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Abstract

Dilative stability generalizes the property of selfsimilarity for infinitely divisible stochastic processes
by introducing an additional scaling in the convolution exponent. Inspired by results of Igléi (2008), we
will show how dilatively stable processes with independent increments can be represented by integrals
with respect to time-changed Lévy processes. Via a Lamperti-type transformation these representations
are shown to be closely connected to translatively stable processes of Ornstein—Uhlenbeck-type, where
translative stability generalizes the notion of stationarity. The presented results complement corresponding
representations for selfsimilar processes with independent increments known from the literature.
© 2016 Elsevier B.V. All rights reserved.
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1. Introduction

Many processes in physics and other sciences show certain space—time scaling properties
for which the class of self-similar processes provides a natural tool in stochastic modeling. For
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infinitely divisible processes Igldi [6] introduced a more general scaling property called dilative
stability with an additional scaling in the convolution exponent. We denote by W,’f’ ..z, the log-

characteristic function or the Lévy exponent of (X, , ..., X, ) for an infinitely divisible process
X = (Xy)ter, where T is either R or Ry = [0,00) and #1, ..., # € T, i.e. &Dt}l(w”,k ‘R¥ - Cis
the unique continuous function with W,)f’ 0,0, 0) =0and

for all 9y, ..., 6; € R. Following [1], the infinitely divisible process X is called («, §)-dilatively
stable for some parameters o, § € R if

_3 _3
Oy @ 00 =TV (TR0 T ) (1)

holds forall T > 0, k € N, #1,...,tx € T and 6y, ...,6; € R. It is immediately clear that
for § = 0 and ¢ > 0 an (o, §)-dilatively stable process is a-selfsimilar. We remark that the
original definition of Igléi [6] is more restrictive (e.g., the process is assumed to be non-Gaussian
and to possess moments of arbitrary order) but we use the more general approach from [1]. The
class of dilatively stable processes contains some interesting classes of processes that are not
selfsimilar, see [6,1] for details. In particular, additionally assuming weak right-continuity of the
infinitely divisible process X, dilative stability of X is equivalent to the notion of aggregate-
similarity introduced by Kaj [11], see Proposition 1.5 in [1]. From this point of view, dilatively
stable processes naturally appear as the class of limit processes in certain aggregation models
as shown in Theorem 3.1 of [12]. Examples of dilatively stable limit processes in aggregation
schemes appear in [11,19], see Section 3 in [1] for a detailed analysis.

In this paper we will restrict our considerations to additive processes (Xt);eT Which are
defined as in [21] by the following conditions:

(1) The process has independent increments, i.e. forany ty < t; < --- < t, in T the random
variables X, X, — Xy, X1, — X4y, ..., Xy, — X4,_, are independent.

(i1) The process is stochastically continuous, i.e. P{|X; — X;| > ¢} - 0ass — ¢ € T for any
e > 0.

(iii) The process has cadlag paths, i.e. almost surely the mapping ¢ +— X; is right-continuous
with left limits.
(iv) Xo = 0 almost surely.

It is well known that additive selfsimilar processes are closely connected to selfdecomposable
random variables and thus can be represented as integrals with respect to a Lévy process; cf.
Wolfe [23,22], Jurek and Vervaat [8,10] and Sato [20]. In order that the random integrals do
properly exist, the Lévy process necessarily must have a finite logarithmic moment. Certain
extensions of the integral representation for additive operator-selfsimilar and semi-selfsimilar
processes are given in [7,2,15], respectively. Further, the Lamperti transform [14] gives a well
known correspondence between selfsimilar processes and stationary processes. The latter are
stationary Ornstein—Uhlenbeck (OU) processes in case of additive selfsimilar processes and
the integral representation of an additive selfsimilar process is directly related to the integral
representation of the corresponding OU-process.

Our aim is to generalize the above mentioned integral representations and connections for the
larger class of additive dilatively stable processes in Section 2. As already laid out in sections 2.5
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and 2.6 of Igldi [6], these are integrals with respect to certain time-changed Lévy processes.
Since Igléi [6] requires finite moments of arbitrary order, for our less restrictive definition (1) of
dilative stability we are particularly interested in deriving appropriate moment conditions for the
driving Lévy processes. In case o« = §/2 it will turn out that there is also a connection to additive
quasi-selfsimilar processes introduced by Maejima and Ueda [17]; see Remark 2.6.

A certain generalization of the Lamperti transform directly relates dilatively stable processes
to so-called translatively stable processes. The definition of the latter processes also goes back
to Igléi [6] and is directly connected to processes which are infinitely divisible in time and to
time-stable processes as introduced by Mansuy [ 18], respectively Kopp and Molchanov [13]. We
will lay out this connection in Section 3 and, inspired by Igléi [6], we will further show how our
integral representation of additive dilatively stable processes from Section 2 is related to certain
translatively stable processes of OU-type via a Lamperti-type transformation.

