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Abstract

We prove the existence of a weak solution to a backward stochastic differential equation (BSDE)

T T
Y,=$+/ f(s,Xs,Ys,Zs)ds—/ ZsdWj
t t

in a finite-dimensional space, where f (¢, x, y, z) is affine with respect to z, and satisfies a sublinear growth
condition and a continuity condition. This solution takes the form of a triplet (¥, Z, L) of processes defined
on an extended probability space and satisfying

T T
Yt=$+/ f(s, X, Ys’Zs)ds_/ ZydWs — (Lt — L)
t t

where L is a martingale with possible jumps which is orthogonal to W. The solution is constructed on an
extended probability space, using Young measures on the space of trajectories. One component of this space
is the Skorokhod space D endowed with the topology S of Jakubowski.
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1. Introduction

Aim of the paper. Let (2, F, (Ft):cfo,11, P) be a complete probability space, where (F;);>0 is
the natural filtration of a standard Brownian motion W = (W;);¢[0,71 on R" and F = Fr.

In this paper, we prove the existence of a weak solution (more precisely, a solution defined on
an extended probability space) to the equation

T T
Yt:%_"'/ f(s, X, YSsZS)dS_/ ZydWs — (Lt — L) (nH
t t

where f (¢, x, y, z) is affine with respect to z, and satisfies a sublinear growth condition and a
continuity condition, W is an R"-valued standard Brownian motion, Y and Z and L are unknown
processes, ¥ and L take their values in R, Z takes its values in the space L of linear mappings
from R™ to R, £ € Lz, is the terminal condition, and L is a martingale orthogonal to W, with
Ly = 0 and with cadlag trajectories (i.e. right continuous trajectories with left limits at every
point). The process X = (X;)o<;<7 is (F;)-adapted and continuous with values in a separable
metric space M. This process represents the random part of the generator f and plays a very
small role in our construction. The space M can be, for example, some space of trajectories, and
X can be, for example, the history until time ¢ of some process ¢, i.e. X; = ({sar)o<s<T-

Such a weak solution to (1) can be considered as a generalized weak solution to the more
classical equation

T T
Y, =¢ +/ fGs, X, Y, Zg)ds — / Zs dWs. 2)
t t

Historical comments. Existence and uniqueness of the solution (Y, Z) to a nonlinear BSDE of
the form

T T
Y,=S+/ f(s,Ys,Zs)ds—/ Z,dWq
t t

have been proved in the seminal paper [30] by E. Pardoux and S. Peng, in the case when the
generator f is random with f(-,0,0) € L2(2 x [0, T)), and f(t,y,z) is Lipschitz with respect
to (v, z), uniformly in the other variables. In [26], J.P. Lepeltier and J. San Martin proved in the
one dimensional case the existence of a solution when f is random, continuous with respect to
(y, z) and satisfies a linear growth condition || f (¢, y, )|l < C(1 + |yl + lIzl})-

Equations of the form (2), with f depending on some other process X, appear in forward—
backward stochastic differential equations (FBSDEs), where X is a solution of a (forward)
stochastic differential equation.

As in the case of stochastic differential equations, one might expect that BSDEs with
continuous generator always admit at least a weak solution, that is, a solution defined on a
different probability space (generally with a larger filtration than the original one). A work in
this direction but for forward—backward stochastic differential equations (FBSDEs) is that of
K. Bahlali, B. Mezerdi, M. N’zi and Y. Ouknine [4], where the original probability is changed
using Girsanov’s theorem. Let us also mention the works on weak solutions to FBSDEs by
Antonelli and Ma [2], and Delarue and Guatteri [13], where the change of probability space
comes from the construction of the forward component.

Weak solutions where the filtration is enlarged have been studied by R. Buckdahn,
H.J. Engelbert and A. Rdscanu in [11] (see also [9,10]), using pseudopaths and the Meyer—Zheng
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topology [29]. Pseudopaths were invented by Dellacherie and Meyer [14], actually they are
Young measures on the state space (see Section 3.4 for the definition of Young measures). The
success of Meyer—Zheng topology comes from a tightness criterion which is easily satisfied and
ensures that all limits have their trajectories in the Skorokhod space D. We use here the fact that
Meyer—Zheng’s criterion also yields tightness for Jakubowski’s stronger topology S on D [20].
Note that the result of Buckdahn, Engelbert and Réscanu [11, Theorem 4.6] is more general
than ours in the sense that f in [11] depends functionally on Y, more precisely, their generator
f(t, x,y)is defined on [0, T] x D x D. Furthermore, in [11], W is only supposed to be a cadlag
martingale. On the other hand, it is assumed in [11] that f is bounded and does not depend
on Z (but possibly on the martingale W). In the present paper, f satisfies only a linear growth
condition, but the main novelty (and the main difficulty) is that f depends (linearly) on Z. As our
final setup is not Brownian, the process Z we construct is not directly obtained by the martingale
representation theorem, but as a limit of processes Z"™ which are obtained from the martingale
representation theorem.

The existence of the orthogonal component L in our work comes from the fact that our approx-
imating sequence (Z™) does not converge in L?: actually it converges to Z only in distribution
in Li [0, T] endowed with its weak topology, thus the stochastic integrals fot Z™ dW; need not
converge in distribution to fé Z dW;. Let us mention here the work of Ma, Zhang and Zheng [27],
on the much more intricate problem of existence and uniqueness of weak solutions (in the clas-
sical sense) for forward-backward stochastic differential equations. Among other results, they
prove the existence of weak solutions with different methods and hypothesis (in particular the
generator is assumed to be uniformly continuous in the space of variables) which ensure that the
approximating sequence Z constructed in their paper converges in L to Z.

Let us also mention the recent paper [3] on the existence of an optimal control for a FBSDE.
This optimal control and the corresponding solutions are obtained by taking weak limits of
minimizing controls and the corresponding strong solutions. The limit BSDE with the optimal
control also contains an orthogonal martingale component similar to ours.

In the case where the Brownian filtration needs to be enlarged, weak solutions are solutions
which cannot be constructed as functionals of the sole Brownian motion W. It is natural for
this construction to add some randomness to W by considering Young measures on the space of
trajectories of the solutions we want to construct (let us denote momentarily by I" this space), i.e.
random measures @ — [, on I' which depend in a measurable way on the Brownian motion.
The weak solution is then constructed in the extended probability space 2 = (2 x I" with the
probability 1, ® dP(w). Young measures have been invented many times under different names
for different purposes. In the case of the construction of weak solutions of SDEs with trajectories
in the Skorokhod space D, they have been (re-)invented by Pellaumail [31] under the name of
rules. In the present paper, we also construct a weak solution with the help of Young measures
on a suitable space of trajectories.

Organization of the paper. In Section 2, we give the main definitions and hypothesis, in
particular we discuss and compare possible definitions of weak solutions. Using the techniques
of T.G. Kurtz, we also give a Yamada—Watanabe—Engelbert type result on pathwise uniqueness
and existence of strong solutions.

Section 3 is devoted to the main result, that is, the construction of a weak solution: first,
we construct a sequence (Y™, Z™) of strong solutions to approximating BSDEs using a
Tonelli type scheme (Section 3.1), then we prove uniform boundedness in L? of these solutions
(Section 3.2) and compactness properties in the spaces of trajectories (Section 3.3). Here the
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space of trajectories is Da ([0, T]) xLi[O, T1xDga ([0, T]), where Dpa ([0, T]) is endowed with
Jakubowski’s topology S and LH% [0, T] with its weak topology. Finally, we obtain the solution
by passing to the limit of an extracted sequence, in Young measures topology (Section 3.4). The
proof of the main result, Theorem 3.1, is completed in Section 3.5.

2. General setting, weak and strong solutions

2.1. Generalities, equivalent definitions of weak solutions

Notations and hypothesis. For any separable metric space [, we denote by Cg[0, T'] (respectively
Dg[0, T']) the space of continuous (resp. cadlag) mappings on [0, 7'] with values in [E. (The space
Dga[0, T'] will sometimes be denoted for short by D.) Similarly, for any ¢ > 1, if E is a Banach
space, and if (X, G, Q) is a measure space, we denote by L?E(E) the Banach space of measurable

mappings ¢ : Y — E such that ”‘p”(if{; = fOT lo(s)19 dQ(s) < +o0.

The law of a random element X of a topological space E is denoted by £ (X). The conditional
expectation of X with respect to a o-algebra G, if it exists, is denoted by EY (X). The indicator
function of a set A is denoted by 1 4.

In the sequel, we are given a stochastic basis ({2, F, (F;)ic[o,77. P), the filtration (F;) is
the filtration generated by an R™-valued standard Brownian motion W, augmented with the P-
negligible sets, and 7 = F7. We are also given an R9-valued random variable £ € L%Rd 2, F,P)

(the terminal condition). The space of linear mappings from R™ to R is denoted by LL. We denote
by M a separable metric space and by X a given (F;)-adapted M-valued continuous process.
Finally we are given a measurable mapping f : [0, T] x M x R¢ x L. — R¢ which satisfies
the following growth and continuity conditions (H7) and (H») (which will be needed only in
Section 3 for the construction of a solution):

(Hy) There exists a constant Cy > 0 such that V(¢,x,y,z) € [0,T] x M x RY x L,

If@ x, y, Dl <Cr(1+llzlD.
(Hy) f(t,x,y,z)is continuous with respect to (x, y) and affine with respect to z.

Weak and strong solutions.

