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Abstract

We consider a system of forward—backward stochastic differential equations (FBSDEs) with monotone
functionals. We show that such a system is well-posed by the method of continuation similarly to Peng
and Wu (1999) for classical FBSDEs. As applications, we prove the well-posedness result for a mean field
FBSDE with conditional law and show the existence of a decoupling function. Lastly, we show that mean
field games with common noise are uniquely solvable under a linear-convex setting and weak-monotone
cost functions and prove that the optimal control is in a feedback form depending only on the current state
and conditional law.
© 2018 Published by Elsevier B.V.

Keywords: Forward—backward stochastic differential equations; Monotone functional; Mean field FBSDE with
conditional law; Mean field games with common noise

1. Introduction

In recent years, there has been a wide interest in the study of fully-coupled mean-field
forward—backward stochastic differential equations (FBSDEs) of the following form

dX, =bt, X;, Y, Z;, Px, v, z))dt + o, Xi, Yy, Zi, Pex, vy, 2)d W,
de = f(ta Xt, Yzy Ztv P(X,,Y,,Z,))dt+ztdwz (])
Xo=§&, Yr=gXr, Px,),
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where the coefficients b, o, f and g depend on Py, y, z,), the law of the solution (X;, Y;, Z;).
This type of FBSDEs arises naturally from the mean-field type problems such as mean-field
games (MFG) and mean-field type control problems (MFTC) [2,14].

The well-posedness of the mean-field FBSDE (1) is studied in [8,11,12,14]. In [11], Carmona
and Delarue show the existence of (1) under a bound condition on the law argument. In [8], the
existence and uniqueness results are shown under a monotonicity condition. This monotonicity
condition is motivated by the well-posedness result in the classical fully-coupled FBSDEs
developed by [24,33]. All these results are based on the method of continuation and the Banach
fixed point theorem, and more importantly, they are probabilistic approaches relying on the
estimates on the space of random variables.

In this paper, we are interested in extending mean-field FBSDE (1) to a more general setting
where the monotonicity property can still be applied to establish well-posed result and explore
its application to the MFG model. That is, we consider the fully-coupled functional FBSDE of
the following form

dX, = B(t, X,,Y,, Z)dt + ¥, X,, Y,, Z)dW,
dYt:F(ta X, Yy, Zz)dt+Zrth (2)
Xo=§, Yr=0GXr).

Here instead of the functions of the values of (X, Y;, Z,), we assume that B, X', F and G are
functionals of the square integrable random variables X,, ¥, and Z,. This functional FBSDE
includes (1) as one can define a /ifting functional

B :[0, T] x L2(R") x L2(R") x LAHR™Y) -  LYRM
t,X,Y, 2) - b(t,X,Y, Z,]P)(X,y’z))

and define similarly X, F, G for o, f, g. More importantly, as we shall discuss below, this set-
up includes a mean-field FBSDE with conditional law arising from a mean-field game with
common noise, a type of model which has gained significant interest in recent years due to its
application in economic and financial modeling [1,15,16,28]. This lifting of a function on a law
to a functional on the space of random variables was also discussed in [10,22] where in [10],
Lasry and Lion apply the lifting to define a notion of derivative in the Wasserstein space.

This paper contributes mainly to the well-posedness theory of a general class of functional
FBSDE and its applications to mean-field problems. Through a functional set-up, we provide
several new results relating to mean-field FBSDE with conditional law and MFG with common
noise. First, we show the existence and uniqueness result of both systems under a monotone type
condition. For MFG with common noise, this result leads to what we call a weak monotonicity
condition on the cost functions. The weak monotonicity condition was first discussed in [2] under
a simpler set-up. Here, we generalize the result further and provide a simpler proof through this
functional FBSDE.

In addition to the well-posed result, by using the conditional estimate of the solution to the
functional FBSDE, we are able to prove the existence of the decoupling function of mean-field
FBSDE with conditional law. As a corollary, we have that the solution to MFG with common
noise is in a feedback form thereby establishing its Markov property. The Markov property of
MFG was discussed heuristically in [13] and proven in the case of no common noise in [17].
Here, we extend the result to the case with common noise.

Closely related to our work is a recent paper by Bensoussan, Yam, and Zhang [8] where they
also consider a mean-field FBSDE under monotone type conditions similar to (H2.1)-(H2.3) in
Peng and Wu [33] and several variations. Here, our assumptions are similar to (H3.2)-(H3.3)
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in [33] as they are related to a stochastic control problem, or in the mean-field setting, a mean-
field game. Furthermore, our results pertain mainly to its application to mean-field game model
particularly in the case of common noise, and, thus, we consider a system with conditional law
which was not discussed in [8].

The paper is organized as follows. In Section 2, we discuss the existence and uniqueness of
the solution to the functional FBSDE (2) by extending the proof in [33] and provide the regularity
of the solution. In Section 3, as an application, we study a mean-field FBSDE with conditional
probabilities and gives well-posedness result and the existence of a decoupling function. The
mean-field game with common noise is discussed in Section 4. Finally, the technical proofs of
Theorems 1 and 2 are provided in the Appendix.

2. FBSDE with conditional monotone functionals

2.1. Notations and assumptions

Let (2, F,F = {Fi}o<i<r, P) denote a complete filtered probability space augmented by
P-null sets on which a d-dimensional Brownian motion (W,)o<,<7 is defined. Let R" denote
the n-dimensional Euclidean space with the usual inner product and norm, and R"*? denote the
Hilbert space of (n x d)-matrices with inner product (A, B) = Tr(A” B) and the induced norm
|A|> = Tr(AT A).

For any sub o-algebra G of F, let Eé(Rk) denote the set of G-measurable Rf-valued
square integrable random variables. Suppose G = {G,;}o<;<r is a sub-filtration of F, then
let Hé([O, T]; R¥) denote the set of all G,-progressively-measurable R¥-valued process f =
(Br)o<t<r such that

T
E[/ |,8,|2dt} <00
0

We define similarly the space Hé([s, t]; R¥) for any 0 < s < t < T. We will often omit the
subscript and write H>([0, T']; R¥) for HZ([0, T']; R¥).
We consider the following FBSDE
dX; = B(t, X;, Y;, Z)dt + X(t, X;, Y;, Z)dW,
dY, = F(t, X, Y:, Z)dt + Z;,dW; 3)
Xo=§&, Yr=GXr)
where
B :[0,T] x LER") x LE(R") x LER™) — L3R
2100, T] x L3R") x L2(R") x LR — LR
F:[0,T] x L2R") x L2(R") x L2R™) — L2(R")
G : LZ(R") — LX(R")
are “functionals” on the space of random variables and output a random variable. Our motivation
for a functional set up is to solve a mean-field FBSDE similar to (1) but with the conditional
law (see (10)). This type of system arises from a mean-field game with “common noise” through
the stochastic maximum principle. The conditional law creates certain difficulties not presented
in FBSDE (1). One approach to deal with the law, particularly the conditional law, is to use

purely a probabilistic method. To do so, we define [ifting functionals on the space of random
variables. In that case, we can apply the same probabilistic technique as used for a classical

“
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FBSDE, particularly those employed in [33], to prove the existence, uniqueness, and solution
estimates.

One disadvantage of using a general framework is the fact that we may lose any specific
information pertaining to our system, in this case, a conditional mean-field FBSDE. To partially
resolve this, we impose “conditional” property in the assumptions for functionals. In this way,
we are able to obtain an estimate for a solution under conditional law (see Theorem 2). Our main
application for this result is to show existence of decoupling function of mean-field FBSDE with
conditional law. This is presented in Section 3.3.

We now state the main assumptions on the coefficients. Fix a sub-filtration G = {G,}o<,;<r of
10 F = {F:}o<t<r, We assume

© © N o o B~ W N =

1 (Al) For & = B,F, Y, (9, X,,Y;, Z,))o<<r are JF;-progressively measurable for any
12 (X1, Yy, Zo<i<r € HA([0, T]; R* x R" x R™*),
(A2)
T
18 E [/ |B(,0,0,0)* +]2(,0,0,0)]* + | F(t,0, 0, O)|2dt:| < 0 5)
0
14 (A3) There exist a constant K and a set of uniformly bounded linear functionals {c, , cl(z)}of,ST
15 where
e o LER") > LERY, P LER) — LE(RY
7 such that forany 7 € [0, T1, X, X', ¥, Y' € L2(R"), Z, Z' € L2R"™), A € G, A € Gy,
18 the following holds
19 (a) ( ”(Y,) c 2)(Z,)> ¢ are J;-progressively measurable for any (Y;, Z;)o<i<7 €
0<t<

20 H2([0, T]; R" x R"™*9),

(b)

E[14|AB/*] <

[ KE []lA (IAXI2 +1c(AY) + c,(2>(AZ)|2)]
E[14145P) = KE[14 (1AXP +1e"Ar) + ((A2)P)] ©
[ <KE

E[14lAFP] < KE[14 (JAX +]AY]” +]AZP)]
E[1;1AGI’] < KE[14]AX]*]

21

22 (c) There exists 8 > 0 such that
E4[(AF, AX) + (AB;, AY) + (AX,, AZ)])

. < —BE [141¢"(AY) + P (A2)1], )
E[1;AGAX] > 0,

2 where

25 AX=X-X, AB, = B(t,X,Y,Z)— B(t,X',Y', Z),

26 and AY, AZ, AX,, AF,, AG are defined similarly.

27 The first assumption (A1) is necessary to ensure that the stochastic integral is well-defined

28 under these functionals set up. Assumption (A3) is a special Lipschitz condition and monotone
29 condition related specifically to FBSDE arising from a stochastic control problem. It is motivated
30 by assumption (H3.2)-(H3.3) in [33].
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Remark 1. Note that the assumption (A3) depends on the filtration {G,}o<;<7. Thus, when it is
not evident from the context, we will specify the filtration when referring to these assumptions.
This filtration plays an important role in controlling the level of generality of our functional
framework. For instance, if our filtration is trivial, namely G, = {(, {2}, then the conditions are
the weakest involving only on the full expectation, and so does the estimate of the solutions.
Consequently, one cannot do much further analysis beyond the well-posedness property. On the
other hand, if our filtration is too large, for instance G, = F,then wecanset A = {X =x, Y =
y, Z = z} yielding a strict deterministic bound for the functionals in exchange for finer solution
estimates.

