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Abstract

In this work we are going to show weak convergence of probability measures. The measure corre-
sponding to the solution of the following one dimensional nonlinear stochastic heat equation %u,(x) =

%%ul(x) + o (ur (x))ng with colored noise ny will converge to the measure corresponding to the solu-
tion of the same equation but with white noise 7, as @ 1 1. Function o is taken to be Lipschitz and the
Gaussian noise 17, is assumed to be colored in space and its covariance is given by E [1q (¢, X)ne (s, y)] =
8(t — 5) fu(x — y) where fy is the Riesz kernel fy (x) o 1/ |x|%. We will work with the classical notion of
weak convergence of measures, that is convergence of probability measures on a space of continuous func-
tion with compact domain and sup—norm topology. We will also state a result about continuity of measures
in o, fora € (0, 1).

© 2016 Elsevier B.V. All rights reserved.
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1. Introduction

Throughout this work we will consider the following one-dimensional heat equation

2

d K 0
Eua,t(x) = Eﬁua,t(x) +oe(X)Ne, x €R, >0, (D

Ug,0 = w(x),
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with x > 0 and Gaussian space time colored noise 7, [6]. The noise 7, is assumed to have a
particular covariance structure

Ena(t, X)na(s, y)]1 =81 —5) fa(x — y), (2)
where [0, Ex. 1]

1
Ja(x) = cl—aga(x) = g1-a(x), 8a(x) = NG for a« € (0, 1), 3

and the constant ¢y is [9, (12) on pg. 173]

sin (4F) I'(1 — @)
v =2 . 4
‘ Qm)' @

The function g1, denotes the Fourier of function gi_,. For F € L'(R), we will take
F &) = fR e~ 28X F(x)dx. The initial condition, w(x) is taken to be bounded and o-Holder
continuous. We will also assume o to be Lipschitz continuous, there exists K > 0 such that
lo(x) —o(¥)| < K|x —y|and |o(x)| < K(1 + |x|). Stochastic PDEs such as (1) have been
studied in [6,14,2,13,5] and others.

The function f, can be thought of as an ‘approximation’ to the delta function in the following
special sense, we know that one-dimensional Fourier transform of g;_g, denoted by &1—, is
equal to fy. We also know that the Fourier transform of a constant is § distribution. Observe that
81—« converges pointwise to 1 as o 1 1. We will study the solution of (1) as a function of «.
This arises noticeably in [1, Sec. 7] where the authors have shown that LZ(P) norm of uy ((x)
converges to L2(P) norm of the solution to (5) as « 1 1 for everyt > 0,x e Rand o (x) = x.

The main question that has motivated this work, is whether the solution of (1) converges in the
appropriate sense to the solution of the same equation, but with white noise n instead of colored
noise 7y as o 1 1. By that we mean, the solution to

3 K 92 R
Euz(x) = Eﬁur(x) +ou:(x)n, xeR, >0, (5)
uo(x) = w(x),

where n denotes white noise. We will state the main theorem in terms of measures corresponding
to solutions. Let C = C([0, T'] x [—N, N]) be the space of continuous functions on [0, T'] x
[-N,N] ¢ R* x R with supremum norm. Denote by P,, the measure corresponding to uy
restrictedto D = [0, T] x [—N, N],
P{ua € A°} for @ € (0, 1),
Py(A) = o
P{ueA} for « =1,

for any Borel set A of space C. By A°, we denote the embedding of the set A in a larger space
C(R4+ x R), that is
A° ={f e CR4+ x R) : f restricted to [0, T] x [N, N] isin A}.

Here is the main theorem:

Theorem 1. Measure Py is continuous in «, for « € (0, 1]. We precisely mean that Py converges
weakly to Py as a 1 1 and Py converges weakly to Py, as o — aq for any ag € (0, 1).

The notion of weak convergence in Theorem 1 is the classical one [4]. Theorem | gives us
a new way of thinking about the stochastic heat equation with white noise. Instead of studying
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the solution to (5) we can study the solution to (1) for « & 1. Also note, that the noise with
Riesz kernel spatial covariance produces noise which is less regular. We like to think that this
‘roughness’ better captures properties of the stochastic heat equation with white noise.

