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Abstract

In this paper we show that the weak representation property of a semimartingale X with respect to
a filtration F is preserved in the progressive enlargement G by a random time t avoiding F-stopping
times and such that F is immersed in G. As an application of this, we can solve an exponential utility
maximization problem in the enlarged filtration G following the dynamical approach, based on suitable
BSDEs, both over the fixed-time horizon [0, T'], T > 0, and over the random-time horizon [0, T A t].
© 2019 Elsevier B.V. Allrights reserved.
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1. Introduction

In this paper we consider an R?-valued semimartingale X that possesses the weak represen-
tation property (from now on WRP) with respect to a filtration F. For the definition of the WRP
see Definition 3.1 below. We denote by G the progressive enlargement of F by a random time
7 and assume that 7 avoids F-stopping times and that F is immersed in G (Assumptions 4.2).
We then show that under these assumptions on v the WRP of X with respect to [F propagates
to G. More precisely, if H denotes the default process associated with t, we prove that the
R?+!_valued semimartingale (X, H) possesses the WRP with respect to G. The WRP which we
obtain with respect to G is valid for all G-martingales and not only for G-martingales stopped
at 7.
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Let X be an FF-local martingale and let G be the progressive enlargement of F by a random
time 7. The propagation of the predictable representation property (from now on PRP) of X
to G has been extensively studied in the literature under different assumptions on t and a
pioneering work about this topic is Kusuoka [26] in a Brownian setting. In [2], Aksamit et al.
proved a PRP for a class of local martingales stopped at t if G is the progressive enlargement
of the filtration generated by a Poisson process. In Jeanblanc & Song [22] the propagation
of the PRP to G is studied in a more general case. We also recall Coculescu, Jeanblanc &
Nikeghbali [11] for results about the propagation of the PRP.

The result on the WRP with respect to G in this paper, generalizes, in particular, the
martingale representation theorem obtained in [26]. It also extends the WRP obtained by Kunita
& Watanabe in [25] (see also [24]) for Lévy processes to progressively enlarged Lévy filtrations.
Furthermore, it adds a class of non trivial examples to Becherer [3].

We remark that, according to [16, Theorem 13.14], if X possesses the PRP then it also
possess the WRP (for this reason the PRP is sometimes also called strong representation
property). However, the converse is, in general, not true and it is easy to find martingales
possessing the WRP but not the PRP. This means that the study of the propagation of the
WREP to the progressive enlargement G is of its own interest.

As an application of the WRP with respect to the progressive enlargement G of F, we can
solve a problem of expected exponential utility maximization of the wealth of an investor with
respect to G, following the dynamical approach, based on BSDEs. Indeed, because of the WRP
with respect to G obtained in this paper, this problem fits in the frame of Becherer [3] and we
can apply [3, Theorem 3.5] to ensure the existence and the uniqueness of the solution of the
involved BSDE:s.

In the financial context of the exponential utility maximization, the filtration F models the
information available in the market. On the other side, the random time 7, which is not an
F-stopping time, models the occurrence time of an external event, as the default of (part of)
the market or the death of the investor himself, which cannot be inferred on the basis of the
information available in IF. We consider the exponential utility maximization problem with
respect to G both at maturity 7 > 0 and, inspired by Jeanblanc et al. [21], at T A t. The
problem at 7' describes the situation in which the investor (or his heirs) is able to go on with
the investment up to the maturity 7', although the exogenous event has occurred before T.
Contrarily, the optimization problem at T A t corresponds to the case in which the investment
can only be pursued up to the occurrence time v of the market-exogenous shock event, that is,
the investor has access to the market only up to 7. This latter situation is common, e.g., in life
insurance, where the time to maturity 7' can exceed with probability one the life duration of
the investor (in this case T models the death of the investor).

A few references about utility maximization in progressively enlarged filtrations are,
e.g., Bielecki et al. [4,5], Jeanblanc et al. [21], Lim & Quenez [27], for the dynamical approach
and Blanchet-Scalliet et al. [7] and Bouchard & Pham [8] for the duality approach.

Concerning martingale representation theorems and utility maximization in progressively
enlarged filtration, we also mention some work-in-progress as Choulli et al. [9] and [10].

This paper has the following structure: In Section 2, we introduce some preliminary notions.
In Section 3, we recall properties of integer-valued random measures and discuss the WRP for a
general semimartingale. Section 4 is a short summary of results about progressive enlargement
of filtrations which will be useful later. In Section 5, we show that the WRP of a semimartingale
X propagates from F to its progressive enlargement G. Finally, in Section 6, as a consequence
of the WRP with respect to G obtained in Section 5 and the theory developed in [3], we solve
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an exponential utility maximization problem both over [0, 7] and over the random-time horizon
[0, T AT].

2. Basic notions

In this paper we regard an element of R4, d > 1, as a column, that is, v = (v', ..., v9)",
v € RY, where tr denotes the transposition operation.

Let (£2, #, P) be a complete probability space and let F = (.%#,),>¢ be a filtration satisfying
the usual conditions, i.e., IF is right-continuous and contains the P-null sets of .%. For a filtration
F we define % as the smallest o-algebra containing each .%;, t > 0, that is F, = /. Z.

For a cadlag process X, we define X,_ := X so that the jump process AX is equal to zero
int=0.

If X is a cadlag [F-adapted process with paths of finite variation and K is a nonnegative
measurable process, we denote by K - X = (K - X;);>¢ the (Stieltjes—Lebesgue) integral process
of K with respect to X, that is, K - X,(0) := fot K (0)dX (w).

As in [20, 1.3.6], we denote by &/t = &/ (F) the set of integrable increasing processes,
that is, if X € &/, then X is F-adapted, has cadlag and increasing paths, Xq = 0 and
E[Xo] < +00. By &} = o] (F) we denote the space of F-adapted and locally integrable
increasing processes.

For p € [1,+400), we denote by 57 = JP(F) the space of F-adapted real-valued
uniformly integrable martingales such that || X || sz» := E[sup,. |X/|’]"/? < 4o00. By Doob’s
inequality, || X||»r is equivalent to || X[, := E[|Xo|?1"/? for p > 1 and, for every p > 1,
(J€P, |||l ser) is a Banach space while (772, |- ||,) is a Hilbert space. The space e%’j(fc, p>1,is
introduced from #°7 by localization. We recall that 7% coincides with the space of R-valued
local martingales (see [19, Proposition 2.38]).

For X e %’ffc we denote by (X, X) the F-predictable covariation of X, that is, (X, X) is
the unique F-predictable process belonging to <, such that X* — (X, X) € s If X € 772,
then (X, X) € &/t and X% — (X, X) € 5.

For any semimartingale X we denote by [X, X] the quadratic variation of X:

[X. X1 o= (X, X) + ) (AX)P, 120,
sS<t
where X¢ denotes the continuous local martingale part of X.

We stress that, if X € .72, then [X, X] € &1 and [X, X] — (X, X) € ', ie., (X, X)
is the [F-dual predictable projection of [X, X]. If X is a continuous local martingale, then the
identity [X, X] = (X, X) holds.

We are now going to recall the stochastic integral for a multidimensional martingale. For this
part we refer to [19, Chapter VI, Section 4§a]. Let X = (X', ..., X9)"" be an R?-valued process
such that X' € 4", p > 1,i = 1,...,d, that is, X is an R?-valued local martingale. We
denote by a and A the processes given in [19, Chapter VI, Section 4§a] such that [X, X] =a-A
(see [19, Eq. (4.56)]). Let K be an R?-valued predictable process and define ||K ||Lrx) =
E[((K"aK) - A){;{Z]. We then define L?(X) := {K predictable and R?-valued : || K ||Lr(x) <
+o00}. Notice that the identity L”(X) = {K predictable and Re-valued : (K" aK) - A)P? ¢
/) obviously holds. The space L{ (X) is introduced making use of .« instead of &/*. We
recall that, if X' € J47 i =1,...,d, then (LP(X), || - lLrcx)) is a complete space (see [19,
Theorem 4.60]). For K € L (X) we denote by K - X the multidimensional stochastic integral
of K with respect to X. We notice that K - X € J#! | the identity [K - X, K - X] = K""aK - A
holds (see [19, Remark 4.61]) and K - X € 7 if and only if K € L”(X), this latter claim being

loc?
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a direct consequence of [19, Eq. (4.57)] and of Burkhdlder—Davis—Gundy’s inequality (from
now on BDG’s inequality), since E[[K - X, K - X1?/?] = [|K ||Lr(x). To specify the filtration,
we sometimes write L”(X, IF). Notice that, if X € %’j(fc is real-valued, then L”(X) is the space
of F-predictable processes K such that (K 2. [X,XDP? € o/*t. Furthermore, in the special
case in which X is a local martingale of finite variation and K € LIIOC(X) is such that the
Stieltjes—Lebesgue integral of K with respect to X can be defined (as, e.g., if K is locally
bounded), then the stochastic integral and the Stieltjes—Lebesgue integral of K with respect to
X coincide (see [19, Remark 2.47]). Hence, the notation K - X is not ambiguous.

