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Abstract

Let X = {X(f)) — o <t< o0} be a continuous-time stationary process with spectral
density function ¢x(4) and {1, } be a stationary point process independent of X. Estimates ¢x(4)
of ¢ (4} based on the discrete-time observation {X (), ©4} are considered. Asymptotic expres-
sions for the bias and covariance of ¢x(1) are derived. A multivariate central limit theorem is
established for the spectral estimators qu(l). Under mild conditions, it is shown that the bias is
independent of the statistics of the sampling point process {7,} and that there exist sampling
point processes such that the asymptotic variance is uniformly smaller than that of a Poisson
sampling scheme for all spectral densities ¢x(4) and all frequencies 1.
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1. Introduction

There is an extensive literature on the theory and applications of spectral analysis of
time series. This paper is concerned with some theoretical properties of spectral
density function estimation of continuous-time stationary processes when the obser-
vations are taken at discrete times. Let X = {X(t), — o0 <t < oo} be a real-valued
stationary process with mean zero, continuous covariance function Rx(t) e Ly and
spectral density function ¢x(4). If the process is sampled at equally spaced times
{t« = k/B}, then it is well known that aliasing arises and consistent estimates of Rx ()
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and ¢y () from the samples { X (k/f)} do not exist unless the process X is band limited,
¢x(1) = Ofor [A| > B and B < fn. This motivated the consideration of irregularly spaced
sampling point processes. Two notions of alias-freec sampling are known (Shapiro and
Silverman, 1960; Brillinger, 1972). The latter was further developed in Masry (1978b). The
quadratic-mean consistency of various estimates of ¢x(4), for the Poisson sampling pro-
cess, is considered in Masry (1978a, 1980) while the consistency and asymptotic normality
of estimates of Rx(t) is established in Masry (1983) for general alias-free sampling schemes.
For parametric (finite parameter) spectral estimation of continuous-time process from
unequally spaced data, we refer to Robinson (1978) and Lii and Masry (1992a) and the
references therein. There is a considerable interest in time-series analysis from irregularly
observed data. See, for example, the collection of papers in Parzen (1983), and the
simulation study in Moore ¢t al. (1987). A recent application to the spectral analysis of
ocean profiles from unequally spaced data can be found in Moore et al. (1988).

In this paper we consider a nonparametric spectral estimate of ¢(4) based on
discrete-time observations {X(t,), 7, } where {1, } is a general alias-free stationary point
process. We obtain asymptotic expressions for the bias and covariance of q§ x(4). We also
establish a multivariate central limit theorem for d;X(A). A key expression used in our
derivations is the asymptotic cumulants of d; (4) of Eq. (2.11) given in Brillinger (1972,
Theorem 4.1). Our general results are compared with those of the Poisson sampling. It is
also shown that, under certain regularity conditions, there are alias-free sampling
schemes such that the mean-squares error is uniformly smaller than that of the Poisson
sampling for all spectral densities ¢x(4) and all 4. These results may be of particular
interest to oceanographic spectral analysis, Moore et al. (1988).

2. Preliminaries

We begin by setting the framework and notations.

Let X = {X(t), — o0 <t< oo} be a zero mean stationary process with finite
second-order moments, continuous covariance function Rx(t) € L, and spectral den-
sity function ¢x(4). The point process {7, }s% - ,, is stationary, orderly, independent of
X, with finite second-order moments (Daley and Vere Jones, 1972). Let N(-) be the
counting process associated with {7, } and § = E[N((0, 1])] be the mean intensity of
the point process, then

E[N((t,t + de])] = B dt, 2.1)
Cov{N((t,t + dt]), N((t + u, t + u + du]) = Cy(dw)dt, (2.2)

where Cy is the reduced covariance measure which is a g-finite measure on the Borel
sets # with an atom at the origin, Cy({0}) = B. We assume that Cy is absolutely
continuous, outside of the origin, with covariance density function cy(u) 1.e.