Before we begin the proof of Theorem 1, let us recall the rigorous definition of the noises 1y, 7
as well as the form of [mild] solutions to (1) and (5). The noises 7, and n are L2(P) (random
variables with finite second moment) valued set functions such that [6,7,12]

Ne([0,t] x B) and n([0,?] x B) fort > 0, B bounded Borel set,

are mean zero Gaussian random variables. If A is another bounded Borel set, then the covariance
of noises 7, and n will be

E[nq ([0, 1] x A)ne ([0, 1] x B)] = t/R/RIlA(X)fa(X — ¥ 1p(y)dxdy,

ED10.11 x (011 x B =t [ 1aLaCods.
R
We often talk about Martingale valued measure, since 7, ([0, ] x A) and 14([0, t] x A) are set

functions, which are L2(P) martingales in 7. We refer the reader to [6,7,12] for more details.
The mild solutions are interpreted as solutions of the following integral equations [6,7,12]

t
Ug, (y) = (Ug,0 * p)(Y) + /0 A;Ptfs(x — Yo (Ug,s(x))Ne(ds, dx),

t
u(y) = (uo * p)(y) + /0 /Rprfs(x — y)o (ug(x))n(ds, dx),

where py is the heat kernel

(x) ! ( xz)
X) = expl—,
br 2t P 2kt

and x denotes the convolution of two function (f * g(x) = fR f(gkx — y)dy).
2. Proof of Theorem 1

We will only show the first part of the theorem, P, converges weakly to Py as « 41 1. This
is the worst case scenario. The second statement of Theorem 1 follows almost directly from the
proof in this section.

The proof of the upcoming Theorem 2 uses coupling, which allows us to put both noises 7,
and 7 on the same probability space. This idea was introduced in [5] and lets us write our noise
Ny, for every o € (0, 1) in terms of one white noise n with covariance

E[n@, x)n(s, y)] = —5)d(x — y).

The idea of coupling, or smoothing the noise in the spatial variable is not new. Authors in [3]
smoothed the noise in the spatial variable by an infinitely differentiable function with compact
support. They have showed that this kind of smoothing converges to the heat equation with
white noise as our smoothing function converges to § distribution. By coupling we mean that the
martingale measure 7, will be defined as

t
na(10, 1] x A) = /O /R (La # ha)(¥)(ds, dox), ©)
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where
he(X) = Cl-u ag1+a(x) 1T(x).
This choice of hy produces correct f, in (2), that is
Ja(x) = (ha * he)(x), Q)
since
81-a(§) = g1-e (§) - 8120 (§).

The typical stochastic Fubini theorem (see [5, pg. 492] or [12, pg. 14, pg. 50]) which would
allow us to write (6), requires that hy € L?(R). One might notice that h, ¢ LZ(R), but ny is a
well defined martingale measure, we refer the reader to [5] for more details. Before we state the
main theorem of this section, let us state a technical lemma and define the following norms [12]

Ny,k(“) = Sup Ssup (e_yt”"it(x)”Lk(P)), y>1 k=2
tel0,T] xeR

The norm || - || zk(py in the definition of N, i stands for L¥ norm on a probability space. For a
random variable X it is defined as || X||zx(p) = E[|X|¥1'/%. We will often write || - || instead of
Ry

Lemma 1 ([/1, 3.478]). The following equality holds for s > 0 and B € [0, 1)

I | \-B-D/2
/R|x| e dx:(s4n2) I'(—B/2+1/2). (8)

In the rest of this section, we will prove the following main theorem.
Theorem 2. For every k > 2 we can find y such that

lim Ny, k(g —u) = 0.
atl

Take the constant T that appears in Theorem 1 and the definition of the norm NV, x to be fixed
throughout the whole proof. We will start our proof with Picard iterations for both noises 7,
and 7

u" M (y) = (uo * p(y) + / f Pr—s(x — o @™ (x))n(ds, dx)

ul P () = (o * p () + / / Pr—s(x — )0 ) (x))ne(ds, dx),

which is equivalent to the following, thanks to [5, Sec. 3.2]:
(n+1) !
u; () = (wo * p)(y) +[ /(pt—s(' — )o@ () * 8)(x)n(ds, dx)

ul V() = (o * p () + / f (Pr—s(- = Mo WGh () * ha) ()1(ds, dx).
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k
= (s = Do) 8)@)) nds. d)| ] ©

