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Abstract

We investigate a class of quadratic—exponential growth BSDEs with jumps. The quadratic structure
introduced by Barrieu & El Karoui (2013) yields the universal bounds on the possible solutions. With local
Lipschitz continuity and the so-called A j-condition for the comparison principle to hold, we prove the
existence of a unique solution under the general quadratic—exponential structure. We have also shown that
the strong convergence occurs under more general (not necessarily monotone) sequence of drivers, which
is then applied to give the sufficient conditions for the Malliavin’s differentiability.
© 2017 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

The backward stochastic differential equations (BSDEs) have been subjects of strong interest
of many researchers since they were introduced by Bismut (1973) [6] and generalized later by
Pardoux & Peng (1990) [36]. This is particularly because they provide a truly probabilistic
approach to stochastic control problems, which has been soon recognized as a very powerful
tool for both theoretical and numerical issues in many important applications.
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More recently, there has appeared an acute interest in quadratic-growth BSDEs because
of their various fields of applications such as, risk sensitive control problems, dynamic risk
measures and indifference pricing in an incomplete market. The first breakthrough was made
by Kobylanski (2000) [29] in a Brownian filtration with a bounded terminal condition. The
result was then extended by Briand & Hu (2006, 2008) [9,10] to unbounded solutions. Direct
convergence based on a fixed-point theorem was proposed by Tevzadze (2008) [42]. Various
extensions/applications can be found in, for example, Hu, Imkeller & Muller (2005) [20], Mania
& Tevzadze (2006) [32], Morlais (2009) [33], Hu & Schweizer (2011) [21], Delbaen, Hu &
Richou (2011) [13].

In contrast to the diffusion setup, the number of researches on quadratic BSDEs with jumps
has been rather small. Morlais (2010) [34] deals with a particular BSDE appearing in the
exponential utility optimization with jumps, and Antonelli & Mancini (2016) [2] study the setup
with local Lipschitz continuity with different assumptions. Both of them adopt Kobylanski’s
approach making use of a weakly converging subsequence. Cohen & Elliott (2015) [11]
and also Kazi-Tani, Possamai & Zhou (2015) [28] have adopted the fixed-point approach of
Tevzadze [42]. See also Becherer (2006) [5] as an earlier attempt for utility optimization with
different restrictions on the driver.

Recently, Barrieu & El Karoui (2013) [4] have proposed a new approach based on the stability
of quadratic semimartingales by introducing a so-called quadratic structure condition. They
have shown the existence of a solution, without the uniqueness, under the minimal assumption
allowing the unbounded terminal condition in a continuous setup. Their result has been extended
to the exponential utility optimization in a market with counterparty default risks by generalizing
quadratic structure condition to a quadratic—exponential (Q.xp) structure condition in Ngoupeyou
(2010) [35] (see also Jeanblanc, Matoussi & Ngoupeyou (2013) [23] and El Karoui, Matoussi &
Ngoupeyou (2016) [24]).

The current work, with local Lipschitz continuity and the so-called A p-condition for the
comparison principle to hold, proves the existence of a unique bounded solution under the
general Qexp-structure condition. Let us emphasize that the assumptions are more general
than those used [11,28,34,2] where the existence of a unique solution is proved. [11,28]
additionally require the second-order differentiability of the driver. [34,2] are using a special
form of the driver, in particular, it is bounded by a linear (not quadratic) function of |z| from
below, and the sign of the quadratic terms is prefixed. These features are inherited from the
utility optimization problem in [34] and is explicitly assumed in [2]. These assumptions play
an important role for constructing a monotone sequence of drivers by simply truncating the
quadratic terms. In the current work, new regularization of the driver inspired by [30,12,24]
provides a rather streamlined proof for the convergence under the general Qcyp-structure.
Moreover, the uniqueness alone is proved without using the comparison principle by the new
stability result.

The specific monotone sequence of drivers used in the proof for the existence is not useful
for other purposes. By generalizing Theorem 2.8 [29], we prove the strong convergence under
more general (not necessary monotone) sequence of drivers. The result is then used to achieve the
convergence of globally-Lipschitz BSDEs constructed by a sequence of simply truncated drivers.
The sufficient conditions for the Malliavin’s differentiability of the Qexp-growth BSDEs are
then obtained by exploiting the properties of locally Lipschitz BSDEs with H3,, ,-coefficients.
This extends the work of Ankirchner, Imkeller & Dos Reis (2007) [1] on the Malliavin’s
differentiability in the diffusion setup. The obtained representation theorem will be useful for
the optimal hedging problems in financial applications, investigations on the path regularity
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necessary for numerical as well as analytical issues, and also for the development of an
asymptotic expansion for the quadratic BSDEs.'

The organization of the paper is as follows: Section 2 gives preliminaries including some
important results on the BMO martingales. Section 3 explains the setup of Qcx,-growth BSDEs
with jumps and gives the uniqueness result. Section 4 proves the existence of a solution by
using the monotone sequence and the comparison principle. Section 5 deals with the Malliavin’s
differentiability of the Qex,-growth BSDEs, which is then applied to a forward-backward system
to obtain a representation theorem on the martingale components in Section 6. Appendix A is a
simple generalization of the results by Ankirchner, Imkeller & Dos Reis (2007) [1] and Briand
& Confortola (2008) [8] on the locally Lipschitz BSDEs with BMO coefficients to the setup
with jumps. Appendix B gives some results regarding the comparison principle. Appendix C
gives a detailed proof for the Malliavin’s differentiability of the Lipschitz BSDEs with jumps,
which generalizes the result of Delong & Imkeller (2010) [15] and Delong (2013) [14] to local
(instead of global) Lipschitz continuity for the Malliavin derivative of the driver, which becomes
necessary to investigate a forward—backward system driven by a Markovian forward process.
Finally, Appendix D gives the technical details of the proof for Theorem 5.1 omitted in the main
text.

2. Preliminaries

2.1. General setting

Let us first state the general setting to be used throughout the paper. T > 0 is some
bounded time horizon. The space ({2y, Fyw, Py ) is the usual canonical space for a d-dimensional
Brownian motion equipped with the Wiener measure Py,. We also denote ({2, F,,P,) as a
product of canonical spaces 2, = .Q,i X oo X .Qﬁ, Fu = .7-"; X e X ]-"l’j and IP’}L X - X IP”;
with some constant k > 1, on which each ' is a Poisson measure with a compensator v' (dz)dt.
Here, v/(dz) is a o-finite measure on Ry = R \ {0} satisfying fRo |z|*vi(dz) < oo. Throughout
the paper, we work on the filtered probability space (2, F,F = (F;)ie0.17, P), where the
space ({2, F,P) is the product of the canonical spaces (2w x {2, Fw x F,,Pw x P,), and

that the filtration F' = (F;);¢0.77 is the canonical filtration completed for [P and satisfying
the usual conditions. In this construction, (W, u', ..., u¥) are independent. We use a vector
notation u(w,dt,dz) = (u'(w,dt,dz"),..., u(w,dt,dz*)) and denote the compensated

Poisson measure as i := u — v. We represent the F-predictable o -field on {2 x [0, T] by P.

Remark 2.1. We have chosen the above setting mainly because that it is known to guarantee
the weak property of predictable representation and also because there exists an established
Malliavin’s differential rule. The contents up to Section 4 can be easily extendable to P & &£-
measurable random compensator v,;(dx) as long as (W, u — v) is assumed to have the weak
property of predictable representation (see Chapter XIII in [19]). For the general topics regarding
stochastic calculus with random measures, see also [22].

1 Recently, we have proposed an analytic approximation method of the Lipschitz BSDEs with jumps in Fujii &
Takahashi (2015) [17], which is based on the small-variance asymptotic expansion (see, Takahashi (2015) [41] as a
general review). Its extension to the Qexp-growth BSDEs is now ready to be investigated using the new results obtained
here, which will be pursued in a different opportunity.
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2.2. Notation

We denote a generic constant by C, which may change line by line, is sometimes associated
with several subscripts (such as Ck r) showing its dependence when necessary. ’7(')T denotes the
set of [F-stopping times t € [0, T].

Let us introduce a sup-norm for a R”-valued function x : [0, T] — R" as

% lla.61 = sup{|x|. 7 € [a, b]}

and write || x||; := ||x|lj0..}- We use the following spaces for stochastic processes for p > 2:
o S[s, t]is the set of R”-valued adapted cadlag processes X such that

1
IX gz = E[IX15,,]"" < 00
o S is the set of R"-valued essentially bounded cadlag processes X such that
[Xllspe := || sup [X,l], < o0
1€[0,T]

e H”[s, t] is the set of progressively measurable R?-valued processes Z such that

t p_1
I Zllpgs.n = E[( f |Zu|2du)2]” < oo.
s

o J”[s, t]is the set of k-dimensional functions ¢ = {y/, 1 <i <k}, ¥’ : 2x[0,T] xRy — R
which are P x B(Ry)-measurable and satisfy

k ' P
1 lgppsy = E[(Z/ / L/AE3] vl(dx)du) 2 ] ’ < 0.
i=1 Vs Ro

o J is the space of functions which are dP ® v(dz) essentially bounded i.e.,

Wl = | sup [l |, < oo

1€[0,T]
where L*°(v) is the space of R¥-valued measurable functions v(dz)-a.e. bounded endowed with
the usual essential sup-norm.
e [CP[s, t] is the set of functions (Y, Z, ) in the space S?[s, t] x HP[s, t] x J”[s, t] with the
norm defined by
1
”(Y Z Ip)”ICI’[v 1] = (”YHSP[A 1] + ”Z”Hpb Al + ”wlljl)b ;])

For notational simplicity, we use (E, £) = (RX, B(Ry)¥) and denote the maps {, 1 < i < k}
defined above as ¥ : 2 x [0, T] x E — R¥ and say ¥ is P ® £-measurable without referring to
each component. We also use the notation such that

t k t
/ / Vu (O du, dx) =) / f V(O (du, dx)
K E i=1Y"S Ro

for simplicity. The similar abbreviation is used also for the integrals with respect to p and v.
When we use E and &£, one should always interpret it in this way so that the integral with the
k-dimensional Poisson measure does make sense. On the other hand, when we use the range Ry
with the integrators (&, u, v), for example,

Yuon(dn) = ([ vieov'@x)
Ry Ro 1<i<k

we interpret it as a k-dimensional vector.
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We frequently omit the subscripts specifying the dimension r and the time interval [s, ] when
they are unnecessary or obvious in the context. We use (@S, s € [0, T]) as a collective argument
O, = SYS, Z,, ws) to lighten the notation. We use the notation of partial derivatives such that for
xeR

8, = ( 8= ( i i )
X X192 YXqg/) T ax19"'1axd
and for 6, dg = (8y, 9, 8¢). We use the similar notations for every higher order derivative

without a detailed indexing. We suppress the obvious summation of indexes throughout the paper
for notational simplicity.

2.3. BMO-martingale and its properties

The properties of the BMO-martingales play a crucial role throughout this work. This section
summarizes the necessary facts used in the following discussions.

Definition 2.1. Let M be a square integrable martingale. When it satisfies

E[(MT _ MT,1T>0)2|E] HOO <00

2 .
”M”BMO = sup
IE%T

then M is called a BMO-martingale and denoted by M € BM O.

Lemma 2.1. Suppose M is a square integrable martingale with initial value My = 0. If M is
a BMO-martingale, then its jump component is essentially bounded AM € S*°. On the other

hand, if AM € S* and SUp, 7.7 HIE[(M)T — (M)Il]-}] H < 00, then M is a BMO-martingale.
oo

Proof. From Lemma 10.7 in [19], we have

Mo = sup |E[(MIr — [M11F ] + MiLeo +(AM2|

re%T
= sup [E[(M)r — ()17 ] + am?|
te7BT o
Thus,
sup [E[(d)r — (o1 7 ]| VIAMIE < 1Mo
IE%T >
< sup |E[tn)r — )17 ]|+ 1AM
re'ﬁ)T o

and hence the claim is proved. [

Let us introduce the following spaces. H% o 1s the set of progressively measurable R?-valued
functions Z satisfying’

1212, o= | fy 2w,

= sup

2
BMO 16767“

E[/T |ZS|2ds|]-',]H < 0.

T [e¢]

2 We sometimes include a scalar function satisfying the rightmost inequality also in ]HI%, mo- By multiplying a d-
dimensional unit vector, one can always connect to it the BMO norm if necessary.
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J% 0 and J% are the sets of P ® E-measurable functions ¥ : 2 x [0, T] x E — RF satisfying

||W||§%MO = Hfo Je %(x)ﬁ(ds’dx)HZMo

= sup
reTy

T

]E[f / () Patds, dx)|Fe | + (AM)2 | <00,
T E .

where AM; is a jump of M = fo fE W (0)7i(ds, dox) at time <.

T
W1 = o [e[[ [ mcorvansiz]

respectively. Note that(||w||§§ VY le) < ||1p||§%m < ||1/f||izg + ¥ lI3 from the proof of
Lemma 2.1.

< 00,

’ oo

Lemma 2.2 (Energy Inequality). Let Z € Hy,,, and ¥ € J%,,,- Then, for anyn € N,

E[(/T 1ZPds) | <m(1Z12, Y,

OT nBMO
E[(/O /E|1/fs(X)|2//«(dS,dx)) ] < n!(”I/IHE%MO)nv
E[(/OT/E|1/’s(x)|2v(dx)ds>n] < n,(”w”%)n 3 ”!(”w”ﬁgm)"-

Proof. See proof of Lemma 9.6.5in [12]. O
Let £(M) be a Doléan-Dade exponential of M.

Lemma 2.3 (Reverse Holder Inequality). Let § > 0 be a positive constant and M be a BMO-
martingale satisfying AM, > —1 + 8 P-a.s. for all t € [0, T]. Then, (5,(M),t € [0, T]) isa
uniformly integrable martingale, and for every stopping time T € T.|, there exists some p > 1
such that B [Er(M)?|F] < Cp mE(M)? with some positive constant C, y depending only on
p and M| spo-

Proof. See Kazamaki (1979) [26], and also Remark 3.1 of Kazamaki (1994) [27]. [

Note here that the condition AM, > —1 + § is the very reason why one needs a stronger
assumption than the Lipschitz continuity for the comparison principle to hold for the BSDEs
with jumps (see Proposition 2.6 in Barles et al. (1997) [3]). The following properties of the
continuous BMO martingales by Kazamaki [27] are very useful.

Lemma 2.4. Let M be a square integrable continuous martingale and M = (M) — M. Then,
M € BMO(P) if and only if M € BM O(Q) with dQ/dP = Er(M). Furthermore, | M| gpo
is determined by some function of ||M| gy oqp) and vice versa.

Proof. See Theorem 3.3 and Theorem 2.4 in [27]. O

Remark 2.2. For continuous martingales, Theorem 3.1 [27] also tells that there exists some
decreasing function ¢(p) with ¢(1+) = oo and P(oco) = 0 such that if |M| gpocp) satisfies
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IMllsmow) < P(p)then E(M) satisfies the reverse Holder inequality with power p. This implies
together with Lemma 2.4, one can take a common positive constant  satisfying 1 < 7 < r* such
that both of the £(M) and £ (M ) satisfy the reverse Holder inequality with power 7 under the
respective probability measure P and Q. Furthermore, the upper bound r* is determined only by
||M||BM0(]P) (or equivalently by ||M||BM0(Q))~

3. Qexp-growth BSDEs with jumps

3.1. Universal bound

We now introduce, for ¢ € [0, T], the quadratic—exponential (Qexp) growth BSDE;

T T T
Y,=§ +/ S (s, Ys, Zs, Y5)ds —f Z;dW; —/ / Ys(x)u(ds, dx) (3.1
t t t E

where £ : 2 > R, f: 2 x[0,T] x R x R x L2(E, v; R¥) — R and denote Z and ¢ as row
vectors for simplicity.