Cn(B) = BSo(B) + J cn()du, Be® 2.3)
B
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and

o= 14 oo
In the differential notation dN(t) = N((0, t + dt]) — N((0, t]), we can write
Cov{dN(t,), dN(t;)} = cy(t2 — t;)dt, dt,
for distinct ¢}’s.
We define the sampled process by

=Y X(u), Be® (2.4

7ieB

or in differential from dZ(f) = X (¢)dN (). The increment process Z has finite sec-
ond-order moments and in particular E{dZ(t)] = 0 and

pz(du)dt 2 E[AZ()dZ (¢ + u)]
= Ry(u){p*du + Cyn(du)}ds
= dCPH(u)dz. 2.5)
If we define the o-finite measure

in(B) = j [8du+ Cy(dw)], Bes,

then
uz(B) = J; Ry (u) puy (du)

— BRx(0)50(B) + f Ry@)[ 2 + cx()]du

is a g-finite measure on #. We define the spectral density ¢,(A) of the increment
process Z by

b e g [ e =5 [T e macP

2n 2n - o
=1 0x) + F2 4 - [ Reene
= pguty + X0 f $x(:— W du, 2.6)

.m)é_l&r e Moy du ey()e L, 27
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1s assumed. We note that ¢,(1) is bounded, uniformly continuous but not integrable in
general. Define

)
= 2.8
Y0 = g 28)
Under the assumption that
1 (= .
yweL, and TI'(A) 42 3 f e *yu)due Ly, 29

relationship (2.6) can be inverted and we have

{d)z(l) P20} jm m—u)[m()—ﬁ "”] u}‘ (2.10)

Px() = ]

B

We note that a sufficient condition for {7,} to be “alias-free” is B2 + cy(u) > 0 a.e;
however, this is not sufficient to invert relationship (2.6). A sufficient condition for
(2.10) to hold is (2.9) (Masry, 1978b). Eq. (2.10) is formally given in Brillinger (1972).
When (2.9) is satisfied, we call the point process {r,} admittable. Eq. (2.10) is the
principal relationship which allows one to estimate ¢x(4) from the discrete data
{X (t;), 7¢ }. Given the observations {X (), rk},iv ™ with T > 0 and N(T) the number
of points in [0, 7], we estimate ¢x(1) as follows. First let I(4) be the periodogram
2

Ir(4) =

J‘Te*i“X(t)dN(t)

2nT
£ 5 7ldzr@P’ (2.11)

and we estimate ¢ (1) by
$2(1) = j jo Wr(A — u)Ir(u)du, (2.12)

where Wi(d) = (1/br) W(A/br) is a spectral window where by — 0 as T — o0 is the
bandwidth parameter and W(J) is a real, even, weight function satisfying

WelL,nL, and f W()di=1. (2.13)

Using (2.10) we now estimate ¢y(4) by
X °° - 0) R4 (0
b2 = 34| datir - RE(O)] |7 1 - wduman+ POROL

- o0

(2.14)
where

R (0)—iJTX2(t)dN(t) (2.15)
BT o ' '
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Eq. (2.14) will be used in subsequent sections to establish the convergence properties
of dgx(/l). In terms of actual data processing of the observations {X (t,), 7, },ivz(? one
may prefer an alternative expression which is obtained as follows. Let w(t) be the
covariance averaging kernel

w(t) = J :n el W(A)dA. (2.16)

Then it is seen from (2.11) that
1 NTOINT)
Ir(4) = T j§1 kgl e T X (1) X (1)
and
Re0) = = ¥ X?(5).
BT = !
Simple algebra then shows that

N(T)N(T)

o) = 5 X Y expL =il —w)Alwibr(s; — w))
ji=t ]“;;{
x[1 =yt~ 1) 1X (@) X (@), 2.17)

. - . . . . N(T
which is an explicit expression in terms of the observations {X (z;), 7,};-1 -

In this paper it is assumed that the mean sampling rate §§ and the covariance density
function cy(u) of the point process {t,} are known. Also, in case the process X has
a nonzero mean m, the standard method is to estimate m by

N(T)

1 (7 1
Wy = ﬁ—ffo X@®)dN@) = T ,-; X (t;) (2.18)

and subtract it from the data {X(r;)}. The results of this paper continue to hold since
the contribution of the mean estimation is of a smaller order (as in classical spectral
estimation).

In Section 3 we establish the quadratic-mean consistency of qu(l) as T — oo along
with explicit asymptotic expressions for the bias and covariance of ¢;x(l). In Section
4 we derive the joint asymptotic normality of ¢ (4). Examples are given in Section 5.

