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Abstract

We consider a real Gaussian process X with unknown smoothness ry € Ny where the mean square
derivative X 70) is supposed to be Hélder continuous in quadratic mean. First, from selected sampled
observations, we study the reconstruction of X (), + € [0, 1], with )N(r () a piecewise polynomial
interpolation of degree r > 1. We show that the mean square error of the interpolation is a decreasing
function of r but becomes stable as soon as r > rg. Next, from an interpolation-based empirical criterion
and n sampled observations of X, we derive an estimator 7, of r( and prove its strong consistency by giving
an exponential inequality for P(7,, # rg). Finally, we establish the strong consistency of X max(7,,1) () with
an almost optimal rate.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

Let X = {X(#),t € [0, 1]} be a real Gaussian process whose ro-th (r9 € Np) derivative
satisfies a Holder condition in quadratic mean with exponent o € [0, 1[. In several topics
of approximation, integration, prediction and estimation, processes of interest are supposed to
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belong to some regularity class depending on rg. More precisely concerning prediction, one may
refer to works of [6,13,4], while for statistical inference, related information could be required in
e.g. the works of [11,2,24,3,7]. In this paper, we suppose that ry and By are both unknown and that
X is observed over [0, 1] from a regular sequence of sampling times denoted by uq p, ..., Uy, 5.
Basing considerations on properties of interpolation, we propose and study an estimator of the
regularity ro.

Numerous methods had been proposed and studied for reconstruction of a sample path
from discrete observations. For processes satisfying the so-called Sacks and Ylvisaker (SY)
conditions, recent works include: ([14], orthogonal projection, optimal designs), ([15], linear
interpolation, optimal designs), ([16], linear interpolation, adaptive designs). Under Holder type
conditions, one may cite e.g. works ([21], linear interpolation), ([22], Hermite interpolation
splines, optimal designs), ([23], best approximation order). Note that a more detailed survey
may be found in the book [19]. As in [17,18], we consider piecewise Lagrange polynomial
interpolation for general classes of processes, but observed on some regular sequence of times.
Namely if X, (¢) denotes a piecewise polynomial interpolation with degree r (r > 1), it may be
noticed that the quadratic mean error of interpolation is a decreasing function of r that stabilizes
as soon as r exceeds ro. This key point allows us to estimate ry with the help of an empirical
criterion based on interpolation. For this purpose, sampling times u; ,, are divided into knots used
for computing the interpolation while the remaining ones evaluate the quality of approximations
obtained.

Main assumptions on X are given and discussed in the Section 2: in particular, SY conditions
of order rg are included in the proposed examples. Choices of knots and their basic properties
are also presented in this section. In Section 3, we derive an estimator for ry, denoted by 7,,. We
show that 7,, is strongly consistent and give an exponential bound for P(r, # ro). Finally, we
establish the strong consistency of Xmax,,1)(t) with an almost optimal rate. All the proofs are
postponed to the final section.

2. The general framework
2.1. Assumptions

Let X = {X(¢),t € [0, 1]} be a real measurable Gaussian process, defined on the probability
space ({2, A, P). We will say that X € H(rg, Bp) if it fulfills the following assumptions.

Assumption 2.1. (A2.1)

(i) X has continuous derivatives in quadratic mean up to order ryp, ro € Np, denoted by
xO, . x0o),

(i) E (X0 (s) — X0 (1))* < A2 [s — 1?0, (s, 1) € [0, 112, with By € [0, 1], ro + B > O
and A; > 0.

(i) On [0,11% \ {s = 1}, KUotLrotD(s 1) exists and satisfies for some A, > O,
|K(ro+l,ro+l)(s’ t)| <Ayls — t|—(2—2ﬁo).

, % )2 2 ((b=n=a) >0

(V) E (X(t) = Xap(®))” > A2 (T) .t €la,b,0 < a < b < 1, where

Ya,b(t) =E (X(#)/X(s),s € [0,a]U[b, 1]) and A3 > 0 does not depend on the values a
and b.
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Let us give some precision concerning Assumption 2.1. Under A2.1(i), (ii), the process is said
to satisfy a mean square Holder condition of order (rg, Bp); this allows us to give upper bounds
for approximation. Recall that A2.1(i) implies in particular that the covariance kernel K (s, ) =
Cov (X (s), X (1)) is also continuously differentiable with K ") (s, 1) = Cov (X" (s), X (1)),
r=0,...,rp. Using A2.1(i), (ii), one obtains also that the mean function w(¢) := E X (¢) is ro-
times continuously differentiable with E X" () = 1" (r) and that 10 (¢) is Holder continuous
with order B and constant Aj. A2.1(iii) is due to [9] (with ryp = 0); let us notice that existence of
K (otLrotD (g ) is not required, and in fact it is not wanted since then the process would have
(ro + 1) derivatives in quadratic mean. A2.1(iv) was introduced by Plaskota et al. [17] with a
large variety of examples that we present and develop below. This technical condition is involved
in lower bounds of approximation.

Finally, our aim is to estimate the maximal r (denoted by rp) such that one has X € H(r, Bo).
That’s why we have excluded, in condition A2.1(ii), the case Sy = 1 to avoid any possible
problem of identifiability.

