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Abstract

In this paper, we introduce the concept of the vague convergence of locally integrable
martingale measures in distribution, which is an organic combination of the vague convergence
of Radon measures and the weak convergence of martingales in distribution. The conditions are
provided for vague convergence of martingale measures. We also study the convergence of
stochastic integrale with respect to martingale measures in distribution.

Key words: The characteristics of martingale measure; Martingale measure; Vague con-
vergence.

0. Introduction

The purpose of this paper is to study the vague convergence of locally integrable
martingale measures in distribution, which is an organic combination of the vague
convergence of Radon measures and the weak convergence of martingales in distribu-
tion.

In Section 1, we will review the principal results of Walsh (1986): existence of
a predictable (resp. optional) random measure which we will call the angle bracket
(resp. square bracket) random measure of the orthogonal (resp. strongly orthogonal)
martingale measure. We will prove the existence of compensator of the jump measure
associated to a cadlag martingale measure and study the relation of an orthogonal
(resp. strongly orthogonal) martingale measure with independent increments and its
characteristics. In Section 2, we will introduce the concept of the vague convergence of
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locally integrable martingale measures in distribution. The general theory of the limit
theorems of semimartingales in Jacod and Shiryaev (1987) will be applied to study the
limit theorems of martingale measures. We apply the characteristics of martingale
measures to describe the convergence of martingale measures as the semimartingale
case. The conditions will be provided for the vague convergence of stochastic inte-
grals, which were introduced by Walsh (1986) and El Karoui and M¢léard (1990) in
Section 3.

1. Definition and basic properties of martingale measures

Let E be a locally compact Hausdorff space with countable basis, #(E) the Borel
o-field on E and .# (E) the linear space formed by all Radon measures on #(E). Then
there exists a metric function d such that (.# (E), d) is a separably complete space and

u,,—vm (i, vaguely converges to u in 4 (E)) is equivalent to d(u,, p) —» 0 when n— oo

(see Yan, 1988, Theorem VI-4.8). Thus, .# (E) is a Polish space with the topology of the
vague convergence of measures.

Definition 1.1. Let (Q, #, #,, P) be a filtered probability space satisfying the “usual
conditions”.

(1) {M(A):t =20, Ae B(E)} is an # -martingale measure if

(i) Mo(A) =0 for all A e B(E),

(i) {M,(A)}},. o is a F locally integrable martingales for all A € Z(E),

(iii) for all t > 0, M,(-)is a L*-valued o-finite measure (see El Karoui and Méléard,
1990).

(2) A martingale measure M is said to be orthogonal if, for any two disjoint sets
A and B in #(E), the martingales {M,(4)}, ¢ and {M,(B)}, . o are orthogonal, that is,
{M(A4), M(B)) = 0.

(3) A martingale measure M is said to be strongly orthogonal if, for any two
disjoint sets A and B in #(E), the quadratic covariation of martingales M(A) and
M(B), [M(A), M(B)] = 0.

It is clear that strong orthogonality implies orthogonality.

Definition 1.2. Let M be an # ,-martingale measure. M is said to be an R-martingale
measure if M,(w,") and M, _(v,") belong to #(E) for all t >0, w € Q.

Definition 1.3. If M is a martingale measure and if, moreover, for all A € #(E) the map
t - M,(A) is continuous, we will say that M is continuous. If the map t - M,(4) is

cadlag, we will say that M is cadlag.

In this paper, we study only cadlag martingale measure.
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Definition 1.4. Let M and N be two & ,-martingale measures on the separable locally
compact spaces E and E’, respectively. If, for all 4 € #(E)and B € #(E’), M(A)N(B) is
an Z -martingale, then we say that M and N are orthogonal.

Theorem 1.5. (1) If M is an F -orthogonal martingale measure, there exists a random
o-finite positive measure v(ds, dx) on B, x B(E), predictable, such that for all A € B(E)
the process {v([0, t]x A)}, o is predictable and satisfies

([0, 1] x A) = {M(A)), P-as. Yt >0, Ae B(E).

We denote v = (M>.

(2) If M is an F ~strongly orthogonal martingale measure, there exists a random
o-finite positive measure u(ds, dx) on B, x B(E), optional, such that for all A € B(E)
the process {u([0, t]x A}, o is optional and satisfies

w([0, 1] x A) = [M(A)], P-as. ¥t >0, A€ B(E).