Definition 2.1. A strong solution to (2) is an (F;)-adapted, R? x L-valued process (Y, Z)
(defined on {2 x [0, T']) which satisfies

T
/ 1 Zs|I> ds < oo P-ae. (3)
0

T
/ 1/ (5. Xor Yo Zo)l ds < 00 Poae. @)
0

and such that the BSDE (2) holds true.

Remark 2.2. Similarly, a strong solution to (1) should be a triplet (¥, Z, L) defined on {2 x [0, T']
satisfying (3), (4), and (1), and such that L is a cadlag martingale orthogonal to W and Ly = O,
but this notion coincides with that of a strong solution to (2), because then L would be an (F;)-
martingale, hence L = 0.

Remark 2.3. The process X is given and (F;)-adapted, and the final condition £ is given and
Fr-measurable. By a well known result due to Doob (see [15, p. 603] or [14, p. 18]), there exists
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thus a Borel-measurable mapping F : Crn [0, T] — Cym[O, T] x R4 such that (X,&) =FW)
a.e. In other words, the law L (W, X, &) of (W, X, &) is supported by the graph of F. The fact
that X is (F;)-adapted is a property of F: it means that, for every ¢t € [0, T'], the restriction of X
to [0, ] only depends on the restriction of W to [0, ¢].

We now give three equivalent definitions of a weak solution.

Definition 2.4. (1) A weak solution to (1) is a stochastic basis ({2, F, (F,)o</<T, 1) along with

variable & defined on (2, such that the following hold.

(W1) The processes W and X are continuous with values in R and M respectively, & takes its
values in R?, and the law of W, X, g) on Cgn [0, T]x Cp[0, T]1x R is that of (W, X, &).

(W2) W is a standard Brownian motion with respect to the filtration (F,).

(W3) The processes ¥ and L are R%-valued and cadlag, and Z is L-valued, with E fOT

|| Z, ||2 ds < oo, the process L is a square integrable martingale with L, = 0, and L
is orthogonal to W.
(W4) Condition (4) and the BSDE (1) hold true, replacing Y, Z, L, W, X, éby Y, Z, L, W, X, §

(2) Following the terminology of [17,16,25], and with the preceding notations, the
probability measure £ (Y, Z, LW, X, g) on Dpa [0, T] x Li[O, T] xDRal0, T] x Crm [0, T] x

Cuml0, T] x RY is called a joint solution measure to (1) generated by ({2, F, (F,):, u) and
_____ ,€). (Here the Borel subsets of Dpa[0, T] are generated by the projection
mappings m; : x — x(t) for t € [0, T]; we shall see later that these sets are the Borel sets
of the topology S of A. Jakubowski [20].)

(3) An extended solution to (1) consists of a stochastic basis ({2, F, (F,)o<:<7, 1) along with
a triplet (Y, Z, L) of processes defined on {2 such that the following hold.

(E1) There exist a measurable space (I', G), and a filtration (G;) on (I, G) such that
N=0NxT, F=FQ®Qg, F,=F®G foreveryt,

and there exists a probability measure u on (§2, F) such that u(A x I') = P(A) for every
AeF.
Note that every random variable ¢ defined on {2 can then be identified with a random
variable defined on {2, by setting ¢(w, y) = ¢(w). Furthermore, F can be viewed as a
sub-o -algebra of F by identifying each A € F with the set A x I'. Similarly, each F; can
be considered as a sub-o-algebra of F,. We say that ({2, F, (F,);, i) is an extension of
(‘Q’ fv (ff)tr P)

(E2) The process (W;)o<;<r is a Brownian motion on ({2, F, (F,);, n) (where W(w, y) =
W (w) for all (w, y) € £2),

(E3) The processes Y, Z and L are (F,)-adapted, ¥ and L are R9-valued and cadlag, and Z is
LL-valued, with E fOT | Z ||2 ds < 0o, and L is a square integrable martingale with Lo = 0,
and L is orthogonal to W.

(E4) Condition (4) and the BSDE (1) hold true.

Obviously, an extended solution is a weak solution, and a weak solution generates a joint
solution measure. Actually, these concepts are equivalent in the sense that the following holds.

Proposition 2.5. Given a joint solution measure v to (1), there exists an extended solu-
tion to (1) which generates v.
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Before we give the proof of Proposition 2.5, let us give an intrinsic characterization of joint
solution measures. Let us first observe the following.

1. It is easy to check (see the proof of Lemma 3.3) that, if Y, Z, L, W, X, & are defined on a
stochastic basis ({2, F, (F,), i), then (1) is equivalent to

T
Y, = EZ <s+ f f(s,xs,n,zs)ds> Q)
t

t T
/ Z,dW, + L, = EZ (g+/ f(s,Xs,Ys,ZS)ds)
0

0

T
. <g +/ f(s, X, Ys,Zs)ds>. (6)
0

_____ , é‘) is a weak solution defined on a stochastic basis ({2, F, (F,), 1), it
is still a weak solution if we reduce the filtration (F,) to a filtration (F}) such that F, C F,

remain unchanged if we augment (F;) with the p-negligible sets. So, if v is a joint solution
, &) defined on a stochastic basis (£2, F, (F,)o<i<r, 1)

Z,L Z,LW

) is the filtration

’E), where (f,x’
generated by (Y, Z, L, W), augmented with the p-negligible sets.

(WO) v = L(Y, Z, LW, X,g) and (F)) = (FY

Now, Condition (W1) is clearly a condition on v. Let us rewrite Conditions (W2)—(W4), under
&) and (2, F, (F)o<t<T1, n). We use here techniques of

Kurtz [25].

e By Lévy’s characterization of Brownian motion, (W2) is satisfied if and only if W is an
(F,)-martingale and [K[”, wli ]] , = &t forall 7 € [0, T], where §;; is the Kronecker symbol
and W is the ith coordinate of W. The latter condition is satisfied if W has the same law as W,
thus it is implied by (W1). We can thus replace (W2) by

(W2') Wisan (ﬁX’Z’L’E)-martingale.

But (W2') is equivalent to

B((Wy = W) h(Y g Z e Lops Wp)) =0 ™)

for every ¢t € [0, T'] and every bounded Borel measurable function / defined on Dpa[0, T] x
L2[0, T] x Dga[0, T] x Crn [0, T1.

e By (WO0), Y and L have their trajectories in Dg«[0, T'] and Z in LE[O, T], and we have
Lo = 0. Thus we can replace (W3) by

Y.Z,LW

(W3’) L is a square integrable (F; = ~~)-martingale and L is orthogonal to W.
The second part of (W3') means that L(f)ﬂ(j ) is a martingale for every i € {1,...,d} and
every j € {1, ..., m}, where L® and W) denote the coordinate processes. Thus (W3’) can be

expressed as

E((LT - Lt)h(Z~AI’Z'/\t’ L,. E-/\Q) =0 (®)



N. Bouchemella, P. Raynaud de Fitte / Stochastic Processes and their Applications 124 (2014) 927-960 933

E((L?’m") ~ LW ) R Zg Lo mm) =0 ©)
for every ¢t € [0, T'] and every bounded Borel measurable function / defined on Dpa[0, T] x

L2[0, T] x Dga[0, T1 x Crn[0, T1.
e Under (WO0), Egs. (5) and (6) amount to

FEZLW) T
Y, — &% g+/ F5. X, Y, Z))ds
t
d FLZLW) T
fzsdmw, = E™ <§+f f<s,zs,zwzs>ds)
0 t

FEZLW) r
—g% E+ | fGs,X, Y, Z)ds).
t

Thus Condition (W4) is equivalent to

T
f | f(s. X, Yy, Z)| ds < o0 P-ae. (10)
0
T
E(<Xt _é_/ f(s’és’zs’zs)ds>h(z~/\t’z-/\t’L-/\t’E~At)> =0 (11
t
t T
E((f zaw,+L -~ [ f6.x.7,.2)ds
0 - 0
T
+E(é+/ f(s,&,Zy,Zs)ds>>h(z.mZ.M,L.M,E.AQ) =0 (12)
- 0

for every bounded measurable function & defined on Dy«[0, T] X Li[O, T] x Dral0, T] x
Cgrn[0, T].

Clearly, Egs. (7)—(12) only depend on the probability measure v = £ (Z WZ, LW, X, § )
We have thus proved the following lemma, which is actually a characterization of joint solution
measures.

12, F, (F)o<i<T, 1), with trajectories respectively in Dgal0, T1, LH%[O, T, DgalO, T],
Cgrm[0, T, and Cy[0, T, and let § be an R -valued random variable defined on 2. Assume
that (F,) is the filtration generated by (Y, Z, L, W), possibly augmented with ji-negligible sets.

X, g) is a weak solution to (1) defined on (12, F, (F;)o<i<T V).

In particular, if v is a joint solution measure to (1), the canonical process on the space
Dgal0, T1x L2[0, T] x Dga[0, T] x Crn[0, T1x Ci[0, T] x RY endowed with the probability
v is a weak solution to (1).
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Before we give the proof of Proposition 2.5, let us give a definition which will be used several
times. Let u be a probability measure on a product ({2 x I', F ® G) of measurable spaces such
that I" is a Polish space (or more generally, a Radon space) and G is its Borel o-algebra. Let P
denote the marginal measure of wu on (2, that is, P(A) = u(A x I') for all A € F. Then there
exists a unique (up to equality P-a.e.) family (i), such that w — g, (B) is measurable for
every B € G, and

1) = [ oo, ) dP) (13)
for every F ® G-measurable nonnegative function ¢ : 2 x I' — R, see e.g. [36].