2.2. Existence and uniqueness

With the assumptions above, we have the following well-posed result.

Theorem 1. Let & € ﬁ%_-x Ry and B, F, G, X' be functionals satisfying (Al)—(A3), then the
FBSDE (3) has the unique solution (X,, Y;, Z;)s<i<r.

Proof. The proof for both existence and uniqueness are naturally extended from Theorem
3.1 in [33] for a classical FBSDE. It is based on probabilistic arguments using the method of
continuation and Banach fixed point theorem on the space of square-integrable random variables.
The proof is summarized in Appendix A. [

2.3. Estimate

We now give estimates of the solution to (3). These estimates are given under conditional
expectation on the same filtration specified in the assumptions. This filtration controls the level
of generality of our functionals in the FBSDE (see Remark 1). These estimates, particularly
in its conditional form, will be used frequently in the subsequent sections when we discuss
the existence of a decoupling function for the conditional mean-field FBSDE and the Markov
property for mean-field games with common noise.

Theorem 2. Assume that two sets of functionals (B, X, F, G), (B', X', F', G') satisfy (Al)—(A3)
with the same filtration {G;}s<;<r and 6, = (X,, Y, Z,), 6, = (X}, Y/, Z}) are the solutions
to the FBSDE (3) with the coefficients (B, X, F, G), (B', X', F', G') and initial conditions
£,8 € L'i—s (R™), respectively. Then there exists a constant Cg r > 0 depending only on K
and T such that for any A € G,

T
E[ sup 14|AX, >+ sup 14|AY,? +/ (nA|Az,|2>dr]
s<t<T s<t<T K
, ®)
scK,TE[llA (|A5|2+|G|2+/ (|F,|2+|B,|2+|2,|2>>}
where AX, = X; - X, and AY,, AZ,, At are defined similarly, o, = &(1, 0)) — 9'(t, 0)) for
®=B,%, Fand G = G(X}) — G'(X}).

Proof. See Appendix B.
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Corollary 1. Let (X;,Y;, Z;)s<i<1 be the solution to FBSDE (3) with the initial condition
& e E%_-S (R™) and coefficients (B, X, F, G) satisfying (Al)—(A3). Then there exists a constant
Ck.1r > 0depending only on K and T such that for any A € G,

T
E[]IA sup |X,>+ 14 sup |Y,|2+11A/ IZZ|2dt:|

s<t<T s<t<T

< Ck.r (E[L4IEP + 14IG(0)?]) ©)

T
+ CkrE [m/ (IB(t,0,0,0)* + |F(z,0,0,0)* + | X(z,0,0, 0)]*) dr}
s
Proof. Apply Theorem 2 with &’ =0 and (B', X/, F',G') =(0,0,0,0). O

3. Mean-field FBSDE with conditional law

In this section, we discuss an application of the results on the functional FBSDE to a class of
mean-field FBSDE with conditional law. In addition, we show the existence of a deterministic
decoupling function for this type of FBSDE.

3.1. Problem formulation

Following similar notations as defined in Section 2.1, we consider the following system

dX, =b(t, X, Y. Z, Z0. Py, y, 7 5 7)d1
‘ot X0 Y, Zi. e, Py, y, 7 7074 We
+ 60 X0 Ve, Zin Z Py, y, 7, 207,04 W (10)
dY, = f(t. X1, Y., Z0. Z0. Py, y, 7, 270t + ZdW, + Z,dW,
Xo=§, Yr=g8Xr,Py 7)

where (W,)o<i<r, (W;)o<s<r are independent Brownian motions in R4, R%, Pix, v,.20. 7015
denotes the law of (X,, Y;, Z,, Z,) conditional on F,, where F, denotes the o-field generated
by {Ws:0 < s < t}. As we shall see in the next section, this FBSDE is related to mean-field
games model with common noise. For this reason, we will refer to (W;)o<,<7 as individual
noise, (W,)OS,ST as common noise and (]t't)ostg as the common noise filtration. The tuple
(X;, Yy, Z;, Z,)oitg is called a solution to (10) if it is in H2([0, T]; R?), where R? = R” x R" x
R"™41 % R"*% and satisfies (10). Note that when (X, Y;, Z,, Z,)()f,fr e H3([0, T]; RP), the
existence of .ﬁ-progressively measure version of (Py, y 7 7 7 )o<i<r is guaranteed by Lemma
1.1 in [26] for instance.
The functions in (10) are given and defined on the following spaces;

b, f:10,T1 x R” x P,(R”) - R", o :[0,T] x R? x Po(RP) — R"™

(1)
& : [0, T] x R? x Pr(RP) — R"™%, g :R" x P,(R") — R"

where P,(R?) denotes the space of Borel probability measures on R? with finite second moment,
i.e. a probability measure p such that fRd x2du(x) < oo. It is a complete separable metric space
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equipped with a second-order Wasserstein metric W, (-, -) defined as
1

2
Wi(p,v) = inf ( / |x—y|2y<dx,dy>) (12)
R4 x R4

VGFM.,V

where I',, , denotes the space of probability measure on R¢ x R? with marginal y, v respectively.
For the conditional probability flows, we introduce the space ’Hé([O, T1; Po(R%)) for all the
G,-progressively-measurable P, (RY)-valued processes (m;)o<;<7 such that

T
E[/ / |x|2m,(dx)dti|<oo
0 JR4

We will mainly be interested in L:]%F([O, T1; P>(R?)) where F= {f",}oftg with F, = U(VI/S)OESE,
being the common noise filtration. Note that when (X, Y;, Z;, Zz)0§z5T e H2([0, T]; R?), we
have (IP(X,,Y,,Z,,Z,\]'-}))OSTST € H]%-([O’ T]; PZ(RP))

In order to construct conditional expectation given common noise explicitly, we separate the
path space for individual noise and common noise. From now and throughout this section, we
assume that (£2, F, P) is in the form (£2° x 2, F'® F, P’ ® P) where the individual noise W, and
common noise W, are supported in the space (2°, F°, P%) and (2, F,P) respectlvely We will
also assume that (Q F. ]P’) is the canonical sample space of the Brownian motion (W, Jo<t<r With
F being its natural filtration completed with P-null sets. We also assume that £2° is sufficiently
rich (Polish and atom-less) that for any m € P>(R"), we can find £ € £*(£2°; R") independent
of all Brownian motions with law m. We first provide the following lemma which will be proved
useful in a subsequent section.

Lemma 1. Consider a Polish and atom-less probability space (2. For two measures mi, m, €
Po(R?) satisfying Wh(m1, m2) < & and any random variable & € L*(£2; RY) with law m, there
1

exist n € L2(12; R?) such that n has law m, and (E|§ — n]?|)? < e.
Proof. By the definition of Wasserstein metric, there exists a small enough ¢’ > 0 and two
random variables X and Y with law m; and m, respectively such that

EIX —YP)? <6 —¢

Now by Lemma 6.4 in [10], there exists a bijective mapping 7 : {2 — (2 that is measurable,
measure-preserving, and satisfies

1
(ElXor—£)I <|XoT—§|y<¢
Since t is measure-preserving, Y o t also has distribution m, and
1 1 1
(EXot—Yotr)I=E|X-YP2<e—¢ = (Et—-Yor|H)2 <e.
Thus, we canuse Y ot asourn. [J
3.2. Existence and uniqueness of a solution and its estimate
Note that the coefficients b, o, &, f, g, are functionals of the law in their last arguments. To

prove existence and uniqueness result for system (10), one approach is to employ the Schauder
fixed point theorem. That is, we fix a flow of probability measures (m,)o<;<7, replace the
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probability measure arguments in (10) by m,, solve a classical system of FBSDE, and consider
the law of the solution, namely Py ,, , 7 7 . This map can be described as follows;

(mt)Ogth = (Xm Yt’ Zz’ ZI)OSTST = (P(X,’Y,,Z,’Z,N]:‘,)OSIET (13)

The fixed point of these operations then yields the solution to (10). This set up was used in [12,16]
to prove well-posedness of (10) without conditional law. However, it is considerably more
difficult to extend the result using this argument to the case of conditional law since it involves
the space of stochastic flow of probability measures as opposed to the deterministic one. In this
larger space, it is non-trivial how one can find an invariant compact subset so that the Schauder
fixed point theorem can be applied.

Instead, we adopt a different approach to deal with the probability measure terms; we consider
a lifting from the space of probability measure to the space of random variables. That is, for a
function ¢ : R? x P»(R?) — RY, we define a functional ¢ : R? x Cé_—(Rp) — R by

P(x,8) = ¢(x, Pe)

This lifting allows us to work on the Hilbert space EZF(RP) instead of the metric space P, (R”).
This approach was used in [10] (see Ch.6) to define a derivative in the Wasserstein space P,(R?”)
through the Fréchet derivative in the Hilbert space ﬁzf(RP ). For the system (10), we can extend
the lifting further and combine all the state variables by defining B : [0, T] x E%_-(RP ) — C%T(R")
as

B(t.X,Y,Z,2)=b(t,X.Y. Z, Z.Px y 7 77) (14)

for any random variables (X, Y, Z, Z) € sz(R”). We define similarly, 3/, 5], F, G the lifting
functionals of 0, 7, f, g.

Using these functionals, FBSDE (10) is translated to a functional FBSDE (3). Thus, if
B, (Y, f]), F, G defined above satisfy (A1)—(A3), then we can apply our results from Section 2,
namely Theorems 1 and 2, to obtain the well-posedness of (10) and its solution estimate. To do
so, we assume the following on b, 0, 7, f, g.

(B1) b, 0,0, f, g are measurable and satisfies
T
/ |$(,0,0,0,0,8)*dt <oo for¢p=b,0,6, f, g (15)
0

where §, denotes the Dirac measure at a € R”.
(B2) There exist a constant K and uniformly bounded linear maps

cil) ‘R" — RF, cl(z) (R s RE c§3) (R RE

such thatforany € [0, 71,0 = (X, Y, Z, 2),0' = (X', Y, Z', Z') € LX({2, F. P); RP),
where ({2, F, P) is an arbitrary probability space, the following holds:

(a) Forgp =b,0,0, f
E|Ag|* < KE(AXP + [ (AY) + ¢(AZ) + ¢ (AZ)P),
E|Agl> < KE|AX)?