If v = (M), then v is the dual predictable projection of u. We denote y = [M].

Proof. (1) has been proved by Walsh (1986). The proof of (2) is exactly same as Walsh’s
proof. [

Definition 1.6. Let M be an orthogonal martingale measure. M is called integrable if
Ev(R, x E) < oo. M is called locally integrable if there exist a sequence of compact
subsets K,TE and a sequence of stopping times 7,7 oo such that
Ev([0, T,]xK,)< o forall n>1.

Proposition 1.7. Let M be an R-martingale measure. We denote by
M({t} xdx)= M, — M,_. Put

OC(d[, dY) = Z IIMl:s} xdx) # 0} & M({s} xdsh (dt’ dy) (11)

s>0

It is called the random measure associated to the jumps of M, which is an integer-valued
random measure on B . x B(M (E)), where B(M (E)) is the Borel a-field of M(E). Then
o has the dual predictable projection we denote it by p.

Proof. It is the same as Proposition II-1.16 of Jacod and Shiryaev (1987). [J

Definition 1.8. Let M be an & -adapted orthogonal R-martingale measure and let v, 8
be the same as in Theorem 1.5 and Proposition 1.7, respectively. We say that (v, p) is
the characteristics of M.



214 Y. Xie/Stochastic Processes and their Applications 52 (1994) 211-227

Let M be an orthogonal martingale measure, (M) =v. We can construct
a stochastic integral with respect to M by the method which is used in the construc-
tion of Itd’s integral (Walsh, 1986). Let us consider the set & which consists of all
functions of the following form

V8

h((l), f, X) = hi(w)l]si.h](t)IBi(x)’

i=1

which satisfy E([a_.gh*(w, s, x)v(ds, dx)) < oo, where B; € #(E), h; are F ;-measur-
able bounded functions and

L2 = {f:? x #(E) measurable, E <j

R, x

Efzv(w, ds, dx)) < }
If h 1s a function in &, it is easy to verify that we can define a martingale measure by
h-M(A) = ‘:: hM, .(AnB)—M, ,..(ANB)}], VAeZB(E)
i=1
and <h-M> = h*(s, x)v(ds, dx). Since & is dense in L2, the linear mapping
h— {h-M,(A),t >0, Ae B(E)}

can be extended to L? as usual. If fe LZ, f-M is called the stochastic integral with
respect to M.

Let fe L2. Then f- M is a martingale measure. Moreover, if M is continuous, f* M is
continuous. If f, g € L2 and A, B € B(E), we have

(f M(A), g-M(B)> = j 0 j £(5, x)gs, x)v(ds, dx)

AnB

Let M be an R-martingale measure. For any fe Cx(R x E), which is the space of all
continuous functions defined on R. x E vanishing outside a compact subset of
R, x E, then f-M is still an R-martingale. Put X = {; jEf(s, x)M (ds, dx), we have X is
a real-valued martingale. Suppose that y is the random measure associated to the
jumps of X and 4 is the dual predictable projection of y. For any g € C¢(R), we have

f j g(x)7(ds, dx) = f f mg( f f(s,x)y(dx))a(ds,dy).
0 R 0 ME E

This implies

f . f 9(x)A(ds, dx) = j f g(f 16, x)y(dx)) B(ds, dy). (12)
0 JR 0 JAIE) E

Definition 1.9. Let M be an & ,-adapted martingale measure.
(@) M is said to be with independent increments (MMII) if for all 0 < s <t the
random measure M, — M, is independent from the o-field #.
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(b) M is said to be with stationary independent increments (MMIIS) if M is MMII
such that the distribution of the variable M, — M, only depends on the difference
t—s.

(c) If M is an R-martingale measure, a time t >0 is called a fixed time of
discontinuity for M if P(M({t} x dx) # 0) > 0.

Since the set of fixed times of discontinuity of an R-martingale measure is at most
countable, an R-martingale measure with stationary independent increments has no
fixed time of discontinuity.

Theorem 1.10. (1) Let M be an & ,-adapted orthogonal R-martingale measure. If M is
MMII, then there is a version (v, ) of its characteristics that is deterministic.

(2) Suppose that M is an & -adapted strongly orthogonal R-martingale measure, then
M is MMII if and only if there exists a version (v,B) of its characteristics that is
deterministic.

