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Abstract

We consider a large class of symmetric pure jump Markov processes dominated by isotropic unimodal
Lévy processes with weak scaling conditions. First, we establish sharp two-sided heat kernel estimates
for these processes in C L1 open sets. As corollaries of our main results, we obtain sharp two-sided
Green function estimates and a scale invariant boundary Harnack inequality with explicit decay rates in
ch! open sets.
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1. Introduction

The study of the heat kernel of a semigroup is a field of interactions between probability,
analysis and geometry. The transition density function provides direct access to the path
properties of a Markov process. In addition, it is the fundamental solution(or heat kernel) of the
heat equation with an infinitesimal generator of the corresponding process. The Dirichlet heat
kernel describes an operator with zero exterior conditions. For instance, the Green function and
the solutions to Cauchy and Poisson problems with Dirichlet conditions are expressed by the
heat kernel. In this paper, we consider a large class of symmetric pure jump Markov processes
dominated by isotropic unimodal Lévy processes with weak scaling conditions. We estimate
the transition density pp(z, x, y) of such Markov processes killed upon leaving an open set
D c R? with C!' smoothness of the boundary. In other words, we establish sharp two-sided
estimates of the Dirichlet heat kernel of the integro-differential operators with the maximum
principle. Such operators are commonly used to model nonlocal phenomena [8,22,28,30,32,37]

The Dirichlet heat kernel estimates of the Laplacian (the Brownian motion) on the bounded
C"! domains were obtained in [23,29] (the upper bound) and [45] (the lower bound). See [20]
for the Dirichlet heat kernel estimates for more general diffusions, and see [43] for bounds of
the Dirichlet heat kernel of the Laplacian on the bounded Lipschitz domain.

For the fractional Laplacian, in 2010, Chen et al. [14] gave sharp (two-sided) explicit
estimates for the Dirichlet heat kernel pp(¢, x, y) of the fractional Laplacian in any chl open
set D and over any finite time interval (see [3] for an extension to non-smooth open sets).
When D is bounded, large-time Dirichlet heat kernel estimates can be deduced easily from
short-time estimates using a spectral analysis.

The approach developed in [14] provides a road map for establishing sharp two-sided
Dirichlet heat kernel estimates of other discontinuous processes, and the result has been
generalized to more general stochastic processes: purely discontinuous symmetric Lévy pro-
cesses [5,18], symmetric Lévy processes with Gaussian component [13], symmetric non-Lévy
processes [15,33] and non-symmetric stable processes with gradient perturbation [16].

Let P,(zp > t) be the survival probability of the corresponding process and p(t, x,y) =
pra(t, x,y) be the (free) heat kernel for D = R?. Another form of two-sided heat kernel
estimates is the following factorization;

cPi(tp > Py (tp > Dp(t, x,y) < pp(t, x,y) < 2Pr(zp > )P, (tp > H)p(t, x, y).
(1.1)

In fact, (1.1) holds for more general sets such as the Lipschitz open set. See [3,18]. See [6]
for a direct approach to obtain sharp estimates of the survival probabilities of unimodal Lévy
processes.

Extensions of the result in [14] were obtained for a quite large class of symmetric Lévy
processes, including general unimodal Lévy processes with Lévy densities satisfying weak
scaling conditions, in [5,18]. However, the extension to symmetric Markov processes with
jumping kernels satisfying similar weak scaling conditions is unknown. In this paper, we extend
the results of [5] and [33] to more general processes that are non-isotropic and non-Lévy.
Our results cover not only a large class of symmetric Markov processes with jumping kernels
satisfying weak scaling conditions, but also a large class of symmetric Markov processes
with jumping kernels that decay exponentially with the damping exponent g € (0, co), and
symmetric finite range Markov processes.

Please cite this article as: T. Grzywny, K.-Y. Kim and P. Kim, Estimates of Dirichlet heat kernel for symmetric Markov processes, Stochastic Processes
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T. Grzywny, K.-Y. Kim and P. Kim / Stochastic Processes and their Applications xxx (xxxx) xxx 3

For two non-negative functions f and g, the notation f < g means that there are positive
constants ¢; and ¢, such that ¢;g(x) < f(x) < ¢¢(x) in the common domain of the definition
of f and g. We use the symbol “:=”, which is read as “is defined to be”. For a,b € R,
a Ab := min{a, b} and a V b := max{a, b}. We use dx to denote the Lebesgue measure in R?.
For a Borel set A C R?, we use |A] to denote its Lebesgue measure.

For 0 < ¢ < @ < 2, let ¢ be an increasing function on [0, co) satisfying that there exist

positive constants ¢ < 1 and 1 < C such that

(WS)

1
V(V) = W for r > 0. (12)
Note that according to (WS) and (1.2), there exists ¢ = c(«, C, d) such that
v(r) < cv(@r) for any r > 0. (1.3)

A measure on R is called isotropic unimodal, if it is absolutely continuous on R¢\{0} with
a radial non-increasing density function and a Lévy process is called isotropic unimodal, if the
one-dimensional distributions are unimodal. Since (WS) implies

1 oo
(A x]P)v(xDdx < ¢ <f s~ gy +f s“l) ds < 00,
R4 0 1

v(dx) = v(|x|)dx is unimodal Lévy measure, and by Proposition in [44] there exists a pure
jump isotropic unimodal Lévy process Z corresponding to v.

Throughout this paper, we assume that « : R? x R? — (0, 00) is a symmetric measurable
function and there exists Ly > 1 such that

L' <k(x,y) < Lo, x, yeRe (1.4)

Let J : RY x RY = (0, 00) be a symmetric measurable function, which is the jumping
kernel of our process. We consider two sets of conditions on J. The first set is as follows:

J1) JL.D) J(x,y) =«(x, y)v(lx —y) on [x —y| < 1,
(J1.2) sup, ga f\x—y|>l J(x, y)dy < oo,
(J1.3) For any M > 0, there exists Cjy > 1 such that C;;'v(|]x —y|) < J(x,y) <
Cyv(lx — y|) for |x —y| < M.

The constant 1 in the condition (J1.1) plays no special role, and it can be changed to any small
positive real number. Since (J1.3) implies (J1.1), J satisfies conditions (J1.2) and (J1.3) if and
only if J satisfies condition (J1).

For the second set of conditions on J, let x be a non-decreasing function on (0, co) with
x () = x(0), r € (0, 1], and there exists y;, y», L1 L, > 0 and B € [0, oo] such that

Lie"” < x(r) < Lye””, 7> 1. (1.5)
Then, the second condition on J is as follows:

(J2) J(x,y) =k, yv(x — yDx(x —yD~", x,y e RY,

Please cite this article as: T. Grzywny, K.-Y. Kim and P. Kim, Estimates of Dirichlet heat kernel for symmetric Markov processes, Stochastic Processes
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which is equal to

k(x, ) (¢(x = yDIx =y x(x —yD) ™" if B € [0, 00),
ke ) (B(x — yDIx = y1) " My if B = o0,

Clearly (J2) implies (J1.1) and (J1.2). Moreover, if (J2) holds and 8 # oo, then (J1) holds.
We consider the Dirichlet form (£, F) associated with the jumping kernel J:

1
S v = / f () = u)W) = V(NI (x, y)dxdy,

and F := {u € L*(RY) : Ewu,u) < oo}. Under conditions (J1.1) and (J1.2), according
to [40, Theorem 2.1] and [41, Theorem 2.4], (£, F) is a regular (symmetric) Dirichlet form on
L*(R?, dx). Moreover, the corresponding Hunt process Y is conservative and Y has the Holder
continuous transition density p(¢, x, ) on MN(0, c0) x R% x R? (see [11]).

Now, we state the estimates of the transition density p(f, x,y) of ¥ with the jumping
intensity kernel J satisfying either the conditions (J1.2) and (J1.3), or the condition (J2). The
proof of the upper bound of Theorem 1.1 is almost the same as that of [18, (2.6)] using the
condition (J1.3) instead of that of [18, (1.5)]. Thus, we skip the proof of the upper bound. The
proof of the lower bound is given in Section 6.

Theorem 1.1. Suppose that Y is a symmetric pure jump Hunt process whose jumping intensity
kernel J satisfies the conditions (J1.2) and (J1.3). Then, for each M > 0 and T > O,
there is a positive constant C; > 1 that depends on ¢, Lo, M and T such that for every
(t,x,y) € (0,T] x RY x RY with |x —y| < M, the function p(t,x,y) has the following
estimates:

Crl ('O Atv(x =yD) < plt.x,y) < Cri (97" O Atv(x — y))
where ¢~\(t) is the inverse function of ¢(t).

For notational convenience, for each a,y,T > 0, we define a function F,, r(t,r) on
0, T] x [0, 00) as

[~ A tvr)e if g e [0, 1],
[~ @)~ Atv(r) if B (1,00] with r < 1,

F, t,r):= p-1 ) ) 1.6
yr (1) texp{—a(r(log?)‘* /\rﬁ)} if B e(1,00) withr > 1, (1.6)

(t/(Tr)* =exp{—ar (log ")}  if B =00 withr > 1.

Theorem 1.2. Suppose that Y is a symmetric pure jump Hunt process whose jumping intensity
kernel J satisfies the condition (J2). Then, the process Y has a continuous transition density
function p(t, x, y) on (0, 0c0) x RY x R4, For each T > 0, there are positive constants C1, > 1,
¢y and ¢y 2 1 that depend on ¢, Ly, B, x and T such that for every t € (0, T] the function
p(t, x,y) has the following estimates:

CEIFCI,VQ,T(I9 |x _)’|) < p(tv X, )’) < (&) FC]_z,)/l,T(ts |x _y|)

Theorem 1.2 for the case § € (1, o] is basically derived from [12, Theorems 1.2 and 1.4].
Despite using 1 instead of 7', the proof is the same. When g € [0, 1], the upper bound in
Theorem 1.2 is derived from [31, Theorem 2, Proposition 1]. The lower bound in Theorem 1.2

Please cite this article as: T. Grzywny, K.-Y. Kim and P. Kim, Estimates of Dirichlet heat kernel for symmetric Markov processes, Stochastic Processes
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is proved as a special case of the preliminary lower bound on the heat kernel of the killed
process in Section 6.

For any open set D C RY, the first exit time of D by process Y is defined by the
formula 7p := inf{t > 0 : ¥, ¢ D} and we use Y” to denote the process obtained by
killing process Y upon exiting D. The strong Markov property is used to easily verify that
po(t,x,y) = p(t,x,y) — Ex[p(t — tp, Ys,,y);t > 7p] is the transition density of YP,
Using the continuity and estimate of p, it is routine to show that pp(z, x, y) is symmetric
and continuous (e.g., see the proof of Theorem 2.4 in [21]).

Let D C RY (whend > 2) be a C"! open set, that is, there exists a localization radius
Ro > 0 and a constant 4 > 0 such that for every z € 3D there exists a C'!-function ¢ =
¢, : R R satisfying ¢(0) = 0, Vg(0) = (0, ..., 0), [[Volle < 4, [Vo(x) — Vo(w)| <
Alx — w| and an orthonormal coordinate system CS, of z = (21, ..., 2d-1,2a) = (T, z4) With
an origin at z such that D N B(z, Ry) = {y = (3, y4) € B(0, Ry) in CS, : ys > ¢(y)}. The
pair (Ry, A) is called the C"! characteristics of the open set D. Note that a C'*! open set D
with characteristics (R, A) can be unbounded and disconnected, and the distance between two
distinct components of D is at least Ry. By a C':! open set in R with a characteristic Ry > 0,
we mean an open set that can be written as the union of disjoint intervals so that the infimum
of the lengths of all these intervals is at least Ry and the infimum of the distances between
these intervals is at least Ry.

It is well known that if D is C!'! open set with the characteristics (Ry, A), then D satisfies
the interior and exterior ball conditions with the characteristic R; < Ry. That is, there exist
balls By, B, C R¢ with radius R; such that B; ¢ D C Bj satisfying 8p,(x) = dp(x) = 83,(x)
for any x € B;. Throughout this paper, without loss of generality, we always assume that
Ro = R;.

To obtain the sharp estimates of the exit distributions for Y (see Theorem 4.2), we need
additional conditions for the regularity of x and ¢.

(K,) There are L3 > 0 and n > o/2 such that |[k(x,x + h) — «(x, x)| < Ls3|h|" for every
x, heR?, || < 1.

Note that the condition (K,) implies that
lk(x + hy, x + o) — k(x, x)| < 2L3(1h1|" + |ha|™), for |h|, |h2| < 1.
(SD) ¢ € C!(0, 00) and r — —V'(r)/r is decreasing.

(See Remark 1.4.)
Now, we state the following theorem, which is one of the main results of this paper. Let
Sp(x) be the distance between x and D¢, and let

)= (10 20202) 1)

Theorem 1.3.  Suppose that Y is a symmetric pure jump Hunt process whose jumping
intensity kernel J satisfies the conditions (J1), (SD), and (Ky). Suppose that D is a bounded
C! open set in R? with characteristics (Ry, A). Then, for each T > 0, there exists ¢, =
ci1(¢, Lo, L3, n, Ry, A, T, d) and ¢, = c2(¢, Lo, L3, n, Ry, A, T, d, diam(D)) > 0 such that the
transition density pp(t, x,y) of Y has the following estimates.

Please cite this article as: T. Grzywny, K.-Y. Kim and P. Kim, Estimates of Dirichlet heat kernel for symmetric Markov processes, Stochastic Processes
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(1) For any (t,x,y) € (0, T] x D x D, we have
e W, X)W, y) pt,x, y) < ppt, x, y) <t W, x)U(t, y) p(t, x, y)
(2) For any (t,x,y) € [T,00) x D x D, we have
;e 300 V() < polt,x, y) < c2e ™ /P(Bp(x)) /()

where —\P < 0 is the largest eigenvalue of the generator of YP.