2. Random integral representation

We use the following construction of random integrals as almost surely pathwise limits of
Riemann-Stieltjes sums which goes back to Wolfe [23,22] or Jurek and Vervaat [8,10], cf.
also Lemma 2.1 in [2]. Let Y = (¥;);eT be an additive process on R and let A : T — R be

continuously differentiable. Then for any a < b < 0o and any sequence of partitions a = té") <

sY’) < tf") < sé”) <.oo< s 4™ — b of [a, b] C T with maxlfjf,,(t](.”) - tﬁn_)l) — 0 as

n — oo we have

n

b
Z(A(tj(."))—A(tl(.”_)l)) Yo — / A ()Y, dt  almost surely,
j=1 ' ! a

where the integral exists pathwise as a Riemann integral and the exceptional nullset does not
depend on the particular choice of partitions. Now we are able to define a random integral by
formal integration by parts

b b
/ A)dY, = A(b)Y) — A(a)Y, —f A (DY, dt )

a

and this random integral can be pathwise approximated by Riemann—Stieltjes sums

n b
ZA(IJ("))(YS(”’ - YS(.n)) — / A(t)dY; almost surely,
j=0 ! ¢

j+1
where we define s(()") ‘= a and sr(ln) | = b. In this context the additive process Y is called the
background driving process. We will frequently make use of the following change of variables
formula which is an easy consequence of the random integral construction. For a continuous
non-increasing or non-decreasing function y : T — R and [a, b] € T we have

y ()

b
/ Aly@)d Yy — Yy@) = f( : A(t)dYy,
a y(a

where in case y (b) < y (a) the random integral on the right-hand side is defined by

d c
/ A)dY; = —/ A(@)dY; foranyc,d e T.
c d
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Our background driving process Y itself will be defined by random integrals of the following
kind.

Lemma 2.1. Let X = (X;);>0 be an additive process. Then the process Y = (Y;);cRr given by
et
¢! / u e t2qx,, fort >0
Y, = / u et 2gx, =11 3)
! u—et2qx, fort <0

ei
is again additive.
Proof. By the definition of the random integral, (Y;);cr has independent increments because

(X1)r=0 has and its paths are almost surely cadlag functions. Of course Y (0) = 0. It remains to
check that (Y;);cR is stochastically continuous. For s, € R we have

et
Y, — Y, =e 1@y _oms@ Dy 4 / (@ —8/2)u" @21 x du,
E.S‘

where e 1@ =8/2 X, —e=5@=8/2) X« — 0 in probability as s — 1, since (X;)0 is stochastically
continuous, and the integral converges to zero almost surely as s — ¢, since the integrand is
almost surely bounded on compact sets; see [9, p. 114].

This directly enables us to obtain a random integral representation for additive dilatively stable
processes.

Theorem 2.2. Let (X;);>0 be an additive («, 8)-dilatively stable process and (Yi)ier be the
corresponding process given in Lemma 2.1. Then for any t > 0 we have

logt
X, = f M= gy almost surely.
—0o0

Proof. We will first prove a corresponding representation for the increments. By the construction
of the random integral we obtain for 0 < s < ¢

logt log?
/ M) gy, = 2y sy _/ (¢ — 3) e @2y, du.
log s !

ogs

For the latter integral we get by (3)

u

logt logt e
/ (O( . %) u(a—38/2) Y, du = / (Ot _ %) eu(a75/2)/1 U7a+5/2dxv du

log s log s
logt
/ U—a+5/2/ (Ol o %) eu(a—é/Z) dudX,
1 logs
logt
/ -y f (@ = 2) e« gy ax,
logv

+
/ U—a+a/2 a—8/2 _ a—5/2> dXv+/t y—o+8/2 (ta—S/Z_Uoz—Sﬂ) dx,
1

S
t
a=8/2 _ ja— 5/2) 41282 (Ylogt_Ylogs)_/ dX,
)

-8/ Yiogr — s _5/2Y10gs — (X; — Xy),

NA
~
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where exchangeability of the order of integration follows by (2) and Fubini’s theorem. Together
it follows that for 0 < s < t we have

logt
X, — X, = f @3 gy,
log s

By stochastic continuity X; — X; — X; — Xo = X; in probability as s | 0. Since the process X
has independent increments, convergence in probability is equivalent to almost sure convergence
by Theorem A2.2 in [10].

We will now show that the background driving process (¥;);er is a time-transformed Lévy
process. Preparatory, we will investigate its increments.

Lemma 2.3. For fixed T € R let (K;.7)ier = (Yeyr — Y1)ier, wWhere Y is the process
from Lemma 2.1 with an additive («, §)-dilatively stable process X. In terms of the Lévy exponent
this process fulfills

UK @10 =T 61 0) (4)

,,,,,

forallk € Nand t1,...,t,01,...,0 € R, where !Plll( denotes the log-characteristic

. et T
Sunction of (Ky.7, ..., Kyy.7).

Proof. Let us first prove that !l'/tl,(T ) = 7 WZY (@) for t,0 € R. In case t = 0 there is nothing
to prove. By definition of K;.7 we get

et+T

ef
Kir =Yo7 —Yr = / M_a+8/2dxu = /1 (ueT)_a'Hs/deueT.

el

In case ¢t > O this gives us the following approximation by Riemann—Stieltjes sums for a

sequence of partitions 1 = s(()") = t(g") < sf") < tl(") <...< s,(l") < t,,(") = 5,(:2

¢! n
T\—a+8/2 . n) T\—a+8/2
Kir = [ ey Pax, i = tim ) ey (Xw —Xs;.mﬂ).

