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Abstract

We classify the possible behaviors of a class of one-dimensional stochastic recurrent growth models.
In our main result, we obtain nearly optimal bounds for the tail of hitting times of some compact sets. If
the process is an aperiodic irreducible Markov chain, we determine whether it is null recurrent or positive
recurrent and in the latter case, we obtain a subgeometric convergence of its transition kernel to its invariant
measure. We apply our results in particular to state-dependent Galton—Watson processes and we give precise
estimates of the tail of the extinction time.
© 2017 Published by Elsevier B.V.
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1. Introduction and main result

1.1. Introduction

We consider a stochastic growth model (X},),cn, taking values in X, an unbounded subset of
R, and satisfying a stochastic difference equation of the form

Xn+1 =Xn +g(Xn)+§ns (1)
where g is a given function and (&,),cn is a sequence of random variables such that almost surely,
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E (&2|F:) = 0% (X,) < o0,

for some positive function o2(x). The filtration (F,),en is such that (X,),ex is F, measurable
foralln € N.
Provided that the following limit exists

2
0 = tim 289
X—00 O (x)
and belongs to (—o0, 1), Kersting proved in [10] that P({X,, — oo}) = 0 and said that (X,,),,en
n—oo

is recurrent, adopting the terminology from Markov chain theory, whereas if 6 € (1, co) then
P{X, —> o0}) > 0. A similar criterion for the multidimensional case was recently given
in[i1.

The aim of this article is to determine how quickly the process (X,,),cn. started from x > A,
goes into the interval [0, A], where A > 0 is arbitrary. If (X,),y is an aperiodic irreducible
Markov chain, we deduce therefrom a criterion of positive recurrence and how fast (X,),cn
converges to its invariant measure. Moreover, if we have in mind population models, where a
natural assumption is the dichotomy property, i.e.,

P ({X — oo}) + P ({3n such that X, = 0}) = 1,

we obtain precise estimates of the tail of the extinction time.

The first key ingredient of this article is to consider power functions as Lyapunov functions
for growth models. Kersting [10] proved recurrence and transience of growth models by using
the logarithm as a Lyapunov function. However, we cannot get more information on the behavior
of (X,),en With this function. Considering power functions yields an inequality of the form

E (Xz+lifn) - XZ[ S _CXg_lg(Xﬂ) + b]l{anA}’

for all n € N, where @ € (0, 1), A, C and b some positive constants. From this equation, we
deduce that

E (fYusD)|Fn) — F(Y) < —=Cf'(Y,) + bLiy, <a), 2)

where Y, is a transform of X,,, f is an increasing differentiable function, and A, C and b are
some positive constants. Inequality (2) enables us to give all possible behaviors of our class of
recurrent growth models. In a series of papers [3-5], Aspandiiarov et al. proved upper and lower
bounds for the tail of hitting-time into compact sets, for processes verifying some conditions,
improving previous results of Lamperti [13]. The second key ingredient, is to apply these results
on a transform Y, = G(X,,) of our process to get an upper bound of hitting-time into compact
sets. If (X, )nen 1s an aperiodic irreducible Markov chain, we give a criterion for null recurrence
or positive recurrence. Moreover, if (X,),cn is positive recurrent, we obtain from [4] in the
countable state space, from [7] in a general state space, subgeometric rate of convergence to its
invariant probability measure. Thus, we give a complete classification of behaviors of stochastic
recurrent growth processes of the form (1). By applying our results, we deduce nearly optimal
upper and lower bounds of the tail of the extinction time of state-dependent Galton—Watson
processes that seem to have never been studied before, to the best of our knowledge. We also
recover a weaker version of results of Zubkov [16] on the return time to zero of critical Galton—
Watson process with immigration, but without using probability generating functions.

The article is organized as follows. In the next subsection, our main results Theorems 1.1
and 1.2 are stated. Then, in Section 2 we state and prove a series of lemmas needed for the proof
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of Theorems 1.1 and 1.2. Section 3 is devoted to the proof of Theorem 1.1. In Section 4, we
consider that (X,,),cn is an aperiodic irreducible Markov chain and we prove Theorem 1.2. In
Section 5, we give various examples, in particular extinction time of state-dependent Galton—
Watson processes. In the last section, we prove a key lemma for the lower bound of Theorem 1.1
and we recall some results from [4] that we use throughout this article.

1.2. Main results
We list the assumptions we need to formulate our main results.

Assumptions.

(A1) The function g is positive, regular varying with index 1 — A with A > 0 and ultimately
monotone.

(A2) There exists 8 € (0, 1) such that

2
lim 28 &) _ g
x—>00 g2 (x)

(A3)There exists § > 0 such that for all n € N, E (|§,*"°|F,) < Co* (X,,).

Let us comment on these assumptions.

In assumption (A1), since A > 0 we have that g(x) = o(x) and this precludes X, from growing
geometrically. Assumption (A3) is usual : in [10], Kersting needs the existence of 2+ §-moments,
to prove the recurrence of X,,.