(b) There exists 8 > 0 such that
i [(Af,, AX) + (Aby, AY) + (Aoy, AZ) + <A&[, AZ)]
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~ 5 3 ~
< —BEI"(AY) + ¢(AZ) + ¢ (AZ)P,
E[AgAX] >0

where AX = X — X', Af, = f(@,0, I@’g) — f(@,o, ]f"g/) and similarly for other
terms.

It is worth noting the difference between the functionals B, X, f?, F, G discussed in
Section 2.1 and those on the functions b, o, &, f, g. Here, the functions b, o, &, f, g are all
deterministic and their definitions and assumptions (B 1)—(B2) do not depend on the probabilistic
setup of our model. That is, it is independent of the fixed probability space ({2, F, P) and/or any
filtration, and particularly does not involve the conditional law.

Assumptions (B1)—(B2) are comparable to those in Bensoussan et al. [5] where they consider
an extension of assumptions (H2.1)-(H2.3) in Peng and Wu [33] to include mean-field terms. In
our case, we give a special type of Lipschitz condition involving both Y, Z simultaneously (see
(B2)). This is comparable to assumption (H3.2)-(H3.3) in Peng and Wu [33] where they consider
this particular case for its application to stochastic control problems. Similarly, we are interested
mainly in its application to a mean-field game model which is a control problem with mean-field
interaction.

For our applications in the subsequent sections, we will state the well-posedness result for
FBSDE over the time interval [s, 7] and slightly more general filtrations. For that, we define the
following

Definition 1. Lets € [0,T], & € £2ﬂ (R") and {G,}s<;<7 be a sub-filtration of {F;}s<,<7. We
define FBSDE with data (s, &, {G;}s<:<r) or simply FBSDE (s, &, {G,}s<:<7) to be the following
FBSDE

dX, =b(t, X, Y. Z. 2, Py, y, 7, 20,41
+o(t, X Y 2 2. Py, y 70 2004 W
+6(t. X0 Y, Zi 2. By, y, 7,104 W (16)
dY, = f(t. X0, Y. Z 2. Py, y, 7, 5,0,)d1 + Zid W, + Z,dW,
X, =§&, Yr=gXr, Pxyg)
0, = X:, Yy, Z,, Z,)‘YE,ET is called a solution to FBSDE (s, &, {G, }s<;<r) if they are F;-adapted
and satisfy FBSDE (16).

We are interested particularly in the FBSDE (s, &, {F‘}X<,<T) where £ € £2 - (R") and

{.7-" '}s<i<r denotes the o-algebra generated by the common noise starting at time s, i.e. f ;
o(W, — Wy; s < r < 1). In Section 3.3, we will discuss the use of this sub-FBSDE to define the

so-called “decoupling” function for mean-field FBSDE. First, we state our main result for this
subsection which establishes their existence and uniqueness results.
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Theorem 3. Assun}e that (B1)—(B2) hold, then FBSDE (s, &, {]?,S}JS,ST) admits a unique
solution (X, Y, Z;, Zt)s<i<1 Satisfying

T
E[nA sup X+ 1,4 sup |Yf|2+11Af (|Z,|2+|z,|2>dt]
N

s<t<T s<t<T
! (17)
< CrrE[Lalé + Lalg(@. 800 + L4 [ (16(1.0.0.0.0.80)F
+1£(,0,0,0,0,8) +(2,0,0,0,0, 8 +5(t, 0,0, 0,0, 8)* ) |
for A € F;, where §, denotes the Dirac measure at a € RP. Moreover, for i = 1,2, let

(Xf, Y,i, Zj, Zf)sstsT denote the solution to FBSDE (s, &', {]-i,“‘}SStST), where &' € E%(R”),
then the following estimate holds

T
E[]IA sup |[AX,)* +14 sup |AYt|2+]1A/ |AZ,|2+|AZ|2dr]

s<t<T s<t<T K

(18)
< Cx,rE[14]48]
where AX, = Xt' — X,2 and AY,, AZ,, AZ,, AE are defined similarly.

Proof. Let B, X, ¥, F, G be lifting functionals of b, 0, G, f, g as defined in (14) but with respect
to {F]}s<i<r; that is,

B, X,Y,Z,2) =b(t, X, Y, Z, Z, Py y 7 7 7)

for any random variables (X, Y, Z, Z) € E}(R"). The functionals J/, i‘, F, G are defined
similarly. We need to verify that B, (X, E), F, G satisfy (A1)—(A3) with respect to {]3;‘}05,57,
then the result follows directly from Theorems 1 and 2.

Since the map H%([s, T1; R?) > @)s<i<r — Pet\ﬁf € E%([s, T1; P>(RP)) is continuous,
assumption (A1) follows from (B1) and so does (A2). Assumption (A3) follows from (B2), that
is,

E[14AB[) =E[B[ 1412617 || = B [14E[ 146,17
<E []lAKIE [|AX|2 +1¢0AY) + ¢P(AZ) + c§3)(AZ/)|2|J?';]] (19)

= KE[ 14 (JAXP + 1" (A1) + (A7) + P (AZ)P) |

Other conditions in (A3) follow similarly. [
3.3. Decoupling function of a mean-field FBSDE with conditional law

In this section, we discuss the existence of a decoupling function for mean-field FBSDE with
conditional law. A decoupling function is a function which helps to “decouple” the FBSDE by
describing the relation of the backward process Y, as a function of the forward process X,. As a
result, it reduces the FBSDE to merely solving a standard forward SDE. This method of solving
FBSDE is called Four-steps scheme and was first proposed by Ma, Protter, and Yong in [31]
for a classical FBSDE with non-random coefficients. In that case, under regularity assumptions
on the coefficients, one can find a decoupling function by solving a quasilinear PDE. When the
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coefficients are random, the decoupling function is also random and is referred to as a decoupling
field and is related to backward stochastic differential equation (BSDE). We refer to [18] for
more detail on a decoupling function of a classical FBSDE in a deterministic case and [32] for a
decoupling field in a general case.

Going back to our setting, we consider first the mean-field FBSDE (10) with unconditional
law; suppose that we fix a deterministic flow of probability measure m = (m;)o<i<r €
M([0, T1; P»(R?)) and consider the system

dX; =b(t, X;,Y;, Z;, Zt’ m)dt +o(t, X, Y:, Z;, Zz»mz)th

+o(t, X, Yy, Z4, Z[, mt)dwt
. I (20)
dYt = f(ls th th Ztv Zts mt)dt + Z[dW[ + Z;dW;

Xo=£, Yr=gXr.my)
where m(T") denotes the marginal distribution of the first n-dimension of R” of myr. Since
(b,o,0, Ht,x,y,z,m), gx, m(T")) are deterministic functions, we have, under certain standard
assumptions, an existence of a decoupling function for classical FBSDEs; that is, there exist a
function U™ : [0, T'] x R” such that

Y, = Um(t7 Xt)

See [18] for instance. A Markov property for (20) would mean U™(#, x) can be written as
U(t, x, m,); consequently, going back to the mean-field FBSDE (10) (with unconditional law),
we have

Y, =U"t,X)=U@t, X;.m) =U(t,; X1, Py y 7 7))

In addition, its Markov property also means that the law of the backward processes also depends
only on the law of the forward process. As a result, a decoupling function for mean-field FBSDE
(10) is expected to be a deterministic function U : [0, T] x R" x P,(R") such that

Yt = U(I’Xt,]PX,)

We note that the relation above does not follow directly from results for a classical FBSDE
and the derivation above is merely heuristic. The decoupling function for unconditional mean-
field FBSDE was discussed in [13,14] and shown rigorously in [17]. In our case where the
law is conditional, the flow m is in fact stochastic which introduces more difficulties. First, the
coefficients (given m) (b, o, o, f)(t,x,y, 2z, m,), g(x, m(;')) are now random, so the result from
classical FBSDEs does not even apply directly in the first place. Secondly, the conditional law
makes it difficult to deal with a time-varying FBSDE used to define the decoupling function.

However, as the coefficients in (10) are still deterministic functions of m, if the system is
well-posed, it is reasonable to expect a Markov property with respect to the conditional law of
X,; that is, there exist a deterministic function U : [0, T] x R" x P,(R") such that

Y, =U@, X, Py, 7) 2D

Remark 2. In the classical FBSDE, the decoupling function of the FBSDE corresponding to a
control problem is the gradient (in state variable x) of the value function which is a solution to
an HJB equation. Similarly, the decoupling function U (¢, x, m) here is the gradient (in x) of the
generalized value function which satisfies the so-called master equation. We refer to [1,6,13] for
more detailed discussion on the master equation.
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To state our main result showing the existence of U satisfying (21), we first list additional
assumptions

(B3) The functions b, 0,6, f in the FBSDE (10) depend only on the conditional law of
(X;, Y1); that is, the FBSDE (s, &, {G, }s<;<7) is now given by

dXt = b(ta Xtv Y[s Zh Zta ]P(X,,Y,)\g,)dt + O-(ts th th Zt7 Zfs P(X,,Y,)|g,)th
+o@t X, Yy, Zy, Ztv P(X,,Y;)\gr)dwl
_ . 9§ (22)
dYt = f(t, Xz, Yt, Zla Zz, ]P(X,.Y,)@,)dt + Zlth + thWz
Xy =&, Yr=gXr,Px;6.)
(B4) For any m € P(R™), m € P,(R"),t €[0,T], ¢ =b,0,6, f,

#(1,0,0,0,0,m)> < K (1 +/ y2dm(y)>

R2
§(0, i) < K (1 + [ yzdm@))
Rn
(BS5) We have assumptions on both Lipschitz property and monotonicity.
(a) For¢ = b, 0,5, f and m, m’ € Po(R™)
6,0, m) — p(t, 0, m")?
< K(AXP +1¢;"(Ay) + ¢ (A2) + ¢ (AD)P + Wi m, m"))

where 0 = (x,y,2,2),0 = («/,y’,7,7) € R”. We also assume, for x, x’ € R",
m,m’ € P,(R"),

lg(x, m) = g(x', ) < K (|Ax > + Wi, ")
(b) For any m € P>(R*), m € Py(R"),
(Afy, Ax) + (Ab,, Ay) + (Aoy, Az) + (A6, AZ)
< —Ble (Ay) + ¢P(A2) + ¢ (AP,
for some 8 > 0 and
E[AgAx] >0

where Af;, = f(t,x,y,z,z,m)— f(t,x',y',7/,7/,m), and Ab,, Ac,, AG,, Ag are
similarly defined.