Let us introduce the quadratic—exponential structure condition proposed by Barrieu & El
Karoui (2013) [4] and extended to a jump diffusion case by Ngoupeyou (2010) [35]. See also El
Karoui et al. (2016) [24].

Assumption 3.1. (i)The map (w,t) — f(w,t,-) is F-progressively measurable. For every
(y,z,¥) € R x R? x L2(E, v; RY), there exist two constants B > 0and y > 0 and a positive
F-progressively measurable process (/;, ¢ € [0, T']) such that

1y = By = L1ef? - /E J (=g ()
< fUy ) < b+ B+ DIP /E J, W)

dt ® dP-ae. (w,t) € £2 x [0, T, where j, (1) = i(e” —-1- yu).
(ii) |&], (I;, t € [0, T]) are essentially bounded, i.e., ||§]|co, [|/]|500 < 00.

Assumption 3.1 yields useful universal bounds as Lemmas 3.1 and 3.2 for the possible
solutions of (3.1).

Lemma 3.1. Under Assumption 3.1, if there exists a solution (Y, Z, ) € S® x H? x J? to the
BSDE (3.1), then Z € ]HI%MO and r € J%}MO (and hence ¥ € J*) and ||Z||H%M0, ”WlJZBMo are
bounded by some constant depending only on (y, B, T, ||€ |loos Il |lse, | Y llgee).

Proof. Since [|[{/||jc < 2||Y||sc, it is clear that ¥ € J>. Applying It formula to ¢*’¥" and
using the equality 2y jo, (x) = (e”* — 1% + 2y j,(x), one obtains

T T
/ ezyy52y2|Zs|2ds+/ /ezVYS(eWS(")— l)zv(dx)ds
T T E
T
==y [ (f vz - [ GG )ds
T E

T T
[ empzaw [ [ e s ao,
T T E
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where 7 € 7. Taking a conditional expectation and using Assumption 3.1, one obtains

T T
EU eZVYSy2|Zs|2ds+/ /eZVYs(eNM— l)zv(dx)a’s‘}",:|
T T E

7]

< 2rMWlgo 4 zyezl’“Y”SOCT(ﬁHYHSoo + ||l||soo> -

T T
E[/ V2|Zs|2ds+/ /(e’”“(x) — l)zv(dx)ds‘}}}
T T E

T
<E [ezﬂf +2y / e (I + BIYsl)ds

Thus

< VI 2y VI (BIY o 4 Wl ) (32)
Similar calculation for e=2""* yields
T T 5
JEU J/2|Zs|2ds+/ f(e—y%-(x)— 1) v(dx)ds‘]:f]
T T E
< I 2y IS T (BIY o 4 Wl ) (3:3)

Let us mention the fact that (¢* — 1)> 4+ (¢=* — 1)> > x2, Vx € R . Indeed, for gx) =
(" — 12+ (e™* —1)> — x?, we have g'(x) = 2(¢* — 1)e* +2(1 — e *)e™ — 2x which is an odd
function. It is easy to see that g’(x) > 0 for x > 0 and g’(0) = 0. Thus g(x) > g(0) = 0. With
the help of this relation, adding (3.2) and (3.3), and then taking sup, || || separately for Z and
Y terms yields

, , erIVls
1ZIZ,  + 115 < —2(3 +6yT(BIY o~ + ||l||Soo)) < 0.
BMO B y

Since [|Y Iy = 2[|Y [ls>e, one also sees ¥z < ¥l + ¥l < oo U

The following result is an adaptation of Proposition 3.2 in [4] and Proposition 16 in [35] to
our setting. Similar results can be found in [9] for a diffusion setup and in [34,2] with jumps.

Lemma 3.2. Under Assumption 3.1, if there exists a solution (Y, Z, ) € S® x H2 x J? to the
BSDE (3.1), it satisfies

' e I1ds )| 7]

t

1=~ nBfexp(ye'" el +y [
and in particular,
1Y llse < e (I1€lloo + T lllllsx) -
Proof. An application of Meyer-It6 formula (Theorem 70 in [38]) yields
d(e”1Y,]) = e’ (BIYslds + d|Y,])
_ eﬂf{mmds + sign(YS_)<—f(s, 0,)ds + Z,dW, + /E W (0L, dx)) + de}
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where LY is a non-decreasing process including a local time of Y at the origin. Let us define the
process (By, s € [0, T]) with By = 0 by

. 14 .o
4B, = —sign(¥.) (s, Ods + (1 + BIV.I+ 12, + [ Jy(sien(rpws wian) ) ds
E
which is also a non-decreasing process by Assumption 3.1. Using this process,

de”Y.) = e (dB, +dL)) + e sign(¥.)(Z,dW, + / Y (0fids, dx))
E

e (1, + 21z + / Jy (SiEn (Y, (2 )v(d) )ds
E
which is further transformed as
de?|y,) = eﬂssign(Ys_)(stWS —I—/ Ye(x)(ds, dx)) — %|eﬂssign(Y5)Zs|2ds
E

— / Jy (P sign(Y )y, () v(dx)ds — ePlds + g(ezﬂwzsﬁ - e’sS|Zs|2)ds
E

+ / (i (e sign(¥o () — e (sign(¥, ) () ) v(dx)ds + P (@B, +dL)) .
E
It is easy to confirm that for k > 1,
. . 1 kyx X
Jylkx) — kj,(x) = ;(e VY —ke? —1+k)=0.
Thus we obtain
de™|Y,)) = e"”sign(Ys_)(stWs + / Y (X)a(ds, dx))
E
— %|eﬂfsign(ys)zs|2ds - / Jy (€ sign(Yo) ¥ ())v(dx)ds — e lids + dCs,
E

where C is a non-decreasing process.
Define the process P by P, := exp(yeﬂ’ Y| + vy f:) eﬂslsds). Using another non-decreasing
process C’, one has

dP, = P,,(yeﬁlsign(Y,)thW, + / (exp(yeﬁfsign(Y,,)l/f,(x)) - 1)
E

x fi(dt, dx) + ydcg). (3.4)

The boundedness of P and Lemma 3.1 imply that the first two terms of (3.4) are true martingale
and that the last term is an integrable increasing process. Therefore P is a submartingale and it
follows that

! T
exp(ye 1 +y/ el,ds) fE[exp(yef‘Tlél +y/ eﬂflsds)‘ff] :
0 0

for V¢ € [0, T'], and the claim is proved. [

3.2. Stability and uniqueness

We now introduce local Lipschitz conditions to derive the stability and uniqueness result for
a bounded solution.
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Assumption 3.2. For each M > 0, and for every (y, z, ¥), (', 2/, ¥') € R x R? x L2(E, v; RF)
satisfying
LY W ey, 19 luew) < M
there exists some positive constant K, possibly depending on M such that
£y zp) = f@y 2 0] < Ku(ly = YT+ 1V = ¥llzg)
+ Ky (14 1zl + 121+ 1 2 + 19 lz) 12 = 2
dt @ dP-ae. (w,t) € 2 x [0, T].

Consider the two BSDEs with i € {1, 2} satisfying Assumptions 3.1 and 3.2;

T T T
V=gt [ serizioba- [ ziaw- [ [ viorase. 6
1 1 E

1

for t € [0, T'] and let us denote
Y =Y'—Y? sz=27'-2% &Sy =y' -y
8f(s):=(f" = s, Y, ZL ).
Lemma 3.3. Suppose Assumptions 3.1 and 3.2 hold for the two BSDEs (3.5) with i € {1, 2}.

Then, if there exists a solution (Y', Z', /') € S® xH?xJ?,i € {1, 2} to the BSDEzs, the following
inequalities are satisfied;

@ 18Z 1+ 15¥1

MO

= C (I8 o= + 188 1o + s B [/jltSf(S)ldS‘E} )

L
2

i T NE
®) |6Y. 62,5001y = C'(E [wsw‘f +( /0 87()lds)” }) ,

Here, C and q. (> 1) are positive constants depending only on (Ky, v, B, T, 1€ |loo, |l llse0) and
the constant M is chosen such that || Y||ge, || ¥ |lyjee < M for both i € {1,2}. C’ is a positive
constant depending only on (p, ¢, Ky, v, B, T, 1]l 0os I lls).

Proof. Proof for (a)

Firstly, due to the universal bounds, it is obvious that one can choose M such that || Y|jgc < M
and ||/ ||yo < M forboth i € {1, 2}. For Vr € 7., one has

T T
18Y.|* + f 18Z1%ds + / / 185 (x)*(ds, dx)
T T E
T
—ioeP + [ 288 (3 6) + £265. 61 = 5. 82))ds

T T
_ f 28Y,57,dW, — / / 28Y,_8y,(1)E(ds. dx) .
T T E
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Taking the conditional expectation, one obtains

187, |2 +E[/T |(SZS|2ds|}'T] +E[/T /E |81px(x)|2u(ds,dx)‘}'f]

T

T
=E[|5g|2+/ 25Y5(8f(s)+f2(s, o — £, 952))ds‘]:f:| .

T

Taking SUp, e 7.7 for each term in the left gives
18Z12,  + 18w 1% <208812,
BMO B
T
+ 418 3= sup HE[ [ (16 ©1+ Kulio2.1+ 16w, + wazsl))dS\ff] ..
1'6767_ T

where the process H is defined by H, :== 14+ Y 7, (1ZH + 1¥illz2)- Itis clear that H € HE,,
whose norm is dominated by the universal bounds given in Lemma 3.1. One can see

T
sup |E U Hf|5zs|ds‘f,} H
rE%T T o0
1 1
T 2 T 2
< sup JE[/ \H, *ds ff] H sup E[/ |SZS|2ds‘]-"t:| H
Ty i © re7 T 00

<|H 8Z .
< 1Hlg, 1521,

Thus, with an arbitrary positive constant € > 0,

2
18712, w12 < 200612 +2 sup |E[ [T167(5)lds|7] |
BMO B TE%T o]
4K2%  4K?
1Y B (24 4KuT + =2+ 23 H2, Y (10702, + v ).
€ € BMO BMO B

Choosing € < 1 and noticing the fact that ||6¢||JZBMO < ||8W||J% + 2||8Y ||seo, one obtains the
desired result.

Proof for (b)
Define a d-dimensional F-progressively measurable process (bs, s € [0, T]) by

_ LAzl = £ Y 2R )
187, ?
and also the map f : 2 x [0, T] x R x L2(E, v; R¥) - R by
flw,s5,5, %) =8f(w,s)— fAo,s, O+ fw,s, ¥+ Y7, Z2, v+ xlff) )
Then, (8Y, §Z, 61) can be interpreted as the solution to the BSDE

by :

152,208 Z

T T
5Y, = 8¢ +/ (f(s,(SYS,(Sl/IS)—i-bS -SZJ)ds —/ 5Z.dW,
t

T
- f / S, (0(ds, dx). (3.6)
t E

Since |by| < Ku(1 + |Z]| + |Z2| + 2|1y ll2(v))s the process b belongs to HZEMO. Furthermore,
f satisfies the linear growth property | f(s, ¥, ¥)| < [8f(s)| + Ku(IY| + [1¥[l12(,))- Thus, the
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BSDE (3.6) satisfies Assumption A.1 with g = |§f|. One obtains the desired result by applying
Lemma A.l. The dependency of the constants C’, g, is obtained from the universal bounds in
Lemmas 3.1 and 3.2, as well as the properties of the reverse Holder inequality in Lemma 2.3 and
the remarks that follow. [

We now gives the uniqueness result:

Proposition 3.1. Suppose the BSDE (3.1) satisfies Assumptions 3.1 and 3.2. Then, if there exists
a solution (Y, Z, ) € S® x H? x J? to (3.1), it is unique in the space S® x H%BMO X J%MO.

Proof. By Lemmas 3.2 and 3.1, if there exists such a solution it satisfies (Y, Z, ¥) € S* x
H%,,0 X %40 Firstly, by Lemma 3.3(b), the solution is unique in the space KP[0, T] for
Vp > 2. Since Y € S*, the uniqueness of ¥ in S” gives the uniqueness of Y also in the space
S®. This can be easily shown from an argument of contradiction by assuming ||¥! — Y 2||§p =0
but not equal in S*°. [

4. Existence of solution to a Qc,-growth BSDE

In this section, we prove the existence of the solution to the BSDE (3.1). Although one
may use the stability of quadratic semimartingales as [24], we provide a concrete, less abstract
strategy similar to that of Kobylanski [29]. We need another assumption so that we can apply the
comparison principle.

Assumption 4.1 (Ap-condition). Forallt € [0,T], M > 0,y € R,z € R, ¥,y €
LX(E, v; RY) with |y, ¥ ]lLew), 1Y/ lLew)y < M, there exists a P ® £-measurable process
799" satisfying dr ® dP-a.e.

Flt vz 0) — f(ty 2o ) < fE LY (@[ (x) — ¢/ v(d) @.1)

and CL(1 A [x]) < IP5"Y (x) < C2,(1 A |x]) with two constants CL,, C2,. Here, CL, > —1
and C32, > 0 depend on M. (Hereafter, we frequently omit the superscripts y, z to lighten the
notation.)’

Let us introduce a sequence of smooth truncation functions ¢,, : R — R with m € N with
the following properties:

—(m+1) for x < —(m+2)
Om(x) = {x for x| <m 4.2)
m+1 for x >m+2

3 Ap-condition implies M-dependent local Lipschitz continuity with respect to v, which is known to be satisfied in
the case of the exponential utility optimization [34].
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and |8,¢,,(x)| < 1 uniformly in x € R.* We denote f := f Vv 0, J = f A0 and introduce the
following regularization of the driver:

Fiy 2y = inf (7w ) +nlz = wl)
im(tvy’z7 'ﬂ) = Sup {i(tﬂyswv 1//)—m|Z—U)|}

weRd
7y, 2w =T o), 2, o))
Sy ) = M (), 2 e (W)

and frm o= 4+ I frmk = Tn’k + f”’k. For 1, the mollifier ¢; should be applied
component-wise.

Lemma 4.1. For a driver f satisfying Assumptions 3.1, 3.2 and 4.1, we have

6))] f I, f f mk - prm gk satisfy the structure condition of Assumption 3.1 uniformly
inn,m,k € N.

(i) ?n, f™and f™™ satisfy A p-condition (4.1) uniformly inn, m € N.

(iii) 7n’k, i’”'k, fmmk are globally Lipschitz continuous for each n,m, k € N,

Proof. (i) One can easily confirm the assertion from the fact that 0 < ?n < 7" * < f,
f < f ml < f " < 0 and that j,(-) is convex. (ii) Firstly, let us check the condition for f
Since

'y )= Fty 2, v)
=uﬁUﬁyw)w+WM—wH—lﬂ{ﬂt%w¢0+nk—wH

weRd welR
= SUP[{f(t,y, w, ¥) — f(t, y, w, ¥)}
weR?

one sees the desired result by considering the four cases of signs (f(¢, y, w, ¥), f(t, y, w, ¥'))
= (+,4), (+, —), (—, +), (—, —). The first two cases are bounded by f (-, ¥)— f (-, ¥'). The last
two cases are bounded by 0 and hence the condition is trivially satisfied. Similar analysis yields
the same conclusion for f™. Finally, let us consider f™™. Based on the same categorization of

signs (f(-, ¥), f(-, ¥')), we have

Fev—Fey) it (+4)
n,m _ gnmg, N o im(" w) - im('v Iﬂ/) if (_a _)
PR =TT = ey <P i e

Fr e = ey it (-
The first two cases satisfy A p-condition by the previous discussion. The third case is trivial since
it is bounded by 0. As for the last case, one sees 7”(-, ) — "G, < ?(~, ) — f,¢) =
(-, )= f(-, ¥) and hence the conclusion follows. (iii) Lipschitz continuity with respect to y, i
arguments can be shown similarly as (ii) above. Consider now the following obvious inequality
S oe(y), w, ge(¥) + nlz — wl < £ @i(y), w. @) + n|z’ — w| + nlz — Z|. By taking
inf,, in the both hands, we get f " (¢, y,z,¥) < f (¢, y, 7, ¥) + n|z — Z’|. The desired result

4 The smoothness is introduced just for convenience so that one can use the same function later when proving
Malliavin differentiability.
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follows by flipping the role of z, z". The same conclusion follows similarly for f’ "k and hence
also f™k. O

The above regularization is inspired by [30,24,12] as an application to quadratic BSDE:s.
However, notice the differences from the one used in [24] regarding the arguments of y, 1. The
following result is an extension of Lemma 9.6.6 in [12] for our setting.