Before stating the theorem, we introduce two transforms. Let

X dy
G &) = —_
) /1 g

and for o > 0, let
te=(G7' )",

where G~! is the inverse of G i.e. G(G™!(x)) = x.
Since ! is regular varying with index A — 1, by Proposition 1.5.8 in [6] function G is regular
varying with index A and ¢, with index .

Theorem 1.1. Assume that (Al), (A2) and (A3) hold. Then there exists A > 0 such that for all
Xg € X N (A, o), for all o and B such that 0 < « < 1 — 60 < B, there exist two constants C,,
and Cg such that for alln € N,

c o
P <Py (ta>n) < ——,
Lg (n) Ly (n)

withty =inf{n e N: X,, < A}.

3)

Remark 1.1. We prove the upper bound in (3) by showing that E, (£,(74)) < oo for all
0 <a <1—06andxy € X. An easy consequence of this lower bound is that [E,,(£g(74)) = 00
forall B > 1 —6and xg € X N (A, 00). We cannot determine if I, (£1_g(74)) is finite or not.

Remark 1.2. In the proof of the theorem, we get explicit constants C,, and Cg and in particular,
the dependence of these constants on xg.
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If (X,))nen 1s an aperiodic irreducible Markov chain, we determine when it is positive recurrent
and the rate of convergence to the invariant probability measure. We denote by P (.,.) the
transition kernel of the Markov chain (X,),y. We deal with both countable state space and
general state space.

Assumptions.

(A4) (X)nen is an aperiodic irreducible Markov chain taking values in a countable set X C R,
such that for all A > 0, [0, A] N X is finite.

(A4’) (X)nen 1s an aperiodic ¥-irreducible Markov chain taking values in a general state space
X C R, and sets [0, A] N X are small sets for all A > 0.

We recall the definition of y-irreducibility (see [15, p. 84]):
We say that a Markov chain (X)), 18 ¥-irreducible if there exists a non trivial measure
such that for all set K C X,

Y (K) > 0= P, (In such that X,, € K) > 0, (@)
and for all measures ¢ satisfying (4), ¢ is absolutely continuous with respect to .
Theorem 1.2. Assume that (Al), (A2), (A3) and (A4) or (A4’) hold.
Then (X,,).en is Harris-recurrent. Moreover
(i) If A > 1—0, then (X,),en is null recurrent.
(ii) If » < 1 — 6, then (X,).en is positive recurrent. Denote by 7 its invariant probability

measure. Then for all « € (A, 1 — 0) and if (A4) holds then for all probability measures v on X
such that

E, (€, (ta)) < 00,
we have

Jim £(n) [vP" = 7|7y =0, ®)
and if (A4’) holds then for all x € X

Tim £,() | P" (x. ) =)y =0 (6)

where £, is the derivative of £, .

Remark 1.3. If A = 1 —0 then (X,,) could be either null recurrent or positive recurrent. We refer
to [14] for examples when g(x) = f

Example 1.1. We consider a stochastic growth model defined by the stochastic difference
equation (1)

Xpp1 =X, +cX) + &,
withy € (=1, 1), ¢ > 0 and 62(X,,) = IE(Eﬂ]-"n) = dX,ier with d > 0. Then

I

C

0 =
A=1—-y
G(x)ocxl’a

Lo(x) X x1-7,

&
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By Theorem 1.1, forall 8 < 1 — 6 < «, there exists A > 0 such that for all xo > A, there exist
Cg > 0 and Cy > 0 such that
C
<Py (ta>n) < —5.
nT=r nl-v

If y > 6 and (X,,) is a Markov chain satisfying the assumptions of Theorem 1.2, then (X,) is
positive recurrent and foralle < 1 — 6, forallx e X C R4,

lim n ™7 1 P"(x, ) — 7 ()llry =0,

n—oQ

where 7 is the invariant probability measure of (X,),eN.

If ¢ and d are fixed, then by increasing y, we make (X,),cn positive recurrent. Actually, the
parameter y is related to both the drift g(x) and the variance o%(x), by increasing y we increase
both of them but we can see that its effect on the variance is more important.

2. Preliminary results

We state and prove here some important lemmas which will be useful for the proofs of
Theorems 1.1 and 1.2. In the first lemma, we prove that (X,‘;‘MA)neN is a supermartingale if
o € (0,1 —0), and a submartingale if € (1 — 6, 1).