— ,l
1—6

To derive the Fourier transforms we use the following property

ﬁth — X, 0) = E[eio(th_th)] = /
R2

P, X
= P(x,, ,x,,) (0, —0) = exp( ¥} . (6, =6)).
forall t1, 12, 6 € R. By Lévy’s continuity theorem we obtain for 6 € R
exp(75(0)) = P, (0)

n
— L X () T\—a+8/2g _ () T\—a+38/2
= lim E)exP<Ws§’QleT,s§")eT ((tj e) 0, (tj e’) 0))

"D APy, x,)(x1, X2)

n—o00 1

n
= lim exp (Z ST Q)(fn) ® (([j(n))—a+6/29’ _(t](n))—a+6/29))
=0 j

n—oo S

J+1°7
eST
n
T X Wy —a+8/2g _ (W) —a+8/2>
‘(nli“o‘oﬂf"p@;ms;") (677 e >>
~ ST
= (Py, (@) =exp(e®” ¥} 9)),
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where in the third line we used the scaling property (1) of the dilatively stable processes X. In
conclusion u'/fT ) = 7 Wty (@) fort > 0 and 0 € R. The same property holds for ¢t < 0 and
6 € R, since

Kir=Yior —Yr = —(Yo41)—t — Yea1) = —K_t;41
and hence by the above we get
vK(0) = K., 1 (=0) = LD WY (—0) = ST WK (—0) = T W) (0),

where the last equality follows by K_,.;, = Yo — Y; = —Y;. Finally, we will prove (4) for
k = 2, the general case k € N follows inductively. Without loss of generality let #; < t, then for
01, 0> € R by independence of the increments we have

exp (X .7 (61, 62)) = E[exp(i6) Kiyi1 +i6:K 7))
= exp (7, 01+ 02 ) exp (X, 1 0)
= exp (¢ 0 @1 + 0)) exp (2w (00)
— exp (e” ) 01+ 92)) exp (e” vk, (92))
= (E[exp(i (61 + 62)Y:) |E[exp(i62(Y;, — Y1)))])
= (E[exp(i61Y, +i0:,)])" = exp (T 01, 00)

ST

concluding the proof.

Let Y be an infinitely divisible random variable. We say that (L(t));cr is the two-sided Lévy
process generated by the law of Y if it can be represented as

LD ift >0

L(r) = {_L(Z)((_[)—) ift <0

with independent copies (LM ®))r>o0, (L® (t))s>0 of the Lévy process generated by the law of
Y. Note that (L(¢));cr has cadlag paths.

Lemma 2.4. Let X = (X;);>0 be an additive («, §)-dilatively stable process. Then the back-
ground driving process Y = (Y;)ieRr from Lemma 2.1 is the time-changed process

d —1
(Yt)tER = (L (3571 >)te]R s

where (L(t))iecr is the two-sided Lévy process generated by the law of Y| and 4 denotes
equality in distribution. Note that for § = 0 the time-change function is simply defined by
lims_o((e% — 1)/(e® — 1)) =1.

Proof. In case § = 0O the process X is a selfsimilar additive process and it is well known that the
corresponding background driving process is a Lévy process. Thus we will only prove the case
6#0.For N e Nandn =0,..., N — 1, setting T = nt in Lemma 2.3 we get forany t € R

—1 N—1
YNI = Z Yl+nt - Ynt = Z Kt;nt'
n=0 n=0
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which by independence of the increments implies for the Lévy exponents

SNt

1
¢ WZY (@) forany6 € R.

N-1 .
V@) = 3 M O) = ———
n=0

Setting t = 1/N it follows that ¥} () = e;;% y'/lY/N(e) for any N € N and setting r = 1/m
with m € N we get

SN/m __ 1 e(SN/m -1 eS/m -1 SN/m __

Y _ € Y _ Yooy _ € Y
InmO) = —sm T Ym0 = 5 o O =% O
Due to the stochastic continuity of (¥;);cr we get
d .1y ef-1
Y=L (m) for any r > 0. (®)]
The same arguments for t = —1/m with m € N together with Lemma 2.3 imply
—3dN/m __ 1 —SN/m __ 1 —8/m __ 1
Y _ € Y _e€ € Y
Vonm® = " Vm @) = "oy s o T ®
—8N/m _ —8N/m _
_ ¢ s Y _ ¢ K
ey COE T @
—SN/m _
€ Y
=T Taor Y
where the last equality follows since K_j.; = Yo — Y| = —Y. Hence, again due to the stochastic
continuity of (Y;);er we get
Y, 4_1® (—ej;—:11> 4_1® ((—e;;—:ll) —) forany r < 0. (6)
Combining (5) and (6) we get
d 11
Y’=L<e3—1) foranyr e R )
and it remains to show that
Py vy ) 015 0) = P(L(ef?:l]) """ L(ej;,:]»(@l, TS
forallk € Nand #1,...,1,01,...,6; € R. It suffices to prove the assertion for k = 2 and

t] < t, the general case follows analogously. By independence of the increments of (¥;);cR,
Lemma 2.3 and (7) we get

ﬁ(Y,l,Y,z)(@l,@z) = ﬁ(Y,I,Y,sz,l)(Ql + 62, 62)
= Py, (01 +62) - Py, _y, (02)
= exp (W}; 61 + 6‘2)) - exp (Wtf_tlm (92))
= exp (WIT 61 + 92)> - exp (eﬁtl %12/_[1 (92)>

= PL(esn_l)(el +62) - P (ea,] Sy )(92),

S—1 S—1
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Since the two-sided Lévy process (L(?));er has stationary and independent increments we
further get

Py, v, (01, 02) = PL<e611_]>(91 +62) - PL<e8t2_l)_L<68t1_])(92)

S—1 S—1 eS—1

~

=P . 01,6
(L<e§;1__ll)l(e;2__ll))(1 2)

Combining Theorem 2.2 and Lemma 2.4 we immediately get the following representation in law.

concluding the proof.