Proof. (1) Suppose that M is MMIIL Then M(A) is a process with independent
increments for all 4 € Z(E), hence v([0, t] x A) is a.s. deterministic. Next, « is a Pois-
son random measure, hence f is a a.s. deterministic.

(2) Itis sufficient to show that M is MMII under (v, f) being deterministic. We only
show that if 4, ..., A, are disjoint sets in B(E), then X, = (M,(A,), ... ,M,(4,)) is
a R"-valued martingale with independent increments. Since M is a strongly ortho-
gonal martingale measure, M(A4;), M(A;) (i # j) have no common jumps. Let 4 and
A; denote the dual predictable projections of the random measures associated to the
jumps of X and M(A4;), respectively. We have A = Z:':I A; and (X = (a;;) are
deterministic by the hypothesis and (1.2), where a; = (M‘(4;)) and a;; = 0, i # j. This
implies X is a R"-valued martingale with independent increments by Theorem I1-4.15
in Jacod and Shiryaev (1987). [

2. Vague convergence of locally integrable martingale measures

The setting is as follows: for every n>1 we consider a stochastic basis
B = (Q", F", F, P"), E* denotes the expectation with respect to P". All sets, vari-
ables, processes, martingale measures, etc. with the superscript n are defined on £”,
usually without mentioning. The stochastic measures that we will mention are all
Radon stochastic measures on spaces what they are defined.

Definition 2.1. Let M" and M be martingale measures. We say that M" vague

converges to M in distribution and write M—Zm if, for all fe Cx(Ry x E),

J . J (s, x)M"(ds, dx)5 J ' J 1(s, x)M(ds, dx).
0 JE 0JE
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In this section, we shall only deal with locally integrable orthogonal martingale
measures. For simplicity, we still call them martingale measures. In the following, we
suppose M is a martingale measure on a stochastic basis 4 = (2, #, Z,, P).

Theorem 2.2. Let E = {a, ... ,a;} and let m"', ... ;m™and m', ... ,m* be a sequence of
k orthogonal local square integrable martingales. Put M?(A) = Zk: ,mo,(A). If

i
£
mM, .o,m™yS(mt, L mh) and

k
sup ) E”<sug\Am2f|> < w
noi= s <

k

for all N >0, then M" 5 M, where M,(A) = T*_  mid,(A).

Proof. We know that M" and M are martingale measures (see El Karoui and
Méléard, 1990). We choose the discrete topology on E. Then E is a separable locally
compact space. Since

k
sup Y

i=1

E(sup|Am§"'l> < ®
s< N

for all N >0 and (m"!, ... ,m"")-{(ml, e ,mb), we have {(m"!, ... ,.m™)},., is U.T.
(see Jakuboski et al, 1989 or Mémin and Slominiski, 1991) and ( f(:, a;), m".,
. ,m"k)—y;(f(-, a;),m', ..., m" for all fe Cx(R, x E). Hence Z:.‘:x fo fGs, ai)dmg'i—{»

Z:‘zl jo f(s, a;)dm’ (see Jakuboski et al., 1989). We have M" oM O

Theorem 2.3. Let u" and u be E-valued predictable cddlag processes and let m" and m be
locally square integrable martingales. Put M} (A) = ji) I,(ulydmi, M, (A) = j’o I 4(ug)dmy

forall A € B(E). If u", m")i(u, m) and sup, E"(sup, c v)Ami|) < oo, forall N > 0. We

have M"—z—» M.

Proof. For all fe Cgx(R, x E), since f'is uniformly continuous and (1", m")f» (u, m), we
have (f(-, u"), m")i(f(-, u), m). sup, E"(sup, . v|AmZ|}) < oo implies {m"}y 5 is U.T.