Remark 1.4. Conditions (SD) and (WS) hold for a large class of pure jump isotropic unimodal
Lévy processes including all subordinate Brownian motions with weak scaling conditions (see
(1.8)): let W = (W,, P,) be a Brownian motion in R? and S = (S,) be an independent driftless
subordinator with Laplace exponent ¢,. The Laplace exponent ¢, is a Bernstein function with
¢1(04+) = 0. Since ¢; has no drift part, ¢; can be written in the form

010) = / (1= p(d).
0

Here u is a o-finite measure on (0, co) satisfying fooo(t A1) pu(dt) < oo. p is called the Lévy
measure of the subordinator S.
The subordinate Brownian motion Z = (Z,, [P,) is defined by Z; = Wys,. The density of the
Lévy measure of Z with respect to the Lebesgue measure is given by x — v, (|x|) with
2

v(r) = /00(4770_’1/2 exp (—r—) w(r)dt, r # 0.
0 4t

Thus, r — v,(r) is smooth for r > 0, and

_va(r)

=2mvg0(r), r>0

which is decreasing. Suppose that

R\*? _@(R) _—(R\"
cl— <——<LC|— for 0 <r < R. (1.8)

r) ey T\
Then, by [4, Theorem 26]
va(r) < ri(r ™).

Let ¢(r) == r~9v ()" (so that vy(r) = ¢(r)~'r~9). Then ¢ is smooth, and since (r) =
o1(r~2)71, it satisfies (WS).

When either D is unbounded or 8 = oo, we need precise information on J, which is
encoded in (J2), for large |[x — y|. Moreover, when 8 € (1, oo], we need to impose an addition
assumption for D in order to obtain the sharp lower bound of pp(t, x, y); We say that the path
distance in an open set U is comparable to the Euclidean distance with characteristic A, if
for every x and y in U there is a rectifiable curve / in U that connects x to y such that the
length of / is less than or equal to A;|x — y|. Clearly, such a property holds for all bounded
C"! connected open sets, C"! connected open sets with compact complements, and connected
open sets above graphs of C'"! functions.

Theorem 1.5. Suppose that Y is a symmetric pure jump Hunt process whose jumping intensity
kernel J satisfies the conditions (J2), (SD) and (Ky). Suppose that D is a C! open set in R?
with characteristics (Ry, A). Then, for each T > 0, the transition density pp(t,x,y) of YP
has the following estimates.

Please cite this article as: T. Grzywny, K.-Y. Kim and P. Kim, Estimates of Dirichlet heat kernel for symmetric Markov processes, Stochastic Processes
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(1) There is a positive constant ¢; = ci(B, x, ¢, Lo, L3, 1, Ry, A, T,d) such that for all
(t,x,y) € (0, T] x D x D we have

pD(t,x,y) g ¢ W(t,x)@(t,y) FC1_2/\}/1,)/1,T([1 |x _y|/6) l‘fﬂ € [03 OO),
Fcl.z.)/l,T(tv |x - Y|/4) l.fﬂ =00,

where C, 5 is the constant in Theorem 1.2.

(2) There is a positive constant ¢; = c2(B, x, ¢, Lo, L3, 1, Ry, A, T, d) such that for all
t € (0, T] we have

po(t,x,y) = ¢ W(t, x)¥(t, y)
(o~ )1 Ate 2V u(x —y)  if B €0, 1],

L B if € (1,00) and |x — y| <1,
(@ )17 A tv(lx = ) e oo and 15— o] < 475

(3) Suppose, in addition, that the path distance in D is comparable to the Euclidean distance
with characteristic i. Then, there are positive constants ¢; = c¢;(B, x, ¢, Lo, L3, 1, Ry,
A, T,d, ), i =3,4, such that if x,y € D and t € (0, T], we have

Fey ot 1x = y0) ifpe(l,o00)and |x —y| > 1,

t, X, > c3 U(t, x)¥(t, K
pot,x.3) 2 e3 ¥t 1)U ”{FC4,y2,r<z,5|x—y|/4) if =00 and |x — y| > 4/5,

@) If B € (1,00), there is a positive constant ¢s = c¢5(B, x, ¢, Lo, L3, 1, Ry, A, T, d) such
that for every x,y in the different components of D with |x —y| > 1 and t € (0, T] we
have

Po(t.x,y) = cs W(t, x)U(t, y)re 2O y(x — y)).

(5) Suppose in addition that § = oo and D is bounded and connected. Then the claim of
Theorem 1.3 (2) holds.

Recall that the Green function Gp(x, y) of Y on D is defined as Gp(x, y) = fooo ppt,x,y)
dt. As an application of Theorems 1.3 and 1.5, we derive the sharp two sided estimate on the
Green function G p(x, y) of ¥ on bounded C'"! open sets. For notational convenience, let

a(x,y) = @B p())yVdGp(y)) (1.9)

and

o(|x —yd|) <1 L Hp() )“2 (1 L $6p0)
lx — yl o(1x — yI) o(1x — yl)

glx,y) = ¢~ (a(x,y) +
a(x,y) . a(x,y) i / ’ @ds when d = 1
x =yl \ o, y) eyl s?

where x* = x Vv 0.

1/2
) when d > 2,

Theorem 1.6. Suppose that D is a bounded C' open set in R¢ with characteristics (R, A).
Let Y be a symmetric pure jump Hunt process whose jumping intensity kernel J satisfies (Ky)
and (SD). Suppose either (1) the jumping intensity kernel J satisfies the condition (J1), or (2)
D is connected and the jumping intensity kernel J satisfies the condition (J2) with 8 = oo.
Then for every (x,y) € D x D, we have Gp(x,y) < g(x, y).

Please cite this article as: T. Grzywny, K.-Y. Kim and P. Kim, Estimates of Dirichlet heat kernel for symmetric Markov processes, Stochastic Processes
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Remark 1.7. When d = 1, if either « < 1 or @ > 1, one can write the Green function
estimates in simpler forms. (see, [18, Corollary 7.4 and Remark 7.5])

In addition, we obtain the uniform and scale-invariant boundary Harnack inequality with
explicit decay rates in C'*! open sets as an application of Theorems 1.5 and 1.6(1). A function
f :R?Y — R is said to be harmonic in the open set D with respect to Y if for every open set
U C D whose closure is a compact subset of D, E.[| f|(Yz,)] < oo for every x € U and

Fx) =E,[f(Y)] for every x € U. (1.10)

It is said that f is regular harmonic in D with respect to Y if f is harmonic in D with respect
to Y and (1.10) holds for U = D.
The next condition guarantees that Cf(Rd) is in the domain of the Feller generator.

(L) Y is Feller and there exists a function ¢g(r) such that J(x, y) < g(Jx — y|) and

lim q(lhl)dh = 0. (1.11)
R—o0 |h|>R
Note that if (J2) holds, then clearly (1.11) holds, and Y is Feller based on Theorem 1.2. Thus,
condition (L) is weaker than condition (J2).
The next condition on J is necessary for the boundary Harnack inequality to hold (see
[7, Assumption C and Example 5.14]).

(C) For any 0 < r < R < 2 there exists C* = C*(¢,d, r/R) such that for any xo € R?,
x € B(xg,r) and y € B(xq, R), (C*) "' J(x0,y) < J(x,y) < C*J(xq, y).

Note that when 8 € [0, 1], condition (J2) implies (C). In contrast, when 8 € (1, oo], the
boundary Harnack inequality does not hold under condition (J2).

Theorem 1.8. Suppose D is a C"! open set in R? with characteristics (Ry, A). Let Y be
a symmetric pure jump Hunt process whose jumping intensity kernel J satisfies conditions
J1), (L), (C), (K,), and (SD). Then, there exists ¢ = c(¢, Lo, L3, n, A, d) such that for any
0 <r < RyAl, z €dD and any non-negative function f in R? that is regular harmonic in
D N B(z, r) with respect to Y, and vanishes in D¢ N B(z, r), we have

fO) _  [96p()
<c
FO) Y @Go()

The rest of this paper is organized as follows. In Section 2, we solve a martingale-type
problem for Y which yields a Dynkin-type formula. Section 3 deals with the isotropic Lévy
process Z with Lévy measure v(|x|)dx. We compute some key upper bounds of the generator
of Z on our testing function for C'*! open sets. In Section 4, we present the key estimates of
exit distributions (Theorem 4.2). Section 5 contains the proof of the upper bound of pp(z, x, y).
We use Meyer’s construction when |x — y| < c¢. Then, by using Lemma 5.1 twice, we prove
the upper bound of pp(z, x, y) without using the lower bound of p(z, x, y). In Section 6 and
Section 7, we prove the lower bound estimates for pp(z, x, y). First, we consider the case
Sp(x)ASp(y) > t'/%; that is, x and y are kept away from the boundary of D. These results are
presented in Section 6 and the key estimates of the exit distributions obtained in Section 4
are used in Section 7 to prove the lower bound for all x,y € D. Finally, in Section 8,
as an application of Theorem 4.2, we derive the Green function estimates and the uniform
scale-invariant Boundary Harnack inequality with explicit decay rates in C'! open sets.

forany x,y € DN B(z,7/2).
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Throughout the rest of this paper, positive constants Lo, L, Ly, L3, y1, ¥» can be regarded as
fixed. In the statements and the proofs of results, constants ¢; = ¢;(a, b,c,...),i =1,2,3,...,
denote generic constants that depend on a, b, c, . . ., the exact values of which are unimportant.
These are given anew in each statement and each proof. The dependence of the constants on
the dimension d > 1 is not be mentioned explicitly.

For a function space H(U) on an open set U in R?, we let H.(U) = {f € HU) :
f has compact support}, Hy(U) := {f € H(U) : f vanishes at infinity} and H,(U) := {f €
H(U) : f is bounded}.

2. Generator of Y

In this section, we assume that Y is the symmetric pure jump Hunt process with the jumping
intensity kernel J satisfying the conditions (J1.1), (J1.2) and (K). Recall that these conditions
imply that Y is strong Feller (see [11, Theorem 3.1]).

We define an operator £ by

Lg(x)=P.V. /(g(x +h) —g(x)J(x,x +h)dh = lgiir(}ﬁgg(x), 2.1
where
Lig(x) = /lh (gx +h) — g(x)NJ(x,x + h)dh,
>e
whenever these exist pointwise. Let g € CZ(R") and ¢ < r < 1, then by (J1.1), we have

Log(x) = K(x, x) (8(x 4+ h) = gx) — h - Vg)v(|h|)dh

e<|hl<r

+ / " (8(x +h) — gk (x, x + h) — k(x, X)) v(|h))dh

+ / (glx + h) = g(x)k(x, x + h)v(|h)dh
r<lhl<1

4 / (g(x 4 ) = g()J(x. x + hydh.
1<
Since (K,;) holds, we have that

I(g(x + h) — (e (x, x +h) — k(x, )| < |Vglloo(Ls + 2Lo)|AI"",  x,h € RY.

Since (WS) and the inequality n > o/2 > o — 1 imply flhl<r |2 v(|h|)dh
< flh\<r |h|"™ v(|h)dh < oo, Lg is well defined and £°g converges to Lg locally uniformly
on R?. Furthermore, for every 0 <r < 1,

Lg(x) = k(x, x) (g(x +h) — g(x) = h - Vg(x)v(lh|)dh
|\h|<r
+ fh (g(x +h) — g(x))(k(x, x +h) — k(x, x)v(|hdh
|h|<r
+/ (8(x +h) — gk (x, x + Mv(|hDdh
r<|hl<1

+ / (8(x +h) — g)J (x. x + hdh. 2.2)
1<|h|

Now we are ready to prove the following lemma.
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Lemma 2.1. There is Co = C»1(¢, n, Lo, L3) > 0 such that for any function g € Cf(Rd)
and 0 <r < 1,

L8l < ¢(*) (F118%glloc + "I VElloo + llglloo) - (2.3)

Proof. By (2.2), (1.4), (K;) and (J1.2), we obtain that

2 TS S
|Lg(x)| < Co(Lolla 8lloo 26 )ds + L3IVglleo ¢(S)ds
+ 2Lolgl /1 L) 4 elgl 24)
o 4 00+ .
oll8 56(s) 18
For s < r, since ¢(r)/d(s) < E(r/s)“ by (WS) and n > @/2 > o — 1, we have
S - U
0 ¢(s) pr)n+1—u
For r < s, since c(s/r)% < ¢(s)/p(r) by (WS), we have

[e%e} d -1 o0 _ ]
/ a < E—rg/ s %5 < (ca) ' —. (2.6)
roSe(s) Pr) @(r)
Applying (2.5) and (2.6) to (2.4), we conclude that (2.3) hold. [

Pl (2.5)

Lemma 2.2. Forany u € CZ(R[I) and x € R?, there exists a P -martingale M;' with respect
to the filtration of Y such that

M} = u(Y;) —u(Yy) — / Lu(Yy)ds
0

P.-a.s. In particular, for any stopping time S with E,S < 0o we have

S
E,u(Ys) —u(x) =E, / Lu(Yy)ds. 2.7
0

Proof. Let (A, D(A)) be the L?-generator of the semigroup 7; with respect to Y. Due to
[40, Proposition 2.5], we have C?(Rd) C D(A) and A|C§(Rd) = £|C3(Rd). Since T; is strongly
continuous (see [27, Theorem 1.3.1 and Lemma 1.3.2]) we have that for any f € D(A) and
t >0,

=0
L2

H(ﬂf N f)—/o T,Afds

(see e.g. [24, Proposition 1.5]). Hence for u € C*(RY),
t
Tou(x) — u(x) =/ T,Lu(x)ds, a.e.x € RY, (2.8)
0

and Lu is bounded by Lemma 2.1.