Corollary 2.5. Let (X;);>0 be an additive («, §)-dilatively stable process and (L(t));cr be the
two-sided Lévy process generated by the law of Y1 = f le u=t24x, from Lemma 2.1. Then
we have

logt
d _ Su __
(X)i=0 = (/_Oo DL (%))

Remark 2.6. In case « = §/2 our representation in Theorem 2.2 is trivial and we can only
deduce that (X;);>0 = (Yiogr — Y—o0)r>0, Where Y_, exists almost surely due to stochastic
continuity. By Corollary 2.5 we further get

d 5_ _ d 5 .
(X1)iz0 = (L (2,;7#) —L (65_*11)>z>0 =L (65’—71)»0 provided § > 0.

Nevertheless, Maejima and Ueda [17] provide an integral representation in case ¢ = §/2 as
follows. Writing « = —y /2 and hence § = —y for y € R, an additive (—y /2, —y)-dilatively
stable process (X;);>0 is y-quasi-selfsimilar, which by Definition 1.3 in [17] means that the
Lévy exponent fulfills

vX (@) =T ¥X(To) forallt >0, T >0, 6 cR.

t>0

This has the following interesting consequence. If y < 0 then by Theorem 2.2(I1)(i) in [17] the
Lamperti-type transform (Z; = (1 — yt)l/yX(l_yt)fl/y)tzo is a y-mild OU-type process, which
by Definition 1.2(i) in [17] means that

t
Zi =1 -y / (1 —yu)™7 Y (du),
I/y

where Y denotes an independently scattered random measure. In conclusion we get

%(Hry) log r
X; =/ (1 —yw) ™7 Y (du) :/ " Y (dp(u)),
1/y —00

where the last equality applies by formal change of variables ¢(log?) = %(1 4+ ¢t77). Similar
representations hold for 0 < y < 2 by Theorem 2.2(II) together with Definition 1.2 in [17]
if certain moment conditions on Y are fulfilled. Note that by Theorem 2.3(Il) in [17] a further
connection between y -quasi-selfsimilar processes and y-selfdecomposable random variables is
outlined. The latter fulfill an integral representation by [16].

For @ # §/2 we will investigate a Lamperti-type transformation of dilatively stable processes
and its connection to OU-type processes in Section 3.
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We now turn to the converse relation of constructing additive dilatively stable processes as
random integrals with respect to a time-changed Lévy process. As mentioned in the Introduction,
for additive selfsimilar processes (case § = 0) the driving Lévy process must have a finite
logarithmic moment. Since the desired converse relation for additive selfsimilar processes is
already fully established in the mathematical literature, we concentrate on the case § # 0. For
8 < 0 we will need the following moment condition for which we were not able to find a suitable
reference.

Lemma 2.7. Let (X,,)nen be an i.i.d. sequence. Then for a,b € Nwitha > 2 and B > 1 we

have
00 akb
Z a= kP Z X¢ converges absolutely almost surely iff E [|X1 |1/ﬂ] < 00.
k=0 =1

Proof. Provided that the series converges absolutely almost surely, we may change the order of
summation to get

o0

S a Y x, = g( ) a—kﬂ);(l

k:max[ ’V log(¢/b) —‘ ,0}

loga

b—1 00 og
= ﬁ (Z xe+ Yol “nge> . ®)
(=1 {=b

The latter series has independent summands and hence by Kolmogorov’s three-series theorem
we get forany d > 0

S 1 1 S 1 1/p,, D) 4
ZP{|X1|/ﬁ>d/ﬁ¢big}=Zp{|Xl|/ﬁ>d/ﬁa loga }
{=b {=b

EM

>d}<oo.

Choosing d = (2)# this shows that E[|X;|'/#] < co.

Conversely, if IE[|X Y 5] exists then Z‘Z’;b 7B 1%y converges almost surely, cf. Remark 3
in [3]. Thus we get

0 -8 [ log(¢/b) " =S
Za oga |1 x,| < ZE"S|XE| < oo almost surely
t=b t=b

and the assertion follows by (8).

Lemma 2.8. Let (L(t)):cr be a two-sided Lévy process and let (Yi)ier = (L(E:;—:ll))teﬂg be
the time-changed Lévy process. Then for fixed T € R the increment process (K;.T)icr =

(Yi+1 — Y1)ier fulfills (4), i.e. in terms of the Lévy exponent we have
UK @) =T 6100
forallk e Nandty, ..., t;,01,...,60r € R

,,,,,
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Proof. Since (L(#));er is a Lévy process, for t, T € R we have
S+T) _ q 8T _ 8t
e e d 5T €
= () () £ S
5T ed —1 es —1 ¢ ed —1

which in terms of the Lévy exponents gives

K L or € — 1
Vi (®) = Wewe‘;’%;(e) =¢ S — 1

vl©) =T vl o)

for all @ € R which shows that (4) holds for k = 1. Now the remaining case k > 2 follows as in
the proof of Lemma 2.3.

