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Abstract

In this paper, we are concerned with polymer models based on «-stable processes, where o €
(%, d A 2) and d stands for dimension. They are attached with a delta potential at the origin and
the associated Gibbs measures are parametrized by a constant y € R U {—oo} playing the role of
inverse temperature. Phase transition exhibits with critical value y. = 0. Our first object is to formulate
the associated Dirichlet form of the canonical Markov process X induced by the Gibbs measure
for a globular state y > 0 or the critical state ¥y = 0. Approach of Dirichlet forms also leads to
deeper descriptions of their probabilistic counterparts. Furthermore, we will characterize the behaviour
of polymer near the critical point from probabilistic viewpoint by showing that X ™ s convergent to
X a5 y | 0 in a certain meaning.
© 2020 Elsevier B.V. Allrights reserved.
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1. Introduction

Polymers are chemical compounds consisting essentially of repeating units, called
monomers. Real polymers are complex objects on their own, typically fluctuating in a solvent
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as well as with other portion of themselves. The study of polymer models has been a very
active area of research in mathematical physics for a long time. It began to develop in 1930s
under the influence of chemical and biological applications. Research into these models led to
a great number of impressive advances, from the explanation of rubber elasticity to the creation
of the theory of helix—coil transitions in proteins and nucleic acids. Many physically relevant
problems on polymer chains have been outlined in e.g. a review of Lifschitz, Grosberg and
Khokhlov [19].

In simplified discrete models, the configuration of a polymer, i.e. the sequence of locations
of the monomers, follows the trajectory of a random walk on a lattice; see e.g. [14]. As a
continuous generalization, a continuum polymer model was constructed by Cranston et al.
(see e.g. [6-8]) in the context of Brownian motions. Let us use a few lines to explain some
details. It starts with a system of finite size 7, which means the length of the polymer. Let
27 == C([0, T1, RY), i.e. the family of all continuous paths of size T in R?, be the configuration
space of the system. Then the polymer model is described by a Gibbs ensemble at each inverse
temperature B (> 0), realized as a probability measure Pg 1 on {2, which is also called a Gibbs
measure. More precisely, the underlying probability measure Py 7 is identified with the Wiener
measure on {27 in this model, and we also denote it by Py in abbreviation. For g > 0, Pg 7
is determined by the so-called Hamiltonian H7, which is given by a certain potential function
v e CC"O(R“'), non-negative and not identically equal to O (see [6]) in the following manner:

T
Hr(w) = —/ v(iw®))dt, w e 2. (1.1)
0
In other words,
T
By r(day = SRPHI@Y (0 DIBfy vy 12
ZpT Zg T

where Zg r = Er exp{—B Hr} is the so-called partition function. From probabilistic viewpoint,
the phenomenon of phase transition is observed by letting 7 1 oo with certain tactic. It is shown
in [6] that there is a critical value S, such that for 8 < ., and 8 > S, the polymer manifests
different behaviours and is called in the diffusive state and in the globular state respectively. In
the former state, the canonical process induced by the limiting measure is nothing but Brownian
motion. However in the latter state, the limiting measure induces another diffusion process
enjoying a certain ergodic measure wé(x)dx. In particular, ., =0 ford = 1,2 and ., > 0
for d > 3. From analytic viewpoint, the (self-adjoint) operator

1
Hp = EA +B-v: L*RY) — L*RY),

where A is the Laplacian operator and v is the potential function in (1.1), plays a central role
in characterizing the phase transition. In the case that v € C®(R?) is non-negative and not
identically equal to O, it is well known that the spectrum of Hg consists of the absolutely
continuous part (—oo, 0] and at most a finite number of non-negative eigenvalues A;(B), i.e.
o(Hp) = (—00,0] U {A;(B) : 0 < j < N}. We enumerate the eigenvalues in a decreasing
order and particularly, Ao(8) = max{A;(B) : 0 < j < N} if {1;(B)} # ¥. When 8 < B,
supo(Hg) = 0. When B > B, it holds that Ao(8) > 0 and B > A((B) is increasing
and continuous with limg, g, Ao(8) = 0 and limgys Ao(B) = o0 (see [6, Lemma 4.1]). The
explicit form of A¢(B) is unclear, but its behaviour near S, is analysed in [6, Theorem 6.1].
These facts about o (Hp) are another reflection of phase transition. It is worth noting that in a
globular state, the density function g appearing in the above ergodic measure is exactly the
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ground state of Hg, i.e. its eigenfunction with eigenvalue A¢(8). In addition, Ay(8) coincides
with the rate of growth of Zg 7 (also called the free energy of the ensemble), i.e. Ao(B8) =
lim7z oo (log Zﬂ,T) /T, and the asymptotics of Xo(B8) as B | B, demonstrate universality in
that they depend only on dimension (see [6, Theorem 6.1]).

More interestingly, another particular and significant case with v = §y, i.e. the delta function
at the origin, is explored in e.g. [1,7] and similar phase transition appears only for d = 3.
Note that Hg are not self-adjoint any more and should be replaced by self-adjoint extensions,
parametrized by a constant y € {—oo} UR as shown in [7, Theorem 2.1], of %A restricted to
Cfo(]R3 \ {0}). Denote the family of all these self-adjoint extensions by {£, : y € R or — o0}.
Meanwhile, the Hamiltonian should be understood as a limit — lim, o fOT Ag - 1 e)(w)dt in a
certain manner, where A, (1 oo as ¢ |, 0) is a constant depending on y. This parameter y plays
the role of inverse temperature in associated Gibbs measure, which exhibits a phase transition

with critical value y,, = 0, and y = —oo corresponds to the underlying case. Indeed, in the
diffusive state y < 0, P, r converges to the Wiener measure under suitable scaling as T 1 oo
and o(L,) = (—oo, 0]. Note that when y = —oo, £, is exactly the Laplacian operator. In

the globular state y > 0, 6(£,) = (=00, 0] U {Ao(y) = ¥?/2} and the limiting process has
an ergodic measure w)%(x)dx, where 1, is the eigenfunction of £, with the solo eigenvalue
Xo(y) = ¥?%/2. The behaviours of polymer near y,., = 0 are also analysed in [7].

In this paper, we are concerned with a generalization based on «-stable process W* with
a € (0,2) of this continuum polymer model with delta potential. For the sake of brevity,
we only consider the isotropic case, where the transition density of W* is given by (2.1).
Particularly, A%/? := —(—A)*/%, not 1A%/, is the generator of W*. This generalization was
first raised in [9] mainly from analytic viewpoint. At a heuristic level, the analogical operator,
denoted by A,, of £, may be informally written as

A, = A2 4B, -5, (1.3)

where B, is a certain constant depending on y (such that S_,, = 0; see [9, §3]) and y plays
the role of inverse temperature. Strictly speaking, A, is a self-adjoint extension on L*(R?) of
AY/? restricted to C fo(Rd \ {0}). The rigorous statement is phrased in [9, Theorem 3.3] for
either of the following cases:

i)d=1and o > 1;
({i)d=1or2and o =d,;
(i) d/2 < a < d.

In the cases (i) and (iii), phase transition exists with critical value y., = 0. In the globular
state y > 0, A, possesses a solo eigenvalue A, > 0. Meanwhile universality is demonstrated
in the concrete expression of A, as presented in [9, §3.1 and §3.3]; but at this time, not only
dimension d but also « is involved. However in the case (ii), no phase transitions exhibit
and every y corresponds to a globular state. The associated Gibbs measure (at y) in a strict
sense is also obtained in [9]. In abuse of notation, we still denote the configuration space by
27 = D([0, T],RY), i.e. the family of all cadlag paths in R?. Fix a starting point x of the
underlying process W* (we take x = 0 in (1.1) tacitly). Let p, (¢, x, y) be the fundamental
solution of

du
— =A,u.
ot v
When y = —oo, we write p for p_o (i.e. the transition density of W%) in abbreviation.

Then the partition function, denoted by Z, 7(x), and the Gibbs measure, denoted by P’;’T, are
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formulated as follows:

Z, () = / P (T, x, y)dy,
]Rd

P;,T({w € Nr w(t) €Ay, ...,ot) e A,)}) (1.4)
=Z, 1 (x) l_[ Pyt — ti—1, X1, Xi)dXpqy - - - dxy,
Apxex AnxRE Y iy
where A, ..., A, are Borel subsets of RY, xo = x and 0 =fy < 1] < ++- < t, < tir1 =T.
The case y = —oo corresponds to the truncated «-stable process and for y in the globular

state, P - converges to a probability measure P}, on 2 := D([0, c0), R?) inducing a canonical
process with an ergodic measure wi(x)dx, where v, is the ground state of A,, as T 4 oo
(see [9, Theorem 4.1]). To our knowledge, however, no analogical limits were obtained for a
non-globular state. Note incidentally that the analogical approach of (1.4) for Hg or £, is still
available, see e.g. [6].

Our paper aims to study this polymer model of non-local type from probabilistic viewpoint
by means of so-called Dirichlet forms. Although a conception in functional analysis, Dirichlet
forms are closely linked with Markov processes in probability theory due to several seminal
works by Fukushima in 1970s. It is now well known that a Dirichlet form satisfying so-called
regular condition is always associated with a nice Markov process. The notions related to them
are referred to [3,13].

The first main result stated in Theorem 2.1 derives the associated Dirichlet form of the
Markov process X) induced by P} for a globular state y > 0, i.e. X"(w) = () for all
w € 2 and ¢ > 0. This Dirichlet form denoted by (£, #)) is regular with a core C2°(R?).
Formulation of it builds a new bridge between analytic and probabilistic characterizations of
globular states. On one hand, A, is linked with the generator of (&), Z®)) in (2.6). On the
other hand, more properties of X) can be obtained by virtue of the theory of Dirichlet forms.
For example, X is irreducible, recurrent and consequently ergodic as explained in (2.8).

As we see in (2.7), the Dirichlet space .#) is a weighted Sobolev space of fractional order,
where the weight function v/, is nothing but the resolvent density of W* with parameter 1, in
(2.5). Recall that the limiting Gibbs measure is not obtained for the critical case y = 0 in [9].
However, the above Dirichlet form can be extended to the one with parameter y = 0 in a truly
straightforward way: Replace the weight function ¥, by Yo = uo, i.e. the Riesz potential
kernel as presented in (2.3) (note that lim,, ;o A, = 0). This extension works for the third case
d/2 < o < d, since the existence of ug relies on the transience of W*. Analogically we
will show in Theorem 2.2 that this new Dirichlet form, denoted by (& O 7)) is also regular
with a core Cfo(]Rd). Again its associated Markov process X is irreducible and recurrent.
But the symmetric measure of it is not finite, thus the ergodicity manifests a different limiting
behaviour. There are at least two evidences for that X© should correspond to the right Gibbs
measure at y = 0. Firstly, the generator of (&©, Z#©) is linked with Ay in the same manner
as (2.6). Secondly, as will be explained later, X®) is convergent to X as y | 0 in a certain
meaning. This continuity in y is in agreement with the behaviour of polymer near the critical
point y., = 0 exhibited by the continuity of y > A, near y,,.