Let us denote g;(x) = fof T, Lu(x)ds. First, we show that g, € C,(R?), t > 0. Note that
g:(x) < t||Luls. Hence, since T, is strong Feller for any & > 0, we have T,g,_. € C,(R?) for
all ¢ € (0, t). Moreover,

18:(0) = Te8i—e(X)] = [8e(X)] < &l Lutloo.
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Hence, g; is continuous and (2.8) holds for any x € R9. This and Markov property imply that
t
M = u(Y;) —u(¥Yy) — / Lu(Yy)ds
0

is P,-martingale for any x € R?. Since |M}| < 2||ulloo + t]|Lut|loo, by the optional stopping
theorem (2.7) follows. O

Lemma 2.3. There exists a constant C,5 = Co3(¢,n, Lo, L3) > 0 such that, for any
r € (0, 1], xo € R?, and any stopping time S (with respect to the filtration of Y ), we have

E.[S]

P, (Ys — >r) < Coz ——,
(IYs —xol = r) 2.3 50

x € B(xg,r/2).

Proof. Fix x, € R?. Since this lemma is clear for E,[S] = oo, we consider the case that
E,[S] < oo for x € B(xg, r/2). Define a radial function g € Cfo(IRd) such that —1 < g < 0,
with

-1 if gy <172
g() '—{ 0. if |y > 1.
Then,
d d
RN o
—8 + g =c < O0.
; i oo LJZ::I CAZIATRN IS

For any r € (0, 1], define g,(y) = g(*=) so that —1 < g, <0,

—1, if |xo—y| <r/2
g&r(y)= . / 2.9
0, if xo=yl2r,
and
‘1 82
—1 -2
—g < ccr and gr < cr-. (2.10)
; i lloo iJZ=:1 3yi0y; "~ o
By Lemma 2.1, there exists ¢; = (e, ¢, @, C, n, Lo, L3) > 0 such that for 0 <r < 1,
&)
18 lloc € —. .11
=60

Combining Lemma 2.2, (2.9) and (2.11), we find that for any x € B(xo, r/2) with E, S < oo,
we have

P.([Ys—xol Z27) =E, [1+ g (Ys); |Ys — xo| = r]

S
<E, [1+ & (Yo)]l = —gr(x) + E, lgr Ys)] = E, |:/ Egr(Yt)dti| < "‘Cgr”ooEx[S]
0
E,[S]
(r)

Recall that for any open set D C R?, 1, = inf{t > 0: Y, ¢ D} denote the first exit time of
D by the process Y;.

XY
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Corollary 2.4. There exists a constant Cry = Co4(p, n, Lo, L3) > O such that, for any
r e (0, 1], xo € R?, and any open sets U and D with D N B(xg,r) C U C D, we have
E,
P, (Y, € D) < Coy % x € DN B(xg, r/2). (2.12)
r
Proof. Since D\ U C B(xg, r)‘, by Lemma 2.3 we have that for x € D N B(xg, r/2)
EX[TU]
p(r)

Px (YrU GD) < ]PX (lYTU —)C()| 2") < C2A3

3. Analysis on Z

Recall that Z is a pure jump isotropic unimodal Lévy process with Lévy measure v(|x|)dx.
Moreover, we assume (SD) holds in this section. The Lévy—Khintchine (characteristic) expo-
nent of Z has the form

w<|s|>=/Rd<1—cos(s-x)>v<|x|>dx, £ e R 3.1

Let Z¢ be the last coordinate of Z and M, = sup,, Z¢ and let L, be the local time at 0 for
M, — Z¢, the last coordinate of Z reflected at the supremum. We consider its right-continuous
inverse, L' which is called the ascending ladder time process for X/. Define the ascending
ladder-height process as Hy; = ZZ*‘ =M L The Laplace exponent of H is

1 [ log ¥ (6§)
= — ————=db ¢, > 0.

(6) eXp{n/o T 3
(See [25, Corollary 9.7].) The renewal function V of the ascending ladder-height process H is
defined as

(o]
V(x) =/ P(H; < x)ds, xeR.
0

then V(x) = 0 if x < 0 and V is non-decreasing. Also V is subadditive (see [2, p. 74]), that
is,

Vx+y) < V@) +V(Q), =x,yeR, (3.2)

and V(oo) = oo. Since the distribution of Z,d is absolutely continuous for every ¢t > 0 the
resolvent measures of Zf as well, (see [26, Theorem 6]), it follows by [42, Theorem 2] that
V (x) is absolutely continuous and harmonic on (0, o) for the process Z¢. Also, V' is a positive
harmonic function for Z,d on (0, 00), hence V is actually (strictly) increasing.

For » > 0, define Pruitt’s function h(r) = fRdl A lzI’r2v(dz) (e.g., see [38]). By
[4, Corollary 3] and [6, Proposition 2.4] (see also [2, p. 74]), we first note that

hr) < [VIOI 2 <k H <y for any r > 0.

Clearly, (WS) implies that s — o(s~H 1 also sitisﬁes (WS), that is, using the notation in [4],
s = ¢(s™H™! € WLSC(a, ¢, 0) N WUSC(@, C, 0). So by (1.2) and [4, Proposition 28], we
have that

Yr) < o(r—H! for any r > 0.
Combining these observations, we conclude that

V(r) < [¢()]Y* and v(r) < [V()] 2 for any r > 0. (3.3)

Please cite this article as: T. Grzywny, K.-Y. Kim and P. Kim, Estimates of Dirichlet heat kernel for symmetric Markov processes, Stochastic Processes
and their Applications (2019), https://doi.org/10.1016/j.spa.2019.03.017.




T. Grzywny, K.-Y. Kim and P. Kim / Stochastic Processes and their Applications xxx (xxxx) xxx 13

So by (WS), there exists Cy := (c, C,d) > 1 such that

c;! R g/2< VR <C R\ f
vl = v — orany 0 <r < R. (3.4)

r S V) r
Define w(x) := V((xz)*) and H := {x = (X, x4) € R? : x; > 0}. Since the renewal function
V is harmonic on (0, c0) for Z¢, by the strong Markov Property w is harmonic in H with
respect to Z.

Proposition 3.1. x — V(x) is twice-differentiable for any x > 0, and there exists C3; > 0
such that

|4 1%
x) and V'(x) < Cs, _(x)7 x> 0.
x Al x Al

[V'(x)] < C3,

Proof. Let f((3,x4) = V'((xg)t) for 5 € RZ'. Then f is harmonic in H. The
assumption [36, (A)] is satisfied by (SD). Hence, by Theorem 1.1 therein, we get for any
x>0

fU0, x)) and %w(ﬁ,x)<cs,|w(o’ﬂ

0 ~
— 10, <C .
‘ 0xy F(« x))‘ 3 Al X4 xAl

These imply the claim of proposition, because V(x) = w(ﬁ, x)and V'(x) = f(a, x),x>0. O

Proposition 3.2. For A > O, there exists C3, = C32(d, X) > 0 such that for any r > 0, we
have

Cso
swp [ wom iy < (3.5)
{xeR9 : 0<xy<ar} Y B(x,r)¢ Vi(r)

Proof. Since w(x 4+ z) = V(xg + z4) < V(xq) + V(|z|) for x; > 0, it follows that

/ wO(x = ydy = / w(x + 2v(2dz
B(x,r)¢

B(0,r)°
< Vixq) v(|z])dz +/ V(lzhv(lzdz.
B(0,r)¢ B(0,r)¢
By [6, (2.23) and Lemma 3.5], we have that

sdp f wW(lx — yDdy < e1 (
B(x,r)¢

{xeRd : O<xg<Ar}

Since V is subadditive, V(Ar) < (A + 1)V (r) for any A > 0, and therefore we conclude the
result. [

V(Ar) n 1 )
vinr v
For any function f : RY — R and x € R?, we define an operator as follows:

£2f) = PV. [ ()= Foomls = yhdy = lim £ £ (),

D(Ly) = {f e CHRY): P.V./ (f(y) — f@)v(lx — y)dy exists and is ﬁnite.} ,
R
where

Ly f(x) = / (f) = fO)v(x — yDdy. (3.6)

B(x,e)C
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Recall that C3(R?) be the collection of C* functions in RY vanishing at infinity. It is well
known that Cg(Rd) C D(Lz) and that, by the rotational symmetry of Z, A Z|C§ ®dy = Lz Icg(Rd)
where A is the infinitesimal generator of Z(e.g. [39, Theorem 31.5]). Hence, we see that
Dynkin formula holds for £: for each g € C3(RY) and any bounded open subset U of R? we
have

2
Ex/ L78(Zn)dt = Ei[g(Zy,)] — g(x). (3.7)
0

Theorem 3.3. For any x € H, Lzw(x) is well-defined and Lzw(x) = 0.

Proof. By subadditivity of V, |w(y) — wx)| < V(lyg — x4]) < V(|x —y|) for x € H. By
[6, Lemma 3.5], it follows that for any ¢ € (0, 1/2)
C1

/ (w(y) — wE)v(lx — )’|)d}" < / V(zDv(lz])dz < —— < oo. (3.8
B(x,e) B(0,6)¢ V(e)

Thus £5w(x) is well defined in H and
Lo = [ @09 = w00 = Ly~ 90 Vot = yhay.

Since Proposition 3. 1’ implies V" (s) exists and so w is twice differentiable in H, we have that
x> (w(y) —wx) — (x = y) - Vwx)v(lx — yDdy

B(x,e)

converges to 0 locally uniformly in H as ¢ |, 0. From (3.8), we see that £ w(x) converges to

Low(x) = / ) = w0 =gy~ ) VuCw(x — ydy
R

locally uniformly in H as ¢ | O.
For every x € H, z € B(x,(e Ax4)/2) and y € B(z, €)°, it holds that |y — z|/2 < [x — y| <
3|y — z|/2. Since r — v(r) is decreasing, using Proposition 3.1

Ljy—j=e} [w(2) = w(2) = Ljy—z<y(y — 2) - Vw(@)| v(ly — zI)

<o ( sup V”(S)> X — VL 2<pey V(X — ¥1/2)

&/2<s<xq+2
+ (W) + V(xa + D) e—y>1/2v(x — y1/2).
So applying the dominated convergence theorem with Proposition 3.2 and the fact that v is a
Lévy density, we obtain that x — L5w(x) is continuous for each ¢. Therefore, the function
L7w(x) is continuous in H.
Let U, and U, be relatively compact open subsets of H satisfying U, C U, C U, C H and
0 < rg :=dist(Uy, U;) < 1. By Proposition 3.2,

xel;

/ / w(y)v(lx — yDdydx < |Ui| SUp/ w(y)v(|lx — yDdy
Uy JU§ us

< UM Sup/ w(y)v(lx — yhdy < oo. (3.9)
B(x,rg)¢

xelU;
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Since w is harmonic, w(Zy,,) € LY(P,) and

Sup E [1ug(Zry JW(Zey, )] < sup Ex[w(Zey, )] = sup w(x) < oc. (3.10)

xel xel xel

From (3.9) and (3.10), the conditions [9, (2.4), (2.6)] hold and by [9, Lemma 2.3, Theorem
2.11(ii)], we have that for any f € C2(H),

0= fR d /R ()~ WD) — f@ilx — ydxdy. 3.11)
For f € C2(H) with supp(f) c U, C U, C U, C H,
/ / w(y) — wEILFG) — FEO(x — yDdxdy
R4 JRA
_ fU [ ) = w01 £0) = Flvtls = y)dsdy
w2 [ o) - weoll v < yhdrdy
U, Ui

<c / x — yIPu(lx — yDdxdy + 211 1 / / wy)(x — yDdxdy
Ui xUy U UZC

+2||f||w|ul|<supw<y>>/ / v(lx — yDdxdy, (3.12)
uy Jug

yeU;

and it is finite from (3.9) and the fact that v is a Lévy density. Applying the dominated
convergence theorem with (3.11) and (3.12), for any f € CE(IHI), we have

0 =lim (w(y) = w)(f(y) = f)v(x — yDdxdy
el0 Ji(x,y)eRd xRY:|x —y|> ¢}

=— Zlim/ f(x) (/ (w(y) — w)v(lx — yl)dy> dx
el0 Jy (yeRZ:|x—y|>¢}
=— Zf f)Lzw(x)dx.
H

We have used Fubini’s theorem and the fact that £L5w — Lzw converges uniformly on the
support f. Hence, by the continuity of Lzw, we have Lyw(x) =0in H. O

Proposition 3.4. Suppose that D is a C"' open set in R? with characteristics (Ry, A). For
any z € D and r <1 A Ry, we define

he(y) = hy o (y) = V(ép(Y)1pnpe,n(y)-
There exists C3, = Cs4(¢p, A, d) > 0 independent of z such that Lzh is well-defined in
D N B(z,r/4) and

C34

[Lzh,(x)] < V)

for all x € DN B(z,r/4). (3.13)

Proof. Since the case of d = 1 is easier, we give the proof only for d > 2. Without loss
of generality, we assume that Ry < 1 and A4 > 1. For x € D N B(z,r/4), let z, € dD
be the point satisfying §p(x) = |x —z,|. Let ¢ be a C!! function and CS = CS,, be
an orthonormal coordinate system with z, chosen so that ¢(0) = 0, Vp(0) = (0,...,0),
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V@l < A, [Vo(F) — Vo@)| < AF =3, and x = (0, x9), DN B(zx, Ro) = {y = (§. ya) €
B(0, Ry) in CS : y; > ¢(¥)}. We fix the function ¢ and the coordinate system CS, and we
define a function g,(y) = V(8u(y)) = V(y4), where H = {y = (¥, y4) in CS : y; > 0} is the
half space in CS.