We shall sometimes consider a finite time horizon 7 > 0 and stochastic processes restricted
to the finite time interval [0, T]. In this case, we write Fr = (% )co.7) to denote the
filtration F restricted to the finite time interval [0, T]. We furthermore denote by %@” the
space of p-integrable F-martingales on [0, T]. We write 7. . for the localized version of
7. Analogously, we write L7.(X) for the space of the predictable integrands restricted to the
finite time interval [0, T] for a d-valued local martingale X = (X', ..., X", X' € 47" ;.
i=1,...,d.

3. Random measures and weak representation property

Let © be a nonnegative random measure on R, x E in the sense of [20, Definition
I1.1.3], where E coincides with R? or with a Borel subset of R?. Notice that we assume
w(w, {0} x E) = 0 identically.

Let W be a Z(F) ® #(E)-measurable mapping on the set {2 x R, x E, where we denote
by Z(FF) the o-algebra generated by the F-predictable sets of 2 x R, and by Z(FE) the Borel

o-algebra on E. We say that W is an F-predictable mapping.
Let W be an F-predictable mapping. For ¢ > 0, following [20, Chapter II], we define

/ W(w,t, x)u(w, dt, dx), if / [W(w, t, x)|u(w, dt, dx) < +o0;
. [0,7]xE [0,t]1xE
W x u(w); =

+00, else.

We say that p is an FF-predictable random measure if W % p is F-predictable for every
F-predictable mapping W.
Let X be an R?-valued F-semimartingale. We denote by u* the jump measure of X, that
is,
wX(w,dt, dx) = Z L{A X, (@)£0)0(s, AX; () (dE, dX),
s>0
where, here and in the whole paper, §, denotes the Dirac measure at point a (which can be
d-dimensional, d > 1).

From [20, Theorem I1.1.16], u* is an integer-valued random measure with respect to I
(see [20, Definition II.1.13]). By (B%, C¥X, v¥) we denote the F-predictable characteristics of
X with respect to the truncation function A(x) = Iy <nx (see [20, Definition II.2.3]). We
recall that vX is a predictable random measure characterized by the following two properties:
For any FF-predictable mapping W such that |W|* u* € &7, we have |W|*v¥ € &) and
(W s puX — W xvX) € 7L (see [20, Theorem I1.1.8]).

We are now going to introduce the stochastic integral with respect to (u* — v¥X) of an
F-predictable mapping W.
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Let W be an F-predictable mapping. We define the process w by
Wi(@) = W(o, 1, AX @) {ax,wz0) — Wi(@), (3.1)

where, for t > 0,

/ W(w, t, v (o, {t} x dx), if/ [W(w, 1, x)v¥(w, {t} x dx) < 400;
W,(a)) = R R4

+o00, else.

Notice that, according to [20, Lemma II.1.25], W is predictable and a version of the predictable
projection of the process (w,t) — W(w,t, AX;(w))l{ax, w0 Furthermore, since from
[20, Corollary I1.1.19] we have v¥(w, {t} x RY) = 0 if and only if X is quasi-left continuous,
we deduce that for any quasi-left continuous semimartingale X and for any F-predictable W,
the identity W = 0 holds.

We introduce (see [19, (3.62)])

N

GP(u*) = {W : W is an F-predictable mapping and (}_,_,_. VT/Z)‘D/2 et}

The definition of %" (u¥) is similar and makes use of < instead. If a finite time horizon
T > 0 is fixed, we denote by 47 (u*) (resp., by .. (1)) the restriction of &7 (u*) (resp.,
of %ﬁc(ux )) to the finite time interval [0, T]. To specify the filtration we sometimes write

@P(uX, F). Setting

~ 2 1/p
Wl = E[ (s W2)"]

we get a semi-norm on 47 (uX).

Let now W € 4! (1¥). The stochastic integral of W with respect to (u* — v¥) is denoted
by W (u* —v¥) or by 5 [ W(t, x)(u* — v¥)(dr, dx) and is defined as the unique purely
discontinuous local martingale Z € jﬁ}c such that Zy = 0 and AZ = W. To justify
this definition, see [20, Definition II.1.27] and the subsequent comment. We only recall that,
according to [19, Proposition 3.66], W x (u* — vX) € J#7 if and only if W € ¢7(uX).

We are now ready to give the definition of the WRP with respect to the filtration F for an
F-semimartingale X.

Definition 3.1. For a fixed p > 1, we say that the R?-valued F-semimartingale X with
continuous local martingale part X¢ and characteristics (BX, C*, vX) possesses the #7-WRP
with respect to F if every N € JZ7(F) can be represented as

N=Ny+K -X+Wx@u*—v%, KeLP(X,F), We@’uX F). (3.2)

We remark that Definition 3.1 is similar to [20, Definition I11.4.22].
At a first look it could seem that the JZ”-WRP gets stronger as p increases. The next
proposition shows that all .72?-WRP are in fact equivalent.

Proposition 3.2. If the R?-valued semimartingale X possesses the 7¢'-WRP with respect to
F, then it possesses the 77 -WRP, for every p > 1. Conversely, if X possesses the 7€P-WRP
with respect to T for a fixed p > 1, then it possess the '-WRP and, hence, the 7#1-WRP
for every g > 1.
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Proof. Let X possess the #'-WRP with respect to F and let p > 1 be fixed. Then, every
N € P can be represented as in (3.2) with K € LY (X¢) and W e ¥'(u¥). Therefore,
denoting by [N, N] the quadratic variation of N, by the definition of W * (¥ — v¥), we get

[N.NJ, = (K- X" K-X)+ Y W2 >0
0<s<t

Hence, we can estimate each addend in the previous identity by [N, N]. Thus, both (K-X¢, K-
X)?% and (3., .. W2)?/? belong to o7+, since [N, N1?/? does. Therefore, K € L”(X¢) and
W e 9P(uX), meaning that X possesses the 7?-WRP. Since p > 1 is arbitrary, we deduce
that X has the sZ7”-WRP for every p > 1. Conversely, let X possess the 57°7-WRP, for some
p > 1. We show that X possesses the .7'-WRP. From this and the previous step, we deduce
that X has the J#9-WRP for every ¢ > 1. From [19, Proposition 2.39], 57 is dense in
(', || - || y1)- Hence, for each N € 2! there exist (N"), € P such that N* — N in
(', || - Il 1) as n — +oo and, by assumption,

N" =N} + K" - X4+ W"x(u* —v¥), K" eL\(X9), W'e¥?u®).
Using this relation, [19, Eq. (4.58) and Remark 4.61(2)] and BDG’s inequality, we see that
(K™), is a Cauchy sequence in the space (L!'(X°), || - lL1(xe)) and (W"), is a Cauchy sequence
in the space @ (1), |- llg1(,x))- Since, from [19, Theorem 4.60], the space LX), |- Lt xe))
is complete, we find K e L'(X¢) which is the limit in L'(X¢) of (K"),. Thus, by BDG’s
inequality, we obtain [[(K" — K) - X[ ;01 < ci1|[K" — K||Li(xcy —> 0 as n — +00, where
c1 > 0 is a constant. Concerning (W"),,, by BDG’s inequality, there exists a constant C; > 0
such that

[OW™ = W) s (u* = 05|t < CLIW™ = W™ g1y,

Thus, (W" % (u¥ — v¥)), is a Cauchy sequence in 7' (uX) == {W * (u* —v¥), W e 91 (u¥)}

which, because of [19, Theorem 4.46], is a closed subspace of (#1, || - || ,»1). So, there exists

W in 9 (u*) such that W" x (uX — v¥) — W (uX —vX) in (L, || - || 1) as n — +o0,

which, again by BDG’s inequality, implies W" — W in (4" (u%), || - llg1(,x)) as n — 4o0.
Taking the limit in 7! yields

N = lim N"= lim (NJ+K" X+ W s(u*—v")) = No+ K- X +Wxu*—v¥)
n—+00 n—+00

and the proof of the lemma is complete. [

According to Proposition 3.2, if there is no need to specify the involved martingale space
P, p > 1, we will sometime simply say WRP instead of .7”-WRP. Furthermore, to verify
that an R¢-valued semimartingale X possesses the .7#!-WRP with respect to F, it is enough
to check that X possesses the .7#2-WRP with respect to F. For later use, the following lemma
will be useful:

Lemma 3.3. Let (£"), C L*(2, T, P), €" — & in L*(2, F o, P) as n — +oc0. If

E" = E[E" ol + K" - X, + W s (uX —vY), K" e LX(X,F), W'e@G*(u* F),
then there exist K € L2(X¢) and W € 9*(u%) such that

£ =FE[E|Fo) + K - XS+ W (' — 1)

The proof of Lemma 3.3 can be given in a similar fashion as the one of Proposition 3.2 and
is, therefore, omitted.
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In the next remark we compare the WRP with another representation property for local
martingales, that is, the predictable representation property (from now on PRP).

For a process X, we denote in this paper by FX the smallest filtration satisfying the usual
conditions such that X is adapted.