3. Mean-squares consistency

Define

Kr(4) = jm I'(A—u)Wr(u)du 3.1

— 0
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and note that

[~ 1KT(,1)|dng |r(u)|dur | W(u)|du < oo (3.2a)
J — o — o0

and
[ Kr(A)di = y(0). (3.2b)

We can then write the spectral estimate d;x(/l) in the more compact form, using (2.12)
and (2.14),

- 1 e 1—(0) «
bxy = [ WG~ - KrG -l - TP RO, (Y

We first show that, asymptotically, E [qu(l)] does not depend on the statistics of
the point process {1, }. We make use of the following result (Brillinger, 1972, Theorem

4.1): 1

jw (A + Juhd|C2 W) < oo, (3.4
then
cum {dz, r(4), dz (1)} = 2nD (A + p) Pz(1) + OQ),
where
T . 1— —iAT
Dr(3) = L' e it dy = —3— (3.5)

and the O(1) term is uniform in A. Hence,

1
E[1r()] = 5 —cum {dz,7(}), dz,r(— 1)}

1
Also,

E[Rx(0)] = ﬁin Rx(0)Bdt = Ry(0)

Hence, by (3.1) and Wr(1)e L,, Kr(4) e L; we have

ELGx0) = 5 | ¢a[Wli— )= Ko = )] du
L~ 5(0)
2np

Rx(0) + O (1T ) (3.6)
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It is seen by (2.6), (2.16) and (3.1), using Fubini’s theorem, that

Je fw b2 [Wr(h— 1) — K7(h— u)]du

1 Q

=5z | eI =y @Iw(bru)dC )

and substituting (2.5) and using w(0) = 1 and 1 — y(u) = B%/(B* + cn(u)), we have

J=2 jw e L1 — () w(br) Re(w) {B50) + B + ()} du

= i; .
1 « .
= 5 (B = YOTRAO0) + B | e Ryt w(oru) dus

¢

It then follows by (3.6) that

Efdx(1)] = — J " et yo(bru) Ry () dus + O (1T>

2n ),

- f W — W) du + 0<1T)

- ¢x(4) as T — o0 (3.7)

by dominated convergence since W satisfies (2.13). We thus have the following
theorem.

Theorem 3.1. Let X be a continuous time, zero mean, stationary process with covariance
function Ryx(t) € L, and spectral density ¢x(1). Let the point process {1, } be stationary,
independent of X, with mean intensity f, covariance density function cy(u) € L, such that
(2.8) and (2.9) hold. If W (4) satisfies (2.13) then the spectral estimate qu(/l) of (3.3)
satisfies

- © 1
B = [ Weth =~ ixtidu+ 0| 1)

- ¢x(A) as T—> oo,

where the term O (1/T) is uniform in .

Thus, the mean of ¢x(1) is independent of the statistics of the sampling process {z; }
(and in particular does not depend on the mean sampling rate ). The proof of the
following corollary is given in the Appendix.

Corollary 3.1. If, in addition, we have for some integer n >0
(i) v"Rx(u)e Ly,
(i1) w(t) is n-times differentiable with w'™(t) being bounded and continuous.
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Then
- " (b Y w0 .
E[x()]) = 6x(@) + %Q 69 0) + o) + o<lT)

=1

A special case of interest is n = 2 and noting that w*>(0) = 0, since w(¢) is even, we
find
bzw®(0)

bias [fx(H] = ~ ~—

1
Q) +o(br) + O (7) (3.8)
which is of course independent of the statistics of the sampling process.

Before we proceed to establish the covariances of d;x(/U we make the following
assumptions.

Assumption 3.1. For integer K > 2

(@) fpe-s (U4 D) ePuy, ooy - y)duy--duy_y < 00 for j=1,...,k—1
k=2,...K, (39)
where ¢ is the kth order cumulant of X = {X (), — 00 <t < oo} and we note
that ¢’ (u) = Rx(u).

() ¢PO,u,u)e Ly N L.

(©) fpe-s (L + 1Dl c@ @y, ..., we— )| duy---dugy_y < 00 for j=1,....,k—1;
k=2,...,K, (3.10)
where ¢ is defined by

cum {dN(ty),...,dN(t)} = W (ty — ty, ..., t, — t)dty - dty,
for distinct ¢;’s. Note that ¢ (u) = cy(u).
Note that Assumption 3.1 requires that E| X (t)|X < oo as well as E|dN(0)[¥ < oo

for the existence of the cumulants ¢, cP, k =2,..., K. We define the cumulants
CHF(uy, ..., u-y) of the increment process Z (see (2.4)) by

cum{dZ(ty),...,dZ(t;)} = ACP(tz — ty, ..., t — t;)dt, (3.11)
and C¥ is of bounded variation over finite cubes. Then under Assumption 3.1(a) and
(c) we have (Brillinger, 1972, p. 485)