Note that 4,(x) = g.(x), and that L;(h, — g,) = Lzh, by Theorem 3.3. So, it suffices to
show that Lz(h,—g,) is well defined and that there exists a constant ¢; = ¢(e, ¢, &, C, A, d) >
0 independent of x € D N B(z,r/4) and z € 3D such that

f Iy () — geIv(lx — yDdy < e V()™ (3.14)
DUH

We define @ : B(0,r) — R by ¢(3) = 24|57 Since Ve(0) = 0, by the mean value
theorem we have —9(y) < () < @(¥) for any y € D N B(x, r/2) and so that
{z=(@ z4) € Bx,r/2): 24 2 (2)} C DN B(x,1/2)
Clz=7 z4) € B(x,1r/2): 24 = —¢(2)}.

Let A:={y e (DUH)NBx,r/4): =9p(Y) < ya < @)} and E := {y € B(x,r/4) : ya >
@(y)} C D. We will prove (3.14) by showing that I+ I+ III < ¢, V(r)~', where

- / (he () + g (MV(lx — yDdy,
B(x,r/4)¢

T / () + g2 (I(x — yhdy. and TNl := f 1y () — 2: V(1 — yDdy.
A E

First, since h, < V(r), by [6, (2.23)] and Proposition 3.2, we have

I< V(@) v(lx = yDdy + sup f g&x(Mv(lz — yDdy
B(x.r/4) {z€R:0<z, <r} Y Bz.r/4) NH

<aVe)y '+ sup / w(|z — yDdy < (c2 + C3)V(r) .
{zeR4:0<z4<r} Y B(z,r/4)*NH

For y € A, since 9(¥) < 2A|y] and V is increasing and subadditive, we observe
that £,(y) + g:(y) < 2V(29()) < V(). For s < r/4, note that my_({y : V| =
5, =0 < ya < 0 < cus? where my_1(dy) is the surface measure on R?~!. Thus
fm:x La)HVAYD(Y]) ma—1(dy) < csV(s)v(s)s? for 0 < s < r/4. From (3.4), we note
that V(s)™!' < Cy V()" (r/s)*/? for s < r. Hence, by (3.3) and (1.2),

II<C3C4/ V(s)v(s)s?ds
0

<cs / V(s)_lsds <cy- CVV(r)_Ir&/Z/ 5724
0 0

=cs-CyV(r)™! r' <egV(r)™!

1—a/2
for some positive constant ¢ = c¢(@, ¢, C, A, d).
When y € E, we have that |y; — 8p(y)| < A|¥]%. Indeed, if 0 < y; = Su(y) < Sp(y)
and y € E, 8p(y) < ya + lo(M)| < yqs + A|¥|*. Since we assume that Ry < 1 and 4 > 1, if
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vq = éu(y) 2 8p(y) and y € E, the interior ball condition implies that

~ |51*
Yo = 8p(y) < ya — Ro+ /I3 4+ (Ro — ya)* = —
VT + (Ro — ya)* +(Ro = ya)

~2 ~12
< PP DV e,
2(Ro — ya) Ro

Furthermore, |y; — 8p(y)| < A|¥|? yields that
AP <ya— AP < yaAdp(y) and g VEp(y) — (va — AIFPP) < 2415

Hence, by the mean value Theorem and the scale invariant Harnack inequality for Z¢
([11, Theorem 1.4]) applying to V', we have that

[h-(¥) — & =IV(p(¥) — V(i) < sup V')8p(y) — yal
u€lygA8p(y), yavép(yl
< sup V')|8p(y) — yal
uelyg—Al51%, yavp(»)l
< ¢y inf V'@I¥* < 24c,V (va — 30(3)) 5. (3.15)

uelyg—AI¥?, yavép]
Since E C {(¥,ya) : || < r/4, o) < yq4 < %a(i) + r/2}, using with (3.15) and the polar

coordinates for |y| = v, we first see that

I < 2Ac; / V' (va = 30) [31Pv(Ix — yDdy
E

/4 %fﬁ(v)-&-r/Z 2 241/24,.d
<Csf / V'(ya = 300> + |ya — xa>) P’ dyqdv
0 ()

Lets = y; — %@(v). Since (V2 + |yqs — x4/)Y? > (v + |yqs — x4])/2 and v is decreasing, by
(1.2) and (3.3), we have that

V(0% + lya = xa D! <o + Is 4+ 300) — xaD/2) W + (s + 39(v) — x4))*

<
—~, -2
<oV +Is + 300) — x4))

For g(s) := sup,- (V(w)/u), V'(s) < C31(V(s)/s) < Cs.18(s) by Proposition 3.1. Therefore
we have that

r/2 pr/2
I < cg - 69/ f V)V +|s + %&(v) — xg))2dsdv
0 0
r/2 r/2
< 610/ / gV + s + 15(v) — x4))dsdv.
0 0

Applying [34, Lemma 4.4] with non-increasing functions g(s) and f(s) = V(s)~2 and
x(r)y=s+ %a(r), we have that

3r/4
Ingc”f Gw)V ) 2du.
0
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where G(u) = [ g(s)ds. By subadditivity of V and (3.4), G(u) <2 [ (V(s)/s)ds < c12V ().
Using (3.4) again, we conclude that

r r
I < ¢4 -c12/ V(u)fldu < C13V(l’)711’&/2/ u=duy < c14V(r)71
0 0
for some positive constant ¢4 := ci14(e, @, ¢, C,d). O

4. Estimates on exit distributions for Y

In this section we give some key estimates on exit distributions for Y. Throughout this
section, we assume that Y is the symmetric pure jump Hunt process with the jumping intensity
kernel J satisfying the conditions (J1.1), (J1.2), (SD) and (K,).

For any x € R?, stopping time S (with respect to the filtration of Y), and non-negative
measurable function f on Ry x R x R? with f(s,y,y) = 0 for all y € R? and s > 0, we
have the following Lévy system:

S
E, [Z £Gs. Yoo m} —E, [ | ( [, g, y>dy) ds] .0
0 R

s<S
(e.g., see [19, Appendix A]).
Throughout this section, we assume that D is a C'! open set with C'! characteristics
(Ry, A), and without loss of generality, we will assume that Ry < 1 and A > 1. Recall that the
function h,(y) = h,.(y) is defined in Proposition 3.4.

Lemma 4.1. Letr < Ry/2. For any z € 0D and k € N, let B, := {y € DN B(z,r/4) :
SpnBerH(Y) = 2_"}. Then, for every u € R4 and k € N with lu| < 2k < 278y

Luhr,z(w) = lim (hr,z(y) - hr,z(w —uw))J(w, u + y)dy
€10 [(w—u)—y|>¢
is well defined in By and there exists C,, = Cy4 (¢, Lo, L3, A,n,d) > 0 independent of
7€ 3D, k € N with 2758 < < Ry such that

Cy

V(r)

LRy (w)] < for all w e By, |u|l <27

Proof. We fix z € 9D and use the short notation 4,(y) = h,,(y). For any w € B; and
lu] < 27% <278, let x :== w —u € B(z,r/4). Define «,(x, y) :== «(u + x,u + y), and for
& < 27%=1 denote A.(x) and L(x) by

Ag(x) = / (hr(y) = hr (X)) (K (x, y) — K (x, X)0(1x — y]dy,
e<lx—yl<1

L(¥) = /1 ) = BN, 3) s 0w v,
<|lx—y
so that

/ (hr(y) — b (X)), (x, Y)v(Ix — yDdy + / (h (y) — b (x)J (x, y)dy
e<lx—y|<1

I<|x—y|
=As(x) + K, (x, x) - LS, (x) + L(x)

where L, is defined in (3.6).
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By the definition of 4,, (1.4), (1.2) and (J1.2), for r < Ry < 1, we first obtain that

f JGx, y)dy‘ +
I<|x—y|

On the other hand,

[L(x)| < CO<

/ v(lx — y|>a'yD <aV) ™. 4.2)
I<|x—y|

A (0] < (/ +/ )|hr<y)—hr<x>||xu<x,y)—xu(x,x)wux ~ yDdy
[x—yl<r/2 r/2<]x—y|
=:I(x) + II(x).

For |x — y| < r/2, |h,(y) — h.(x)| < V(|x — y|) by subadditivity of V,and V(r)/V(Jx — y|) <
Cy(r/|lx — y|)a/2 by (3.4). Also |k,(x,y) — ku(x, x)| < Lz|lx —y|"7 by the assumption (K,).
Hence (1.2) and (3.3) imply that

[1(x0)| < ¢ / V(x —yD7x — " dy
lx—yl<r

< aCyV () 'r? f e =y 7Py <! 4.3)
[x—=yl<r

for some positive constant c3 := c3(@, ¢, C, L3, n, d). The last inequality holds since n > o//2.

To obtain the upper bound of II(x), note that |k, (y) — h,(x)| < 2V(jx — y|) for r/2 < |x — y|.

Indeed, if y € (D N B(z, 1)), then |h(y) — h,(x)] = |h,(x)| < V(r) < 2V(jx —y]) by

subadditivity of V. If y € DN B(z, r), |h-(y) — h,(x)| < V(|6p(y) — Sp(x)]) < V(|x — y|) by

subadditivity of V. Hence by (1.4) and [6, Lemma 3.5], we obtain that

HI(x)| < 4L0/ V(lx = yhv(lx — yhdy < esV(r) ™ (4.4)

r/2<Ix -yl

From (4.3) and (4.4),
1iﬂ)1 Ag(x) exists and |1i§)1 A0 < (3 +es)Vir)h “4.5)

Finally from Proposition 3.4, lim, o £5h,(x) exists and

<Cia V()™ (4.6)

lim £% A, (x)
el0

Hence combining (4.2), (4.5) and (4.6), we have the conclusion. [

Theorem 4.2. For any x € D, let z, € dD be a point satisfying Sp(x) = |x — zy|.
(1) There are constants Ay = Asax(¢, Lo, L3, A,n) € (0,1) and Cyo1 = Cyn1 (9, Lo,
L3, A, n) > 0, such that for any s < A4,Ro/2 and x € D with §p(x) < s,
Ex [tpnBer.n] < Cana VSV (8p(x)). 4.7

(2) There is a constant C42, = C455 (¢, Lo, L3, A, n) > 0, such that for any s < Ry/2, A > 4
and x € D with §p(x) < A7 1s/2,

V(ép(x))
V(s)
(4.8)

P, (Y

TDAB(zx 2!

, € RAFI < ya 27l < Iyl <5 in €S,,)) > Caza
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Proof. Without loss of generality, we assume that z, = 0. For R < Ry/2, let hgr(y) =
V(p()1pngo.r)(y). Let f > 0 be a smooth radial function such that f(y) =0 for |y| > 1
and fRd f()dy = 1. For k > 1, define fi(y) = 2kdf(2ky) and h(,?) = frxhp € Cf(Rd), and
let B} :={y € DN BO,A\""'R/4): Spnpos-1r)(y) =27%} for & > 4.

Since h'Y is a C2 function, LAY} is well defined everywhere. By Lemma 4.1, for w € B}
and u € B(0,27%) the following limit

lim (hgr(y —u) — hp(w — u))J(w, y)dy
&0 Jjw—y|>e

=lim (hr(Y) — hg(w — u)J (w, u + y)dy = L' hg(w)
&0 Jiw—w)-y'|>¢

exists and —Cy | V(R)™! < L% g(w) < Cs  V(R)™'. We note that

/| ‘ WY () — B (W) I (w, y)dy

lU7y >&

= / f filw) (hr(y — u) — hg(w — w)) duJ(w, y)dy
lw—y|>e JRI

:[ - fk(u) ‘ | (hR(y _u)—hR(w —u)) J(W,y)dydu
ul<2— w—y|>¢

By letting ¢ | 0 and using the dominated convergence theorem, it follows that for w € B} and
27kH8 < AR,

|L‘h(,§)(w)| = ‘/l - )L hg(w) du ) fi(u)du

=C, V(R 4.9

(k)
R

< C V(R /

Jlu|<2—

Applying Lemma 2.2 to Bf and h’, and using (4.9), for any x € B}, we have

E, [h%‘)(n%)] — COVR) B [ty | <HP)

<E, [h?(y%)} +CLVR)Ex [y ]
By letting k — oo, for any x € D N B(0, A~'R), we obtain

VEp) = het) > Ex [ (Yo, 0,10 )] = Cot VIR Ex [tors0am10)]
(4.10)

)] + Co i VIR 'Ex [tpnpoa-1n)] -
@.11)

For any z € D N B(0, A"'Ryand y € D N (B, R) \ B(0,."'R)), by the fact that v is
decreasing and (1.3), v(|ly — z|) = v2|y|) = c1v(]y]). So by (1.4), (J1.1) and (4.1), we obtain

1 TDNBOA—1R)
Ex[hr (Yoyporin) | = Lo "B v(Y, — yDdthp(y)dy
- DA(BO,R\BO,2"1R)) J0

> Ly E, [TDmB(o,rlR)]/ v(lyDhr(y)dy.
DN(B(0,R)\B(0.A~1R))

and V(p(x)) = hg(x) < Ex [ (¥

*pNBO.A—1R)

4.12)
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Let A == {(J, y4) : 2A|¥| < yq}. For any y € AN B(0, R), since y; > 24|y| > 24|y)> >
o(y), we have AN B(0, R) C DN B(0, R) and
5p(y) = (1+ D)7 (va = ¢(3) = @™ (va = AT > 4N ya
> (AN + DI

Combining this and (3.4), V(6p(y)) = c2V(]y]). By changing to polar coordinates with |y| = ¢,
(3.3) and Proposition 3.1, we obtain that