Remark 3.4 (WRP and PRP). Let X € ! be an F-local martingale. We recall that X

loc
possesses the PRP with respect to F if every [F-local martingale N can be represented as

N=Ny+H-X, Hell (X,F.

loc

From [16, Theorem 13.14], we know that the PRP implies the WRP. The converse is,
in general, not true. As a counter-example we recall the case of a martingale X which is a
Lévy process: In this case X possesses the WRP with respect to FX but it possesses the PRP
with respect to FX if and only if X is a Brownian motion or a compensated Poisson process
(see [16, Corollary 13.54]).

Remark 3.5. We now list some examples from the literature of semimartingales possessing
the WRP.

e From [16, Theorem 13.14], every local martingale X with the PRP possesses also the
WREP. Classical examples are therefore obtained assuming that X is a Brownian motion
or a compensated Poisson process with respect to the filtration FX.

e A less classical situation is the case in which X = (X', ..., X%)" is a d-dimensional
continuous local martingale such that (X', X/) is deterministic and X{ = 0, i,j =
1,...,d. According to [14, Theorem 7.1], we deduce that X has the PRP with respect
to %, for an arbitrary but fixed 7 > O (that is, the stable subspace generated by X
in jsz(IB‘X ) equals Jsz(IFX )). A special exqmplg: is given by a d-dimensional Brownian
motion X. Notice that in this latter case (X‘, X/) =0 holds, i, j =1,...,d i < j.

e In [15], Emery studied the chaotic representation property of the Azéma martingales. This
is a special class of square integrable martingales, obtained as solutions of a particular
structure equation. An Azéma martingale X has, in particular, the following property:
For every ¢+ > 0, it holds (X, X); = ct, ¢ > 0, that is, Azéma martingales are normal
martingales. Notice that Azéma martingales have not, in general, independent increments
(see [15, p. 79] for an example). The Brownian motion and the compensated Poisson
processes are examples of Azéma martingales. In [15, Proposition 6], Emery proved that
some Azéma martingales X possess the chaotic (and hence the predictable and the weak)
representation property with respect to FX.

e In [18], Jacod proved that if p is a multivariate point process and v its compensator
with respect to the filtration F#, that is, the smallest right-continuous filtration with
respect to which p is an optional random measure (see [18, (A.1), p. 36]), then every
[F*-local martingale can be represented as a stochastic integral with respect to ;1 — v (see
[18, Theorem 5.4]). Using this result, one can prove that any step process X (see
[16, 11.55]) possesses the WRP with respect to FX (see [16, Theorem 13.19]). It can
be shown that, if B is a Brownian motion with respect to FZ and X is a step process in-
dependent of B, then the semimartingale Y = B+ X has the WRP with respect to F? (see
[28, Corollary 2]).
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e In [25], Kunita and Watanabe established in the example on p. 227 and in Proposition
5.2 the WRP for a Lévy processes X with respect to FX (see also [24, Theorem 1.1]).

e In [20, Theorem II1.4.34] the WRP has been obtained for a semimartingale X with
conditionally independent (and not necessarily homogeneous) increments, with respect
to the right-continuous filtration F generated by FX and by an initial o-field
(see [20, TI1.2.12]).

4. Progressively enlarged filtrations: a brief summary

We denote by 7 a (0, +o00o]-valued random variable and call T a random time. The default
process H = (H;);>o associated with 7 is defined by H;(w) = 1[; 1o0)(@, t). The filtration
generated by H is denoted by H = (J%),>0. We stress that Hy = 0 so that H is an increasing
process in the sense of [20, Definition 1.3.1].

For a filtration F = (%),>0 satisfying the usual conditions, G = (%;);>0 denotes the
progressive enlargement of F by t and it is defined by

G, = (Grser 120,

e>0

where gN, =% Vv, t >0, and G = (5%),20. That is, G is the smallest right-continuous (and,
hence, satisfying the usual conditions) filtration containing F and such that t is a G-stopping
time.

Definition 4.1. Let 7 : {2 — (0, +00] be a random time.

(i) We say that 7 satisfies hypothesis (<), if t avoids F-stopping times, that is, if for every
F-stopping time o, P[t = 0 < +0o0] = 0 holds.

(ii) We say that 7 satisfies hypothesis (), if F is immersed in G, that is, if F-martingales
remain G-martingales.

The following assumptions will play a key role in this paper:

Assumptions 4.2. The random time t satisfies both hypotheses (&) and () (see
Definition 4.1).

We now shortly comment Assumptions 4.2. Hypothesis (<7) is widely used in the literature
about progressively enlarged filtrations, especially if F-martingales are not all continuous. In
this paper, which deals with the propagation of the WRP to the filtration G, it is natural (and
convenient) to assume hypothesis (<7). Indeed, if (&7) is not satisfied, as a limit case, it can
happen that 7 is an F stopping time: Hence, F and G coincide. To role out this trivial case, we
require (7). The interpretation of (&) is also very natural: We are enlarging F adding some
completely new information, which is not contained in F.

It is well known (see [I, Theorem 3.2 (a)]) that hypothesis (%) is equivalent to the
conditional independence of %, and ¥, given .%,. Therefore, it is obvious that hypothesis
(J€) is satisfied if 7 is independent of F. Another important case, especially for applications
to credit risk, in which the immersion property is satisfied, is when the random time t is
obtained by the Cox construction (see [1, Section 2.3 and Lemma 2.28]).

_ The next lemma, which will be useful later, exhibits a generating system for the o -algebra
%,, for every t > 0.
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Lemma 4.3. For every t > 0, let us introduce the system

% = {& %N,-measurable and bounded : & =¢(1 — Hy), ¢ bounded and

F,-measurable, 0 <s <1t}.

Then, the o-algebra generated by 6;, denoted by o(%;), coincides with %Nt, for every t > 0.

Proof. Notice that the inclusion o (%;) C 5% obviously holds. It is therefore enough to verify
the converse inclusion ¥, C o(%;). To this goal, it is sufficient to prove that each A € .%; is
0 (%;)-measurable and that H; is o (%;)-measurable, for every 0 < s < ¢t. Since 14 = 1,(1—H)y)
for every A € %,, we have %, C o(%,), for every t > 0. Furthermore, we have (1 — Hy) =
1(1 — Hy) Q)r every 0 <s <t. So, H, is o(%;)-measurable for every 0 < s < ¢ and hence the

inclusion ¥, C o (%;) holds. The proof is complete. [

The assumption that t takes value in (0, +oc] simplifies the proof of Lemma 4.3: If we
only have P[t = 0] = O (as it happens if, e.g., hypothesis () is satisfied and t takes values
in [0, +00]), then Lemma 4.3 holds replacing o(%;) by o(%;) v A4, 4 denoting the family
of the P-null sets in .%.

In this paper we denote by A the [F-optional projection of the right-continuous and bounded
process (1 — H). Then A is cadlag, F-adapted and satisfies

A, =Pt >t|.%,], as., t=>0. “.1)

In particular, being bounded, A is a supermartingale of class (D) with respect to FF, called
the Azéma supermartingale, where we recall that an F-adapted process X is of class (D) with
respect to I if the family {X, : o finite-valued F-stopping time} is uniformly integrable.

Notice that A9 = 1. From classical literature on martingale theory (see, e.g., [16,
Theorem 2.62 and p. 63]), it follows that A_ > 0 on [0, 7] and that A > 0 on [0, 7).

We denote by HF the [F-dual optional projection and by H”F the F-dual predictable
projection (see [12, Theorem V.28]) of H.

For the formulation of the next result, we refer to [1, Lemma 1.48].

Lemma 4.4. Let t satisfy hypothesis (7). Then, H*Y is continuous and H?F = HOF.

Proof. If H”F is continuous, then it is F-predictable, H*F being F-adapted. Hence, the
identity H”"" = H*¥ holds. We now come to the continuity of H%". Let o be a finite-valued
F-stopping time. Then, AH?F = 1jg 51 HZF — 10,0y - HSF and 110, is an F-optional process.
The properties of the F-dual optional projection and hypothesis (<7) now yield E[AH;”F] =
E[AH,] = P[t = o] = 0. Hence, since H*F is increasing, we get Hg’F = H(ffF a.s. for every
finite-valued [F-stopping time o. By the optional section theorem (see [12, Theorem IV.13]),
we obtain the continuity of H¥. The proof is complete. [

We now discuss some properties of the Azéma supermartingale A, which we shall need

later.

Proposition 4.5. Let t satisfy Assumptions 4.2. Then A is decreasing, continuous and A > 0
on [0, T].

Proof. By hypothesis (), we have A, = P[t > ¢|-%] (see [I, Theorem 3.2(c)]) from
which we see that A is decreasing. The continuity of A follows by Lemma 4.4 because, by
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[1, Proposition 3.9(a)], the Doob—Meyer decomposition of A is A = 1 — H*F. To see the last
part, we observe that A_ > 0 on [0, ] and A = A_. The proof is complete. [

Since H € «/*(G), H being bounded, there exists the G-dual predictable projection A® of
H, that is, A® is the unique G-predictable process in .27 (G) such that M = (M,);>0, defined by

M[ = H[ — A;G, 1 Z 0, (4'2)

is a local martingale (see [20, Theorem 1.3.17]). Since H belongs to .27 " (G), we also have that
A® belongs to .7 (G). Hence, we have Elsup;sq IM;]] < 1 + E[Ag] < 400 which implies
that M is a true martingale and that it belongs to #'(G). From [1, Proposition 2.15], we have

TAL 1
AF = / —dHPT, t>0. 4.3)
0 s—
By U = &(—M) we denote the stochastic exponential (see [20, Chapter I, Section 4f]) of
the martingale —M. The following theorem summarizes some relevant properties of M, A®
and U.

