

<ex[ Kpp(x,y)? ]
=P - na—e 2K |

where in the last step we have used the fact that exp [%Mt
martingale. Furthermore, since
1

IOg Rx,y = Mt - E(M)t

1 [ 3 . 1,
= E/O <hs(PXs,Ysus) 1V/0(Xs,0)(YS),dBS>+Z/O h2 ds,

2

- ﬁ(Mh] is a super-
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we arrive at
1 L, Kp(x, y)?
E[Ry ylog Rx.y] = Eg, pllog Ryy] = K, [/0 h ds} =20 e 2Kny’
The proof is now completed. [
We can also use the Harnack type inequality to describe the hyper-bounded property and the
entropy-cost inequality. Denote by || P,F | p— 4 the operator norm from L” (7)) to L4 (7r,,). Recall
that pF is a non-negative measurable function on I" x I' (cf. [12]). For a measurable function

F >0onI'withm,(F) =1, let €(Fn,, m,) be the class of all couplings of Fr,, and 7, and
let

1/2
Wl (Fry.m) = inf / ol (y.m? I (dy, dn)
I €€ (Fry,my) I'xIl

be the transportation-cost from Fr,, to 1, induced by the cost-function (p!")?.

Corollary 2.6. Assume that (2.4) holds for Z = V'V for some V € C*(M) such that u(dx) =
eV ®dx is infinite.

(1) Foranyt > 0and p € (1, 00), we have

-1/p
. Kpp® (v, n)?
r
1P oo < (essnﬂ it [ exp |:_2(p—1)(1—e2Kl) () @12)

and
1/q
d
“P,F“p%q =< ﬁ © T[Ilf(( V))z a/p , qe€ll,00).
(/i exp [ 5282 | mutam))
(2.13)

(2) Foranyt > 0,

r r K ol 2
F(Pt F)lOgPt FdJTMS sz (FT[M’T[M) , FZO,T[M(F)ZI

Remark 2.7. In the situation of Corollary 2.6. Similarly as in Remark 2.3, if

lim sup u({y € M; p(x,y) <r}) =0
0 xepm

and there exist some constants C > 1 and N € N and a fixed point o in M such that
n(fx € M; p(x,0) <n+1}) < Cu({x € M; p(x,0) <n}) < oo

holds for all n > N, then Corollary 2.6(1) is nothing but trivial since ,op = oo(my, x my)-a.e.
implies that the right-hand sides of both (2.12) and (2.13) become infinities.

It is straightforward to obtain Corollary 2.6 from the Harnack inequality (2.6) and the log-
Harnack inequality (2.7) (see e.g. [4, proof of Lemma 4.2] and [22, proof of Proposition 4.6]).
For the sake of completeness and reader’s convenience, we include here a simple proof.
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Proof of Corollary 2.6. (1) Let F be a non-negative measurable function on I" such that
IIF|l, < 1. According to Theorem 2.2, one has

Kpol'(y,n)? }

<Pl'FP@), y,nel.
20— 1 —e 2Ky | =T ROy

(P,FF(y))p exp |:—

Integrating both sides w.r.t. 7, (dn) in the above inequality and noting that m, is an invariant
probability measure of P, we get

K r i 2
(P;FF(V))pLGXP |:_2(p _pf)(l(y_ Z)_sz):| mu(dn) =mu(FP) <1, yel,

which yields that

Kpo” (y.m)? o
r B :
P[ F(J/) S </;_' exp|: 2([7 _ 1)(1 _ e—2Kt):| ”u(d’?)) ) V € F

Therefore,

I I
1P lpsoe = sup  [IF Flleo
F20.||F <1

r
= sup essy, sup | P F(y)l
F>0,[[Fllp=<1 yel’

-1/p
esSy inff exp | — Kpe! (v. 7, (dn) ,
“yer Jp 2(p — 1)(1 —e=2K1y | 7H

1/q
sup ( /p |PfF(y)|‘m(dy>)

F>0,|[F|l,<1

IA

and

r
1P 1l p—q

1/q
7, (dy)

fF (fF exp [_ Kpp! (y.n)? ] nu(dn))q/p

2(p—D(1—e~2KT)

(2) Let F' > 0 such that 7, (F') = 1. Applying (2.7) to PtFF in place of F, it follows that

Kpl'(y, n)?