J A+ uNdICP Wy, ..., ue 1)l < oo, forj=1,.... k= 1;k=2,..., K(3.12)
Rk-1

The kth-order cumulant spectrum ¢ (44, ..., 4,—;) is defined by

k-1

1 .
(bé")(ll,...,ik,l)é(——zn)k_lf exp{——l Y u%j}dcg‘)(ul,...,uk_l) (3.13)
Rk-1

j=1
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and we note that ¢ is bounded, uniformly continuous but not integrable in general,
and ¢{?(1) = ¢z(2). Under (3.12) we have (Brillinger, 1972, Theorem 4.1)

k
cum(dz, r(41), ..., dz, r(A)) = (2n) ' Dy ( Z lj) ¢ék)(/11, s Ae-1) + O(1),
j=1

k=2,...,K, (3.14)

where d; (1) is given by (2.11), Dy (4) is given by (3.5) and the O(1) term is uniform in
As.
We need an Assumption on W(A).

Assumption 3.2, W(}) is a real even, uniformly continuous function on R* such that

WelLynL,, f W)di=1.

— o

We now state the asymptotic covariance of qg x(A).

Theorem 3.2. Under Assumptions 3.1 with K = 4, Assumption 3.2, and by — 0 such that
Thy — o0, we have for each A, u,

Tbr Cov(x(), Bx(i) = %} G2 5rn+ 5101

x r W2(x)dx + o(l) + O(/by). (3.15)

A discussion of the implications of Theorems 3.1 and 3.2, along with some exam-
ples, will be given in Section 5.

Proof. By (3.3) we rewrite 4;):(1) as

b= [ et —wan+ Lo—sonzaol, 316
with
0:) = Welh) — KA. 6.17)

Note that by (3.1) and (3.2)
f |Qr(2)]dA < const. < o0 (3.18a)

and

f 0r(Mdl=1—y(0) (3.18b)
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where const. denotes a generic positive constant throughout the paper. Now,

- ~ 1
Cov(dx(h, dx(1) = 73 J  Covlrtu), Ir(w2))Qr(hs — un) Qr(Az — ) duuy dy
1 2 3
+ B [1 — 7(0)]? Var (Rx(0))

1 ® ~
+ En—ﬁ [ =70 [ Covliz(u. Rx(0)Qr( — whcu

ﬁ [1 - 7(0)] j Cov(I7(u), Rx(0) Qr (A — u)du

=I1+124+13 + 14 (3.19)
We will show that
() Var(Rx(0)) = O(1/T),
(i) I1= [342Tb ¢7W0su+ 0, 107, Wz(u)du+o<T2T).
Then by the Cauchy—Schwarz inequality and the fact that Qp(x)e L, we have
I3+14= O(l/(TJFT)) and Theorem 3.2 is proved. To show (i), we have by (2.15)

1 T 0T
Var(Ry(0)) = ( [3T)2 J f ) cum (X 2(t)dN(t), X 2(s) AN (s))
T
= (/TT)_Z L L cum (X 2(t), X 2(s)) E[dN(t)dN (s)]

_ LMo . )
‘ﬁZTf_T(l >{2Rx (0 + ¢ (0,1, )} {B* + B3(1) + cx (1)} de

T
= EZI‘T{ J IR2R%(@) + ¢§20,7, )] [B* + en(®)]] dr

+ BI2R%(0) + ¢5(0,0, 0)]}

1
_o (?> (3.20)

For the last inequality in (3.20) we note that RZ e L, since Rx€ Ly N Ly, Riene Ly
since Ry € L,,, ¢y € L, and the inequality follows by using Assumption 3.1(b).
In order to show (ii) we note first that, using (3.14),

Cov(Ir(u1), It(uz)) = e IT) cum {dZ,T(ul)dZ.T( —uy), dg, 7 (Uz)dz, 7 ( — “2)}

(2 IT)Z {cum[dz r(u)dz r(— 1), dz 7 (U)dz, r( — uy)]
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+ cum[dy r(uy), dz 7+ (u3)]
xcum/[dy r( — uy)dy, r(uy)]
+ cum[dz 7 (uy), dz, 7( — u2)]
xcum[dz r(— uy)dz r(uz)]}

1 4
= G (@0 T3 W, —uru2) + O(1)

+ [2nDr(uy + uz) ¢z (uy) + O(1)]
X[2nDy(—uy — uz)dz( — uy) + O(1)]

+ [2nDy(uy — uz) ¢z (uy) + O(1)]
x[2eDy(—uy + uy)dz(— uy) + O(1)7]}

= 0y, — e, 2) 7 B2 ) [Ar g+ 102)
+ Ar(u; — uy)]