Example 1 (ro-Fold-Integrated Fractional Brownian Motion). Let us define X by

t Srg Srg—1 52
X(t):f / f f Wpg,(s1) dsy dsy - - - dsy,,
0 JO 0 0

so that X0 = Wgo 0 < Bo < 1, where (Wg, (1), € R™) is a fractional standard
Brownian motion. X is a zero-mean Gaussian process with covariance function K (r0.70) (5, 1) =
3 (s%0 2P0 — |s — ¢|2P0) Tt is shown in [17] that X fulfills conditions A2.1(ii), (iv). Moreover,
since one has E (X0 (t 4+ 1) — X0 (1)) = |z|*#0, condition A2.1(iii) is also satisfied (see [9]).
Finally note that 8o = 1/2 yields the ry-fold-integrated standard Brownian motion and, in this
case, one gets [17] that A% =1/(2ro + D(roh?).

Example 2 (Sacks—Ylvisaker (SY) Conditions). We take SY conditions of order rg as stated
in [19, p. 68] in the case of a zero-mean process (excluding in particular stationary processes for
ro > 1). Assumptions A2.1 are then satisfied with By = 1/2 and A3 = 2rg+ 1)~ (1 +c)rg) 2
where c is a positive constant depending only on the covariance kernel K. We refer the reader
to [17] and results of [20] for details.

Example 3 (Stationary Processes with Spectral Density ¢). Suppose that ¢ satisfies both for u
large enough, ¢ (1) < c| Iul’z” withc; > 0,y > 1/2, and for every real u, ¢(u) > co(1 +u)v
with ¢g > 0; then results of [17] imply that for y — % ¢ N the conditions A2.1(ii), (iv) are

fulfilled with ro = [y — %] and o = y — % — ro. Next, we strengthen the first condition via

|g0(u) - |u|’27’| < ¢ lu|72*+D with ¢; > 0,y > 1/2 and u large enough. In this case, from
K (o) (g, 1) = ffooo u?0etS=D4 () du and by adapting the proof of [9] to the case rg > 1, we
obtain the required condition A2.1(iii). For instance, one has K (s, t) = (20)~1 exp(—0 |s —t|)
and ¢(u) = (271)’1 (62 4+ u?)~! for an Ornstein—Uhlenbeck (OU) process, which implies in turn
thaty = 1,79 =0and o = 1/2.

Example 4 (ro-Fold-Integrated Stationary Processes). Let Y = {Y;,t € [0, 1]} be a zero-
mean stationary Gaussian process with covariance po(|t — s|). Lasinger [12] establishes that
stationarity should be preserved under ro-fold integration of Y, if pg is either linear: po(¢) =
1 — At (0 < A < 2) or exponential: po(t) = (20)~! exp(—6 |t]) (6 > 0). Then, the same
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methodology as in Example 2 (using Lemma IV.4 of [19, p. 73]) yields that X (with X0 = Y)
satisfies condition A2.1(iv) with Sy = 1/2 in both cases. Note that conditions A2.1(ii), (iii) are
stated on K "0:70) (5, 1) = po(ls — t]) and consequently are easily checked. Finally, the linear case
occurs for example when X (0)(£) = W(r + 1) — W (r) whereas the exponential one corresponds
to the OU process (see Example 3).

Example 5 (Non-Centered Case). Suppose that the zero-mean process X satisfies Assumptions
A2.1; this is also clearly the case for the non-centered process Z(t) = X(¢) + () as soon as
10 is well defined and Hélder continuous with order fo.

2.2. The sampling scheme

We consider a regular sequence design, which means that we suppose that X is observed at
instants 0 = ug, < u1p < -+ < Uy, = 1 satisfying

Uin

Y(t)dt = i
n

for a positive and continuous density function i on [0, 1]. Clearly, one gets the equidistant
scheme with the choice ¥ = 1 but also points might be irregularly located. From a practical
point of view, this flexibility may allow us to recognize inhomogeneities in the process (e.g. the
presence of peaks in environmental pollution monitoring; see [8] and references therein) or else
to describe situations where data are collected at equidistant times but become irregularly spaced
after some screening (see for example the Wolfcamp aquifer data in [5]).

For j > i, one easily gets that

j—1i j—i
SUjp—Uip M2

m 2.1
where m1 = (sup,¢po 1 v()~ ! and my = (inf;¢f0,1 ¥ (1))~ are constants independent of 7, j
and n.

Half of the knots (denoted by ¢;,) will be used for the interpolation problem while the
remaining ones will be reserved for the estimation problem (namely to evaluate the quality of

the approximations performed). More precisely, we set p, = [loga (n)] = |Ilnln---Inn | (for
atimes
some a > 2 such that p,, > 1) and foreachr =1, ..., p,, we consider
~ n
=|— 2.2
nr |:2r ] (2.2)

piecewise polynomials of degree (at most) r, where [x] denotes the integer part of x. Next, we
set

tin=uzjn, Jj=0,...,rn, (2.3)
and

fin=u2jt1n, Jj=0,....r0 — 1 (2.4)
Remark that (2.1)—(2.4) induce the straightforward properties

2 . 2 .
W < tj,n — ti,n < w (25)
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for j > i,and tj, €ltjn, tj41,0[C [t[{]r,n’ t([{]+1)r,n] with

max(tj+l,n - fj,nv t_j,n - tj,n) = % (2.6)
min(fj 1,0, — Ej,na t_j,n —tin) = % 2.7

3. Main results
For all s € [0,1] and each r € {1,..., p,}, there exist = 0,...,n, — 1 such that
s € Iy = [tkrns tk+1yr,n]. One may approximate X (s) by X,(s), the unique polynomial of
degree (at most) r which interpolates X (s) at the (» 4+ 1) knots: tx,4; »,i =0, ..., r, and defined

by

,
Xr(s) =D Likr ()X (thrin)-
i=0

where L; . r(s) is the Lagrange interpolator polynomial given by

(s = tkr+j,n)

,
Ll’k’r(S) !:! (tkr+i,n - tkr+j,n) .