Theorem 4.6. Let t satisfy Assumptions 4.2.
() A® is continuous and A;G = —1og(A; ), t > 0, where we define 10g(0) := —o0.
(i) M € A#*(G), My =0 and M?* — A® € #'(G), that is, (M, M) = A®.
(i) U € A2(G) and U = A" 1,q.1).

Proof. We verify (i). By Assumptions 4.2, the identity H”"F = 1 — A holds (see [1, Theorem
3.2(c)] and Lemma 4.4). Hence, form Proposition 4.5 and (4.3) we deduce (i). We now come
to (ii). Clearly, My = 0. The continuity of AG yields the identity [M, M] = H. Thus, from
[16, Theorem 7.32], we deduce M € #*(G). Integration by parts implies M> =2M_-M +H.
Since the stochastic integral in this identity is a G-local martingale, M2 — (M, M) is a G-local
martingale if and only if H — (M, M) is a G-local martingale. By the uniqueness of the G-dual
predictable projection of an increasing process, we deduce the identity (M, M) = A®, which
completes the proof of (ii). We now verify (iii). Because of the Doléans—Dade equation, we
have U = 1—U_ - M. So, from (ii), we deduce U € %’ﬁc(G) From Proposition 4.5, we have
A > 0 on [0, t] so that A~! is well-defined over [0, T]. Using the Doléans—Dade exponential
formula, we compute

Uy = E(=M), = exp(—M,) [] (1 — AM,)exp(AM,)

0<s<t

— exp(_ log(At/\r))’ on {t < T}v
0, else.

The proof of the theorem is complete. [J

5. The weak representation property in the progressive enlargement

In this section we consider an R?-valued semimartingale X with respect to the filtration
F. The jump-measure of X is u* and (BX, C¥,v¥) is the triplet of the semimartingale
characteristics of X. We assume that X possesses the WRP with respect to F. In particular,
according to Proposition 3.2, every N € #*(F) can be represented as

N=No+K -X+Wx@uX—v%, KeL*(X°,F), We%*u*F.
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We denote by 7 a random time on (2 with values in (0, +o0c] and by G the progressive
enlargement of I by .

Lemma 5.1. Let T satisfy hypothesis (7). Then X is a G-semimartingale and the
G-semimartingale characteristics of X are again (BX, CX, vX).

Proof. Because of hypothesis (7), X is a semimartingale also in the filtration G. To compute
the G-semimartingale characteristics of X we apply hypothesis (7¢°) and [20, Theorem 11.2.21].
The proof is complete. [

Let H = 1[; 40 be the default process associated with 7. We set E := R¢ x {0, 1} € RI+1,
If t satisfies hypothesis (77), the process (X, H)" is an E-valued G-semimartingale. To
prove Theorem 5.3, we need the G-semimartingale characteristics (BX-H), CX-H) (X H)y of
the E-valued G-semimartingale (X, H)'". The next step is devoted to the computation of these
semimartingale characteristics.

We denote by x; a vector of RY, while x, is a real number. We consider the
G-semimartingale characteristics of (X, H)"" with respect to the R¢*!-valued truncation
function

h(xi, x2) = (h1(x1), ha(x2)) == (Lyjx, <13 X1 Lijny <13 X2)-

The jump measure u’ of H is given by u”(w, dt, dx;) = dH,(w)8,(dx,) and the compen-
sator of uf is v (w, dt, dx,) = d/l?(a))&l(dxz). Hence, the G-semimartingale characteristics
of H with respect to the truncation function %, are (AC, 0, v,

Let hypothesis () be in force. The second G-semimartingale characteristic of (X, H)""
is completely determined by CX, since C¥ = 0. Furthermore, we have BX) = (BX, A®)",
In summary, to determine (B, CX-H) \(X.-1)) "it is enough to compute the jump measure
wXH of (X, H)Y" and then the G-predictable compensator v*#) of pXH): The next
proposition is devoted to this goal.

Proposition 5.2. Let t satisfy Assumptions 4.2.
() The jump-measure W™ of the E-valued G-semimartingale (X, H)'" is given by
p* (. dr, dxy, dxo) = p (@, dr, dx)8o(dxz) + dHi(@)81(dx2)8o(dx).
(ii) The G-predictable compensator v of nXH) s given by

v (@, d, dxy, dxp) = v¥ (@, df, dx)8o(dxz) + dAT ()81 (dx2)8o(dxy). (5.1

Proof. We start proving (i). First, we observe that X is a G-semimartingale, because of
hypothesis (¢). Therefore, (X, H)"" is a G-semimartingale. By definition, the jump-measure
wXH) of (X, H)" is given by

wE (@, dt, dx;, dx,) = Z LA, H)y()£0)8(s, AX, H) g () (dF, dx1, dx2).
s>0

Since t satisfies hypothesis (<7), the G-semimartingales X and H have no common jumps.
Therefore, the identity {AX # 0} N {AH # 0} = @ holds and we have the inclusions
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{AX # 0} C {AH =0} and {AH # 0} C {AX = 0}. Thus,

wXw, dt, dxy, dxy) = Z L{A X (0)£0)N{ A Hy (0)=0}O(s, A X, (w)) (A2, dx1)80(dx2)
s>0
+ Z L{ A X, (@)=0)N{ A Hy ()70} (s, A Hy () (dE, dx2)80(dx1)

s>0

= <Z 1 AX,(0)20)8(s, AX, () (dE, dx1)) Jp(dx2)

5>0

+ (Z 1{ A Hy ()20} 8¢5, A Hy () (2, dxz)) do(dx1)

s>0
= u¥ (o, dt, dx)8o(dxz) + " (w, dr, dxz)So(dxy)
= pu*(w, dr, dx;)8o(dxy) + dH, ()8 (dx2)8(dxy)

and the proof of (i) is complete. We now show (ii). To see that the G-predictable random
measure V) is the G-predictable compensator of uX-f), it is enough to verify |W|xvX-H) ¢
A1 (G) and (W x uXH) — W 5 v&EH)y e 71 (G), for all G-predictable mappings Won
the space E = RY x {0, 1} such that |W| * u*#) belongs to < (G) (see [20, Theorem
IL.1.8]). Let now W * u X € o7 (G), where W > 0 is a G-predictable mapping. We define
WOz, x1) :== W(t, x;,0) and WO (¢) := W(t, 0, 1). Then W° is a G-predictable mapping, W'
is a G-predictable process and, from (i), we have:

W*MEX’H)z WO*/L,X+WO" -H;, t>0,

meaning that WO x X € &7 (G) and WO! - H € &1 (G), because of W > 0. Since
A€ is the G-predictable compensator of w® and since, because of Lemma 5.1, vX is the
G-predictable compensator of X, this yields WO - A® e 1 (G), W x v¥ e #1(G),
(WOl H — WOl A%) e 4 (G) and (WO % uX — WO x vX) € S (G). Hence, denoting
by 7¥#) the predictable measure defined on the right-hand side of (5.1), we have

W s VX = WOy pX 4 WOl AC ¢ o7t

loc

and

W o p & — W 5D = (WO s X — WO v ) + (WO H — WO A € S4)(G).

loc

If W is an arbitrary G-predictable mapping and |W | uX#) € & F (G), from the previous step,
we deduce |W| * VXA e o7 and, applying the previous step to the positive and negative part
of W, we additionally obtain (W  u*-H) — W x v&1) e ;771 (G). By [20, Theorem 1.1.8],
the G-predictable compensator VX of pX-H) coincides with T*-#) and the proof of the
proposition is complete. [

We now consider an arbitrary but fixed time horizon T > 0. We recall the notation
Gr = (%)ief0.17 and %”TZ(G) is the space of square integrable G-adapted martingales restricted
to the finite time interval [0, T]. Analogously L2.(X¢, G) and 2(u*-#), G) are the spaces of
G-predictable integrands for X¢ and u*-#) — v&-H) | regpectively, restricted to the finite time
interval [0, T].

The following theorem, which is the main results of this paper, shows that the WRP of X
with respect to [F propagates to the semimartingale (X, H)"" in the filtration Gr.
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Theorem 5.3. Let t satisfy Assumptions 4.2 and let X be an F-semimartingale possessing
the WRP with respect to F. Let T > 0 be an arbitrary but fixed time horizon. Then the
G-semimartingale (X, H)'" possesses the 5€>-WRP with respect to Gy, that is, every N €
j‘sz(G) can be represented as

N, = No+ K - X{ + W (uH —pXmy

5.2
tel0,T], K e LA&(X°,G), W e 2 (u™™, G). 62

Furthermore, the representation (5.2) is unique on [0, T] in the following sense: If K’ €
LzT(X", G) and W' € %TZ(M(X'H), G) are other integrands such that (5.2) holds, we then have
IK—=K'll 2xec) =0, ||W—W/||g;w(x,m,ﬁ) =0and K-X¢ = K'-X¢, Wax(uXH —p&XH) —
W' s (W — p Xy forall t € [0, T] a.s.