Definition 2.8. The family (u,,) in (13) is called the disintegration of p with respect to P. It is
convenient to denote

U=y ® dP(w).

Proof of Proposition 2.5. Let I' = Dpa4[0, T] x Li[O, T] x Dgal0, T]. Let G be the Borel
o-algebra of I', and, for each t € [0, T'], let G; be the o-algebra generated by the projection
of I onto Dga[0, 1] x L2[0, ] x Dga[0, t]. Let F : Crn[0,T] — Cm[0, T] x R? be as in
Remark 2.3. Then, with slight abuses of notations, v is the image of a probability measure A on
I' x Cgn[0, T] x Cp[0, T] x R? by the mapping

I' x Cgn[0, T] — I' x Cgn [0, T] x Cpy[0, T] x R?

v,z L, w) > (v, z, L, w, F(w)).
Let (Aw)wecgn[0,7] be the disintegration of A with respect to £ (W), that is, (Aw)weCgm[0,T]

is a family of probability measures on (I', G) such that, for every bounded measurable ¢ :
I' x Cgm[0,T] —> R,

) :/ (/ oy, z, L, w)diw(y, z, l)) dL (W) (w).
Cgm[0,T] \JT

Now, let
QZ‘prv £=f®g7 £t:-7:l®gl‘ (tG[O,T]),
and let i = Aw () ® dP(w), i.e. u is the probability measure on ({2, F) such that

M(<P)=/ <f go(w,y,z,l)dkw<w>(y,z,l)> dP(w)
7 I

for every bounded measurable ¢ : {2 — R. We define the random variables Y, Z, L, W, X and &
on {2 by

Y(w,y,z,1) =y, Z(w,y,z,1) =1z, L(w,y,z,1) =1,
Ww,y,z,1) = W(w), X(,y,z,1) = X(w), §(w,y,z,1) = ().

Then F, = f,(Y’Z’L’W) for every ¢t € [0, T], where (]—",Y’Z’L’W) is the filtration generated by
(Y, Z, L, W) augmented with the P-negligible sets. Furthermore, we have £ (Y, Z, L, W, X, &) =
v, thus, by Corollary 2.7, as v is a joint solution measure to (1), (Y, Z, L, W, X, £) is a weak so-
lution to (1) defined on (£2, F, (F,), n). O
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Remark 2.9. The extension which generates v in Proposition 2.5 is not unique. The one we
construct in Section 3 is based on a different construction of the auxiliary space I

We now give a criterion for an extended probability space to preserve martingales. The
equivalence (ii)<>(iii) in the following lemma is contained in Lemma 2.17 of [19].

Lemma 2.10. Ler (2, F, (F),u) = (2 x I''F ® G, (F ® G;), u) be an extension of
(02, F,(F),P). Let () be the disintegration of u with respect to P. The following are
equivalent:

(i) W is an (E,)-Brownian motion under u,
(ii) every (F;)-martingale is an (F,)-martingale under M,l
(iii) for everyt € [0, T] and every B € G;, the mapping @ +— [y (B) is F;-measurable.

Proof. Assume (i). Let M be an (F;)-martingale with values in R* for some integer k. Assume
first that M is square integrable. By the martingale representation theorem, there exists an (F;)-
adapted process H with EfOT H?ds < +oo such that M, = My + fot H; dWy. By (i), M is an
(F,)-martingale. In the general case, denote, for every integer N > 1,

M7
My =1 Mzl
My if |Mr|l <N,

if |Mr|l > N

and set MY = E71 (MY) for0 <t < T. Then, for any A € F,, using Lebesgue’s dominated
convergence theorem, we have

E(Ly (M7 — M,)) = IJiinOOE(IlA (M§V —M}V)) —0

which proves that M; = EZ+ (Mr). Thus (ii) is satisfied.

Assume (ii), and let B € G;. Foru : {2 — Rand v : I' — R we denote by # ® v the function
defined on 2 x I' by u ® v(w, x) = u(w)v(x). For each bounded F-measurable random variable
K, we have

(K w(B) = (K ©15) = u (B2 (K @ 15)) = (B (K) © 1y
E(E7 (K) w.(B)) = E (B (K) " (.(B))
E

(KE” (u(BY).

which yields u.(B) = E”* (.(B)). Thus w.(B) is F;-measurable, which proves (iii).

Assume (iii). To prove (i), we only need to check that W has independent increments under
w.Lett € [0,T], and let s > O such that r 4+ s € [0, T']. Let us prove that, for any A € F, and
any Borel subset C of R™, we have

(AN {Wips — Wi € C)) = u(A) i{Wiys — Wi € Cl (14)

1 According to Jacod and Mémin’s terminology [19, Definition 1.7], this means that (§2, F, (F,), ) is a
very good extension of (2, F, (Ft)t, P). A similar condition is called compatibility in [25].
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Let B ={w € 2; W;13(w) — W;(w) € C}. We have

W(AN (B x I) = /Q La(@ L) dico. )

_ /Q to(La (@, ) Lg (@) dP()

- [Q o (La(w, -)) dP(w) P(B)

= uw(A) u(B x I'),
which proves (14). Thus W;, — W; is independent of F,. [l

2.2. Pathwise uniqueness and strong solutions

One easily sees that, under hypotheses (H;) and (H>), Eq. (2) may have infinitely many
strong solutions. For example, letd = m = 1,& = 0, and f(s, x, ¥, z) = +/|y|. Then, for any
to € [0, T'], we get a solution by setting Z = 0 and

1 2
—(tg — t if0<r <t
Y, = 4(0 ) f0<r=<n

0 ifto<t<T.

Following the usual terminology, let us say that pathwise uniqueness holds for Eq. (1) if two
weak solutions defined on the same probability space, and with respect to the same (W, X, &),
necessarily coincide. Thus, in our setting, pathwise uniqueness does not necessarily hold.

T. G. Kurtz [25] has proved a very general version of the Yamada—Watanabe and Engelbert
theorems on uniqueness and existence of strong solutions to stochastic equations, which includes
SDEs, BSDEs and FBSDEs, but without z in the generator. His results are based on the convexity
of the set of joint solution-measures when the trajectories lie in a Polish space.

We can consider here that Dg«[0, T'] is equipped with Skorokhod’s topology Ji, which
is Polish (actually, in Section 3, we will use Jakubowski’s topology S on Dg«[0, T'], which
is not Polish, but this topology has the same Borel subsets as Jj). Thus the space I' =
Dgal0, T x Li[O, T] x Dga[0, T] is Polish. In particular, Theorem 3.15 of [25] applies to our
framework.

Proposition 2.11 (Yamada—Watanabe—Engelbert a la Kurtz). Assume that pathwise uniqueness
holds for Eq. (1). Then every weak solution to (1) is a strong solution. Conversely, if every
solution to (2) is strong, (equivalently, by Remark 2.2, if every solution to (1) is strong), then
pathwise uniqueness holds for Eq. (1).

Proof. In order to apply [25, Theorem 3.15], we only need to check that the set of joint solution
measures to (1) is convex. (Theorem 3.15 in [25] supposes that i € S ¢, in the notations
of [25], but a joint solution measure is exactly an element of Sp ¢ ,.) We check this convexity
by an adaptation of [25, Example 3.17].
The set M of laws of joint solution measures to (1) is the set of probability laws of random
_____ , &) with values in Dga[0, T] x L? [0, T] x Dga[0, T] x Crn[0, T] x
Cuml0, T x R4, satisfying the conditions of Lemma 2.6. But each of these conditions is a convex
constraint on M.
For example, to show that Eq. (12) is a convex constraint on M, let us prove that the map
LZ M) L ( fO ZgdM, g) preserves convex combinations of probability laws. More precisely,
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let M1+ (%) denote the set of all probability laws on a measurable space X. Let C be the subset of
ML+ (Li[O, T] x Crn]O0, T]) consisting of laws of processes (Z, M) such that M is a standard
R™-valued Brownian motion and Z is [L-valued and M-adapted. We show that the mapping

¢ — M (Cral0, T1)
L(Z, M)+ E(/ stMS>
0
preserves convex combinations of probability laws. Indeed, let p1, up € C, and let p € [0, 1].
Let (Z', M') and (Z2, M?) be adapted processes defined on stochastic bases ({21, F I (]—',1), Py)
and ({2, F2, (.7-',2), P,) with laws p1 and u, respectively, such that M 1 (respectively M?) is
an (]—"t])-Brownian motion (resp. (flz)-Brownian motion). Let A be a random variable taking

the values 1 with probability p and —1 with probability 1 — p, defined on a probability space
(20, F°, Py). We define a stochastic basis (12, F, (F;), P) by

D=xNxd F=ReFler: F=rer er
F=P0®P1®P2.
For (wg, w1, @?) € f), set

(Z', MY (1) if A(wp) =1

(Z, M)(wo, w1, w3) = {(22’ M*) (@) if A(wg) = —1.

Then L(Z, M) = pu1 + (1 — p)us € C, the process M is (i’,)—Brownian, and

/ ZsdM; =1{A=1}f Z; d]\/[s1 +]1{A=—1}/ Z?dMsz,
0 0 0

ﬁ(/'zdes>=p£</'Z§dM§)+(1—p)z:(/'z§dM§>.
0 0 0

The same technique can be applied to show that Eqs. (7)—(12) are convex constraints on M.
Thus M is convex. [

thus

3. Construction of a weak solution

Theorem 3.1. Assume that f satisfies hypotheses (Hy) and (H3). Then Eq. (1) admits a weak
solution.