First, let us estimate the L* ( P) norm of the difference of Picard iterates u("H) ) —ut("H) ),
E [ w0 =) } =B W f (Pr=s (- = 1) @}) % ha) (x)
Adding and subtracting the following term, (p;—s(- — y)o(ugn) ) % hy)(x) inside the integral and
using the inequality |a — b|F < 2K|a|* + 2K|b|* yields
k
E [ a0 = )| }
k
<2*E U/ / (Pr—s (= M@ @T) — 0 @) * he) (X)n(ds, dx) }
t k
1 2'E D [ [t = 200 ¢ e = o9y comias. an } .
0 JR
The next series of steps will be used multiple times throughout this work. First we will use
Burkholder-Davis—Gundy inequality and Minkowski integral inequality. Burkholder—Davis—
Gundy (BDG) inequality (see for example [12, Thm. B.1]) states that for any continuous L?
martingale M; and k > 2 we have || M; ||,% < 4k|[{M )|l 2, where (M), denotes the quadratic vari-
ation of M. Applying this inequality and evaluating the quadratic variation term [7, Thm. 5.26]
on both terms gives us
g [E2
k/2
<const-E (/ Pr—s(x — y)nﬁ”)(x, D fax —2)pr—s(z — y)dsdxdz>
[0,¢]xR2

(n—H)(y)‘ }

+const - E [( / Prs(x — (@0 @™ (X)) (fu — 2hg +8) (x — 2)
[0,£]xR2

k/2
X pr—s(z — y)a(u.ﬁ”)(z))dsdxdz> ]

where
o (x,2) = (e () — o @) x) (o @) — o @) ().

Minkowski integral inequality states that ([([ fdu)*dv)'/* < [([ fkdv)!/*du for any
o -finite measures p, v and jointly measurable (u x v) positive function f. We use this inequality
on the first term in to order to obtain

w[

where

("H)(y)‘ :| < const - A, o + const - B, 4,

k/2
Ao = (/ Prs(x — 0 (x, 2) fu (x — 2) prs(z — y)dxdzds)
[0,r1xR2
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Bo = E[( / Pr—s(x = M@0 " (1)) (fu = 2ha +8) (x = 2)
[0,£]xR2
k/2
X pros(z — y)a(uﬁ"’(z))dxdzds) }

and v denotes

k/2 k272 k
v§"><x,z>=E[\<c(u£,’f3)—o(uﬁ.")))(x)\ (el - o @) @) } :

Ultimately, we would like to show that u,, is close to u as @ 1 1.
For term 2, , we use Cauchy—Schwarz inequality and take supremum over the term involving
expectation, which yields

t 127k
Uno < ( / supE[\(a(ué’fi) — o)) }
0

xeR
/2
X /1;2 Di—s(x — y)fa(-x — ) pr—s(z — y)dxdzds) .
The following identity holds
[ [osatx = pemaxay = [ fuesdrdx = [ ara@iroerae.
R JR R R

(10)

for any ¢ from Schwartz space S(R) of rapidly decreasing test functions, where ¢(x) = ¢(—x).
This is a consequence of elementary properties of Fourier transform [6, pg. 6], [10, pg. 151,152].
We can further rewrite 2, o, using identity (10) and the assumption that o is Lipschitz continuous
(there exists K > 0, such that |[o(x) — o (y)| < K |x — y| and |0 (x)| < K(1 + |x])), as

, 2k ) k/2
Uy < ( / supE[]w(ugf;)—a<u§">»<x>] ] [ a1-a®) ) dsds)

xeR

! K2/k ) k)2
< k* (/0 supEU<u&’fi—u§n>>(x)(] /Rglfa<s>|ﬁm(s>| dsds) |

xeR

Multiply by term e %" and obtain A/}, x norm in the estimate

t
e, o < KF / e s supE[
0 xeR

k/2
x /R gla@)!ﬁts(s)!zdéds)