0(2 {2(u)[Dr(uy + u) + Dyp(uy —us)]

+ ¢z(— u)[Dr(— uy —uy)
+ Dp(—uy +uy)]+ 1},
where Ar(4) is the Fejer kernel

1
Ar(2) = 21D (WP,
Therefore, I1 of (3.19) is equal to

2n
= —fff ¢é4)(u1 — 1y, Uz) Qr(A; —uy)Qr(d; — up)duy du,
R2

1
+ f bz (1) Qr(hy — ) Qr(As — tz) [Ar(u; + uy)
ﬂ T Rz

+ Ap(uy — uy)] du, du,

Oo(1)
ﬁ4(7"2 J {¢2(u)[Dr(uy + uz) + Dy(uy —uy)]
+ ¢z(—u)([Dr(—uy — uy) + Dr( — uy + uy)]}
X X Qr(A1 — uy)Qr(A; — uz)du, du,
+ 0(1/T?)

1
_=_J1+J2+J3+O<F).

49

(3.21)

(3.22)

(3.23)
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Since ¢é4) is bounded and Q€ L; we have

1
= = 3.24
J1=0 ( T) (329
uniformly in A, 4,. Also,
J3=0 1 (3.25)
= 7 .

uniformly in 4,, 4, because ¢, (1) and Dy (u)/T are uniformly bounded and @ € L, by
(3.18). To evaluate J2, we need the following lemma whose proof is given in the
Appendix.

Lemma 3.1. Under Assumption 3.2, '(A)e L;, and by — O such that Thy —~ o as
T— oo we have

|7 00~ 0 Ardu = 220+) + 001/,
where the term o(1/by) is uniform in A.

By (3.23) and Lemma 3.1 we have

02 =g | 63)Qrths — ) dus
<[ 0rlia = wa)Eant + )+ Ariy )V
2 ¢]
= W.—TETJ‘_ ¢7 )0 (A — u)[Qr(A2 + uy) + Qr(d2 — u)1duy
ro i) [ d2wnorth - udu

EJ21 +J22. (326)
Since ¢, is bounded and jf’w 1Qr(1)|dA < const. by (3.18) we have

1
Jy = o<ﬁ~> uniformly in 4,, 4,. (3.27)

T

To evaluate J,, we first note that, from (3.17) and (3.1),

0r(hy —uy)Qr(Aa 2 uy) = We(dy —u) Wr(hy + uy) — Wrdy —uy)

xj I'(hs + 4y — v2) Wr(02)dv,

— 0
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e8]

— Wrlhs £ ul)J (s = g — 03) Wy (o)) doy

—®

+f [y =ty — 0) (s & 1y — 03)

x Wy(vy) Wr(v,)dvy du,
=F,+ F,+ Fy+ F,. (3.28)
Thus, J,; of (3.26) has four terms
Jy =Jy +J5 + I3+ I3 (3.29)
corresponding to (3.28). We show that J3, is the dominant term: we have with

v=_(4; —u1)/br

2 @O
T = ez | B2 Walds = ) D¥ti + ) 4 Wilha — )]y

_ 2n ® 2 },2 + /11 B
= _,BTTTT f_oo ¢z (A1 — byv) W(U)|: W( by U)

Az

(ho—4r N1
+WK by +U)Jdl).

Note that since W € L, and is uniformly continuous we have W(u) — 0 as |u| — 0.
Thus, as T — co the integrand tends to

b7 (A) W2 63, 2, + Oay, - 15 ]

and is bounded by const. W(v) e L, since ¢z(A) and W(yu) are bounded. Thus, by
dominated convergence

0

W2(u)du, (3.30)

2r
Thrdis = 35 300 0050+ 51,,_12]f

where ¢, , is the Kronecker delta.
Next

" 2
Tin= =g [ SR Walhs =) [T+ = )
BT | e

+ F(Az — U — Uz)] d1)2 dul

and since ¢z (u) is bounded

” const. [© @
VAP Tf |WT(u)|duf I (0)] do

b~ o}

1
=0 <?> uniformly in A, 4,. (3.31)
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Similarly,
e 1 . .
J;=0 T uniformly in 4y, 4,. (3.32)
Finally,

2 oC o0 o0
it =g | 18 — = o) Wrtw) W)

X [F(}.z + Uy — Uz) + F(iz ~— Uy — Uz)]ldul dUl dUZ

SCO;St'f IWT(U1)|d”1f IWT(UZ)ldUZJ [T (u)| du

- —

i
=0 (;,) uniformly in 1, 4,, (3.33)
since ¢z and I' € L, are bounded function. It follows by (3.26), (3.27) and (3.29)-(3.33)
that

PRI
T BH(Tby)

where the term O(1/7) is uniform in A, 4,. This completes the proof of (ii) and the
theorem is proved. [

B0+ ] [ Wadur0(3). 634

4. Joint asymptotic normality

In this section we prove the following result.