Our main result for this section is the following
Theorem 4. Assume (BI1)—(B5) hold and let (X;, Y;, Z;, Zt)oftfr denote the solution to FBSDE
(10), then there exists a deterministic function U : [0, T] x R" x P,(R") such that
Y, =U, X,Py 7)., V1€[0,T] as. (23)

Theorem 4 will be given as a consequence of Theorem 7 presented at the end of this section.
The main idea is to define explicitly a function U through a solution of time-varying FBSDE
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with arbitrary initial data. This is done in two steps as it involves both the state variables and
probability measure variable. Then, using a priori estimates and a discretization argument, we
show that this function U satisfies (23) and, thus, is the decoupling function. The rest of the
section are devoted to the proof of Theorem 7. We assume (B1)—(B5) throughout the rest of this
section.

3.3.1. Flow map

In this section, we define flow maps {©*'}o<;<,<7 Which describes the conditional law at time
t of the solution of mean-field FBSDE over [s, ¢] as a functional of the initial law. Our main result
for this section, Theorem 5, gives the Markov property of the solution flows.

We begin with its definition. For m € P,(R"), let £ € L‘ffx (R™) with law m and denote
by 6% = (X}, Y%, Z)%, Z)%)s<i<r the unique solution to FBSDE (s, &, {F?},<<7), i.e. it
satisfies

dX)€ = b(t, 0, P yeby )t + o, 0" v oW

x>, (XS o+

+6t,605,P AW,

X5 YO}
(24)

Yy = f(t,0°* ysy )t + Z75dW, + Z55aw,

Fope,

X5 = ¢, Y;‘E = 8(X7" Pyse ).

Recall that .73; is a o-algebra generated by the common Brownian motion starting at time s,
1.e. f‘f =0 (Wr — Wx; s <r <t). Wedefine, for 0 < s <t < T, the following two flow maps
0% i PyR") — LI (PaR*™), Ox" 1 Py(R") — L3, (P(R") as

O () 2 Pyes yrty mis OF (M) 2 P 1 25)

We will sometimes use the following notation
m?,m é @S’t(m), ms \m A @s t(m) (26)

First, we check that this map is well-defined. That is, the conditional law IP’XS,g‘ 75 is
independent of the choice of £ € E%_-S (R") provided that P = m. This is equivalent to a
(conditional) weak uniqueness for FBSDE, or equivalently, the Yamada—Watanabe theorem,
extended to mean-field FBSDE with conditional law. We state a slightly more general result
taking into account the conditional law as it will be applied in a subsequent section.

Proposition 1. Let0 <r <s < T. Suppose that &, &, € ﬁé (R™) such that P& Fr = Pé.zl}"—r €
2 s _ . s . _S s
L% (P2(R")), then IP)(XA f ysdy g = ]P’(X & ysy 2o and in particular IP’X;,EI = IP’X:@'}._{ for

allt € [s, T] where (X; ", Ay é]) Xy 42 Y 52) are as defined above.
Proof. Fix a path of the common Brownian motion @ € f), then follow the same argument as

in Theorem 5.1 in [3] which shows that pathwise uniqueness implies weak uniqueness for an
FBSDE. [O

Next, we give a Lipschitz bound on this map.
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Proposition 2. ForO0 <s <t <T,m,m’ € P,(R"), there exists a constant Ck r that depends
onlyon K, T such that

E[W3(6™ (m), 0 (m')] < Ck 1 W5(m, m")

' ‘ 27
E [W;5(65'(m), 5" (m")] < Cx.rW3(m, m")

Proof. Let &, &' be arbitrary elements of Lz}-s (R™) with law m, m’ € P,(R"). Let (X;, Y;, Z;,
Z)o<i<r and (X!, Y/, Z!, Z)o<;<r denote the solutions of FBSDE (24) with initial X; = £, X/ =
&’, then by the estimate (18), it follows that

E[W3(6%(m), 0*'(m")] < E[(X, — X))*] + E[(Y, — /)]
< Ck.rE[(¢ — &)
for a constant Ck 7 depends only on K, T. Since &, &’ are arbitrary, we conclude that
E[W;(6*(m), 0% (m")] < Cx s W5 (m, m')
The proof for QX is identical. [J
We are now ready to state and prove our main result for this subsection which gives Markov
property of the law of the solution to the conditional mean-field FBSDE (24)
Theorem 5. Foranym € P,(R")and0 <s <t <u<T
O""(Oy'(m)) = O™"(m)

. . (28)
63" (6x'(m) = 65" (m)

Proof. Letn € L% (R") with P, = m and (X;"", Y;"", Z"" , Z'M)s<s<r denote the solution to
FBSDE (24) correspondlng to the definition of ©** and 6)}”,

S,u — ~ S,u _ N
O™ (m) = Pxen yomy g Ox"(m) = Pyon 7

Since P»(R") is separable, for any § > 0, there exist a sequence of disjoint Borel measurable
subsets {A,},en of P>(R") such that diam(A,) < § and U,cnA, = Po(R"). Let m, be a
representative element of A, so that Wh(m,m,) < § for allm € A,. Let B, = {w €
£2; PX}VJ?‘]"_-EY(CU) € A, }. Consider

ELY g
neN
where £" € £-27:t has law m,, and is independent of F,, thus independent of B,,. That is,
Pén‘ﬁrs = Pgn =m;y,
Then it follows by construction that § € LZ}-t (R™) and
W2(P§|]—"f7 PX;'”lj:f) <34

Using this type of discretization and Lemma 1, we can redivide A, further and proceed
sequentially to construct a sequence {£"}yen of the form

%-N A Z ]an,N'i:n,N

neN
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such that {§V}yen is Cauchy in £, ™" is independent of F¥ and
1
WalBeniz- Fromz) <

Let & = limy_.o Y in L3, then we have
Pg‘j_—fv = Pxf’nl]}f = Q?(m) (29)

Now consider FBSDE (z, £, {F*},~,<r) and denote its solution by (X£¥, Y5, Zt%, Z1%). By (29)
and Proposition 1, it follows that

Pt vty z = Pogrnygmiz = €7m) (30
Let

N A E n,N. N & E n,N
Xr - ]an,NXr ’ Yr - ]an.NYr
neN neN

where (XN, ¥/"V),<,<, is a solution to FBSDE (t, €N (FY < <r). It is easy to check that
(X, Y )i<r<y is asolution to FBSDE (7, £V, {F}},<,<r) with initial £ Note that (X", Y,»")
is F!-measurable which is independent of F;, hence independent of B,. Thus, we have
Py vz = Z Lo, w B yovyzy = Z Lp, O Benn)
neN neN
Taking limit in szu as N — oo both sides, it follows from the fact that E[(§ — £V)?*] — 0 and
from estimate (18) that

— t’u ~
Pixte yreyz = 07 P z)

Combine with (29) and (30), we get (28) as desired. With similar proof, we also have
@;’”(8;’(m)) = 0y"(m) O

3.3.2. Defining a decoupling function ~
Now, we let & € L% (R”) and define (X3Em ySEm zsEm zeEmy 1 to be the F;-adapted
solution to the following FBSDE

dX75" = b, 075" ™My dt + o (6, 075" mi ™AW, + 6 (2, 075 mi ™ W,
dY)E" = £, 075" mSMdt + Z05" AW, + Z05" AW, (31)

Xy =g Yt = g(XFE my")

Remark 3.

1. The initial £ € Ez}-y (R™) does not necessarily have law m. Here, m € P,(R") and hence
(m3"™)g<i<7 are given exogenously.

2. The FBSDE (31) is a classical FBSDE with random coefficients and not a mean-field
FBSDE since the stochastic law (m;"™);<,<7 in the system is given exogenously.

3. The law m in m;"" refers to the law of X; which is an element in P> (R") while ©%/(m) or
m;"™ refers to the joint law of (X;, Y;), an element in P,(R?").

The assumptions (B4)—(B5) ensure the existence and uniqueness of the FBSDE above using
Theorem [ similar to our proof for Theorem 3 with different lifting functionals.
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Theorem 6. Assume that (B1)—(B5) hold. The FBSDE in (31) has a unique solution (X,, Y;, Z;,
Zt )X§Z§T~

Proof. We need to verify that the system in (31) with (B1)—(B5) satisfies the assumptions (A1)—
(A3) where

B(tv Xtv Yta Zl9 Zt) = b(ta Xt’ th Zt’ th?,m)
F@, X, Y, Z, Z;)Zf(l‘, X Y, Zt,Zr,m?’m) (32)
X, X, Y, Zy, Zt) =t X, Y, Z,, Zt» mfm)a o(t, X, Y, Zs, Zts mfm))

The result then follows from Theorem 1. Assumption (A1) follows from the fact that b, f, o, o
is measurable. For (A2), by using (B4) and (17), we have

T T
Ef |B(z,0,0,0,0)*dr = f |b(t,0,0,0,0,m"™)|2dt

<E// |x|2dms™ (x)dt

_E/ E(XE 12+ 521 Edr

T _ _
=/'Mwﬁﬁ+m“mm

S

<T(E sup |X;°>+E sup V5%

s<t<T s<t<T

< XX

where (X‘f’g, Y,S’é) solves the FBSDE in (24) with initial £ € Ei} (R") such that P; = m. Lastly,
from (B2), the condition (A3) holds pointwise and thus holds under conditional expectation. [J

Note that the initial £ in (31) is arbitrary and does not necessarily have law m. When & = x
is a constant, ¥>*" is deterministic since it is J, -measurable. This fact allows us to define the
following map

U:0,T] xR" x P,(R") -> R"
(33)
(s, x,m) — Y;*"

To summarize how we define U (s, x, m). We begin with the law m € P,(R"), then solve the
mean-field FBSDE in conditional law over [s, T'| with law m as initial to get the stochastic flow
of probability measure (m; " );<;<7. Then we solve (31) with (m;"™ );<,<r given exogenously and
initial X; = x which is a classical FBSDE with random coefficients.