Remark 5.4. A seminal paper about the propagation of the PRP is Kusuoka [26]. In [26],
Kusuoka assumed that F is the filtration generated by a Brownian motion and he considered
a finite-valued random time 7. Furthermore, Kusuoka assumed that F is immersed in G and
that the G-predictable compensator A® of the default process H is absolutely continuous with
respect to the Lebesgue measure. This latter assumption implies, in particular, that T avoids
finite-valued F-stopping times. Indeed, let A® be absolutely continuous with respect to the
Lebesgue measure. Then A€ is, in particular, continuous. If now o is a finite-valued F-stopping
time, both 1j9 »; and 1jo ) are F-predictable (and hence G-predictable) processes, I being the
Brownian filtration. Therefore, using the properties of the G-dual predictable projection, we
get the identity P[t = o] = E[AH,] = ]E[AAQ,G’] = 0, meaning that T avoids finite-valued
F-stopping times. Hence, for a finite valued random time 7, Assumptions 4.2 are weaker
than those in [26]. Therefore, since in the Brownian case the WRP and the PRP coincide,
Theorem 5.3 is a generalization of the result about the PRP obtained in [26].

We now come to the proof of Theorem 5.3.

Proof of Theorem 5.3. We first discuss the uniqueness of the representation (5.2). We
observe that the stochastic integral with respect to X¢ defines an isometry between the spaces
(ﬂ(({}), Il - ll2) and (L%(XC,G), I - ||L2T(XE!G)) and the stochastic integral with respect to
pXH) —yX-H) defines an isometry between the spaces (#(G), || - [2) and (Z7 (w1, G), || -
||£4%(M(X»H),G))' From this, the claim about the uniqueness of the representation (5.2) easily
follows.

To prove the representation (5.2), it is sufficient to verify that each & € L*(2, %, P) can
be represented as

£ =EIE|%]+ K- X5+ W™D —vED)y, - K e Li(X,G), WeZu* ™ 6),
(5.3)

since (%‘}Z(G), | - 1I2) is isomorphic to (L*(£2, %, P), || - [l2).
We show (5.3) by an application of the monotone class theorem. We consider a time u > T

arbitrary but fixed. We recall that &, = %, v J,. As a first step, we prove that every
¢,-measurable and square integrable random variable & has the representation

£ =E[E|%]+K XA Wx(uX DXy - K e L2(X,G), We%*u*, G). (54
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Let us consider the system
G, = & @—measurable and bounded : & =¢(1 — Hy), ¢ bounded and
F,-measurable, 0 <s < u}

which, by Lemma 4.3, generates %Nu We now show (5.4) for & € €,. So, let £ = ¢(1 — H,),
where ¢ is .%#,-measurable and bounded and 0 < s < u is arbitrary but fixed. Denoting by
A the Azéma supermartingale (cf. (4.1)), we define ¢’ := ¢A,. Then ¢’ is .%,-measurable
and boundNed. Therefore, Z; = E[¢'|%], t = 0, is a bounded G-martingale with terminal
value in &,. As a consequence of hypothesis (), Z, = E[¢'|.%;] (see [, Theorem 3.2(d)]),
t > 0, meaning that Z’ is in fact a bounded F-martingale. Hence, we find K € L2(X¢, F) and
W' e 9%(uX,F) such that

Z =Z)+ K- X+ W s —v5, t>0.
From Proposition 4.5, A > 0 on [0, t]. Let M be the martingale defined in (4.2) and let
U := &(—M) be the stochastic exponential of —M. Then, from Theorem 4.6 (iii), we get

t(1 = Hy) = ¢ljon(s) = Lloo$)AA] = Z,U;
where U} = Uy, t > 0. We define the bounded G-martingale Z; := E[¢(1 — H;)|%;], t > 0.
Using the Doléans—Dade equation for U, i.e.,

U=1-U_-M, t=>0,
and integration by parts, from [20, Proposition II1.1.30 b)], since U and Z’ have no common
jumps by hypothesis (<), we get

Z, = Z; u;

=Zy+ U -Z +Z 1104 - U, (5.5)
=Z,+ UK - XS+ U W s =0, —Z U_ljq - M,.

We clearly have Z € H%(G), and hence [Z, Z] € «/1(G). Furthermore, denoting by Y/,
Jj = 1,2, 3, the first, the second and the third integral on the right-hand side in the previous
formula, we see that, by hypothesis (&), [Y',Y/] = 0, i # j. Therefore, we deduce the

inclusions 1y U* K € LX(X¢, G), 1 U W' € 9*(u¥,G) and Z' U_ljo5 € LA(M, G). We
now define

W(w, t,x1,x2) = U (@)W (w,t, x1) =0y — Z_U_1{0,51{x,20,xy=1}-
From Proposition 5.2 and the continuity of A®, we get
W) = U (@)W (@) — Z,_(@)U,_(0)10.) AH (@), t > 0.
Hence, we obtain the inclusion 1j9, W € ¥*(u*"), G) and the identity
Lo W s (uH) — v&y = 110 U W s (u* —vX) = Z 110,qU-_1j0,51 - M,

since both sides in the previous identity are purely discontinuous local martingale with the
same jumps. Therefore, (5.5) becomes

(1= Hy) = Zo+ .U K - X5+ Lo g W (w0 — 50,

meaning that (5.4) holds for all £ € %, and the proof for this elementary case is complete.
We denote by B(¥,) the system of the ¥, -measurable and bounded random variables and let
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H C B({%) be the subfamily of IB%(E%) consisting of the random variables which can be
represented as in (5.4). Then, from the previous step, %, € .%# . Moreover, 2 is a monotone
class of B(¥,): Take (§"),>1 € ~# uniformly bounded such that £&" 4 & as n — +o00. Then

E" = E[E" %] 4+ K" - XE 4+ W s (uXH) — yXHDy
=E[E"%] + Lo K" - X5 + Lo W" # (X — vy

with K" € LA(X¢, G), W" € 9*(u*-#), G). Furthermore, £ is bounded, & C &,-measurable
and, by dominated convergence, §" 1 £ in L%*(2,9,,P) as n — 400. Thus, from Lemma 3.3,
we have

§ = EIE[G]+ KXo+ W™D 0 D) K e XX, G), W e (™", G).

Since the stochastic integrals on the right-hand side of the previous expression are
G-martingales, by the ¥, C ¢,-measurability of &, taking the conditional expectation with
respect to ¥,, we see that the inclusion £ € ¢ holds. The monotone class theorem (see
[16, Theorem 1.4]) now yields B(¥4,) € #. Let £ € L*(2,%,,P) and § > 0. Defining
£" := £ A n, by dominated convergence, we see that £&” — £ in L*(12,%,,P) as n — +oo.
Therefore, from the previous step and Lemma 3.3,

£ = EIE|%]+K - X5+ WD —®M) K e LX(X4,G), W e, 6.

Now, taking the conditional expectation with respect to %, as above, we see that § can
be represented as in (5.4). For an arbitrary & e L%(2,%,,P), it is enough to apply the
previous step to the positive and the negative part of & and then to use the linearity of the
involved stochastic integrals, to see that & can be represented as in (5.4). The proof of (5.4)
for an arbitrary & € L%*(12,%,,P) is now complete. Let now & € L*(02, %y, P). Since & is
“r-measurable and u > T, then & is also ¥,-measurable. By the previous step, we see that &
can be represented as in (5.4). Taking now the conditional expectation with respect to ¢ in
(5.4) and using that the stochastic integrals on the right-and side of (5.4) are all G-martingales,
by the %-measurability of &, we get (5.3) for every £ € L*(£2,%r,P). The proof of the
theorem is now complete. [J

Combining Theorem 5.3 and Proposition 3.2, we get the following corollary.

Corollary 5.5. Let t be a random time satisfying Assumptions 4.2 and let X be an F-
semimartingale possessing the WRP with respect to F. Let T > 0 be an arbitrary but fixed
finite time horizon. Then, the semimartingale (X, H)"" possesses the 7?-WRP with respect to
the filtration Gr, for every p > 1, that is, every N € ;' (G) can be represented as

N, = No+ K - X{ + W (D — X0y
tel0,T], K eLh(X°,G), We% ' u*" G).
Furthermore, the representation (5.6) is unique on [0, T] in the following sense: If K' €
LY(X, G) and W' € G (uX1, G) are other integrands such that (5.6) holds, we then have
”K_K/”LP(XC,G) =0, ”W—W/”g{f(u(X,H)yG) =0and K-X¢ = K'-X¢, Wax(uXH —pXH) —
W' s (W -y forall t € [0, T] a.s.

(5.6)

6. Applications in exponential utility maximization

In this section we consider a problem of exponential utility optimization of the expected
terminal wealth in presence of an additional exogenous risk source that cannot be inferred
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from the information available in the market, represented by the filtration F. The additional
risk source can be a shock event, as the death of the investor or the default of part of the
market. Its occurrence time is modelled by .