12/
W) — )0 ] e 2r-)

t k/2
< K*Ny () — ™)k ( /O e =9 /R g1—a(£) |ﬁt_s<s>|2dsds>

t 1 k/2
< KM () — ™y (/ e—2y(t—s)/ = e—(t—s),(4n252d§dS> ‘
0 R

Y
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Later on, we will see that we can make the integral on right hand side arbitrarily small. The
estimate for B, , uses a similar technique as the estimate for 2, o, but some extra work is
required because of the term ( f, — 2hy + §) inside the integral is not a positive function. Thanks
to [6], [8, Cor. 3.4] identity (10) extends to a much broader class of functions. We will use this
identity to bound term B, 4. Quantity o (u{™” () pi—s(- — y) € L2(R) N L'(R) almost surely,
because

E [||a(u§")(->>p,_s(- — y)niz(R)] < 2K%(1+ Ny 2@ pi—s Ol 2 )

and Nyﬁz(u(”)) is bounded uniformly (in n, y) for every n € N and all y > y; [12, proof of
Thm. 5.5]. The constant y; depends on K, x and sup, w(x) [12, Thm. 5.5]. A similar reasoning
applies for || - [[ 1 (r). We can write

E [ < / Prs(x — )o@ (%)) (fu — 2hg +8) (x — 2)
[0,£]xR2
k/2
X prs(z — y)a(u@(z))dxdzds) }

) k/2
—=E ( | @ma =200+ D®|F (pes - a@ ) @) dEdS> :
[0,7]xR 2
Split this integral into two parts, and use inequality |a — blk/2 < 2k/2 Ialk/2 + 2k/2 Iblk/2 to get

5 k/2
E [( | e = 28002+ D6 [F (e = 20w 0) ©) dsds) }
[0,7]1xR
<const: (Cy o +Dn.a)s

where

t 1
¢=E[([ f (81-a — 2810 + 1)(E)
0 J-1 2

2 k/2
x| (pisC = Do@®o) @) d";“ds)

t
©=E[<f / (81-a — 2812 + D)
0 JR\[-1,1] 2

2 k/2
x| F (prs = o @) @) dsds) :
Properties of Fourier transform and Lipschitz continuity of o (x) give us

2 2
F i = o @®ON®| = 195 = Vo@D g,

< K2llpi—sC = A+ ODIF 1 ) < K2Q+20pi—s ¢ = »u Ol 1) (12)
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for the term inside of €, o. Splitting the term (12) inside of the integral into two yields

t 1
Cru <E [(/ f (81-a — 2810 + D(E)K?
0 J-1 2

k/2
X (2420 pr—s(- — y)u§"><-)||il(R)>dsds)

r ol
< Cq +const-E|:</ / (81—a—281—Ta+1)(§)
0 J-1

k/2
x ||p,_s(-—y)u§">(->||i.(R)d§ds> :

where C, denotes

t ol k/2
Cy = const (/ / (81-a — 28120 + 1)($)d€dS> :
0 J-1 2

Term C, can be made as small as we like, due to the dominated convergence theorem. We use
Minkowski integral inequality and get

1 P12k k/2
Cr.a < Cy + const </ sup E [‘ug")(x)‘ } / (g1—a — 2g|%a + 1)($)d§ds>
0 -1

xeR

t K2/k
< Cy + const / e XS supE Uuﬁ.”) (x)‘ :|
0

xeR

1 k/2
y ekVS/ (81-a — 2810 + 1)(§)d§ds>
-1

k/2

t 1

< Cy + const - Ny g (u™)* (/ ek”/ (81 = 28150 + 1)($)d§ds> .
0 -1

From the general theory of stochastic partial differential equations [12, proof of Thm. 5.5] we
know that the term Ny,k(u(")) is bounded uniformly in » and y for everyn € Nand y > y»
where y, again depends on K, k and sup,.g w(x). The integral term bounding €, , can be
made arbitrarily small, again from the dominated convergence theorem. Overall, we get that
¢, converges uniformly in n to zero as o 1 1.
All we have left to do is find the estimate for ®,, . Add and subtract the term o (u,(x)) inside
the Fourier transform, split into two integrals and obtain
Dy, < const - @,(1121 + const - D)