J#i
These polynomials present several advantages: they are easy to build and to implement, they
give sharp upper bounds for approximation (see Proposition 3.1 and the following remarks).
Moreover conversely to Hermite polynomials, they do not require observation of derivatives of
the process X.

3.1. Upper and lower bounds for the error of interpolation
Using properties of reproducing kernel Hilbert spaces, Plaskota et al. [17] give error estimates
for piecewise Lagrange interpolation of order » > r( for equidistant knots. Concerning the

regular case, we obtain the following result.

Proposition 3.1. Under conditions A2.1(i), (ii), we obtain

~ 2 _ * *
sup E (X(s) = X, ()" < C(r, pyn 2"+, 3.1
5€[0,1]
with r* = min(r, rg), B* = “30 Zi: - iorof’l_ "and C\(r, Bo) is a positive constant.

Remark 3.1. (1) Since our upper bounds only involve the covariance kernel of the process X,
they hold also for non-Gaussian processes satisfying conditions A2.1(i), (ii). As a by-product,
one has also

sup [E (X(s) = X,(9))| < Ci(r, Boyn™ "+, (3.2)
s€[0,1]

(2) Forr > r, the rate of L?-approximation is of order n =080 This rate appears to be optimal
in some sense for the Holder class H(rg, Bo); see [23].

Now, let us turn to a lower bound of approximation at points #; ,,; see (2.4).
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Proposition 3.2. Let us assume condition A2.1(iv). Then for r = 1,...,r0 + 1 and k =
0,...,rn, — 1 we have

_ ~ _ B
E (X (f.n) — Xr(fkn))” = C3(ro, o) n =20 F0),
where Ca(ro, Bo) is a positive constant.

Note that a similar result for fol E (X (s) — AX(s))? ds is obtained in [17] for any algorithm
A using n knots.

3.2. Estimation of the parameter rq

Proposition 3.1 underlines that the error of interpolation decreases as the degree r of Lagrange
polynomials increases, but stabilizes as soon as r exceeds rg. Taking into account this property,
we define

riy—1
Fpn=mini{ref{l,...,py}: — Z (X(t_k,n) — ir(t_k,n))2 > n_zrhn} -1
rny =
where 71, is given by (2.2). If the above set is empty, we fix 7, = Iy for an arbitrary value
lo & No. Here, the threshold s, — oo is supposed to satisfy both conditions n*#0~2h, — 0
and nzﬂohn — 00, for all By € [0, 1[. For example, an omnibus choice is given by h;, = Inn.
Furthermore, note that if an upper bound B is known for r¢, one can choose p, = B + 1 in the
definition of 7;,.

We now present the main result of our paper, namely an exponential upper bound for the
probability of the event {7, # rg}.

Theorem 3.1. Let us assume Hypotheses A2.1. Then
P@r, # ro) = O (exp (—C3(ro, Bo) ¢n(B0)))

for some positive constant C3(rg, Bo) and where

1
(Pn(,BO) =n <]I[0,1/2[(,30) + mﬂ{lﬂ}(ﬂo) + nl_zﬁoﬂ]l/z,l[(ﬂo)) . (3.3)

Remark 3.2. (1) Note that a more explicit bound is established during the proof; see relations
(4.10) and (4.19). Furthermore, under the more restrictive Baxter’s condition [1]: on [0, 1]? \
{s = 1}, KCotLrotD (s 1) exists and it is bounded (e.g. processes satisfying SY conditions of
order rg), the special case By = 1/2 disappears: ¢, (o) = n Ijo,1/21(Bo) +n22k L1/2,11(Bo)-

(2) The rate of convergence is exponential but it is a decreasing function of By: as expected, the
case fp = 1 turns out to be degenerate.

Finally, Theorem 3.1 allows us to study the pointwise almost sure convergence of X max@,, 1) (5)
toward X (s).

Theorem 3.2. Under Assumptions A2.1, we obtain the following results:

(1) 7, = ro almost surely for n large enough;
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@ii) for all s € [0, 1], one gets that almost surely,

) n(ro+Bo)
lim sup

n—oo A/ Inn

Regarding this last result, the rate of convergence is, up to a logarithmic term, the same as
the one obtained in the case ‘ro known’; see Proposition 3.1. Finally note that the asymptotic
constant is also of the same order since an examination of the proof gives the constant
V2 C(max(1, ro), Bo), with C1(r, Bo) introduced in Proposition 3.1.

‘X(S) — imax rn,l)(s)} < +oo.

4. Auxiliary results and proofs
4.1. Auxiliary results

For further results, we express the function

Cy(s1,52) = Cov (X (s1) — X (s1), X (52) — X, (52)) 4.1

with » > 1, in terms of the covariance K (s1, s3) and its partial derivatives for (s, s2) € Zx X Zy
for some (k, £) € {0, ..., 7, — 1}2. Throughout the section, we abbreviate the notation ¢; , to ¢;
for the sake of simplicity.