/ v(|yDhr(y)dy = Cz/ v(lyDV(IyDdy
DN(B(0,R)\B(0,A~1R)) AN(B(0,R)\B(0,A~1 R))
R R
>C3/ vV ()t dt >c4f V() 't lde
AR A-IR
R V/(t)
>cy-C ——dt=¢4-C3 (VO'R)' = V(R)T!).
- Cu [ Josdt=e Coy (VO R - Vi) )
(4.13)
Combining (4.12) and (4.13), there exists Cs := Cs(c, o, C, Ly, A, d) > 0 such that
E, [h (Yfmw_]m)] > CsEx [tonpontn] (VOR)™ = V(R (4.14)

Using (3.4) again, V(A™'R) < V(OG'R) < CyA,*?V(R) for any A > Ag > 4. Let

Xo = (2Cy(Cs+C41)/Cs)¥% > 1. Then combining (4.10) and (4.14), we have that for A > A
V(p(x) = (CsVA'R) ™ = (Cs + CopV(R) ) Evltprpoi-1p)] (4.15)
> (Cs/2) VO R Eeltpnpoa-1p)- (4.16)

Thus, we have proved (4.7) with A4, = )\61 and s = A~ R where A > Aq.
From (4.11) and Corollary 2.4 with (3.3) for §p(x) < A~'R/2 and A > 4, we first note that
V() < VR (¥

Tpnedl-1R) < D) +C V(R 'E, [TDmB(o,rlR)]

< (CVR VAR + Co VIR ) Ex [Tpnsoa-1r)]

= c6V(R) (VAW 'R + V(R) ) Ex [tpnsoa-18)] - 4.17)
By (3.4) and the subadditivity of V, V(s)~! > 3‘1(3)L_1R/s)ﬁ/2C‘7l VIR ! fors < 3A7IR.
Combining this with (3.3) and using the polar coordinate with |y| = ¢, we have that

327 IR

w(lyDdy > ¢ / b= dr

//;0(3(0,3,\—1 R\B(0,22~1R)) 2-1R

32 IR

> cs/ V()27 = coV(LT'R) (4.18)
20-1R

For any z € B(0,A"'R) and y € B(0,317'R)\ B(0,21~'R), by (1.3) and the fact that v is

decreasing, v(ly —z|) = v(ly| + 1z]) = v3|yl/2) = ciov(|y]). So by (1.4), (J1.1) (4.1) and

(4.18), we obtain

Pe (Yeppor 1 € AN (BO. 327 R)\ B0,227'R)))

-1 TDNBO.A~1R)
= LO Ex v(|YS - ))Ddy ds
0 AN(B(0.3A~TR)\B(0,2.~1R))
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1 TpNBO.A—1R)
2> Ly cioE, v(lyDdy ds
0 AN(B,31~1R)\B(0,21~1R))

>cocioLy ' VO R E [thnpoa-tn)] - (4.19)
Hence combining (4.17), (4.19), and the fact that V is increasing, we conclude that for A > 4,
VE@p()) <cuVR) (VAN + VIR ) V'R
€ AN (BO,3:7'R)\ BO,2"'R))

x (Yrums(o,rlm

<2enVRIP, (¥

TpnBO.A—1R)

€ AN (BO, R)\ BO.27'R)).

Thus, we have proved (4.8) with s = R. 0

5. Upper bound estimates

In this section, we derive the upper bound estimate on pp(z, x, y) for t < T in ch! open
set D with C! characteristics (R, A) . As before, we will assume that Ry < 1 and A > 1 and
fix such C"! open set D throughout this section. We first introduce the next lemma which give
a guideline to obtain the upper bound estimate on pp(f, x, y) (for its proof, see [13, Lemma
3.1] and [5, Lemma 1.10]). Applying (4.7) and Theorem 1.2 to (5.2), in Proposition 5.3 we
will obtain the intermediate upper bound for pp(t, x, y) having one boundary decay. Applying
this result, (4.7) and the upper bound of the survival probability of ¥ (Lemma 5.2) to (5.1),
we can get the short time sharp upper bound estimate for pp(¢, x, y).

Lemma 5.1. Let Y be a symmetric pure jump Hunt process whose jumping intensity kernel J
satisfies the conditions (J1.1) and (J1.2). Suppose that E C R? be an open set. Let Uy, Us C E
be disjoint open subsets and Uy .= E\ (U UUs). If x € Uy, y € Uy and t > 0, we have

P30 < P (Y, € U2): sup pr(s.z.y)

s<t,zeUp

t
+/ P(zy, > s)Py(tg >t —s)ds- sup J(u,z) 5.1
0

uely,zeUs

<P (Yo, €Ua): sup pz )+ ((ABdT) - sup J(w,2).

s<t,zeUp uely,zeUs

(5.2)

For the remainder of the section, we assume that Y is the symmetric pure jump Hunt process
with the jumping intensity kernel J satisfying the conditions (J1.1), (J1.2), (K,) and (SD). Let

ar.gy = [V(As2Ro /DT ™!
where A.» is the constant in Theorem 4.2(1). Denote V~! be the inverse function of V, then

V’l(‘/aT,R0 1) < AsoRp/4 forany £t < T.

Lemma 5.2. There exists Cs, = Csy(¢, Lo, L3, n, Ry, A, T) such that for any t < T and
x € D, we have that

Pu(tp > 1) < Cs <1 A M) .

Ji
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Proof. Let r, .= V‘l(./aT,RO 7). We only consider the case V(§p(x)) < ,/ar,g, - which
implies §p(x) < A42Ro/4 < Ro/4. Let U, := D N B(zy,2r;) C D where z, € dD with
dp(x) = |x — z,|. Then, using Chebyshev’s inequality and Corollary 2.4, we first obtain that
Pi(tp >t) =Py(ty, > t,tp =11,) + Px(tp > 11, > 1)
< PX(TU, > t) +]P>x(YtUt € D) < (t_l + C244/¢(2r1)) E.)CTU['
From (3.3) and the fact that V is increasing and subadditive,

$@2r)) =< [VQr) < VIV (Jar.r, - D) = ar.g, - .
Therefore, using (4.7) in Theorem 4.2, we conclude that
V(ép(x))

We will use the following inequality several times, which follows from (WS): there exist
C; == (Cc™' v > 1 such that

Si(r\Ve _ 97\ r\le
C; (E) < P < C (E> for 0 <r <R. (5.3)

Recall the functions F, , r(t,r) and ¥(z,x) are defined in (1.6) and (1.7), respectively.

1 1
Py(tp > 1) < Cl;ExTU, < c1C4,2,1;V(r,)V((SD(x)) < O

Proposition 5.3. Let a < ar g,

(1) Suppose that D is bounded and the jumping intensity kernel J satisfies the condition (J1).
Then there exists a positive constant Cs3, = Cs3.1(¢, Lo, L3, 11, Ry, A, T, diam(D), a)
such that for any (¢t,x,y) € (0, T] x D x D with Va1 < |x — y|, we have

po(t,x,y) < Cs31W(t, x) - ([o (O Atv(jx — ).

(2) Suppose that the jumping intensity kernel J satisfies the condition (J2). Then there exists
a positive constant Cs5 = Cs3(8, ¢, Lo, L3, 11, Ry, A, T, a) such that for any (t, x, y) €
O, TIxDx D with |x — y| > V_I(\/Cl . t)'1ﬂ6[0,1]+2'1;35(1,oo)+(2 + V"(«/a . t))'1ﬂ=oo:
we have

po(t, %, y) < Cs3 W(t, x) - {FC‘W"“’T (TR Tpel oo
(2t/T|x — yH=12"=> if B =o0.
Proof. Since we assume that D is bounded in (1), by applying Theorem 1.1 instead of
Theorem 1.2 the proof of (1) is similar to the that of (2), so we only give the proof of (2). Let
roi= V7 I(Ja-1)/9.If §p(x) > r,/2, using subadditivity of V, we see that ¥(t, x) =< 1. Thus,
by Theorem 1.2, and the fact that » — F,, 7(¢, r) is decreasing, we obtain the conclusion.
Let 0 < §p(x) < r/2. Since 9r, < V’l(w/aT,Ro -T) = A4rRp/4 < 1, |x — y| = 9r, for
all B € [0, oo]. Choose a point z, € 3D with §p(x) = |x — z,| and let U} := B(z,,r;) N D,
Uy ={ze€eD:lz—x| >2|x—y|/2} and U, .= D\ (Uy U Us). Then x € U, y € Uz and
U, NU; =@. Note that |x — y|/2 < |[x — y| — |z — x| < |y — z| for any z € U,. Therefore, by
virtue of Theorem 1.2, we obtain

sup p(sv Z, )’) < Cl42 sup FC]_2,]/],T(S7 |Z - y|)

s<t,zelUp s<t,|z—y|>|x—=y|/2

g CIFCI_z,}/l,T(t’ |x - )’|/2) (54)

Please cite this article as: T. Grzywny, K.-Y. Kim and P. Kim, Estimates of Dirichlet heat kernel for symmetric Markov processes, Stochastic Processes
and their Applications (2019), https://doi.org/10.1016/j.spa.2019.03.017.

19

20

21

22



21

22

23

24

25

26

27

24 T. Grzywny, K.-Y. Kim and P. Kim / Stochastic Processes and their Applications xxx (xxxx) xxx

In fact, if B € (1,00], we have |[z—y| = |[x—y|/2 > 1 and so F¢, .70, |2 =]
is increasing in s. If 8 € [0,1], we have |[z—y| > |x—y|/2 > V'(Ja-1)/2 and
50 ([¢_l(s)]_d A su(lz —y|)e—y'z—y"5) = su(|z — ye =" using (3.3), (34) and (5.3).

Also, sv(r)e‘V’ﬂ is increasing in s. Thus, combining there observations with the fact r —
Fe, ., 17(t, ) is decreasing, the second inequality above holds.
By Corollary 2.4 and (4.7) in Theorem 4.2, we obtain

Pu(Yey, € U2) <Py (Yo, € D) < Coug(ri) ' Euny,
< Cas - CanaVE()/ V(1) < caVp()/VF. (5.5)

In the last inequality we use monotonicity and subadditivity of V, which imply V(r,) = /1.
Note that for u € U; and z € U; that

lu—zl 2|z — x| =[x —2x| — lu — 22| 2 [x — y[/2 = 3r,/2. (5.6)

Let 8 € [0, 00). Since |x — y| = 9r;, from (5.6) we have |u — z| > |x — y|/3 for (u,z) €
U, x Us, therefore by (1.4), (1.5) and (J2),

_ v B _
( sup J(m)) < eqe MBIy (1x — y)) <est ™' Fy, 1t 1x — y1/3).

uely,zeUs

Combining this with (4.7) in Theorem 4.2, we conclude that

Elty,] ( sup J(u, Z)) < Cio V)V (@Bpx)) - est™ Fyy 1ty 1x — 1/3)

uely,zeUs
V(p(x))
L c6——F—
Vi
If B=o00,since [u—z| > |x —y|/2—3r/2 > +4r,)—3r,/2 > 1, we have J(u, z) = 0.
Hence, by applying (5.4)—=(5.7) to (5.2) for the case B € [0, 00) and by applying (5.7) to
(5.2) for the case = oo, we reach the conclusion. [

Fyp (@, 1x = y1/3). (5.7)

We denote by X the process in the case 8 = 0 in (J2), that is, X is a symmetric Hunt
process whose jumping kernel is J*(x, y) := «(x, y)v(|x — y|).

Proposition 5.4.

(1) Suppose that the jumping intensity kernel J satisfying (J1) and D is bounded. There
exists a positive constant Cs,1 = Cs4.1(¢, Lo, L3, 1, R, A, T, diam(D)) such that for
any (t,x,y) € (0, T] x D x D, we have

po(t,x,y) < Cs4 1 W(t, ) (e, y) ([0~ O] Atv(lx = yD) .

(2) There exists a positive constant Cs4 = Cs4(¢, Lo, L3, n, Ry, A, T) such that for any
,x,¥)€ (0, T] x D x D, we have

Pt x,y) < CsaW(t, x)¥(t, y) ([~ O Arv(x — y)).
Proof. Using Theorem 1.1 and Proposition 5.3 (1) instead of Theorem 1.2 and Proposition 5.3

(2) respectively, the proof of (1) is almost identical to the one of (2). So we only give the proof
of (2).
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The semigroup property, Theorem 1.2 (for 8 = 0), (5.3) and Lemma 5.2 yield

pa(t/2,x,y) < ( sup pr(t/4,z, w))/ pa(t/4, x, 2)dz
D

zZ,weD
< il /D Pu(tp > t/4) < 2l 17 W (2, x).
Thus, by Proposition 5.3, (5.3) and Theorem 1.2 (for 8 = 0), we obtain
pot/2,x,9) < 3 U(t/2,x) ([~ /D1 A t/2v(Ix — y])) < ca¥(t, x)p*(t/2, x, y).

Combining these with Theorem 1.2 (for B = 0), the symmetry py and the semigroup property
of pX, we conclude that

Pt x,y) = / pa(t)2,x,2) - pa(t/2, 2, y)dz < 2 W(t, x)U(t, y)p*(t, x,y)
D

< s, )W, y) (97 O Arvllx =) . O

Suppose that the jumping intensity kernel J satisfying (J2). By Meyer’s construction
(e.g., see [19, §4.1]), when B € (0, oo] the process Y can be constructed from X by removing
jumps of size greater than 1 with suitable rate. Let p(z, x, y) be the transition density function
of X on D. For 8 € (0, oo], we define

J(x) = /R k(x, Yv(lx — yD (1 — x(x — yD™") dy

where x(|x — y|) is defined in (1.5). Then ||J |l < €1 51 v(|z])dz < oo. By [1, Lemma
3.6] we have
po(t,x,y) < "Wl pia, x, y)  forany (1, x,y) € (0,T]x D x D. (5.8)

Thus, the sharp upper bound of pp(t, x, y) for |[x — y| < M for some M > 0 follows from
the one of pg(t, x,y) and (5.8). Therefore Combining (5.8), Propositions 5.3(2) and 5.4(2),
we have the following result.