We will show in Theorem 7 that this map is indeed our decoupling function. We begin with
estimates of the related FBSDE:s.

Proposition 3. Assume (BI)~(B5). For i = 12, let €0 e L% R, (m{”)<<r €
M([s, T1; P2R"), and (X, v, 2V 79, -1 denote the solution to FBSDE (31) given m"
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and initial €9, then the following estimate holds

T
E[ sup 14|AX,)* + sup 1A|AYt|2+/ 11A[|Azz|2+|AZ,|2]dr}
s<t<T s<t<T K

. (34)
< Cx.rE[14]A8)* + 1,4 / (Amy)dt + 1 4(Am})?]

s

where m';’(i) denotes the marginal distribution of m(Ti) in the first n dimension, AX; = X ;1) -X ,(2),
Am, = Wg(mgl), m§2>), and AY,, AZ,, AZ,, Ag, Am’; are defined similarly.
Proof. Let (BY, X F® G®) fori = 1,2, be the functionals defined as

BY, X, Y,, Zi, Z,) = b(t, X, Ys, Zi, Zy,m")

FO, X, Y, Zis Zy) = f(t, X0, Yo, Zyy Ziom")

SO, X, Yy, Zi, Z) = (0(t, Xo, Yo, Zoy ZoomD), 68, X1, Yo, Zo, Zi, m))

GO(X7) = (X7 my")

Then as shown in Theorem 6, (B®, X F® GW) satisfies (A1)—(A3). Thus, by estimate (8),
we have

T
E [ sup L4|AX,[* + sup L14|AY, > + f 14(1AZ, P + |Azt|2>dr}
s<t<T s<t<T K
== == : (35)
< Cx7E [m (|As|2 +1G)? +/ (E+ 1B + |53,|2>) dt]
where B, = (BD — BO)(r, XV, vV, z", Z") and similarly for other terms. Note that by
(B5)(a)
1B/l =B — B, x{", v, ZiV, Z{V)|
= 1o, i %0, 2, 20 i) — b, X1 v, 20, 20 mi?))| (36)
< Wam;", mi?)
and similarly for other terms. The estimate (34) then follows from (35) and (36). [
To complete the proof of the Markov property of FBSDE (22), we are left to show (23). We

first state necessary estimates for U.

Lemma 2. LetU : [0, T] x R" x P,(R") — R" be as defined above, then it satisfies

U@, x,m)— U@, x', m")| (37)
1
<Ckr <|X — X'+ Wh(m, m") + (1 + |x| + (/ yzdm()’)> 2) [t — f’|)
]Rn
(U(t, x,m)=U(t,x, m)) x—=xH)>0 (38)

forallt € [0,T], x,x" € R,m,m’" € P,(R"), where Cg r depends onlyon K, T.
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Proof. From Propositions 2 and 3 , we get

U@, x,m)—U(t,x",m")| < Cg.r (Ix = x'| + Wa(m, m")) (39)
Next, by definition of U(t, x, m), U(t', x, m), we need to conside~r FBSDE over different time
and filtration. We assume ¢/ > ¢ and let (X,*™, yixm zhxm Z;tjx’m)tgugr’ (X,’;”‘””, Y;/*X*m,
Z,’;”‘"”, Zfl/”‘""),/gug denote the solutions to FBSDE (31) corresponding to the definition
of U(t,x,m) and U(t', x, m) respectively. We can extend the latter to [¢, T'] by setting the

coefficients to O for s € [¢, t') which still satisfy the same assumptions. Thus, by Theorems 2, 5,
Proposition 2, we have

E[ sup (Y! 5" —yiomy?]

t'<u<T

S CKqT(/. E [(Xz,x,m)z + (Y’j,x,m)z + (Z;.x,171)2 + (Z;,x,m)2:| du
T !
+ / W3(O"“(m), O' ’”(m))du) (40)
T
< Cr ((1 +ah)' =)+ / E (W3O (6 (). 6" (m)) | du)

T
< Ckr ((1 + )@ — 1)+ f E [W%(@i;”(m» m)] du)

t
where Cx.r > Q is a constant which may differ from line to line. Now, consider the mean-field
FBSDE (¢, &, {F]};<u<r) With P = m and the same FBSDE but with functional

<s<t

’
, 8>t

0
(5. X.Y.Z.Z) =
(s ) {¢(s, X.Y.Z.Z'.P

xniF)
for @ = B, Y, F and ¢ = b, o, f respectively. Denote their solutions by

t,m t,m t,m  Ft.m t'\m t'\m t'm Ft'.m
X, Y, 2", 2, yr<u<r, X" Y, Z,", 2, )i<u<r,

respectively. Thus, by Theorem 2, assumption (B4), and Proposition 2, we have

t
E[(X;,’m _ X;,m)Z] < CK,T (/ E I:(Xlll,m)Z 4 (Ylj,m)2 4 (Z;A,m)Z + (thd,m)ZiI dbt)
t

(41)
<Cxr (1+EEP)E —1)
Therefore,
B[RO} (), m)] < EIX)" - §)7)
< E[(X5" — X'
42)

< Crr (L+EEPE —1)

=Cx.r (1 + / |y|2dm<y)> t—1)
]Rn
Combining (39), (40), and (42) yields (37) as desired.
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Lastly, let (X,, Y;, Z,, Z,)b<,<T and (X}, Y/, Z], Z;)sstg denote the solutions to the FBSDE
corresponding to the definition of U (s, x, m) and U(s, x’, m) respectively. Note that both FBSDE
have the same coefficient functions and only the initials are different. Let AX, = X, — X; and
define similarly AY,, AZ,, AZ,, Ab,, Afy, Aoy, AG,, Ag. Applying It6’s lemma to (AX,, AY;)
and using (B5)(b) yields

E (AYS’ AX.S) = E (Agﬂ AXT)

T
—]E/ ((Aft,AX[> + (Ab,, AY,) + (Acy, AZ)) +<A5,AZ,>) dt >0

By definition of U and the fact that it is deterministic, we deduce that
Ws,x,m)=U(s,x',m)x—xH)>0 O

Now we are ready to state and prove the existence of a deterministic decoupling function
thereby establishing the Markov result. Using Theorem 5, we can show (23) using a similar
argument as was done for a classical FBSDE (see Corollary 1.5 in [18] for instance).

Theorem 7. Let s € [0,T],m € P,(R"),& € L% . (R"), consider (m}™)g<i<r and
(X3Em yEm gyEm 785my 1 as defined above, then ztfollows that

Yv &m — UG, X& Em }r’;), Vt els, T]a.s. (43)
Remark 4. (23) in Theorem 4 follows from (43) by setting s = 0 and Pz = m.

Proof. We will use a similar argument as in the proof of Theorem 5 which is based on a
discretization argument and global Lipschitz property. Note that R" x P,(R") is separable,
hence there exists a countable disjoint set {A,},cn such that USL A, = R" x P,(R") and
diam(A,) < §. Let (x,,, m,,) € R" x P,(R") be a fixed element of A,,, then let

B, = {w e 2;(X7*" my}) € A,) (44)
Then by Lemma 2, we have

DU X" my) = U, X, my)P1p, < €182 (45)

neN

On the other hands, using Theorem 5, it follows that (X" o ys&am - gsEm 78, ")i<r<r satisfies
the FBSDE
dX, =b(r, X,, Yy, Z,, Z,, O™ (m>™)dr + o (r, X, Yy, Zr, Z,, O (m3™)d W,
+6(r, X, Y, Zy, Zy, O (mS™))d W,
dy, = f(r, X,, Yy, Z,, Z,, O (m3™))dt + Z,dW, + Z,dW,
X, =X)5" Yr = g(Xr, 05" (mi™)
Thus, we get by Propositions 2, 3, and (44) that

SE[arEm -y, | < 6o (46)
neN
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Combining (45) and (46), it follows that
) 2
[(U(r XPEM myy — Y;f"") } < C38°

Since § is arbltrary, (43) holds a.s. for each ¢ € [0, T']. Then by continuity in # of U and the fact
that (X5, v 5 "™)i<s<r have continuous trajectories, we have (43) as desired. [J

4. Mean-field games with common noise

A mean-field game (MFG) is a system of differential equations to describe the evolution of
the distribution of the players when each player maximizes its own utility and there are infinitely
many players in the game. The original framework are provided by Lasry and Lion [10,30] and
its wellposedness are proved by the PDE approach. Because of the nature of the problem, the
probabilistic approach (for example, see [12]) quickly becomes a popular approach in the MFG
community after Lasry and Lion’s original work. In the probabilistic approach, a mean-field
game is modeled as a system of FBSDEs where the forward SDE describes the evolution of the
system and the backward SDE determines the individuals’ optimal control. Because the system
evolution and the optimal control affect each other, the forward and backward SDEs are fully
coupled in general.

The original MFG framework and largely the following literature assume that all the
individuals’ uncertainties/noises are independent; in other words, there is no common noise
allowed in the system. The independence assumption is required mainly due to the mathematical
tractability; with a common noise, the PDE approach would lead to a system of forward—
backward stochastic PDEs and many crucial techniques cannot be applied in the presence of a
common noise. For the MFG with common noise, the probabilistic approach becomes a feasible
method because with a common noise, the forward and backward SDEs would be coupled
through the law of the solution conditional on the filtration of the common noise, and to provide
the wellposedness result is still possible even in this case. While there is a relatively small amount
of the literature, the MFG with common noise has gained interest due to its applications in
economics and financial modeling. We refer readers to [1,15,28] for the theoretical analysis of
MFGs with common noise and [16] for the example of an application.

In this section, we consider a mean-field game (MFG) model in the presence of common
noise. By applying results from Section 3, we establish existence and uniqueness of this class
of models under linear-convex setting and weak monotone cost functions. In addition, we show
that the solution to MFG with common noise is Markovian as a consequence of the existence of
a decoupling function discussed in Section 3.3.