Theorem 4.1. Let Assumption 3.1 (for all K> 2) and Assumption 3.2 hold.
If byr=0(T"%, for some O<oa<]1, then the standardized variables
{(Tbp) 2 {Gx(A) — E[Px(A)1}=1} are jointly asymptotically normally distributed
with mean O and covariances given by (3.15).

Proof. Recall from (3.3) and (3.17) that

~ 1

Px(4) = P
We have already seen in Section 3 that Var (Rx(0)) = O(1/7) which is of smaller order
of magnitude than that of G(4;) £ {*_ I(w)Qr(4; — u)du which is O(1/(Thy)). There-
fore, to prove the theorem, we only need to establish the joint asymptotic normality of

{/TbrG(4;)}. For this it suffices to show that all joint cumulants of {\/TbrG(4;)} of

[ s - wau - £ 0~ son s
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order k > 3 tend to zero as T — oo. For k > 3, consider

(T-VbT)k/2 Cum{G(ll), iy G(/{k)} = (TbT)k/Z J I: I’i[ QT(l] — UJ)J
Rx|_ j=1

X h (g ...ou) duy, ..., dug, (4.1)

where

By, ..o w) =cum(Ir(uy), ..., Ip(w))
k
=@2nT)™* Y Y cum({dz, r(uw); l€v,}) - cum({dz r(w); I €v,})
p=1v
4.2)

and the inner sum is over all indecomposable partition v = v, U -+ U v, of the
transformed table

U, — U 1 —1
Uy  — Uy 2 =2
-
we  — Uy kK —k

(see Rosenblatt, 1985). We note that in using the transformed table,
cum({dz r(w); l € v;}) in (4.2) denotes the joint cumulant of all random variables in
{dz,r(w); 1 € v;} with the convention A, = — 4, if [ < 0. Also, any partition v which
has a single element in a subset v; contributes zero since cum(dz 7(4))
= E(dz r(4)) = 0. Hence, in any partition v, all subsets v; must have at least two
elements from the transformed table in order to contribute and thus the sum in (4.2)
over p has an upper limit k. Denote by # (v;) the number of elements in the subset v;.
We now evaluate (4.2) in detail. First consider the case p = 1. Then by (4.2), its
contribution to (4.1), using (3.14), is

(Thy)2
(2rn Ty

j (@R 1 D) (us = £ 1,..., + (k—1),K) + O()]

X H Or(A; —uj)du, --- du,
i=1

=0O(T* %2y -0 as T - oo for k> 3.

The last equality is obtained by the boundedness of ¢(2k) the integrability (3.18a) of

the @¢’s and D;(0)=T. Now for 1 < p <k, given an indecomposable partition
v=wv; U --- U, of the transformed table, there exists at least one j such that j e v,
and — jewv, with m # n; otherwise the partition is not indecomposable. Without loss
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of generality, we can assume j = 1, m = 1, and n = 2 for convenience. The contribu-
tion of such a partition in (4.2) to (4.1) is

Th, )2 k
((21177)1)" 1—_[ QT(/,{ — uj)[(zn)# wi)—1 D

x(u1+ Y u,)tbl(u,,{u,,lev'l})+0(1)}

lev,l#1

x[(2n)*(”2’*1DT( —uy + Y ul>¢z(—ul,{u,,lev’2})+O(l):l

levy,l# — 1

p
X H |:(2Tc)#(”f)1 DT ( Z ul> (,‘bz({u, € Uj}) + 0(1)] du1 duk, (43)
j=3 lev;
with the expanded notation that ¢;({u;, | € v;}) being the cumulant spectrum of order
# (v;) with # (v;) — 1 arguments. Also, v; is implicitly defined in
dz(ui, {u € vj}) = ¢z (uy, uye vy but | #1i).