n,o’

where

t
Ol = E[(/ / (81-0 — 2810 + D(&)-
0 JR\[-1.,1] 2

7 (s =0 (0 — o)) (E)rdEdS)m]
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@ = [(/f (81-a = 2810 + D(E)
R\[-1,1]

k/2
X NF (pr—s(- — y)o (us(+))) (§)|2d$ds> :| .

Term @S, « converges to zero as n 1 oo, uniformly in o € (0, 1). Use Plancherel’s theorem
and the fact that (g1_y — 2g1-« + 1) is bounded by a constant on R \ [—1, 1], uniformly for all
2

a € (0, 1) to write

¢ k/2
o) <E [(/ / (pt_s(x —y) (a(ugw (x)) — U(us(x))))zdxdt> } .
0 JR

From the convergence of Picard’s iterations and theory of SPDEs [12, proof of Thm. 5.5] we get
convergence of @f, « to zero as n — oo, uniformly in @ € (0, 1). For € > 0, we can find ng(¢)

such that for every n > ng we have ’th « < €/2.1f n < ng, we can find o, such that ’D,(sz <€/2
for a € (ay,, 1), by dominated convergence theorem. Do not forget that (g1—y¢ — 2g1-« + 1)(§)
2

converges pointwise to zero. If we apply dominated convergence theorem to ’D,, «» we get that for
a € (g, 1), ’DSL a < €/2. Altogether we have that for every € > 0 there is a¢ = maxg<;<n, 0
such that ®, o < € for @ € (a¢, 1) and every n € N. Therefore ©,, , converges uniformly in n
tozeroaso 1 1.

We have shown that

e[
where €, o +®, o converges to zero as & 1 1, uniformly in n. For € > 0, we can pick o such that
e[«
for o € (e, 1). Multiply the previous line by e *r" and use (11) to arrive at

k
[

p | k/2
< const 'Ny,k(u((xn) _ u(n))k </ 6—2)/([—5)/ We—(t—s)lcétn%zdgds) te
0 R

where y > 1. We use Lemma 1 to evaluate the term inside the integral. A straightforward calcu-
lation yields, for 1 > o > a > 0,

k
e kvt E[ u u;’H_l)(J’)’ ]

t k/2
< const~Ny,k(u&") — umHk </ e VU= — s)_“/zds> +e€
0
1\ a2 k/2
< const-Ny,k(u&m — uMHk ((—) ) +€
14

1\ k/4
< const-./\/y,k(ué”) — uMHk (—) +e.
14

("'H)(y)‘ :| < const - A, o + const - €, o, + const - Dy, 4,

("H)(y)‘ :| < const - Ay o + €,
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We can take supremum over y € Rand ¢ € [0, T'] to get

Ny @8 — T NE < g AL @ — u ™ 4e, (13)

k/4
where a = const (%) . The constant in a depends only on K, k and choice of «.. It can be

made explicit by tracking constants in front of 2, , together with a constant dependent on «.,
which comes from Lemma 1. The dependency on «¢ comes only from constant that appears in
Lemma 1 and can be bounded from above as long as «, is bounded away from zero. We can
always pick o > 1/2 and get rid of dependency in «. Eq. (13) defines a convergent geometric
series assuming that the coefficient a < 1 and y > max(yy, y»2). We have

n—1
Ny,k(“,(;(n+l) _ u(n+1))k < anNy,k(M,(xl) _ u(l))k + Z aze’
i=1

and

€
Ny,k(u,()(n+l) _ u("+1))k < —

Let n go to infinity and conclude the proof.
2.1. Continuity in N, x norm

Our proof of Theorem 2 also implies continuity in « for & € (0, 1). We will only comment on
how the proof would change in Section 2.