4.1. Problem formulation

Mean-field games (MFG) with common noise can be described in succinct form as follows;

o € arg Hzﬂ;g?;mk [/ f@, Xy, mz,az)dt+g(X“,mr)}
oxe

dX® = b(t, X%, m;, a)dt + o(t, X4, m;, a)dW, +&(t, X%, m;, a,)d W,
m, =P Fi=0(W;0<s<t)

(47)

Xa;k \E
where the set up and notations are as defined in Section 3 with the following measurable functions
being given;

b:[0,T] x R" x P,(R") x R > R", o :[0,T] x R" x P,(R") x RF — R"™*%
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6 :[0, T] x R" x Pr(R") x RF — R"™® £ :10,T] x R" x P,(R") x R — R",
g R" x Pr,(R") — R”.

To simplify the notations, we assume that d; = d, = 1 although the result in this section still
holds for any d, d, > 0. For convenience, we will refer to MFG with common noise (¢ # 0) as
¢-MFG and MFG without common noise (6 = 0) as nc-MFG to emphasize the existence/non-
existence of the common noise. MFG is formulated as a heuristic limit of an N-player stochastic
differential game: fori =1,..., N

T
o' € arg max ]E|:/ f(t,Xf‘”,mfv,oz,)dt+g(XoT‘”,m1}’ i| ,
aeH2([0,T];RF) 0

AX? = b, X md  ai)dt + o (6, X mY, a)dW! + 5, XE T mY o)W,

1 N
N _ .
= L

i=I
(43)

where §, denotes the Dirac measure at a € R”. We emphasize the main features of this N-player
game which are essential to the formulation of MFG. First, the cost functions are identical for
all other players as a function of his/her state, control, and other players’ states. Second, the
dependence on other players’ states is only through the empirical distribution of all states, or
equivalently, the interaction between players is only of a mean-field type. Lastly, the random
noise in the players’ state process consists of an independent component W, (individual noise)
and a common random factor W, shared among all the players (common noise), all of which are
mutually independent.

Under these symmetric properties, the optimization problem is identical in the perspective of
each player. Thus, when N is large, we can replace the empirical distribution with the law of a
single player and only consider a control problem of this representative player. This single player
optimization problem involving the law is precisely the MFG problem (47). It is important to note
that this formulation of MFG via taking the limit as N — oo is heuristic and the convergence
or the relation between a solution to MFG and the finite player counterpart require non-trivial
justifications. However, the topic is beyond the scope of this paper. We refer interested readers
to [4,19,20,27].

The MFG problem (47) can also be viewed as a fixed point problem; Given a strategy
a € H*([0, T]; RY), we set i, = PX?Ift’ then solve an individual control problem given m;

T
o € arg max E |:/ f@ X7, my;, a)dt + g(X7, r?zr):|
aeH2([0,T];RK) 0

dX} =b(t, X}, m;, a)dt +o(t, X7, m, a)dW, +6(t, X7, iy, a)dW,

(49)

This step yields a new optimal control o*. It is clear from (47) that the fixed point of this process
gives the solution to MFG.

4.2. Assumptions

We now state the main assumptions on the model and cost functions. The first set of
assumptions is essential for ensuring that given any stochastic flow of probability measure
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m = (m)o<<r € M([0, T],R"), the stochastic control for an individual player given m is
uniquely solvable. For notational convenience, we will use the same constant K for all the
conditions below.

(C1) The state process is linear in (x,«); for ¢ = b,0,0, ¢(t,x,m,a) = ¢o(t,m) +
(p1(¢, m), x) + (¢a2(t, m), a), where ¢; = b;, 0;, 6; resp., fori = 0, 1,2, are functions
defined on [0, T'] x P,(R") with ¢y, ¢, bounded and ¢, satisfies

1
iGot, m)| < K (1 + (A; |y|2dm<y))2) .

(C2) V. f,Vyf, V,g exist and are K -Lipschitz continuous in (x, ) uniformly in (¢, m).
(C3) f, g satisfy a quadratic growth condition in m and V, f, V,, f, V. g satisfy a linear growth
condition in (x, o, m). Thatis, forany r € [0, T],x e R", o € RF, m € P,(R"),

max{| f(z,0,m, 0)[, [g(0, m)[} < K (1 + fRn Iylzdm(y)> ; (50)

maX{|VOtf(t7x’m7a)|’ |fo(ta 'x’ m’ a)l’ |ng(x’ m)'}

2 (€29)
<K (1 + |x] + || + <f Iylzdm(y)) ) .
]Rn

(C4) g is convex in x and f is convex jointly in (x, o) with strict convexity in «. That is, for
any x, x’ € R", m € P,(R"),

(Vig(x,m) — Vig(x',m),x —x') > 0 (52)

and there exists a constant ¢y > 0 such that for any r € [0,T],x,x" € R", o, €
f@ x' m )= f@t,x.m )+ (Ve f(t,x,m, ), x" —x)

(33)
+ (Vaf(t7 X, n, a)v C\f/ - a) + Cf|a/ - Ot|2.

The Lipschitz and linear growth conditions (C2), (C3) are standard assumptions to ensure
the existence of a strong solution. The linear-convex assumptions (C1), (C4) are essential to our
setup in various ways. First, they ensure that the Hamiltonian is strictly convex, so that there
is a unique minimizer in a feedback form. In addition, they satisfy sufficient conditions for the
SMP so that solving an optimal control problem can be translated to solving the corresponding
FBSDE. See section 6.4.2 in [34] for instance. Lastly, they give a monotone property for the
FBSDE corresponding to an individual player control problem (49) so that it is uniquely solvable.
See [24,33] for well-posedness result of FBSDEs related to convex control problems.

The second set of assumptions are conditions on the m-argument in the cost functions. These
assumptions are essential in showing the wellposedness of MFG with common noise.

(C5) The functions b, o, 6 are independent of m.
(C6) (Lipschitzinm) V, g, V, f is Lipschitz continuous in m uniformly in (¢, x), i.e. there exists
a constant K such that
IV.g(x,m) = Vioglx,m')| < KWh(m, m')

54
IVof@t, x,m,a) =V, f(t,x,m', &) < KWy(m,m')
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forallz € [0, T], x € R", o € R, m, m’ € Po(R"), where W5(m, m’) is the second order
Wasserstein metric defined by (12).
(C7) (Separable in o, m) f is of the form

ft, x,m, )= O, x, ) + f(t, x, m) (55)

where f 0 is assumed to be convex in (x, ) strictly in «, f 1 is assumed to be convex in x.
(C8) (Weak monotonicity) For all t € [0, T], m, m’ € P,(R") and y € P,(R>") with marginals
m, m’ respectively,

f . [(Vig(x,m) — Vig(y,m"), x — y)] y(dx,dy) = 0
N (56)

fRz [(Vef 2. m, @) = Vof@, y.m' @), x —y)] y(dx. dy) > 0

Equivalently, for any x € R", £,& € L’Z(D, F , lﬁ’; R™) where (Q , F , ]I_”) is an arbitrary
probability space,

E[(V.g(§, Pe) — Vig(€' . Pe), § — &)1 20
I_E’[<fo(t7 g’ PE’ Ol) - fo(t’ S/’ ]P)E/7 Ol), S - Sl>] 2 0

Assumption (C1)—(C4) are similar to those used in [12] to apply the SMP to MFG without
common noise. To establish existence result, in addition to (C1)—(C4), they assume (C6) and
what they refer to as a weak mean reverting assumption. The latter states that there exists a
constant C > 0 such that for all € [0, T], x € R"

<xa fo(ta 07 8)(7 0)> 2 _C(l + |x|)
(x, Vxg(0,6,)) = —C(1 +|x])

where §, denotes the Dirac measure at x. By plugging in deterministic £ = x, & = 0 in (57),
we can see that the weak monotonicity assumption (C8) is a stronger version of (58). The weak
monotone condition was first introduced in [2] for the terminal cost to obtain wellposedness
result for MFG with common noise under linear state process and quadratic running cost. Our
result here extends it to cover a more general running cost function.

Note that the separability condition (C7) is not necessary for existence of a solution of MFG
without common noise, but is only needed for the uniqueness result. See Proposition 3.7 and 3.8
in [12] for instance. In our case, we rely on the monotone property of the mean-field FBSDE and
this condition is necessary to obtain this property.

For the uniqueness result, the main assumptions in the literature [10,12,21] are the separability
in the control and mean-field term (assumption (C7)) and the Lasry and Lions’ monotonicity
property which states that

(57)

(58)

/(h(x, my) — h(x, my))d(m; —my)(x) >0

for any m, my € P,(R"). This condition can be expressed in terms of random variables as
follows; For any &, &' € L3(02, F,P; R") where ({2, F, P) is an arbitrary probability space.

E[h(E, Pe) + h(g, Pe) — h(E, Per) — h(g', )] = 0 (59)
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Our weak monotonicity assumption (C8) is, as the name suggests, a weaker version of (59) when
the cost functions are convex. See Lemma 4.2 in [2]. The converse of the proposition above does
not hold as seen from the examples below (when n = 1).

2

2
f(t,x,m,a):Aa2+B(x—/zdm(z)> , glx,m)= C(x—/zdm(z)> , (60)

or
ft,x,m, ) = Aa> + B /(x —2%dm(z), gx,m)=C /(x — 2)%dm(2),

where A, B, C > 0. As a result, we have given a more general uniqueness for MFG without
common noise. These cost functions occur frequently in applications (see [16,23] for instance).
A similar example of cost functions satisfying our assumptions includes the general linear-
quadratic mean-field games (LQMFG) discussed in [7] where f, g take the form

ft,x,m a)= 1 (gx* +a® + G(x — sm)?)
2
(61)
1 2 -0
g(x.m) = 3 (qrx” + (x — spm)*gr)

where m = fR zdm(z) and q, q, s, qr, qr, ST are constant satisfying g + ¢ —gs > 0, g7 + qr —
éTsT > 0.

4.3. Existence and uniqueness

We begin by discussing the SMP for MFG with common noise. Given a stochastic flow
of probability measure m = (m)o<<r € M0, T]; Po(R")), we define the generalized
Hamiltonian

H(t,a,x,y,2,2,m) £ (b(t,x,m,a),y) + (o(t, x,m, a),z)
(62)
+(o(t,x,m,a),z) + f(t,x,m,a).