By Theorem 2.6 in Jakuboski et al. (1989), we get [/ f(s, u})dm} —{jo f(s, u)dmy. Thus,

f f 1(s, x)yM"(ds, dx) 5 f ' Jf(s, x)M(ds, dx).
0 JE 0 JE

Hence, M"—25 M. [
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Theorem 2.4. Let M" and M be martingale measures, {M"> = v", {M> = v.
(1) Suppose for any compact subset K of E,

lim limsup P"("([0, N]xK) >a) =0, YN >0 2.1)

a—« n—r oG

(J j IAl(S, X)M"(ds, dx), ey J j IAk(S, x)M"(dS, d’()) ¢
0 JE o JE

i’»( J . f I4,(s, x)M(ds, dx), ..., f . f 14, (s, x)M(ds, dx)) 2.2)
0 JE 0 JE

for any compact set B < R, x E and any sequence {A,, ... ,A,} of v-continuous sets
¥
which are subsets of B. Then M M.

and

{i1) Let M Zm and for all ¢ >0,

hm limsup P*(v"(4,,) > & =0 2.3)

m—w n—=x
for every seguence {A,},., of closed v-continuous sets such that

lim,, ., P(v(A,) >¢)=0 for all £€>0. Then we have [, [ 14(s5,x)M"(ds, dx)—{

Jo Je1als, x)M(ds, dx) for all v-continuous set A which is subset of some compact
set.

Proof. (i) Let fe Cx(R, x E). Then there exists a compact subset K of R, x F such
that K > supp(f) and v(0K) = 0, P-a.s. by Lemma 4.3 in Kallenberg (1983). Suppose
a<f<b, for all m>1, then there exists a=ay<a, < -+ <a,=b such that
a; — a1 < U/m and v[(@{(s,x): f(s,x) = a;}) 0" K] =0, P-as. (Kallenberg, 1983,
Lemma4.3)fori=1, ... k. PutA; = {(s, x)a,-; <f(s,x)<a;} nK,i=1, ...,k we
have A; are disjoint and v{0A4;) =0, P-as. Therefore, (2.2) holds for A4;. Put
TS, x) = Zi.:  @i—114,(s, x). From (2.2) we have

J j (s, x)M™(ds, dx)—%»f j (s, x)M (ds, dx). (2.4)
0 JE 0 JE
Noting that sup|f— f,| < 1/m, by Lenglart’s inequality, we get
P" (sup > £>
t< N

; + P"(»"([0, N]x K) > om?), (2.5)

J‘o J; [f(sv X) —fm(s7 X)] M"(dS, dX)

<
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P(sup >s)
t< N

< % + PO([0, N] x K) > om?) (2.6)

f j [£(s. %) — fuls, ) ]M(ds, dx)

0

foral N >0,¢>0and 6 >0.
By the hypothesis and ¢ > 0, § > O are arbitrary, we have

>8>=0

lim P <sup

m— t< N

f j £, 3) — s, )T M(ds, dx)

0

from (2.6). Hence, as m — oo, we get
J J (s, x)M (ds, dx)— J J fts, x) M(ds, dx).
(2.5) implies that

lim limsup P" (sup

t<N

f 0 L L£(s. x) — fuls, )] M"(ds, dx)

>8)=0.

We deduce [, {.f(s, x) M"(ds, dx)—ﬁj(; [gf(s,x)M(ds,dx) by Theorem 4.2 in

m— n— oo

Billingsley (1968). Therefore M"—— M.

(i) Suppose A is a Borel subset of some compact set K and v(0A4) = 0, P-as. Since
E is locally compact, we can suppose that A = K° We know that 84 is a compact
subset from the hypothesis. For all m = 1, there are x7, ...,xJ. in A4 such that
04 < Uf:l S(x™, r,), where 0 < r,, | 0 and S(x, r) is the open sphere with center x
and radius r. Put E,=K\[4u{J!" S r)] and G, = K\[(K\4)
v Uk"‘ S(x™,7,)], then E, and G, are closed sets and E, ()G, =0. By using
Lemma 3.4 in Kallenberg (1983), we can choose r,, such that v(0E,) = 0, P-a.s. Hence,
there exists f,, € Cx(R, x E) such that f,,(x) =1 on G,, and f,,(x) =0 on E,,. Since

¥
M"—— M, we have

f J (s, X)M™(ds, dx)—'(if j (s, x)M(ds, dx)

when n— oo. Further, noting that | f,,(s, x) — I 4(s, x)| = 0 for (s, x)e E,, u G,, and
| finls, x) — I 4(s, x)| < 1 for (s, x) € E5, n G, we get
> )

P"(sup
t<N

d
< po + P*(V(E, n GS,) > 68)

Jﬂ J L1 4(s, X) — frls, x)]M"(ds, dx)
o JE

% + P""(ES NG >38), YN >0, ¢>0 6>0.
&
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>s>=0.