Proposition 4.1. Suppose & € Fr is bounded and the sequence { f", n > 1} and f of the drivers
are such that (1) They are continuous mappings and satisfy Assumptions 3.1 and 4.1 uniformly.
@) 7 4 f (resp. f* 4 f). Gi) If y* > yinR, 2" — zin R? and " —  in L2(v), then
Gy 2N YY) = f(G,y, 2, ¥) inR. (iv) There exists a solution (Y", Z", ") € S* x H? x J?
to the BSDE for each n

T T T
Y' =& +/ FrGs, Y 20y ds —/ Z"dW, —/ / Yl (x)ji(ds, dx), 1 € [0, T],
t t t E

for which the comparison principle holds i.e. Yt’”rl < Y] (resp. Y]' < Y1) for Vi € [0, T] a.s.
Then, there exists (Y, Z, ) € S x H%Mo X J2BM0 such that Y" — Y in S®, Z" — Z in H?
and ¥" — V in J? and solves the BSDE

T T T
Y, =&+ / F5. Yy Zyo r)ds — / Z,dW, — / / W, (Ofi(ds, dx), 1 € [0, T].
t t t E
(43)

Proof. It suffices to consider the case f" | f with monotonically decreasing sequence of Y".
By condition (i), the solution (Y", Z", ") satisfies the universal bounds given in Lemmas 3.1
and 3.2 uniformly in n. By monotonicity, (Y") converges, for all ¢ € [0, T'], Y | Y; P-ass. toits
limit process Y := lim,Y". Furthermore, there exists (Z, y) satisfying the universal bounds,
such that Z" — Z weakly in H? as well as ¥" — 1 weakly in J? under an appropriate
subsequence (still denoted by the same n). By condition (i), each driver f" satisfies, df ® dP-
ae. fU( Y Z0 YN < fU Y Z00) + [ Yoyl ovidx) < 4+ BIY] |+ S1Z0 P+
Cu Y] ll2vyand similarly — (¢, Y[, Z}, ) < I, + BIY!'| + %|Zr”|2 + Cull¥{ 2> Where
Cyy is a constant depending only on the universal bounds.

Let ¢ : R — R be a smooth convex function such that ¢(0) = 0, ¢’(0) = 0, which will be
specified later. We put §Y"™" :=Y" — Y™, §Z"" .= Z" — Z™, §¢y"™"™ = " — ", and assume
m > n. Note that §Y;"™ = 0 and §Y™" > 0 for m > n. It formula gives

T T
POY"™) + / SO GY Sz s + f /E [OY" + 897" (x)) — B(6Y2")
T
— ¢ OYEY " () u(ds, dx) = / 'Y "5 O = f"(s, O]ds

T T
- / ¢ (BY™SZ " AW, — / / @' (SY"™(ds, dx) .
t t E
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Using the previous driver’s bound and noticing that ¢’(y) > 0 for y > 0, there exist constants
Cu, Cp independent of n, m satisfying

T 1 T
E/ 5¢’/(8Y;”m)|82f*m|2ds ~|—]E/ /[¢(8Y."_"" + 85U (x)) — BBV
0 0

—oorm i lutds. 0 < [ Cusorm (L w1+ 1171
FIZ2P + 1ZP + el g + €NV 12, )ds
51@/ co¢(5y"'")( F 18282 120 — Z, + 1 Z,

+elSUI Iy +elV! = Uil + €l liZag, )ds (4.4)

for any constant € > 0. We now choose ¢ as

1 4Coy , 1 4Cny " 4C
= —4Cyy — 1], = —Je*or 1], — 240y
PO = ¢ e [e o —1]. ' 2, [e ]. 9"y =2e

By the mean-value theorem and the universal bound of Lemma 3.2 for §Y"™, §Y,"",

eplSYI (P < GEYI" + 8P (X)) — pEY") — ¢SV (x)

holds uniformly in (n, m) by choosing cy = exp(—8Coe?” (|I€]loc + T |ll[ls>)). Similarly, one
can choose the constant € such that Cog’(2e#” (|| [loc + T'll!|ls>))€ = cy/4 . Then (4.4) implies
(note that ¢”(y) = 4Co¢'(y) + 2),

T T
3
Ef [CO¢/(8Y{”’”)~I—1]|<SZ§?’”’|2ds~|—IEf f ‘—ch|81ﬂf’m(x)|2v(dx)ds
0 0 E

T
/ n,m 1 n n
<E f Cop (Y (= 4120 = ZP 12, el =l + eIVl )ds.
0

Let fix n. 8y — " — 3 weakly in J?. Since §Y™™ is bounded and strongly converges
vVt € [0,T]8Y/"" — Y]' — Y, as., it is easy to see that \/Co@'(§Y") + I[§Z"™] converges
weakly to /Co@’(Y" — Y) + 1[Z" — Z] in H?. From Proposition 3.5 (iii) [7], by passing to the
limit m — oo,

T T
3
E/ [Cop'(Y! = Y) 4+ 1]|1Z" — Z,|%ds —HE/ Jeullv - UsllE 2, ds
0 0

T T
3
< lim inf 114:/ [Cop'(SY™™) + 1]|(SZ;?”"|2ds+E/ / ZcM|5w;’~"’(x)|2u(dx)ds
0 E

m—00

sEf Co¢(Y"—Y)( 128 = 2P 1 ZP + €l = Uil ag, + €Ml ) ds,

which then yields
T s Tewm s
B | 128 = ZPds +E | SHIv = il ds
0 0

T
<E /0 Cop (17— 1) + 12 + el )ds @5)

Since ¢'(Y" — Y;) — O a.s. as n — 00, one concludes Z" — Z in H? and ¢" — 1 in J? by the
dominated convergence theorem.
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Therefore, one can extract a subsequence such that Z" — Z dt ® dP-a.s. and ¢¥" — ¢
v(dx)dt ® dP-a.s. Thus condition (iii) implies f"(t, Y, Z}', ¥}') — f(t,Y:, Z;, ¥y) dt ® dP-
a.s. Moreover, by extracting further subsequence if necessary, one sees from Lemma 2.5 of [29]
that G, = supn|Z”|2, Gy = supn||1ﬂ”||]iz(v) are in L'([0, T] x {2). By assumption (i), for
almost all w, | f"(-, Y", Z",y")| is dominated by Cy (1 + G. + Gy) € L'([0, T]) with some
constant Cj; depending only on the universal bounds. Note also that (-, Y, Z, ¢) € L([0, T])
a.s. Thus one obtains, for almost all w, f0T|f"(s, YIZE W) — f(s, Y, Zg, Y)lds — 0
by Lebesgue’s dominated convergence theorem. From (4.5) and the Burkholder—Davis—Gundy
inequality,” one can also extract a subsequence in which sup,e[o,T]‘ f ,T(ZS" — Zs)d WS‘ — 0,

Supte[O,T]‘ ftT [ Wl (x) — Y (x)ia(ds, dx)} — 0 a.s. By passing to the limit m — oo and
taking supremum over ¢ in

T T
|Yt’l _ Y,m| < / |f‘"(s, an) — fm(s, 9;”)|ds + ‘/ (Z;l _ ZT)dWs
t t

)

T
| [ [ = wreis. ax
t E

one obtains

T T
sup |Y!' —Y,| < / [ f"(s, ) — f(s, Oy)lds + sup ‘/ (Z! — Zy)dW;
0 ‘

t€[0,T] 1€[0,T]

T
+ s | [ wiw—viwis.an

tel0,T]

bl

from which one concludes the uniform convergence sup,co r|Y;" — ¥;| — 0 as. (hence
|[Y" — Y|lscc — 0) under an appropriate subsequence and (Y, Z, i) solves (4.3). One can check
that S convergence actually occurs in the entire sequence. If this is not the case, there exists
a subsequence (n;) C (n) such that [|Y"/ — Y||sc > ¢ with some ¢ > 0 for all n;, where
Y = lim,Y" is independent of the choice of subsequence due to the monotonicity. However,
one can extract a further subsequence (n;;) C (n;) such that sup,e[OqT]|Y,"jk — Y| — 0as.
by repeating the same discussion given above and hence ||Y"/* — Y| s — 0, which is a
contradiction. [

Remark 4.1. By applying Ito-formula to [Y" — Y |?,

Y P 4 E[/T 17 - 7,%ds|F. ] + E[[TT /E W) = Y (O s, d)| 7|

T
< 20" = Vi B[ [ 1776V 20~ fGs Ve Zu lds |7

forany t € 7. It follows that the uniform convergence of Y" — Y implies Z" — Z and y" —

E[f71/"s. €= f(s. Onlds|Fe] |

C(l + IIZ”IIEIz + [[y" ||§z ) < C with some constant C depending only on the universal
BMO BMO

bounds.®

. 2 2 .
¥ in Hy,, 0 and J,,, respectively, because SUp, 7.7 =<

5 See, for example, Theorem 48 in IV.4. of [38].
6 Convergence in the norm of K = S” x H” x J” with Vp > 2 is actually enough for the discussions on Malliavin’s
differentiability.
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Theorem 4.1. Under Assumptions 3.1, 3.2 and 4.1, there exists a unique bounded solution
(Y, Z,¥) € S® x H3,,,p x J540 0f the BSDE (3.1).

Proof. From Proposition 3.1, it suffices to prove the existence. Firstly, consider the BSDE with
data (&, f™™5). Since f™" is globally Lipschitz, there exists a unique solution (Y™ Zmmk,
Y™Ky for each n, m, k. One also sees Y™™ € S® by Lemma B.1. Since the driver f""* sat-
isfies the Qexp-structure condition by Lemma 4.1, (ymmk zmmk, w""”'k) satisfies the universal
bounds of Lemmas 3.1 and 3.2 uniformly in n, m, k. In particular, since || YK ||goo, ||y joc
are bounded uniformly, (Y%, z"mk ymmk) also consists of a solution of the BSDE

T

T
"=E+ / F (s, Y ZI s — / Zmmdw,
t

T
- / / V" (0)i(ds, dx) (4.6)
t E

for each n, m provided k is large enough. By Lemma B.2, this is actually the unique solution of
(4.6) and satisfies the comparison principle yrmtl < ynm < yntlm for every n, m € N. Thus,
from Lemma 4.1, we can apply Proposition 4.1 with a fixed n. In particular, the condition (iii)
follows from the continuity of the driver and the property of inf(sup)-convolution (see, Lemma 1
of [30]). We then obtain Y™ — Y in S, Z"m — Z" in H? and Yy — W" in J?, which
solves

T T T
Pt / Fris, T 20 s — / Zraw, — [ [ FrOfds, dx), @)
t t t E

for each n € N, where f" = 7" + f. f” satisfies the structure as well as A p-conditions
uniformly in n. By Lemma B.3, one can once again apply Proposition 4.1 to the monotone
sequence f” 1 f. Then there exists (Y, Z, ¥) € S x Hé o X J2 =m0 With the convergence
Y" > YinS®, Z" - Z in H?, 1//" — 1 in J?, which solves the BSDE (3.1). By Remark 4.1,
one also obtains the convergence in the stronger norms. [

Although we have used a specific regularization to obtain a monotone sequence of drivers,
we can actually weaken the condition of monotonicity. The following result is the adaptation of
Theorem 2.8 of [29] to our setting.

Proposition 4.2. Suppose & € Fr is bounded and the sequence {f",n > 1} and f of
the drivers are such that (i) They are continuous mappings and satisfy Assumption 3.1, 3.2,
4.1 uniformly in n. (i) If y" - y in R 2" — zin R? and ¥" — ¥ in L2(v), then
ey 2Ny = fCGy,z,¥) in R (il) Let (Y™, Z", ¢") € S® x H3,,,, x I3, be the
unique solution of the BSDE (which is guaranteed by Theorem 4.1)

T T
Y=g+ / P, Y7, 20 g ds — / Zrdw, — / / WP COTds, dx),
t E

t

tel0,T]
for eachn. Then Y" — Y inS*®, Z" — Z in H%MO and Y" — Y in J%’MO where (Y, Z, ) is
a unique solution of (3.1) with data (§, f).

Proof. Let us define two drivers such that G" := sup,,., f", H" := inf,>, f™. Then we have
G" | f,H" 1 f asn — oo. By condition (i), both G" and H" satisfy Assumptions 3.1 and 3.2
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uniformly in . Moreover the relations G" (-, ¥)— G"(-, ¥') < supmzn[f’“(-, v)y— ", ¢’)] and
H"(,y) — H' (. ¥') < sup,,.,[ /"¢, ¥) — f™(-, ¢")] imply A p-condition of Assumption 4.1
holds uniformly. Thus, by Theorem 4.1, there exists a unique solution (Y™*, Z™*, ¥"*) (resp.
(Y, Z2, ¢l in §%° x H%}Mo X J%MO to the BSDEs with data (&, G") (resp. (§, H")) for each
n. By the local Lipschitz continuity, A r-condition, and the universal bounds of the solutions
make the measure change used in the comparison principle well defined. Hence, by similar
arguments of Lemma B.3, it is straightforward to confirm that the comparison principle holds
among (Y™, Y}, Y"). One has Y] < Y" < Y™ for every n € N. Furthermore, Proposition 4.1
also imply the convergence Y™ | Y and Y 1 Y in S*. Thus we have Y" — Y in S*.
Remark 4.1 gives the convergence of Z", ¢/" in the desired norms. [J

5. Malliavin differentiability

In the reminder of the paper, we study the Malliavin differentiability of the quadratic—
exponential growth BSDEs. Among the various ways to develop Malliavin’s calculus, we follow
the conventions based on the chaos expansion used in Delong & Imkeller (2010) [15] and Delong
(2013) [14], which were adopted from the work of Solé et al. (2007) [40]. See also Di Nunno
et al. (2009) [16] for an extension to a multi-dimensional setup and other applications (with
only a slight adjustment of conventions). For the detailed conventions, see Section 3 of [15].
Following the extension given in Section 17 of [16], we denote (Djyo,i e {1,...,d}) and

(D! .,i € {1,...,k}) as the Malliavin derivatives with respect to (W;(¢),i € {1,...,d}) and

1,2°

(Hi(dt,dz),i € {1,...,k)}), respectively.

Note that a random variable F is Malliavin differentiable if and only if F € D'"2. Here, the
space D2 C IL?(P) is defined by the completion with respect to the norm || - ||1.» which is given
by

d T k T
IFI3, = E[|F|Z]+ZE[/O |D;,0F|2ds} +ZEU0 /R ID;,ZFlzzzv%dz)ds} :
i=1 i=1 0

For notational convenience, let us introduce two types of ﬁgite measures m'(dz) = lz#ozzvi(dz)
withi € {1, ..., k} defined on whole R, and g defined on E := [0, T'] x R* by

k
qdt,dz) = 1.—odt + Y _m'(dz)d .

i=1

We also introduce a space L'>(R") of product measurable and F-adapted processes x : 2 x
[0,T] x R¥ > R» satisfying

B[ [ 1x6 nPa(ds.an) < .
x(s, y) € DV2R"), for g-a.e. (s, y) € E,
B [ [ 1Dt Patds, dyyaar. )] < .
Note that the space I.!-? is a Hilbert space endowed with the norm
1110 =B [ 1xnPas.dn] B [ [ 1D.xs »Pads. dyyaca. d2)].
E EJE

The fact that the Malliavin derivative is a closed operator in L''? (see, Theorem 12.6 in [16])
plays a crucial role later.
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Suppose that (¢,z) is a jump of size z at time ¢ in a random measure u'. We denote
by w;j a transformed family of w,i = ((t1,21),(f2,22),...) € {2, into a new family
with additional jump at (z, z); w;’f = (t,2), (1, 21), (2, 22),...) € §2,i . As for an ele-
ment w = (ww, Wy, W2, a)ﬂk) € {2 in the full canonical product space, we denote
w"* € 2 as the above transformation only in the corresponding element, such as o'* =
(ow, Wy, ,w;f e Cl)ﬂk) € {2 without specifying the relevant coordinate for notational
simplicity. By the same reason, we also frequently omit i denoting the direction of derivative
D;z by assuming that we consider each Wiener (z = 0,i € {l,...,d}) and jump (z #
0,i € {1,...,k})) direction separately (and summing them up whenever necessary, such as
when considering integration on E).