Approach of Dirichlet forms has far more advantages in characterizing the probabilistic
counterparts of globular and critical state. In Section 5, we shall figure out a clear relation
between X) and W for every y > 0. The first crucial fact is that the origin 0 is of positive
capacity relative to X as stated in Theorem 5.1. This illustrates that X feels a strong
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h-transform (5.1)

(A%, P) AW )
1.3)1 ¢ one-point
( 3): (35)8) bat reflection
X or (4.
v
(A, P) (X, Q)

(3.4) or (4.4)

Fig. 1. Globular or critical state under A-transform.

attraction to the origin (see (2.9)), as usually appears in one-dimensional models. At a heuristic
level, it is a reflection of that .A,, has infinite potential at 0 as we can see in (1.3). In addition, the
part process of X) outside the origin, obtained by killing X) once upon leaving R \ {0},
is identified with the h-transformed process, denoted by , W), of W% with h = ,. On
the contrary, X) is the unique one-point reflection of , W) at 0 in the sense of [4]. As a
result, we can summarize these probabilistic counterparts in a road map illustrated in Fig. 1.
Further interesting properties of X) can be obtained from this alternative characterization. For
example, 0 is regular for itself with respect to X; and the paths of X) are not only cadlag
but also continuous at the moments ¢ when X fy) = 0, although its associated Dirichlet form
contains no diffusion part.

Another main result is that X converges to X® as y | 0 in the following sense: Take
¥» 4 0 and a non-negative function ¢ on R? such that

6/v,, € L’RY, fR gl = 1,

then P? () := [pa P}, ()p(x)dx converges to Pg(~) = [pa Py()p(x)dx weakly on 2 endowed
with the Skorohod topology as n — oo. The theory of Dirichlet forms plays an important
role in the proof of it as well. Indeed, Mosco convergence of (& ) Z )y demonstrated in
Theorem 6.4 leads to the convergence of finite dimensional distributions of X), and to prove
their tightness, an inequality concerning capacity, analysis of quasi-continuous functions and
so-called Fukushima’s decomposition are all employed.

Throughout this paper we will concentrate on globular and critical states for the case
% < a < d. For other two cases mentioned earlier, the characterization by means of Dirichlet
forms is still available but only for globular states, since we cannot find a suitable substitution
of ¥ when W is recurrent at present. The state y < 0 is not under consideration either,
because the expected counterpart is nothing but W¢. We wish to treat them in a future work.
It is also worth pointing out that the Brownian case, i.e. « = 2 and d = 3, has been explored
by the first named author and his co-author in [12]. Nevertheless, the current case of non-local
type is much more involved, as we see the proofs of main results are far from routine.

The rest of this paper is organized as follows. In Section 2, we will present the expression
of associated Dirichlet form of X for every y > 0. The proof will be postponed to Section 3
for globular states and to Section 4 for critical state. The road map illustrated in Fig. 1 will
be completed with the help of a theorem in Section 5 providing an alternative characterization
of X via h-transform. Finally, the weak convergence of X®) as y | 0 will be proved in
Section 6.
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Notations.
Let us put some often used notations here for handy reference, though we may restate them
when they appear.

The notation *“:=" is read as “to be defined as”. For x, & € R?, (x, £) means the inner product
between x and £ and |x| stands for the Euclidean norm of x. Given a domain D C RY, the
families C.(D), Co(D) and C°(D) are those of all continuous functions on D with compact
support, all continuous functions on D vanishing on the boundary of D or at co and all smooth
functions on D with compact support respectively. Given a continuous function f with compact
support, supp[ f] stands for its support, i.e. the closure of {x : f(x) # 0}. For every r > 0,
B(r) .= {x : |x| < r}. The notation || - ||.c means the supremum norm of a bounded function.
Given a Hilbert space H, | - ||z stands for its norm and (-, -)y stands for its inner product.
Given an operator £, D(L) stands for the domain of L tacitly.

The symbol < (resp. 2) means that the left (resp. right) term is bounded by the right
(resp. left) term multiplying a nonessential constant. In addition,  ~ { means that there is
a nonessential constant C > 1 such that %T < 1 < Cf. There are several fixed constants
throughout this paper: c_, 4, co.q and c(c, d) first appear in (2.3)—(2.5) respectively. Otherwise
a constant attached with subscript means it depends on the terms in subscript. Note that almost
all constants are relevant to d and «, and we ignore them in subscript if no confusion is caused.

The semigroup and resolvent of isotropic «-stable process are denoted by P, and U,
respectively. Accordingly, the transition density and resolvent density are p, and u,. The Riesz
potential kernel i is given by (2.3). For every finite y, P,(y) stands for the semigroup associated
with A,. The semigroup and resolvent of X% for y > 0 are denoted by QV and R\’
respectively. Meanwhile, v, := u;, where 1, is given by (2.5).

The notions related to Dirichlet forms are referred to [3,13]. Particularly, every function in
a Dirichlet space is taken to be a quasi-continuous version if without other statements.

2. Probabilistic counterparts of globular and critical states

Fix @ € (¢£,2 A d) and let W¢ = {2 = D([0, 00), RY), (P¥), cra, (W¥),=0} denote the
isotropic a-stable process on R?, i.e. W is a Lévy process (see e.g. [20]) whose transition
density p(¢, x, y) = p(t, 0, x—y) =: p,(x—y) with respect to the Lebesgue measure is given by

pu®) = / gy = e g e R @.1)
R
Its resolvent kernel u, (x) for A > 0 is equal to
00 1 e*i@,x)
15 (x) = f e ™M p(t,0, x)dt = ——— / _dE. 22)
0 Qm)* Jre A+ 1§]

Several properties of u; are presented in Lemma A.3. Particularly, u; € L>(R?) due to o > d /2.
In addition, o < d leads to

o0
uo(x) :=/ p(t,0, x)dt =1 l)hiﬁ)lu)\(x) = C_qq - X", (2.3)
0
—o pyd—a
where c_y 4 = Zﬂd/;—;(%,)) and I is the so-called Gamma function. It is well known that the
2

generator of W¢ is A%/2, which is symmetric with respect to the Lebesgue measure, and its



5946 L. Li and X. Li / Stochastic Processes and their Applications 130 (2020) 5940-5972

associated Dirichlet form (¢4, D(¥)) on L?(R?) is
D) = H*?(R)) = {f € L’R)) : 4(f, f) < o0},
G(f. ) = Ca_,d/ (f(x) = f(y) (8(x) — g(y)) (2.4)
RY xR\ D

dxdy, [ g€ D),

2 |x _ y|d+a
. . d d 2134
where D is the diagonal of R x R* and ¢, y = —/—2—.
T2 M=)

As mentioned in Section I, the self-adjoint extensions on L?(RY) of A%/? restricted to
Cf"(Rd \ {0}) are parametrized by a constant y € {—oo} UR. For y > y, = 0 in a globular
state, the corresponding self-adjoint extension A, has a solo eigenvalue

% a/(d—a)
Ay = (C(Ol, d)) , 2.5)

where c(a, d) =

ﬁ Jra W, with the eigenfunction

% =Upy,,
where Uy, is given by (2.2) with A, in place of A (see [9, §3.3]). One of the main purposes
in this section is to present an alternative description of the probabilistic counterpart of this

globular state by means of Dirichlet forms. To phrase the result, we prepare some notations.
For y > 0, set m, (dx) :== v, (x)*dx, which is a finite measure, and define another operator

D(e,) = {f € L*(R*,m,): f -, € D(A,)},
1
o, f = W—~Ay(f-1py)—)\yf, f € D(,).

¥
It is not hard to find that o7, is self-adjoint on L*(R?, m,) with ,1 =0.

(2.6)

Theorem 2.1. Fix y > 0. Set m, (dx) = 1//y(x)2dx and let X = {12, P, X;y)} be the process
corresponding to the globular state at y, i.e. £2 = D([0, 00), RY), P}, is the probability measure

on {2 mentioned below (1.4) and Xfy)(a)) = w(t) for v € 2. Then XV is m, -symmetric and
associated with a regular Dirichlet form on L*(R?, m,) as follows:

FP ={f e L’R?, m,): VS, ) < o0},

Ca, (fx) = fO)* 2.7
EN(S, f) =24 f Y= TNy g, ydxdy,  f e F9).
2 Jrixrd\p |x — Y|
Furthermore, Cfo(Rd) is a core of (&7, F)), whose generator is o, given by (2.6).
For the critical case y = y, = 0, no probabilistic counterparts are obtained in [9].

However, the analogues of (2.6) and (2.7) are still available. Indeed, set vy := ug in (2.3) and
mo(dx) = Yo(x)*dx. Note that my is positive Radon on R? since & > d/2. Then the operator
< and the quadratic form (&©, . @) are well defined by letting y = Ay = 0in (2.6) and
(2.7) respectively. The analogical result of Theorem 2.1 states the regularity of (&©, . Z©),
which leads to a probabilistic counterpart of the critical state y = 0, i.e. its associated Markov
process denoted by X© = {2, PX, X,(O)}.

Theorem 2.2. The quadratic form (&, .Z©) is a regular Dirichlet form on L*(R¢, mg) with
the generator <fy. Moreover, C*(R?) is a core of (£, 7).
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The proofs of these theorems are postponed to Sections 3 and 4. Instead, we point out two
facts about X) for y > 0. The first one concerns their global properties. It will turn out in
Propositions 3.3 and 4.1 that X @) is irreducible and recurrent. As a result, we can conclude
that for y > 0 and any x € R? (see [13, Theorem 4.7.3]),

my()
m, (RY)’
When y = 0, the probability measure on the left hand side is vaguely convergent to O as
t 1 0o. The second fact illustrates that X feels a strong attraction to the origin. Indeed, the
capacity of {0} relative to &) is positive as shown in Theorem 5.1. This property also leads
to an alternative characterization of globular or critical state in Section 5 by means of Doob’s

well-known h-transform. Particularly it holds for every x € R¢ (see [13, Theorem 4.7.1 and
Exercise 4.7.1]),

P’;(ao <o0)=1, 2.9)

1 t
- / PL(X) € yds —> my() = weakly as ¢ 1 oo. (2.8)
0

where 0y := inf{r > 0: X’ = 0}. Note incidentally that other singleton is always &¥)-polar.

3. Globular states

Fix y > 0. This section is mainly devoted to proving Theorem 2.1 and presenting some
properties of X, First We provide a lemma for later use.
3.1. Proof of Theorem 2.1

This proof will be completed in several steps.
3.1.1. Step 1

We prove (& @) Z®) is a Dirichlet form. To this end, set

Jy@dy) = 1w =y, (1)w (1) dy.

By [13, Example 1.2.4], it suffices to show

(G.1) For any ¢ > 0, x — j,(x, R\ Us(x)) = fveRd\Ug(x) Jy(x,dy) is locally integrable

with respect to m,, where U,(x) is the e-neighbourhood of x.

(G2) fga FEOUy )M, (AX) = [ra(y FH)gxIM, (dx) for all f.g € B[R, where
Iy F) = [ f(0Jy (x, dy).