Lemma 4.1. Suppose that condition A2.1(i) holds and let r* = min(ro, r) be such that r* > 1.
Then for (s1, s2) € Iy X Iy one has

a Likr(s1)Ljer(s2) * o
Crsr,o) = ) ((r*l_ {)f)z (tr+i — )" (ter+j — tor)

i,j=0
x f/ (A =v)1 —w) "R, w)dvdw
[0,112

where
R, w) = K" (1 + (51 — tir)v, ter + (52 — 1) w)
— K" (1, + (51 = i), tor 4 (tergj — ter)w)
— K" (b1 + (thri — o)V, ter + (52 — tr)W)
+ K W+ (trrgi = )V, ter + (e j — te)w). 42)
In addition,

Li . r(s1)

e = yr e )

E (X(s1) = X, (s0) =)

i=0

x / (=" (1 + 61 = 1)) = 111y + (i = 1e)0)) o
[0,1]

Remark 4.1. In the case rp = 0 and r > 1, one easily obtains

,
Cr(s1.52) = Y Likr(sD)Ljer(s2) x {K(s1,52) — K(s1. tery j)
i,j=0
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—K (tr4is 52) + K (i tor4 ) } (4.3)
~ r
E (X(s1) = X, (s1)) = Y Likr(s1) ((s1) = pa(tir i) (44)
i=0
using uniqueness of Lagrange polynomials which implies Y :_j Ljxr(s1) = Z;:O Lijgr

(s2) =L

Proof of Lemma 4.1. Since the second result follows directly using similar arguments, we
only prove the expansion of the covariance function. Recall that condition A2.1(i) holds iff
K e C"0"([0, 11%); in other words, K has continuous partial derivatives K "™ on [0, 1] for
all integers p, m < rg. From (4.3), we apply a Taylor series expansion (with integral remainder)
of order r* = min(r, rg):

rc—1
(51— tr)?
K(si,50) = ) —,rK(p’O)(tkr,Sz)
p=0 p:

1 r*
— 1 * *
+ (“—"’)(1 —0)" KO+ (51— t)v, 52) do,
o @F*—=1!

but one has also

r*—1
(s2 — te)"
KPO (. 50) = Y TrK(p’m)(tk“ fer)
m=0 :

1 r
—t * *
+/ M(l _ w)r —IK([’J' )(tkrv tﬁ}’ + (S2 - t@r)w) dw
0

r —1)!
and
*.0) 2= 1" em)
K'Y Pty + (51 — trr)v, 52) = Z K e + (51— )V, 1)
m!
m=0
52— tor) * * p
/ (52 _63' —w)" K (1 4 (51— tr), T + (52 — te)w) dw.

Now similar expansions hold for K(si, ter4 ), K(tkr4i,$2) and K (#gr4i, ter4j). This yields:
C,(s1,82) = T1 + T» 4+ T3 + T4 with the T; respectively defined by

r¥—1 (p.m) r
K" (ks 14r)
Ti= Y ———" " Likr(s)Ljer(s2) {(s1 = tir)? (52 — te)"
p,m=0 p!m! i,j=0

— (51 = )P (orgj — te)™ — (tkrgi — k)P (52 — te)™
+ (tkr+i — )P (ot j — )"}

l r L r
T, = Z - Lit, (“) 10D ()P (i — 107

e 01] 0 - D!p!
x / (=) o2 = 100 K P st + (52 = 7))
0

— (tersj — ter)" KPP (b, tr + (torsj — tlr)w)} dw
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r =1 r
Likr(s1)Lj.e.r(s2)
= ) r* — 1)m! {2 =)™ = Cterej = ter)"}
m=01i,j=0
1
X/ (= U)r B {(sl N tkr)r K(r ’m)(tkr + (51— frr )V, ter)
0

— (tkr+i — tkr)r K(r ) (ter + (krti — ter) v, tEr)} dv,

r
Likr(s1)Ljer(s2) /f *_1 *_1
Ty = = s X 1—v) 1—w)"
4 E Y [0’]]2( ) ( )

i,j=0

x {51 = 1) 52 = 1) KOty + (51 = 10t + (52 = 1))

— (51 = 1) (tortj — 1er) KTt + (51— 1), tr + (tersj — Ler) W)
— (thrsi — )" (52— 16)” K7 (thr + (hrgi — )V, ter + (52 — 1))
+ (i — 1) (orrj — )" KTty + (i — i)V, 10

+ ergj — tzr)w)} dvdw.

Now, one may easily obtain 71 = 7, = T3 = 0. Let us consider for example the term
Z?:o Likr(s1)(tkrei — ter)? in Ty (with p = 0, ..., r* — 1 < r — 1); it corresponds to the
unique polynomial of degree at most r which interpolates a function taking values (¢, +; — txr)?
at points fy,4; for i = 0,...,r. A candidate is the polynomial (x — #,)?, so by uniqueness,
Yico Lise,r (S (thrti — k)P = (51 — tiy)P. In the same way, 37 Lj ¢, (52) (ter+j — te)" =
(s2 — ter)™.

Still using the Lagrange polynomial properties, one may write 74 as

T — Xr: Lijr (DL jor(82)tkrsi — tir) WCortj — ter)”
T 2 — D2

i,j=0
x// (1 =v)1 —w)) "R, w)dvdw
[0,1]2

with R given by (4.2). U

To establish Theorem 3.1, we need also the following proposition concerning C(-, -) defined
in (4.1).

Proposition 4.1. Let us assume conditions A2.1(i)—(iii); for some positive constant C4(r, Boy)
andanyr € {1, ...,ry + 1}, one obtains that

ri,—1

max Z | Cr(fk.n» l‘_e,n)|
=0

O<k<rn,—1

- @rD ifr=1,...,r0—1,
—2(ro+Po) if r =
n ifr=ro,ro+1and 0 < By < 1/2,
e 4.5
< Cu(r, Bo) n= @D nm) ifr=ro,ro+ Land Bo = 1/2, *)
- 2ro+D) ifr=ro,ro+land 1/2 < By < 1.

Remark 4.2. 1. Let us notice that, if 7o = 0 (resp. ro = 1) only the three last cases subsist for
r=1(esp.r =1,2).
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2. Under Baxter’s condition, see Remark 3.2(1), one obtains a similar bound but without the
logarithmic term in the case Sy = 1/2.