In this section, we consider Malliavin’s differentiability of the following BSDE;

T T
=gt [ r(svezi [ w66 neman)ds - [ zaw,
t Ro t

T
—/ / Yo (xX)(ds, dx), 5.1

+ JE
fort € [0,T]where £ : 2 - R, f : 2 x[0,T] xR xR x R¥ - R, and p' : R — R,
G' :[0,T] xR — R foreachi € {l,...,k}. The last arguments of the driver denote a

k-dimensional vector whose ith element is given by fRo P (X)G' (s, Yi(x))v(dx). With slight

abuse of notation, we adopt 6, = (Y,, Z, fRO p(2)G(r, Y, (Z))v(dz)), r € [0, T] as a collective
argument in this section.

Remark 5.1. In Solé et al. [40] and Delong & Imkeller [15], the conventions
Y(x) = y(x)/x, pdt,dx)— xp(dt,dx) x € Ry

are used. For the convenience when discussing the L.!-2-norm, we introduce the notation ¢ (x) :=
¢(x)/x,x € Ry for the control variables of the random measure, ¢ = ¥, " etc. See, in
particular, Section 3.5 of [14].

Assumption 5.1. (i) For every i € {l,...,k}, p' is a continuous function satisfying
f]Ro 1o ()P vi(dx) < oo. (ii) For everyi € {1,...,k}, G'(s,v) is a continuous function in
the both arguments and one-time continuously differentiable with respect to v with continuous
derivative. Moreover, for every R > 0,

k

Gg = sup > IG (s, v)| < o0,
(5,0)el0,TIx(v|<R) 15
k

G

sup > 18,6 (s, v)| < o0
(5, Wel0.TTx(vI=R) {2

We put without loss of generality that G'(-, 0) = O forevery i € {1, ..., k}.
Assumption 5.2. The driver F defined by F(s, y, z, ¥) = f(s, y, 2, fRo p(x)G(s, ¥(x))v(dx))

for s € [0,T],y € R,z € Rd,w e L%(E,v;R¥ and the data (&,1) satisfies both
Assumptions 3.1 and 4.1.

Please cite this article in press as: M. Fujii, A. Takahashi, Quadratic—exponential growth BSDEs with jumps and their Malliavin’s differentiability,
Stochastic Processes and their Applications (2017), http://dx.doi.org/10.1016/j.spa.2017.09.002.




20 M. Fujii, A. Takahashi / Stochastic Processes and their Applications 1 (1111) IRI-11R

Assumption 5.3. For each M > 0, and for every (y, z, ¥), (', 2/, ¥') € R x R? x L2(E, v; RF)
satistying |y[, |y'], |¥ lLooqwys 19 lLooqwy < M, there exists some positive constant K, possibly
depending on M such that
|f(t’ y, Z, ut) - f(t7 y/v Zlﬂ M;)’ E KM(ly - y/| + |ul - I/l;l)
+ Ky (1 + 1zl + 12|+ lug] + |uj]) |z — 2|
dP ® dt-ae. (w,t) € 2 x [0, T], where we have used u; = fRo p(x)G(t, ¥ (x))v(dx) and
u, = fRo p(x)G(t, ¥'(x))v(dx) for notational simplicity.

Remark 5.2. In the above assumption, using the fact that

e < Nol2ey Gyl ey lur —uil < lpllew Gyl — ¥lli2w) »
one can see the consistency with Assumption 3.2. Therefore, under Assumptions 5.1-5.3, there
exists a unique solution (Y, Z, ¥) € S® x H%}MO X J%MO to the BSDE (5.1) by Theorem 4.1.

For Malliavin differentiability, we need the following additional assumptions:

Assumption 5.4. With the notation u, = flRo p(X)G(t, Y (x)v(dx), u, = fRo p(X)G(t,
V' (x))v(dx),

(i) The terminal value is Malliavin differentiable; & € D2,

(ii) For each M > 0, and for every (y, z, ¥) € R x R x L2(E, v; R¥) satisfying |y, |V ||lLocqy <
M, the driver ( ft,y,z,uy), t €0, T]) belongs to IL.""2(R) and its Malliavin derivative is denoted
by (D;s . f)(t,y, 2, u;). Furthermore, the driver f is one-time continuously differentiable with
respect to its spacial variables with continuous derivatives.

(iii) For every Wiener as well as jump direction, for every M > 0 and dP ® dt-ae.
(w,t) € 2 x [0, T], and for every (y,z, ¥), (¥, 2, ¥') € R x R? x L2(E, v; R¥) satisfying
Y1 1YL I ey, 19 Iy < M, the Malliavin derivative of the driver satisfies the following
local Lipschitz conditions;

|(D§,0f)(l, Y, Z,Up) — (Dé,of)(l, v, 7, u;)|

< KX Oy =¥+ lug — ]l + (4 + [zl + 12|+ | + DIz — 1)
for ds-a.e.s € [0, T] withi € {1,...,d}, and

|(DL, ), y, zou) — (DL, ),y . 2 u))|

< KM@ (ly = '+ e = ]+ (L J2] + 12+ ] + g Dlz = 2'))

for mf(dz)ds—a.e. (s,2) € [0,T] x RQ with i € {1,...,k}. For every M > 0 and (s, 2),
(Kyd’(t),t e [0, T])l.e{l ,,,, 4 and (KMi@), 1 € [0, T])I.E{1 vvvvv ) are Ry-valued F-progressively
measurable processes.

(iv) There exists some positive constant p > 2 such that

! b4 w 2ra T\
(B[IDcg17 4+ (| 105 0ldr) ™ + KNI ]) g(ds, d2) < o0
E 0
hold for Vg > 1 and VM > 0.

Remark 5.3. Assumption 5.4(iv) implies, for each (s, z) in E q(ds,dz)-a.e.,

’ T r’ M 2P
E[ID,.£1" + ( /0 Dy 0ldr)” + KM | < o0
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for Vp' > 2. In particular, KS 0 € SP' for ds-a.e. s € [0, T] and KSA’{ € SP for Z2v(dz)ds-a.e.
(s,2) €[0,T] x Ry forVp' > 2.

We now give the main result of this section.

Theorem 5.1. Suppose that Assumptions 5.1-5.4 hold true and denote the solution to the
BSDE (5.1) as (Y, Z,vy) € S*® x HZBMO X J%MO. Then, the following statements hold: (a)
For each Wiener directioni € {1,...,d} and ds-a.e. s € [0, T], there exists a unique solution
(Y$:0i zs:0id ys00y e [P0, T with Vp' > 2 to the BSDE

T T T
Y)0r = Df o€ + / oY rdr — / Z30dw, — / / Y pidr.dx)  (5.2)
t t t E
for0<s <t <T, where

£y = (Dl f)(r, 6,) + 0o f(r, 6,650
= (DLof)(r, ©,) 4 0y f(r, O + 0. f(r, )22

+ 0, f (1, @r)/Ep(X)avG(r, Y )Y (x)v(dx) .

The solution also satisfies fOT (Y0t zs:01 w‘“o”‘)||§p[0ﬂds < 00.
(b) For each jump directioni € {1, ..., k} and m'(dz)ds-a.e (s, z) € [0, T] x Ry, there exists a
unique solution (Y*%1, Z5%1 531y € S® x H3,,,, % J%40 to the BSDE

T T T
Y»*' = D) &+ / fo&i(rydr — f Z5dW, — / / YR Odr, dx)  (5.3)
t t E

t
for0 <s <t <Tandz#0, where

. 1 . 1 .
£ = (£ 6,420 = floor €)= —{ F (o ¥ 2
Z Z
222 [ G )+ 20 )i  for 0]
0

The solution also satisfies fOT S lQYs=t, Zs:20 gz ")||,pcp[0 T]m'(dz)ds < 00.

(c) The solution of the BSDE (5.1) is Malllavm differentiable (Y, Z, ) € L'? x L2 x L2,

Put, forevery i, Y = 72 = ¢S ()= 0fort <s < T, then ((Y”' Z55 i (), 0 <
s,t <T,x e Ry,z € R) is a version of the Malliavin derivative ((Ds,zYT’ DSYZZ,, Dsqzl//r(x)),

0<s,t<T,xeRy,zE€ R) for every Wiener and jump direction.

Proof. Firstly, from Assumptions 5.1-5.3, Theorem 4.1 tells us that there exists a unique solution
(Y, Z,y) € S® x H3,, 5 x J%,,0 to the BSDE (5.1). Since ||Y [|se, ||| are bounded by the
universal bounds, one can choose a constant M > 0 big enough so that the local Lipschitz
conditions hold true for the whole relevant range. We choose one such M and fix it throughout
the proof. We also omit the superscript i denoting the direction of derivative by assuming that
we always discuss each direction separately.

Proof for (a): Firstly, the continuous differentiability of f and the local Lipschitz conditions
imply that, for the relevant range of variables,

|a)f(t’ y,Z, ut)l EKMa |auf(t7 v, Z, ul)' SKMv
[0:f(t, y, 2, u)l < Kp(1 + 2|z 4+ 2|u]) . (5.4
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It is easy to check that the BSDE (5.2) satisfies Assumption A.2. Indeed, its second condition
follows from the relation

|(Dys0/)(r, )] = |(D50f)(r O + KUY ]+ 1oll20) G ¥ 2
KN +1Z:| + IIPII]Lz(wGﬁwII%IILz(U))IZrI ;

Lemma 2.2 and Remark 5.3. Thus, Theorem A.l implies that there exists a unique solution
(Y0, 250 0 ¢ IC[O r; to the BSDE (5.2) satisfying

T /=2
/ 7-2 r4q
120, 2209 O = €1+ E[1000617 4 ([ (Do 0)ar)
0

2

T 206 T 1
2 2 r'q 2932\ L
) A A (f 12, r) +(/ 1 12agdr) " ]) 7 < o,
0 0

for Vp’' > 2, where C,y and ¢ > 1 are positive constants. Assumption 5.4(iv) also gives the 2nd
claim [ (Y50, Z0, 40| R-pjo.7yds < 00

Proof for (b): Let us first consider the BSDE

T
Vit = é(ws'z)‘F/ f( AR / PG W,"Z(x))v(dx)>dr
t Ro

T T
—/ Z;‘ZdW,—/ / W2 (x)fi(dr, dx) . (5.5)
t t E

For every (s, z) € [0, T] x Ry, m(dz)ds-a.e, Assumption 5.1, 5.2, 5.3 are all satisfied. Thus,
by Theorem 4.1, there exists a unique solution (Y%, Z%%, ¥$?) € S*° x H23M0 X J%MO to the
BSDE (5.5) satisfying the universal bounds. Now, let us define for z € Ry,

YS’Z — ys.z _ Y stz — ZS,Z _ Z ws’z — !pS,Z — »lp
z z z ’

and then (Y%, Z%%, ¢5%) € S® x H%,,, X J%,0 i the unique solution to the BSDE (5.3). Note

that D ;€ = 1(§(@™%) — §(w)).
We use a new collective argument 5% = (Y%, Z5+< fRo p(xX)G(r, ¥$<(x))v(dx)). Let us

introduce

1 ,
i) = Z(f(w”, 5~ flw,r,6,)

(D, @) KB E SO 8

a d-dimensional [F-progressively measurable process (b3, r € [0, T']),
85,2 1 5,2 85,2
br@) = ———— [ (0™ Y 2 | a6 )
127" = Z,| Rg

- f(a)“,r, Yy, Zy. 4 p(N)G(r, xzf,(x))v(dx))]12.?272,;&0(2;*Z ~Z)
0
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and also the map fs'z 2 %[0, T]x RxLYE,v;Ry) » R,

fs,z(a)’ r, ’5;’ J) = (Ds.zf)(r7 6,)
1 ~

(e vz [ pw6e T + i)
Z R,

0

_ f(w“,r, Y,, 25, /R 0 p()G(r, Ipr(x))v(dx))} .

Then, (Y*2, Z%%, 4*%) can also be expressed as a solution to the BSDE

T
e =Dk [ (P o 2 )ar
t

T T
— f Z55dW, — / f Y ()(dr, dx) .
t t E

It is straightforward to check that Assumption A.1 is satisfied. Thus, Lemma A.1 gives

.z 7S, N4
I, 25 99,

< Cp(1+E[ID£17 + (/OTI(DS,Zf)(r, 0)lar)’
e

2 r 2p'g* r 2p'g% 9\ L
T ([ 1z2ar) " (i) ])E < o0
0 0

for Vp' > 2, where C,y and ¢ > 1 are the positive constants. Choosing p’ = p, one can show
fOT Jo (Y52, Z5% 49 || pm(d2)ds < oo from Assumption 5.4(iv), which proves the second
claim of (b). Note that, we also have fE (Y52, Z5%, wS‘Z)HQ,,q(dS, dz) < 0o by combining the
results (a) and (b).

=

2
q 2p'G2
M “P 4
KM

Proof for (c): First step (Approximating sequence of globally Lipschitz BSDEs)
We finally proceed to the proof for (c). Firstly, let us define for each m € N

Gm(s, ¥(x) =G, on(¥ 0 En (X)), fin(s, v, z,u) = f(5, on(y), om(2), u)

where ¢,, is the smooth truncation function defined in (4.2), and ¥ o £, (x) == Y ()1 x;>1/m>
which are applied component-wise for z and . Let us now define a sequence of regularized
drivers (F,,,m € N) by F,(s,y,z, %) = fm(s,y,z,fRo p(X)G (s, Y(x))v(dx)) for s €
[0,T],y e R,z € R, ¢ € L?(E, v; R¥). Note that

len(¥ © &nll7 2,y = /E oY 0 Lu () 1(dx) < (m + 1)*Cyy

where C,, := kmax;<; < fRO 1|x‘21/mv"(dx). Combined with Assumption 5.3 and Remarks 5.2,
one sees F,, is globally Lipschitz for each m € N. One can also check |F},| is bounded. Thus,
for each m € N, there exists a unique solution (Y™, Z™, ¥") of the BSDE

T T T
y" =¢ +/ Fou(s, Y™, 27 ™)ds —[ Z"dW, —/ f Y (x)fi(ds, dx),  (5.6)
t t t E

with Y e S°. Moreover, the convexity of positive function j,(-) and Assumption 5.2 imply
that F,, satisfy the Qexp-structure condition uniformly in m. Therefore, (Y™, Z™, ™) satisfies
the universal bounds of Lemmas 3.1 and 3.2. Since || Y™ ||s and ||¥™ || are bounded uniformly
in m, the truncation ¢, for (y, ¥) becomes irrelevant provided m is large enough. Thus, for large
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m, (Y™, Z™, ™) also consists of a unique bounded solution’ to the BSDE with data (&, I?m)
where

Futs o200 = £ (50 0m@, [ 000G, 0 6a0wid)
0

Since (Fm) satisfies A r-condition uniformly in m, and also Fm — F locally uniformly in the
spacial variables, Proposition 4.2 implies Y — Y in S*°, Z" — Z in HZBMO and Yy — ¥
in J% wo where (Y, Z, v) is a unique solution of the BSDE (5.1). One can also check that, for
each m € N, the BSDE (5.6) satisfies Assumptions C.1 as well as C.2. Therefore Theorem C.1
implies that the approximating BSDEs are Malliavin differentiable and (Y, Z", ¥") € (L'2)}
for Vm € N.