Proposition 5.5. Suppose that the jumping intensity kernel J satisfying (J2). There exists
a positive constant Css = Css(B, ¢, Lo, L3, n, Ry, A, T) such that for every (t,x,y) €
(0, T] x D x D we have

FC1»2/\}/|,)/1,T(I’ |X—y|/3) l.f:B S [07 OO),
FC]_z,yl,T(tv |x_)’|/2) l‘fﬂ:OO,

where C; is the constant in Theorem 1.2 and y; is the constant in (1.5).

ppt,x,y) < Cs5¥(t, x)- (5.9

Now we are ready to prove the upper bound of Theorem 1.3(1) and Theorem 1.5(1).

Proofs of the upper bounds of pp(f, x,y) in Theorems 1.3(1) and 1.5(1). In Proposi-
tion 5.5(1), we have proved the upper bound of pp(¢, x, y) in Theorem 1.3(1). So we only
give the proof of the upper bound of pp(t, x, y) in Theorem 1.5(1).

Let r, = V_I(W) so that r, < AsoRo/4 < 1/4. By Proposition 5.5 and the
symmetry of pp(t, x,y), we only need to prove the upper bound of pp(z, x, y) for the case
3p(x) Vv ép(y) < r;, which we will assume throughout the proof.

IfB=0c0cand 6 < |x —y| < 6(1V C[zl), by (5.8) and Proposition 5.4, we have

po(t,x,y) <l W(t, x)U(t, y)(t/T) < ey U(t, ) U1, y)(t/ T)C2ADR1/0,
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If either the case 8 € [0, o0) and |x — y| < 6(1VC[21) holds or the case 8 = oo and |x — y| < 6
holds, by (5.8) and Proposition 5.4(2), we have

po(t,x,y) < "Wl pXt x,9) <o @, 1)U, y) (¢~ (O Atv(lx = y))-

Thus, the upper bound of pp(¢, x, y) in Theorem 1.5(1) holds for |x — y| < 6(1 Vv szl).
For the remainder of the proof, we assume that §p(x)Vp(y) < ry and |x — y| > 6(1 \/C[zl).

For any x with §p(x) < ry, let zy € dD such that §p(x) = |zy — x|. Let Uy := B(zx, )N D,
Us={zeD:|lz—x| =2 |x —y|/2}, and U, :== D \ (U; U U3). Note that x € U; and y € Us
and |x — y|/2 < |z — y| for z € U,. Thus, by Proposition 5.5 we have

sup  pp(s.z,y)

s<t,zelUp
V(©p(»))
< sup Css—tn . (Feanman. (s, 12 = y1/3) * 1geqo,00)
s<t,zeUs «/E

+ Fey o705, 12 = 91/2) - 1p=oo)
1
<Css5V(ép(y) sup —
s<tlx—yl/2<lz—y] /S
(Fey a1, 12 = 91/3) - Apeqo.o0) + Fep 0,705 2 = ¥1/2) - 1p=c0)
V(ép(y)
<e —5; (Fe, syt X = Y1/6) - 1geo.00)

+ Fepr(t 1x — yl/4) - 1p—c) . (5.10)
The last inequality is clear for 8 € [0, 00) by the definition of F¢, ,xy,,y,,7(f, ) and for B = oo

we used the fact that s — s~/2(s/Tr)® is increasing if ar > 1. Hence from (5.5) and (5.10),
we obtain

P, (YTU1 € U2> ( sup  pp(s, z, y))

s<t,zelUp

< ey Vo) V@p(y) | Feiany .o lx —yl/6) if B € [0, 00), 5.11)
SV | Fepmrx—yl/4 i p=oc. '
Also from Lemma 5.2, we have
/ Pi(ty, > $)Py(tp > t — s)ds < / P.(tp > s)Py(tp > t — s)ds
0 0
< C2, V)V (Gp(») /0 SV — ) Vs < est V(‘S:;;(x)) V((Sl’ﬁ(y ) 512)

For (u,z) e Uy x Uz and |x —y| > 6 > 6r;, note that |u —z| 2> [x —y|—|x —u|—|z—y| 2=
|x — y|/3. Thus, if B € [0, 00), by (1.5) and (J2),

i (lx—v[/3)B _
( sup J(mZ)) < cee MBIy (1x — y|/3) < st T Fyy 2 (@, 1x = y1/3).

uelUy,zeUs
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Combining this with (5.12), we obtain

/ P, (‘L'UI > s) Py (tp >t —s)ds - ( sup J(u,z))
0

uecly,zeUs
V(ép(x)) V(8p(y))
Vi Vi
If B =o00,since [u —z| >1, J(u,z) =0 on U; x Us.
Therefore by applying (5.11) and (5.13) for B € [0, co) and by applying (5.11) for § = oo
in (5.1) of Lemma 5.1, we prove the upper bound of pp(f,x,y) in Theorem 1.5(1) for
8p(x) Vv p(y) <r and |x — y| > 6(1 Vv C[)).

< g

Fy 1, |x = y1/3). (5.13)

6. Preliminary lower bound estimates

In this section, we discuss a preliminary lower bound for pp(z, x, y). In this section we will
always assume that Y is the symmetric pure jump Hunt process with the jumping intensity
kernel J satisfying either the conditions (J1.2) and (J1.3) or the condition (J2).

Since Y satisfies conditions imposed in [11], using [11, Theorem 5.2 and Lemma 2.5], the
proof of the next lemma is the same as that of [18, Lemma 3.2]. Thus, we omit the proof.

Lemma 6.1. Let a, b and T be positive constants. Then there exists a constant Cs; = Cg
(a,b, Ly, ¢, T) > 0 such that for all » € (0, T] we have
inf P, (TBeaps-10y) > ar) = Co. (6.1)
yeRA
Iy—zl<bo—1 ()

Let D be an arbitrary non-empty open set, and a and 7 be positive constants. We use
the convention that §p(-) = oo when D = R? to derive the lower bound of p(z, x,y) in
Theorems 1.1 and 1.2 simultaneously.

Using [11, Theorem 5.2] and Lemma 6.1, the proof of the following Proposition is similar
to that of [18, Proposition 3.3]. Thus, we omit the proof.

Proposition 6.2.  Let D be an arbitrary open set and let a and T be positive constants.
Suppose that (t,x,y) € (0, T]1 x D x D, with $§p(x) > a¢p~'(t) > 2|x — y|. Then there exists
a positive constant Cso = Cer(a, Lo, ¢, T) such that pp(t,x,y) = C()Az[q)’l(t)]’d.

From Lemma 6.1 and Proposition 6.2 we see that, under the condition (WS) on ¢, the
behavior of Y is locally stable in terms of ¢.

Proposition 6.3. Let D be an arbitrary open set and let a and T be positive constants.

(1) Suppose that the jumping intensity kernel J satisfies the conditions (J1.2) and (J1.3). Then
for every M > 0, there exists a constant Cs31 = Ce3.1(a, M, Ly, ¢, T) > O such that for
all (¢, x,y) € (0, T1x D x D with §p(x)ASp(¥) = a¢p~'(t) and ap~'(t) < 2|x — y|< 2M
we have pp(t,x,y) = Ces1tv(|x — y]).

(2) Suppose that the jumping intensity kernel J satisfies the condition (J2). Then there exists
a constant C¢3 = Ce3(a, Lo, ¢, T) > 0 such that for every (t,x,y) € (0,T] x D x D,
with 8p(x) A $p(y) = a¢~'(t) and ap~'(t) < 2|x —y|, we have pp(t,x,y) >
Costv(lx — yD/x(Ix — yD.
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Proof. We first give the proof of (2). By Lemma 6.1, there exists ¢; = c¢i(a, Lo, ¢, T) > 0
such that

inf P.(tp6-1a0-1y > 1) = C1-
lamyl<a—lagy) © D@07 -

Thus by the strong Markov property
P, (Y,” € B(y, 27'a¢p™'(1))) = 1P, (Y'" hits the ball B(y, 4 'a¢~'(1)) by time ).
Using this and the Lévy system in (4.1), we obtain

P, (Y,” € B(y, 27'agp™' (1))
> P(YS

AT

o1 .
p6-lag—10y € B(y, 4 ag™ (1)) and A Tp(, 6-144-1¢y is @ jumping time )

INTB(x.625ap=1 (1)
=cE, J (Y, u)duds | . (6.2)
0 B(y, 4 lagp=1(1))

Lemma 6.1 also implies that

Ex [t VAN TB(X,6'275£I¢71([))] 2 tIP)x (TB(X,6~275(1¢71(I)) 2 t) 2 Czt f0r all t e (0, T]
6.3)

Let w be the point on the line connecting x and y (i.e., |[x — y| = |[x — w| + |w — y|) such
that lw —y| = 7 -2a¢~'(¢), then B(w,23a¢p~'(t)) C B(y, 4'a¢p~'(t)). Moreover, for
every (z,u) € B(x,6-23a¢p™ (1)) x B(w,2a¢~'(¢)), we have

lz—ul <6'agp™ () +27ap™ (1) + Ix — w]
=lx—y[+©6-27+27=7-2)ap"'(t) = |x — y|

and thus B(w, 2 %a¢~'(t)) C {u : |z — u| < |x — y|}. Combining this result with (J2), (1.4)
and (6.3), we obtain

INTB(x.62-5ap=L@t))
E, [/ / J(Ys, u)duds]
0 B(y, 4 lagp=1(1)

INTp(x.625ap= (1)
P Ex J(Ym u)1{|YS—u\<\x—y|]duds
0 B(w,2 a1 (1)

> Ly By [1 A Tpr 6050910y ) | B, 272ag ™ )|v(Ix — y1)/x(Ix — y])
> 3t "1 v(lx — yD/x(Ix — ). (6.4)

Then, using the semigroup property along with Proposition 6.2, (6.4) and (5.3), the
proposition follows from the proof of [18, Proposition 3.5].

The proof of (1) is identical to the that of (2) except that we apply (J1.3) in (6.4) instead
of (J2) and (1.4).

Combining Propositions 6.2 and 6.3, we obtain the following preliminary lower bound of
pp(t, x,y). Note that the lower bound in Proposition 6.4(1) is the sharp interior lower bound
of pp(t, x, y) under the conditions (J1.2) and (J1.3). Moreover, under the condition (J2), the
lower bound in Proposition 6.4(2) that yields the sharp interior lower bound of pp(t, x, y) for
the case B € [0, 1] and the case g € (1, oo] with |x — y| < 1.
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Proposition 6.4. Let D be an arbitrary open set and let a and T be positive constants.

(1) Suppose that the jumping intensity kernel J satisfies the conditions (J1.2) and (J1.3). Then,
for every (t,x,y) € (0,T]1 x D x D and M > 0, with p(x) A 8p(y) = a¢p~'(¢) and
|x — y| < M, there exists a constant Cs 41 = Cos.1(a, M, Lo, ¢, T) > 0 such that

Pt %, ¥) > Coua (197 O Aru(lx = yD).

(2) Suppose that the jumping intensity kernel J satisfies the condition (J2). Then, for every
(t,x,y) € (0,T] x D x D, with 8p(x) A 8p(y) > a¢p~'(t), there exists a constant
Cos = Cou(a, Lo, ¢, T) > 0 such that

polt.x.y) = Cos (18701 A tv(lx = ¥/ x(lx = yD).

For the remainder of this section, assume that the jumping intensity kernel J satisfies the
condition (J2) for B € (1, oo] with |[x — y| > 1. Also, we assume that D is a connected open
set with the following property: there exist A; € [1, 00) and A, € (0, 1] such that for every
r < 1 and x, y in the same component of D with ép(x) ASp(y) > r there exists in D a length
parameterized rectifiable curve / connecting x to y with the length |/| of [ less than or equal
to Ai|lx — y| and Sp({(u)) > Ayr for u € [0, |I]].

Now we prove the preliminary lower bound of pp(¢, x, y) separately for the case B = oo
and the case B € (1,00). We will closely follow the proofs of [10, Theorem 3.6] and
[12, Theorem 5.5].

Proposition 6.5. Let B = oo. Suppose that T > 0 and a € (0, (4¢_1(T))_l]. Then there
exist constants Cos; = Ces(a, Lo, @, T, A, X2) > 0, i = 1,2, such that for any x, y € D with
Sp(X)ASp(Y) = ap (1), [x —y| > 1, and t < T we have

¢ Cos2lx—yl
po(t,x,y) =2 Cos. <—) )
T|x —yl

Proof. Let R; := |x — y| > 1, and by the assumption on D, there is a length parameterized

curve | C D connecting x and y such that the total length |I| < A;R; and 8p(I(1)) > hap~ (1)

for every u € [0, |I|]. Define k be the integer satisfying (4 <)4A 1 R; < k <4A R+ 1 < 5A R

and r;, = 2’1A2a¢’1(t) < 8! Foreachi = 0,1,2,...,k, let x; := 1(i]l]/k) and

B; = B(x;,r), then 8p(x;) > 2r;, and B; C B(x;,2r;) C D. Since 4A1R; < k for each
y; € B;, we have

< < 1 1| 1 < MRy 1 1
i =Yl < lyi — xil + 1% — X1l + x40 — Yiwr| < 3 + T + 8 S R, + 17
(6.5)

Moreover dp(y;) = dp(xi) — |yi —xi| = r; = ryr. Thus by Proposition 6.4(2), there are
constants ¢; = ¢;(a, Lo, ¢, T) > 0, i = 1, 2, such that for (y;, yi+1) € B; x B;;1 we have
1 t/k
—1 a d
lo=' /1 d(lyi — yir1Dlyi — yigl
The last inequality comes from ¢/k < T /4 for the first part and (6.5) for the second part.
Note that r; > C3(t/kT)1/g for some ¢3 = c3(a, ¢, T, Ap) by (5.3). Hence, combining these

po(t/k, yi, yiy1) 2 c1 < ) > t/(Tk). (6.6)
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observations and the fact that kK =< R;, we conclude that

PD(LL)’)?/ / pot/k, x,y1)...pp@/k, yi—1, Y)dyx—1...dy
By By—1

> (et(Th) Y IS B = (eat(Th) ™ = (cot(TR) TR = (TR HOM. O

Proposition 6.6. Let 8 € (1, 00). Suppose that T > 0 and a € (0, (4¢_1(T))_1]. Then there
exist constants Ce; = Ces.i(a, B, x, Lo, ¢, T, A1, A2) > 0, i = 1, 2 such that for any x,y € D
with §p(x) ASp(y) = agp~ ' (1), |x —y| = 1, and t < T we have

B—1
Tlx—yl\ ? B
pp(t,x,y) 2 Copitexp § —Cesa | |x — y[ | log — A(lx = yD

Proof. Let R, = |x —y|. If either 1 < R; < 2 or Ri(log(TR,/1))E=V/E > (R)P,
the proposition holds by virtue of Proposition 6.4(2). Thus for the remainder of this proof
we assume that R; > 2 and R;(log(TR,/t))#~V/# < (R;)?, which is equivalent to 1 <
R, (log TRl/t)’l/’3 and R; exp(—R’f) <t/T.