This section is entirely devoted to the proof of Theorem 3.1, by constructing an extended
solution to (1) in the terminology of Definition 2.4.

In Sections 3.1-3.4, we only assume that f is measurable and satisfies the growth condition
(Hj). Condition (H;) will be needed only in Section 3.5, for the final part of the proof of
Theorem 3.1.

Note that the counterexample given by Buckdahn and Engelbert in [9] does not fit in our
framework, and we do not know any example of a BSDE of the form (2) or (1) under hypotheses
(Hy) and (H>) which has no strong solution.

3.1. Construction of an approximating sequence of solutions

Approximating equations. The proof of Lemma 3.3 will show that (2) amounts to the following
Egs. (15) and (16):
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T
Y, = E” (s +f £ Xy Yy, zs)ds> (15)
t
t T
/ Z,dW, = E7 (;;:4_/ f(s,XS,YS,ZS)dS>
0 0
T
—E(E—i—/ fGs, XS,YS,ZS)ds). (16)
0
We can now write the approximating equations for (15) and (16):
T
v =% (g + f fs. X5, ¥, Z§”’>ds> a7)
t+1/n

' T
/ zZ" aw, = B (5+/ f(&Xs,Ys(")»Zs(n))ds)
0

0

T
-E (s +/ fs, X, Y, 2§">)ds). (18)
0

Here and in the sequel,

e f is extended by setting f (¢, x, y,z) = O for t > T; similarly, for any function or process v
definedon [0, T], we set v(t) =0 fort > T,

e we denote Z\"” = E (Z‘Er-lf—)l/n :

Proposition 3.2. The system (17)—(18) admits a unique strong solution (Y™, Z™). Further-
more, for everyn > 1, Yt(”) € Lﬂid(())for eacht € [0, T] and Z"™ e Li(() x [0, T).

Proof. Let Ty =T — %, k=0,...,[nT], where [nT] is the integer part of n7T. Observe first
that for each k, (18) amounts on the interval ]Tk+1, Tk] to

t T
/ z™ aw, = B (s | fe X Y, Zs("))‘”)
Tk+1 Tt
T ~
B T (g + fs, X, Y, Z§”))ds) . (19)
Tiev1

Now, the construction of (Y ) Z(")) is easy by backward induction: for 71 < ¢t < T =
Ty, we have Y,(") = E7' (¢£) and (Z,(") )1,<t<T 1s the unique predictable process such that

EfT z™ 2 ds < 400 and
T, t

t T
/ zZ" aw, = E” (g + | s X5, Y™, 0) ds)
T T

T

—E/7 (g + | f(s, X, Y, 0) ds) )
T

Suppose (Y™, Z™) is defined on the time interval |7}, T'], with k < [nT7, then Y™ is defined

in a unique way on |7y, Tx] by (17) and then Z™ on the same interval by (19). Furthermore,

we get by induction from (19) that Z™ ¢ Li(() x [0, T']). Then, using this latter result in (17),

we deduce that Y,(") € L%Rd(!?) foreachr € [0, T]. O
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The following result links (17) and (18) to an approximate version of (2).

Lemma 3.3. Egs. (17) and (18) are equivalent to

T T
Yz(n) —¢ +/ f(s, Xy, Ys(n)’ ZS("))dS _/ Zs(ﬂ) dW, — Ut(”) (20)
t

t

with Y™ adapted and
w _ i [ [T >
U = g% / fGs, X5, Y, ZMyas ).
t

Proof. Assume (17) and (18). Denoting

T t
M™ =% <s + / fs, Xg, Y, Z§">)ds> =M + / zZM dw,,
0 0

we get

T t
M®™ = g% <g + / f(s, Xy, Y Z0) ds) + / f(s, X, Y ZWyas + U™,
t+1/n 0
By (17), this yields
t
M =¥ [ X 70 20 ds + U
0

that is,

t
v = m" - / Fls. X5, ¥, Zyds — U
0

t t
= My" + /0 z"W dw, — fo £, Xy Y, Z0y ds — U™,
In particular,
T T _
Y;") =&= Mé") +/ Z;n) AW, _/ f(s, X, Ys(n)’ ZA(,n))dS
0 0
thus
T T _
Yl(n) _ Y;fl) — _/ Zin) dW; +/ f(s, X, Ys(n)’ Zf."))ds . Ut(n)7
t t

which proves (20).
Conversely, assume (20) and that ¥ ™ is adapted. Denote V" = f Z"™ dW,. We have

Yt(n) = E]:’ (Yt(n)>

T T
= E” (g +/ fGs, Xs, Y, ZM) ds —/ zZM aw,
t

t
t+1/n -
- / fs, X, Y, ZMy ds
t
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Fi ’ = Fi (1) (n)
S (e [ . 7))
t

+1/n

T
= g% (s + / fs, Xg, Y, Z§”>>ds>,
t

+1/n

which proves (17).
Now, using (17) and (20), we have

T T
g (g +/ fs, Xs, Y, z§">)ds) =5 <s +f fs, X5, YW, ZS(’l))ds)
0 t

+1/n

t
+/ fs, X, Y, ZWyds + U™
0
t
— Yt(n) +/ f(S, XS, Ys(n)’ Zgn))ds + Ut(n)
0

T T
t

t

t
+ /O fs X, Y, ZWyds + U™

T T
=6 [ e Z0as - [z aw,
0

t

In particular,

T T T
E<%‘+ f f(s,Xs,n("’,ZAE"Bds)=s+ f £, X, Y, Z) ds — / z" dw;.
0 0 0

Thus

t T T
/ ZW dw = / zZm aw, — / Zm aw,

0 0 t

T - r ~
= (s+ /O f(s,xs,x§">,zA§">)ds—E<s+ /0 £, XX,Y;"%Z‘S"))ds))
T - T ~
— (s+/0 fs, Xs, Y, ZMyds — BT (s+/o f(s,XS,Yg’”,ZS("))ds))

T T
=E”" (s + / fls, X, Y, zg"hds) -E (s - / fls. X, Y, Z§”>)ds>
0 0
which proves (18). [
3.2. Boundedness and continuity results

In this part, we show some results that will be useful to prove the relative compactness
in distribution of the sequence (¥, fT f(s, Xg, Y™, 7™y as, fT zm aw, Z™) in some
properly chosen state space.

Lemma 3.4. Let

T T
W=y +u” =+ / f(s, X5, Y, ZW) ds — / zZm aw;.
t t
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There exist constants a, b > 0 such that, for all t such that0 <t < T,

T 2 T
E / |z as < ek / |7
t t

Proof. Using Proposition 3.2, we have, for eachn > 1,

~rn |2 T
E( sup HY’(H) ) < 3E ||g||2+3C;-E/O <1 + HZin)

tel0,T]

2
ds +b.

2
)ds

941

21

(22)

T 2
+3E| sup f Zm dw, < +o0.
te[0,71 1 /¢
Applying Itd’s formula to the semi-martingale ‘ Y, , taking expectation of both sides and

using the fact that ¢’ ft[/ <f/;(”), zmq WS> is a martingale (thanks to (22) and Proposition 3.2),

we get

~ 2
E ’ yo ds.

2 T - - T
_ E||§||2+2E/ FO . fs, Xy, YO, Z0)ds —E/ HZ§">
t t
Thus

T
E / H zm
t

From (H), this entails

T
E / |z ) ds.
t

Using that, fora > 0,5 > 0, and A # 0, we have 2ab < a’i? + bz/kz, we get
T
2E / ) ds
t
T 52 T, .
< A2E / YO ds +2(T — 1)/2% +2/32E / H zZm
t t

T ~
< A’E f y™
t

2 T, .
ds <E|£)> + 215/ Yy
t

: Hf(s, Xy, Y, 2§">)H ds.

2 T,
ds <E|&|? +2C/E / |7
t

(1+]z»

Z(n)

(22

2
ds

2
ds.

) T
ds +2(T —1)/3% + 2//\215/ H zm
t

Thus, taking 22> 2Cy,

T 2 T -
(1— 2cf/)\2)E/ H z"|" as <ENEP + ¢ (ZT/AZ + AZE/ H yo
t t

2
ds)

which yields (21). O

Proposition 3.5. Let Y = ¥ + U™ be as in Lemma 3.4. The families (Y )o<i<1.n=1,

(Y "™)ozr=r.n=1 and (U Yo<i=r.n=1 are bounded in L2, (12).
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Proof. We have
)7;(”) — Yt(n) + Ut(n)

T - t+1/n -
= B (s + / fs, X, Y, ZM)y ) +E” ( / fs, X5, Y, Z§">)ds)
t t

+1/n

T
= g% <;;- +/ fs, X5, Y™, z§">)ds>.
t

We deduce the following inequalities, where C denotes some constant which is not necessarily
the same at each line but does not depend on n:

2 T ~
=E HEE (g +/ fls, Xg, Y, Zﬁ’”)ds)
t

T
CE <||5||2+/ (1 4|z 2) ds)
T 2
C (1 +/ E ds) .
t

The last inequality is a consequence of Lemma 3.4. Let g(r) = E H )N’}'ft

2

E ’ 17{(:1)

IA

Fo

N

A

2
. The preceding

inequalities yield

t
gy <C <1 +/ g(s) ds) .
0

Thus, by Gronwall’s Lemma,

! T
gy =C (1 + C/ el ds) <C (1 + c/ CT=5) ds)
0 0

which proves that ()7,("))05,57, n>1 is bounded in Lﬂid ().
Now, we have, using again Lemma 3.4,

2 r ~
(I l) =l e [ o 20
t

+1/n
2
)#)

T
ce(ter+ [ (1+]zn
t+1/n

T _ 12
c (1 +/ E H Y™ ds)
t+1/n

which proves that (Yt(n))OSIST, n>1 is bounded in Lﬂid ).