Lemma 2.9. Let (L(t)):cr be a two-sided Lévy process and let (Yy)ieRr = (L(i;—:ll)),eR be the
time-changed Lévy process. Then each of the following conditions is sufficient for the almost sure
convergence of

b
/ O qy, asal —oo forany b € R.

a

(@) 8 >0and a > §/2.
®)§<0,a>—-5/2and

sup E |:
1log2<s=<0

Proof. Let b > a, | —oo be an arbitrary sequence and 6 # 0. Choose kg € N such that
—I}s—‘ log(ko) < b and k(n) € Ny such that

-6
a+38/2

0
¥
/ et(af‘s/z)le‘ :| < o0 forsomey > 9)
N

—|;—| log(2k<n)+1k0) <a, < —% log(Zk(")ko).

Setting y, = _|(13_| log(2"ko) we decompose

b b Yo Vi(n)
/ @312 gy, :/ et(a—é/Z)dYt+[ et(a—&/Z)dYt+/ @312 gy,
An Y0 a

Yk(n) n
= A+ B,+C,,
where A, B,,, C, are independent and A is a fixed random variable. Now observe that
k=1 pp k(n)—1
By= > / SOy, = Y 7
k=0 Y Vk+1 k=0

is a sum of independent random variables (Zj)ren. Note that (Zi)ren is a sequence of
infinitely divisible random variables by Theorem 9.1 in [21], since for any 7 € R the process
(fTT+S e @=3/2)dY,) = is additive as in Lemma 2.1. We will now distinguish between the two
cases 6 > Oand é < O.

(i) In case § > O for any k € Ny we get by a change of variables

Yk Vi+1 11002 ) (@—5/2
Z =/ o1@=9/2) gy, g/ e(’+5 og )(a /)th%lOg2
Ve y

+1 k+2
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and by Lemma 2.8 we obtain that
4y @
(Kt;%log2>te]R - (Yt + Yl )re]R’
where (Y,(l))teR 4 (Y,(z))teR are independent copies of (¥;);cr. It follows that

d —8/2)/8 ( (1) (2)
Z £ 2070/ (Zih +Zi50)s

where Z 1321’ Z ,g:l are i.i.d. and distributed as Zj. Let W, be the Lévy exponent of Z; then we

obtain W (0) = 2 Wy (2@3/2/39) for any 6 € R and k € Np. Inductively, for the Lévy
exponent ¥ of B, we get

k(n)—1 k(n)—1
Up, (0) = Z 7 (0) = Z 2k g2 K@=3/2/8p)

k=0 k=0

Since in (a) we assume o > 8/2, we get Wo(27K(@=3/2/39) . W,(0) = 0 as k — oo and hence
Vg, (0) — g() for some function g : R — C with g(0) = 0. By continuity of ¥y at 0, for any
& > 0 we can choose 1 > 0 such that

|%( G 5/2)/‘39)| 2 for all k € Ng and |0] < 7.
For any 6 € R with |6| < n we can further choose n € N such that [g(f) — ¥p, (0)] < 5 and

hence

1gO)] =< g(0) — ¥, (0)| + [ ¥, (O)]
RO
<5+ I; | o2~ )= Z

for all |#| < n which shows that g is continuous at 0. By Lévy’s continuity theorem it follows
that (B,),en converges in distribution. We now turn to

Yk(n) 0
c, = / @32 gy, / @D gk,
an An—Yk(n)

a—5/2

0
(k)T / DGR, =i by - W,
An—Vk(n)

Then b, — 0 and the following calculation shows that W,, — 0 in probability. For fixed n € N

let a, — yk@m) = s(() m _ (m) < sfm) < tl(m) <---=< s,(,lm) < t,;m) = s(m)l = 0 be a partition with
maxg=1,.. m( ,Em) t,ﬁm)l) — 0 as m — oo. Then we get almost surely

- 1" (@—5/2)

Wn = lim e’ (K (m) . — K (m), )
m—»00 Si41 Vi) Sj Yk
j=0
" @=5/2)
o—
= ,n]me z;)e J K 5’_7_)1 (m) (m)+Vk(1)
J
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Hence for the Lévy exponent Wy, of W,, we obtain by Lemma 2.8 for any 6 € R

_ £ (@—8/2)
!an (9) — mll—>moo Z !p ;l:_)l S;m) (m)+yk( )( e’ 9)

— 1 86" + i) v 1" (@—5/2)
=,m Z e S;»o(e’ 0)

m— o0 j+1

— (kg ! " edr2)
_ (2 n kO mlgn Z wK ) ()rl);S;In) (6‘/ 9)

SjH175;
= (28™Mko) " Wy, (6),

where V, = [ 0 ¢! @=8/2 gy, Now for every subsequence n’ — oo there exists a further

An—=Yk(n)
subsequence n” — oo with a,” — yxuy — a € [—% log?2, 0] and hence V,,» — fao e @=3/2) gy,
in probability by stochastic continuity. Hence %y ,(6) — O forall 6 € R¢. This shows W, — 0
in probability and hence C,, — 0 in probability.