Proof of Proposition 4.1. (a) Case where r =ry (ro > 1) orr =ro + 1.
Setting s1 = fx, and 52 = f; , in Eq. (4.1), so that (s1, s2) € Zp, X I, with p; = [k/r] and
= [£/r], we write

rity—1 iy —1 iy —1

max Z | Cr (s Ten)| = L Z Z | C (it

0<k<rn,—1
\pz p1|>2 Ipz P1\<1

and in fact such decomposition is compulsory as condition A2.1(iii) cannot be used on the
diagonal of [0, 172. Let us first consider the case | p2 — p1l = 2: using Lemma 4.1, one arrives at

roor - -
- - L; P1 r (T n)Lj D2 r(ten) 7 7
(Cr(tk,na t(,n) = ZZ ((ro — 1)')2 (tp1r+i - tplr) O(tp2r+j - tpzr) 0
i=0 j=0 0 ’

1 1
x/ / 1—=v)° 11 = w)* 'R, w) dvdw (4.6)
0o JO
with
R, w) = K (r0:r0) (tplr + (t_k,n - tplr)v’ tpor + (t_é,n - tpzr)w)
— K oro) (tplr + (fk,n - tplr)vv Ipyr + (tp2r+j - tpgr)w)
— K roro) (tplr + (Upyrti — tpir )V, Ipyr + (ten — tpzr)w)
+ K (ro-r0) (tplr + (tp1r+i - tplr)v, tpyr + (tp2r+j - tpzr)w) 4.7
which can be rewritten as
tp2r+(fé,n_tpzr)w t17|r+([k,n_lp1r)v
R(v, w) = / f Koot D G uo)duy | dus.
t1’2r+(t!’2"+.f_tﬂzr)w tp1r+(tplr+i_tplr)v

Next for all (v, w) € [0, 11> and (i, j) € {0, ..., r}?, one gets the following bound:
[R(v, w)| < Az/ / lur — ua| 2P duyduy

as soon as condition A2.1(iii) is satisfied since |p> — p1| > 2 implies that Z,, x Z,, does not
contain the diagonal. From the lower bound of (2.5), one has

lur — uzl > 2my (Ip2 — p1l = Hn~!
so that
IR, w)| <c (Ipa— p1| — 1)217F0) p=2h

where, here and throughout the following, ¢ denotes a generic positive constant (independent
of n, p1, p2) whose value may vary from line to line. Now, one may bound L; ,, ,(s1)
independently from i, py, s; and n:

-
|Li,p1,r(51)| = l_[

j=0
J#i

51— tpirj) | _ tpr+Dr ~ Ipir

(4.8)

pyr+i — tprai) |~ mil}f](tplr—&-i—&-l — Ipyr+i)

=
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where ¢ only depends on m 1, m> by relation (2.5). This yields

riy—1

max Z | Cr (tns o) |

0<k<rn,—1

=0
[p2—p1]22
ny—1
Sen 20T max Y (pa—pil = DT
P1=Y,..., np— Pa=0
[p2—py]22

ny
< on=200+h0) § j—20—F0)
2
which implies in turn the successive bounds n=200+bo) if 0 < Bo < 1/2, n~Cro+h) In(n) if
Bo=1/2and n= @0tV if 1/2 < By < 1.
Consider now the case py € {p1 — 1, p1, p1 + 1}. For each of the four terms of (4.7), we add
and remove additional terms of the form 0 (x;), K 7070 (x;, x;) (with adequate x;) so that we
can use condition A2.1(ii) rewritten as

‘L(””’O) (x1, x1) + LU0 (x5, x9) — 2L070 (xy xg)( < Aflxy —xi[*Po, (4.9)
where L7070 (x1, x7) == K 7070 (x1, x2) 4+ 0 (x1) "0 (x2), together with
[ () = 10 )| = [BX) () = BX ()| = Ay b — 1[0

Next, L; p, () is bounded by c r", see Eq. (4.8), so one gets

riy—1

o Z | Cr(fk,n, t_e’n)| = Cn_2’0 (2A% max (|t(171+1)r - lpzr|2/30 5

0<k<rn,—1 =

lPa=pil<1
260 2 Bo Bo
[tprt1yr = Tprr| ) + AT [tprt1r = tpor [ [tprt0r = Tp1r| ) :

From (2.5), it is easy to see that this last term is at most of the same order, i.e. ¢ n=2"07A0) a5
the previous one.

(b)Caser =1,...,rg— 1 (rg = 2).

Using the relations (4.6) and (4.7) with r¢ replaced by », one may proceed as in the case
|p> — p1| = 2 since under condition A2.1(i), K" +1"+D exists on [0, 1]> and is a continuous
and bounded function, so one may work with the special value 8o = 1. In this way, we obtain
easily the bound ¢ n~ D,

4.2. Proof of Proposition 3.1

One may write

sp E (X(5) = %,(5)" = _max swp (Cr(s,9) + EX(5) ~EX,(9))?).

s€[0,1] =0,....n,—1 SE[ter tk+1)r]

(i) For ro = 0 and r > 1, the relations (2.5), (4.3), (4.4), (4.8) and (4.9) (s = x1 = x2, k = {)
yield the required result (3.1), namely with r* = 0 and 8* = fo.
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(ii) For r* = ry (r = rop > 1), we apply results of Lemma 4.1 with the choices s; = s, = s and
k=1¢:

¥ 2 a Li,k,r(S)Lj,k,r(S) o r L 7
E (X(s) = X,(5) _,-,,Z=o—<<ro—1>’>2 (ki = k)" (g j — 1)

x / / (1= )1 =)™ LOO @ s = 1), 117+ (5 = t)w)
[0,112

— LU (1 + (5 = i)V, thr + (thrgj — ter)W)

— L (1, + (ki — tir )V, B + (5 = frr)w)

F L (1 + (i — 1)V, + (i — t)w) ) doduw,

Next, the result follows obviously from (4.9), by adding and removing additional terms of
the form L0-70) (x;, x;).