The condition (2.3) implies

lim limsup P" (sup

t< N

f ' f [La(s, %) — finls, )T M7(ds, d)
0 JE

)

m— oo n—>wo

Since {),,Em N G, = 24 and

f I f [La(s, %) — Jonls, )] M (ds. dx)
0 E

limsup P(sup

m— oo t<N

<&+ limsup P(WE,, N G,,) > &%), Ve >0,

m—oc

we have

0

f f fuls, x)M (ds, dx) 5 f ' f 14(s, x) M(ds, dx).
E 0 JE

Hence, we deduce |, [;14(s, x) M"(ds, dx)f»j(; Jg1a(s, x) M (ds, dx) by Theorem 4.2 in
Billingsley (1968). [J

Remark. This is the extension of Theorem 5.2 in Thang (1991).

In the following, we only study the limit theorems of R-martingale measures.
Let v", v e #(FE) be random measures on #(E). We say that v" converges to v in

distribution and write v~ v if for any fe Cx(E), j'Ef(x)v(dx)—y»fEf(x)v(dx).

Theorem 2.5. Let M™ and M be R-martingale measures, (M™y = V', (M) = v, " and

p be the dual predictable projections of the random measures associated to the jumps of

M" and M, respectively. M has no fixed time of discontinuity and MMII. Suppose that
(i) v v,

(1) For each fe Cx(R, x E),

t 2
J f [ f 1 x)y(dx)} Br(ds, dy) < oo,
0 M(E) E

j J Uf(s, x)y(dx)] B(ds. dy) < o
0 J.HE) E

t 2
lim limsup P" { f j l: J s, x)y(dx)} I“Jsf“* vl > a B1(ds, dy) > 5} =0
0 JMH(E) E

a—os n— o

forallt > 0,0 >0,

and
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(iii) For all fe Cx(R, xE) and ge C§ (R)

J L(E) (Lf(s x)J/(dx)>/3" ds, dy)—*J Lm (J fis, x)y(dx)> B(ds, dy)

Jor all t > 0. g e Cg (R) means that g is a continuous function which is 0 around 0 and
outside a compact subset of R.

Then M"—iM.

Proof. Since M is MMII, we know that v and f§ are deterministic by Theorem 1.9. Put
X" = [y fef(s, x)M"(ds, dx), X = [, 5/ (s, x) M(ds, dx) for all fe Cx(R, x E), then X"
and X are square integrable martingales and X is independent increments without
fixed time of discontinuity. Let 1" and 4 be the dual predictable projections of the
random measures associated to the jumps of X" and X, respectively. For all

g € C¢ (R), we have g%"i g- A by the condition (iii) and (1.2). And condition (i) implies

(X", = f t J 12(s, x)v"(ds, dx)—l;jl f 12(s, x)v(ds, dx) = (XD,
0 JE 0 JE

for all t > 0. (i) means that lim, . , imsup,_.,, P*(x* I, > o 47 > &) =0 for all t > 0,
0 > 0. Hence, x4x by Theorem VIII-2.18 in Jacod and Shiryaev (1987). 0O

Theorem 2.6. Let M" and M be R-martingale measures with independent increments and
M have no fixed time of discontinuity, v", v, 8", B be random measures given in Theorem
2.5. Suppose that for each fe Cx(R; x E) and for all t > 0,

t 2
lim lim sup J j l: f f(S, x)y(dx)J I{IjEf(s. x)y(dx)j >a}pn(dsa dy) = 0.
0 JAHE) E

Then M" "5 M if and only if

) &
i V' —v,

(i) For all fe Cx(R, xE), ge C5(R) and t >0,

f j g( jf(s,xw(dx))lz"(ds,dwaJ g(Jf(s,x)y(dX)>ﬁ(ds,dy).
Q M (E) E 0 ME) E

Proof. For each fe Cx(R, x E), put

= j ‘[ f(s, x)M"(ds, dx), X = f J (s, xyM (ds, dx),

then X" and X are square integrable martingales with independent increments and
X has no fixed time of discontinuity. Let A", 1 be the same as in the proof of Theorem
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2.5. Under the condition lim,_, ., lim sup, . ., | x|? Iiqsa Af =0forallt >0, xZxif

and only if (X">,—<{X), and g-if—g-4, for all t > 0 and g e Cg (R) by Theorem
VII-3.7 in Jacod and Shiryaev (1987). Theorem is proven. []

Theorem 2.7. Let M" be R-martingale measures and M be a continuous MMII,
(M™y =", (M> =v. Suppose that v'>v, P"(sup,.y|M"({s}xK)| >a)—0, as

n—oc, for all a>0, N >0 and compact set K and [M"({s} xK)| < C, where
|M"({s} x K)| denotes the total variation of random measure M"({s} x dx) on K. Then

M M.