Theorem 3. For every k > 2 and ag € (0, 1) we can find y such that
lim N, i (ug — ttay) = 0.
a—aq

The proof of Theorem 3 follows the same general direction of the proof of Theorem 2 with
the following changes. We need to replace u;(x) with ug, (x) and change (fy — 2k + )

in the estimate for B, , to (fa — 2 fatay + fao) and change (gl_a — 2g1%a + 1) to
2
(gl,a — 28, _uteg + gl,ao). We will also need an existence of yq such that for every y >
2

norms Ny, x (Uep), Ny,k(ug(’))), Ny 2(ug,), /\/’yg(u(%)) are finite, uniformly in n € N and y. This
can be obtained from [5, Prep. 9.1].

One can notice in both Theorems 2 and 3, the coefficient e™"? in N},)k norm served only as
a helping hand to make part of the term 2{,, , in (11) small. Let us summarize our effort in the
following corollary.

Corollary 1. Define u ;(x) = u;(x), then for all ap € (0, 1] we have

lim sup supE [|ua,,(x) - uao,t(x)|k] =0.

X0 1¢[0,T] xeR

2.2. Convergence of finite dimensional distributions

Theorem 2 also states that the solution u, converges to u in L2(P) norm for every t € [0, T
and x € R. This implies weak convergence of finite dimensional distributions of u, to finite
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dimensional distributions of u. The easiest way to see that is to show convergence in probability
for a finite number of pairs (#;, x;) € [0, T] x [—N, N], which implies weak convergence
of finite dimensional distribution. By Chebyshev’s inequality, we have for x; € [—N, N] and
ti €[0,T]

]
! 3 E (e, () = ug, ()]
P(E:wmﬂm>—uaM»2>¥><’ﬂ : (14)

2
i=1 €

Right hand side of (14) converges to zero by Theorem 2, which also means that we have a
convergence in probability of random vectors

(u(x,t] (-xl)v e uOl,l‘[ (.X[)) to (ut| (xl)v sy ut[(-xl))'

From convergence in probability of finite dimensional distributions, we can conclude the weak
convergence of finite dimensional distributions [4, pg. 27, pg. 207].

2.3. Estimates for Kolmogorov’s continuity theorem and tightness

We will prove tightness (and thus weak convergence) from Kolmogorov’s continuity theorem
[12, pg. 107]. Before we begin the proof, we will need the following two lemmas.

Lemma 2 (/5, Lemma 6.4]). For allt > 0 and x € R

|x] )
—Xx) — dy <const-| — A1),
AVMy )= pi()ldy < <¢E
where the implied constant does not depend on (t, x).

Lemma 3. Forallt, e > 0 we have

fR |Pi+e(y) — pr ()| dy < const - ((log(t +€) —log(t)) A 1).

Proof. Direct computation gives us

/ [Pr+e () — P (V)| dy =/ dy
R R

t+e
/ By (y)ds
t

t+e 1 y2
= /1‘{ /t‘ <—g + m) ps(y)ds
t 1 y2
< A\ + 252 ) Ps (»dyds
t
Iteq

+e
+e€
= / ;ds = (log(t +€) —log(?)) .
t

dy

In addition, we have that

/Rlpt+e(y)—pt(y)|dy <2. 0O
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Lemma 4 ([15, pg. 314]). Let w be a bounded o-Hdlder continuous function, then there exists
C > 0 such that for everyt > 0,6 > 0,x € R, z € R we have

/R(pz(x -V =—pz=y)wydy <C-|x —z|?,

/R(pwra(x —y) —pi(x —y)w(y)dy < C-8°.

2.3.1. Difference in the spatial variable
Denote

t
Iy (x) = /0 /R(Ptfs(x —2) = pr—s(y — 2)) 0 (g5 (2))Na(ds, dz), (15)

which is the stochastic integral for the mild solution. We will estimate the spatial and the time
difference of the stochastic integral I in this and next subsection. The estimates of differences of
the solution u, will be obtained by combining Lemma 4 and estimates on 1.