(iii) Finally if r* =r (1 <r <r9 — 1 and ry > 2), one may write

~ 2 "~ Likr(S)Ljkr(s)
E (X - X, < _—
( © (S)) : i,]2=:() ((r — HH2

Ty x Ty

where LOH17+D (. ) is a bounded function. Details are left to the reader.

kr+i = ter) (tkrtj — tr)
(t ter) (8 ter)

LD (g, ua)| duydug

4.3. Proof of Proposition 3.2

Using condition A2.1(iv) with a = #; and b = 441, we obtain

- 5 - 2 - - - 2
E (X(tk,n) - Xr(tk,n)) >E (X(tk,n) - th,fk+] (tk,n))
> C3(ro, foyn =20+

with the help of (2.5)—(2.7).
4.4. Proof of Theorem 3.1

We study P(r,, # ro) for n sufficiently large to ensure that rg € {0, ..., pu}.
Let us define

2r nr—1

Bu(r) = {';—r 3 (XGn) = Xrien) =

k=0
One gets
(i) if ro = 0, {7 = 0} = B, (1),
(i) if ro = 1, {Fa = ro} = ('2; (Bu(r)°) N Ba(ro + 1)
so that

N [ Ba(1)F if ro = 0,
{rn # ro} = {Bn(l) U---UBu(ro) U By(ro + D ifrg > 1.
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Next for all 9 > 0,

P, # ro) < Ti,n(ro, Bo) + 12,0 (ro, Bo), (4.10)
where T}, (0, Bo). Ta.n (1o, o) are defined by Ts., (0, o) := 0 and

Ty (70, Bo) =P (Bu(ro + 1)) (@.11)

T (70, o) = gl P(B.(), o> 1. “.12)

Finally the result follows immediately from the following lemma (whose proof is given in the
following Section 4.5).

Lemma 4.2. Assume A2.1. In addition if n2bo=2p, — 0and n®foh, — +o0, forall By € [0, 1],
then for n large enough

11,4 (ro, Bo) + 12,4 (ro, Bo) < Cs(ro) exp (—Ce(ro, Bo)en(Bo))

with ¢, (Bo) defined in Eq. (3.3) and positive constants Cs(rg), Ce(ro, Bo)-
4.5. Proof of Lemma 4.2

Let us introduce the quantity

Zir = o (X ) = X () - (4.13)

(1) Study of the term Ty ,(ro, Bo).
From (4.11) and setting k = rg + 1, one can write

Kt —1 K —1 Kne—1
T1.n(ro. Bo) = IP( > 7z, < hn) =P (E ( > zﬁ) - 7. > m(n)) ,
J=0 Jj=0 Jj=0
where 11 ,(n) =E (Z';i”o_l Z?’K) — hy,. Using Propositions 3.1 and 3.2, we can deduce that

M 1) € [Cro, om0 — by, Coerg + 1, oyn® 140 — |

Now for A, such that ,n =280 — ( for all Bo € [0, 1[, one gets that 1y . (n) is positive for n
large enough and 7 . (n) — oo with same order as n>(!=#0), Now, one may write

KT —1 K —1
Y (2 -EZ )| = | X |Zin — B2 ~E@Zju ~EZ0%)
j=0 Jj=0

+ {2(EZj) (Zjx —EZj0)

3

so that

d

ke —1

2 2
Z(:) (ZM - EZJ-,K>
]:

> 771,/«(”)) =S+ (4.14)
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with
! N1k ()
Si :=1@>( > (Zj«—EZj)* —E(Zj« —EZj,0)*| > T) (4.15)
j=0
! )
Sy =P Z (EZj)(Zjw —EZjo)| = v . (4.16)
j=0

(a) Study of the term Sy

We consider an ortho-Gaussian basis {Y;}, ¥; i.i.d. with distribution A/ (0, 1), of the subspace
of L2 spanned by {Z; « — EZ;j ,}j=0,... «7i,—1- Let denote the size of the basis by d,,. Then we
canwrite Zj, —EZj, = Z?L] Cov (Zj,,(, Y,) Y, = Z?i] bjiY;i.

Next, if ¥ = (Y1, ..., Y4,) ", we obtain
Knge—1 dy,
Y (Zjw—EZj =) ai¥e=Y'CY
j=0 k=1

with ¢ ¢ = Z;":”O_l Cov (Zjx, Yi)Cov(Zj«,Ye) so that C = BT B. Let us define C =
(ck g)kz Looidy and B = (bu)k:O ’’’’’ Cie—10=1.... . The matrix C is real, symmetric and
positive semidefinite, so there exists an orthogonal matrix P such that diag(A1, ..., Aq,) =
PTCP, where the quantities A; are the eigenvalues of the matrix C. Then we can transform
the quadratic form

Kﬁ,(fl dn

2 Tyy2
Y (Zju—EZj)* =) 1j(PTY)]
j=0

j=1

where (P TY); denotes the j-th component of the (d, x 1) vector P'Y. As E(PTY)§ =1, we

arrive at
N1,k () (n)
— |

Now, using the exponential bound of [10], one gets

MTRE

2
. c n coni,m c n
S < 26Xp — min 1M1, «(n) 1,k < ZCXp . 771,/(( )
2 max A; Al 4322 _max Ai
,,,,, n 1=1,....dp

for n large enough and with easy calculation. Next, since B B and BB have the same non-zero
eigenvalues, we can write