Proof. Since v*— v and v is deterministic, then

f j S (s, x)v"(ds, dx)ijt f (s, x)v(ds, dx)
0 JE 0 JE

forall t >0 and 0 < fe Cg(R,; x E). Suppose that X", X, 4" are the same as in the
proof of Theorem 2.6, then

(X™S, = J t J £2(s, x)v"(ds, dx)—'lft f £2(s, x)v(ds, dx) = (X, 2.7)
0 JE 0 JE

for all t > 0. And
g At < Clyy o A = C2([0, 1] x {|x| > a}) (2.8)
for all g e C§ (R), where a > 0, C > 0 such that ¢ < C and g(x) = 0 for |x| < a.
Since lim, ,, P"(sup, < y]JAX?| > a) = 0 is equivalent to
lim,_, P"(A"([0,t]x {|x] >a}) >¢) =0, Ve>0

(see Jacod and Shiryaev, 1987, Lemma VI-4.22). And since [AX]|
< Cysup, o, [M"({s} xK)| < C,C and

P"( sup|AX7?| > a> < P”(sup CiIM"({s} xK)] > a),

s< N SN

where sup,| f(x)] < C,, K is a subset of R, x E and supp{f} < K, we have g-i?vio

for all N >0 by the hypothesis and (2.8). Hence, x4 x by (2.7) and Theorem
VIII-3.11 in Jacod and Shiryaev (1987) [

By Theorem 2.7, we immediately get the following corollary.
Corollary 2.8. Let E = {ay, ... ,a,} and let m"', ... ,m" (resp. m", ... ,m") be k ortho-

gonal (resp. orthogonal continuous) locally integrable martingales. |Am™| < b,
m"y =C", (m'y=C,i=1,..,k n>1, A" be the dual predictable projections
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of the random measures associated to the jumps of m™. Put
M (A) = Z m"é,,(A), M(A) = Z m'd4,(A).
i=1 i=1
Suppose that
@) CiSClLi=1, ...,k and lim, ., , sup, P"(X*_, C" > 0) =0 for all t >0,

(i) lim,- , P"(A™([0, ] x {|x| > a} > &)= 0 for all ¢ > 0, and a > 0.
Then M" 5 M.

Theorem 2.9. Let M" be strongly orthogonal R-martingale measures and let M be
a continuous MMII. [M™] = y", (M) = v. Suppose |M"({t} x K){ < C for all t >0,
n > 1 and compact set K = R, x E. We have the equivalence between
G MM,
(i) v,
(iii) vy and lim, ., P"(A5([0,t] x {|x| > a}) > =0 forallt >0,a >0,¢>0,

fe Cx(R. x E), where v" is the dual predictable projection of u", A} is the dual predict-
able projection of the random measure associated to jumps of |, {g f(s, x) M"(ds, dx).

Proof, For all fe Cx(R, x E), assume that X" and X are the same as in the proof of
Theorem 2.7. We have |AX"| < C by the hypothesis. Under this condition, we deduce
equivalence between:

@ x"5x,

(6) [X"],=> (X >y, for all ¢ > 0,

(c) <X">,—P><X>, and lim,_, ,, P"(A%([0, 1] x {|x| > a}) > &)= 0forallt >0,a >0,
¢ > 0 by Theorem VIII-3.11 in Jacod and Shiryaev (1987). Theorem is proved. [J

Theorem 2.10. Let M" and M be the same as in Theorem 2.9. Suppose that, for all § > 0,
t >0, fe Cx(R; xE),

T
lim lim sup P" { J J
a—w n—ow 0 JAH(E)

We have the equivalence between

Liig, fis. v > o B7(ds, dy) > ‘3} =0. (29)

jmmmn

() M"5 M,

(i) " Sv.
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Proof. For all fe Cx(R, x E), assume that X" and X are the same as in the proof of
Theorem 2.7. (2.9) means that lim, ., imsup,. P"(|1x|1 5. A7 > )= 0 for all
t >0, 6 > 0. Under this condition, we deduce equivalence between