PtF{IOg PtFF}(V) <log PrF{PtFF}(U) + m'

Taking integral for both sides w.r.t. II € ¢ (Fm,,m,) and using the symmetry of Pl we
arrive at

/F (P Fylog Pl Fdr, = /F FPl{log PLF}dm,
— I r
—/ P/ {log P F(y) II(dy, dn)
I'sIl’

Kol (y, n)?

m} II(dy, dn)

< / {mgP,F{PFF}(nH
I'xI’
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I'ypl
= /F log P {PL Fydn,

P S / ol (v, m?* I dy. dn).
2(1 —e2K0) Jpyp

This completes the proof by optimizing in /I € ¢ (Fn,, 7,) and noting that

/ log PL{PF Fydn, < logf PPl Fydm, =logm, (F) =logl =0. [
r r

3. A unified treatment

Letp € (1,00), ¢, : M x M — [0, 00), and C, be a non-negative constant. In this section, a
unified treatment will be used to discuss the relationship between the Harnack inequality on base
space

(PFE)P < (PFP())eSror™D e BF M), x,yeM (3.1)

and that on the corresponding configuration space

(PTF®)" = (PTFPG)er 0, Fe B (D), yonel. (32)

Theorem 3.1. (1) First, (3.1) implies (3.2).
(2) Conversely, if there exists a sequence {(x;, yi) € M xM; i > 1} such that Z;’il op(xi, yi) <
0o, then (3.2) implies (3.1).

Remark 3.2. If ¢, is a distance on M, then the condition in Theorem 3.1(2) is automatically
fulfilled (simply set x; = y; = o fori > 1, where o is any fixed point in M).

Proof of Theorem 3.1. (1) (a) For a measurable function F on I, let

Fx)=F <Z axi) . x=(x)iz1 € MY
i=1

Then F is measurable on MY equipped with the product o-field .#". Indeed, we only need to
check this for F(y) = y(A), A € .%. But for this F,

F) =) 8,(4)=) 1ax)
i=1 i=1

is clearly measurable on MY,
(b) Fix any x = (x;);>1 € I"'(y) and y = (3;)i=1 € I~'(n). Since

PENEx) = PIF(y),  P®NFEP(y) = PIFP(p),

it suffices to prove that

(PE®)" = (PNEP () exp [Cp > ept, y»] : (3.3)
i=1

(c) By a standard approximation argument, we only need to prove (3.3) for

FX) = f(xifs .. Xi,),  X=(x)iz1 € MY,
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where f € C,(M"),1 <i; <ip <--- < iy, n € N. Noting that ¢, is non-negative, it remains
to prove that

(PE" f(xiys oo xi)) < (PE"FP(iys - u yiy)) €XP |:Cp Z‘Pp(xik» yik):| : (34)

k=1

We shall prove this inequality by iterating in n.
(d) If n = 1, (3.4) follows immediately from (3.1). Assume that (3.4) holds for n = m. By
(3.1) and the assumption, we obtain

p
<P®(m+l)f('xil rrto 'xim’ xierl)) = (P{P®,nf(-xi1 9 ety -xima .)}(xi,77+1))p

P{PE™ f(xiy, s Xy, )} (i) x €097 Cimet i)

m
<P {p@m FPYigsees Vi @) EXP [c,, > op (i yik)] } Diprer)
k=1

X eCp(Pp(xim+1 ’yierl )

m+1
= P®(m+1)f(yj]s ooy Yigs Vipe1) X €XP |:C,, Z ©p(xip, y,-k):| .
k=1

That is, (3.4) holds for n = m + 1. Therefore, the first assertion follows.
(2) According to the assumption, one can fix a sequence {(x;, y;) € M x M; i > 1} with

o0
> op i, yi) < 0.
i=1

Obviously, it suffices to prove (3.1) for f € %’;(M ) with f < 1. Now, let f € %;(M) satisfy
f <1.Foranyx,y € M, letxy = x, yp = y. Taking

[e¢) o0
Fiyy=er®eh =3 5. =) 3,
i=0 i=0
in (3.2), and noting that

PTF(y) =[] Pl o) =[] Prx.
i=0 i=0
PUEPay =[] Ple? e Yoo =[] Prron.  of rom <D ep(xi yi),

i=0 i=0 i=0

we arrive at

[Tcrran? = (PTF@))" < PTFPGpexp [sz%ui,yi)}

i=0 i=0
o0
( pr(yl) <1_[ eC]J(pp(xivyi)>
i= i=0

1—[ fp(y ) pfﬂp(xz',yi)> )

i=0
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Then there must exist some i1 € Ny := NU {0} = {0, 1, 2, ...} such that
(Pf(xil))p S (pr(yil))ecl’(pp(xi]ayil)'

Similarly, taking
F(y) =ey(logf)7 Yy = Z 8x;s n= Z 8y,

ieNo\ (i1} ieNo\ (i1}
in (3.2), we get
[T erenr= T ((Prron)ecrontm).

ieNo\(i1) ieNo\{i1}
Then there must exist some iy € Ny \ {i1} such that

(Pf (i) < (PfP (yiy))eCrortiai).
Repeating this argument, we conclude that

(PFai)! < (PfP (yi))eCrertin
holds for all i € Ny. Particularly, taking i = 0 gives (3.1). O

We conclude this section by pointing out that we also have a similar result concerning the
log-Harnack inequality. Let ¢ be a non-negative function on M x M, and C be a non-negative
constant. Consider

Plog f(x) <log Pf(y) +Co(x,y), x,yeM, 1= feBpM) (3.5)
and

Pllog F(y) <log PLF) +Co (v, m), y,nel, 1<FeByl). (3.6)

Theorem 3.3. (1) First, (3.5) implies (3.6).
(2) Conversely, if there exists a sequence {(x;, yi) € M x M; i > 1} such that Y ;2 ¢(x;, yi) <
00, then (3.6) implies (3.5).