The optimization problem described above will be solved following the dynamical approach.
This method is based on a martingale optimality principle obtained using suitable BSDEs. For
the exponential utility function the related BSDE has a non-Lipschitz generator. However, the
theory developed by Becherer in [3], in particular Theorem 3.5 therein, ensures the existence
and the uniqueness of the solution of such BSDEs. The fundamental tool to apply results
from [3] to this context is Theorem 5.3.

We now state some further assumptions which are mainly those of [3].

Assumptions 6.1. Let 7 : {2 —> (0, +00] be a random time and let 7 > 0 be an arbitrary but
fixed finite time horizon. We denote by H the default process associated with 7. A filtration
F satisfying the usual conditions is given and G denotes the progressive enlargement of F by
7, while Gy = (¥)),¢0.7) is the restriction of G to [0, T]. We also consider an R?-valued
[F-semimartingale X. The semimartingale characteristics of X with respect to F are (B*, CX,
vX). We furthermore require the following properties:

(1) 7 satisfies Assumptions 4.2.

(2) % is trivial.

(3) The continuous local martingale part X¢ of X is a d-dimensional standard Brownian
motion B = (B!, ..., BY)". That is, CX = t1d,, 1d; denoting the identity matrix in R*4,

(4) X has the WRP with respect to F.

(5) The F-predictable compensator vX of the jump measure u* is absolutely continuous,
that is, there exists a Lévy measure p* on R (i.e., p* is o-finite, [p.(1x|* A 1)p*(dx) < 400
and p*({0}) = 0) such that

vx(a), t,dx) = ;X(a), t, x),ox(dx)dt,

where (w, t, x) = ¢(w, t,x) > 0 is an F-predictable mapping.
(6) The G-dual predictable projection A% of H is absolutely continuous, that is, there exists
a G-predictable process A such that

t
A% = / 110.21(5)Ads.
0

(7) The densities ¢ X (w, ¢, x) and A,(w) are uniformly bounded and the Lévy measure p* is
finite.

Assumptions 6.1 (1) and (2) imply that the o-algebra % is trivial, since % = FyVo({t =
0}) (see [23, Lemma 4.4 a)]).

By Assumptions 6.1 (1) and Lemma 5.1, X is a semimartingale with characteristics
(BX, CX,vX) also with respect to G. Therefore, (X, H)"" is a G-semimartingale with values
in E=R4 x {0, 1}.

The semimartingale characteristics (BX-H), CXH) (X)) of (X, H)", from Assump-
tions 6.1 and Proposition 5.2 (ii), are given by BXH) = (BX A%,

= [Igd 8] t

v (@, dt, dxy, dxo) = ¢ (w, 1, x1, x2)p ) (dxy, dxp)dr,

and
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where

XM, 1, x1,x2) = ¢ (@, 1, X1) 1y 20,00=0) + A (@) 110,21(@, D)1 () =0 xy=11,
and the measure p*>%) on (E, %(E)) is

p X (dxy, dxa) = p¥(dx1)8o(dx2) + 81 (dx2)do(dxy).

Clearly, ¢*-#) is uniformly bounded, as ¢* and A are, and p*-#)(E) < 400 since pX(R?) <
+00.

From (1) and (4) in Assumptions 6.1 and by Theorem 5.3, the R**!'-dimensional semi-
martingale (X, H)"" possesses the WRP with respect to Gr.

We remark that, because of [23, Lemma 4.4 b)] or [, Proposition 2.11 b)], we can assume,
without loss of generality, that the density A of the process A® appearing in Assumptions 6.1
(6) is, in fact, an F-predictable process.

6.1. The market model

We consider the same market model as in [3, Section 4.1] with respect to the filtration Fr =
(Z)iei0.11- The market price of risk ¢ is an Fy-predictable and bounded R4-valued process.
The volatility matrix o is an R¢*¢-valued Fy-predictable process. We require that o,(w) is
invertible, for every (w, t) in {2 x [0, T] and, denoting by o' the rows of o, we require that
the euclidean norm of o/ is bounded. We assume that the price process S = (S}, ..., S%)c0.7]
evolves according to the following stochastic differential equation

dS; = diag(8))i=1...a01(@dt +dBy), Sy € (0, +00)', 1 €[0,T], (6.1)

where diag(Si )i—1....q takes values in RY*¢ and denotes the diagonal-matrix-valued process
with S on the diagonal. Denoting by &(Z) the stochastic exponential of the semimartingale Z,
and setting

E::B—i—/ @sds,
0

from (6.1), we deduce that S' = S(")éa (o E). Notice that this market-model is free of arbitrage
opportunities. Indeed,

dQ = & (—¢ - B)y dP,

defines a probability measure equivalent to P on %r. Since ¢r and %7 contain the same null
sets, namely those of .%, Q is also equivalent to P on .%7. By the boundedness of ¢, Novikov’s
condition and Girsanov’s theorem, B is a Q-Wiener process with respect to G7 (and hence,
with respect to 7). Under Q, again by Novikov’s condition, o being bounded, S’ is a Q-
martingale with respect to Gr (and hence with respect to Fr). Therefore, Q is an equivalent
martingale measure for S and the market model is free of arbitrage opportunities (with respect
to both the filtrations F7 and Gy).

We remark that the G-predictable compensator v¥ of u* with respect to Q does not change
(see [16, Theorem 12.31]).

Definition 6.2 (Admissible Strategies). An admissible strategy 6 is a Gr-predictable R?-valued
process satisfying the following conditions:
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@) fo 165)%ds LZE\Q,%T, P).
(i) exp(—« fo 6,dBy) is a process of class (D) with respect to the filtration Gy.
We denote by © the set of admissible strategies.

We stress that the set @ of the admissible strategies, consisting of Gy -predictable processes,
can be regarded as the set of the strategies of an insider who has private information about the
occurrence of 7.

Let @ € O be an admissible strategy. The wealth process X*¢ = (Xf‘e)te[oﬂ is defined by

t t
X :=x+f 6,dB; =x+/ 0, (diag(S))i1,_a07) " dS,, 1 €10, T]. (6.2)
0 0

Clearly, for each 8 € O, the wealth process X*? is a Gr-martingale under the equivalent
measure QQ introduced above. Therefore, the set © of admissible strategies is free of arbitrage
opportunities.

6.2. Exponential utility maximization at T > 0

Let & belong to the class of bounded and %r-measurable random variables (denoted by
B(¢r)). We now consider the optimization problem

Us(x) = sup E[-exp(—a(X};’ —£)], & €B ), a>0. 6.3)

The random variable & € B(¥r) represents a liability or an asset of the investor at maturity 7.

We observe that, since the strategies are now Gr-predictable and & € B(%7r), in general, this
optimization problem cannot be solved in the filtration Fr, which represents the information
available in the market, as done in [3]. Furthermore, (6.3) can be regarded as the optimization
problem of an insider who has private information about the occurrence of t.

We stress that any 4r-measurable random variable £ can be regarded as a defaultable claim.
As an example, we can consider claims of the form & = & 1;.7) + & 1(; <7}, where & is an
Fr-measurable random variable, representing the pay-off of & if the default does not occur in
[0, T] while &, is an Fr-measurable random variable representing the recovery pay-off of &
in case of default before T'. For pricing method for defaultable claims, see, e.g., [4,5] and [6].

To solve (6.3), we use the martingale optimality principle on [0, T], that is, we construct a
family Z := {R?, 6 € 6} of Gy-adapted processes with the following properties:

(1) RZ* = —exp(—a(X(;’x —§&)), for every 0 € 6.

(2) Ry" = r* is a constant not depending on 6, for every 6 € 6.

(3) R?* is a Gy-supermartingale for every 6 € 6.

(4) There exists 6* € © such that R * is a Gr-martingale.

Notice that the strategy 6* in (4) above is optimal. Indeed, for any 6 € © we get

E[- exp(~a(X}" ~§))] = E[R}"] < R)" = r* = B[R] "] = E[ - exp(~a (X7 " ~£))].

We recall the notation E = RY x {0,1} € RY*! and denote by L°(A(E), o) R) the
space of HB(E)-measurable, R-valued functions on E with the topology of the convergence in
measure. We consider the generator

f:02x[0,T] xR x LYBE), p X R) — R
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given by

|(ﬂt(0))|2>

f(ws tv Z, wt) = _(Ztr(ﬂz(a)) +
20

1
+- / (explaw(t, x1,x2)) — 1 — aw(t, x1, x2))¢ X w, 1, x1, x2)p™(dx1, dxy).
a JE

6.4)
We then consider the BSDE
T T
Yt:§+/ f(ss Zm W?)ds_/ stBs
7{ t
- / / W(s, 21, x) () — v M) s, dry, dicy). 6.5)
t JE

Since f satisfies the assumptions of [3, Theorem 3.5], we deduce the existence and the
uniqueness of a triplet (Y, Z, W) € Z°(G) x L3(B, G) x G} X", G) which satisfies
(6.5), where .77°(G) is the space of essentially bounded Gr-semimartingales. Furthermore,
Y is bounded and W is P ® v¥:#)-a.e. bounded. Without loss of generality, we assume that
W is bounded. Indeed, according to the proof of [3, Theorem 3.5], there exists a bounded
Gr-predictable mapping W’ such that W = W'P ® vX-#)_ae. and, therefore, W * (uX-#) —
v XMy is indistinguishable from W’ s (uX-#) — v&-H)) on [0, T].
We define the family % := {R**, 6 € O} by

RV = —exp(—a(X?* — V,)), tel0,T] (6.6)

We now verify that &% fulfils the martingale optimality principle. We follow the ideas of
[3, Theorem 4.1]. Before, we recall the following true-martingale criterion for local mar-
tingales: Let A be an arbitrary right-continuous filtration. An A-local martingale X is a
uniformly integrable martingale if and only if it is a process of class (D) with respect to A (see
[20, Proposition 1.1.47 ¢)]). For an example of a uniformly integrable local martingale which
is not a martingale see [13, Chapter IV, Section 26 and Example VI.29].