Lemma 2.1. Assume that (Al), (A2) and (A3) hold.
(i) If o € (0,1 — 0), then there exist A > 0, C > 0 and b > 0 such that for alln € N,

E (X2 |F) < X8 — Cg (X)) X' + blix, <) as. (7
(ii) If o« € (1 — 6, 1), then there exist B > 0 and b; > 0 such that for alln € N

E (X5 |Fa) = Xy — bilix,<p) a.s. ®)
Proof. For D > 0 large enough, we have by Taylor’s expansion

(1+u)® < 1+au+wu2
for all u € (—1, +00), with § as in (A3). We obtain, for alln € N, if X,, > 0,

E (X3 |F) <E <X§;<1 n M) fn>
o g(Xy) +§&, ala — 1) [ g(X,) + & 2
(e (5) =5 (5 )
246
+IE<X,‘;‘(D‘M )’E)

1 _
<X%+a <g (X,) X — T“az (X,) X;j—2> + R,

+ Dlul**, ©)

n

with

0[(0[ - l) o— o=
Ry = ——— g(X,)' X + DE (Ig(X,) + & [ X; | 7).
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By Holder’s inequality and (A3),
-1
Ry = T g0, X0+ DGR X 4 Do XX
By (A1) and (A2), o(x) = o(x) when x tends to infinity and then 02" (x)x*~*7% = o (g(x)x*~")
when x tends to infinity, and then there exist C, B, b > 0 such that

E (X%, |F0) < X2 — Cg (X,) X' + b1y, <p).
Since by Taylor’s expansion there exists a positive constant D such that
—1
A+ 1) > 1+au+ “(aT)uz — DJul**,
for all u € (—1, 400), the proof of (8) is similar. []

The first two statements of the next lemma, on the top of the previous one, give us a better
understanding of the criterion of Theorem 1.2, i.e., the comparison between A and 1 — 6. Some
points of this lemma are stated and proved in [11] with different assumptions. We recall that
a function f is ultimately concave or ultimately convex if there exists xo > O such that the
restriction of f to [xg, 00) is concave or convex respectively.

Lemma 2.2. Assume that (Al) holds.

1. For a € (0, X), the function £, is ultimately concave.
2. For o € (A, +00), the function £, is ultimately convex.
3. We have
) x
lim —— =
x=00 G (x) g (x)
4. Forall p < A,

(10)

gx) = O(x'™M), (11)

when x tends to infinity.
5. Leta > 0, forall r € (0, 400), there exists a positive constant A, such that for all x € R,

Aly(x) = Ly(rx). (12)

Proof. We first prove statements 1 and 2. Since g is ultimately monotone, G is either ultimately
concave or convex and so is £,. The regular variation of £, with index ¢ implies the two first
statements.

The third statement is a direct consequence of Proposition 1.5.8 of [6, p. 26].

The Potter’s bound (see Theorem 1.5.6 [6, p. 25]) states that

v 1—A+e
VM > 0,Yv > M, g(v) < (M) g(M), (13)

thus g(x) = O(x'~#*) forall u < A.
Finally, we prove the last statement. We know that £,, is a regular varying function with index
%, then for all r € (0, +00)
L
im a(rx) _ 1=k
x40 LX)
Since ¢, > 1, we get the fifth statement. [
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Remark 2.1. Since we further consider £,, with @ # A, we know by Theorem 1.8.3 in (6, p. 45],
that there exists a C*°-function Za, all of whose derivatives are monotone, with £, E Since
we always consider asymptotic properties of £,, we henceforth consider that ¢, is a C**-function
with all of whose derivatives are monotone.

3. Polynomial asymptotics of the tail of hitting times

The aim of this section is to prove Theorem 1.1.

We first prove the upper bound of the inequality (3) by using Theorem 2 and Theorem 3 in [4],
which we recall them in the last section. Let A be the set of positive functions f such that there
exists a positive constant A ; such that

2
lim sup %) <A

x—>00 ()C) -

For all real valued functions £, let B, be the set of positive functions f € C*(0, oo) ultimately
concave, such that lim,_, o, f(x) = 0o, lim,_, o, f'(x) = 0, and such that the integral

© f'(x)dx
. hor(x)
with r(x) = sup{y > A, f'(x) = h'(y)}.

converges, (14)

Proposition 3.1. Assume that (Al), (A2) and (A3) hold. Then there exists A > 0 such that for
all xg > A, y and n such that y < n < 1 — 0, there exists a constant K(y, n) such that for all
neN,

1

Py(ta > n) < M
y(n)

Proof. If y > A, then ¢, is ultimately convex. We know by (12) that £, € A and then we apply

Theorem B.1 and get the upper bound by Chebyshev’s inequality.

If n < A, then £, is ultimately concave. To apply Theorem B.2 with f = ¢, and h = {,,, we
need also to check that the integral (14) converges. Let r(x) = sup{y > A, £/ (x) = Zj?(y)}. We
first prove that for x large enough, we have x < r(x).