2

IA

IA

The boundedness in Lﬂzgd(ﬂ) of (Ut(n))OgtsT,nzl follows immediately from that of

(Yt(n))ngT,nzl and (Y;(n))ngT,nzL O

Corollary 3.6. The sequences (Z("))nzl and (i("))nzl are bounded in Li(ﬂ x [0, T]), and we

have
T
|z aw,

t

2
supE( sup ) < 4o00. (23)

n>1 0<t<T
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Proof. The boundedness of (Z (")),,21 and (2 (")),,21 is a direct consequence of Lemma 3.4 and
Proposition 3.5. Then (23) follows by Itd’s isometry, Doob’s inequality, and the fact that

T T '
/ ZW dwy | < / Z"W dwy | + ‘ / zZWaw|. O
t 0 0
Lemma 3.7. Let 1 < g < 2. We have
. (||
lim E{ sup (U, =0. (24)
n—o00 0<t<T

Proof. For each n, we can find an Fr-measurable time 7, such that

t+1/n q T,+1/n q
sup / (l + HZ‘E”) ) ds :/ (1 + HZﬁ’” ) ds.
t n

0<t<T
2
Let 9 = sup, EfOT (1 + H Z§”) ) ds. By Corollary 3.6, we have 9, < +o00. Let g’ be
such that ¢ < ¢’ < 2. Using the growth condition (H;) and Doob’s inequality applied to the

q
martingale E7 (f;"“/n (1 + H zm ) ds), we get
q t+1/n q
) C?E( sup E77 (/ (1 + HZS(”) ) ds
0<t<T t
T +1/n q
CIE( sup E / (14 ]z])" s
0<t<T T
Tmw+l/n q qa'/4
ct e sup EZ / (1+]z])" s
Tn
J q/q’
) ds))

0<t<T
/ mw+1/n
(e[ e
_ .
/ N
/ 1\ @-a)/2 T 5 \9/2
g Bl (1+]20]) as
q9 —4q n 0
/ 1\ @2 T ) \9/2
- q/q_q o <;> (E/O (1+]z]) ds>
AN
/_ Cf 9:n2 - ’
q q n

IA

E|( sup ” u™
0<t<T

IA

q/q

IA

zw

IA

IA

IA

which proves (24). O
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2
< 400.

2
<A+ B, + Gy

Lemma 3.8. We have

sup E( sup H Yt(")

n>1 0<t<T
Proof. Using (20), we get

sup H y™
0<t<T

where
2

T
A, =3 sup |& +/ f(s, Xy, Ys(n)7 ZS(”))dS
0<t<T t+1/n

2

’

T
B, =3 sup / AREATA
0<t<T t

2

Cy=3 sup |[U™
0<t<T

By Corollary 3.6, (Z(”))nzl is bounded in LH%(Q x [0, T]), thus using the growth condition (H}),

we get
2
) ds < 400

T
supE( sup (||5||2+c§/ (1 + Hz§”>
n 0<t<T t+1/n

which entails sup,, E(4,) < +00. On the other hand, V,(”) = fot Z§n) dW; is a martingale, so,
using again Corollary 3.6,

2
supE (B,) < CsupE H VT(") < +oo0.
n n

Finally from (H)) and the boundedness of (Z),,>1 in LZ (2 x [0, T]) (see Corollary 3.6), we
have

T
SupE (C,) <3 sup C3E (/ (1+”Z3(n)
n 0

0<t<T

)2 ds) <4o0. U

3.3. Compactness results

Lemma 3.9. The sequence (IT f(s, X, Ys(n), Zs(")) ds)u>1 is tight in Cra[0, T].

Proof. Let us denote Y™ = fT £s, Xy, Y, ZM)y ds. By a criterion of Aldous [1,18], we
only need to prove that

(A)Ve >0, 3R>0,¥n>1, P|[ sup HE,(”)HER <e
0<t<T

B)Ve >0,¥n >0, 36 >0:Vn > 1, supT P(HZ’T(")—EO(,”)
o< al<s

20)56
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where T denotes the set of stopping times with values in [0, 7']. We are going to prove the slightly
stronger properties

sup E( sup H Zl(")

n>1 0<t<T

) < +00, (25)

Ve >0, 35>0:sup sup E H zm g
n>1 ‘cf.'relflS

< te. (26)

As
T
5 =y™ g+ / zM dw, + U,
1
we can, for example, deduce (25) from Corollary 3.6, Lemmas 3.7, and 3.8.
Now, let o, T € T, with |t — 0| < §. We have E ‘ LG O ) Eé"v), — Ea("A),
we can assume without loss of generality that o < 7. Then

. Thus

E H s _gm| _g

T
/ fs, X5, Y, ZM) ds
o

< (E(r —o))'/? (E /
0

T
<8¢ <E/ (14 ]z
0

and (26) follows from Corollary 3.6. U

T ~ 2 1/
|76, %, v, Zm)] ds)

ya)”

The topology S and Condition UT. In order to prove the tightness of (¥ (”))nzl, we will use the
Meyer—Zheng criterion [29] and Jakubowski’s topology S [20] on the space D := Dga[0, T].
First, we need some definitions.

Let V C D be the subspace of elements of D which have finite variation. The topology S on
D is defined by its convergent sequences: a sequence (x,) in D converges for S to a limit x € D
if, from any subsequence of (x,), one can extract a further subsequence (x,,) such that, for every
€ > 0, there exist a sequence (v, ¢) of elements of V and v € V (depending on the subsequence
(x;,)) such that

(i) sup,, sup;cjo.71 X, (1) = vn,e ()| < € and sup, o 7 IIx (1) — ve () < €,

(i) limy, 0 fOT f@)dv, (@) = fOT f (@) dve(t) for every continuous function f defined on
[0, 7.

We denote by Dg the space D endowed with S. The topology S is coarser than Skorokhod’s
topology Ji, which is Polish, thus S is Lusin (see [33] on properties of Lusin spaces). In
particular, by [33, Corollary 2 p. 101], S has the same Borel sets as J1, thus the Borel subsets of
S are generated by the projection mappings 7; : x > x(¢) for ¢ € [0, T]. Furthermore, S is finer
than the Meyer—Zheng topology [29], which is the topology on V. induced by LHOW ([0, T, dt).
In particular, S is (separably) submetrizable, that is, there exists a (separable) metrizable topology
which is coarser than S. Equivalently, one can find a countable set of S-continuous real-valued
functions which separate the points of D. This implies that S is Hausdorff and that the compact
subsets of Dg are metrizable.
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Another important feature of S is that the addition (x, y) > x4y is S-sequentially continuous
on Dg x Dg.

A criterion of tightness on Dy is the so-called condition UT (see [20, Theorem 4.2]): let H
denote the set of elementary real valued predictable processes bounded by 1, i.e. processes of the
form

H; = ]]-[lo,lll(t)HO + ]]-]ll,tz](t)Hl +- 4+ ]]-]t,,_l,t,,](t)Ht,,_l

where 0 = 1o < --- <t, < T and each H, is bounded by 1 and F;,-measurable. Let (K*)yca
be a family of D-valued processes. We say that (K%) satisfies Condition UT if the family of
all stochastic integrals [ H dK®, where « € A and H € H, is uniformly tight. Condition UT
was considered for the first time by Stricker [35], to prove compactness in the Meyer—Zheng
topology. Discussions on this condition can be found in [23,28].

We now consider a stronger condition, proposed by Meyer and Zheng [29]: let K be an
adapted process defined on the time interval [0, T'], with values in R¢. For any finite partition
T = (ty,...,t,) of [0, T], let us denote

’

n—1
Ne (K) =ElK7l+Y_[E7 (Kq,, — K1)
i=0

and define the conditional variation  (K) of K by

N(K) = supMN, (K).
T
By [35, Théoréme 3], if a family (K*) of adapted D-valued processes satisfies
supMN (K*) < oo,
o

then Condition UT holds for (K%).

An adapted stochastic process K such that 91 (K) < oo is called a quasimartingale. Let
us mention that, if the quasimartingale K is right-continuous in probability, then it has a
cadlag adapted version (assuming the right-continuity of (%;)), see [8, Theorem 4.1].

Proposition 3.10. The sequences (Y("))nz 1 and ( f 4 Zs(n) dWg)n>1 are tight sequences of D-
valued random variables, for the topology S.