Let us estimate the difference in the spatial variable is
k:|

E [ fer ) = s 0]

t
=E U/O /R(Ptfs (x —2) — pi—s(y — 2)) 0 (U s (2))Nna (ds, d27)

and denote

By(2) = (pr—s(x —2) = pr—s(y —2))
As(x, y) = 0 (Ug,s (x))0 (s (¥))-

We will proceed just as in Section 2. We use Burkholder—Davis—Gundy inequality, Minkowski
integral inequality, Cauchy—Schwarz inequality and take the absolute value inside the integral
and get

E [ feur ) = Las 0]

t k/2
< const - E |: / / / fo(z — w)Bs(z) Bs(w) A (x, y)dsdzdw ]

0 JRJR

t k/2
< const / sup IIG(ua,s(X))II%/ / Ja(z —w) |By(2)| | Bs(w)| dsdzdw
0 xeR R JR
t k/2
< const /O sup 1t () o 1) 0) /R Pros(x = 2) = pros(y — 2l dsda
k/2

t
< const(l + N, x(ug)") ‘/0 (fa * P1—5)(0) /R |pr—s(x —2) — pr—s(y — 2)| dzds

k/2

9

o ( lx =yl )
< const(1 + Ny x (ug)") ‘/0 (fo * Pi—5)(0) NN Al
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where the last inequality is due to Lemma 2. We also used the fact that

/Rfa(z —w) [pr—s(x —w) = pr—s(y —w)|dw < 2 (fo * pi—s) (0). (16)

The previous line (16) can be easily checked by the use of the triangle inequality and maximiza-
tion over variables. The inequality » A 1 < 2% for a € (0, 1/2) gives us

E [ feur ) = Las 0]
k)2

t
< const(1 + Ny & (ug)¥) 1x — y|®* /O (fu * Pr—s)(0) - (t —$)"9ds| . (17)

It remains to show that the integral on the right hand side is bounded for all @ € (o, 1),
ap > 0. To show this, we will need an explicit form of f;. The result is stated in the next lemma.

Lemma 5. Forevery 1 > a > ag > 0 we have
fu % ps(0) < const - s~%/2,
where the constant depends only on our choice of .

Proof. By direct computation and (8) we get

1
(a % 2)(0) = C1—a / L pwdx
R |x]

Q2m)*

The boundedness of constant

. (1—a)m
2sm (—2 >F(a)2—“/zp (1 —oz) iy
2

(=)
sin (5222 ) I«
Y ( z ) ( )2a/2r(1 ;a>sa/2n1/2.

(2m)*
can be concluded from Euler’s reflection formula (I'(1 — z)I'(z) = n/sin(wz)) for z =
1-wy/2. O

Because of the lemma above, the integral on the right hand side of (17) is finite as long as
o/2+a < 1. Since o € (0, 1), we can always take a € (0, 1/2). In [5, proof of Prep. 6.5],
authors also get (17), but some extra effort is required to show that (17) holds with one constant
on right hand side for @ € (g, 1), g > 0.

2.3.2. Difference in the time variable
The difference in the time variable is going to be, for § > 0

B[ s~ Lus]']

t
=const- E U/O /ﬂ;(pt+675(x —2) = pr—s(x — 2)) 0 (Ug,5(2))na(ds, dz)

o |
|

48
+const - E [ / / Pi+s—s (X — 2)0 (Ug,s(2))Na(ds, dz)
t R
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Let us estimate the second integral, we can use the same technique as in the case of the spatial
variable and write
k:|

E [
146 2/k 1

< const ( / SUpE [ |6 ata s (1)) | / —— |prros <s>|2dsds)
t X R ||

k/2

t+6
/ /Rpt+6—s (x —2)0 (Uq,s(2))1a (ds, d2)
t

k/2

t+6
< const(l + N,k (ua)*) < f (t+6— s)_“/zds)
t

< const(l + Ny k(1)) 181°C~7* < const(1 + N,k (ua)") 8]+

]

The estimate for the second integral will be

t
: U/o /R (Pr4o—s (x = 2) = pr—s(x = 2)) 0 (Uar,s (2))7a (d, d2)

t (12/k
< const ( /0 sup E [ [0 e s [ | (S pi—) @)