(.3) foK\D Ix — y|?j,(x, dy)m,(dx) < oo for any compact K C R,

For (j.1), take ¢ > 0 and an arbitrary compact set K C R¢. Choose r > 1 sufficiently large
such that K € B(r) :== {x € R? : |x| < r}. It follows from (2.3) that

fK J, (e R U, (o)m, (dx) = /K / ey (v
x—y|>e

Sf/ e = YOy dydx.
K Jlx—y|>¢

Denote G, :={y:|x —y| > ¢&,|y| >r}and G, :={y : |x — y| > ¢, |y| <r}. Then we have

/ / Ix — y| 7|y dydx
K JG

|yl ard a—d|.1—2d
< lx [y dydx.
K JG, lx — ¥l

3.1)
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Take x € K and y € G;. Since |y| > r and |x| < sup{|z| : z € K} < r, it follows that
|y|/|1x —y| <r/(r — |x]) < C, g for a finite constant C, . Hence the right hand side of (3.1)
is not greater than

Crof}d/ |x|°‘_ddx/ ly|~dy < oo.
K |y|>r

In addition,

/ / Ix — y| " x|y dydx < g7 @D / lx|*~“dx / Iy|“"“dy < oo.
K JGy K lyl=r

Consequently, one can conclude (j.1). The second item (j.2) is obvious. For (j.3), we still take
r such that K C B(r). When o +d < 2, we have

lx — yI%j, (x, dy)m, (dx) < Ix — y[>~ @D x|~y 1“4 dydx
Y Y
KxK\D KxK\D

5@#*”71 Ix|%74|y|*~dydx < oo
K xK\D

When o + d > 2, take a constant ¢ > 0 and denote K; = {y : y € K,|y—x| > &},
Ky ={y:yeK,0<|y—x|<¢}. Then

/ Ix — %), (x, dy)m, (dx)
K xK\D

_ / / x — y[2J, Cr. dy)m, (dx) + / / x — v, (x, dy)m, (d).
K JK, K JK,

The first term is not greater than

2
f / e — y[ TP x|y dydx < g7 @D (/ IXI“ddX> < 00,
K JK, K

and the second is not greater than

/ / lx — y|—(a+d—2)|x|a—d|y|a—ddydx
K JKy

|2(a( d) |2(a d)
dydx dydx
<//K2|x— a2 > (ffmx— era2 )

5/uwwm/ ly|"@t=2gy < 0.
K lyl<e

Hence (j.3) is verified.

1/2

3.1.2. Step 2

Note that (j.3) implies C2°(R?) C .Z ) as well. Denote the &”-closure of C°(R?) in .Z®
by Z. Then (&%), ) is also a Dirichlet form on L%(R9, m,, ). Further let & and o/ be the
generators of (&%), . Z ")) and (&7, %) respectively. In this step, we show

CXRI\{0}) C D(d) ND(),
= M
10 = fw = )<pv e et >d) 5

Cad (4 fo) = f) > o
= ! Y, (0d CRR\ {0,
e (58/),) ey by ) f e T (0)




L. Li and X. Li / Stochastic Processes and their Applications 130 (2020) 5940-5972 5949

where the limit is in the sense of LZ(R%). To this end, we first show
(y) — f(x)
Lf(x) = p.v. / %m( )y (3.3)
is well defined in L*(R?) for all f € C®(R? \ {0}). Fix such f and take a compact set

K C R?\ {0} such that supp[f] C K and 8§ := inf{|x — y| : x € supp[f],y € K¢} > 0. On
one hand, it follows from Lemma A.3(1) and Minkowski’s inequality that

12 , "
()= ([ ([, L2820
K ke \Jsupprf) [ — ¥
dx 1/2
= /Supp[f] </Kc pc_ym> FOYy (y)dy

dx 172
<10, f FOdy < / —) < o,
" g rx—ylzs lx =yt

where ||, [ ¢ = sup{|y/,(x)| : x € K} < co. On the other hand,

/ Lf(x)*dx
K
(f) = fFOCNY, (») / — [, (y) )2
</( |x—y|d+“ DH e oy D) &
2 d 2
L 2 e | ([ 2 e
= Ji1+ /.

To estimate Ji, take & € Cé’o(Rd \ {0}) with 2 =1 on K and set & =Y, -he C?(Rd \ {0}
due to Lemma A.3(1). Then we have

~ 2
s / ( YO = FOWO) dy) "
k \Jk |x — ¥l
Note that
~ ~ 2
/ ( / (fO) — (x))(ﬁ(y)—w(x» dy) e
y| “+a
_ 2
<IVSRIVE [ (f — |d+°f 2) dx < o0

and since f € D(A*/?) (see Definition A.1),

~ 2
() = fFONY(x) 72 JO») - f)
/x( e dy) = W”K/ (/ =yl y) = oo

Hence one can obtain J; < oo. For the second term J,, it follows from v, € L*(RY) that

dy
S < ||1ﬁy||iz(Rd)/ f(x)zdx/ @ <0

suppl f1 yily—x|=s |X —
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Eventually we can conclude Lf € L%(R%). Secondly, fix f € Cf,’o(]Rd \ {0}). For any g € ™
or g € .7, one can easily deduce by (3.3) and g - ¥, € L*(R) that

Lf, g)

Ca,d

Yy

EVNS, 8) = —Caua /Rd Lf(x)g(x)¥, (x)dx = <—

L2(R4,m,) ’
which leads to (3.2).

3.1.3. Step 3
Define a self-adjoint operator A on L?(R?) as follows:
D(A) = {f € L*RY): f/¥, € D))},

Af = wy-,@f(wi> 2, f.  f €DA).

Y

(3.4)

Clearly, A is a self-adjoint operator on L?(R%). In this step, we assert A is an extension of
A%/? restricted to CX(R? \ {0}), i.e.

CEMR\{0}) C D(A), Af=A"f VfeCOR\ {0}, (3.5)
and
v, € D(A), Ay, =4, 9,. (3.6)

Indeed, C:?"(Rd \ {0}) € D(A) is clear by (3.2) and Lemma A.3(1). Fix f € Cfo(Rd \ {0}) and
take arbitrary g € C®(R?). A straightforward computation yields

f&x)  fO -
<1/fy<x> vy () ) (8(0) = gDy )y (¥)

=(fx) = fO)- )Y, X)) — (f&x) = fFO) - (g ()
+(f(x)glx) — fFME)) - ¥y () — (f(x)g(x) — fF(E(Y)) - Py (x).

Recall that L; and Lg are two equivalent expressions of A%/2 as shown in Definition A.1.
Since f € H*(R?) = D(A*/?) and g - ¢, € L*(R?), we have

3.7

Cad / g0V (x)dx (p.v. Lﬁ?dy) =- / Ly f(x)g(0)yr, (x)dx
R4 R4 |_x — y| R4
and
o / SOy () (p.v. Lﬁ?dx) - / Ly f gty (x)dx.
R4 RrRd I_x — y| RrRd

Since f - g € H*(R?) and ¥, € L*(RY), it holds

Cad / vy (V)dy (p.v. fx)gx) = 5 +(z)g(y) dx)
we R o=yl
= Wy, Li(f8)2way = Yy, Ls(f&))12(ra) (3.8)

. 1
= lflfg (;(pr * Yy — Py, fg)

L2(R9)
By virtue of f € Cfo(]Rd \ {0}) and Lemma A.3(3), the last term is equal to A, fRd f)gx)
¥, (x)dx. Analogically,

Card / ¥, (¥)dx <p.v. J008te) = T8y )dy> — -, f FOOZ0W (X)dx.
R4 R4 |x — y| R4
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Hence (3.7) tells us

EVf/y. 8) =— fR Lif0g0yy ()dx + 2y A F@)g@)Yy ()dx. (3.9)
Since f/y, € D(#/), we can obtain
A (f1Vy) = (L1 )]y — r (f/ ).

From the definition of A, (3.5) can be eventually concluded. On the other hand, one can easily
find that 1 € . and £7(1, f) = 0 for all f € .. This implies 1 € D(&/) and /1 = 0.
From the definition of A, we obtain (3.6). Therefore, A = A,, i.e. the self-adjoint extension
with parameter y of A%/? restricted to C®(R¢ \ {0}). Particularly, </ is identified with o,
in (2.6).

3.1.4. Step 4

We can define an analogical self-adjoint operator A of A on L*(R?) by taking < in place
of o7 in (3.4). Mimicking the proof of (3.5), one can figure out that A is also an extension of
A%/? restricted to Cfo(]Rd \ {0}). In addition, take 7 € Cgo(Rd) suchthat0 <t <landt =1
on {x : |x| < 1}. Set 7,(x) == t(x/n) € CX(R?). Then 7, — 1 in L>(R%, m,) as n 1 oo by
the dominated convergence theorem. It follows from (2.3) that

Cad - c,ad / (r(x/n) t(y/n))?

|d+a

// (z(x) — Ifjfj) "y dxdy.

It is straightforward to Verlfy that this integration is finite by mimicking the proof of (j.3)
and thus &% (tr, — 1,7, — 1) — 0 as n — oo. Particularly, we can conclude 1 € Z and
clearly, &¥(1, f) = 0 for all f € .Z. This indicates 1 € D(</) and /1 = 0. From the
definition of A, we also have Y, € D(A) and Atﬁy = A, ¥, Therefore, A= A, = A and
hence o/ = o, = o, which implies .# = .Z). In other words, (%), ")) is regular on
L*(R?, m,) with a core C°(RY).

éo(y)(tn - 17 Tn — 1) =< |x|a7d|y|°‘7ddxdy

(3.10)

3.1.5. Step 5
Finally, we show X ) is associated with (&), .Z 7). Note that the transition density of
X with respect to the Lebesgue measure is (see [9, (30)])

e M py (1, x, Y)Y, ()
wy(x)

where p, is in (1.4). Clearly, its semigroup Q(V) f = f%w q,(, -, ¥) f(y)dy is symmetric with
respect to m,, i.e. | Qﬁy)f(x)g(x)my dx)=[ Fx)QY g(x)m, (dx) for all 7 > 0 and suitable
functions f, g. On the other hand, from (2.6) one can obtain that the semigroup of (&), .7 1))
is

q,(t,x,y) =

)

—Ayt —Ayt

= /Py zu 1Ay =
Oif =7 f v e (fy) 7

for all f € L?*(R?,m,). Hence Q, is identified with 0" by a standard argument. That
completes the proof.

/py(t, S WO, (dy
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3.2. Resolvent

As shown in Section 3.1.5, the semigroup of (£, .Z™) is
Y
Yy

where P,(y) is the semigroup associated with A, . Then its resolvent Riy) is

Dp = ) f e LR my) 120, G.11)

1
RV f= = Vol ¥y f € PR my), % >0,

where U is the resolvent of A, . From [9, (20)], we conclude the following.

Corollary 3.1. Let U, be the resolvent of isotropic «-stable process, i.e. for A > 0, U, f =
u, * f for f € LA(R?). Then the resolvent R associated with (8, F)) is expressed as
follows: for > > 0 and f € L*(R?, m,),

Uty
vy

is a positive constant and c(«, d) is the constant in (2.5).

1
RV f = U, (f - ¥,) + (ci” / L F@OU O, (x)dx) : : (3.12)
Y R

where cf\y) =1 i
cla.d)rr)a oy

Remark 3.2. For the critical case y = 0, the analogical expression of the resolvent is still
available, see Section 4.1.5.

3.3. Global properties

In this short subsection, we illustrate that X’ is an irreducible and recurrent (hence also
conservative) Markov process by virtue of Theorem 2.1. Meanwhile, it is ergodic as explained
in (2.8).

Proposition 3.3. The Dirichlet form (§7), ) is irreducible and recurrent.

Proof. Note that 1 € .#% and £%(1, 1) = 0. Then the recurrence of (&Y, . F®) follows
from [3, Theorem 2.1.8]. To show the irreducibility, take f € . with &7 (f, f) = 0. Since
¥, (x) > 0 for all x € RY \ {0}, one can easily deduce that f is a.e. constant. Eventually
applying [3, Theorem 2.1.10], we conclude that (£, .# ")) is irreducible. That completes the
proof. [

4. Critical state

Now we turn to consider the case y = 0. The first task is to prove Theorem 2.2.
4.1. Proof of Theorem 2.2
We will also complete this proof in several steps.