Proof. First, we need to check that, for each integer n > 1, the process

T
y® — g7 <g + / F5, Xy, Y, z§n>)ds> @7)
t+1/n

has a D-valued version. Let us prove that it is continuous in L' and a quasimartingale. As (F;) is
a Brownian filtration, the martingale

T
t +> B (e + f fs, X, Y, Z§">>ds>
r

+1/n
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has a continuous version for each fixed r € [0, T — 1/n], thus it is continuous in L', ie. the
mapping
[0,T]x[0,T —1/n] — L

T
(t,r) — BT <g +/ fs, X, Y, z§">)ds)
r

+1/n

(28)

is continuous in the variable #. On the other hand, we have, for fixed + € [0, T] and for
0<ri <rp<T—1/nsuchthatry —r; <1/n,

r+1/n -

< C/E" / (1+HZ§"> )ds
r
T ~
< (n—r)"*Cy (EF' (/ 1+ |z
0

r+1/n -
E7 / fGs, X5, Y, 2y ds
ri+1/n 1+1/n
1/2
)2 ds>) .
Therefore, by Corollary 3.6, the mapping (28) is continuous in r uniformly with respect to ¢, thus
it is jointly continuous, which proves the continuity in L' of the process (27) for each n > 1.
Now, we have, for any subdivision 7 = (¢, ..., t,) of [0, T'],

m—1
sup E (nsn + 3 |7 (v - ) H)
n i=0

m—1 tiy1+1/n -
sup E €I+ ) / Fs, Xy, Y, 70 g
n i=0 t,-+1/n

sup N (¥ ™)
n

IA

)

IA

T
sup E (nfn + fo fs. X, Y0, Z0)| ds) .
n

This estimation does not depend on 7, thus, using Corollary 3.6,

o)

|

T
sup NY™) < E(I&l) + sup E (/ Cy (1 + Hz§”>
n n 0

< E(I§I) +sup Cy <T+ T1/2 (E (/
8 0

< +o0.

‘ Zgll)

"))

This proves that each Y ™ is a quasimartingale, and that the sequence (¥ ™),~ satisfies Condi-
tion UT. Furthermore, for each n > 1, as Y is right-continuous in L!, it has a cadlag version,
thanks to [8, Theorem 4.1]. Thus, by [20, Theorem 4.2], the sequence (Y(”))nzl is tight in Dg.

Similarly,
. T tiy1
sup Ny / Z§”>dWs =sup E ‘/ Zf,’”dWs g7 (/ Zf,'” dWS> H
n 0 n 0 t;

T
sup E H/ Zm dw
n 0

. T
sup ‘ﬂ(/ ZAE") dWs) =sup E Hf ZAg”) dW;
n 0 n 0

m—1
+2
i=0

s

thus

< 400.
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Thus ([, zM q Wi)n>1 satisfies Condition UT. Again by [20, Theorem 4.2], this proves that
( fo V4 A(,n) dWy)n>1 is tight in Ds. Finally, it is straightforward to check that the mapping

D—D
ur>u(l)—u

is sequentially continuous for the topology S, thus ([ Tz §n) dWg)p>1 is tightinDg. [
3.4. Construction of a weak limit process

This part of the construction of a weak solution follows the same lines as in [22], with some
complications due to the processes Z .

Young measures. Let us recall the definition and main properties of Young measures, see [37,7]
for introductions to the topic, and [12] for the setting of nonnecessarily regular topological
spaces, which we need here. Let [E be a Suslin topological space (i.e. [ is a Hausdorff topological
space and there exist a Polish space S and a continuous surjective mapping from S onto E,
see [33] for the properties of Suslin spaces, or [12, Chapter 1] for a survey without proofs).
Let B (E) be the Borel o-algebra of E. A Young measure | with basis P on E is a probability
measure on {2 X [E, such that for any set A € F, u(A x E) = P(A). The space of Young
measures with basis P is denoted by YV ({2, F, P; E). It is very useful to describe a Young measure
by its disintegration (i) with respect to P (see Definition 2.8). The space Lo, F,P;E) of
measurable functions from (2 to E is embedded in Y ({2, F, P; E) in the following way: we
identify every u € L2, F, P; E) with the Young measure 8, ® dP(w), where §,(,) denotes
the Dirac mass at u(w). In other words, u is identified with the unique Young measure ;& whose
support is the graph of u. The set ({2, F, P; E) is endowed with a topology defined as follows.

A generalized sequence” (1) of Young measures converges to a Young measure p if, for
each bounded measurable @ : 2 x [E — R such that ¢(w,.) is continuous for all w € {2,
the generalized sequence (u*(®)) converges to w(®). In this case, we say that (u®) converges
stably, or F-stably, to p (this terminology stems from Rényi [32]).

Note that the restriction of the topology of stable convergence to L?(2; E) is the topology of
convergence in probability, see [37,12].

We say that a subset K of Y(£2, F, P; E) is tight if, for each € > 0, there exists a compact
subset K of E such that inf,,cic (2 x K) > 1 — €. In the case when K C Lo, F,P; E), this is
the usual tightness notion for random variables. By [12, Theorem 4.3.5], if the compact subsets
of E are metrizable, and if /C is tight, then /C is relatively compact and relatively sequentially
compact in Y (§2, F, P; E). The converse is true if E has the Prokhorov property.

We will need a result on convergence of Young measures with respect to sequentially
continuous integrands.

Lemma 3.11. Assume that E is a Suslin submetrizable topological space. Let (") be a tight
sequence in Y ({2, F,P; E) which stably converges to a Young measure 1. Let f : 2 xE — R
be a bounded measurable function such that f(w, -) is sequentially continuous for each w € {2.
Then lim, p" (f) = u(f).

2 See [24] on generalized sequences, also called nets, however we do not need them in the sequel, because we use
sequential compactness results. Note also that, when E is metrizable, the space Y ({2, F, P; E) is metrizable too, and we
can characterize its topology using convergent sequences instead of convergent generalized sequences.
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Proof. By Balder’s extension of Komlés Theorem for Young measures [5,6] which is valid for
Hausdorff spaces with metrizable compact subsets [12, Lemma 4.5.4], we can extract from every
subsequence of (u”) a further subsequence (which we still denote by (") for simplicity of
notations), which K-converges to u, that is, for each subsequence (v") of ("), we have

L
h,{n - ]; V= [y ae. 29)

where the limit is taken in the narrow convergence, i.e. lim, % Y i VI(g) = pe(g) for every
bounded continuous g : E — R. Let us denote A" = % Y i—; v", and let us prove that

lim/ f(w,x)d)\z)(x)zff(w,x)du,w(x) a.e. 30)
nJR E

Let w be in the almost sure set on which the convergence in (29) holds. As E admits a
coarser separable metrizable topology, we can apply Jakubowski’s extension of Skorokhod’s
representation theorem [21]: for every subsequence of (1), we can find a further subsequence
(Aef) (which depends on ), a probability space (£2’, 7, P’), and random E-valued variables
X1,..., Xk, ... and X defined on {2’ such that the law of X is A/* for each k, the law of X
iS 1w, and (Xi) converges P’-a.e. to X. For such an w, we have, by the dominated convergence
theorem,

lim/ flw, x)d\lk(x) = 1im/ f(w, Xp) dP
k JE k o

= | flo,X)dP' = / f@, %) djiy(x).
i E

Thus, for  in the almost sure set of (29), every subsequence of (Ayf) has a further subsequence
for which the convergence in (30) holds. This proves (30). We deduce that, for any subsequence
of (1) we can extract a further subsequence (v") such that

1 n
lim = " (f) = u(f). (31)
B =

which proves the lemma. [

The following technical lemma will be useful for limits of integrals of unbounded integrands
with respect to Young measures.

Lemma 3.12. Let E be a Suslin submetrizable topological space, and let (X,) be a sequence of
E-valued random variables defined on (2. Assume that (X,) stably converges to a Young measure
w e Y2, F,P; E) (where each X, is identified with the Young measure 5x, () ® dP(w)). Let
@ : 2 x E — R be measurable such that

(i) @(w, ) is sequentially continuous for all v € {2,
(ii) the sequence (P(-, X)) is uniformly integrable.

Then @ is ju-integrable, and

IimE®(., X,,) =/ ddu.
n 2xE



950 N. Bouchemella, P. Raynaud de Fitte / Stochastic Processes and their Applications 124 (2014) 927-960

Proof. We only need to prove Lemma 3.12 in the case when ¢ > 0, the general result comes
from ¢ = &4 — D_.
For each N > 0, we have

li E(2C, X)L =0. 32
ylim,_sup (¢, X)Lio( x,)=N)) G2

Set

N _ [P BN
TN ifo>N.

From the definition of stable convergence and Lemma 3.11, we have, for each N,

lim ESN(, X,) = u(dV). (33)

n——+o00

Furthermore, by (32), the convergence in (33) is uniform with respect to N. We thus have, with
the help of Beppo Levi’s lemma:

1(®) = sup u(&") = lim (")

N N

= limimE®" (-, X,)
N n

= limlimE®" (-, X,,)
n N

= limE®(, X,). O
n

Construction of the extended probability space: the processes Y,V and Z. Recall that V™ =
fo‘ Z§") dW;. By Proposition 3.10, the sequence (Y™, V™) seen as a sequence of random
variables with values in Dg x Dy, is tight. Let us denote H = Li( [0, T']), and let H, be the space
H endowed with its weak topology (note that this topology has the same Borel sets as the strong
topology). Each Z™ can be considered as a random variable with values in H,,. Furthermore,
by Corollary 3.6, the sequence (Z™) is tight in Hj, : indeed, the closed balls are compact in Hy,
and we have

2

5 ds
L2[0.7]

1 T
o] <o e 2
H _Sngz /0 $

— 0 when R — o0.

supP { HZ(")
n

Thus (Y™, vV ZM) s a tight sequence of Dg x Dg x H,, -valued variables.
We now consider the space Y ({2, F, P; Ds x Dg x H, ), which we denote for simplicity by ).
By Prokhorov’s sequential compactness criterion for Young measures [12, Theorem 4.3.5], we
can extract a subsequence of (Y<”>, vy 7z (")) (for simplicity, we denote this extracted sequence
by (Y™, v 7)) which converges stably to some & € ), that is, for every measurable
bounded mapping @ : {2 x Dg x Dg x H, +— R such that ¢(w, -, ., .) is continuous for all w,
we have

n—oo

lim | & (a), Y (@), VO (), z<">(w)) dP(w)
(7

= / f @(wv yﬂ vv Z) d/’Lw(yﬂ vv Z) dP((,()) (34)
2 JDxDxH
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In particular, (Y™, V(W Z®™) converges in law to the image of by the canonical projection
of 2 x Dg x Dg x H, on Dg x Dg x H,,.