The expansion of the product of the form H” ; [a; + O(1)] in the integrand of (4.3)
has many terms. The most significant term is H _ , a; which involves the product of all
the Dirichlet kernels Dy’s. This dominant term contribution to (4.1) is

Blzw(zn)y"p‘[ . {an DT<U1+ 2 ul)(ﬁZ(ul’{ulalevl})

k
2n) ~o Tev, l#1

XDT<—u1+ Z ”t)d’z(—”1>{U1,IGU§})QT(11‘ul)dul}

levy, l# —1

p k
x |1 DT< Y u,) $z(uy, Levy) [] Or(A; — u;)duy - duy. 44
ji=3 i=2

ley;

We note that by (3.17) and (3.1) we have Q4 (u) = O(1/by) since W is bounded.
Applying the Cauchy-Schwarz inequality to the inner integral with respect to uy,
using the boundedness of ¢,, ¢, < M, we find that the inner integral is bounded by

" ® 12
M?20 <bi)|:jv |Dy(uy + n))* du, j_ |IDp{ —u; + é)]zdulil

= M20<blT> T[Jio%,(DT(u)(zdu]z o<b~TT>.
f1or( 2 u)

du2 tee duk

Then

|By] < O(by/T)H2 " f
Rk

k
x¢z(ul,IEUJ l—[ QTi —u
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If p = 2 there is no Dirichlet kernel Dy left in the integrand and by the integrability of
Qr’s, we have |B;| = O(by/TY/* ' 5 0as T — oo for k > 3. If p > 2 then there exists
an | # 1 such that fev; for j > 3 and — I does not appear in any other remaining
subset of the partition v; otherwise the partition would be decomposable. Without loss
of generality (be relabeling the indices), let j = 3 and I = 2. Then

_IEI DT( Z ul>¢z(ulalevj)

lev;

1B, < O(br/r)kﬂ-lf

Rk-2

dU3"'duk

k
x [T @r(4; — uy)
i=3
DT(“Z + Y uz) Gz (uz, {uy, 1€ v5})Qr(Ay — uy) | dus. (4.5)

o
x\j‘
T®© levy

The last integration in (4.5) is bounded by O(log 7/by) by Lemma A.1 in the
Appendix which states that

.

Hence,

Dr(w)Qr(4 —u)|du = O(log T/by).

|B,] < O(b2/T)***O(log T/by) f
Rk—z

fior(z )

e

dU3"'duk.

X ¢z (u, lev)) ﬁ Qr(d; — u;)

If p = 3 then no more Dirichlet kernels D are left, and using the boundedness of
¢z and the integrability of Q;’s we have |B;| = O[(1/T)¥?>  (br)* *log T] - 0 as
T — oo for all k > 3. Continuing in the same manner, using Lemma A.1 repeatedly,
we will have p — 4 additional integrations involving D;Qr and k—3 —(p — 4)
=k — p + 1 additional integrations involving the Q¢’s only. Hence, the dominant
term in (4.3) for a fixed 1 < p < k occurs when p =k,

|B1| = O[(bT/T)“”* (Myiz}
br

= O((log Y2 /(Tb7)*?71) -0 (4.6)

as T — oo for k > 3 since by = O(T™%), 0 < a < 1 by assumption. The same argu-
ment can be applied when at least one O(1) term is present in the expansion of the
product of the form ], [a; + O(1)] in the integrand of (4.3). Since at least one
Dy term will be replaced by O (1), this will result in at least one factor (log T/br) less
than that in the bound of the dominant term B, of (4.6). Hence, all other terms in the
expansion are of smaller order. Thus (4.1) is bounded by (4.6). This completes the
proof of the theorem. [J
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5. Discussion and examples

We first note that Theorems 3.1 and 3.2 imply that the spectral estimate d;x(/l)
converges in quadratic mean to ¢x(4) as T — oco. In order to obtain rates of
convergence, we assume that Corollary 3.1 holds with n =2 in which case the
dominant term of the bias is

2.2
bias (401 = - 2" g 65.1)

and by (3.15) the dominant term of the variance is

-~ 2n 2 © »
Var[¢x(1)] = W $z(A)( + bo,1) jkw W*(u)du, (5.2a)
where
x(0 ©
R g I MU (520

The asymptotically optimal rate of mean-squares convergence is 7~ /> obtained with
br ~ T3 and then

[w?(©)¢x (4]

T*SE[$y(d) — ¢z ()] - ,

+ %15 ¢35 (A1 + 80,1) fw W2(u)du.