(ii) In case § < O for any k € Ny we get by a change of variables

Yk 0
7 = f @2 gy — / et g
Vi+1 log?2

0
— (Zkko)(a—S/Z)/S / et(a—8/2)dK[;yk
%10g2

and by Lemma 2.8 we obtain

(Kt;yk)teR < <Z_: Yz(£)>l€Ra (10)

where (Yt(e))leR, ¢ € N, are independent copies of (¥;);cr. It follows that

J k(n)—1 %ko 20
B, L k(()afs/z)/a Z ok(@=38/2)/8 Z/ e’(“‘5/2)dY,(’3).
k=0 (=17 75log2

By our assumptions in (b), Lemma 2.7 applied toa = 2, 8 = —(a — §/2)/6 > 1 and b = kg
shows that B, converges in distribution as n — o0, since the i.i.d. integrals have finite absolute
moment of order 1/8 = —§/(e¢ — §/2) < —5/(a + 8/2) by (9). We will now show that C,, — 0
in probability. For any € > 0 and y > 0 we get using (10) and Markov’s inequality

0 1 k(n) _
P{IC| > &) = P{ / e(t+alog(2 ko))(a a/z)th;Vk(n> s}
a,

n—Yk(n)
2k kg
- P{ )3 _ 8(2k<n>k0)<aa/2>/a}

(=1

0
/ o/@=8/2) gy (©
An—Yk(n)

0
/ et(a75/2)dYt
An—VYk(n)
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0 Y
/ et(a—ﬁ/z)dyt' i|
An—VYk(n)
0 Y
[Powsmaf ]
S

a+8/2

S 8—)/ (zk(n)ko)1+y(1+(a—5/2)/6) ]E|:

< eV @KWY @R/ gyp IE[
Llog2<s<0

The first term on the right-hand side converges to zero if 1 4+ y —~=
y > a;f 5 in which case the second term is bounded by (9).

Altogether, in both cases (i) and (ii) we have shown that if either condition (a) or (b) is fulfilled
then (A+ B, +Cp,),en converges in distribution, which in our situation by Corollary A2.3 in [10]
is equivalent to the asserted almost sure convergence.

< 0, or equivalently if

Theorem 2.10. Let (L(2));cr be a two-sided Lévy process and (Yi)ier = (L(e 1)),ER be the
time-changed Lévy process such that one of the conditions (a) or (b) in Lemma 2 9 is fulfilled.
Then the process (X;)s>0 given by

logt
X, = / =D gy, (11)
—00

is well-defined and an additive (o, §)-dilatively stable process.

Proof. By Lemma 2.9 the random integral in (11) exists as an almost sure limit and thus X =
(X1)r>0 is well-defined. Similar to the proof of Lemma 2.1 one can show that X is an additive

process. It remains to show that X is (e, §)-dilatively stable. For 0 < s < rand T > 0 given a
(n)

sequence of partitions logs = 55 = t(()") < sf”) (n) <-.- < s,(ln) < t,ﬁ”) = sr(lﬁ_)l = logt with
maxg=1,..., ( - I,E")l) — 0 we have almost surely

log(tT) 5/ 5/ logt 5/
Xir — Xor = f =D gy, = 7% / "D d(Yyir0e7 — YiogT)
log(sT) log s

n N
8/2
=T7°7%2 lim E el @ /)(K ® qoar — K®.007)-
n—oo j+]’0gT Sj slogT

(n)

Setting y;' =i @D @=8/Dg for arbitrary 6 € R, by Lemma 2.8 we obtain for the Fourier
transforms

PXIT_XST (9) = nli)n(;lo 1_[ CXP( !p (n) (n) lOgT(y(n) yJ(n))>

= lim exp(ZT !P(,,) 5, (V/(n) Vf(n)))

n— oo

j=0 g
= nlingo(exp(z 124 (”) ﬁ'ﬁ, (yj(n)’ _y/(n))>) T8
- (ﬁx,fxﬂ“—&/ze))ﬂ. (12)

By stochastic continuity, for s | 0 it follows that

~ ~ T8
Py, = (PX,(T“_5/29)> forallz, T > 0.
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Choosing T = n'/% for n € N this shows that (Xt)r>0 is infinitely divisible and in terms of the
Lévy exponent fulfills

vX(0) =T° wX(T*%29) forallt >0, T >0and 0 € R. (13)

It remains to show that this scaling relation holds for the finite-dimensional distributions, i.e. that
(1) holds. Again it suffices to show the case k = 2, the general case follows analogously. For
k=2wegetforany 0 <1 < tp, 61,6, € R, T > 0 by independence of the increments and
(12), (13)

exp(W,fT’tzT(Hl , 92)) = E[exp(i@l Xur + iQQXtZT)]
= E[exp(i (61 + 02X, 7) [E[exp(i62(Xr — X,1) |
= exp( X7 (01 +602)) Px, r—x,  (62)

_ =~ - 78
= exp(T° GX (T2 (01 + 62))) (Px,, —x,, (T*7"62))

TB
= E[exp(iT“—5/2(91 + )X, +iT20,(X,, — xtl))]
8

T
= E[exp(iT720, X, +iT"6,X,,) |

= exp(70 0, (1970, T2 23) )

1n,n

concluding the proof.