The proof is similar to that of Theorem 3.1, and therefore, we omit it here.
4. About ¢’

In this section, we will present a fundamental property of ¢! . Recall that ¢ is a non-negative
function on M x M, and ¢! is defined by (1.1).
Forx € M andr > 0, let

B?(x,r)={y e M; p(y,x) <r}.

For simplicity, set By = B¥(o, n), where n € N and o is a fixed point in M. Let x be an infinite
measure on (M, .%) such that u(BY) < oo foralln € N.
In the following proposition, we will use the following two assumptions:

(A1) lim,—q sup,cp (B (x, 1)) = 0;
(A2) there exist some constants C > 1 and N € N such that ,u(B;f ) =C w(BY) holds for all
n> N.
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A sufficient condition for (A2) is that i has the volume doubling property with doubling
constant C, i.e.

;L(B‘p(x, 2r)) < C;L(B‘p(x, r)), xeM,r > 0.

Indeed, it follows from the volume doubling property that for all n € N

w(BY, ) = Cu (Bl ) < Cu(BY),

On the other hand, (A2) is strictly weaker than the volume doubling property. For instance, for
p(dx) = e*dx on R with 0 = 0 and ¢ being the Euclidean distance, we have

I‘L(B:f_H) e+l _ o—n—1 e — e 2n—1 e
SUp ——21—~ = sup — —— =sup —— = — <4
n>1 M(Bn) n>1 € —¢ n=1 1—e " l1—e

Then (A2) holds with C = 4 and N = 1. However, observing that

B¢ X, 2 ex+2r _ ex—2r
p'u( ¢ ))zsup =sup(e' +e7") =00, xe€M,
r>0 /L(B‘P(x, r)) r>0 € —et r>0

1 does not satisfy the volume doubling condition.
Recall that 7, denotes the Poisson measure with intensity f.

Proposition 4.1. Assume that both (A1) and (A2) hold. Then (pF (¥, n) = oo for (mw, X my)-a.e.
y.,melxI.

Proof. (1) Let

p(x,y)= inf @(x,y), xeM,yel,
Yy€esuppy

and
D(y,¢e) = {x eM; p(x,y) 28}, yel,ee0,1).

Noting that

B\ U  B’G.e)| cD@.e).
xe(suppy)ﬂB;fH
it holds that
u(D(y.e) = w(BY) — U  Be
)ce(suppy)l’WE’f_*_I
> w(BY) — y(BY, ) sup u(B?(x,¢)) 4.1)
xeM

forally e I'e € (0,1),and n € N.
(2) Recall that the Poisson measure 77, has the characteristic functional

/ e” ) 7, (dy) = exp U (eif — 1) d,u], feL'(w)NL®W). 4.2)
r M
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Since u(BY) < oo forall n € N and u(BY) — oo as n — oo, we deduce from (4.2) that for
anyr € R

_v(BY)
/rexp{"u(Bff) Tuldy) = exp UM (exp{u<3¢)13 - > ]
= exp [M(Bﬁf) (eXP[ B‘P)] )}

— e’ asn — oo,

y(BY)

which implies that (B“’)

— 1 in law and so in probability 7,. Then we can choose a
V(Bnk)

w(B)
there exist No € Nand I C I" with 7, (I ) = 1 such that

subsequence {ny; k > 1} C N such that — lask — oo for my-ae. y € I'. Thus,

y(By) <2u(Bf), k> No,yel 4.3)
(3) Due to (A2), we obtain from (4.1) and (4.3) that
nw(D(y, ) = n(Bh) — ZM(Bnk+1) sup (B (x, £))

> w(By ) —2Cu(BY) sup M(Bw(x €))
xeM
forally € I'", ¢ € (0, 1) and k > N Vv Ny. By the assumption (A1), one can choose ¢¢ € (0, 1)
such that

1
sup ((BY(x, g0)) < —
xeM 4C

Then we arrive at
1 0 ,
w(D(y, €0)) > SWBL). v el k>NVN.

Letting k — o0, we get u(D(y, &) = oo for m,-a.e. y € I'. Therefore, we conclude that
n(D(y, 80)) = oo for (mw, x my)-a.e. (y,n) € I' x I'. Now the desired assertion follows
immediately by noting that

o' (v,m) = eon(D(y,e0)), y.mel. O
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