4.1.1. Step 1
Mimicking Section 3.1.1, one can also demonstrate that (&©, .#©) is a Dirichlet form on
L*(R?, my). In addition, Cfo(Rd) c 70,
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4.1.2. Step 2

In this step, we aim to show the denseness of Cfo(Rd) in .Z© relative to the é"l(o)-norm.
Since its generator is expected to correspond to a self-adjoint extension of A%/? restricted to
Cfo(Rd \ {0}) with no eigenfunctions (o ¢ L*(R%)), the tactic of the proof in Section 3.1.4 is
no longer available. Instead, we will prove it by a polishing technique that appeared in e.g. [10]
as follows.

Firstly, we show the family of all bounded functions with compact support in .#© is é"l(o)-
dense in .Z©. Clearly, so is the family of all bounded functions in .#®. Fix a bounded
f e Z©. Take 7,1, as in Section 3.1.4 and set i, == 1 — 1,,, f, == f - 7,. Then f, € F©
is bounded with compact support. It suffices to show éa](o)( f—fu, f— fo) > 0asn — oo.
Indeed, || /' — full L2t ;my) = 0 as n — oo by the dominated convergence theorem. In addition,

/ (f @) = )1y ‘f’j(f)—;/’fjiyjdxdy.

Cq
EOf — fu f = fu) = 2"
Note that

(FMx) = FOMON? S F)? (Tax) — ) + 0.0 (F(x) — F())*.
Since f is bounded, it follows that

/ f F&Y @00 =0’ M%dm

|
<11 [ @ = w0y %dxdy =0
x—y

by mimicking (3.10). By the dominated convergence theorem, one can also obtain

tim [ (10 = o P vy < 0

Hence we can conclude &O(f — f,, f — f,) — 0 as n — oo.

Secondly, fix a bounded f € .Z#© with compact support and we will show that there is a
sequence {f, : n > 1} € C®(R?) such that &(f — fu, f — fu) — 0 as n — oo. To this
end, take a radially symmetric, radially decreasing function p € C>°(RY) such that p > 0,
supplp] C {x : |x| < 1} and fRd p(x)dx = 1. In other words, there exists a decreasing
function p on [0, co) such that p(x) = p(|x|). For every § > 0, define ps(x) := 8§ ¢p(x/8)
and f5(x) = ps * f(x) = fRd ps(x — ¥) f(y)dy. Since f is bounded with compact support, it
follows that f5 € CX®(RY). Clearly, fs — f as § | 0 in L?*(R?, my). So it remains to show
EOf — fs5. f — f5) — 0as § | 0. Fix an arbitrary constant ¢ > 0. Note that

Fp(x,y) = f(x)—?(” € L* (R, yro(x)Po(y)dxdy) = .1

lx —

Since Y¥o(x)¥o(y)dxdy is a Radon measure on R??, one can take a function g € C.(R??) such
that ||g — Fsllw < €. For every function h(x, y) € H, define

h* ps(x, y) == / =2y = 2)ps(2)dz.
R{
This special convolution was frequently used in [10]. Particularly by [10, (6.5)],
lg —g*psllu — 0, &—0. (4.2)
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In addition, let Fy, be the function defined by (4.1) with f5 in place of f. Then
lg*ps — Frllu=1lgxps — Frxpslly = I(g — Fr)*psll S8 — Frllu-
The last inequality is due to [10, Proposition 4.4]. As a result,
EOf = f5, F = )2 = IFy = Fyllu

<IFr—gllu+llg—g*psllag + g *ps — Fpsllu
S2e+llg—g*pslla.

Therefore we can conclude &O(f — f5, f — f5) = 0 as § | 0 by (4.2).

4.1.3. Step 3
Denote the generator of (&©, . Z©) by 7. We assert

CX(RY\ {0}) C D(&),

Ca, () — f(x) o 4.3)
A fx) = 4 (p.v. %wwdy), f e C®\ (o)),
Yo(x) Re |x =yl
This claim can be verified by repeating Section 3.1.2 with y = 0 except for the estimate

of J,. Instead, take a constant » > 0 such that /2 > sup{|x| : x € K} and note that for
y¢é¢ Br)y={z:lz| <r}and x € K, |x — y| > |y| — |x] = |y|/2. It follows that

2 2
/ (/ tlfo(y)iilia> Foda 5/ f(x)zdx< wo(z)jy> < 0.
k \JkenBeye [x — y| K By [yl

since Yo(y) = c_a,d|y|°"d. In addition,

2
dy \? sy Yo(¥)dy
/K (/K %) f@rds = <B(;2(d—+a)) /1; f(x)*dx < oo,

cnB() |x —

due to the definition of § in Section 3.1.2. Hence J, < oo and (4.3) holds.

4.1.4. Step 4
Next, define a self-adjoint operator A on L*(R%):

D(A) = (f € L*RY) : /¥ € D()},

4.4
Af¢=1ﬁo~ﬁf(i>, f € DA. @4
Yo
‘We assert
COMRY\{0}) C D(A), Af=A"f VfeCPR\{0}. 4.5)

To prove it, one can repeat the procedures from (3.7) to (3.9) with y = 0. However, the
argument in (3.8) should be modified as follows (since Yy ¢ L%(R%)). Note that fg €
Cfo(]Rd \ {0}). Take r > O such that supp[fg] C B(r). Then vy - 1p@, € L*(R?) and it
follows that

1
(Vo - 1pen, Ll(fg))Lz(Rd) = lliﬁ)l <; (P * (Yo - 1g2r) — Yo - 1gan) fé.’) . (4.6)

L2(R4)
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On the other hand, fix y ¢ B(2r) and then |x — y| > |y| — |x| > |y|/2 for all x € supp[fg] C
B(r). Hence

IL:(fe)V) = ‘IW- /Rd %M‘ S IF8l L gaylyI ™

Since l/fo(y)|y|_d_°‘1 pere(y) is integrable, one can obtain by the dominated convergence
theorem that

/ VoYL (fg)(y)dy
By

From [18, Lemma 3.4], we know L;(fg)(y) = Ls(fg)(y) for all y ¢ B(2r)° and (see e.g.
[18, (S)D,

Ls(fe)y) =

< . 4.7

P ’I(Z) vy & B(2r).

Actually this limit exists. Indeed, since (fg)(y + z) # 0 leads to |y + z| < r, it follows that
|z| > |y| — |y + z| > r. Hence by (A.1) and (A.2), it holds for t < r?,

pi(2) _d+e ~d-a
== () S 1

which is integrable on B(r)°. Mimicking (4.7), it is straightforward to verify

/ %(y)/ I(f9)(y + 2)llz|™"*dz < oo.
B(Q2r)¢ R4

Then by the dominated convergence theorem and Fubini’s theorem, one can obtain

/;(2 . Yo L (fe)(y)dy Z/B Yo(y)dy (llm/ (f2)(y +Z)pt( 2) >

2r)°
T / (Fo)y + )”’(Z)

0 Jp@ry

1
= 13%1 L (P * (Yo - Lpere)) (2(fE)(2)dz.

From (4.6) and Lemma A.3(3), we eventually conclude

1
/ Yo(y)L(fg)y)dy = lim/ =(pr * Yo(y) — Yo(¥) f(¥)g(y)dy = 0.
R4 t}0 Jpa t

4.1.5. Step 5

Finally, it remains to prove A given by (4.4) is exactly Ag, which leads to &/ = . By
the expression of the resolvent of A, (see e.g. [9, (20)]), it suffices to show the resolvent R;
associated with (&©@, . Z©) is identified with

ROf = LU (w0 + <c§°> / f(x)%(x)ux(x)dx> IR e 2R mg). (4.8)
Yo Rd Yo

where cE\O) = +d1' To this end, we apply a later result stated in Theorem 6.4, i.e. take
cla,d)ra ™

a sequence y, | O and then (&7, .Z")) is convergent to (£©,.Z©) in the sense of

Mosco. The proof of it only relies on the expression of (£©,.Z©) as we have proved

in Sections 4.1.1 and 4.1.2. Recall that R™) denotes the resolvent of (&%), F¥)) and is
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expressed in Corollary 3.1. Particularly, Mosco convergence implies Rﬁy") strongly converges
to R, in the sense of Definition B.3. By Lemma B.4(4), this leads to

Yy, - (R;y")f) — Y- (R f), in L*R%) asn — oo

for all f € C(R?). From (3.12), one can easily find that v, - (Rf{””f) converges in L*(R?)
to

Up(f - o) + (c&“ fR ) f(x)lﬁo(x)ux(x)dx) = Yo - (R /).

Therefore R, f = R;O) f forall f € C(RY). By a standard argument, we can conclude R;
and RRO) are identified. That completes the proof.

4.2. Global properties
In this short subsection, we illustrate that X@ is also irreducible and recurrent.
Proposition 4.1. The Dirichlet form (&9, Z©) is irreducible and recurrent.

Proof. Take 7, 7, as in Section 3.1.4. Note that 7, 1 1 and &P(z,, 7,) — 0 by mimicking
(3.10). Then it follows from [3, Theorem 2.1.8] that (&©, .#©) is recurrent.

To show the irreducibility, suppose f, € F©@ such that lim,_o &O(f,, f,) = 0 and
F(x) == lim,_ o fu(x) exists for a.e. x € RY. We use the same notations as in (4.1). Then
Fy, € H and ||Fy,lg — 0. This leads to Fy, — 0, dxdy-a.e. as k — oo for a suitable
subsequence {f,, : k > 1} C {f, : n > 1}. On the other hand,

W= fO)

A Fa () =

for a.e. (x,y) € R?*. Hence we can conclude f is a.e. constant. By applying [3, Theorem
5.2.16], (80, . ZO) is irreducible. That completes the proof. [

5. Alternative characterization via h-transform

In this section we reconsider globular states or critical state by means of so-called
h-transform. Fix y > 0. Recall that W® is the isotropic a-stable process on R? with % <
a < d A 2. We use the notation P, to stand for the probability transition semigroup of W* as
well as the L2-semigroup associated with (2.4) if no confusion is caused. Clearly, v, = us,
is A, -excessive relative to (F,), i.e.

e Mt Py, <, ltil})] e Mt P, =,

Following e.g. [5, Chapter 11], one can derive a nice Markov process on E;, = {x : 0 <
h(x) < oo} by virtue of well-known h-transform with A := vr,,. More precisely, set
—A tl/fy()’) d
e ———=P(x,dy), x¢€E,=R"\{0},
WP (x, dy) = Yy (x) (5.1)
0, x =0.