Let us denote by D the Borel o-algebra of DD (recall that S has the same Borel subsets as
Skorokhod’s J; topology), and, for each ¢ € [0, T'], let D; be the sub-o-algebra of D generated
by the projection onto D« ([0, ¢]). Similarly, let H denote the Borel o -algebra of H,,, and, for
each ¢t € [0, T], let H; be the sub-o-algebra of H generated by the projection onto Lﬁ([O, t]).
We define a stochastic basis ({2, F, (F,):, i) by

2=02xDxDxH, F=FQDRDQ®H, F,=F0D; D ®H,,
and we define a process (Y, V, Z) on {2 by
Y(w,y,v,2) =, Vw,y,v,2) =v, Z(w,y,v,2) =2z.

Clearly, (Y, V, Z) is (F,)—adapted. Furthermore, the law of (Y, V, Z) is the marginal measure of
wonD x D x H, in particular (Y™, V®  Z®Y converges in law to (Y, V, Z) on Dg x Dg x H,,.
By [20, Theorem 3.11], we can (and will) furthermore choose the extracted sequence such that,
there exists a countable set N' C [0, T[ such that, for every t € [0,T]\ N, the sequence
(Y,("), V,(n)) converges in law to (Y;, Vy).

Now, the random variables (Y )y 7z (”)) can be seen as random elements defined on {2,
using the notations, forn > 1:

Y™ (w,y,v,2) =Y (w),

V(@ y,v,2) = V" (o),

ZM(w,y,v,2) = Z" ().
Furthermore, (Y™, v z®y ig (F,)—adapted for each n. Likewise, we set W(w, y,v,2) =
W(w).
Lemma 3.13. The process W is an (F,)-standard Brownian motion under the probability (.

Proof. By Balder’s result on K-convergence [5,6], which is valid for Hausdorff spaces with
metrizable compact subsets [12, Lemma 4.5.4], each subsequence of (Y )y 7MY contains a
further subsequence (Y %), V") (")) which K -converges to i, that is, for each subsequence
(Y(ni)’ V("@’ Z(”;c)) of (Y1) |y 7)) e have

n

fim > ];S(Y(”;c)(w),V(";c)(a)),Z("l/c)(w)) = Ho &

where §(y ,,;) denotes the Dirac measure on (y,v,z) and the limit is taken in the narrow
convergence. This entails that, for every B € D; ® D; ® H;, the mapping @ — ,(B) is
Fi;—measurable. The result follows from Lemma 2.10. [

Properties of the processes Y and V.

Lemma 3.14. Let H and K be R?-valued random variables defined on Q2. Let t € [0, T]. In
order that H and K have the same conditional expectation with respect to F,, it is sufficient that

/ / Q(wi y’ v, Z)H((l), y,U7 Z)dﬂw(y, v, Z)dp(w)
2 JDxDxH

:// P(w,y,v, DK@, y,v,2)duy(y, v, z) dP(w) (35)
2 JDxDxH
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for every bounded F,-measurable function @ : £2 — R such that ®(w, -, -, -) is continuous for
all w € £2.

Proof. Let C be the set of functions @ : {2 — R which are F,-measurable and such that
P(w, -, -, -) is continuous for all @ € {2. The set C is stable by multiplication of two functions
and generates F,. Assume that (35) holds for every @ € C, and let £ be the vector space of
bounded F,-measurable functions ¢ defined on {2 such that

/ / 0@, y. 0. DH(@. y, v, 2) dpta(y. v. 2) dP(@)
2 JDxDxH

_ / / 0@, y. v, DK (@, v, v.2) dito(y. v, 2) dP().
2 JDxDxH

The space £ contains C. Furthermore, £ contains the constant functions and is stable under
monotone limits of uniformly bounded sequences. By the monotone class theorem (see [34, Ap-
pendix A0] and [14, Theoreme 21, p. 20]), £ contains all bounded F,-measurable functions. [

Lemma 3.15. The process V is a martingale with respect to (£2, F, (F )i, ib).

Proof. Let + € [0,T], and let s € [0,T — ¢]. By Lemma 3.14, in order to prove that
EZ: (Vi+s) = Vi, we only need to show that, for each bounded F,-measurable ¢ : 2 — R
such that é(w, -, -, -) is continuous for all w € {2, we have

E(® x Viyy) =E(P x V). (36)

Let us denote, for any » € [0, T], any v € D and any § > 0

1 r+4
w-(v) =v(r) and m.5(v) = 5/ v(s)ds. 37

The mapping 7, : D — R? is not continuous for the topology S, but 7,5 1S S-continuous, and
we have

lim 7, 5 (v) = 7, (v).
§—0
Letd > 0. Let
¢(w, Yy, v, Z) = @((1}, Yy, v, Z) (nl-‘rs,(s(v) - 7Tt,8(v)) .

By Corollary 3.6, the sequence (¢(w, Y™, V™ Z®™)) is bounded in L]id(ﬂ), thus it is
uniformly integrable. We can thus apply Lemma 3.12 to the integrand ¢. Using the definition
of V and the fact that each V™ is a martingale, we get

1 t+s+3 1 t+48
E(dx |- V,du — - V.du
1) 1)
t+s t

= f f @(wv Yy, v, Z) (7Tt+s,8 - 7Tt,8) (U) dlua) (y7 v, Z) dP((,())
2 JDxDxH

n—oo

= lim qs(w, Y(")(w),V(")(w),Z(")(w))
2

t+6
x % /t (Vu(i)s(a)) - VM(")(a))> du dP(w)
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1 t+45
= lim [ @ (0, Y" @), V"), 2" @)E" (E / (v = Vi) du> dp
t

n—oo Q
=0.
‘We deduce that
1 t+s+38 1 t+48
E(@x(V,H—Vt)):limE(@x (—/ Vudu——/ Vudu))zo
P 8 Jits 8 Ji

by boundedness in L2 ra (2, F, ) of (Vi)ogy<r. U

Lemma 3.16. Let \7, = fol Zs dW;. The martingale L .=V — Vis orthogonal to W.

Proof. Let us denote the coordinates processes as in the following examples: v = (vl l<i<d>
Z(n) (Z(n) )lgigd,lgkgm, Z, = (Z;[l’ Vi<i<d.1<k<m> Wy = (WK )lgkgm-

Leti € {I,...,m}and j € {1, ...,d}. Let us denote by [P, Q] the quadratic cross variation
of two semimartingales P and Q. For each n, let

Nty .U [W["], V(m,m]

t

Il
i
o\:‘
N
S
E
IS
=
S—
N/-\
S
f
.
3

2)

0. /] AU o

il _ Wz[l]Vz] _ I:W[l]’ V[”]
AN [ ro

=wiy f zPM awih — / z?ar.
k=179 0

As W is continuous, the processes N ™-li-/1 and N'li-/] are continuous martingales. Let & : 2 —
R be a bounded F,-measurable function such that ¢(w, -, -, -) is continuous for all w € (2.
Observe that, from the stable convergence of V™ to V, we have, for any T € [0, T] and any
5 >0,

limE (nt,a(W[i]V(”)’[-/])d5 ( ym, ym, Z(n))) (,T s(wlilyl /J)Q;) (38)
n
using Lemma 3.12 with the integrand ¢ (@, y, v, z) = ;. s(WI (@)™ &(w, y, v, 7), where

7,5 1s defined as in (37). Similarly, from the stable convergence of v 7MYyt (V, Z), and
applying Lemma 3.12 with the integrand

T ..
P(w,y,v,2) = (/ zy"]dr) P(w, y,v,2),
0

we get

T . T ..
limE ((/ zﬁ”)’[-”’]dr) qs(., ym y, z<">)> =E((/ z£-””dr> qﬁ). (39)
n 0 0

Let? € [0, T], and let s € [0, T — ¢]. Using (38), (39), and the fact that N-i-/] and NUi-/] are
martingales, we get, for any § > 0,

L il _ ol
g/ E (Wu+s (Vu+s - Vu+s> QS) du
t
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Lo il v .1 )y L m

. 1 n),Lj n n n
3/; lim E(WHSVHS @(-,Y LV, 7 ))

—EB (WL e (L ye v, Z“’)))du

1 s (n),[i, 7] ks (n),lj,i] (n) (n) n)
5/, lim E((Nu+;’ +/0 Zr”dr>@<~,Y”,V”,Z”)>
U
—E ((le—l-js] +/ le”]dr) & (,’ Yy®™, ym, Z(n))) du
0
L .1 0]
R e (T YRR 9
t
| o
- _/ timE (N0 R @ (v, v, 20)) du
8 J; n
L 1 (vl _ oU]
_ _f E(Wy] (vuf U ) gb) du.
t

)

Passing to the limit when § — 0 yields
B (Wil (v~ 712) #) =& (W01 (v~ 7)) o).

By Lemma 3.14, this shows that WUl (VU] — f/\[j]) is a martingale. [J

3.5. Proof of the main result

In this part, we use the special form of f with respect to Z: by hypothesis (H>), f has the form

fs,x,y,2) =als, x, y)z+ B(s, x, y), (40)

where « and § are bounded and continuous in (x, y), and « takes its values in the space L(L, R")
of linear mappings from L to RY.
We first prove a technical lemma.