Second step (Uniform boundedness of 1.">-norm of the approximating BSDEs)

From the first step, one can define the Malliavin derivatives of (Y™, Z™, ™) for every m € N
as the solution to the following BSDEs: For every Wiener direction i € {l,...,d}, ds-a.e.
sel0,T]ands <t <T,

T T T
D, Y" = D’ 0 —}—f Dy o fu(r)dr —/ Dy Z"dW, —/ / Dy oy () pi(dr, dx),
t t E

D. o fu(r) = (Dy o fu)(r, O) + do fu(r, O )DL, O, (5.7
and for jump direction i € {1, ..., k}, mi(dz)ds-ae. (s,z) € [0,T] x Rpands <t < T,

T T
D _Y"=Di g+/ D! fm(r)dr—/ D. . Z"dW, —/ /wr’”(x)ﬁ(dr, dx),
t t E
D} fu(r) = g(fm<w5‘i r, O +2D. 0") = ful,r, O")
= (D}, fu)(r, O1") + = (fm(w“ r, 0" + 2Dl O") — fu(@"*, 1, OM)) . (5.8)

Here, we have defined 0 = (Yr’”, z", fRo p(x)Gy(r, w;”(x))v(dx)) for r € [0,T] and
slightly abused its notation in such a way that f,,(w",r, O 4+ zD. _O") = fu (™%, r, Y +
ZDi_Yr", Z'" + DL ZP", fRo p(X)G o (r, Y"(x) + zDL_Y"(x))v(dx)) to save the space. For
0 <t <s,onchas D, . 0" =0.

One can check that the unique solution of (5.7) satisfies (DsoY™, DsoZ™, Dsoy™) €

i’ [0, T] for Vp' > 2 by Theorem A.1. Let us also define (for each direction i € {1, ..., k})
ys"fz(t) =Y" 42D YY", Z()=Z"+2zDs . Z]",
W;’:lz(tv ) = [m() + ZDS,Z‘(//tm(') )

for (s,z) € [0,T] x Ry and ¢t € [0, T], and denote its collective argument as =" (1) =
(Ym(0), Zm.(1), fR p(xX)Gu(t, U1, x))v(dx)). Note that (Y., Z"., W) is a solution to a
Lipschitz BSDE (5 5) w1th f, G replaced by f,,, G,,. Since it satisfies the structure condition
uniformly in m, (V" , Z{" , ¥{" ) satisfies the universal bounds. It then shows (D; . Y™, D; . Z",

D, y™) € S® x H%MO X J]BMO for z # O. Moreover by the same analysis given in the
first step, one observes the convergence (y;"Z, W’”) — (Y5, 2%, ¥*%) in the space
5% x H%MO x “]]BMO

sz’

7 Using the universal bounds, uniqueness is checked similarly as in the standard Lipschitz BSDE.
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By the same arguments used in the proofs for (a) and (b), one can apply Theorem A.1 to the
BSDE (5.7) and Lemma A.1 to the BSDE (5.8) to obtain

|(DsY™. Dy 2. Dy ™o

/=2

/=2 T rq 2032
= Cy(1+E[ID£1T + ([ 1D 0ldr) " + 1K
0
/=2 /=2

. ’ i T 20'4% 9\ &
S (12 Par) ™ ([ ) )
0 0

with Vp' > 2, for the Wiener (z = 0) as well as the jump (z 7 0) directions. Here, C,y and g > 1
are positive constants independent of m. Assumption 5.4(iv), the universal bounds for 6™ and
the energy inequality give

fN sup [[(Dy Y™, D5 . Z", Dy ™) 0,114 (ds, d2) < 00 . (5.9)
E

meN

It then easily follows that LY2-norm of (Y™, Z™, Wm) is bounded uniformly in m. The estimate
(5.9) also gives

k T
> /0 f | |D; Y™, D . Z", Di ™o rym' (d2)ds
i=1 Z|>€

k o or
- Z/O /RO |(Diy™, DI 2™, Di 4|30 0.y (d2)ds (5.10)
i=1

as € | O uniformly in m € N by the Lebesgue’s dominated convergence theorem.

Third step (Convergence of D; O™ — ©9)
Fords-ae.s € [0, T]and m € N, set

AS,OYm — Yx,O _ Ds,OYm7 AS,OZm — Zs,O _ Ds,OZm» A;nowm — ws,O _ Ds,O‘/fm
and then (AS0Y™, A50Zm AsOymy ¢ P[0, T] with Vp' > 2 is the unique solution to the
BSDE

T T
AS’OYZm = / (fs,O(r) - Ds,Ofm(r))dr - / AS,OZ;”dWr
t

t
T
— / f A Oy ()fi(dr, dx) .
t E
We claim

T
lim [ [(as0ym, As0zm AsOym)||P, L ds=0. (5.11)
0

m—>00 0,71
The proof is straightforward and we give the details in Appendix D.1.

Fourth step (Convergence of Ds 0™ — 0% (z #0))
For each direction of jump, let us put

ASITYM — ySE Dx,zYma ASTgzm — 752 _ Ds,zva As,zwm — Ips,z _ Ds,z‘/fm .
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Then, (A*2Y™, AS2Z™, AS2p™) € S™° x H%MO X J%}Mo is the unique solution to

T T
AX,Zth = / <fs,1(r) - Ds,zfm(r))dr - / As’ZZ;ndWr
t

t

T
_ / / Ay Rdr, dx)
t E

with t € [0, T]. As in the third step, we claim

T
lim f / [cas=y™, Az, A2y m(d2)ds = 0. (5.12)
0J Ry ’

m—0
The proof is tedious but straightforward and we give the details in Appendix D.2.

Final step ,
From the previous steps, one sees (Y™, Z™, ¥ ) converges to (Y, Z,9), (Y=, Z“,E”))
in L2(0, T; D"?) = L'2. The closability of the Malliavin derivatives in "> (see Theorem
12.6 in [16]), one concludes (Y, Z,¥) e L2 and that (Y*?, Z%% ¢*%) is a version of
(Ds Y, Dy Z, Dy ). U

Corollary 5.1. Under the assumptions of Theorem 5.1, we have
() ((Dj’OY,)P, t € [0, T]) is a version of (z;’, t € [0, T])fori e{l,....d),

(ii) ((sz’ZY,)P,(I,z) € [0,T] x Ro) is a version of (w;(z), (t,2) € [0,T] x Ro) for
ie{l,...,k},
where (-)F denotes the predictable projection of a process.

Proof. See Corollary 4.1in [15]. O

6. An application: Markovian forward-backward system

6.1. Forward SDE

As an important application, we consider a Qex,-growth BSDE driven by an n-dimensional
Markovian process (X ﬁ* s € [0, T]) defined by the next SDE:

s § s
XM= x + / b(r, X!%)dr + / o(r, X05dW, + / / y(r, X2, e)i(dr, de) (6.1)
t 12 1 E

for s € [t,T] and put X* = x fors < . Here, x € R", b : [0,T] x R" — R”",
0:[0,TIxR" - R and y : [0, T] x R* x E — R"™, Let us introduce  : R — R, by
ne) =1A lel.

Assumption 6.1. The functions b(z, x), o(t, x) and y(t, x, ) are continuous in all their argu-
ments and one-time continuously differentiable with respect to x with continuous derivatives.
Furthermore, there exists some positive constant K such that

@) |b(t, 0)| + |o (¢, 0)| < K uniformly in ¢ € [0, T].

(>ii) |0xb(¢, x)| + 0,0 (f, x)| < K uniformly in (¢, x) € [0, T] x R".

(iii) For each column vector i € {I,...,k}, |yi(t,0,e)] < Kn(e) uniformly in (z,e) €
[0, T] x Ry.

(iv) For each column vector i € {1,...,k}, |8,y'(t,x,e)| < Kn(e) uniformly in (¢, x, e) €
[0, T] x R" x Ry.
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We have the following result:

Proposition 6.1. Under Assumption 6.1, there exists a unique solution X"* € S?[0, T'| with
VYp > 2 for every initial data (t,x) € [0, T] x R". Furthermore, the process X"* is Malliavin
differentiable X'* € "2 and satisfies, forVp > 2,

| E[10x 18 gt dz) < i
E

with some positive constant C depending only on (p, T, K).

Proof. The fact that X"* € SP[0, T] with Vp > 2 is rather standard. See, for example, Lemma
A.3in [17]. The existence of Malliavin derivative follows from Theorem 3 of Petrou (2008) [37].
This implies, foru € [t,s]andi € {1, ...,d},

S
Dl X =o' (u, XY + f dcb(r, X0¥)D, o X1 dr + / deo(r, X0)D,, o X dW,

u

N
+ / / dy(r, X, e)D. X [idr, de)
u E

and for (4, z) € [t,s] x Rpandi € {1, ..., k},

u,z u,z u,z

/ / Ly XY o)fi(dr, de)

where both o/ and ¥’ denote the ith column vectors of dimension n, and for ¢ = b, 0, y,

i , Xf-X’ s
D X! = —y (. X, 2) / D! _b(r, X”)dr+/ D! o(r, X"*)dW,
u

o(r, X" + 2D, _X1™) — ¢(r, X}¥)
: .

u Z(p( XI X) T
By Lemma A.3 [17], the above SDEs satisfy the a priori estimates

B[I1D00X" 1] < Cp.1.kE[low, X;)I" ]

< CprkElo@. OF +1X17] < Cpra(l +1x17)

and

E[I1D.:X"*11}] < Cp.r.E[

P

y(u, X, 2) "’]
Z

<CprkE

(u, 0,2)
[P X ] < Gt 4 120

Since g(du, dz) on E is a finite measure, the claim is proved. [
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6.2. Qexp-growth BSDE driven by X'

In many applications, there appears a BSDE driven by a Markovian forward process. Let us
consider a Q.x,-BSDE driven by the process (X Lx s e [0, T]) introduced in the last section;

T
Y =S(X?x)+/ f(r, Xi’x,Yr”x,Zi”‘,/ p(e)G(r, wr(E))V(de))dr
s RO

t T
- / Z5dW, — f / Y (e)i(dr, de) (6.2)
s s E

for s € [t,T] and put (Y/'*, ZI* %) = (¥/",0,0) for s < t. Here, &£ : R" — R,
f:00, TIxR" x R x R? x R — R are measurable functions. We treat Z and ¥ as row vectors
for notational simplicity. In this setup, the driver f is deterministic without explicit dependence
on w, which is now provided by the dependence on X"*.

Assumption 6.2. (i) For every (x,y,z,¥) € R” x R x R? x L*(E, v; R"), there exist two
positive constants 8 > 0, ¥ > 0 and the non-negative measurable function/ : [0, T] — R such
that the measurable function f satisfies

— Bl = 20 = [ gy (cwenuide < (rxyz [ peGa. wemide)
E Ro

=L +Blyl+ ZIZI2 +/Ejy(1ﬂ(8))v(de)

dt-ae. t € [0,T], where j,(u) := ; (eV“ —1- yu) (i) 1&(x)| + I, is bounded uniformly in

(t,x) € [0, T] x R". (iii) F(t,x,y,2,¥) = f(t, X, ¥, 2, fRo ple)G(t, lp(e))v(de)) satisfies the
A -condition (Assumption 4.1).

Assumption 6.3. For each M > 0, for every x € R"” and (y, z, ¥), (', 7z, ¥') € R x R? x
L2(E, v; R¥) satisfying
LY L ey 19 ey < M,

there exists some positive constant K, (possibly dependent on M) such that

|f@x, y, z,u) — ftx, Y, 2 )

< Ku(1y = ¥'1 + lur — upl) + Kar (1+ 2l + 12+l | + lug]) 1z = 2|
with the short-hand notation u, = fRo p(e)G(t, ¥(e))v(de) and u) := fR p(e)G(t, ¥'(e))v(de) .
Lemma 6.1. Under Assumptions 5.1 and 6.1-6.3, there exists a unique solution (Y'*, Z"*, ")
€ S5 1y X Hy 010,711 % I3 mopo.) 10 the BSDE (6.2) for every (t, x) € [0, T] x R".
Proof. This is a special case of Theorem 4.1. [

We denote O/ = (Y!*, ZL*, flRo p(e)G(r, Y (e))v(de)) as a collective argument of the

solution indexed by the initial data (¢, x).

Assumption 6.4. (i) & and the driver f are one-time continuously differentiable with respect to
the spacial variables with continuous derivatives.
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(ii) There exists some positive constant K such that |9,&(x)| < K aswell as |9, f (¢, x,0,0,0)| <
K uniformly in (¢, x) € [0, T] x R".
(iii) For each M > 0, for every x € R" and (y, z, ¥), (', 2, ¥') € R x R? x L2(E, v; R
satisfying
V1YL A ey 1Y L) < M,

there exists some positive constant K, (possibly dependent on M) such that

| (1, X, y, 2 u) — Oy ft,x, Y 2 u)|

< Ku(ly = Y'1+ lur — ug]) + Ky (1 + Nzl + 12|+ ]+ Jug]) |z — 2]
with the short-hand notation u, := fRo p(e)G(t, Y(e))v(de) and u, := fRo p@)G(t, ¥'(e)v(de) .

One sees that Assumption 6.4, together with Assumption 6.3, implies
|axf(t’ X, Y52, Mt)' = (jI(M(1 + |Y| + |Z|2 + |ut|2)1 |ayf(tv X, Y, 2, ut)' = KMv
|azf(tv X, ¥, 2, ut)' S I(M(1 + 2|Z| + 2|ut|)v |auf(tv X, ¥, 2, ut)' S KM 9

where C is some positive constant.

Theorem 6.1. Under Assumptions 5.1 and 6.1-6.4, the solution of the BSDE (6.2) is Malliavin
differentiable (Y'*, Z"*, Et’x) e L2 x L'2 x LY? for every initial data (t, x) € [0, T] x R".
(1) A version of ((D;"OYJ'X, D;OZ;*J‘, D;"Owr’""(e)), 0<s,r<T,ec Ro)ie{l 4 is the unique
solution to the BSDE

D.,Y)* = D} Z\* = D} gyi*() =0, O<u<s<T,

T T
DY = a8 (X )DL Xy + / £ dr — / D Zl*dW,
u u

T
—/ /Di,ol/f,”"ﬁ(dr, de), uels,T]
u E

where f5%(r) = 3, f(r, X0%, 07Dy o X0t + 9o f(r, Xp*, ©7°)Ds 06, Moreover, for a
given ds-a.e. s € [0, T, (D:,VOY”", D oZ", Dy g¥"*) € KP[0, T] withVp > 2.
(ii) A version of ((Di Y!*, DL Z, Dl ¢l (e),0<s,r<T,e z¢€ Ro)l.e{l [ 15 the unique

s,z2°r s,25r 0 Fszvr WM =0 — o & = il

solution to the BSDE
D..Y\* =D..Z* =D, y*()=0, O<u<s<T,

D, Y, =&+ / ' foErdr — / ' D;_.Z["dW, — / ' / D .yl (e)u(dr, de),
u u u E
foru € [s, T] where
_EXF 42Dl X7 — E(XFT)
Z
£ = 1[ F(r XE 4+ 2Dy XE¥, Y 4 2Dl Y, 25 4 2Dl 20

5,2°r
Z

’ /R POG, YL () + 2Dk Yl @)w(e)de) — f(r, X1, 6] .
0

%-s,z,i .