Theorem 6.3. The family % satisfies the martingale optimality principle. Furthermore, the
solution of the optimization problem (6.3) is given by 0* = Z +a~'¢ € O and the explicit
expression of the value function is U (x) = — exp(—a(x — Yp)).

Proof. We preliminarily observe that, since W and ¢ are bounded and p*-#) is finite,
both W and (e*" — 1) belong to 47 (u*-), G). Therefore, we deduce

aW s (W& — vy e 222G, @V — D (D — vy e AZG).

Furthermore, we have A[(e*Y — 1) % (uXH) — yXH)] > e=¢ _ | > —1, where ¢ > O is a
constant such that |W(w, ¢, x1, x3)| < c.

Applying Itd’s formula to exp(aW s (uX-H) — p&-H) — W — 1 — W) % v*-)) and then
using the Doléans—Dade equation for the stochastic exponential, we verify the identity

exp(aWx(u* D — XMy — W — 1 —aW)sx ™M) = &((e*V — s (u* —pXMy),
6.7)
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Using now (6.7), BSDE (6.5), the explicit form (6.4) of the generator f and the properties of the
stochastic exponential, we verify that, for every 6 € O, the identity R%* = e=*“~10 A% £(H?)
holds, where

0 o [ 12
A" = —exp > |0, — Zs —a™ gg|ds ],
0

H? = —a@ — Z)- B + (exp(aW) — 1) % (u&-H) — pX-H),

Since (0 — Z) € LZT(B, G) and AH? > —1 + 6, for some & > 0, we deduce H? e %”TZ(G),
&(H?) > 0, and finally

(HY, H?) =a2f 10, — Z,|*ds
0 (6.8)
+ f f (exp(@W (s, x1, x2)) — D*¢EH)(s, x1, x2)p%H)(dx, dxa)ds.
0 E

Since Y is bounded and # € 6, by definition (cf. (6.6)) R%* is a process of class (D)
with respect to Gr. Hence, from &(H?), < —e"‘(xfy(’)Rf'x, we get that &(H?) is a Gy-local
martingale of class (D), and hence, a Gr-uniformly integrable martingale, for every 8 € ©. The
process A? is continuous, hence locally bounded, and decreasing. If now (o), is a localizing
sequence of Gr-stopping times for A? ie., A,GMH is bounded, and 0 <s <t < T, we get

E[Rg’x |41 < e @Yo 49 E[éa(Ha)man|%]

tAop o AS
—a(x—=Y [4 0 6,x
=e “WTAY  E(H )jpo, — RIY, n— +o0.

But (R,g Xop)n is uniformly integrable for each 6 € ©. Thus, E[ngf,n|%] — IE[R?’”%] as
n — +o00. So, R%* is a Gr-supermartingale, for every § € ©. We consider the process
0* := Z + a~'¢, which is Gy-predictable. We are going to verify that 6* € © and that R%"*
is a martingale. For this end, we show that &(H 9*) is a uniformly integrable G7-martingale.
From (6.8), ¢ and W being bounded, by the boundedness of ¢X:f) and the finiteness of pX-),
we deduce that (H?", H?") is bounded. Since H?" is also a martingale with bounded jumps,
[16, Theorem 10.9] implies that H?" is a Gy-martingale belonging to the class BMO7(G),
that is, the class of the G-martingale in the class BMO on the finite time interval [0, T].
Furthermore, AH®" > —1 + §, for some § > 0. Hence, [17, Theorem 2] implies that
EH)is a uniformly integrable G7-martingale and therefore a process of class (D). Since
R = —e @t Y0&(H"), we immediately get that R’ is a Gp-martingale which is
moreover uniformly integrable and, hence, of class (D). Therefore, by the boundedness of Y,
we deduce that exp(—« fo Qs*dlé\s) is a process of class (D). Clearly, 6* € LZT(B , G) holds, and,
therefore, 6* € ©. By the martingale optimality principle, we deduce that 6* solves (6.3) and
Ut(x) = —e~**~Y0) The proof of the proposition is now complete. [

Let us now assume that & € B(%7), that is, & is a bounded and .%7-measurable random
variable. In this special case, we compare BSDE (6.5) with BSDE (4.13) in [3]. From
Assumptions 6.1, we see that

prr(w)|2>

f(a)v t’ <, wl) = - <Ztr¢l(a)) +
200

1
+ - /d(GXP(aw(t,xl, 0) — 1 —aw(t, x1,0))¢ (@, 1, x1)p* (dx1)
R

+ & (explaw(t, 0, 1)) — 1 — aw(t, 0, )i, (@)10,11(w, 1) (6.9)
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and so (w,t,w;) — f(w,t,z,w,) is, in general, a Gr-predictable function. Therefore, to
obtain the generator of BSDE (4.13) in [3], which we denote by g, it is enough to take
w(t,0,1) = 0 in (6.9), that is, for w € LY%B(E), pX-f) R), defining u,(x) = w,(x, 0), we
obtain g(w, t, z,u;) = f(w,t, z, w,)|wt(0.1)=0. Hence, BSDE (4.13) in [3] correspond to BSDE
(6.5) with & € B(Fr) and generator g. The existence and the uniqueness of an Fr-solution
follows from [3, Theorem 3.5] using the WRP of X with respect to F.

Remark 6.4 (Indifference Pricing of Defaultable Claims). We stress that an application of this
section can be given if one considers the problem of indifference pricing of defaultable claims.
Indeed, it is evident that the market model which we consider is not complete neither in the
filtrations F7 nor in G, since the price process S is continuous but both Fy and G support
martingales with jumps. Hence, the problem of pricing a ¢r-measurable claim & arises. A
well-known way to price a contingent claim & € B(Yr) is indifference pricing: The indifference
price or utility indifference value 7 of the contingent claim £ is given by the implicit solution
of the equation

U%x) = U (x + n).

Hence, the utility indifference value 7 is the value that, if added to the initial capital x, makes
the investor indifferent (in terms of expected utility) between only trading or trading and selling
& for w in t = 0 then trading and paying & in 7.

By Theorem 6.3 (see also [3, Theorem 4.4]) the utility indifference value is 7 = Yg — Yé),
where Y0 is the solution of BSDE (6.5) in F with £ = 0 and generator g (defined above, just
before this remark) while Y¢ is part of the solution of BSDE (6.5) in Gy with terminal condition
& € B(%r) and generator f. We stress that it is important to ensure that the defaultable claim
& is a Yr-measurable and bounded random variable. For the problem of indifference pricing
of defaultable claims in the case of a progressively enlarged Brownian filtration F we refer,
e.g., to [4,5] or [27]. The problem of the indifference price has been also considered in [3].

6.3. Exponential utility maximization at T N T

We now consider the optimization problem

U (x) = sup E[—exp(—a(X7,, —£))], & €B@rn), a>0 (6.10)
feO

where B(¥r..) denotes the class of bounded and % ,..-measurable random variables. The
optimization problem (6.10) describes the case in which the investor can only follow his
investment up to the occurrence time t of the exogenous shock event. In other words, the
investor has access to the market only up to time t. This means that the price process for the
investor is not § = (S;),e[0,7) itself but rather S* = (S]);eq0,77, where S7 == Sia., t € [0, T].
Notice that the optimization problem (6.10) automatically arises from (6.3) if the price process
S in (6.10) is substituted by S* and & is assumed ¥ .,-measurable.

Jeanblanc et al. studied in [21] the problem (6.10) when Fy is the filtration generated by a
d-dimensional Brownian motion B. In [21] admissible strategies take values in a closed subset
C C R4, which represents an additional constraint-set for admissible strategies. The set of
constraints C leads to BSDEs with a non-Lipschitz generator f which does not fit in the frame
of [3] because of a quadratic term in z. Furthermore, in [21] the authors do not require that
the density A in Assumptions 6.1 is bounded, as we do. On the other side, in [21] the authors

Please cite this article as: P. Di Tella, On the weak representation property in progressively enlarged filtrations with an application in exponential utility
maximization, Stochastic Processes and their Applications (2019), https://doi.org/10.1016/j.spa.2019.03.013.