Remark 2.11. If (X;);>0 is an additive (¢, §)-dilatively stable process then by Theorem 2.2 we
know that

0
X1=/ "@=%/2 gy, almost surely. (14)
—o0

In case § < 0 and ¢ > —§/2 we can decompose the integral as in part (ii) of the proof of
Lemma 2.9 into

0
- {4
o' 6/2)[”[( ), (15)

00 2k
X, = sz(a—é/Z)/B Z/

1
k=0 (=1 510g2

where (Y,(Z)),ER, £ € N, are i.i.d. copies of (Y;);cr. In particular, by (14) the series in (15)
converges almost surely. If we assume a bit more, namely that the series in (15) converges
absolutely almost surely, then Lemma 2.7 appliedtoa =2, b =1and 8 = — (o — §/2)/6 > 1
shows that the moment condition

0 )
E ‘/ @912 gy, SCE s
%10g2

of order 1/ = —&8/(a — 8/2) < 1 necessarily has to be fulfilled. Since we have to assure
the almost sure convergence of the integral in (14) for arbitrary sequences decreasing to —oo in
Theorem 2.10, we asserted the stronger moment condition (9) of order y > ﬁ > 1/8 which
can get arbitrary large for ¢ | —§/2. We were not able to derive a precise moment condition

which is necessary and sufficient for the existence of the integral in (14) in an almost sure sense.
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3. Translatively stable processes

In this section we restate Igléi’s [6] notion of translative stability, a generalization of station-
arity for stochastic processes. Similar to stationary processes, a Lamperti-type transformation
provides a close connection to dilatively stable processes already laid out in [6]. Specifying
this connection to the subclass of additive dilatively stable processes, we can relate our re-
sults from Section 2 to an integral representation for certain translatively stable processes of
Ornstein—Uhlenbeck type.

Definition 3.1. An infinitely divisible process (V;);cr is called §-translatively stable if for some
6 € R in terms of the Lévy exponent we have

O @1, O =T W61, 0)

forallT e R, t,..., €R, 01,...,6 € R.

Note that for § = 0 this definition coincides with stationarity. There appears a related scaling
relation in the literature called §-time stability by Kopp and Molchanov [13]. The definition of
this scaling relation goes back to Mansuy’s [ 18] concept of infinite divisibility with respect to time
and was further investigated in [4,5]. Assuming stochastic continuity (or weak right-continuity)
of the stochastic process, the definition of §-time stability in [13] and of infinite divisibility with
respect to time in [18] implies that the process is infinitely divisible in the usual sense; see the
introduction in [13] or Theorem 3.1 in [4]. Hence, we will state these concepts in our context of
characteristic exponents to compare them to translatively stable processes.

A real-valued infinitely divisible process (D;);>0, is said to be infinitely divisible with respect
to time (IDT) if for any n € N we have

Ol OO =0 TP O 0 (16)
forall #1,...,f > 0 and 6y, ...,06; € R. A stochastically continuous and infinitely divisible

process (Z;);>o is called §-time stable for some § # 0 if for any n € N we have

w01, k) a7

.....

forallt1,...,f > 0and 6y, ..., 0 € R. As a direct consequence from (16), respectively (17)
we immediately get Do = 0 and Zp = 0 almost surely.

We will now show that these concepts are closely related to translative stability and thus
examples of IDT, respectively §-time stable processes given in [4,5,13,18] may also serve as
examples of §-translatively stable processes.

Lemma 3.2. Let § # 0.

(@) If (V})ier is stochastically continuous and 5-translatively stable with V; — 0 in probability
ast | —oo then (Z; := Viog:):=0 is §-time-stable. Conversely, if (Z;);>0 is a 5-time-stable
process then (Vy := Z,1)cRr is 8-translatively stable.

(b) If (Vi)ier is 8-translatively stable then (D; := V1;510g1)1>0 is IDT. Conversely, if (D;);>0
is IDT and all its finite-dimensional distributions are weakly right-continuous then (V; =
D ,st)ier is 8-translatively stable.
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Proof. (a) Forn € Nlet T = élogt in Definition 3.1 and let V_o, := 0 then for any

1, ..., tx = 0the Lévy exponent of (Z; = Viog/);>0 fulfills
Z _ \% _ ogn g,V _ . wZ
yv/nl/‘sn ----- nlfly = lplogt]-i-%logn ..... log e +4 logn — ¢ WlngI ,,,,, logn, =1 L

showing that (Z;);>¢ is é-time stable. For the converse relation we observe that for n, m € N and
C— o 1/8,
si=m t

WZ

_ z _n z _n z
(n/m)V1y,.s(njm) Vg, = TV vy =—-Y —- ¥

yyyyy Sk m m/8sy,...om8s — m AR/
Since (Z;)s>0 is stochastically continuous, its finite-dimensional distributions are weakly right-
continuous and thus for any S > O and 71, ..., #x > 0 we get

z _ z
WS'/‘SII,..‘,S'/%( =S @tu ,,,,, s

Rewriting S = %7 for T € R this shows that (V; := Z,),cR is 8-translatively stable.

(b) Setting V_, = 0 = Vo we can show that (D; := Vi/s10g/)r>0 is IDT similar to part
(a). For the converse relation our assumption on weak right-continuity guarantees that we can
proceed as in part (a) to show that (V; := D s );cr is é-translatively stable.