Moreover, for a given m'(dz)ds-a.e. (s,z) € [0,T] x Ry, (Di_Y"*, D, Z"*, D y"*) €
S®[0, T] x Hy, [0, T] x I3, 10, T1.
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Proof. It suffices to check Assumption 5.4 to hold so that Theorem 5.1 can be applied. (i), (ii)
are obviously satisfied due to the Malliavin’s differential rule (Theorem 3.5 and Theorem 12.8
in [16]). The local Lipschitz condition (iii) is satisfied if we replace KS"”IZ(r) by Ky|Ds X
This is easy to see for a Wiener direction (z = 0). For a jump direction (z # 0), notice that

1
(Ds ), y, 2, u,) = Z[f(r, X0¥ 42D X0F vy, zou) — fOr XYy 2w

1
(/ 8xf<r, Xi'x +GZDS,ZX£’X’ v, Z, u,.)d@) DS’in,x i
0
which implies

|(DS,Zf)(rv Vs Zs ur) - (DS,Zf)(n y/’ Z/v M;)}

1
< IDS,ZXL”“I/
0

- axf(ra X?X + QzDS,ZX?Xﬂ y,7 Z/a u;) d9
< Ky Dy Xp |1y = ¥/ luy — | + (L4 |z] + 12+ ]+ Ju DIz = 21)

Since | Dy &| < K|DS,ZX;X| and |(D; ;. f)(r,0,0,0)| < K|D, . X.*|, one can confirm that the
condition (iv) are satisfied from an inequality

8Xf(r, X;t«,x + gzDs,ZX;{’xs ys Zv ur)

T p
E |:|Ds,z§|p + (/ |(Ds,zf)(r» 0,0, 0)|dr> + K]%/IPHDS,ZXI’XHZTP}
0

= Cpakt B[ 1+ 1D XN ] < Cpityr (1 xP)
uniformly in (s, z) € [0, T] x R for Vp > 2 (see, proof of Proposition 6.1). O
Corollary 6.1. Under the assumptions of Theorem 6.1, let us define the deterministic function

u : [0,T] x R* — R by u(t,x) = Y/*. Then, u(t,x) is continuous in (t,x), one-time
continuously differentiable with respect to x with continuous derivative. Moreover,

(Z(s)) = douls, Xi5)o'(s, XI%), 1<s<T,iefl,....d)
(W @) = uls, X5+ (s, XI5, ) —uls, X05), 1 <s<T,ie{l,... .k}

where o' and y' denote the ith column vectors.

Proof. By replacing a priori estimates for the Lipschitz BSDEs of Lemma 5.1 in [17] with the
local Lipschitz ones given in Theorem A.1 and Lemma A.2, one can follow the same arguments
in Theorem 3.1 in [31] to show that the function u(z, x) is continuous in the both arguments and
one-time continuously differentiable with respect to x with continuous derivatives. Then the fact
that

D Xy* =o'(s, X{Y), DL X0F=yi(s, X0 7)),
Corollary 5.1, and the Malliavin differential rule for a continuously differentiable function give
the desired result. [J
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Appendix A. An a priori estimate and BMO-Lipschitz BSDEs

A.l. An a priori estimate

Firstly, we establish a priori estimate which plays a crucial role throughout the paper.
Although it is similar to that of BMO-Lipschitz BSDEs, which will be discussed in the next
section, it has a much wider range of applications. See discussion in Section 3 of Ankirchner
et al. [1] for a diffusion setup. Let us consider the BSDE, for ¢t € [0, T],

T T T
Y=t + / £, Yoo Zo. Y)ds — / Z,dw, — / / VRds.dxy . (AD)

t

where £ : 2 - R, f: 2 %[0, T] xR xR? XLZ(E v; R¥) — R. We treat Z, v/ are row vectors
for simplicity. We introduce another driver f 2 x[0,T] x R x R? x ILZ(E v;R¥) — R.
The crucial point of the next assumption is that the process (H,)e(o,77 is not forbidden to be a
function of (Y;, Z;, ¥ )seq0.77-

Assumption A.1. (i) The maps (o, t) — f(w,t,"), f(a), t, ) are F-progressively measurable.
& is an Fr-measurable random variable.
(i) There exists a solution (Y, Z, ¥r) to the BSDE (A.1) satisfying ¥ € S? for Vp > 2.
(iii) For every (v,z, %) € R x RY x L2(E, v; R¥), the driver f satisfies with some positive
constant K such that®
|Fl@, 8,5, 2,9 < g+ K(Iy1 + Izl + 1V ll.2)
dP®dt-ae. (w,t) € £2x[0, T], where (g, t € [0, T]) is an F-progressively measurable positive
p
process. Moreover, & and g satisfy, for Vp > 2, E[|§|p + (fOT gsds) ] < 00.
(iv) With the solution (Y, Z, ¥) to the BSDE (A.I), there exists an F-progressively measurable
positive process (H,,t € [0, T]), H € H%?MO such that
£ (5, Yo, Zo, W) — Fls, Yy, Zy, Y] < HL| Z4]
for dP ® ds-a.e. (w, s) € £2 x [0, T].

Lemma A.1. Suppose Assumption A.1 holds true. Then the solution (Y, Z, ) to the BSDE (A.1)
satisfies, forVp > 2,

H(Y’ Z. ‘/f)H;pcp[o,T] < C(E[|.§|”52 N (/OTgfdsyqz]);z

with a positive constant g satisfying q. < q < oo whose lower bound q, > 1 is controlled only
by ||H||H%M0, and some positive constant C depending only on (p, q, T, K, ||H||H%M0 ).

Proof. Define a d-dimensional progressively measurable process (by, s € [0, T']) by
£, Y, Zo, Yr5) = Fs, Y, Zs, )
|Z,?
which satisfies |b;| < Hy and hence b € H%MO whose norm is bounded by || H ”H%Mo' Using the

process b, (A.1) can be written as

T - T T
Yt = é +/ (f(sv Ysa st ws) + bs . Zs>ds - / stWs - / / ws(-x)ﬁ(dss dx)
t t t E

b, =

17, 0Z;,

8 This can be generalized to a monotone condition.
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and hence under the new measure Q defined by dQ/dP = Er(b = W), one obtains

T T T
Y,=§ +f f(s. Yo, Zy, p)ds —f Z AW —/ / ¥, (0 %(ds, dx) (A2)
t E

t t

where WQ =W — [, byds and @ = JI due to the independence of (W, ). By the linear growth
property of f, one has

Y (s, Yy, Zoo ¥rs) < 1Ysl(gs + KVl + 1Zo] + [1¥5ll2) ©
and hence for VA > 0

Y, (s, Yo, Zoo ) < IYPP(K + K2/20) + [Ylgs + AU ZP + 151 2,,) -

Thus by choosing V}* == (K + Iz(—f)t and N} = fot gsds, the BSDE (A.2) satisfies Assumption B.1
in [17]. Then Lemma B.1 in [17] of an a prior estimate for the BSDEs with a monotone driver
implies, for Vp > 2,

|,z 1/f)”Zpa@)[o.T] = CEQ[mp + (/OT gsds)p]

with some positive constant C = C), ¢ r depending only on (p, K, T).

By the properties of the BMO martingales, one can choose 7 > 1 with which both £7(b x W)
and Er(—b * W?) satisfy the reverse Holder inequality (see Lemma 2.4 and the following
remark). Define ¢ = r’Tl as its dual. Let us put D = max(||ST(b * WllLie, 1Er(=b *
W@)||]L;(Q)), which is dominated by some constant depending only on || H ”HZB o ®" Then one
obtains

ya
2

)

“(Y’ Z, 1/f)HIpCI’(]P’)[o.T]
T s T
:E@[ST(_,,*W@)(||Y||I;+( /0 |zs|2ds) +( /0 ||ws||;z(v)ds)
1

) T ]
= D|¥. Z. W ripo.m = CzJ,&K»TD(EQ[mpq + (/0 gst)quq

)

I+ P ! P
< Cpar D1 (E[16177 + ([ guds)
0

which proves the desired result. [

A.2. BMO-Lipschitz BSDE

In this subsection, we study the properties of the BSDE with a locally Lipschitz driver where
the Lipschitz coefficient for the control variable belongs to H3%,,,. In the diffusion setup, the
details have been discussed by Briand & Confortola (2008) [8]. As we have announced before,
we keep the reverse Holder property only to the continuous part and assume only the standard
Lipschitz continuity for the jump coefficient.

Assumption A.2. The map (w, t) — f(w,t, -) is F-progressively measurable.
(1) There exist a positive constant K and a positive F-progressively measurable process (H;, t €
[0, T]) € H3,,,, such that, for every (y, z, ¥), (y/, 7, ¥') € R x R? x LX(E, v; R¥),

|f(w9 Ly, z, W) - f(ws L, y/» Z/’ W/)| = K(D’ - y/| + ||W - w/”]Lz(v)) + Hf(w)|Z - Z/|
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dP ® dt-ae. (w, 1) € 2 x [0, T].
(ii) & is Fr-measurable and, for Vp > 2,

E[lf;‘l” n (/0T|f(s, 0,0, 0)|ds)p] <00,

Theorem A.1. Under Assumption A.2, there exists a unique solution (Y, Z, ) to the BSDE
(A.1) and it satisfies, forNp > 2,

=2

||(Y, Z. w)||21’[O,T] < C(E[|§:|qu N (/0T|f(s, 0,0, O)Ids)/’q ])qi2

with a positive constant g satisfying q. < q < oo whose lower bound q, > 1 is controlled only
by ||H||H%M0, and some positive constant C depending only on (p, q, T, K, ||H||H%M0 ).

Proof. Define a progressively measurable process (by, s € [0, T]) taking values in RY by

f(ss st ZS? 1/IS) - f(ss YSs 07 I/fs)

b, =
’ |1 Z,?

17,407

then |b;| < Hy and hence b € H% wo and its norm is dominated by || H ||H% o Under the measure
Q defined by dQ/dP = Er (b« W),

T T T
Y, =&+ / f(s, Y, 0, Yr)ds — f Z,dwQ — f ¥, (0%, dx) (A.3)

where W@ = W — [ byds and [i® = [i. As discussed in Lemma A.1, one can choose 7 > 1 with
which both of (b x W) and E7(—b * W) satisfy the reverse Holder inequality and § = ﬁ as
its dual. Let us put D = max(||5T(b * Wiy 1E7(—=b * WQ)H]L;(Q)), which is dominated by
some constant depending only on || H || ®)

It is clear that the BSDE satisfies the global Lipschitz properties under the measure Q.
Furthermore, the following inequality is satisfied due to (reverse) Holder inequalities:

EQ[|€|" n (foT|f(s, 0,0, O)Ids)p] = E[ET(b * W)(|§|P + (/{)Tlf(s, 0,0, 0)|ds)p)]

< C(;DE[|§|”‘7 n (/Tlf(s, 0,0, O)|ds)pq_]% <0,
0

with some positive constant Cz. Thus, by Lemma B.2 in [17], one concludes that there exists a
unique solution (Y, Z, ) to (A.3) in Q and hence also to (A.1) in IP. Furthermore, it also satisfies
by the same lemma,

T P
1Y, Z, W) < CprerE2[1617 + ( /0 1£6,0,0,0)ds)"] .
We thus have
”(Y’ Z, w)HZP(]P’) =D ”(Y’ Z, 1p)”%?é(@)

< CpixrD'"i (15:[|5;|p‘?2 n (/Tlf(s, 0,0, 0)|ds)"q
0

IR

which proves the second part of the claim. [
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Now, we gives the stability result which is required to show the uniqueness of the quadratic—
exponential growth BSDE. Consider the two BSDEs with i € {1, 2} satisfying Assumption A.2;

T T T
=g+ [ pevizobas— [ zZaw- [ [ yionasa e
t t t E
andput 8Y :=Y!' — Y2, 8Z = Z' — 7%, 8y = ' — 2, 8f(s) == (f' — £, YL, ZL yh).

Lemma A.2. The unique solutions (Y',Z',v"),i € {1,2} to the BSDEs (A.4) under
Assumption A.2 satisfy

67,62, 89)|1%0.r, < C(E[186177 + (fOTISf(s)IdS)MZD;Z

with a positive constant q, < g < 00 whose lower bound q, > 1 is controlled only by | H ||HzB o’
and some positive constant C depending only on (p,q, T, K, |H ”H%;Mo)'

Proof. Let us introduce a process (b, s € [0, T']) defined by
A YL Zh oy = Y 22 )
18Z|?
and also a map f~: N x[0,T] xR x L*(E, v; RF) —» R by
Fl@,5.5.9) = 8f(@,9) + fA@.5. T+ Y, ZL 9 +¥) = [0, Y2, 2 9)) .
Then, (6Y, §Z, 6i) can be interpreted as the solution to the BSDE

bs . l(gzﬁgo(szs

T, . T T
v, =g+ [ (Fs.ovom 4 b0z )ds— [ szaw~ [ [ sywiias.an.
t t t E

Since |by| < H; € H% wo and f has the linear-growth property with respect to (¥, J),
Lemma A.1 with g = |5f] gives the desired result. [

Appendix B. Some remarks on the comparison principle

Lemma B.1. If (Y, Z, V) is the square integrable solution of the BSDE with data (£, f™"™5),
then Y € S*.

Proof. Consider a sequence of the BSDEs with/ € N,

T T T
Y,’=s+/ Fl(s,xj,zﬁ,wj)ds—[ ZidWS—/ /ij(x)ﬁ(ds,dx),te[o, T]
t t t
(B.1)

where F'(s,y,2,9%) = f""*s.y.2.% 0 &) and (Y 0 &) = Y@ ypeziyy. F' s
globally Lipschitz and satisfy Qexp-structure condition uniformly in /. Since | f™*"| < |?"| \Y
|f™] < |f]. one sees that |F'(s,y,0,¥)| < |f(s, @(3),0, (¢ o &), which is clearly
bounded for all s, y, 1. Thus, by absorbing the Z argument by the measure change, one sees
Y! € S*. One can now apply the universal bounds of Lemmas 3.1 and 3.2 to conclude
1Y) g00, ||ZIIIH%M0, ||1ﬁl||J%M0 are bounded uniformly in /. It now suffices to prove (Y!, Z, )

converges to the solution (Y, Z, v/) of the BSDE with data (£, f™"F).
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Since (B.1) is globally Lipschitz uniformly in /, the standard stability formula gives

’ ’ 72 T 2 T
I =¥ 21 2" =y = cB[( [ oroias) | < erB[ [ iareoias]
0 0
where C is independent of [ and 8f(s) :== (F' — F'')(s, Y, Z', y"). Let us suppose [ < I’. For
any (s, v, 2, %) € [0, T] x R x R? x L>(E, v; R¥), A p-condition for f™™ gives

|Fi(s,y, 2, %) — F'(s,y, 2, V)|
= """, oe(¥), 2, o 0 &) — (s, ok (¥), 2, k(Y 0 &)

< /E T (Ol oe(W ()| Ly <1y v(d)

with some non-negative P ® £-measurable process I satisfying I'"!'(x) < C(1 A |x|). Here,
the constant C depends only on k. Noticing the fact that ||| ;2 is bounded uniformly in /, the
dominated convergence theorem gives

o[ wroras] < o[ 1ePtyemao)e] [ [ wieon v(dx)ds]ao
0

as [ (and hence also ')— oo. This proves (Y', Z', ¥');=1 converges to some (Y w) in IC2.
Since (Y )i>1 are uniformly bounded, so is Y. Itis straightforward to check (Y Z w) actually
gives a solution to the BSDE with data (&, f™™ *y, but it is unique and hence equal to (Y, Z, ¥)
due to the global Lipschitz continuity. [

The remaining two lemmas are on the comparison principle.

Lemma B.2. With Assumptions 3.1, 3.2 and 4.1, if there exists a solution (Y™™, Z™"™ "™™) €
S*® x H? x J? to the BSDE

T T
ne [ ez s - [ zimaw,
t t

T
—/ /El/ff""(X)ﬁ(ds,dX),

then it is unique. Moreover, if the relevant solutions exist for the pairs of (n, m), they satisfy
Yyt < ymm <y for vt € [0, T as.