22 P. Di Tella / Stochastic Processes and their Applications xxx (xxxx) xxx

assume that the conditional law of 7 given .%; is equivalent to the Lebesgue measure and the
immersion property (see [21, (H1) (Density hypothesis)]): These assumptions on t seem to be
stronger than Assumptions 6.1 (1) and (6).

In summary, if we consider the special case C = R? and A bounded, then (6.10) can be
seen as a generalization of the situation considered in [21] in a Brownian setting to the case
of an underlying filtration F7 supporting martingales with jumps.

The optimization problem (6.10) has been considered in [21] as a separate problem. Thanks
to the WRP with respect to Gz, which we obtained in Theorem 5.3 for all Gr-martingales, we
can now deduce the existence and the uniqueness of the solution of BSDE (6.5) on the random
time interval [0, T A 7] from [3, Theorem 3.5]. This allows to solve the optimization problem
(6.10) exactly in the same way as (6.3). For this aim, we need the following proposition, which
is a corollary to [3, Theorem 3.5]. Therefore, in the proof of this result, we use the notation
from [3, Theorem 3.5].

For a Gr-stopping time o, Y° denotes the process Y stopped at o, ie., ¥ = Yiro,
t [0, T].

Proposition 6.5. Let o be a G-stopping time, let & € B(Yrn,) and let f be the generator
defined in (6.4). Then the BSDE

T No T Ao
Yt/\a - g +/ f(S, ZSa Ws‘)ds - / stBx
;ﬁg tne (6.11)
- [ / W (s, xi, x)(u 0 — v (ds, dxy, dxo), 1 €10, T,
tAo E

admits a unique bounded solution which is given by the solution
(Y%, l0.01Z, 0.1 W) € Z°(G) x L73(B, G) x 7 (w*),G), W bounded,
of BSDE (6.5) with generator f, = li9,f and terminal condition §.

Proof. Since f asin (6.4) satisfies the assumptions of [3, Theorem 3.5], also f, = 19+ f does.
Therefore, there exists the unique solution (Y, Z, W) € .#2(G) x L2(B, G) x Z2(u X1 G) of
(6.5) with generator f,. Let f and ﬁ, be the truncated generators defined as in the proof of [3,
Theorem 3.5]. Then J:":T satisfies the assumption of [3, Proposition 3.2] and therefore (Y, Z, W)
is also solution of BSDE (6.5) with generator f(, (this is shown in the proof of [3, Theorem
3.5]). Hence, we have

T
Y, =E [g +/ Fols, Zy, Wy)ds gf} (6.12)

and
T _ T _
%‘+\/‘ fU(sz.Y’ WY)dS:]E|:§+/ f(T(S7 ZSa Wv)dsi|
0 0
+ Z-Br + W (uXH — y&H)y, (6.13)
Since & € B(%r o) and f, = lj0.0] f~, from (6.13) and Doob’s stopping theorem, we get
T Ao - T Ao -
$+f f(stSﬂ WY)ds:]E[g—i_/ f(svzxv WY)dS]
0 0

+ 1[0’0_12 -Br + 1[O,a]W * (M(X’H) _ 1)(X,H))T'
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From (6.12) we deduce Yrro = & and Y =Y. So (Y7, 1j0.01Z, 1j0.c;W) solves BSDE (6.5)
with generator ﬁ, and terminal condition £ € B(¥r.). But then, according to the proof of
[3, Theorem 3.5], we also have that (Y, 1{9.51Z, 1{0,,W) solves BSDE (6.5) with generator
fo and terminal condition & € B(%r ., ). Therefore, (Y, 1j0.01Z, 1j0.-,;W) also satisfies BSDE
(6.11) and the proof of the proposition is complete. [J

We remark that, because of Proposition 6.5, we are able to consider the optimization problem
(6.10) on the interval [0, T Ac], for every G-stopping time o. We denote by (Y, 119.+1Z, 1{0,,1W)
solution of (6.11) with ¥ € .#7°(G) and W bounded.

We now discuss the solution of the optimization problem (6.10). First we define the set O of
the admissible strategies. Let © be the set of admissible strategies for the optimization problem
(6.3) introduced in Definition 6.2. For any 6 € 6, we define 0 = ljo,7Az10 and clearly 0eo
holds. Let now X"*f be the wealth process defined in (6.2). Then X9 = X% on [0, T A T]
and (X%*)""* = X%~ holds. So, the set of admissible strategies for (6.10) can be restricted to
O:=1{0eO:lgrnd=0}C 0.

Remark 6.6 (Admissible Strategies for the Random-time Horizon Problem). We now make
the following important consideration: Let A be a G-predictable process. Then, because of
[23, Lemma 4.4. b)], there exists an F-predictable process a such that Al ;; = aljo.r}, showing
that [F-predictable and G-predictable processes coincide on [0, ]. This means that the set o
of admissible strategies for the optimization problem (6.10), consists of strategies which are
actually Fy-predictable. In other words, if the optimization problem (6.3) on the time horizon
[0, T] can be regarded as the problem of an insider who can use Gp-predictable strategies,
having some private information about 7, the optimization problem (6.10) actually describes
the problem of an agent for whom the available information is exclusively the one in the market
(that is, he pursues Fr-predictable strategies) but, for some reasons, he has only access to the
market up to the occurrence of the exogenous shock event, whose occurrence time is modelled
by t.

Let now & € B(¥r ;). From Proposition 6.5 we know that BSDE (6.11) on [0, T A 7] with
generator f and terminal condition &, corresponds to BSDE (6.5) on [0, T] with generator
lio.rA71f and terminal condition §. Hence, BSDE (6.11) has the unique solution

Y, LA Z, Lo oA W) € Z5°(G) x L7(B, G) x Gr(u'*, G),

where W is furthermore bounded. Notice that, being a Gr-predictable process, Z coincides with
an [Fy-predictable process on [0, 7] (see [, Proposition 2.11]). A similar statement holds also
for W: That is W coincides with a & (F) ® Z(E)-measurable mapping on [0, t]. To see this,
it is enough to consider a bounded G-predictable mapping G of the form G(w,t, x1, x3) =
g:(w) f(x1, x2), where g is a bounded G-predictable process and f a bounded measurable
function. For G-predictable mappings of this form the statement clearly hold, because of
[1, Proposition 2.11]. Furthermore, this is a system generating Z(G)®%(E). By the monotone
class theorem, we get the result for every bounded Z(G)® Z(E)-measurable mapping G and,
by approximation, for every nonnegative and then for every &(G)® Z(E)-measurable mapping
G.
We now define the family % = {R?*, § € O} by

A

ROx = —exp(—a(X?X — V), tel0,T], 6eb.

INT
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Then, Iéé T = exp(—a(Xé — &)) holds. If we now define, for ¢ € [0, T],

TAT TAt

N 2 AT
A? = —ex ll O, — Zy —a ', d
tAT T p ) |6y s —a @]°ds
0

and

A

INT N
H  =-a / (0 — Z,))dB,
0

AT
+ / / (exp(@W (s, x1, x2)) — (S — v&M)(ds, dxy, dx),
0 E

we can verify as in the proof of Theorem 6.3 the identity ROx = e~2=Y0) 40 £([9), for
6 e ©O. Furthermore, IQHA’E is a supermartingale on [0, T'] for every 6 € O.If now 6*
is the optimal strategy for the optimization problem (6.3) given in Theorem 6.3, it follows
that §* = lio.rA10* belongs to O and IA{,Q:;X is a martingale. Therefore, % satisfies the
martingale optimality principle on [0, T A 7] and 0* = 1y 7.:)(Z + @~ '¢) is the optimal
solution of (6.10). In particular, the explicit expression of the value function is given by
Uf(x) = E[—exp(X7,5; — )] = —exp(—a(x — Y] ™).

Trt

The continuous case. We stress that, if p* = 0, that is, X is a d-dimensional Brownian motion,
and F = FX, then (6.11) with 0 = T becomes
TrtT

TAT T AT
Yoo =&+ [ f(s. 2, Uds — / Z,dB, - / UM, 1e[0.T]  (6.14)
t

INT INT AT

where, for ¢ € [0, T A 7], the generator is given by

tr |§0;(Cl))|2 1
f(w9t7 Z?”): —1< ‘Pt(w)+ 2“ + (; (exp(au)_ 1 _au))"t(w)llo,rl(wvt)a
The previous equation has the unique solution (Y, 19, 74r1Z, 1jo,7Ar;U), Which is the solution
of the same equation on [0, T'] with generator 1o 74, f and initial condition & € B(¥r ). We

notice that we can rewrite

T AT N4 T AT
Yirne =& —/ g(s, Zs, Ug)ds —/ Z,dB; —/ UdH;, te]0,T]

INT INT INT
where g(w,t,z,u) = —f(w,t, z,u) — Au, which is the BSDE considered in [21]. Hence,
BSDE (6.14) corresponds to [21, Eq. (3.5)] with C = R? and a bounded intensity A. This
means that, in this special case, we can recover [21, Theorem 4.17]. Furthermore, because
of the uniqueness of the bounded solution, the solution of (6.14) and the solution given in
[21, Proposition 4.4] coincide.
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