Then (, P”) is a sub-Markov semigroup and generates a Markov process, denoted by , W),
on R?\ {0} as shown in e.g. [5, Theorem 11.9].
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To phrase the main result of this section, we prepare two notions. Let E be a locally compact
separable metric space and m be a positive Radon measure on it. The first one is the so-called
part process; see [13, §4.4]. Let (&, .%) be a Dirichlet form on L*(E, m) associated with a
Markov process X and F C E be a closed set of positive capacity relative to (&£, .%#). Then
the part process X¢ of X on G := E \ F is obtained by killing X once upon leaving G. In
other words,

G X, t<op={s>0:X;€F}
=10tz
where 9 is the trap of X¢. Note that X© is associated with the part Dirichlet form (¢, . %)
of (&8, %) on G:

F6={(feF:f=0, &qe. onF},

52
égG(f,g):é"(f,g), f’geva ( )

where f stands for the quasi-continuous version of f. The second is the one-point reflection
of a Markov process studied in [4]; see also [3, §7.5]. Let @ € E be a non-isolated point with
m({a}) = 0 and X° be an m-symmetric Borel standard process on Ey := E \ {a} with no
killing inside. Then a right process X on E is called a one-point reflection of X° (at a) if X
is m-symmetric and of no killing on {a}, and the part process of X on Ej is X°.

Theorem 5.1. Fix y > 0 and let X and (&Y, F©) be in Theorem 2.1 or Theorem 2.2.
Then {0} is of positive capacity relative to (&7, F)). Furthermore, the following hold:

(1) wW*W) is identified with the part process of X7 on R? \ {0};
(2) X" is the unique (in law) one-point reflection of , W) at 0.

Proof. Denote the 1-capacity relative to (%), # 1)) by Cap”’ (see [13, §2.1]). Since ¥, < ¥
for y > 0, it follows from the definition of 1-capacities that Cap”’(A) < Cap®(A) for any
Borel set A C RY. Hence we only need to show Cap(y)({O}) > 0 for y > 0. Argue with
contradiction and suppose Cap”’({0}) = 0 for some y > 0. Then the part process of X
on R4 \ {0} coincides with X ®) and particularly, it follows from [13, Theorem 4.4.3] that
CX(R? \ {0}) is also a core of (&%), FW). By (3.9), one can easily obtain that for any

f.g € CE@R\ (0D,

£ (i, i) =%, (f. 9. (5.3)
vy ¥y ’
Note that C>(R? \ {0}) is a core of (¢, D(¥)) due to a < d. This implies that
L
vy
is an isomorphism between D(&) with the norm || - ||, ., and F) with the norm || - || 4o
1

Particularly, the operator A defined by (3.4) must be identified with A%2. This leads to
contradiction, because we have shown A = A, # A2 in Section 3.1.3.
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To prove the first assertion, it is straightforward to verify that (j, P,(V)) is symmetric with
respect to m, (dx) = ¥, (x)*dx and then associated with the Dirichlet form (see [13, (1.3.17)])

wZ =A{f € LR my) 14 8(f. f) < o0},
1
G =tims [ (70 =P ) som, o). fog <17

One can easily deduce that for any f € L*(R?, m,),

1
wE(fs ) = lziflol " Ad (fOY (x) — e " Pi(fr,)(0) (fy )(X)dx =G, (fr,, fry).
This leads to

W ={f: foy € D@, W ) =%, (fVy. [¥), e 54

Since CC‘?O(Rd \ {0}) is a core of (¢4,D(¥)) and ¥, € Co(R? \ {0}) is positive, we can
conclude that CSO(R" \ {0}) is also a core of (&, ,.%). On the other hand, the part process
X0 of X&) on RY \ {0} is associated with the Dirichlet form (&0, .Z)0) given by (5.2)
with (&, F) = (&Y, Z)) and G = R? \ {0}. Particularly, C>(R? \ {0}) is also a core of
(EMO Z )9 by [13, Theorem 4.4.3]. Mimicking (5.3) and applying (5.4), one can obtain
that for any f € C2(R?\ {0}),

EVS, )= EDS, ) =G, (i, [Uy) =S, 1),

which implies (&0, F0) = (,&, ,.F). Therefore, , W) is equivalent to the part process
of X® on R?\ {0}.

Finally we prove the second assertion. Clearly, X" is a one-point reflection of , W*®) by
the first assertion. Note that for every x # 0,

WPE(Ly < 00, WP = 0) =, PL(g < 00) = Pi(0p < 00) = 1, (5.5

where ,P) is the probability measure of pAWeW) starting from x, ¢, is its life time and

op = inf{t > 0 : X,(V) = 0}. The first equality is due to the conservativeness of X (see [13,
Theorem 4.5.4]) and that , W) = X0 has no killing inside, and the last equality is already
mentioned in (2.9). Applying [3, Theorem 7.5.4], we can eventually conclude the uniqueness
of one-point reflections. That completes the proof. [

Remark 5.2. At a heuristic level, Cap”’({0}) > 0 is a reflection of the fact that A, has infinite
potential at O as we can see in (1.3). The analogical result for the three-dimensional Brownian
case, i.e. « = 2 and d = 3, has been obtained in [12]. It is also worth noting that for any
x # 0, {x} is of zero capacity relative to & as well as &) due to @ < d and (5.4).

With the help of Theorem 5.1, we summarize an alternative characterization of the polymer
model based on a-stable process in Fig. 1. The A-transform from A%/? to , W) is reversible.
Indeed, one can operate a similar /-transform with &~ = 1/y, on ,W*") to regain the
a-stable process; see (5.4). The transformation (3.4) or (4.4) enjoys a same form as A-transform.
However, P”) is not Markovian (although Py, = &'y, by (3.11)) and 1/4, is not
excessive relative to Q;’/) either. As mentioned before, (1.3) is a heuristic expression of the
informal perturbation of A%/? induced by a singular potential function g, - 8. From Fig. 1, we
figure out a rigorous probabilistic interpretation for this perturbation: it may be understood as

one-point reflection at 0 under certain h-transform.



L. Li and X. Li / Stochastic Processes and their Applications 130 (2020) 5940-5972 5959

We present a corollary to illustrate further properties of X as well as its Dirichlet form
(&Y, FZ 1) by means of one-point reflection.

Corollary 5.3. Fix y > 0. The following hold:

(1) O is regular for itself with respect to X7, i.e. Pg(ao =0=1
(2) For any A > 0, wy(x) :== E;‘,(e_)“’o; 0p < 00) is identified with

ey ) o,
Wy a, (%) = Yy (x)
1, x=0.

More precisely, w;(x) = Wi 2, (x) for &V)-g.e. x.
(3) X9 admits no jump to or from {0}: for every x € R?,

PL(X e R\ (0}, XV =0, or XV =0,X7 e R\ (0); 3 >0)=0. (5.6

(4) Let (&0, FW)0) pe the Dirichlet form associated with , W) and fix » > 0. Then it
holds

TV = FWOgu, = e f +cws : fe TP ¢ ¢, eR)

Farticularly, Cé"’(Rd \{OD @ w, = {af +cw, : f € C?(Rd \ {0}), c1,c2 € R} is
@ml(y)-dense in FO,

Proof. The first and fourth assertions are consequences of [3, Theorem 7.5.4]. By comparing
(3.12) or (4.8) with [3, (7.5.6)], a straightforward computation yields w, = Wi,2,» My-a.e.
Since w3, is continuous by Lemma A.3(2) and w, is &)-quasi-continuous, it follows that
w;(x) = wy, (x) for &¥)-qee. x.

To show the third assertion, we shall apply [3, Theorem 7.5.6] and so it suffices to verify
the conditions (A.2) (A.3) and (A.4) there. For any A > 0, it follows from the second assertion
that

/w;\(x)my(dx) = /u;\_k,\y(x)u;\y(x)dx < 0.

Hence (A.2) holds. Note that ¢(x) := P}(dp < 00) = 1. Denote the resolvent of , W* ) by
R;\y)’o. Then from , = U, (5.1) and the resolvent equation, we obtain

o0 Uy, 11 %Y Uy, — Up,+1
R(V)’Ogo — e_th(y)(pdt — M Y _ "ty Y =1—w ..
1 t Ay
0 Ilfy U,

Then it is easy to conclude from (A.5) that for any compact set K C R? \ {0},

inf Riy)’()(p(x) =1—supw,, (x) >0,
xek xekK

which leads to (A.3). Note that the jumping measure of , W% is
Cad Yy OV ()

Jo(dxdy) = 2 Jx =y

dxdy.
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Fix r > 0. For x € B(r), y ¢ B(2r), it holds |x — y| > |y| — |x| > |y|/2. Thus

. . |y|*
Jo(B(r) x B(zr))5/ |x| ddx/ ———=dy
B(r) Bere |x — |

5/ |x|°‘_ddx/ ly|~dy < oo.
B(r) B(Q2r)¢

Consequently, (A.4) holds. That completes the proof. [J

The statement (5.6) tells us that the trajectories of X are not only cadlag but also
continuous at the moments ¢ when Xﬁ”) = 0, although its associated Dirichlet form contains
no diffusion part. The first part of it, i.e. X admits no jump to {0}, can be verified by means
of so-called Lévy system (see e.g. [13, A.3]) directly. Note that the Lévy system (N, H) of
X may be taken to be
l/fy(Y) dy
¥y (x) [x — y[
Then from [13, (A.3.23)], we obtain

PL(x” e R\ {0}, X = 0; 3 > 01)

@ 0
<E (Z Lgay o o) (X2 X, ))

t>0

N(x,dy) =cya H =1t.

o0
= E;/ dt /1.&61 1(Rd\{0})x{0}(X§y), VN, dy) = 0.
0

However, the other part of (5.6) was led in [3, Theorem 7.5.6] by a classical probabilistic
construction of X initiated by Itd. Roughly speaking, let {v, : t > 0} be the unique , W*)-
entrance law, i.e. v, is a o-finite measure on R? \ {0} and vy - hPt(y) = vy, for every ¢, 5 > 0,
such that

oo
/ v,dl‘ = my.
0

This entrance law determines a so-called excursion measure n on the space W of cadlag paths w
in R\ {0} defined on a time interval (0, ¢(w)) with w(04) = 0 and w(¢—) € {0, 3} (the trap 9
can be taken to be oo in the current case). Then a Poisson point process p = {p, : ¢ > 0} taking
values in W with characteristic n can be constructed on a suitable probability measure space.
By piecing together the excursions p until the first non-returning excursion (i.e. w({—) = 9),
we create a path ° starting at 0. Then X can be eventually constructed by joining the path
of ;W% to @°. The details of this construction are referred to e.g. [3, Theorem 7.5.6]. Note
that the path « is continuous at the moments r when «°(#) = 0, as indicated that X’ admits
no jump from {0} to R? \ {0}.

6. Near the critical point

As mentioned in Section 1, the behaviour of polymer near the critical point is measured by
the parameter Ao(y) := supo(A,) = A, given by (2.5) in [9]. Note that lim, },,, Ao(y) =0 =
Mo(Yer) and the rate of convergence is equal to
. log Ao(y) o
m =

li )
viver logy d—«
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which only depends on d and «. This fact demonstrates so-called universality of critical

phenomenon as well. In this section, we will describe the critical behaviour from probabilistic

viewpoint by showing that the process X" is convergent to X® as y | 0 in a certain meaning.
Fix a sequence y, | 0 and for the sake of convenience, denote

X" =X, P,=P,, X:= xO  pr= P;.

Take a non-negative function ¢ on R¢ such that
¢/, € L*RY, / PLodx = 1. (6.1)
R

Then Pf(~) = f]Rd P ()¢ (x)dx and P?() = fRd P*(-)¢(x)dx define probability measures on
2 = D([0, 00), R?%). The main result of this section is stated as follows.