@ x" 5 x,

(b) [X"], > (X, for all t >0
by Theorem VIII-3.12 in Jacod and Shiryaev (1987). U

Corollary 2.11. Let M" be R-martingale measures with independent increments and
M be a continuous MM1I. Suppose that

lim, , P"<sup IM"({s} xK}| > 8) =0
s<N

for all N >0, a > 0 and compact set K < R, x E and

t 2 p
j J‘ ': f f(sa x)y(dx)] IH"(Ef(s.x)y(dxjj > a}ﬁ(ds9 dy)_—')os VS > 0’ > ()
0 J.#(E) E

Then M» 5 M if and only ifv"i v,

Proof. By Theorem 2.7, it is sufficient to prove necessity. Suppose that M" 5 M. We
have

J ' J 1(s, x)M"(ds, dx) > f . f f(s, x)M(ds, dx)
0 JE [¢] E

for all fe Cg(R. x E). Assume that X" and X are the same as in the proof of Theorem
2.6, then X", X are square integrable martingales with independent increments and
X is continuous. When n — oo, we have

sup -0

t< N
for all ¢ >0. Hence lim,, {, [z/*(s:x)v"(ds,dx) = [ [¢f?(s,x)v(ds, dx). That is,
lim, ., {o [¢f(s,x)v"(ds, dx) = [ [pf(sx)v(ds, dx) for all />0 in Cx(R. x E). To
drop the condition f>0, we can consider f=f* —f and notice that

fl ffz(s, x)v"(ds, dx) — jl J (s, x)v(ds, dx)
0 JE 0 JE

[& S * (s.x)v(ds, dx) is deterministic, we have v* >v. [

3. Convergence of stochastic integrals in distribution

Let /" and f be real-valued measurable functions on (R, x E, &, x #(E)) and v is
a Radon measure on %, x Z(E). We will say that /" converges continuously to
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f(v-a.s.) and write © "if(v — a.s.)” if there exists a v-null set Be &, x #(E) such that,
if (t, x) ¢ B then f"(t,, x,) — f(t, x) whenever (t,, x,) — (¢, x).

Clearly, if /" converges uniformly to a continuous f, then /" 25 f(v-a.s.) for all Radon
measure v on &, X #(E).

Theorem 3.1. Let "€ Lin and fe Li be real-valued measurable functions. Under the
conditions of Theorem 2.7, if {5 f(v-a.s.) and if { f"} are uniformly bounded, we have
MM

In particular, if f" and f are functions on R, x E vanishing outside a common compact
set K = R, x E, we have

f Jf”(s, X)M"(ds, dx) 5 f ' f £(s, x)M (ds, dx).
0 JE 0 JE

Proof. Note that { f*-M"> = (f")*v",{ f~M> = f?-v. Since g is uniformly continuous
forall g € Cx(R, x E), we have (gf")* > (gf }*(v-a.s.) and (gf™)?, (gf ) vanish outside the

compact set Supp(g). As v is stochastic contiunous, we deduce that

L J (@f")?v(ds, dx)> f j (f V'v(ds.d)

by Lemma 6.2 in Kasahara and Watanaba (1986). For any compact set K < Ry x E,
N >0,

sup [(f" M")({s} x K)| = sup

s<N s<N

< Csup |M"({s} x K)|,

s<N

j (s, x)M"({s} x dx)
K

where C is a constant, this implies that

sup |M"({s} xK)| > %>ﬁ 0

s< N

P”(sup (" M) ({s} x K)| > 8) < P"(

s< N
by the hypothesis. We get f*-M" 2 f*M by Theorem 2.7. [

We next relax the assumption that (f™ n > 1) vanish outside a compact set. Let
K, = K, = ---be a compact exhaustion of E with K, = K4, (n = 1).