We recall that £),(x) = yg (G™'(x)) (G‘l(x))y_l. Thus,

G0y v
G g0

Since G~!(x) increases to infinity, there exists A; > 0 such that for all x > A, E;(x) < E;(x)
and then, for all x > A, r(x) > x.
Since £, is an increasing function, we obtain by substitution
/OC E;(x)dx /OQZ;(x)dx
_— <
Lyor(x) — £,(x)
o0 K;,(x)dx
< v
- / (€, oty

/'°° du
<C — < 00
un’v

Finally, we obtain the upper bound by Chebyshev’s inequality. [
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Before proving the lower bound of Theorem 1.1, we recall an important lemma from [5]:

Lemma 3.1 (/5], Lemma 2). Let Y, be a F,-adapted stochastic process taking values in an
unbounded subset of Ry and for A > 0, let T4 = inf{n > 0,Y, < A}. Suppose there exist
positive constants A, C and D such that for alln € N, on {T4 > n},

E(Yn-H - Yn|]:n) > —-C
and, for somer > 1,

E (v, ~ ¥;|7) < DY,

Then, for any v € (0, 1), there exist positive € and d that do not depend on A such that for any
neN, on{Y,\z, > A(l +4d)},

IF’(fA >n+ sYnAfA|]-',,) >1—v.
The next lemma is crucial. We defer its proof, which is rather technical, to Appendix A:

Lemma 3.2. Foralln € N, let Y, = G(X,). Assume that (Al), (A2), (A3) hold. Then (Y;)),en
satisfies the assumptions of Lemma 3.1 withr = 2.

Proposition 3.2. Assume that (Al), (A2) and (A3) hold. Let B > 1 — 6. There exists A > 0 such
that for all xy > A, there exist ¢y > 0 and C > 0 such that for alln € N,

x(’)g—Aﬂ

IP)xO (TA > I’l) > Cm

Proof. The proof of the lower bound is as follows: we know by Lemma 3.2 that Y, verifies
the assumptions of Lemma 3.1 and then we follow the proof of Theorem 1 in [3]. We relax the
assumption of bounded jumps of this theorem by using Holder’s inequality.

Letg>1—-06.

By Lemma 3.2, we know that Lemma 3.1 applies to ¥, = G(X,,). By Lemmas 3.1 and 3.2,
there exist &g > 0 and d > 0 such that for any n :

P(ta > n+ e0Yyune, |[Fn) = 1 —v on {Yurr, > G(A1 +d)} .
This implies that for any stopping time p we have

P(ta > p+e0Yuney|Fu) =1—v  on {Yunr, > GA1 +d)} N{p < oo}.
Foreach § > 0, let

Tg =inf{n >0,Y, > S}.

Let us fix B such that B > G(A)(1 + d).
Then,

P(t4 > €0B) > P(ta > Tp + €0Yspnr,s, T8 < Ta)
=E (Lizg<raP (74 > 75 + 80Yepnrs | F55))
> (1 —v)P(Tg < 1T4A). (15)

Since (74 A Tp) < oo and £g (YnArAAfB) is a submartingale by Lemma 2.1, we have

xg = Kﬂ(YO) <E (Kﬁ(YrA/\fB)) .
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Since g(x) = o(x), there exists K > 0 such that E (¢; (Yz,—1) + g (Xz,-1)) < K'/PE (Xz,-1)
and then

E (6/3 (st) Tizg <o) ) E( ( )) P(Tg < t4)
E(E (61 (Ys,) [ Fey1)) P (F5 < )
E

( (Yeg—1) + (ng—l))ﬁ]P('EB < T4)
Ketg (B)P(Tp < 14a). (16)

IAIA

A

Hence,

xg <E (6/3 (YTA) Lz {tp>1a) ) +E (Eﬂ ( TB) ]l{TB<TA})
<UL (G(A) + KLlg (B)P(Tp < 14),

by (16) and

Py <oy = 0 ts (GA)

Klg (B)
Then, by (15), forn > ¢9G(A) (1 + 6),
AP
P (74 >n)>(1—v)m U a7

Proof of Theorem 1.1. The upper bound is a direct consequence of Proposition 3.1. The lower
bound comes from Proposition 3.2 and (12). [

4. The Markov case : subgeometric rate of convergence

In this section, we prove Theorem 1.2, firstly the countable state space case and secondly the
general state space case. We apply some results from [4] that we recall in the last section.

Let G be the set of positive functions f such that there exist a positive function 4 such
that A(x) — 0 as x — oo and a positive constant ¢ such that for any positive m > 1,
x1>1,...,x, >1,

(o) =3 s

Let G’ be the set of non decreasing in a neighborhood of infinity functions f such that In( f(x))/x
is non increasing in a neighborhood of infinity and tends to zero when x tends to infinity.

Proof of Theorem 1.2 for a countable state space. Let A be defined as in Theorem 1.1. We
know by (A4) that F = [0, A] N X is finite. First note that for all z € F, by Markov property we
have

E.(tp) =P.(X1 € F)+ ) P.(Xi = 9)E(zp), (18)
seX\F

(i) Let us assume that A > 1 —6. We prove that forall s € X'\ F, E;(tp) = oo.Let 8 € (10, A).
By Theorem 1.1 we know that if Y 1/£4(n) diverges, then E,(tf) = oo, forall s € X' \ F. The
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sum ) 1/€4(n), is of the same nature as the integral f dx /€g(x). By the substitution u = G '(x),
we obtain