As mentioned above, a Lamperti-type transformation connects the class of dilatively stable and
translatively stable processes as follows. In the special case of a convolution exponent § = 0, the
classical Lamperti transform [14] is known to build a one-to-one correspondence between self-
similar processes and stationary processes on the real line. We use the following generalization
of the Lamperti transform due to Igléi [6].

Definition 3.3. Let (X;);~0 be a real-valued stochastic process and «,§ € R. We call the
stochastic process
V== X0 ek
the Lamperti-type transform of (X;);0. Its inverse on the path space given by
X=X = ta_(s/zvlogt)t>0
is called the inverse Lamperti-type transform of (V;);cRr.
Proposition 3.4. (a) If (X;):>0 is («, 8)-dilatively stable for some o, § € R then its Lamperti-
type transform (V; = e~ =8/t y o )teR is 8-translatively stable.

d) If (Vi)ier is 8-translatively stable for some § € R then with X := 0 its inverse Lamperti-
type transform (X; = t*~%/2 Viog1)r=0 is (a, 8)-dilatively stable for any o € R.

Proof. The proof is a straightforward calculation using the scaling properties of translatively and
dilatively stable processes.
(@ForT eR,t,...,5x € Rand by, ..., 0 € R we get

U orar Ol O = Wy (7 @TDOH DG, @20 D g,
= UK (e @D @Dt
— 7 %)t(l,,_,,etk (eT(a—S/Z)e—(a—S/Z)(tl+T)91’ ) ."eT(a—8/2)e—(a—8/2)(tk+T)9k)
=T WS (e @Gy, e @G,

=eTw) L6100
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(b)ForT > 0,t,...,tx >0and by, ..., 6 € R we get setting V_o, :=0

Ui 1 01 00) = ngg(Tzl) ..... 1og(Tzk)((Tfl)a_5/2917 e (T1)020y)
14 —5/2 —5/2
- gjlogTJrlogtl ..... log T +log 1 ((Ttl)a / Or,..., (T[k)a / k)
slog T g,V —5§/2,0—8/2 —5/2,a—8/2
=BT WY egn (TP T01, L TPy

TOwX (T, .. T )
concluding the proof.

Further we can show that there is a close connection between additive dilatively stable
processes and translatively stable wide-sense Ornstein—Uhlenbeck type (OU-type) processes as
introduced in Maejima and Sato [15].

Definition 3.5. Let (¥;),ecr be an additive process. A stochastic process (U;);cRr is called wide-
sense OU-type process with parameter A € R and background driving process (¥;);eR if

t
U; = M (Uo —i—/ e_“dYs) forall t € R. (18)
0

Proposition 3.6. (a) Let (X;);>0 be an additive («, §)-dilatively stable process for some o, § €
R. Then its Lamperti-type transform (V; = e~ @=8/21X ),cr is a S-translatively stable
wide-sense OU-type process with parameter A = §/2 — a and driving process (Y;)eRr as in
Lemma 2.1.

(b) For some o, € R let (Vy),er be a 5-translatively stable wide-sense OU-type process with

parameter .. = §/2 — a and driving process (Y; = L(e;;—:ll)),eR, where (L(t)):cRr is a two-

sided Lévy process. If e @321V, — 0 in probability as t |, —oo then the inverse Lamperti-
type transform (X; = 1*—8/2 Viog1)r=0 is an additive (o, 8)-dilatively stable process.

Proof. (a) By Proposition 3.4(a) the process (V;);cR is §-translatively stable and by Theorem 2.2
we have

t
e <Vo +/ e‘“‘dY,,) = e @K 4 (X — X)) = e @DX, =V,
0

showing that (V;),cr is a wide-sense OU-type process as asserted.
(b) By Proposition 3.4(b) the process (X;);>0 is («, §)-dilatively stable with X; — 0 =: Xj
in probability as ¢ | 0 by assumption. For 0 < s < ¢ we observe by (18)

logt su
X, — X, = ta_a/zvlogt _ Sa_(s/zvlogs — / e(a—5/2)udL(eeS__—ll)
log s
showing that (X;);>0 has independent increments, is stochastically continuous and has cadlag
paths.

Combining Proposition 3.6 with the results of Section 2 we can directly state an integral
representation for translatively stable wide-sense OU-type processes.

Corollary 3.7. (a) For some a,5 € R let (V;);er be a §-translatively stable wide-sense OU-

type process with parameter A = §/2 — a and driving process (Y, = L(i;—__ll)),eR, where
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(L(1))ser is a two-sided Lévy process. If ¢ @~%/2'V, — 0 in probability as t | —oo then
(V)ter has the integral representation

t
v = / D@32 gy,
—00

(b) For § #£ 0 let (L(t)):cr be a two-sided Lévy process and (Yi)icr = (L(‘:Z—__ll))teR be the
time-changed Lévy process such that for some o € R one of the conditions (a) or (b) in
Lemma 2.9 is fulfilled. Then the process (V;):cr given by

t
V= f @32 gy,
—00

is well-defined and a §-translatively stable wide-sense OU-type process with parameter
A = 8/2 — «a and driving process (Y):cRr.

Proof. Part (a) follows directly from Proposition 3.6(b) and Theorem 2.2, whereas part (b) is a
direct consequence of Theorem 2.10 together with Proposition 3.6(a).
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