Kie—1
jmax Ay < max g [E (Zjse = E(Zu0) (Zea = E(Ze.0))|
2K ki —1

= . max Z |(C (t]lcatilc)|

Kn,( 0<j<kme—1
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with C, (-, -) defined in (4.1). By Proposition 4.1, one obtains

n'= if0 < By < 1/2,
max A; <cqlnn if Bo = 1/2,

i=1,....dy, 1 if1/2 < By <1
so that
S1 < 2exp (- Ul >
= n1=260T 0, <12 + (Inm)gy=1/2) + {1 /2<p0<1)

Therefore, recalling 0y (1) n>1=P0) one gets for all n large enough that

S1 = 2exp (—c@a(Bo)) (4.17)

with ¢, (Bp) given in (3.3). Note that by Remark 4.2, the logarithmic term disappears if Baxter’s
condition is fulfilled.

(b) Study of the term S,
Let us recall the following well-known lemma:

Lemma4.3. If Y ~ N(0,02), 0 > 0, then forall ¢ > 0,
82
P(Y|=¢)<?2 —— .
(Y[ =e) < e><p< 202)

Since X is a Gaussian process, ZK"" ! (E Zj,,{) (Zj« —EZj,) with Z; , defined in (4.13) is
a zero-mean Gaussian random varlable Therefore, one may apply Lemma 4.3 to the term Sy,
defined in (4.16), and get

2
N1 ()
52 = 2exp <‘§27> :
n
where 62 = Var (ZK"" (EZjx)(Zj«—E Zj,,()). Moreover, using results (3.2) and (4.5),

one may obtain successively

Kne—1
oy = D (BZjx) (EZek) Cov (Zjs Ze)
Jj. =0

IA

2 Kie—1
(KﬁK)(j_Om?}(&_ |EZj,,(|> i max Z |Cov (Zjx. Zek)|

< en207P0) [”I_Zﬂoﬂ{oiﬁodﬂ} + (Inn)Iigy=1/2} +H{1/2<50<1}]'

Finally, for n large enough and using the order of 11 . (n), we get

S = 2exp (—c ¢n(Bo)) (4.18)

with ¢, (Bo) given by (3.3). In conclusion, by collecting results from (4.14)—(4.18), for n large
enough, we arrive at

11, (ro, Bo) < 4exp (=C7(ro, Bo)en(Bo))

for all &, such that n2f0=2p, — 0 and for some positive constant C7(rg, Bo).-
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(i1) Study of the term Ty ,, (ro, Po)-
Recall that this term, defined in Eq. (4.12), occurs only when ry > 1. For Z; ; defined in Eq.
(4.13), one has for n,,(n) = hy, — 2720_] E 72

J.r’

70 riy—1
Ta.n(ro, o) = Y P ( > (Z?,r - Ezjz',r) > nz,r(n)> ,
r=1

Jj=0

e Suppose that 7 = ry. Propositions 3.1 and 3.2 lead to 12 ,,(n) € [h, — C]Z(ro, ,Bo)n’zﬁo, h, —
C%(ro, ﬁo)n’zﬁo]. Now for A, such that h,n%f0 — 400 for all Bo € [0, 1, one gets that
1n2,r, () is positive for n large enough and 1 ;,(n) — +oo with the same order as 4,,. Now
using the same bounding method as in part (i), with 7y , (n) replaced by 12 ,,(n), we obtain
that

roﬁro -1

Bl Y (23, —EZ,) = mnm | < 2exp(—chin™g,(f0))
=0

+2exp (—c hgn“ﬂoq)n (,30))

for n large enough and ¢, (Bp) given in Eq. (3.3).
e Suppose that r = 1,...,r9 — 1 (and hence r9 > 2). Propositions 3.1 and 3.2 imply that
M2,r(n) € [hn — C3(r, Bo)n ™2, hy — C3(ro, Bo)n 20" TF0)] and we get for n large enough

iy —1
P ( Z (Z?’r - EZJZ.J> > ’72,r(”)> < 2exp (—c hnnz) + 2 exp (—c hﬁn“) .

j=0

e Collecting these results, one obtains
T2.n(r0. o) =< 4roexp (=Cs(ro. fo)hun*® g, (B0))

for all &, such that n?#0h,, — 400 and for some positive constant Cg(ro, Bo)-
Finally, for n large enough, we conclude that

Ty 1 (ro, Bo) + T2 u(ro, Bo) < 4exp (—=C7(ro, Bo)en(Bo))
+4rgexp (—Cs(ro, ,BO)hnn2ﬁ0§0n(.30)>- 4.19)

4.6. Proof of Theorem 3.2
(i) Clear from Theorem 3.1 and the Borel-Cantelli lemma.
(ii) If 7, = max(7,, 1), one may write
P(|X(s) — Xz, (5)| = &)
=P (|X(s) — X5,()| = &0, T =10) + P(|X(s) — X7,(s)| = &n. 70 # 10)
<P (|X () = X55(9)| = €n) + P G # ro) (4.20)
where we have set 7y = max(rp, 1). Now since

|X(5) = Xi (5)| < |X(5) = X (5) — E(X(5) — X5 ()| + |E (X (s) — X5 (5))

’
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we get
P (X (s) = X75(5)| = £a) < P(|X(5) = X75(5) = E(X(s) — X5(5))]
> &y — |[E(X(s) — X5(5))]) -