< odx /°° du
. Lpx) . uPgu)
since g(u) < Ku!'=+0=A/2,
Since (X, )nen is irreducible, there exists (zo, s,) € F x & \ F such that P, (X = s0) > 0.
Thus E,,(tr) = oo and by Proposition B.1, [E, (t) = 00, then (X,,),en is null recurrent.
(ii) Let us assume that L. < 1 — 6. Let n € (A, 1 — 0). We first prove that there exists a positive

constant K such that forall s € X \ F, Eg(tp) < Ks". Let y € (A, n). By Proposition 3.1, we
know that

Ky, n)s"
Pz > n) < L& M5
4y (n)
We check that Zf;l 1/¢£,(n) < oo. Since ¢, is convex, there exists a constant C such that
[e¢) e ¢} e/ (n)
E (n)

n=1

This series is of the same nature as the integral
/00 £, (x)dx _ /00 £, (x)dx _ K/oo du
= = — <00
G0 C Ly o ourim

E,(tp) < Ks". (19)

Thus

By (19) and (18), we obtain
E,(tp) <14 KIEZ(X7) < 00,

thus by Proposition B.1, forany z € F, E;(t) < 00 s0 (X,)xen is positive recurrent.
Leta € (A, 1-60)and B8 € (o, 1 —0). To apply Theorem B.3 with f = £, and ¢ = £, we need
to check that £, € G and £, € G'. Since £, is convex, we have forallm > 1,x; > 1,...,x,, > |

m 1 m
) (z ) < LS
k=1 k=1
and by 5 of Lemma 2.2,

= (4m)2a/)‘ = o o n(m
la (Zm) < Zz (x) < 420/ ge/r=Dne >Z£ (x%),
k=1

k=1
thus ¢, € G.
We recall that €),(x) = ag(G~"'(x))(G~'(x))*~". Since £, is regular varying with index % we
only need to prove that In(£/,(x))/x is non increasing in a neighborhood of infinity.
The derivative of In(€/,(x))/x is w since we can consider that £/, is regular
varying with variation /A — 1 > 0, xé”(x)/ﬂ/ (x) tends to a/A — 1 but In(£,,(x)) tends to
infinity, so In(€,,(x))/x is non-increasing in a neighborhood of infinity and so £, € G’. O

Please cite this article in press as: E. Adam, Slow recurrent regimes for a class of one-dimensional stochastic growth models, Stochastic Processes
and their Applications (2017), https://doi.org/10.1016/j.spa.2017.10.005.




E. Adam / Stochastic Processes and their Applications 1 (1111) III-11R 11

In the general state space case, we use a drift condition which comes from [7]:

Definition 4.1. We say that the condition D (¢, V, I') is verified if there exist a function V, a
concave monotone non-decreasing differentiable function ¢ : [1, co] +— (0, co], a measurable
set I" and a finite constant b such that for all x € R

Ey (VX)) +¢oV(x) < V(x)+ blxery.

Proposition 4.1 ([7], Proposition 2.5). Let P be a \r-irreducible and aperiodic kernel. Assume
that D(¢, V, I') holds for a function ¢ such that lim ¢'(¢t) = 0, a petite set I" and a function V
—00
such that {V < oo} # (. Then, there exists an invariant probability measure 1, and for all x in
the full and absorbing set {V < oo}, i.e. 1({V < o0}) =1,
Tim ry(n) | P"(x. ) = 7 ()]| 7y = 0,
withry (x) = ¢ o &~ (x) and & (x) = f %.
The proof of Theorem 1.2 in the general state space case consists essentially in checking that
the condition D (¢, V, I') holds.
We also recall that a set C is regular if for all set B such that ¥(B) > 0,
supE,(tp) < o0,
xeC

where 75 is the first hitting-time of the set B. A Markov chain is called regular if there exists a
countable cover of X by regular sets.

Proof of Theorem 1.2 for a general state space. Since [0, A] N & is petite and since for
all x € X, Py(t4 < o00) = 1, we know from [15, Proposition 9.1.7 p.205] that (X, ),en is
Harris-recurrent.

(1) We assume that A > 1 —6. By Theorem 1.1, Vx € (A, o0)NAX, E,(t4) = 00. We assume that
(Xn)nen is positive recurrent to get a contradiction. By [15, Theorem 11.1.4 p.260], we know
that there exists a decomposition X = S U N with S full and absorbing and (X,),cy restricted
to S is regular. Since S is absorbing, we know that [0, A]N'S # @ and (A, 00) NS # @. Let
C C S be aregular set of the countable cover of S such that C N (A, co) # @. Then there exists
x € CN (A, o0), and we know that E;(t4) = oo which contradicts the regularity of C. Then
(Xn)nen s not positive recurrent but null recurrent.

(ii)) We assume that A < 1 — 0. Leta € (A, 1 —60) and ¢p(x) = g(xé)xaa;l. Using Lemma 2.1,

E, (X7) <x% = Co (x*) + bliza).