Let kK > 2 be a positive integer such that

TR\ VP TR\ VP TR\

then R, /k > 27'(log(T R, /t))"/# > 271 (log2)!/# =: .

By the assumption on D, there is a length parameterized curve / C D connecting x
and y such that |/| < AR; and §p(l(n)) > rap~'(t) for every u € [0,]|l]]. Let r, =
(27 '"2a097'()) A (co/2) and define x; = [(i|I|/k) and B; :== B(x;, r;), withi =0, 1, ..., k.
For every y; € B , p(yi) = 27" ha¢p~'(t) > 27 'Xpa¢~'(¢t/k) and

|| R
lyi — Yig1| < 1x —Xiga| + 21, < ;+00<(?»1+1)7]~ (6.8)

By Proposition 6.4(2) and (6.8), and using the facts that t/k < T/2 and R;/k > ¢y, we have
that for any (y;, ¥i+1) € Bi X Bjt1,

1 t
pp(t/k, yi, yir1) = ¢ <m N v(lyi — yie1 D/ xyi — yis |))
¢ e—c3(R1/b)P
2 - —
k@R /KRy /)
for some constants ¢; = c;(a, Lo, ¢, x, B, T, 1) > 0, i = 2,3. Since ¢(R/k) < ca(R1/k)*
by (WS) with Ry/k > ¢, using (6.7), we have that

t k atd=l B
tlk, yi, v >chcp— [ — e~ 3(R1/K)
pD(/ Yi YZ+1)/ 2 4TR1 (Rl)
a+d

> c ~cL lo TR - L C3>c L ! (6.9)
Zerarp 8T TR,) ~ “\Tr, '

for some ¢; = ci(a, Lo, ¢, x, B, T, 1), i = 5,6. Note that r, > c7(t/TR;)"/% for some
c7 = ci(a, B, @, X)) by (5.3) and the fact that t/T Ry < 1/2. Combining this with (6.9), (6.7)
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and by the semigroup property, we conclude that

pp(t, x,y) 2/ / pp(t/k,x, y1)---ppt/k, yx—1, Y)dy1 - - -dyr_1
By By

= cgexp{—cok log(T R /1)}

TR\ P TR,
> cgexp i —co | 2R log — logT

TR\
> cgexp 3 —2c9 - Ry log — . g

Proofs of the lower bounds in Theorem 1.1 and 1.2. The lower bound of p(z, x, y) in
Theorem 1.1 follows from Proposition 6.4(1) with D = R¢. The lower bound of p(t, x, y)
in Theorem 1.2 for the case B € [0, 1] and the case B € (1, 00] with |[x — y| < 1 follows
from Proposition 6.4(2) with D = R? and the remaining cases of Theorem 1.2 follows from
Propositions 6.5 and 6.6 with D =R¢. [0

7. Lower bound estimates

In this section, we first obtain the boundary decay in Lemma 7.4 using (4.8), Lemma 6.1
and Lemmas 7.1 and 7.2. Using the semigroup property, and then applying Lemma 7.4 and
the preliminary lower bound estimates in Section 6, we will derive the upper bound estimate
on pp(t, x,y) with the boundary decay terms for + < 7T in C'' open set D with C"!
characteristics (Ry, A). As before, we assume that Ry < 1 and A > 1.

We first introduce the next lemma (for the proof see [17, Lemma 3.3]).

Lemma 7.1. Suppose that E C R? be an open set and Uy, U, C E be disjoint open subsets.
If xeU, yeUyandt > 0, we have
pe(t,x,y) =1t Pu(ty, > 1) Py(ty, > 1) inf J(u, w).
(u,w)elU; xUy

For the remainder of the section, we assume that Y is the symmetric pure jump Hunt process
with the jumping intensity kernel J satisfying the conditions (J1.1) , (J1.2) and (K). For any
T > 0, let
. RO
T 809 1(T)’
and for x € D we use z, to denote a point on dD such that |z, — x| = §p(x).

We first give the survival probability where x is near the boundary of D in the following
lemma.

ar = aT,RO

Lemma 7.2. Let a < ay. Then, there exists a constant C7, = C75(a, ¢, Lo, L3, n, A, T) > 0
such that for every t < T and x € D with §p(x) < ap~'(t) we have

V(ép(x))
Py (Tpeey 10001 epop > 1/3) = Cro % (7.1)

Proof. Without loss of generality, we assume that z, = 0. Consider a coordinate system
CS = CS, such that B(0, Rg))ND = {y = (¥, ys) € B(0, Ry) in CS : y; > ¢(y)}, where ¢ is
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a C"! function such that ¢(0) = 0, Ve(0) = (0, ..., 0), || V¢l < 4, and |Vo(3) — V()| <
A|y — w|. Define ¢1(y) := 24|y and V = {y = (¥, yq) € B(0, Ry) in CS : y; > ¢1(y)}. Since
@1(5) = 24|y|* for y € B(0, Ry), the mean value theorem yields V C B(0, Ry) N D.

Let U, == B(0,2a¢~"(1)) N D, U, = B(0, 10a¢="(t)) N D, and

W= {y = (5, y4) € B0,8a¢ " (1)) \ B(0,2a¢ ' (1)) in CS:ys > (M} C V. (72)

Since A|w| = ¢1(w)/2 < wy/2 for w € W, we have

(g — Q@) (wg — AliD]) wy
dp(w) > Ty > Ty > A, for w e W. (7.3)
Moreover, since || < QA w| < A~ 4agp~ () < ap~'(t) for w € W, we have
wi = wl* =B = ag~'1))* — (ap™'(1)* > (ap~' (1)) for w e W. (7.4)

Combining (7.3) and (7.4), we obtain §p(w) > 27 '(1+A)"'agp~'(¢t) and B(w, riap~'(t)) C U,
for w € W, where r; :== (2(1 + A))~!. By virtue of the strong Markov property, Lemma 6.1,
and (4.8), we have

Pi(ty, > t/3) 2 Pi(ty, > 1/3, Y,U1 eW) = EX[]P)YWI (ty, > 1/3): YTU1 e W]

P ]EX[IPYIUI (TB(YTUI sriap= 1)) > t/3) : YTUI = W]

> (ggd P (Tt rap-1ay > z/3)) P(Yy, € W)
Vp@) _  Vpw)
V@ag—'(1)) ~ ' i

By the subadditivity of V and (3.3), V(8a¢~'(¢)) < (8a + 1)V(¢~'(1)) =< /t, and therefore
we obtain the last inequality. [J

2 Co1 P(Yry € W) 2 Coy - Cano

We introduce the following definition for the subsequent lemma.

Definition 7.3. Let 0 < k; < 1/2. We say that an open set D is «-fat if there is Ry > 0
such that for all x € D and all r € (0, R;] there is a ball B(A,(x), x1r) C D N B(x,r). The
pair (Ry, 1) are called the characteristics of the «;-fat open set D.

Note that a C!! open set D with characteristics (Ro, A) is a «;-fat set with characteristics
(Ry, k1) depending only on Ry, A, and d, and without loss of generality, we assume that
Ry < Ry (by choosing R smaller if necessary). Let A,(x) is always the point A,(x) € D
in Definition 7.3 for D.

Recall that the function ¥ is defined in (1.7).

Lemma 7.4.  There exists a constant C74 = C4(¢, Lo, L3, n, Ry, A, T) > 0 such that,
for every t < T and x € D, we can find x1 with 8p(x1) > 27 \kiar¢~'(t) and |x; — x| <
6ar¢=(t) such that

/ po(t/3,x,2)dz > C74¥(t, x). (7.5)
B(x1. 47 ejar =1 ()

Proof. Let r, ;== ar¢ () < Ry/80 < 1/80 and we consider the case §p(x) < 27 'k r; first. In
this case we let x| := Ag,,(z) and denote By, = B(x, 4=V r,) and B, = B(zy,5x1r:)N D
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so that B,, N B, = . For any u € B;, and w € By,
lu —w| < |u— 2z + lze —x1] + |00 —w| < 12607 < 1
Since ¢(12x17,) =< ¢p(¢~'(t)) =t by (WS), using (J1.1), (1.2) and (1.4), we have that
inf  J(u, w) = Ly o1 2kyr) 126177 = et o~ ()] ¢

(u.w)eBZxxBXl

for some constant ¢; := c¢;(¢, Lo, Ry, A, T) > 0. Therefore, Lemma 7.1, 7.2, and 6.1 imply
that

u,w)eBz, X B,\-l

t
/ Po(t/3.x.2dz > / Pyt > 1/3) Peltp, > /3 inf e w)dz
By, By,

1 1
> = Pu(tp,. >1t/3) Ce. dz -c;—————
3 (s, > 1/3) (1/1;x1 SR P TN

V(ép(x))
5

For 8p(x) = 27 'kry, let x; = x and B,, := B(x;,4 'kyr;). By Lemma 6.1,

= P«(tp, >1/3) 2 c2-C72

/ po(t/3, %, 2)dz > / Ps,, (t/3.x,2)dz = By(tp,, > 1/3) > Co.
BXI

By,
and this proves the lemma. [

We are now ready to give the proof of the lower bound estimates for pp(t, x, ¥). Recall our
assumption that D is a C'! open set. When the jumping intensity J of Y satisfies (J2), for the
cases B € (1, 00) with |x — y| > 1 and 8 = oo with |x — y| > 4/5, we assume in addition that
the path distance in each connected component of D is comparable to the Euclidean distance
with characteristic A;. Note that combining this assumption with C'-! assumption entails that
D satisfies the assumption made before Proposition 6.5.

Proofs of the lower bound of pp(z, x, y) in Theorem 1.3(1), 1.5(2) and 1.5(3). Let r, =
ar¢~'(t) < Ry/80 < 1/80. By Lemma 7.4, for any x,y € D, there exists x;, y; € D such
that §p(x1) A 8p(y1) = 27 kyry and |x; — x| V |y — y| < 67, and

/ pD(t/3,x,z)dz/ po(t/3,y,2)dz = C2,W(t, x) (¢, y), (7.6)
By

By,
where By, := B(x|, 4 'kr,) and By, := B(y;, 4 'kir,). Thus by the semigroup property,
P, ¥a3) = / f po(t/3, %, w)pn(t /3, u, w)pp(t/3, w, y)dudw
pJp
> / polt/3, x. u)du f Pot/3.y, w)dw( inf  pp(t/3,u, w))
Bx] B}'l (u,w)eBXI X By,

> CLP)V(@y) ol pp(t/3u, w). 7.7

u,w)eBx1 xBy,

We now carefully calculate the lower bounds of pp(#/3, u, w) on By, x By, . Since |x — x|V
|y — 1| < 6r;, for u € B,, and w € By, we have

Ix =yl — 67" < |x — y| — (124 (k1 /2)r,
<lu—wl < |x =yl + U2+ & /2)r < |x—y|+67" (7.8)

and 8p(u) A Sp(w) = 47 kyr,.
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We first assume that the jumping intensity kernel J satisfies the condition (J2). Let 8 €
[0, 1]. If |x — y| < 157, then |u — w| < 287, < 1 and ¢(ju — w|)|u — w|¢ < cit[p~ ()¢
since ¢(|lu — w|) < ¢28x1ry) = p(d~' (1)) =t by (WS). If [x — y| > 157, then |u — w| <
Ix —y| + 67" and ¢(ju — w)|u — w|? < c2¢(|x — y|)|x — y|¢ since r — @(r) is increasing
and using (WS). Combining these observations with Proposition 6.4(2), (1.2) and (1.5),

Po(t/3.,w) > ¢ (197 O A e vl — w))
> e (167" 1 A 1e? o - D).

If B € (1,00] and |x — y| < 4/5, then (7.8) yields |u — w| < |x —y| + 6! < 1. Similar to
the above case, considering the cases |x — y| < 15r, and |x — y| > 15r, separately, we have
po/3,u,w) = cs (¢~ )] At - v(lx — y|)). Moreover,

() if B € (1,00) and 4/5 < |x — y| < 2, then |u — w| < 1. Thus by Proposition 6.4(2), we
have pp(t/3, u, w) > cet.

Hence combining (7.7) with these observations, we have proved the lower bound of pp(t, x, y)
in Theorem 1.5(2).

Suppose the jumping intensity kernel J satisfies the condition (J1) and M > 0. Let
|x —y| < M. Similar to the B € [0, 1] case, applying Proposition 6.4(1) instead of
Proposition 6.4(2) and con51der1ng [x —y| <157, AM and 157, AM < |x — y| < M separately,
we have pp(t/3,u, w) = c7 ([¢~'(®)]17? At - v(]x — y|)). Hence combining (7.7) with this, we
have proved the lower bound of pp(¢, x, y) in Theorem 1.3(1).