Theorem 6.1. Let ¢ be a non-negative function satisfying (6.1). Then X" is weakly convergent
to X under the initial distribution ¢(x)dx as n — o00. More precisely, for any bounded
continuous function f on (2 endowed with the Skorohod topology,

lim / f(@)P?(dw) = / F(@)P?(dw). (6.2)
n—0oQ 0 ]

Remark 6.2. The condition ¢/v,, € L*(R?) implies that ¢/vr,,, ¢/¥o € L*R?) as well.
There are sufficient conditions, like ¢ is bounded and has compact support, leading to it.
Moreover, for every y > yy,

¥ (x)
S ¥2(x)dx

is also an example satisfying (6.1).

P(x) =

To prove this theorem, assume without loss of generality that all X" and X are realized
on a common family of probability measure spaces (=, Q%),.gre, Where = is a certain
measurable space and Q" is a probability measure on it (although they are defined on {2 before
Theorem 6.1). In other words, for w € =, t — X (w) or t — X,(w) forms a cadlag path in
R?, and by letting

X" 2>, o X' (»),

X210 o X(w),
it holds PX = Q* o (X")™! and P* = Q" o X! for x € RY. Then Q?(:) := Jra Q (P (x)dx
defines a new probability measure on = and (6.2) is equivalent to

Jim Q*(F(X") = Q*(F(X)). 6.3)

Here and hereafter, the notation Q?(-) also stands for the integration with respect to the measure
Q?,ie. Q%(g) := [ g(w)Q?(dw) for any suitable function g on =. In what follows, the proof
of (6.3) will be divided into two parts. The first one is to prove the Mosco convergence of the
associated Dirichlet forms of X" and the second is to demonstrate the tightness of X".

6.1. Mosco convergence

The conception of Mosco convergence is reviewed in Appendix B (see Definition B.6). Re-
call that the Dirichlet form of X" (resp. X) is (£, Z) on L*(RY, m,,) (resp. (£, F©)
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on L*(R?, my)). Denote analogically

H, = Lz(Rd,myn), (&, F") = (é"()’n)’ y(l’n))’ (6.4)
and

H:=L*R" my, (&, 7)) =9 F0). (6.5)
Denote H, := .#" endowed with the norm || - lgn, and H "= 9 endowed with the norm
Il g0-

Lemma 6.3. The following hold in the sense of Definition B.1.

(1) H, converges to H.
(2) H, converges to H'.

Proof. It follows from (2.3) that v, 1 o as n — oo. Then H C H, and H' C H,. Take
C=Hand 9, :=1id, ie. §,f := f for all f € H in Definition B.1. (B.1) holds due to the
monotone convergence theorem. So (1) is true. (2) can be proved in the same way. [l

Set H = {H,, H : n > 1}. Then it is sensible to explore Mosco convergence working on
them. Since this result is of independent interest as mentioned in Section 4.1.5, we conclude
it as a theorem.

Theorem 6.4. Let (&, F") and (&,.F) be the Dirichlet forms in (6.4) and (6.5). Then &™
converges to & in the sense of Mosco.

Proof. To show the condition (M1), let f, be a sequence converging to f weakly in H in the
sense of Definition B.3 and suppose lim, &"(f,, f,) < oo without loss of generality. It suffices
to prove

Ef, )= lirllném(f,,, Sn)- (6.6)
To this end, denote
Yy, ()Y, (9) Yo (xX)Yo(y)
Jn(x,y)=m, J(x,y):pj_y%.

Put f,(x,y) = (f,(x) — fo(0))/Tu(x, y) for (x,y) € R x R? \ D, which form a bounded
sequence in L? == L>(R? x RY\ D, dxdy), and thus there is a subsequence, still denoted by
{f.}, converging to some function f weakly in L2. We claim that

fe, ) = () = fFO)VIGx, y) = f(x,y), dxdy-ae.,

which leads to (6.6) since

Cad , = Cad, . .= . om
E )= AN < = timinf [ 117, = im & (f. fo).

Indeed, take an arbitrary non-negative function g € C.(R? x R4 \ D). Then there is a constant
r > 0 such that

supp[g] C {(x, y) : |x| <r [yl <r fx =yl > 1/r}. (6.7)
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For any n, we have

‘ [ (7o = o) g(x,y)dxdy‘

(fxy) = fulx. ) glx, y)dxdy‘ +

[ (o = F ) s y)dxdy‘ :

The first term on the right hand side converges to 0 as n — oo, since f, converges to f weakly
in L2. Denote the second term by .#,. Note that

v =| [ (RoVRGE) - FoyTG) (m)dxdy'
/(fn(y)vJ (x,y) = fOHV I (x, y) g(x, y)dxdy

We only need to show .#! — 0 and then .#? — 0 is analogical. Clearly, .7 is not greater than

Yy, () Vo)) g, ) ’
" - dxd
‘/f (x)lﬁyn(x) (\/Wyn(x) \/I/IU(X)> I _y|d+a y

} / FaCO, () — FOol ))‘/zﬁy;%d dy‘ — g g2,
x—y

It follows from Cauchy—Schwartz inequality and (6.7) that

2
2
A< B s, | [ < /—3”’281—1) —iﬁﬁii—f@’y Tj+adxd
Yn -

1/2

2
Wy,.0(y) Yo(y)
ril/nll Hy B o o ! dxd ’
<l fallm, gl /;;(r)xB(r) (W ) Yo(x) xdy

where |B(r)| is the volume of a ball of radius r in R?, ¢, = |B(r)|'/2rd%, and wy, o =
¥y, /Vo is positive and continuous on RY due to Lemma A.3. Note that sup, || f,llg, <
oo by Lemma B.4(3) and ¥o(y)/v¥o(x) is clearly integrable on B(r) x B(r). In addition,
Wy,.0(y)/wy, o(x) is bounded on B(r) x B(r) and for every x, y € B(r), one can easily deduce
from (A.5) that

lim wyn,O(y) —

ynd0 Wy, o(x)
Hence by applying the dominated convergence theorem to the last term in (6.8), we obtain
#11 — 0. On the other hand, mimicking (6.8), one can figure out

[Yo(y) g(x,y) 2/mod
/I\Rd wo(x |x _ y|d+a G L (R )

Since f,¥,, — fyo weakly in L>(R?) by Lemma B.4(4), we obtain .2 — 0. Eventually
for all g € C.(RY x R? \ D), it holds

‘ [ (7o = ) etx. vz

=g+ .72

172

(6.8)

:0,

which leads to f = f . Therefore, (M1) is verified.
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Now we turn to verify (M2). When f € H \ .%, take f, := f. Since f, clearly converges
to f weakly in H, it follows from (M1) that
0o = &(f) < liminf &"(f,) = lim & (f,,) = oo.
Next fix f € %. H), H are denoted above Lemma 6.3. By Lemma 6.3(2) and applying
Lemma B.4(1) to H' := {H,, H : n > 1}, we can take a sequence f, € H, such that f,

converges to f strongly in H'. Particularly, f, also converges to f strongly in H. Consequently,
it follows from Lemma B.4(2) that

I fulle, = W ey W fallmy = W

As a result,

lim & (fo, fo) =Hm &Y (fo, f) = Wim  fullyy, = ECF ) = 1f Iy = EF 1),
which leads to (M2). That completes the proof. [

Following Theorem B.7, we can conclude the convergence of associated semigroups and

resolvents. Recall that Q7 = ﬁy") and R} = R,(\V”) are the semigroup and resolvent of
(&", F") respectively. Both Q7 and R} (t > 0,2 > 0) are bounded linear operators on H,.
Set Q, = EO) and R; = R,(\O) further. Note that R} f € .#" and R, f € & C #" for all
feHCH,.

Corollary 6.5. For anyt > 0and A >0, Q) — Q; and R} — R) as n — oo in the sense
of Definition B.3(3). Furthermore, for any A > 0 and f € H,

lim &"(R! f — Ryf. R\ f — Ryf) = 0. (6.9)

n—00

Proof. It suffices to prove (6.9). Note that & (R} f — R, f, R} f — R, f) is equal to

E" (R f. R.f) — MR, f13, + (f. R Pa, — 2R fs fn, + 2MRs f. R} f)n, -

Since R} f converges to R, f in H, it follows from Lemma B.4 that |R} fllg, — IRy fll#,
(f, R )m, — (fiRif)m and (R, f, R} f)n, — (R f, R, f)u. In addition, the dominated
convergence theorem yields & (R, f, R, f) — &(R.f, R, f) and (R, f, f)u, — (R.f, Hu.
Finally we can conclude that

nllfgog"(RZf —Rf,Rf—R.f)=ERf—R.fLR.f—R.f)=0.

That completes the proof. [J
6.2. Proof of Theorem 6.1

Denote the 1-capacity of (", ") (resp. (&, %)) by Cap” (resp. Cap). Note that Cap"(A) <
Cap(A) for any Borel set A C R?. Let us prepare a simple lemma as given below.

Lemma 6.6. For any nearly Borel measurable set G with Cap"(G) < oo, set of, == {t > 0:
X! € G}. Then it holds

Q%(e776) < CyCap™(G)'?,

where Cy = ||¢ /Yy, || 2ray is a finite constant independent of n.
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Proof. Set w(-) = Q'(e_"é). It follows from [13, Theorem 4.2.5] that w; is a quasi-
continuous function in #". Clearly ¢/wﬁn € H, by (6.1) and Remark 6.2. Applying
[13, Lemma 4.2.1,Theorem 2.1.5], we can deduce that

Q% %) = /Rd WI(X)%myn(dx) = 6w, B ($/97))
< gf(R?(¢/¢il), R?((b/w;))l/z 8w, w2

172
— (/]1;11 ¢(X)R?(¢/lﬂ§n)(X)dx> Cap”(G)l/Z.

It suffices to show Cy, = ([pa ¢(x)R’f(¢>/1//§n)(x)dx)l/ * < Cy. Indeed, it follows from
¢/¥; € H, that

Cyo=@/V>, RIS/Vy i, = /0 e (@)Y, QN (P/V, N, dt
< GIV2 DIV )y = / (6/9,) (dx < / (69, )} ()dx = C2.

The first inequality is led by

@/ V5, QLY Ny = (O} B/ V5), Oia(b /Yy Vet < D)V, &)V )y -
That completes the proof. [

We pursue the proof of Theorem 6.1. The idea of it is due to [15] and the crucial fact is
that v, is monotone in n.

Proof of Theorem 6.1. Step I. We first show for any A, T > 0 and any bounded h € H,
lim Q? | sup |RyA(X)) — Ryh(X])| | =0. (6.10)
n—00 1€[0,T]

Since Ri{h, Ryh € F", suppose they are taken to be &”-quasi-continuous versions still
denoted by R}k and R,h. Moreover, R{h — Ryh € %" leads to |Rih — Ryh| € F" and
E"(IRYh — Ryhl, |RYh — Ryh|) < &"(R{h — Ryh, R{h — R, h). Fix an arbitrary small constant
& > 0. Set G} := {x : |[R{h(x) — Ryh(x)| > ¢}. Then G7 is &"-q.e. finely open with

1 1
Cap'(GY) < 8" (IR — Ryhl. | R — Ryhl) < — 6" (Rlh — Rih. Rih — R;h).