We know that ¢ is a regular varying function with index (¢ —A)/a € (0, 1) then ¢ is an ultimately
concave non-decreasing function. Thus, the condition D (¢, V, I') holds. By a short computation,
we see that ry(x) = £, (x). Since [0, A]NX is a petite set by assumption, we apply Proposition 4.1
and there exists an invariant probability measure 7 such that for all x

lim (1) [ P"(x.) =7 ()], = 0. O

5. Examples and applications

We now illustrate our results by applying Theorems 1.1 and 1.2 to several models.
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5.1. Bessel-like walks

A Bessel-like walk is a random walk on N, reflecting at 0, with steps &1 and transition
probabilities of the form

1 8 1

and
]P)(Xn—&-l =X — 1|Xn =x)=1 — Px

where x > 1,8 € R and the o(1/x) holds for x tending to infinity. A Bessel-like walk is recurrent
if § > —1, positive recurrent if § > 1 and transient if 6 < —1.

We assume here that § € (—1, 0). There exists A > 0 such that we obtain an estimation of the
tail of the hitting-time of the compact set [0, A].

Proposition 5.1. For all o, B such that « < 1+ 8§ < B, there exists A > 0 such that for all
Xo > A, there exist two positive constants C,, and Cg such that

a

ne/2’

B
YT <P,(ta >n) <

In this example, g(x) = ;—f 0 =-6 X1 =2 Gkx) = % Ly(x) = O(x%). For more
precise results on Bessel-like walks and in particular asymptotic behaviors of P,(7p > n) and
P, (tg = n), we refer to [2].

5.2. Critical Galton—Watson process with immigration

We consider a critical Galton—Watson process with immigration (X,,),cy defined by

Xn

Xn-H = ng,n + 1,
k=1

where (ék,n) iy e 1.i.d. integer-valued random variables such that E(§; ;) = 1, Var(§;;) =
d > 0and E(&¢ ﬁTa) < oo for some § > 0 and i.i.d. integer-valued random variables (/,,),cn such
that E(/;) = ¢ > 0, E(IIZH) < oo and the variables (&, ,)k.nen and (£,)nen are independent.

2c

Zubkov proved in [16] that the Markov chain (X,,),en is recurrent if 6 = <1 and gave the

asymptotic behavior of the tail of the return-time to zero Ty = inf{n > 1 such that X,, = 0}:
Po(Ty > n) ~ L(n)n® 1,

with L a slowly varying function. He also needed weaker moments assumptions.
We get here a weaker version of his result but without using neither the branching property
nor probability generating functions.

Proposition 5.2. There exists A > 0, such that for all xo > A, o, f suchthata <1 —6 < B,
there exist some positive constants C, and Cg such that for alln € N
Cp

C
B =< ]P)X()(TA > n) = n_;x-
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In this example, X, = foilék,n +1, = X, +c+ (2121(5/% -+ 1, —c, so
&n = (Z/):;l(é:k,n —D+1,—c,glx)=c0= Zd—c A =1,G=0x), L, = O(x*).

5.3. Extinction time of state-dependent Galton—Watson process

State-dependent Galton—Watson processes were introduced by Klebaner in [12] and Hopfner
in [8]. They both gave condition for extinction and gamma-type limiting distribution for the
process. However, to the best of our knowledge, extinction times of state-dependent Galton—
Watson processes were never investigated.

Let (X,)qen be state-dependent Galton—Watson process defined as follows :

Xn
Xn+1 = ZAk,n(Xn)a
k=1

where E(Ay »(X,)| X, = x) = 1+ £ and Var(A;,(X,)| X, = x) = 6 + o(1) with ¢ > 0 and
o2 > 0. We assume that 0 is an absorbing state and that for all A > 0 and all n € N, there exist
e >0and ky € N*¥,

P(Xyik, =0|X, < A) > & (20)
This assumption implies the dichotomy property (see Theorem 3.1 in [9]), that is to say,

P ({3n such that X, =0}) + P ({Xn - oo}) =1.
We denote the extinction time by 7y = inf{n € N such that X,, = 0}.

Theorem 5.1. Let 0 = L% and assume that 6 € (0, 1). Then, foralloa < 1 —60 < B, for all
x € N¥, there exist two constants D, and Dg such that

D D
=L <P, (xp>n) < ==
nb no

Proof. Let o and B such that o < 1 — 0 < B. We apply Theorem 1.1 and then there exists
A > 0, such that for all x > A, there exist C,, > 0 and Cg > 0 such that

C Co

L <P (ta>m) <=2
np n

Since {0} C [0, A], we obtain P,(t4 > n) < P,(1p > n) and then
C
—L <Py (14 > n) < Pu(1p > n).

B

Let (T;)4>( be a sequence of stopping times defined as below
T, = inf{n > k4 + T,_, such that X,, € [0, A]},

with Ty = 1 and k4 is the integer associated to A such that (20) holds. By (20), we get
Po(to > To) < (1 — &),

Foro € (0,1 —6), we get

oo 00
Ex (Tg) = ZEJC (]l{T£<1:0§Tg+1}T(()X> f ZEX (]I{T(<10}T€of&-l)
=0 =0
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= D B (Ve (To kit + (T — kg = T)*)
=0

<Z1E (U (g} (T K + Ty = ka = T)%) ).