We now return to the assumption that the jumping intensity kernel J satisfies the condition
(J2), further assume that the path distance in D is comparable to the Euclidean distance. If
4/5 < |x — y|, then (7.8) yields |u — w| < |x — y|. Recall that we have already discuss the
case B € (1,00) and 4/5 < |[x — y| < 2 in (1). We now consider pp(z/3, u, w) in each of the
remaining cases.

(2) If B =00 and 4/5 < |x — y| < 2, then by Propositions 6.4 and 6.5, we have

()3, 1, w) > LA e\
, U, w) =2 ¢ Z C .
bp 55T —y 7 P \5Tx -y

B)IfBed,o0)and 2 < |x — y|, then 1 < |u — w| and from Proposition 6.6 and (7.8) we
obtain
B-1
Tlu—w|\ 8
pp/3,u, w) > cotexpq —cio | lu — w| logf Alu — w|

o

1
w> /\(5|x—y|/4)‘3

T(|x
> cotexp { —cio | Slx — y[/4) | log

\/

> cotexp { —ciy |x—y|<lo %) —yIf

N ———

The last inequality comes from the inequality log r < log(r +b)
0.

logr forr > 2vb >
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@ If B=ocand 2 < |x — y|, then 1 < |u — w| and from Proposition 6.5 and (7.8) we have

¢ c1zlu—w| ¢ c135lx—yl/4
t/3,u,w)=>c _ >c _
polt/3. 1) = 12(T|u—w|) - ‘2<T(|x—y|+61>>

o\ Ar O\ Sk
C —_— C _— .
= €12 T|x—y| = (12 5T|.X—y|

The second last inequality holds by virtue of the inequality 72 > r+b forr > 2Vvb > 0.

Hence combining (7.7) with the above observations (1) — (4) on the lower bound of pp(t/3, u,
w), we have proved the lower bound of pp(¢, x, y) in Theorem 1.5(3). U

Proof of Theorem 1.5(4). Let D(x) and D(y) be connected components containing x and
y, respectively. By definition of a C':! open set, the distance between x and y is at least Ry.
Using Lemma 7.4, we find that x; € D(x) and y; € D(y). Define B,, and B,, in the same
way as when beginning the proof of Theorems 1.5(2) and 1.5(3) so that (7.6) holds.

For any u € B,, and w € By, since 3Ry/4 < 3|x —y|/4 < |u —w| < 5|x — y|/4, by
Proposition 6.4 (2) and (5.3),

_ _w|B _ _ B
po(t/3,u, w) = citv(ju — w)e 27 > ertv(x — y[)e 2GR IVDT

By the semigroup property, combining (7.6) and this observation, we conclude that

pD(t,x,y)>/ f po(t/3, x, w)pp(t/3,u, w)pp(t/3, w, y)dwdv
Byy J By,

2/ pD(t/3,x,u)du/ pD(t/3,y,w)dw'( inf po(t/3,u, w)
By, B

- u,w)EBxl x By,

> ey W(t, X)W1, y) - tv(jx — y))e 201 0

Proofs of Theorem 1.3(2) and 1.5(5). Using Lemmas 5.2 and 7.2 instead of [18, (5.1) and
(5.10)], and by the fact that (3.3) and D is bounded (and connected when J satisfies the
condition (J2) and B = o0), we can obtain the large time heat kernel estimates for pp(z, x, y)
following the proofs of [18, Theorems 1.3(iii) and 1.5(iii)], so we omit the proofs.

8. Green function and boundary Harnack inequality

In this section we give the Green function estimates and establish the boundary Harnack
inequality as applications of the Dirichlet heat kernel estimates.

Proof of Theorem 1.6. When d > 2, the proof of Green function estimates is almost identical
to the one of [18, Section 7]. Thus we skip the proof.
Suppose d = 1. Note that by the inequality in Proposition 3.1, we have
p V(r)
Vilr) <c—— forO0<r <M, 8.1)
r

Using (8.1) instead of [18, (7.3)], one can obtain the Green function estimates by following
the proofs in [18, Section 7] line by line. Indeed, for any T > 0, let

Kr(a r)'—a+¢(r)‘/‘1 (l/\ﬂ>;du+w<l/\i)
e #()/T (r)) uro= (u'e(r)) r ()
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which is defined in [18, (7.4)]. By the same proof of [18, Theorem 7.3(iii)], we have that

Gp(x,y) =< Kr(a(x, y), [x — y])

where a(x,y) = /d@p(x))/d(p(y)). Recall that C; is the constant in (5.3). Let T} =
2 v 2CHY¢(diam(D)). Since 0 < a(x,y) < ¢(diam(D)) = Q7' A 2C)™T, and
o(Jx —y|) < ¢(diam(D)) < T,/2, it is enough to show that for any 7 > 0 and for any
0<a<@'AQCH™T and 0 < ¢(r) < T/2,

a a ¢l o(s) "
Kr(a,r) = % (df‘(a) + (/ s_2) ) (8.2)

where x* = x Vv 0.

When 0 < a < ¢(r) < T/2, the proof of (8.2) is the same as that of [18, Lemma 7.2].
Now we assume that ¢(r) < a < 27" A (2C;)~)T. Using (3.3), we have ¢;' V(r)> < ¢(r) <
c1V(r)? for some constant ¢; > 1. Thus by the change of variable u = V(r)?/V(s)?, we have
that

/¢(r)/“ adu . /Cl V() /a adu
sy P WO T Sy e udT W)
/-1/V(c1T)2 2a V/(s)
ds
vasen? @7'e V()2 V(s)

Since q)’l(cl_1 V(s)H) = ¢’1(c1_2¢(s)) > ¢35 by (3.3) and (5.3), combining this with (8.1), we
have that

b(r)/a a-du Ve T? | a
/ T iAo < C3a/ —zds < C4T. (83)
o)T Ud~(ule(r)) 1V/e)? § ¢~ (a)
For the last inequality, we again used (3.3) and (5.3). Applying (8.3) to the proof of the upper
bound for Kr(a, r) in [18, (7.6)], and following the rest of the proof of [18, Theorem 7.3(iii)]

for the ¢(r) < a < (2 VA (C;)™T case, we obtain (8.2) and hence we prove Theorem 1.6
for all dimension. [

<

To prove Theorem 1.8 we use the above estimates of Green function and the following scale
and translate invariant boundary Harnack inequality.

Proposition 8.1. Suppose that D is an open set in RY. Let Y be a symmetric pure jump Hunt
process whose jumping intensity kernel J satisfies the conditions (J1), (L), (C) and (K;). Then,
there exists ¢ = c(¢, n, Lo, L3, d) such that for any 0 <r < 1, z € 3D and any non-negative
functions f, g in RY which are regular harmonic in D N B(z, r) with respect to Y, and vanish
in D° N B(z,r), we have

fO) _ 8@

<c
o g(y)

for any x,y € DN B(z,2r/3).

Proof. To prove the claim we use [7]. We only have to check assumptions stated therein. Note
that (C) is a uniform version of [7, Assumption C]. Thus there is a constant c(, 7y in [7] satisfies
co(xo, R1, Ry) = C*(¢,d, Ri/R») for any x¢ € Riand 0 < Ry < R, < 2. Let0 <r < 1
and 2/3 <a < 2.
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We first check the bounds on the constants ¢ 5y and c(.9) in [7]. In our case, the constants
cn.8) and c.9) in [7] can be taken as

C Xo, ar, 2r) == inf J(xo, and
.8)(x0 ) e o (x0, ¥)

~1
c.9)(x0, ) < C* (/ J (xo, y)dy)
R4\ B(xq.2r)

where C* = C*(¢, d, 1/2) is the constant in (C). (see [7, (2.8) and (2.9)] and the last display
of [7, Proposition 2.9]). Then by (J1.3) and (WS) for c(25), and by (J1.1), (J1.2) (1.4) and
(WS) for c(2.9), we have that

cos(Xo,ar,2r) = cip(r)'r™"  and  cpo)(xo, 1) < €29(r) (8.4)

where the constant ¢; > 0 depends on ¢, a and d, and the constant ¢; > 0 depends on ¢, L
and d.

We now check [7, Assumption A-D] (and its scale and translate invariant version) holds.
First of all, since p(t, x, y) is continuous, clearly the transition operators 7; of Y is strong
Feller. Recall that we assume that 7, is Feller , that is, 7; maps Co(R?) into Co(R?). Since Y
is symmetric, [7, Assumption A] holds.

Let A be the corresponding generator on Co(R?) defined as

Au = lim Tiu —u
t—0 t
D(A) = {u € Co(RY) : Au < 00}.

Recall the operator Lg(x) = P.V. f(g(y) — g(x))J(x, y)dy defined in (2.1). Then
C2(RY) c D(A)  and  Au=Lu  forany u € CA(R?). (8.5)

(strong limit) and

Indeed, we first obtain that for any u € C2(RY), Lu € Co(R?) by (L) and so,
1T (Lu) — Lu|loc — O ast — 0. (8.6)

Since, from Lemma 2.2, M} = u(Y,) — u(¥y) — fot Lu(Y;)ds is P,-martingale with respect to
the filtration of Y, we have that

T =) _ g [ [ cucras
P I ol

Thus we obtain that for any u € C2(RY),
Tiu(x) — u(x)
e

X

— Lu(x)

t
= sup ;/0 T Lu(x) — Lu(x)ds

1 t
< f IT,(Cu) — Lulods.
0

and combining this with (8.6), we conclude (8.5). Therefore, [7, Assumption B] holds with
D = CXRY).

For 0 < R; < Ry, let A(x, R, Ry) = {y € R? : R; < |x — y| < R,} be the open annulus
around x, and A(x, R, R,) the closure of A(x, Ry, R,). For every compact set K and open set
U satisfying K C U C R?, let

Fxu={feCX®R): f=1inK, f=0inU°, and 0< f(x) < 1},
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and o(K, U) := infrery , sup, Lf(x). Then by Lemma 2.1 and (WS), for 2/3 <a <b < 1
there exist ¢z = ¢3(¢, n, Lo, L3, a, b) such that for any xg € Rfand0<r <1,

0(xg, ar, br) .= Q(Z()Co, ar, br), A(xo, 2r/3,2r)) + Q(E(XQ, ar), B(xg, br)) < C3¢)(r)_l.
8.7)

Let B, := B(xg, u) be a ball centered at xy with radius u > 0. Let d > 1,0 <r < 1 and
x,y € B,. By Theorem 1.1 (with M =2 and T = ¢(2)) and the semigroup property we have,
for 1o = ¢(|x — yI),

oo

fo
GBr(x7y)</ P(Ssx,y)ds‘f‘/ PBr(S‘I'tOsXs)’)dS
0 0

Io
< Cu/ sv(lx —yDds +/ p(to, 2, y)Gp,(x, 2)dz
0 By

< Cr (tgv(lx — yD) + [~ (t0)] “Evts,)

C
= _'"y|d ($(1x — ¥+ Evs,) . (88)

Let5/6 <a < 1. For x € Bs,6 and y € B, \ By, (a —5/6)r < |x — y| < 2r. Hence, by (8.4)
and (WS) we obtain

@(r)
c.10)(xp, 5r/6,ar,r) = sup Gp(x,y) < 4= (8.9
x€Bs; /6
Y€Br\Bar

where the constant ¢4 depends on ¢, a and d. Hence [7, Assumption D] holds.

We have observed that [7, Assumption A—Assumption D] hold. In addition, by (8.4), (8.7)
and (8.9), the upper bound of the constants c(3.9y, ¢(3.11y and c(;.1y in [7] from the expressions of
the constants c3.9), ¢@3.11) and ¢(.1y in [7, (3.9)—(3.11)] so that for any xy € Riand 0 <r < 1,

o(r)
c3.9)(x0,5r/6,11r/12,1r) < C6r_d’

caan(xo, 5r/6, 1) < 2¢(3.9)(x0, 5r/6, 11r/12, 1)

0(xo, 11r/12, 1) .
' , B, D|IC*(¢,d, 1/2 < , d
e <C<2.3)(xo, 11r/12,2r) |BO, DIC™(9 /2r c79(r) an

cany(xo, 2r/3, 1) < (0(xo, 3r/4,5r/6) - ca.11)(x0, 5r/6,7) + C*(¢. d, 9/10))4 < g

where the constants ¢;, i = 6,7, 8 are depending only on ¢, 1, Ly, L3 and d. Therefore, we
obtain the scaling and translation invariant version of [7, (BHI)] for r < 1, with the constant
ca.1y = ca.n(xo, 2r/3, r) which is independent of » < 1 and xo € R?. O

Alternatively, one can check the conditions in [35, Section 4], which also provides
[35, Corollary 4.2], the scaling and translation invariant version of (BHI).
We now use the above proposition to prove Theorem 1.8.

Proof of Theorem 1.8. Suppose that D is a C"*! open set in R¢ with characteristics (Ry, A).
Since D is a C!! open set, it is easy to see that for any z € D there exists a bounded C'!
open set U in R? whose characteristics depend only on Ry and A (independent of z € dD)
such that B(z, 7Ry/8) N D C U C B(z, Rgy) N D (if d = 1 we can take U = (z,z + Rg) or
U = (z— Ry, z)). Choose a point zg € U \ B(z,3Ry/4) and let g;(x) = Gy(x, zp). Since g; is
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regular harmonic in D N B(z, 3Ry /4), applying Proposition 8.1 we obtain

J() g1(x)

< ¢ ,
f» g1(y)

x,y € DN B(z,r/2).

Theorem 1.6 implies the claim of the theorem.
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