Proof. Since f"" satisfies the structure condition in Assumption 3.1 uniformly in (n, m), if there
exists a bounded solution, then we have (Y™, Z™™ "™"™) € S® x HIZBMO X J%}MO and the same
universal bounds in Lemmas 3.1 and 3.2. Hence, from Assumption 3.2, one can choose a constant
K as the Lipschitz constant with regard to y, ¢ arguments. Since the driver is (n V m)-Lipschitz
with respect to z, one obtains the same stability condition as the globally Lipschitz BSDE. The
uniqueness of the solution then follows. Since the driver f"-" satisfies Assumption 4.1, one has
for bounded solutions (v, ¥),

T T
E[/ |F,¢‘W(x)|2v(dx)ds‘fr] <(C,v |C,'V,|)/ ix[2v(dx)ds < CoT (B.2)

for any v € 7, with some constant C depending only on the universal bounds. This implies
'Y [ is a BMO-martingale. Moreover £(I'*¥'.[I) is a uniformly integrable martingale by
Lemma 2.3. The comparison principles now follows in the same way as the Lipschitz case. See,
for example, Theorem 2.5 of Royer (2006) [39]. O
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Lemma B.3. With Assumptions 3.1, 3.2 and 4.1, if there exists a solution (17", 7", 1;") S

§% x H2 x J? 10 the BSDE with [* = T" + f
3 r_ T L
Ytn :€+/ fn(S, Y;I,Z?,wsn)ds —'/ Z?dWs _/ / w:(X)ﬁ(ds, dx) s
t d ' t

then it is unique. Moreover, if the relevant solutions exist for n, n + 1, they satisfy Y < Y'! for
VvVt € [0, T] a.s.

Proof. Since f~ " satisfies the structure condition in Assumption 3.1, if there exists a bounded
solution it satisfies the universal bounds. Thus the driver is K ;-Lipschitz continuous with respect
to y, ¥ as in the previous lemma. For z argument, the driver is local Lipschitz continuous whose
coefficient is given by the sum of n and that given in Assumption 3.2. Thanks to the universal
bounds, it has a bounded H3,,,-norm for each n. It is also easy to confirm that f" satisfies
A p-condition uniformly in n as in the proof of Lemma 4.1. Thus the measure change used
in Theorem 2.5 of Royer [39] is still valid and hence the comparison principle follows. The
uniqueness follows from Proposition 3.1 or from the comparison principle as [39]. U

Appendix C. Malliavin differentiability for Lipschitz BSDEs with jumps

In order to show Malliavin’s differentiability of Q.x,-growth BSDEs, we have to establish
the differentiability for Lipschitz BSDEs with slightly more general setup than what was proved
in [15,14]. For convenience of the readers, we give the detailed proof in this section. We closely
follow the arguments used in El Karoui et al. (1997) [25]. The complication relative to a diffusion
case is the treatment of small jumps. The difference from the work [15] is a local Lipschitz
condition instead of the global Lipschitz condition for the Malliavin derivative of the driver.

We consider a BSDE defined by

T T
=gt [ r(svezi [ pwGe nm@n)ds - [ zaw,
t Ro t

T
—/ /xlfs(x)ﬁ(ds,dx), (C.1)
t E

where £ : 2 - R, f : 2 x[0,T] xR x RY x R — R. Here, fRo P(X)G(s, Ys(x))v(dx)
denotes a k-dimensional vector whose ith element is given by fRo P ()G (s, Yi(x))v' (dx)
where p' : R — R, G' : [0,T] x R — R. With slight abuse of notation, we use
6, = (Y,, Z, fRo p(x)G(r, 1/;,(x))v(dx)> as a collective argument in this section. The results
in this section can be straightforwardly extended to multi-dimensional Lipschitz BSDE:s.

Assumption C.1. (i) For every i € {1,...,k}, p'(s) and G(s, v) are continuous functions
ins € [0,T] and (s,v) € [0,T] x R, respectively. We set without loss of generality that
Gi(-,0) = 0. In addition fRo 10 (x)]*Vi(dx) < oo, and with some positive constant K, G’
satisfies

|G (s, v) — G'(s, V)| < K|v — /|, forevery s € [0, T] and v, v' € R.

(i1)) The map (w, t) — f(w, t, -) is F-progressively measurable, and for every (y, z, u), (y', 7/, u’)
e R x RY x R¥, there exists some positive constant K such that

|f(w9t’ Y, 2, M)— f(Q),t, y/» Z/,l/t/)| = K('y - y/| + |Z _Z/| + |M _u/|)
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dP @ dt-ae. (w,1) € 2 x [0, T].
(i) &€ € L*(2, Fr,P) and (f(z,0),1 € [0, T]) € H*[O, T].

Remark C.1. Due to the property of G and p, it is easy to see that
) / Pp(X)G(s, Yy(x))v(dx) — / PX)G(s, Yy())v(dx)| < K'l[vrg — il 2
Rg Ro

with some constant K’ > 0. Thus, Assumption C.1 yields the standard global Lipschitz
conditions. By Lemma B.2 in [17], the BSDE (C.1) has a unique solution (Y, Z, i) € K40, T.
In order to show the Malliavin’s differentiability, we need additional assumptions.

Assumption C.2. (i) Foreveryi € {1, ..., k}, G' is one-time continuously differentiable with
respect to its spacial variable v with a uniformly bounded and continuous derivative.
(ii) The terminal value is Malliavin differentiable £ € D'? and satisfies

E[fi |Ds,zg|2q(ds,dz)] < 0.

(iii) The driver f(-,y, z,u) is one-time continuously differentiable with respect to (y, z, u)
with uniformly bounded and continuous derivatives. For every (y, z, u) € R x R? x R, the
driver ( f(t,y,z,u),t € [0, T]) belongs to LY2 and its Malliavin derivative is denoted by

(D /)2, y, z,u).

(iv) For every Wiener as well as jump direction, and for every (y, z, u), (¥, 2/, ') € R x R x R¥
and dP®dt-a.e. (w, t) € 2 x [0, T], the Malliavin derivative of the driver satisfies the following
local Lipschitz conditions” ;

(D50 ), v, 2,u) = (Do ), ¥ 2 ul)l < Ko o@(1y = V| + 1z = 2| + |u — u']),
fords-a.e.s € [0, T]withi € {1,...,d}, and

(D} ).y, zu) — (D )ty 2 u)l < KL (O(ly = Y|+ |z — 2| + lu—u'l),
for m'(dz)ds-a.e. (s,z) € [0, T] x Ry withi € {1, ..., k}. Here, (K;O(t),t e [0, T])ie{l,
and (K S"qz(t), t € [0, T])l.e{1 ..... 5y are R -valued F-progressively measurable processes satisfying
Ji 1K cOigag, 714 (ds, dz) < 0.

Remark C.2. It follows from the conditions (ii), (iii) and (iv) that

N , T 2 , ,
S [ E[onel ([ ioiopeodr) ik | @nds - 0
i—1 YO0 lz|<e 0

as € | 0 by the dominated convergence.

Theorem C.1. Suppose that Assumptions C.1 and C.2 hold true and denote the solution to the
BSDE (C.1)as (Y, Z,y) € K0, T1. Then, the following statements hold:

(a) For each Wiener directioni € {1, ...,d}and ds-a.e. s € [0, T, there exists a unique solution
(Ys 01, zs:08 500y e K2[0, T to the BSDE

T T T
YO = Di & + / £ )y / Z50iaw, — / / Y O, dx)  (C2)
t t t E

9 Delong & Imkeller (2010) [15] have treated a special case where (K, o, Kj ;) are positive constants. The current
generalization is necessary when one introduces a Markovian process X driven by a FSDE to create a forward—backward
SDE system, which is the subject of interests in many applications.
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for0<s <t <T, where

[P0 = Dy ), 6,) + e f(r, 6,60
= (D} o f)r. €)) + 3, f(r, OV + . f(r, ©)Z

+ 0., f(r, Qr)/R P()B, G (r, Y ()Y (x)v(dx) .
0

(b) For each jump dirgction S {l,A. .., k} and m'(dz)ds-a.e. (s, 7) € [0, T] x Ry, there exists a
unique solution (Y*%1, Z5%1 521y e K2[0, T] to the BSDE

Yiil =Dy £+ f L i - / " ziaw, - / ' / ¥ o (frdx) - (C3)
forOfsstSTandz;;O,where t t
FrEir) = %(f(w"z, 6, 4265 — [(.1. 6,)
= %{f(w“, rY, 42V Z 4 22
[ oG G+ 2 ot - o, 0)
)

(c) Solution of the BSDE (C.1) is Malliavin differentiable (Y, Z, V) € L'2 x 12 x L2, Put, for
every i, Y5 = 20 =y i()=0fort <s < T, then ((Y,S'Z‘i, Z5 gt (x)), 0 < 5,1 <
T,x € Ry, z € ]R) is a version of the Malliavin derivative ((Diqu,, Df,_ZZ,, Df,’zl//,(x)), 0 <
s,t <T,x €eRy,z€ R) for every Wiener and jump direction.

Proof. For notational simplicity, we omit i denoting the direction of derivative by assuming that
we consider each direction separately.

Proof for (a) and (b)
It is easy to see that both of the BSDEs (C.2) and (C.3) satisfy the standard global Lipschitz
conditions. We have | £50(r)| < |(Ds.0f)(r, 0)| + K;.0(r)|6,| + K|05|. Since

f(a)S,Z’r’ 9}”) - f(a)vra 9}”) + f(a)s,l’r’ 9}” +Z9}Y’Z) - f(wx’z’ r’ 9’”)
<

= (D f)(r, 6,) +

[or) = -
f(ws,z’ r, 9}” + ZQ;,Z) - f(ws,z’ r, 9’”)

E )
we also have | f*%(r)| < [(Ds . )T, 0)| + K, ()| 6:| + K|O:*| for z € Ry. Thus, Lemma B.2

in [17] tells us that for all (s, z) € [0, T] x R (thus including ©*°) there exists a unique solution
O%% € K[0, T] satisfying

2
”(YS,Z, ZS’Za ws’z)”]cl[o’]"]

< CrB[ID.c6F + (| 1000 + Ko ]ar) ]

r 2 r 2
< CrB1DusP o+ [ 100 0dr) 1Kl + ([ 16,7dr) ] < oo
0 0
Note here that @ € K*[0, T]. By Assumption C.2(ii), (iii) and (iv), it also follows that

N0 2 R pyatas. d) < oo
E
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Proof for (c)
We consider a sequence of solution (Y", Z", ¥"),> of the following BSDEs that converges to
(Y, Z,¥) of (C.1)in K*[0, T1;

T T T
y! :g+/ f”(r)—/ Zraw, —/ /w;’“(x)ﬁ(dr, dx), (C.4)
t t t E

fort € [0,T] and n € N, where f"(r) = f(r, Y, zZr, fRo p)G(r, ¥ (x))v(dx)). The
convergence can be proven by the standard arguments of contraction mapping for the Lipschitz
BSDE:s. See, for example, Lemma B.2 in [17] and its proof.

[First step: Showing (Y"1, Z"+1, E"H) e (L'?)3]

We first suppose that (Y", Z", En) e (L'?)? and are going to prove that (Yt zm+l WHI) €
(L'2)3. Then, we can inductively show (Y", Z", En) e (L"2) for every n € N. Firstly, the chain
rules (Theorem 3.5 and Theorem 12.8 in [16] with the division by the jump size in the current
convention) and Lemma 3.2 in [15] show that

/ p(x)G(r, Y (x)v(dx)dr € D2 (C.5)
Ro
In particular, this is because

/"E || DI,ZG('v 1//'n)H‘2U2[0,T]q(dt, dZ) S Kz/jg ” DT,ZI/f'n ’|‘2U2[0,T]4(df, dZ) < 00,

where we have used the bounded derivative and the Lipschitz condition for G and the assumption
that " € L"2. This also shows that G(-, y") € L!2.

By (C.5) and by the general chain rule for random functions (see, Theorem 3.12 [18] for
Wiener directions and Proposition 5.5 [40] for jump directions in a canonical Levy space,
respectively), we see f"(r) = f(r,O]) € D2 for every r e [0, T]. It is easy to check
”f"(')”%@[o,n < 00. Next, Assumption C.2, the hypothesis (Y", Z", W”) e K0, T1Nn @L"%)?
and the estimate | Dy , f"(r)| < |(Ds,; f)(r, 0)] + K, ,(r)|O]'| + K|D; . 0| imply

AP f Ol et da)
E
T
< C [ B[ [ (100 OF + D07 P)ar + 1K1
E 0
r 2
+ (/ 0! Pdr) ]q(dt,dz) < o0

0

with some positive constant C. Thus, Lemma 3.2 [15] shows that f[T [ (rydr € D2 for every
t € [0, T]. As a result, we have & + ftT f"(r) € D'2 for each ¢t € [0, T]. Thus, by Lemma
3.1 [15], we conclude that Y+ = E [g + 7 f”(r)‘]—'t] e D'2, which then implies

T T T
f Zrdw, +/ / Y oidr, dx) = Y £ +/ f(r)ydr € D"?,
t t E t

which, together with Lemma 3.3 [15], shows Z"*!, W”H e L2,
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We are now going to prove Y"1 ¢ L2, For a Wiener (z = 0) as well as a jump (z # 0)
direction, we have,

T T
D, Y =D & + f Dy, f"(r)dr — f D, Z'dW,
t t

T
—/ / D, .y (0)i(dr, dx),
¢ JE

forO<s<t<T and zeRk,

by Lemma 3.3 [15]. By Lemmas B.2 in [17], one obtains
T 2

n 2 n

fNIIDs,zY M loago.rg(ds, d2) < Cxx /NE[wx,st +( / 1Dy f"()ldr) Jatds, dz)
E E 0
T 2

< Crr [ E[Detl+ ([ (D 01+ 1D, 00r)

E 0

T 2
KL+ (/ |9,”|2dr> ]q(ds, dz) < 00, (C.6)
0

where D, Y™ = 0fort < s is used. Hence (Y"*!, Z"*1, EHI) € (L"?)3 is proved.

[Second step: convergence of D, (0" — 059]
Let us set the difference process as follows:

AS,OYn — Ys,O _ D‘Y,OYns AS,OZn — Zs,O _ Ds,OZns As,Own — ,(ps,O _ Ds,()w”v
and denote A*0O" ;= (AS0Y" AS0Z" AS0y) for every n € N. We claim

T
1 § n 2
lim [ (A" O")x2p07ds =0 (C.7)
n— 0

Since | f*0(r) = Ds 0 f" ()| < K;.0(r)| 6, — O] |+186 £ (r, ,)—de f(r, ONI|OF°|+K|A0 O,
the a priori estimate given in Lemma B.2 [17] gives

[0, T]

<Cr / E / Ifs’o(r)—Dx,of”(r)Idr> ]ds
0 0

<Cr foTEK/OT[KS,o(rN@, — O+ 100 f(r, ©,) — o f(r. 9;1)||95'0|]dr)2]ds

+ Crx /OTE[(/OT|A°*°9:|dr)2]ds.

One sees that the first line converges to zero because 6" — 6 € K*[0, T]. Thus, by using a
sequence of small positive constants (€,),>1 converging to zero, one can write

f ”(AYOY”H AYOZ"+1 AYO,‘/jnJrl)“]CZ

[0, T]

§6n+CT,K/ E[ / |A‘“’09f|dr) :|ds
0 0

T
<€+ Cpgmax(T?, T) / [(AsOyn, AsOZn, AsOyn
0

/ ||(A3 OYn-H AS Ozn-H AS Own-‘rl)”’CZ

2
)||1c2[0,T|dS‘
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For a sufficiently small 7(> 0) so that o := C’T’ % max(T?,T) < 1, one obtains
JINA0 0 ) Ra pids < €0 + @ [ (A OM)[f2g0 74ds. Then, by fixing some ng € N,

T T
s n+n 2 €n n s n 2
/ (Aot DMic2i0.ds < ﬁ +o / la~’e Dxc20,7145-
0 - 0

Thus, by passing n and then ng to oo, (C.7) is proved for small T'.