Let T4, = inf{n > k4 such that X,, € [0, A]}.
Since (Tos1 —ka — T)* < Exy (%), then by induction we obtain

[ee) J4
E, (1§) < Z]Ex (]1{%,0} (T;f + €K% + Z]EXTMA (rz)))

£=0 i=0

<E, T“ +Z(1_8) €k + K, (ZH{T%T()}Z XTi 1k, TA))
i=0

zo
<E, (Ty) —i—Z(l—s) Zk"‘—l—Z(l—e) sup B, (z5,,)
=0 =0 yel0,4]

< Q.

We obtain the expected upper bound for P, (tp > n) by Chebyshev’s inequality. [

In this example, g(x) = ¢, 0 = (%, A=1,G=0(x), L, = OxY).

5.4. A non-markovian example

Let (X,)qen be a process defined by
Xp1=X,+ 14+ Ke /Ry,

where (¢,)nen 1S a sequence of i.i.d. random variables such that for alln € N, P(g,, = —1) =
P, =1) = %, K > 2 and R, defined as follows :

e Let (N,)en be a sequence of independent integer-valued random variables such that
Vi €{0,....n}, PN, = i) = .

e Let (U,),en be a sequence of i.i.d. integer-valued random variables such that P(U,, = 0) =
PU, =1)=1.

We also assume that the random sequences (N,),en, (U,)nen and (€,),en are independent.
Let

X2 X, Xy,
R, =U,—"— +(1-U,)—=".
X, + Xy, X, + Xy,
If there exists n € N such that X,, <0, thenforallk € N, X,,,, = 0.
By construction, (X,),ey 1S not a Markov chain of any order. Let us check that (X,),en
satisfies the stochastic difference equation X,,; = X, + g(X,) + &, with E (g,,!]—',,) = 0 and
E (§2|F,) =0% (X,). Let &, = &, K +/R,. By independence, one has immediately E (&,|F,) =0.
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A short computation gives

K2 X2+ X, Xk
2 _ n n
B (&:]7) = 2(n+1) Z(; X, + Xk
KZ
=5 %

Thus, 6 = %. If K > 2, then we know that P({X,, —> oo}) = 0 and we can apply Theorem 1.1
n—00
and get lower and upper bounds of tail of the hitting-time of X,, in a compact set [0, A].

Proposition 5.3. Assume that K > 2. For all @ and B such that o < 1 —4/K? < B, there exists
A > 0 such that for all x > A there exist C, > 0 and Cg > 0 such that

C, C
—% <P, (14 >n) < —L.
no np

In this example, g(x) = 1,60 = %, A=1,Gx) = 0x), Ly(x) = O(x).
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Appendix A. Proof of Lemma 3.2

In this section, we turn to the proof of our key result, Lemma 3.2.

Proof of Lemma 3.2. We first verify that (Y,),cn satisfies the first inequality of Lemma 3.1.
Since {Y, > A} ={X,, > £,(A)} and lir+n £1(x) = +o0, then Y, large implies X, large too. Let
X—>+00

n €N, thenonty >n
E (Yos1 = Y| F) = E(Yarr = Ya) (Ligy<—gxm—exa) + Ligw>—gta—exa)) | Fn)
> ~Y,P (& < —g (Xa) — £X,|F)
+ E (Va1 = Yo) Ligy—gxar—ex)| F) -
We first give a lower bound of the first term. We know that P (.f;,, < —g (X, — aXn|]-'n) <
P(£2 > (—g (X,) — eX,)*|F) < (g(]i(fﬂf;l)z < Cl”;éx”) by Chebyshev’s inequality. By (10)
and (A2), we obtain that

—Y,P (& < —g (X,) —eX,|F) = —Co.

We now give a bound of the second term. If &, + g(X,) > —eX,, then X, ;; > (1 — &)X,.
Moreover, only the case X,;; < X, must be considered otherwise Y,,; — Y, > 0 since G is
an increasing function. For ¥,, > A and large enough A, X, is large too and then by regular
variation and Potter’s bound, there exists K > 0 such that

g(x) < K'g(X,)
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for x € [X,11, X,] and thus

E((YnJrl - Yn)]10>é,,+g(X,,)>st,, -Fn)

Xn+1 dx
=E —1 > >—g ]:n
(/);n g(x) 0>&,+8(Xyn) Xn| )

= g(Xn)E((Xn+] - Xn)]10>§,,+g(xn)>_sxn F)
K
= (X )E(%-nﬂo>§"+g(xn)> eXn ]:)
EE; | Fau 2(x,
s B O by
Xng(Xn) Xn8(Xy)

Thus, (Y,).en verifies the first inequality of Lemma 3.1.
We now check that there exists D > 0 such that for alln € N

E (Y7, — Y|F.) < DY,.