Further set ogr ;= inf{r > 0: X7 € G7}. Then

Q? [ sup |RYR(X!) — Ruh(X))

;T < ogn 58-Q¢(T<acg)§8, (6.11)
1€[0,T]

and it follows from ||R!hlloc < Lllhlle and [[Rihlleo < LI/l that

Q? |: sup |R’;h(X;’) —R(X)|; T = ogn i|
1€[0,T]
2|k 2|1l s0e” s
< P2 o1 2 o) = T goeen),
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Applying Lemma 6.6 to G}, we obtain the above term is not greater than

2|7l sce” Cy Ca 2|7l e’ Cp E"(RI — Ry, RIh — Ry h)'/?
A ) '
By (6.9), there exists N € N such that for all n > N,

2||h]l o€’

1l Co
A

As a result, (6.11) and (6.12) yield

pn(Gg)l/Z < (6.12)

(R'h — Ryh, R'h — RyW)'? < g%

QY [ sup |RIh(X]) — Rxh(X;’)i} <2, Vn>N.
te(0,T]

This leads to (6.10).
Step 2. Fix g € C.(RY) and T,& > 0. We claim that there exist # € C.(RY), a constant
Ao > 0 and an integer N such that

sup Q¢’[ sup |hoR} h(X}') — g(X}) } <e. (6.13)
n=N 1€[0,T]

To this end, take & € .% N C.(RY) such that ||/ < 2|lg]lee and
sup |h(x) — g(x)| < &/3. (6.14)
xeRd

The existence of h is due to the regularity of (&,.%#). Note that ARh € F is
&-quasi-continuous and AR;h converges to i strongly in .# endowed with the & -norm by
[13, Lemma 1.3.3]. Thus applying [3, Theorem 1.3.3 and Exercise 1.3.16], we can take a Cap-
nest {F,, : m > 1}, i.e. F,, is a sequence of increasing closed sets such that lim,,_, ., Cap(F};,) =
0, such that AR; h converges to i uniformly on each F,,. Take my € N such that

2
Cap(FS,) < ————. 6.15)
(2411gllce” Cy)
where Cy is the constant in Lemma 6.6 and further take Ay such that
sup [roR; h(x) — h(x)| < = (6.16)

XEFmO 6

Finally by virtue of (6.10) for A9, T and h, take N € N such that
&

supQ? | sup ‘R;‘Oh(X;“) — Ry h(xX")| | < =. 6.17)

n>N 1€[0.7] 3o
With A, 4y and N in hand, we pursue to verify (6.13). Clearly,

|)»0Rfoh —gl = )”0|Rfoh — Ryyh| + |AoRyh — h| +|h — gI. (6.18)
From (6.14), we obtain

&
Q| sup |n(X])— g(X{')I} <3 (6.19)
_te[O,T]

for all n. For every n, set 0, = inf{r > 0: X" € F; }. Then it follows from (6.16) that

Q?| sup |A0R,\0h(X;’) — h(X,”)| T < Jn’io] <
| 1€10,7]

AN ™
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In addition, mimicking the first step, one can deduce from ||A|s < 2|glloo, Cap” < Cap and
(6.15) that

Q’ [ sup [AoRi h(X]) —h(X])|; T = a,;zo]
te[0,T]
< (IR0 Riphtlloo + I1Allo0) Q¥(T = o )
< 2||h]lce” CyCap” (Fy )"/

. &
< 4l|glloe” CyCap(Fyy )'/* < 8'

Consequently, for all n,

&
Q% | sup [roRi,h(X)) —h(X])|| < =. (6.20)
tel0,T] 3

Eventually, (6.17), (6.18), (6.19) and (6.20) yield (6.13).
Step 3. In this step, we will demonstrate that for any m > 1 and g; € C.RY forl <i<m,

{6 = (21(X™), ..., gu(X™) :n > 1} 6.21)

under Q% forms a tight family on D([0, 00), R™), i.e. the Skorohod topology space on R™, by
virtue of [11, Theorem 3.9.4 and Remark 3.9.5 (b)]. More precisely,

& : = — D([0,00),R"), @ §w,
where &, @ (t) = (gl(Xl”(zU)), ...,gm(X,”(zzf))) e R™ is clearly cadlag in ¢, induces a
probability measure Q¢ o f{l on D([0, 0o), R™). Our object is to show {Q? o f{l :n>1}is

tight. It suffices to consider m = 1 and write g := g for the sake of brevity. To this end, fix
e, T > 0. Apply Step 2 to these g, ¢, T and take h, Ao, N such that (6.13) holds. Set

Y= AR A(XD),  Z) = ko (AORXOh - h) (X").

From the Fukushima’s decomposition of X" with respect to AOR;‘Oh (see [13, Theorem 5.2.5]),
one can find that

t
t— Y,"—/ Zlds
0

is a martingale relative to the filtration of X”. In addition, (6.13) tells us

sup Q? |: sup ]Y,” — g(X;')}:| < e&.
]

n>N tel0,T

Furthermore, since ||/]lo0 < 2]/glloo < 00, it follows that

sup Q” [ sup IZfI] < 21l < 00
n>1 tel0,T]
Eventually, [11, Theorem 3.9.4 and Remark 3.9.5 (b)] yield the desirable tightness.

Step 4. Finally, we shall conclude that &, in (6.21) is weakly convergent to & =
(g1(X), ..., gn(X)) under Q?. Since C.(R% strongly separates points in R4 (for the definition
of strong separation, see [11, §3.4]; for the proof of this fact, see [2]), this convergence leads
to (6.3) due to [11, Corollary 3.9.2]. To show &, weakly converges to &, note that {§, : n > 1}
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is tight by the third step. Thus it suffices to show the finite dimensional distributions of &,
are weakly convergent to those of & by employing [11, Theorem 3.7.8]. To this end, take
fi € Co(R™) and set h; := fio(gi,...,8m) € Co(RY). Note that C := £;(0) is not necessarily
equal to 0. For every x ¢ Uj<;<,supplg;], we have h;(x) = C. Then ﬁl = h; — C defines a
continuous function with compact support and thus #; € H. For any #; > 0,

Q¢(h1(XZ))=Q*”(ﬁl(X§']))+C=(Q"ﬁlv%) +C.
Yn/ H,

Corollary 6.5 tells us Q] hy converges to Q,, /1, strongly (as well as weakly due to Remark B.5)
in . Clearly, ¢/v2 converges to ¢ /v strongly in 7 by means of Lemma B.4(4) and
®/¥,, € LA(R?). As a result,

Q’(hi(X}) — (Q,]ﬁl, %) +C =Q%(h(Xy)).
H

0

Mimicking the above argument, one can obtain by induction that for#; < --- < #, fi,..., fx €
Cp(R™), it still holds (see [15, Theorem 3.7] for more details)

where h; = f; o (g1,...,&n). In other words, the finite dimensional distribution of &, at
(t1, ..., 1) is weakly convergent to that of £. That completes the proof. [
Declaration of competing interest

The authors declare that they have no known competing financial interests or personal
relationships that could have appeared to influence the work reported in this paper.
Appendix A. Basics of isotropic a-stable process

Fix 0 < a@ < 2 A d. The generator of isotropic a-stale process is denoted by A%? (on
L%(R%)), whose definition is usually given by Fourier transform. We present two alternative
equivalent definitions of A%/? as follows. Note that p,(x) := p(t, 0, x) stands for its transition
density, which enjoys the following properties:

pi(x) =t pi(x/tV%), t>0,x#£0, (A.1)
and

p1 € CPRHNBLRY,  pix)~ 1A |x|™7% (A2)
see e.g. [18, §2.6].

Definition A.1. Recall that the constant ¢, 4 is given in Section 2. Define

o JC+» -/
bif =i cwd /}'1|y>r |y|dte ¢

with the limit in LZ(R¢), where the domain D(L;) consists of functions such that this limit
exists. In addition, define

1
Lgf =lim— </ P =W f(ydy — f(')>
t}0 1 R4
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with the limit in L%(R9), where the domain D(Lg) consists of functions such that this limit
exists.

Remark A.2. Note that L; = Ly = A%? with D(L;) = D(Lg) = D(A%?) = H*(RY), where
H*(R?) is the Sobolev space of order «.

Let u; given by (2.2) be the resolvent density of isotropic «-stable process. The following
lemma summarizes some crucial properties of u;. Though it is elementary, we present a proof
for readers’ convenience.

Lemma A.3. Fix A > 0 and let u; be in (2.2) or (2.3). Then the following hold:

(1) u;, € C*R\ {0}) and u,(x) > 0 for all x € R? \ {0}.
(2) For any n > 0,
W) (A.3)
=0 uy(x)
Particularly, w; ,(x) = up4,(x)/u,(x) for x # 0 and w, ,(0) = 1 form a continuous
function on R?.
(3) The following limit holds uniformly on any compact subset of R? \ {0}:

1
lim — — = AlUj.
tlfg p (pr % Uy — uy) u;,

Proof. For the first assertion, it suffices to consider A > 0. We first prove u; (x) > 0 for x # 0.
Argue by contradiction and suppose that u;(x9) = 0 for some xy # 0. It follows from (A.1)
that

tl/e

U (x) = /we*“f%p, (i) dt, x#0. (A.4)
0

Then from (A.4) and the smoothness of p;, we obtain p;(xy/ t!/*y = 0 for all r > 0. Note that
p1 is a radius function by the isotropy of «-stable process, i.e. there is a function r; on [0, c0)
such that p;(x) = r;(|x]). This implies p;(y) = O for all y # 0, which leads to a contradiction
with fps p1(y)dy = 1. Now we turn to prove u; € C*°(R? \ {0}). Substituting t := |x|/¢"/* in
(A.4), we obtain

o * X1 | ya—at X
U (x) = —— expy—A— t p1| —t)dt (A.5)
x| 0 e x|

Since (A.2) and p; (ﬁt) = r1(t) is independent of x, one can easily conclude that |x|¢~%

is smooth at x # 0. Hence u; € C®(R? \ {0}).
To prove (A.3), note that

x|* X
exp —Au e p () <t ()
* |x]

u(x)

t
is integrable in t on (0, 00) due to (A.2) and @ < d. Then (A.5) and the dominated convergence

theorem yield

1 Jx|* —a—
() N0 fi exp [—(x n M)t_“} fe=lr (8) dt _

x=0 uy(x) lim,_, fooo exp {—)»‘i—l,a] td*"‘*lrl (@) dt
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Finally, a straightforward computation yields
At

1 e —1 ® ., 4 X L (", _d x
—(pr % Uy —uy) = e s —)ds—— | e s« (—) ds.
- (P —uy) ; /t P (sl/“) ; /0 P\ i

Then we can obtain the last assertion by virtue of (A.2) and the dominated convergence
theorem. [

Appendix B. Mosco convergence with changing speed measures

To make the paper more self-contained, we summarize in this appendix some basic
conceptions and results concerning Mosco convergence from [16]. It is working on a sequence
of Hilbert spaces {H, : n > 1} converging to another one H in the following sense.

Definition B.1. A sequence of Hilbert spaces {H,} is called to converge to another Hilbert
space H, if there exist a dense subspace C C H and a sequence of operators

$,.:C — H,
with the following property:

Mm@, fllm, = 11 u (B.1)
for every f € C.
Remark B.2. In Section 6, we always take H, = L*(R, m,,), H = L*(R?, mgy) with Va4 0

and C = H (or C*(RY)), &, :=id, i.e. §,f = f for all f € H. Note that H C H, since
Yy, < Yo, and (B.1) holds due to the monotone convergence theorem.

Set H := {H,, H : n > 1}. The following definition presents elementary convergences in
the context of these Hilbert spaces.
Definition B.3.