The choice &, = n+/Innn~0F0) and (3.2) yield
en — [E(X(5) = Xz()| = nvInnn=(0Hg,
with o, =00 17. Then, since Var (X(s) — )N(,~0 (s)) < C12(r~0, ﬂo)n_Z(”""ﬁO), one gets
nza,zl Inn
2CTGs. po)

as a consequence of Lemma 4.3. Next, from (4.20) and Theorem 3.1,

ZP<|X(S) - }?7n(s)| z U\/En_(rﬁﬂ‘))) < 00

P(|X(s) — X5 (s)| = e4) < 2exp

for all n > J2cC 1(70, Bo). The Borel-Cantelli lemma implies that, almost surely,

nro+B0) - \/_
limsup ———— |X(s) — X (8| < ~2C1 (70, Bo).
n_)oop Jion | X (s) max(1,7) (8)| < 1(ro, o)
Acknowledgement

The authors thank the anonymous referee for his/her careful reading and helpful comments
that led us to make substantial improvements.

References

[1] G. Baxter, A strong limit theorem for Gaussian processes, Proc. Amer. Math. Soc. 7 (1956) 522-525.
[2] D. Blanke, D. Bosq, Accurate rates of density estimators for continuous time processes, Statist. Probab. Lett. 33 (2)
(1997) 185-191.
[3] D. Blanke, B. Pumo, Optimal sampling for density estimation in continuous time, J. Time Ser. Anal. 24 (1) (2003)
1-24.
[4] J.A. Bucklew, A note on the prediction error for small time lags into the future, IEEE Trans. Inform. Theory 31 (5)
(1985) 677-679.
[5] N.A.C. Cressie, Statistics for Spatial Data, Wiley, New York, 1993.
[6] J. Cuzick, A lower bound for the prediction error of stationary Gaussian processes, Indiana Univ. Math. J. 26 (3)
(1977) 577-584.
[71 S. Ditlevsen, M. Sgrensen, Inference for observations of integrated diffusion processes, Scand. J. Statist. 31 (3)
(2004) 417-429.
[8] R.O. Gilbert, Statistical Methods for Environmental Pollution Monitoring, Van Nostrand-Reinhold, New York,
1987.
[9] E.G. Gladyshev, A new limit theorem for stochastic processes with Gaussian increments, Theory Probab. Applic. 6
(1) (1961) 52-61.
[10] D.L. Hanson, ET. Wright, A bound on tail probabilities for quadratic forms in independent random variables, Ann.
Math. Statist. 42 (3) (1971) 1079-1083.
[11] J.Istas, G. Lang, Quadratic variations and estimation of the local Holder index of a Gaussian process, Ann. Inst. H.
Poincaré Probab. Statist. 33 (4) (1997) 407-436.
[12] R. Lasinger, Integration of covariance kernels and stationarity, Stochastic Process. Appl. 45 (2) (1993) 309-318.



D. Blanke, C. Vial / Stochastic Processes and their Applications 118 (2008) 1852—1869 1869

[13] G. Lindgren, Prediction of level crossings for normal processes containing deterministic components, Adv. Appl.
Probab. 11 (1) (1979) 93-117.

[14] T. Miiller-Gronbach, Optimal designs for approximating the path of a stochastic process, J. Statist. Plann. Inference
49 (3) (1996) 371-385.

[15] T. Miiller-Gronbach, K. Ritter, Uniform reconstruction of Gaussian processes, Stochastic Process. Appl. 69 (1)
(1997) 55-70.

[16] T. Miiller-Gronbach, K. Ritter, Spatial adaption for predicting random functions, Ann. Statist. 26 (6) (1998)
2264-2288.

[17] L. Plaskota, K. Ritter, G. Wasilkowski, Average case complexity of weighted approximation and integration over
R4, J. Complexity 18 (2) (2002) 517-544.

[18] L. Plaskota, K. Ritter, G. Wasilkowski, Optimal designs for weighted approximation and integration of stochastic
processes on [0, co(, J. Complexity 20 (1) (2004) 108-131.

[19] K. Ritter, Average-case Analysis of Numerical Problems, in: Lecture Notes in Mathematics, vol. 1733, Springer,
2000.

[20] K. Ritter, G.W. Wasilkowski, H. Wézniakowski, Multivariate integration and approximation for random fields
satisfying Sacks—Ylvisaker conditions, Ann. Appl. Probab. 5 (2) (1995) 518-540.

[21] O. Seleznjev, Large deviations in the piecewise linear approximation of Gaussian processes with stationary
increments, Adv. in Appl. Probab. 28 (2) (1996) 481-499.

[22] O. Seleznjev, Spline approximation of random processes and design problems, J. Statist. Plann. Inference 84 (1-2)
(2000) 249-262.

[23] O. Seleznjev, A. Buslaev, Best approximation for classes of random processes, Technical Report 13, Univ. Lund
Research Report, 1998, 14 p. http://mech.math.msu.su/"seleznev/bestapp.ps.

[24] M. Skold, O. Hossjer, On the asymptotic variance of the continuous-time kernel density estimator, Statist. Probab.
Lett. 44 (1) (1999) 97-106.


http://mech.math.msu.su/~seleznev/bestapp.ps

	Assessing the number of mean square derivatives of a Gaussian process
	Introduction
	The general framework
	Assumptions
	The sampling scheme

	Main results
	Upper and lower bounds for the error of interpolation
	Estimation of the parameter  r0 

	Auxiliary results and proofs
	Auxiliary results
	Proof of Proposition 3.1
	Proof of Proposition 3.2
	Proof of Theorem 3.1
	Proof of Lemma 4.2
	Proof of Theorem 3.2

	Acknowledgement
	References