Under assumption (C1)—(C4), the generalized Hamiltonian is strictly convex in the control
argument and has a unique minimizer

@ [0, TI xR" x R" x R" x R" x Pr,(R") > R¥
We then define the Hamiltonian

H(t,x,y,z,%,m)=min H(t,a, x,y,z,%,m)
acRk

=H(¢, alt,x,y,2,Z,m),x,y,2,2,m)
and define (15, o, <:7)(t, X, ¥, 2,2, m) similarly. It is easy to check that

V. H(t,a(t,x,y,2,Z,m), x,y,2,z,m) = Vo H(t,x,y,2,%,m)
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Next, consider the system of forward backward stochastic differential equation (FBSDE)
dX; = b(t, X;, Ve, Zy, Ze,m)dt + 6, X, Yo, Zi, Zi, m)d W,
+ sz(f, X, Y:, Zs, Zr: mz)dWr
_ N _ (63)
dY; = -V H(@t, X, Yy, Z;, Z;, mp)dt + Z,dW, + Z,d W,
Xo =%, Yr=V.g(Xr,mr)
We now state the SMP for an individual control problem given
m € M([0, T]; P,(R"))
in terms of FBSDE (63).

Theorem 8. Assume that (C1)—(C4) hold, let

m = (m;)o<;<1 € M([0, T1; Po(R")),
then the individual control problem given m has an optimal control

& € H*([0, T]; RY)
if and only if FBSDE (63) has an adapted solution (X;, Y;, Z;, Zt)OstsT satisfying

T ~
E [ sup [1X,1> + 1Y, "1 + / NZ ) + |Z,|2]dt} < oo0.
0<t<T 0

In that case, the optimal control is given by

a =alt, X, Yy, Zi, Zi,my), ¥t el0,T]

Proof. Given m = (m;)o<,<r € M([0, T]; P»(R")), then an individual control problem given
m is simply a classical control problem with random coefficients and cost functions. The result
then follows from the SMP for linear-convex control with random coefficients (see Theorem 3.2
in[9]). O

The definition of a MFG solution states that given the stochastic flow of probability measure
m® € M([0, T1; P(R")) corresponding to a control & € H2([0, T]; R¥), the optimal control of
an individual control problem given m“ is again «. This definition is equivalent to the following
consistency condition

mi = Px;’ﬂ]:',
Plugging this to (63), we have the SMP for c-MFG.
Theorem 9 (SMP for c-MFG). Assume that (Cl)—(C4) hold, then & € H*([0, T]; RY) is a
solution to MFG if and only if the FBSDE

dX, =b(t, X, Y, Zy, Zi, Py 2)dt + 61, X, Vi, Zy, Zi, Py 2)d W,
+ é(ta Xta YI) Ztv ZtaP []:'t)th
) o o (64)
dY, = =V H(t, X;, Y, Zi, Z,, Py, 7)dt + Z,dW, + Z,dW,

Xo=28&, Yr=VgXr, Py 7)
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has an adapted solution (X,, Y;, Z;, Zt)OsrsT satisfying

T
E [ sup [1X,* + |¥:*] +/ 0Z* + |zf|2]dz} < 0.
0

0<t<T

In that case, a MFG solution is given by
&l Z&(tﬂxtvYl»ZhZhPX”]}t)’ Vt € [Oa T]

Eq. (64) was first introduced in [12] from the nc-MFG problem in which case the conditional
law Py 7 is simply the law Py,. In [12], Carmona and Delarue, by using Schauder fixed
point theorem, show that the mean-field FBSDE corresponding to a nc-MFG is solvable under
assumptions similar to (C1)—(C4), (C6), plus what they call a weak mean reverting assumptions
(see (58)). However, the same proof cannot be extended to the case of common noise since we
can no longer find an invariant compact subset. This is due to the fact that, in the case of common
noise, we are dealing with a much larger space of stochastic flow of probability measure instead
of a deterministic one.

Since then, several work has been done that deal with the common noise models [2,15,29].
In [15], Carmona et al. considered the notion of weak solution and, by finite-dimensional
approximation of the common noise, proved its existence under a rather general set of
assumptions. In [29], Lacker and Webster give existence result under a class of translation
invariant MFG models. In [2], Ahuja introduces a weak monotone assumption and proves well-
posedness result for c-MFG using the Banach fixed point theorem over small time interval and
extends the result to arbitrary time duration. Our work here essentially gives an extension of [2]
to a more general system by viewing it as part of a general class of monotone functional FBSDE.

We now discuss existence and uniqueness of solutions to (64) and thereby give a well-
posedness result of c-MFG. Using Theorem 9, these results are mostly an application of the
results from Section 3.

Theorem 10. Assume (C1)—(C8) hold, then there exists a unique solution (X;, Y, Z;, Zz)sgtsT
to FBSDE (64) satisfying

2 ~2
E[ sup [|X|?+|Y|?]+/ [|Z|§+|Z|,]dr} <00 (65)

s<t<T

Proof. We need to verify that under (C1)-(C8), the corresponding functions (b, 5, é, —V,.H,
V.g) of FBSDE (64) satisfy (B1)—(B2). The result then follows from Theorem 3.
First, using (C1), (C5), (C7) and optimal condition for &, it follows that

0=V, H(t, at,x,y,z,2,m),x,y,2,2,m)
= V,b(t,x,m,a(t,x,y,2,Z,m)y 4+ Veo(t,x,m,a(t,x,y,z,7,m) z
+ VoG (1, x,m,a(t,x,y,2,2,m) 2+ Vo f(t, x, m,a(t, x, y,2,Z,m))
=by()'y + () 2+ 52() 7 + Vo fOUt, x, alt, x, y, 2, 2, m))
This implies that & is independent of m. From now, we write @ = a(t, x, y, z, 7). We also have
V. H(t, x,y,2,2,m) =V, H(t,alt,x,y,2,2), X, ¥, 2, 2, n)
=)'y + o 2+ 502+ Vi f (1, x,m) (67)

+fo0(ta-xac_{(taxa ya Z’ Z))
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Furthermore, by using strict convexity assumption (C4), we have
ot x )y = £t x, ) + (Vi fOt, x, @), X' — x)

+ (Ve £ x, @), 0 —a) +cfla’ —af?

(68)
ot x )= O, x o) + (Ve fOt X ), x — X)
+ (Vo £t X' 0,0 — o)+ cple’ —al
Summing both equations yields
2l —af* < (Vo fOt, x' o) — Vi fOt, x, ), X' — x)
(69)
+ (Vo £, X o) = Vo fO1, x, @), o — @)
Now we verify (B1). From (66), we have
Vo f2(t,0,a(t,0,0,0,0)) =0
Combining with (69) using x = x" = «’ = 0, it follows that
T 1 T
/ |a(r,0,0,0,0)*dr < — / Ve f2(1,0,0)%d1 < 00 (70)
0 crJo

By assumption (C1), we then have

T T
/ |b(t,0,0,0,0, 8)*dt = f b(t, 0,80, a(t,0,0,0,0))°dt
0 0

T
=/ lbo(1) + ba(1)a(, 0, 0,0, 0)*dt < oo
0

and similarly for o, 6. The same bound holds for VXI-_I , V.g by (67), (70), and the linear growth
assumption (C3). Thus, (B1) holds as desired.

Next, by using (66) with (x, y, z, ), (x', y, 2, Z) € R”, taking the difference, and using (69), it
follows that & is Lipschitz in x. Furthermore, by using (66) again with (x, v, z, 7), (x, ', 7/, 7)) €
R? and taking the difference, we get

0=by()' Ay +05(1)T Az + 6,(1)T AZ + Vo fOt, x, a(t, x, y, 2, 2))
— Vo O, x,at,x,y,7.,7))

Using (69) with x” = x and Lipschitz assumption on V,, f°, we have

1 ~ ~ - ~ - / !/~
Elbz(t)TAy + o) Az +Go(t) AZ| < la(t, x, y,z,37) —a(t,x,y, 7, 7))l an

< Klba()" Ay + 02(n)" Az + 65(1)" AZ
That is,
|6l(t7 X, yy Z, Z) - &(t5 x/’ y/7 Z/’ E’)|
(72)
< K (|1Ax| + [b2()" Ay 4+ 02(1)" Az + 62(1)" Az]) .

Combining with (C1), (C5), and Lipschitz in (x, m) of f! ((C2), (C6)), (B2)(a) then follows.
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LAastlAy, we check the monotonicity condition (B2)(b). For (X, 7Y, Z, 7)., (X,Y,Z,7Z") €
L2102, F,P; RP), we have

—(AV H,, AX) = — (bi()" AY, AX) — (01(1)" AZ, AX) — (5:(1)" AZ, AX)
—(AV, P, AX) — (AV, £, AX)
(Ab,, AY) = (bi(1)AX, AY) + (ba(1) A, AY) (73)
tr (AG,, AZ) = (01(1) AX, AZ) + (02(1) A@, AZ)
tr(A6,, AZ) = (61(1)AX, AZ) + (52(1) Aa, AZ)

where AV, H, =V, H(t, X', Y', 2/, Z)—V,H(t,X,Y, Z,Z), AX = X' — X and similarly for
other terms. From (66) and (69), we have

—(AV. 12, AX)+ (20 AY + 0200 AZ + 5(0) AZ, Ad) + 2,146 <0 (74)
Moreover, by the weak monotonicity assumption (C8), we have

E[(AV,.f!, AX)] =0, E[(AV.g, AX)]1>0 (75)
Combining (71), (73), (74), and (75) yields (B2)(b) as desired. [

From Theorems 9, 10, we have the wellposedness result for c-MFG with common noise.

Corollary 2 (Wellposedness of c-MFG). Under assumption (C1)-(CS8), there exists a unique
c-MFG solution for any initial &) € /.szo.