(1) (Strong convergence in ) We say that f, converges to f strongly in H (as n — 00), if
f. € H,, f € H and there exists a sequence { f,,} C C with the following properties:

| fn = flla = 0. limlimsup || 2, fou — full, = 0.

(2) (Weak convergence in H) We say that f, converges to f weakly in ‘H (as n — 00), if
fn€ H,, f € Hand

(fns gn)Hn — (ff g)H

for every sequence {g,} converging to g strongly in .

(3) (Convergence of operators) Given a sequence of bounded linear operators B, on H,, we
say B, strongly converges to a bounded linear operator B on H (as n — 00), if for every
sequence f, converging to f strongly in H, B, f, converges to Bf strongly in H.

The lemma below states some important results concerning these convergences.

Lemma B.4 (See [16]). Let H, and H be in Definition B.1. Then the following hold:

(1) For every f € H, there exists a sequence {f, : n > 1} such that f, — f strongly in H.
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(2) If fu — [ strongly in H, then || fulla, = | fll&-
(3) If f — f weakly in H, then

sup [l fulls, <00, [ flla = liminf |l fill, .
n

(4) Let H, = L*R?, ¢,(x)?dx) and H = L*(R?, p(x)*dx) such that ¢,,¢ are posi-
tive in leoc(Rd) and H, converges to H in the sense of Definition B.1. Assume that

/ x (@n(x) — @(x))? dx — 0 for any compact set K C R?. Then f, converges to f strongly
(resp. weakly) in H, if and only if f,@, converges to f strongly (resp. weakly) in L>(RY).

Remark B.5. When ¢, := v, and ¢ := v as in Remark B.2, it is straightforward to verify
that all conditions in the fourth assertion are satisfied. Meanwhile, this claim indicates that
strong convergence in H leads to weak convergence in .

Now we turn to consider the so-called Mosco convergence of closed forms. Identify a
quadratic form (&, D(&’)) on H (or H,) with the function

{&ﬁﬁ,fem&

&) :H—R:=RU{0}, fr f ¢ D©&).

The following conception is our main concern.

Definition B.6. Let (&, D(&™)) be a closed form on H, and (&, D(&)) be a closed form on
H. We say &" converges to & in the sense of Mosco, if the following conditions hold:

(M1) If f, converges to f weakly in H, then
E(f) < liminf &"(f,).

(M2) For every f € H, there exists a sequence { f,, : n > 1} converging to f strongly in H
such that

E(f) = lim E(f).

The significance of Mosco convergence is indicated in the following well-known result.

Theorem B.7 (See [17] and also [16]). Let {&" : H, — R} be a sequence of closed forms
and & be a closed form on H. Let (T]");>0 and (GY),~o (resp. (T;)i=0 and (Gy)y=0) be the
semigroup and resolvent of &" (resp. &) respectively. Then the following are all equivalent:

(1) &" converges to & in the sense of Mosco;
(2) G} strongly converges to G, for every A > 0;
(3) T strongly converges to T; for every t > 0.

References

[1] S. Albeverio, P. Kurasov, Singular Perturbations of Differential Operators, Solvable Schrédinger-type Operators,
Cambridge University Press, 2000.

[2] D. Blount, M.A. Kouritzin, On convergence determining and separating classes of functions, Stochastic Process.
Appl. 120 (10) (2010) 1898-1907.

[3] Z.-Q. Chen, M. Fukushima, Symmetric Markov Processes, Time Change, and Boundary Theory, in: London
Mathematical Society Monographs Series, vol. 35, Princeton University Press, Princeton, NJ, 2012.

[4] Z.-Q. Chen, M. Fukushima, One-point reflection, Stochastic Process. Appl. 125 (4) (2015) 1368-1393.


http://refhub.elsevier.com/S0304-4149(19)30343-6/sb1
http://refhub.elsevier.com/S0304-4149(19)30343-6/sb1
http://refhub.elsevier.com/S0304-4149(19)30343-6/sb1
http://refhub.elsevier.com/S0304-4149(19)30343-6/sb2
http://refhub.elsevier.com/S0304-4149(19)30343-6/sb2
http://refhub.elsevier.com/S0304-4149(19)30343-6/sb2
http://refhub.elsevier.com/S0304-4149(19)30343-6/sb3
http://refhub.elsevier.com/S0304-4149(19)30343-6/sb3
http://refhub.elsevier.com/S0304-4149(19)30343-6/sb3
http://refhub.elsevier.com/S0304-4149(19)30343-6/sb4

5972

[3]

(6]
(71
[8]
[9]
[10]
[11]
[12]
[13]

[14]
[15]

[16]
[17]
[18]
[19]

[20]

L. Li and X. Li / Stochastic Processes and their Applications 130 (2020) 5940-5972

K.L. Chung, J.B. Walsh, Markov Processes, Brownian Motion, and Time Symmetry, second ed., in:
Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences],
vol. 249, Springer, New York, New York, NY, 2005.

M. Cranston, L. Koralov, S. Molchanov, B. Vainberg, Continuous model for homopolymers, J. Funct. Anal.
256 (8) (2009) 2656-2696.

M. Cranston, L. Koralov, S. Molchanov, B. Vainberg, A solvable model for homopolymers and self-similarity
near the critical point, Random Oper. Stoch. Equ. 18 (1) (2010) 73-95.

M. Cranston, S. Molchanov, On phase transitions and limit theorems for homopolymers, in: Probability and
Mathematical Physics, Amer. Math. Soc., Providence, RI, 2007, pp. 97-112.

M. Cranston, S. Molchanov, N. Squartini, Point potential for the generator of a stable process, J. Funct. Anal.
266 (3) (2014) 1238-1256.

S. Dipierro, E. Valdinoci, A density property for fractional weighted Sobolev spaces, Atti Accad. Naz. Lincei
Cl. Sci. Fis. Mat. Natur. 26 (4) (2015) 397-422.

S.N. Ethier, T.G. Kurtz, Markov Processes: Characterization and Convergence, John Wiley & Sons, New York,
2009.

P.J. Fitzsimmons, L. Li, On the Dirichlet form of three-dimensional Brownian motion conditioned to hit the
origin, Sci. China Math. (2017).

M. Fukushima, Y. Oshima, M. Takeda, Dirichlet Forms and Symmetric Markov Processes, extended ed., in:
de Gruyter Studies in Mathematics, vol. 19, Walter de Gruyter & Co., Berlin, 2011.

G. Giacomin, Random Polymer Models, Imperial College Press, 2011.

P. Kim, Weak convergence of censored and reflected stable processes, Stochastic Process. Appl. 116 (12)
(2006) 1792-1814.

A.V. Kolesnikov, Convergence of Dirichlet forms with changing speed measures on R?, Forum Math. 17 (2)
(2005) 225-259.

K. Kuwae, T. Shioya, Convergence of spectral structures: a functional analytic theory and its applications to
spectral geometry, Comm. Anal. Geom. 11 (4) (2003) 599-673.

M. Kwasnicki, Ten equivalent definitions of the fractional Laplace operator, Fract. Calc. Appl. Anal. 20 (1)
540.

LM. Lifshitz, A.Y. Grosberg, A.R. Khokhlov, Some problems of the statistical physics of polymer chains
with volume interaction, Rev. Modern Phys. 50 (3) (1978) 683-713.

K.-I. Sato, Lévy Processes and Infinitely Divisible Distributions, in: Cambridge Studies in Advanced
Mathematics, vol. 68, Cambridge University Press, Cambridge, 2013.


http://refhub.elsevier.com/S0304-4149(19)30343-6/sb5
http://refhub.elsevier.com/S0304-4149(19)30343-6/sb5
http://refhub.elsevier.com/S0304-4149(19)30343-6/sb5
http://refhub.elsevier.com/S0304-4149(19)30343-6/sb5
http://refhub.elsevier.com/S0304-4149(19)30343-6/sb5
http://refhub.elsevier.com/S0304-4149(19)30343-6/sb6
http://refhub.elsevier.com/S0304-4149(19)30343-6/sb6
http://refhub.elsevier.com/S0304-4149(19)30343-6/sb6
http://refhub.elsevier.com/S0304-4149(19)30343-6/sb7
http://refhub.elsevier.com/S0304-4149(19)30343-6/sb7
http://refhub.elsevier.com/S0304-4149(19)30343-6/sb7
http://refhub.elsevier.com/S0304-4149(19)30343-6/sb8
http://refhub.elsevier.com/S0304-4149(19)30343-6/sb8
http://refhub.elsevier.com/S0304-4149(19)30343-6/sb8
http://refhub.elsevier.com/S0304-4149(19)30343-6/sb9
http://refhub.elsevier.com/S0304-4149(19)30343-6/sb9
http://refhub.elsevier.com/S0304-4149(19)30343-6/sb9
http://refhub.elsevier.com/S0304-4149(19)30343-6/sb10
http://refhub.elsevier.com/S0304-4149(19)30343-6/sb10
http://refhub.elsevier.com/S0304-4149(19)30343-6/sb10
http://refhub.elsevier.com/S0304-4149(19)30343-6/sb11
http://refhub.elsevier.com/S0304-4149(19)30343-6/sb11
http://refhub.elsevier.com/S0304-4149(19)30343-6/sb11
http://refhub.elsevier.com/S0304-4149(19)30343-6/sb12
http://refhub.elsevier.com/S0304-4149(19)30343-6/sb12
http://refhub.elsevier.com/S0304-4149(19)30343-6/sb12
http://refhub.elsevier.com/S0304-4149(19)30343-6/sb13
http://refhub.elsevier.com/S0304-4149(19)30343-6/sb13
http://refhub.elsevier.com/S0304-4149(19)30343-6/sb13
http://refhub.elsevier.com/S0304-4149(19)30343-6/sb14
http://refhub.elsevier.com/S0304-4149(19)30343-6/sb15
http://refhub.elsevier.com/S0304-4149(19)30343-6/sb15
http://refhub.elsevier.com/S0304-4149(19)30343-6/sb15
http://refhub.elsevier.com/S0304-4149(19)30343-6/sb16
http://refhub.elsevier.com/S0304-4149(19)30343-6/sb16
http://refhub.elsevier.com/S0304-4149(19)30343-6/sb16
http://refhub.elsevier.com/S0304-4149(19)30343-6/sb17
http://refhub.elsevier.com/S0304-4149(19)30343-6/sb17
http://refhub.elsevier.com/S0304-4149(19)30343-6/sb17
http://refhub.elsevier.com/S0304-4149(19)30343-6/sb19
http://refhub.elsevier.com/S0304-4149(19)30343-6/sb19
http://refhub.elsevier.com/S0304-4149(19)30343-6/sb19
http://refhub.elsevier.com/S0304-4149(19)30343-6/sb20
http://refhub.elsevier.com/S0304-4149(19)30343-6/sb20
http://refhub.elsevier.com/S0304-4149(19)30343-6/sb20

	Dirichlet forms and polymer models based on stable processes
	Introduction
	Probabilistic counterparts of globular and critical states
	Globular states
	Proof of Theorem 2.1
	Step 1
	Step 2
	Step 3
	Step 4
	Step 5

	Resolvent
	Global properties

	Critical state
	Proof of Theorem 2.2
	Step 1
	Step 2
	Step 3
	Step 4
	Step 5

	Global properties

	Alternative characterization via h-transform
	Near the critical point
	Mosco convergence
	Proof of Theorem 6.1

	Declaration of competing interest
	Appendix A. Basics of isotropic α-stable process
	Appendix B. Mosco convergence with changing speed measures
	References