Theorem 3.2. Let /" € L2, and f e L? be uniformly bounded real-valued functions. Under
the conditions of Theorem 2.7, if f" = f(v-a.s.) and if for all ¢ >0, t >0,

lim lim sup P" ( f (s, x)?v"(ds, dx) > £> =0. (3.1)

k- n—w 0 JE\K,
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Thenf”~M”f>f~M and

X" — j jf"(s, x)M"(ds, dx)ﬁf jﬂs’ x)M(ds, dx) = X.
0JE 0JE

Proof. It is clear that f"-M"iﬁ /M by Theorem 3.1. We only prove the second

conclusion.
Let ¢4, k = 1,2, ..., be continuous functions such that Iy, < ¢, < I, and define

Xnk:j' J or(x)f" (s, x) M"(ds, dx), Xk = j J ou(X)f (s, x)M (ds, dx).
0vE 0 JE

For every k > 0, since

4

(X, = f j Q200 /™2 (s, X)v"(ds, dx)—”»f Lw%(x)fz(s, v(ds, dx) = <X,
0 E

0

by Lemma 6.2 in Kasahara and Watanaba (1986) for all t > 0 and {(X™,, (X*), are

. ) . L 2 .
increasing processes and {X* ), is deterministic, we have {(X™> > (X*). But again,

P”<sup|AX§"‘| > s) < P"(

s<N

sup |[M"({s} x Ki+1)| > %)

s<N
this implies that lim,., P"(sup,<x|AX™| >¢ =0 for all N >0, ¢>0 and

|AX™| < C, by the hypothesis. Hence X", X* by Theorem VIII-3.11 in Jacod and

Shiryaev (1987). By Lenglart inequality, Theorem 4.2 in Billingsley (1968) and condi-
tion (3.1), as in the proof of Theorem 2.4, we finish the proof of the Theorem. [

Theorem 3.3. Let f" and f'be as in Theorem 3.2, but we drop (3.1), instead we assume that
for every N >0,

lim limsup sup{[f"(s,x): 0 <s < N, x¢ K, } = 0. (3.2)

k> n-ow

Put X" = [, fe/"(sx)M"(ds, dx), X™ = |, jE\ka"(s,x) M"(ds, dx). Suppose that for all
t>0,¢6>0,

lim lim sup P"({X"™>, > &) = 0. (3.3)

k—x n—ow
Under the conditions of Theorem 2.7, we have X"—{ﬂ) [ f(s,x)M(ds, dx).

Proof. This theorem is proven with the same method as in Kasahara and Watanaba
(1986). Let us describe quickly the principal steps of the proof.
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Let ¢, be as in the proof of Theorem 3.2 and put

T
éz=j j (e () — @01 (s, DV(ds, dx), Vhn > 1

0

and forall k > 1,

T
o = f f (001 (9) — ()12, X)v(ds, dx),

0

then & D> a, as n— o by the hypothesis and Y%, a, < jg {ef*(ds, x)v(ds, dx) < oo

(recall that fe L?). By Lemma 6.7 in Kasahara and Watanaba (1986), there exist
ky <k, < -~ - oo such that

kn
lim lim sup P"< Y &> s> =0, Ve>0 (3.4)
k=m

m-— n—o

and
kn p @
Y &G~ Y a, n— . (3.5)
k=1 k=1
Let fiV(t, x) = f(t, ¥) I, (%), fi? = f* — fi"). Define
W"=f j fO(s, OMrds, dx), Y7 = j f (15, %) M(ds, dx).
0 JE 0 JE

Observe that, if m < k,, then

J f Lfi0(s, x)| 2v*(ds, dx)

f J [01,+ 1(x) — om(x)]/"2(5, X)v"(ds, d) < z &,

Thus (3.4) implies that

T
lim lim sup P"(J J L0, x)) 2v*(ds, dx) > s> =0 Ve>0. (3.6)
0 JEK,.,

Since, if k, > m > 1,
K™D — KXP ) < [KIWR W — X5 |+ K™ — X7, X5
S <W">,1/2<Wn _ X"m>,”2 + <Xnm>tl/2<Wn _ Xnm>;1/2

kn 1/2 kn 1/2
_2<Z 5;) < Y f;) :
k=1 k=m-1

Therefore, by (3.4) and (3.5), we easily see that for all e > 0,
hm limsup P*(J{W", — (X", >¢) = 0. 3.7

m— o n—w
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Combining (3.7) and (3.3) we observe that for all ¢ >0,
lim limsup P*({(W), >¢) = 0.

m— n— o

This means that W" 5 0. By (3.6) and the conditions of Theorem 3.2, we have

v 4 J . J f(s, x) M(ds, dx).
0 JE

Hence, X" = Y" + W5 [, [of(s, )M(ds,dx). O
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