4.4. Markov property

In the previous section, we seek an admissible control or strategy in the space H2([0, T]; R¥)
which solves mean-field games with common noise (47). We show that a solution exists under
linear-convex setting and weak monotone cost functions using the stochastic maximum principle.
By using this approach, the control is given in an open-loop form, that is, as a function of paths
(W, Wt)OftsT, which is often not desirable for practitioners as, in most cases, they are not easily
observable compared to the state process (X;)o</<7-

In a classical control problem, one can get the closed-loop or feed-back control, that is, as a
function of state variables, by using the dynamic programming principle (DPP) approach instead.
This method requires solving the Hamilton—Jacobi-Bellman (HJB) equation to obtain the value
function and the corresponding optimal control as a function of time and state variables. We
can obtain similar result for MFG in the absence of common noise. In that case, the flow of the
controlled process under a MFG solution is deterministic. As a result, the solution is simply an
optimal control of a classical Markovian control problem and, thus, can be written in a feed-back
form.

However, this property is not trivial in the case of common noise where the flow is now
stochastic. In this last section, we would like to show, as an application of the result from
Section 3.3, that the control is indeed in closed-loop or feed-back form if we include the
conditional law of the state variables. That is, it can be written as a deterministic function of
state variables and its conditional law thereby establishing the Markov property of MFG with
common noise. Our main result is the following
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Theorem 11. Assume that (C1)—(C8) hold and 0,(t) = 6>(t) = 0, then the solution (& )o<i<r t0
MFG with common noise (47) is of the form

& = u(t, X, Py 3) (76)

where u : [0, T] x R" x P»(R") is a K-Lipschitz deterministic function.

Proof. From Theorems 9, 10, we have shown that the solution to MFG with common noise (47)
is given by

& =a(t, X, Y. Z. Zi. Py 7)) (77)

where (X;,Y,, Z,, ZI)OSIST is a solution to mean-field FBSDE (64) and « is a deterministic
function. Note that even though & is deterministic, it does not imply the Markov property or
feedback control form as the processes (Y;, Z;, Zz)Osst are not necessarily a deterministic
function of X,.

From the assumption 0,(f) = d,(t) = 0 and (66), we have that & is independent of z, Z.
We would like to apply Theorem 4, so we need to verify that assumption (B1)—(B5) hold for
(b,5,6,—V.H,V, g). We have already shown that (B1)—(B2) hold in the proof of Theorem 10.
(B3) immediately holds from (64), and (B4) also holds directly from (C1) and (C3). For (BY),
the proof is nearly identical to that of (B2) in Theorem 10, but here we do not need the weak
monotonicity condition for (75) and use (C4) instead.

Thus, by Theorem 4, there exists a deterministic K-Lipschitz function U : [0, T] x R" x
P,(R™) such that

Y, =U@ X, Py, 2) (78)
Let u(t, x,m) = a(t, x, U(t, x, m), m), then the result follows from (77), (78). That is,

& =a(t, X, Yy, Zo. Zu. Py ) = a(t, X, U(t, X, Py 7). Py 7)
The Lipschitz property of u follows from (72) and Lemma 2. [

For a classical stochastic control problem, the feed-back form optimal control is related to
the gradient of the value function of the HIB equation. Similarly for the MFG, the function
U here is related to the gradient of the solution of the so-called master equation, an infinite-
dimensional second order PDE involving the space of probability measures. For interested
readers, we refer to [1,6,13,17] for details on the dynamic programming principle approach for
MFG and discussions on the master equation.
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Appendix A. Proof of Theorem 1

Suppose (AX,, AY;, AZ;)o<;<r denotes the difference of two solutions. By taking It6 lemma
on (AX,, AY;) and using (A3)(c), we have

r

2
DAY + P(AZ)| dr <0
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Then by (A3)(b), we have the uniqueness as desired. For existence, consider the FBSDE

dx, = [aB, X, i, Z)+ (1 = o) (=& (0 +¢(20) ) + | de

ez X v 20+ -0 (<87 (V0 +P20)) e Jaw,

dY, =[aF(t, X, Y, Z) + (1 — o) (—=X;) + y,]dt + Z,d W,

Xo=§&, Yr=aGXr)+n
where E§1>, Eﬁz) are the adjoint operators of the bounded operator cEl), cfz), (&, Yy Vido<i<t
€ 7—[%([0, T];R"),and n € EéT (R™). We will show that FBSDE (A.1) with « = 1 has a unique
solution for any (¢, V¥, v, n) by showing that

(i) FBSDE (A.1) with @ = 0 has a unique solution for any (¢, V¥, y, n).
(i1) There exists 6o > 0 such that for any oy € [0, 1), if FBSDE (A.1) with « = «( has a
unique solution for any (¢, V¥, y, 1), then so does FBSDE (A.1) with @ € [a, g + 0).

For (ii), we define a map @ : H2([0, TI; R") > (x/, yis 2)o<i<t — X1, Yy, Z)o<i<r €
H2([0, T1; R") where (X,, Y,, Z)o<i<T 18 a solution to

dX; = [a0B(, X, ¥ Z) + (1 = o) (=& () + P20 ) + [ e
8B x vz + & (00 + @) [ di
+ [0S0 X Y Z0 % (= ag) (=7 () +¢2(2)) ) + i aw,

+ 8 [ Zt vz + 8 (00 + P @) | aw,
dY, =laoF(t, X;, Y, Z) + (L — ao)(=X,) + vi + 8 (F (2, x;, yr, 20) + x)1dt + Z,dW,
Xo=§, Yr=aG(Xr)+5G(xr)+n
(A2)

The map is well-defined by assumption in (ii) for « = «p. Then it can be shown that for
sufficiently small §, > 0 depending only on the Lipschitz constant K and time duration T,
& is a contraction for all § < Jy; the proof is identical to that of Theorem 3.1 in [33], so we omit
it here.

For (i), we need to apply method of continuation again by considering the FBSDE

dX;=[o(=&" ("0 + P(2)) ) + | e
+ [a (_552) (051)(Yr) + 052)(20)) + wt] dw;

dY, = [-X, + y]dt + Z,dW,

(A3)

XU = E’ YT =n.
We aim to show that

(iii) FBSDE (A.3) with @ = 0 has a unique solution for any (¢, V¥, y, n).
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(iv) There exists an §; > 0 such that for any «; € [0, 1), if FBSDE (A.3) with ¢ = & has a
unique solution for any (¢, V¥, y, n), then so does FBSDE (A.1) with @ € [e, o1 + 61).

(iii) follows from Lemma 2.5 in [33] (with G = I, 81 = 1, B, = 0). For (iv), we proceed
similarly by defining a map @ : H2([0, TI; R") > (x;, yi, 2)o<i<r — (X1, Yo, Z)o<i<T €
H2([0, T]; R") where (X, Y;, Z;)o</<r is a solution to

ax, = [on (=&" (") +¢22)) ) + ¢, +5 (=& (00 +e2z) ) ] ar

+ [or (=8 ("0 + P20 ) + 9+ (=2 (00 +e2 @) ) | aws
dY, = [-X; + yldt + Z,dW,
Xo=§& Yr=n
(A.4)
The map is well-defined by assumption in (iv) for ¢ = «;. Similarly, it can be shown that for
sufficiently small §; > 0 depending only on the Lipschitz constant K and time duration 7', @ is a
contraction for all § < §;; the proof is identical to that of Lemma 2.4 in [33], so we omit it here.

Appendix B. Proof of Theorem 2

We will use the following notations in this proof; for ® = B, J), F

AD; = &(1,0) — D(1,0"), D= (P— D), 0)

AG = G(X7) — G(X}),  G=(G—G)X})
By Ito’s lemma on (AX,, AY;),

E[]lA <AXS7 AY?)]

=E[14(AX7, AG + G)]

T
—E[1, f ((AF, + Fi, AX,) + (AB, + B,, AY,) + (A%, + £, AZ,)) d1]
T | -
> ]E]IA/ BleV(AY) + ¢P(AZ)Pdt +E1 4 (AX7, G)

T
—E[1, f (F. AX,) + (AY,, B,) +(AZ,, £)dt]

Here we used assumption (A3)(c) and the fact that A € G; which helps eliminate the stochastic
integral after taking the expectation. Thus, we have

T
E1l, / DAY + 2(AZ,)dr
< E[1, (£, AY,)] + E1, (AX7. G) B.1)

T
L E[L, / (F.. AX,) + (A, B) +(Az,. S han]
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Next, by applying Ito lemma on |AY;|?> and using standard argument involving K -Lipschitz

property of F', G, Young’s inequality, Burkholder—Davis—Gundy (BDG) inequality (see Theorem
3.28 in [25]), and Gronwall inequality, we have

T
EL4( sup |AYM|2+/ |AZ,|>du)

t<u<T t
- T _
< Cx.rELy (|AXT|2 +IGI* + / (Ful* + |Axu|2>du) (B.2)
t
for some constant Cx r > 0 depending only on K, T'. Thus, we also have

T
ELA(|AY,)? +/ |AZ,1>du)

t
T
< Cx.rE1, (|AXT|2+|G|2+ / <|FL,|2+|AXM|2)du) (B.3)
t

We now need an estimate on | AX,|?. By Ito’s lemma, Young’s inequality, assumption (A3)(b),

and Gronwall inequality, we have
t
BLIAX,P < CrrBL (28R + [11B.P+ 5
S

+ 1c(AY,) + ¢P(AZ)1P1du) (B.4)

Plugging this into (B.2), we have

T
E14( sup |AY,|2+/ |AZ,|2dt)

s<t<T s

< KEL1,(IG* + A& %)
T
+ KE1, / [|E|2 +1B + 152 + 1 (AY) + c§2’<Az,>|2] dt (B.5)
By BDG inequality, it follows that

t
El, sup / 2((AZ, + Z)T AX,, dW,)

s<t<T

t
< CEI4[ sup f (AL, + BT AX, Pdu]

s<t<T Js

T
<eEl, sup |AX,|2+CE]1A(/ AL, + X,%dr)

s<t<T

T
< eEl, sup |AX, > 4+ CEL4( / NE 12+ 14X, 2+ 1e(AY) + ¢P(AZ)P1dr)

s<t<T

(B.6)
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Next, by applying Ito’s lemma on | AX,|?, using (B.4) and (B.6), we have

El, sup |AX,|?

s<t<T
- S 1 2
< CxrEL4 {|As|2+ / B + 152 +1e(AY,) + ¢ )<Az,)|2]dt} (B.7)
s
The result then follows by grouping estimates (B.5) and (B.7) and using (B.1) and Young’s
inequality.
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