XER
k/2
x /R Pris—s(@) — pr—s (@] dzdS>

t k/2
< const(l + N,k (ug)b) (/O (fa * pr—s)(0) /R | Pr+6—s(2) — Pr—s(2)] dzdS>

t k/2
< const(l + N, x(ug)") </ 5712 (log(s + &) — log(s)) ds)

0

k/2
< const(l + N, x(ug)") <4J3 atan <\/§> + 2/ log(1 + 3/r)> , (18)

by using a similar technique as in the case for the spatial variable and Lemma 3. The first step in

(18) uses that (fu * | pr1s—s — Pr—s)(2) = fa * pr45-5(0) + fo * pr—5(0) =2 fo * p;—5(0). The
last step in (18) can be verified by differentiating function 4+/8 atan(y/7/8) + 2+/7 log(1 + 8/1).
The inequality log(1 + ¢) < /¢ for all ¢ > O gives us

ki|

< const (1 +Ny,k(ua)k) ski4. (19)

t
- U/o /R (Prts—s (¥ = 2) = Pi—s(x = 2)) 0 (tta s (2))(ds, d2)

We can combine both estimates (18) and (19) to finally get

E [|10,,,+5(x) - a,,(x)|"] — const - (1 +Ny’k(ua)k) gk/4, (20)

Estimates similar to Sections 2.3.2 and 2.3.1 can be found in numerous places in the literature,
for example [16]. Authors in [16] use a different technique and investigate noise with more
general covariance structure. We do not know of continuity estimates which take into account «
as a variable, thus our estimates in Sections 2.3.2 and 2.3.1 are novel in that sense.
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2.4. Kolmogorov’s continuity theorem and tightness

Let us mention that N , (i) is uniformly bounded in y,y > 0 and @ € (o, 1) where
ap > 0. This follows from Corollary 1 and it is important for bounds on differences in Sec-
tions 2.3.2 and 2.3.1. We have that for every 1 > o > «p > 0 and (s, x), (¢, y) from
D =[0,T] x[—-N,N]C Rar x R the following holds for k > 2

E [|ua,s(x) — ua,z(y)|k] < const |x — y|* + const |t — s|*?,

where a € (0, % Ap)and b € (0, zlL A 0), thanks to our estimates from Sections 2.3.1, 2.3.2 and

Lemma 4. Denote p(z, x) = |x|* + ||?, then Kolmogorov’s continuity theorem states that there
is a modification of u, s (x) such that (see for example [12, pg. 107])

E sup
(s,x),(t,y)eD

for every « € («p, 1) and g € (0,1 — H/k) where H = 1/a + 1/b. By Markov’s inequality and
(21), we can write

Ma,s(x) - Ma,r(y)
pls —t,x —y)

k
}<A<+oo 2

p sup ‘ua,x(x) - ”a,t(}’)| > €, < _k(S )
(5,%),(t,)€D €
p(s—t,x—y)<é

which implies

lim sup P sup |Moz,s(x) - Ma,r(y)| >et =0, (22)
60 ge(ap, 1) (.E,)c),(t,y)fD<S
pls—tx—y)<

for every € > 0. We established both convergence of finite dimensional distributions [17, Thm.
2 (i)] and tightness (22) for measures P, on C [17, Thm. 2 (ii)]. The tightness of P, can be seen
by adapting [4, Thm. 7.3] to a setting of two dimensional continuous functions with compact
domain and supremum norm. We can conclude [17, Thm. 2] that the measure P, corresponding
to ug restricted to D converges weakly as o 1 1 to a measure P; corresponding to u restricted to
D. We can also conclude weak convergence of P, to P; as « 1 1 by adapting [4, Chapter 2] to
the two dimensional setting.

The second part of the main theorem, that is weak convergence of P, to Py, as o — og €
(0, 1) also follows from the current section. We have tightness for this claim, but we are missing
convergence of finite dimensional distributions. Little modification of Section 2.2 would give us
that.
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