Lemma 3.17. Let K be the space of linear mappings from R? to R! for some | > 1. Let
b : [0, T] — K be a continuous function. For each t € [0, T], the mapping

Dg x Hy — R
t
(3. 2) > /0 b(s). £ (5. x(s), y(s), 2(s)) ds

is sequentially continuous. Furthermore, if y, — y in Ds and z, — z in Hy, then, for every
t € [0, T], we have

t
lim</ b(s).f(s,x(s), yn(s), zn(s + 1/n)) ds
n 0

t
—/0 b(S)-f(s,x(S),yn(S),zn(S))dS> =0.
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Proof. We only need to prove the lemma for f (s, x, y, z) = a(s, x, y)z. As x does not play any
role in our reasoning, we write for simplicity f(s, x, y, z) = «a(s, y)z.
First, for every z € Li[O, T], we have

nll)ngo llz —z(-+ 1/")”[4]12‘[0]] =0. (41)

Indeed, for every € > O, there exists a continuous function u : [0,T] — L such that
Iz — u||L%L[O’T] < €. Then we have, for everyn > 1,

lz(- +1/n) —u(- + l/n)||Li[0,T] <e.

But the family u(- + 1/n) is uniformly integrable because it is bounded in Li[O, T1], thus, by
Vitali’s theorem and the continuity of «,

nlggo lu —u(-+ 1/”)”[‘]12‘[0]] =0.
We conclude by the triangular inequality that

limsup ||z — z(- + 1/n)||L2 [0,T] < 2,
n—00 L

which proves (41).
Now, let y, — y in Dg and z,, — z in H,. We have in particular

Yn(s) = y(s) forae.s €[0,T] and sup|z,llg < +oo,
n
thus

t
I 2(Yn,z0) @) — Py, DD = H/o b(s). (a(s, yu(s)) —a(s, y(s))) za(s) ds

t
+ /O b(s) - a(s, y(s)) (zu(s) — z(s)) ds

' 1/2
<supllzallmg (/o b le(s, yn(s)) — als, y(S))IIZdS>

t
N ” /0 b(s) - a(s, y(5)) (za(s) — 2(s)) ds

— 0 whenn — oo,

which proves the first part of Lemma 3.17. Furthermore, we have

t
”f b(s) - a(s, yu(5))(za(s + 1/n) — z4(s)) ds
0

t
- H./o b(s)-(a(s. ya()) = @5, y(5) (znls + 1/m) = 24(s)) ds

t
+ / b(s) - (s, y(5) (zn(s + 1/n) — za(s)) ds
0

t 172
< 2sup ||zullm (/O 1B llee(s. yu(s)) — (s, y(s)II ds)

+

t
/ b(s) - als, y()) (zn(s + 1/n) — 24(s)) dss
0
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The term fot 1) e (s, yn(s)) — a(s, y(s))||2 ds converges to 0 by the dominated convergence
theorem. On the other hand, since » and « are bounded and (z,) is uniformly bounded in
Lﬁ [0, T'], we have (with the convention that b(s) = a(s) = 0 for s < 0):

t
lim ”/ b(s) - a(s, y(s))(zn(s +1/n) — zn(s)) ds
n 0

t
= lim H/ (b(s —1/n)-a(s —1/n,y(s — 1/n)) — b(s) - a(s, y(s))zn(s)) ds
n 0

This term vanishes by (41) with z(s) = b(s) - a(s, ¥(s)), using again the uniform boundedness
of (z,) in L2[0, T]. Thus

=0. O

t
lim H/ b(s) - a(s, yn () (za(s + 1/n) — 2,(5)) ds
n 0

In order to check that (Y, Z) is a solution to (2), we prove in the next lemma that we can
replace Z™ by Z™ in the limit of ftT f(s, X, Ys(n), Zs(")) ds.

Lemma 3.18. Foreacht € [0, T], the sequence

T T
/ Fls, X, ¥, Z) ds _/ £ X5 ¥, Z) ds
¢ t

converges to 0 in p-probability.

Proof. With the notations of (40), we only need to check that
T
/ als, X, Y")(ZM — zM) ds
t

converges to 0 in probability. -

Now, by Lemma 3.4 and Proposition 3.5, the sequence (Z (")) is bounded in Li(!? x [0, T]),
thus it can be viewed as a tight sequence of H, -valued random variables. Enlarging the space
1to 2 xDxDx H x H, we can assume that (Y(”), AORAON Z(”)) converges to a Young
measure, still denoted by w, in ({2, F, P; Dg x Dg x H, x H,). We set

Z(w,y,v.2.2) =%

and we extend Y, V, Z, and the o-algebra F, in the obvious way.
Let K be an F,-adapted process with cadlag trajectories in R4, and assume that K is
continuous with respect to y, v, z, and Z, and that the sequence

T
</ Ky - a(s, Xs, Y (ZM — Z§”>)ds)
0
is uniformly integrable. We have
T N T _
E/ Ky -a(s, Xy, Y)(Zy — Zy) ds = limE/ Ky -a(s, X, Y Z™ — Z"M) ds
0 n 0
by Lemmas 3.17 and 3.12, with

T
45((1)7 y, v, Z,E) = / KS((’()7 y, v, Z,E) : C((S,.xs, yS)(ZS _Zv)ds-
0
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Thus, by Lemma 3.17,

T T
E f Ky - als, X5, Y)(Zy — Zs)ds = limE / Ky - als, X5, Y)ZY, = Z7) ds
0 n 0

T
= limE /O S (K, - ats, X, Y20, — Z0)) ds

T
= limE/ Ks - a(s, Xy, YONZW — ZM) ds
n 0
=0.

In particular, one can take

K. — als, Xy, Ys)(Zs _2s)
s = ~ 2
1+ (a(sa Xy, Y)(Zs — Zs))

Thus a(s, X5, Y5)(Zs — Z) = 0, u-a.e., for almost every s € [0, T].
Let ¥ : RY — R be a bounded continuous function. Let

Dg x Dg x Hy x Hy, - R
T

(x,y,2,2) = W(/ (s, Xg, Ys) (2 —Es)dS)-
t

By Hypothesis (H>) and Lemrga 3.17, @ is sequentially continuous, thus, from the F-stable
convergence of (X, Yy, zm, Z(")),

T
() = BV (/ als, Xy, Y)(Zs — Z)ds>
t

— imE®(X, Y™, zM Zm)
n

T
= limEV¥ ( / als, X5, Y)Y (2 — z™M) ds> :
n t

This shows that the sequence

T
</ als, X, Y")(ZM — zm) ds)
t

converges to 0 in law, thus in probability. [J

Lemma 3.19. The sequence (IT F(s, X5, YA, ZMY ds) converges in law to fT f(s, Xy, Yy,
Zs)ds.

Proof. By Lemma 3.9, we know that the sequence ( f r f(s, X, Ys<”), Z("))ds) is relatively
compact in law, thus we only need to show that it has only one possible limit in law, and
that this limit is the law of fT f(s, Xs,Ys, Zg)ds. By Lemma 3.18, it suffices to prove that
(ftT £, Xs, Y, 2 ds) converges in law to ftT f(s, Xs,Ys, Zg) ds foreach t € [0, T].
Let ¥ : R? — R be a bounded continuous function. Let
Ds x Dg x Hy, — R

T
x,y,2) > ¥ </ f(s, xs, s, zs)ds) .
t
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By Hypothesis (Hz) and Lemma 3.17, & is sequentially continuous, thus, from the F-stable
convergence of (X, Y™, zM),

T
EV (/ (s, Xy, Yy, Zs)ds) = w(®) =limEP(X, Y™, z™M)
t n
T
= 11;nEW </z f(s, Xs, Ys(n), fo’)) ds) .o

Proof of Theorem 3.1. By Lemma 3.13, W is a Brownian motion on 2, F, (F)i, w). Let
L =V;—=Voy—V;,0 <t <T.Wehave Ly = 0 and L is a cadlag martingale by Lemma 3.15,
furthermore L is orthogonal to W by Lemma 3.16. Thus there only remains to prove that
(Y, Z, L) satisfies (1).

Thanks to Proposition 3.10 and Lemma 3.9, we know that the sequence

T T
(X, Yo, f Fis. Xy, Y Z00) ds / zAi")dWs> (42)

n>1

is tight in Cy[0, T] x Dg x Cpra[0, T] x Dg. Furthermore, <fT Z§") dWS) converges in

n>1

law to V7 — V., and, by Lemma 3.19, <fT s, Xs, Y, Zg"))ds> converges in law to

n>1
f r f(s, X, Y, Zs) ds. Extracting if necessary a further subsequence, we can thus assume that
the sequence (42) jointly converges in law on Cy[0, T'] x Dg x Cpa[0, T'] x Dg to

T
<X’ Y’/ f(s’XS7YS7ZS)dS’ VT_V)’
Then the process
T T
A S / fGs, X, Y™, 27y ds + / zM dw,
converges in law in Dg to

T
U = Y—E_/ f(S,XmYs’ZS)dS"FVT_V-

T T
= Y~_E_/ f(s, XS9YS»Zs)dS+/ ZidWs+ Ly — L.

But, by Lemma 3.7, (supg<, <7 U,(”)) converges to 0 in probability, thus U = 0 a.e., which proves
Theorem 3.1. [
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