n+1

First, note that we can consider X,,.1 > (1 — &)X, :
E(Y2 ) = YIF) <E((Yr = Y) Ligirectn>—exa | Fa) -

By Potter’s bound, if X,,1; < X, then there exists K; > 0 such that V¢ € [XnH, X1,

; if X,4+1 = X, then there exists K, > 0 such that V¢ € [X,,, X,,+1], g(t) < g(KXZ)
obtam that

g(X) -
Thus, we

KS(XnJrl - Xn)
g(X,)

Since Y, > A, X, is large enough and so is X+, then, by (10), there exists C4 > 0 such that

Xn Xn
n+1 G(XI‘L+1) —= g(x-:ll) S Sg(;;ll)~

Then

Yn+1 -Y, <

K;
8(Xy)

Fu)

E (Y, — Y |F) < E ((Xps1 — X)) Y1 + YLt e(Xn)>—eXa)

Cs
=< mﬂz ((Xn+1 - Xn)(Xn-H + Xn)]l{én+g(X,1)>—sX,,}|-Fn)
Cs
< o(X, )2 ((g(X )+ &)2X, + g(Xn) + En)]l (En+e(Xn)>—eXn) F ) .
By (10), there exists C; > 0 such that (; 5 =< < C7G(X,) and by (A2), there exists Cg such that

"zg"i < Cg g()gg 5 < < C7C3G(X,). We now check that the other terms are negligible.
Jrn) - _E(Sn]lg(Xn)+$n§7£Xn fn)

GZ(Xn) < 0'2(X,,)
T (Xt g(Xy) T X,

E(En ]lg(Xn )+én>—eXn

Thus by (A2) and (10),

]:n) = C9G(Xn)

2(X )E(ann]lg(xn)+5n>fsxn
n
and there exists D such that E (Y 2

i Y,12|.7-",,) < DY,, then (Y,),en satisfies the assumptions
of Lemma 3.1. [
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Appendix B. Auxiliary results

In this last section, we recall some results from [4] that we applied above.
We recall that A is the set of positive function f such that there exists a positive constant A s
such that

2
lim sup o <A

xX—>00 ()C)

Theorem B.1 ([4], Theorem 2). Let (X,),cy be an F,-adapted stochastic process taking values
in an unbounded subset of R™. Let f € A be an ultimately convex function. Suppose there exist
positive constants Ay, € such that (f(XnMAO DneN is a supermartingale and for any n € N, on
the event {t4, > n},

E(f (Xn41) — f(X)|Fn) < —&f'(Xn).
Then, there exists a positive constant ¢ such that for all x > Ay,

E.(f(tay) = ef (x).
For all real valued functions £, let B, be the set of positive functions f € C?(0, co) ultimately
concave, such that lim,_, o, f(x) = 00, lim,_, o, f'(x) = 0, and such that the integral
% fl(o)dx
1 hor()
with r(x) = sup{y > A, f'(x) = h'(y)}.

converges,

Theorem B.2 ([4], Theorem 3). Let (X,),cn be an F,-adapted stochastic process taking values
in an unbounded subset of R*. Let h € C' ([0, 00)) be a real-valued function such that h'
decreases in a neighborhood of o0 and h'(x) — 0 as x — o0. Suppose there exist positive
constants Ao, & such that h increases on [ Ay, 00) and for any n € N, on the event {t4, > n},

E(h(Xn11) — h(X,)) < —eh'(X,).
Then, for any [ € By, there exist positive constants ¢, A > Aq such that for all x > Ay,
E.(f(ta)) = ch(x).

We now recall a proposition from [4] which gives a link between integrability of hitting times
of a finite set and of first return times to the initial state.

Proposition B.1 (Proposition 1, [4]). Let F be a finite subset of X, tr = inf{n > 0, X,, € F}
the hitting time of F and t = inf{n > 0, X,, = Xy} be the first return time.
(i) If forany z € F,

E.(zr) < o0,

then forany z € F, E (1) < oo.
(ii) If for some zo € F, we have E  (tr) = o0, then E (1) = o0.

The following theorem gives the speed of convergence to the invariant measure of probability
of (X,)nen in the recurrent positive case. We first introduce two sets of positive functions.

Let G be the set of positive functions f such that there exist a positive function /# such
that A(x) — 0 as x — oo and a positive constant ¢ such that for any positive m > 1,
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x1=>1,.00,x, 21,

m m
FAD xS ce™™ > fx.
k=1 k=1

Let G’ be the set of non decreasing in a neighborhood of infinity functions f such that In( f(x))/x
is non increasing in a neighborhood of infinity and tends to zero when x tends to infinity.

Theorem B.3 (Theorem 1, [4]). Let f € G such that f' € G'. Suppose there exists a positive
function ¢ defined on X such that forall s € X \ F,

E(f(zr)) = ¢(s),
and also that for all 7 € F, E,(¢(X1)) < o0o. Then, for any initial distribution v on X such that

E,(f'(tr)) < oo,

we have
Tim f'(n) ) Y vOIP"G ) =7 (DI =0.
ieX jeX
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