For general T > 0, one can use a time partition 0 = Ty < T} < --- < Ty = T thatis fine
enough so that @ < 1 in every time interval. Due to the uniqueness of the solution, by setting
Y ;i,o as the terminal condition for the interval [7;_;, T;], one can prove (C.7) for the interval.
Repeating the procedures from i = N toi = 1 proves the claim.

[Third step: convergence of D, , 0" — 0% (z # 0)]
Choosing one direction of jump (omit i for simplicity) and put

AS,Zyn = YS,Z _ DS’Zyn’ AS,Zzn = ZS,Z _ DS‘Zzl’l’ A.Y,an = I//.S.Z _ Ds,zwn'

and denote A**O" = (A»Y", AS2Z", A%*y™) for every n € N. In this step, our final goal is
to show the convergence

n—o00

lim f ' f 1(A 6" 32y, 7ym(d2)ds = 0. (C.8)
0J Ry
Before discussing (C.8), we have to prove first that the convergence
. g 2
161?3 /0 /|Z>e (A% 0" D) oy 7ym(d2)ds

T
- /0 /1; [(A%2 07 Loy pymidz)ds (C.9)
0

occurs uniformly in (sufficiently large) n. As the proof of Theorem 4.1 [15], it suffices to show
that, for each € > 0, there exists a positive constant C and € > 0 independent of n such that

T
/0 /I _ “(As,z Qn+l)”fcz[0ﬂm(dz)ds < Ce.
Z|<e

By Remark C.2, for a given arbitrary € > 0, there exists € > 0 such that

T T 2
o [ _E[ipecel ([ 1D 0lar) 4 1K Jmiazids < e (C.10)
0 |z|<€ 0

T
° / / m(dz)ds < €. (C.11)
0 Jiz|=e

Let us fix € > 0 as above. By Lemma B.2 [17], we have ||(A®*? 9"+')||22[0’T] < CrE[( fOT| F9r)
— D, . f ”(r)|dr)2] . Using the (local) Lipschitz properties, it is easy to show that

Lf55(r) = Dy, f*(r)] < K ()16, — 6| + K|6;"| + K| D; - 6|
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and hence

T
[) [ _ ”(AS’Z9”+1)||22|0,T]m(dz)ds

< Crx /OT/VKEE[([OTKS,ZO>|@ ~ eylar)’

+ (/OT|9;~Z|dr)2 + (fOT|DS,z9;’|dr)2]m(dz)ds : (C.12)

We are now going to discuss each term of (C.12). For the first term, it is straightforward to
see that there exists n independent constant C such that

Crx fOTflzse]E[(foT K,.(n]6, — 9f|dr)2]

T T ) \2
< CT,K/ / E[HKS,ZIIZ} + (/ |6, — O] dr) ]m(dz)ds < Ce
0 |z|<€ 0

where the last inequality follows from (C.10), (C.11) and the fact that ||© — 9"||?}‘H4[O Tl is
bounded due to the convergence ©" — 6 in JC*[0, T]. For the second term of (C.12), one
can show

T T ) T
Crx /0 /|z KE]E[( /O 10:%1dr) |m(d2)ds < Cr.x /0 ~/|z . 185912y 7 ym(d2)ds
- T T _2
sCra [ [ [ipest ([ 10w 0nr)
0 Jiz|=e 0

r 2
+ 1Ko M17 + (/ |@,|2dr) ]m(dz)ds
0
< Ce (C.13)

where the last inequality follows from (C.10), (C.11) and the fact that © € K40, T1. Finally, the
third term of (C.12) can be evaluated as

T T 2
Cr, // E /|Ds,29f|dr m(dz)ds
e ) BN )]
! 2
< CT,K/ / I(Dy,: O lic210.7ym(d2)ds .
0 Jlz|=e

Here, by the same a priori estimate used in (C.06),

T 2
Cr(Dsc0kzp0. 7y < Cx.7E [|DMS|2+( / Dy ) 0)ldr )+ 1K, 211
0

+</OT |9;'1|2dr)2} + Cx.rE [(/{)T|D_Y’19r”l|dr)2]

r 2 r 2
scK,TE[en_l+|Ds.zs|2+( | 10 opar) ikt + ([ |6r|2dr)]
0 0

n— 2
+ Cx.r max(T?, T)|(Dy.; 0" llx2p0.7y - (C.14)
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4 —ney It i

wepo,7y — | ||H4[0,T]|' 18
bounded (sup,, EN('5,1) < §) with some n-independent constant § due to the convergence of 6" —
O in KC*[0, T]. Choosing the terminal time 7" small enough so that @ := Ck 1 max(T%,7T) < 1,

(C.14) yields
’ 2
Cr.x f / 1(Ds.: 0" 13210 7ym(d2)dls
0 Jizl<e

Ck.r ! 2 ! 2 4
<L B[s 4t ([ 100 0lr) 1K
0 |z|<€ 0

where (€,),>1 1S a sequence of positive constants with €, = ||| o

T l-«

! 2\’ n—1 ! 12
+( e dr)’ | m(d2)ds +a ] 1D s
zZ|<€

It is free to choose @' = 0 in the fixed point iteration (C.4). Thus, the right hand side is
dominated by Ce with some n independent constant C due to (C.10) and (C.11).

By the previous arguments, we have shown that the convergence of (C.9) is uniform in n, at
least for sufficiently small 7'. In this case, one can exchange the order of limit operations;

T
lim lim / / |(av20m)| ram(dz)ds
0 |z|>€

n—oo €0

T
=lim lim / f |avzom)||Fam(dz)ds .
0 |z]>€

€l0 n—oo

Therefore, in order to show the convergence (C.8), it is enough to prove

T
lim f / (4520 | oy pymidz)ds = 0
0 |z|>€ ’

n—o00

for each € > 0. An inequality from the Lipschitz property of the driver

1
[f55(r) = Dy, f" (0] < m|f(w“, r, 0, +260)%) — f(@",r, O] +2D;.6))|

1 2K .
+E‘f(wara Qr)_f(a)7r5 @;’l)’ S mler_ 9]"1|+K|AY’<6;1|

implies
' 2
,/(; /I;>€ H(AS,: 9"+1)HIC2[0,T]m(dZ)ds

T 1 T 2 T 2
< CT,K/O /7|>6E[W(/o O, — @,"|dr) + (/0 |A”‘@,”|dr) :|m(dz)ds

T
<ot Cromax(®. 1) [ [ @Ry pyianids
0

|z|>€

where €, — 0 as n — 0 due to the convergence of ©" — ©. If necessary by re-choosing T
small enough so that & := Cr g max(T2, T) < 1, one gets

T
/0 /IZ>e ”(AMQnﬂo)”fcz[o,r]m(dz)ds

T
€ng +an/ / ||(As’z@n0)||12<2[o.r]m(dz)ds'
0 |z|>€

<
Tl
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By passing to the limit n, ng — o0, (C.8) is proved for small 7.
For general T > 0, one can construct a partition 0 = Ty < T} < --- < Ty = T fine enough
so that one can conclude by the previous arguments

T
lim / / [(4%20") [ Rapy.pm(d2)ds = 0.
Ty-1Y lz]>€

n—0

Note that (C.13) implies lim, ¢ fg flz\<é E|Y;1’V‘11 I>m(dz)ds = 0, in particular. Therefore, by the
same procedures with a new terminal value Y}}’Vz_l instead of D; &, the convergence (C.8) in
[Tn—-2, Tn—1] is proved. Repeating the same arguments proves (C.8) for general 7. Hence, one
can conclude (Y", Z", W”) converges to ((Y, Z, ), (Y52, 252, ES’Z)) in (IL"?)3. Finally, thanks
to the closability of the Malliavin derivatives in "> (see Theorem 12.6 in [16]), one concludes
(Y, Z, ) € L2 and that (Y*?, Z%%, ¥*%) is a version of (Dy.Y, D; . Z, D ;). [

Appendix D. Technical details omitted in the proof of Theorem 5.1
D.1. Prooffor (5.11)

By (5.9) and the dominated convergence theorem, it suffices to show

lim ||(As.Oym’ AS.OZWL’ As,OwM)HZI) =0

m— o0 [0,7]

for ds-a.e. s € [0, T']. Since
o f0r) = Dy o fu(r) = £50r) — ((Dy0 fu)(r, OF) + do fulr, O)O:0)
+ 36 fulr, OO — D gOM)
and
o |£00) = ((Dsofudlr. O+ e fulr, ©1101)]
< [(Dy0f)r, 6,) — (Ds 0 f)r, OM)
+ [(Dy0 f)(r, OF) = (Dy,0 fu)(r, O] + |06 f(r, 0,) — do fu(r, OM162°]

Lemma A.2 implies that

[(As0ym, A»OZzm, A“’Ollfm)HQP[o,T]

T pt}z
< CE[( [ 1D.apr 00 = D10 ONar)

2

! ) pq 1L
+( / 90/, ©) = Do fulr, OO ldr)" |7
0

where, as before, C > 0 and g > 1 are constants independent of m.
Let us check each term. By the local Lipschitz property, the first term yields

T pa
+( /0 Dy ), O) = (Do fu)lr, O)dr )

2

IE[(/OTl(DS,of)(r, 6,) — (Dy o f)(r, an)ldryqz]

1 2_1

[k | B[ 1sym 27 sy ar) T |
= CE|IKSoll7 Y™z~ + 169" I2,ydr
0

+CE[||KS%||2TMZ(/OT |H'”(r)|2dr>pqz];E[</0T |8Z;"|2dr>pqz]%, D.1)
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where the process H" is defined by H"(r) := 1 + |Z,| + |Z]"| + ¥+ ll20) + 19" [l12(,) and
oYym, 6zm, 6y =Y -Y",Z—-2Z", ¢ —y™). Since H™ € H%MO with the norm dominated
by constant independent of m, the convergence of " — O in S*® x H3,,, x J%,,, implies
that (D.1) converges to zero as m — 00.

Secondly, by definition of the truncated driver, (Dy.o fu)(r, ©M) = (Dy0 f)(r, pu(O)")). Since
both ©™ and ¢,,(O™) converge to © in S® x H%,,, x J%,,,, the convergence of the second
term can be shown in the same way as the first term.

Finally, by the Cauchy—Schwarz inequality,

5[([[ 950,00 0 utr, o0621ar) |

1 T 2.1

SE[(/OTlaef(r,e,)—a@fm(r, 9,’”)|2dr>p62]2]E[</(; |9§’0|2dr>pq]7. (D.2)

By (5.4), there exists a constant Cj; depends only on the universal bounds such that
106 fu(r, O] < Cyu(1 + 1Z"| 4+ (¥ l12())- Since Z™ — Z (resp. Y™ — ) in Hyy,0
(resp. J%,,0)» the energy inequality of Lemma 2.2 gives the convergence in H' (resp. J?') with
Vp' > 2. Thus, by extracting subsequence if necessary, one sees sup,,|Z"[, sup,, | || .2, are
in H?' for any p’ > 2 from Lemma 2.5 of [29]. Since dg f (r, OF) — 3o f(r, 6,) dt @ dP-a.e.,
the dominated convergence shows the RHS of (D.2) tends to 0 as m — oo. One can confirm the
convergence actually occurs in the entire sequence, since otherwise there exists a subsequence
(m ;) such that the RHS must be bounded from below by some positive constant. However, one
can once again choose a further subsequence from (m ;) so that the RHS converges to zero by the
dominated convergence as the last discussion, which is a contradiction. This proves (5.11).

D.2. Prooffor (5.12)
Let us define a d-dimensional F-progressively measurable process (b{' (r), r € [0, T]) by

@, 1, 1) = fnl@™ 7, 51L))

bm w,r) = 1 psz m AS’ZZ:n

(1) Az e
where 7 = (VL. Z" + 2Z°%, fo p)Gu( UL )W(dx) and S = (y;",, zn,
fR p(x)G (-, W’"( x))v(dx)). Noticing the fact Z°° = Z 4 zZ%%, one sees (JJ”’ +

Z55, W) — (Y05, 255, U in 8% x HBMO X J]BMO Let us also introduce a map
2 x [0, T]XRXLZ(E v; RY) — R by

. r.5.9)
= (Do )0 80 = Dy o1, 1) = ~[£(@, 7, ) = fun(@. 1, O]
+ %{f(w‘f’z, 2y + Vi (r) +8Y", Z0E
, /R PG, 2 () + () + 89, (AN = ful™, v, Z()]
Then, (A2Y™, ZWZ'”, A*24™) is the solution to the BSDE

T
vy = [ (e 2w a5y + ) 420 Var
t

T T
- / A Z" AW, — / f AN () (dr, dx).
t t E
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By denoting an F-progressively measurable process H{", as

HJ.(r) = KM<1 +IZ2 O+ 127+ 18Z | + 20 ol 20y Gyl 77 (1, ~)|IL2(V>),

2

one obtains [b{" (r)] < H{"(r) for Vr € [0, T]. Here, H", € HéMO and for m(dz)ds-
ae. (s,z) € [0,T] x Ry, its norm ||H{f’z||H% o is bounded by some m-independent constant
thanks to the universal bounds. Furthermore, the new driver satisfies the linear growth property

|F e 5901 < 1, 0,00 + K (151 + 11211200 Gy 1 112) and
| F™ (5, 2)(r, 0, 0)| < [(Ds2 ) 6,) = (Dy. fun)(r, O]
1 .
+ mlf(a)xwa r’ 9’”) - fm(wS,Z’ rv 6:”)'
1 L-m 5,2 Lvm
@ S0 = Sl S0
1
+ CKM—(|5Y;"| 118U N2 + ’H"fz(r)|(SZf’|>

|z]

where C is a positive constant depending only on || [l 2(,), G',, and

Hy (r) =1+ 2[Z0° + [8Z7 | + 201 9", (r, M2y + 18V 20 -
H, € H% mo and its norm is bounded by some m-independent constant m(dz)ds-a.e. (s, z) €
[0, T] x Ry. By applying Lemma A.1, one obtains

|(aszym, Avzzm, A‘Y’Zlﬂm)HQP[OJ]

=2

) CEK/OT'(DS’J . 6~ Do futr, ) |7

c /7 - . . P g%
+WE-</0 | f(@™%, 1, 6,) = fu(@™, 1, Qr )|dr) :I

21
G2

C [ ! =m s =m pa
+—E[( / F@ 1 L) = ful@,r Ze)ldr) ]
- o
- T

|z|?
C m m m m qu %
+ o E (/ (187 + 189" 120, + M. (I8 Z] |]dr) ]4 , (D.3)
- 0

where the positive constants C and g > 1 are m-independent as before.
Due to (5.9) and (5.10), the convergence in lim, ¢ is uniform in 7 and hence the order of limit
operations can be exchanged. By the dominated convergence from (5.9),

m—00 €0

T
lim lim / ) / ; [(aszym, Asezm, Aszym)|L, o m(d2)ds
Z|>€

T
= lim/ / lim ||(As.zYm’ Asigm, As’zl/fm)chz’[o T]m(dz)ds.
0 |z|>€ ’

€l0 m— 00

Therefore, in order to prove the convergence (5.12) it suffices to show, for m(dz)ds-a.e. (s, z) €
[0, T] x Ry, limmﬁoo“(As*ZY”‘, VARSVALN As’zw’”)Hz,,[O n= 0. This can be easily confirmed
from (D.3) by using the local Lipschitz continuity and the fact that " and ¢,,(6™) — © and

=m ) — =% converge in S® x H%MO X J%MO. This finishes the proof for (5.12).

Zm =
= and @, (5",
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