(5.3)

We first compare the quadratic-mean performance of the above discrete-time
estimate qu(l) with the classical continuous-time estimate (f;X,c(i), based on the
observations {X (t), 0 < t < T'}. The latter has the same bias as <]§X(i) and its variance
is (Parzen, 1967)

Var [y, ()] = 2 $x (D + do,1) . W2 (u)du. (54)
TbT -~ o0

It suffices therefore to compare the asymptotic constants of the two variance expres-
sions since they have the same rate. Ignoring the common factor
(2r/Tby)(1 + 80,3) { =, W?(u)du we write from (5.2)

1 ® .
V= Lox®+ 5 4 o [ e M Rewen iy au 6:5)

and

Ve(d) = [¢x()1*. (5.6)
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Noting that

Ry©0) 1
B T 2np?

. R
J e Rynhen(u) i = o J e~ 14 R () dCx(u) > O

since dCy (u) is a covariance measure, we conclude that V(1) > V(1) for all A and thus
there is no alias-free point process {r,} which asymptotically provides a smaller
variance for q&x(/l) than ¢x c(4) for any A.

Among alias-free point processes {1, }, the Poisson point process is the simplest and
provides the simplest estimator for ¢x(4): Here cy(u) =0 and hence y(u) =0 and
I'(A) = 0 and hence q§ x(4) of (2.14) becomes much simpler. In the Poisson case we have
by (5.5),

ww=[mw+“?]. (57
However, we show that there exist non-Poisson point processes for which
V(4) < Vp(A) for all 1 for all spectral densities ¢y and that the improvement factor can
be substantial for certain frequency ranges.

We now discuss a specific class of alias-free point processes. The structure of the
class of delayed renewal point processes is examined in detail in Masry (1978b). Here
we only mention that it is generated by a single probability density function g(x) on
[0, oo) with mean 1/8 (the “inter-arrival times” density). We assume that g(x) > 0 a.e.
on [0, o0). Then the delayed renewal point process {t;} is alias-free relative to all
spectral densities ¢ (1) (Masry, 1978b). We can express the covariance density
function cy(u) of {r,;} in terms of g as follows. Let g™ (x) be the nth fold convolution of
g with itself and define the renewal density function % by

hw =Y. g") (538)
n=1
We have h(u) - f as u— oo. Then
_ : _(__ P
o) = BTH(U) BT 7= 1~ (59)

This class of stationary point processes is admittable if condition (2.9) is satisfied. This
requirement imposes further restrictions on g(u): If g(u) > 0 for all u € [0, o0) and g(u)
decays exponentially fast as u - oo then we expect y(u) of (5.9) to be in L,; a trivial
example is g(u) = fe™# 14 () which generates the Poisson point process. On the
other hand, if g is Gamma type k, k > 2

(Bk)* 1 kb
TR

then it is seen that g,(0) = 0 and thus g{(0) = 0 for n > 1, so that h(0) = 0 and by
(5.9), v ¢ Ly so that the Gamma class (5.10) is not admittable. A simple remedy is to

gr(u) = Lo, y), k=2, (5.10)
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modify (5.10) by making ¢,(0) >0 in a continuous manner, e.g., by introducing
mixtures

giuw) =1 —a)g,(w) + g, (u), O<a<l, k=2 (5.11)

We prove that all delayed renewal point processes {7,} generated by the mixture
densities g, of (5.11) are admittable. The Laplace transform G, (s) = j' (;’O e g, (u) du of
gi(u) 1s given by

(I—-w)p a(Bk)
B+s  (Bk+s)* k22

G~k(5) =
and the Laplace transform H (s) of the corresponding renewal density h{u) is equal to

B(1 — cx)(l +~;—k>k +a(f +9)

1+ Esﬁ)k(ﬁa +5)—a(f +9)

We first note that by partial fraction expansion we have

H(s) = Gy ()

—TTE,EZ< , k=2 (5.12)

k
ha)= B+ Y AumieT, uz0,

j=1

where the integers n; > 0 and A; and q; are, possibly, complex number (appearing in
complex conjugate pairs). Thus by (5.9)

k
en(@) =B Y, Ajlule %, (5.13)

i=1

By (2.9) the point process {t, } is admittable if y e L, and I' € L, . By (5.13), cy(u) — O as
lu| - oo. Hence, given ¢ > 0 there exists N = N, such that |cy(u)| < ¢ for ju| > N.
Thus, B2 + cy(u) > p2/2 for |u| > N with ¢ =1 82 By (5.11) §i(w) = (1 — ) g;{u) so
that g (u) > (1 — )"g™ (u) and by (5.8)

h(u) = i (1 —ayg{" () = B(1 — a)e™*#".
n=1

Hence,
B + cx(u) = Bh(jul) = B> (1 — a)e P > B2(1 — w)e ™",
for lu| < N. Thus,
B + cy(u) = min (3 B2, f2(1 —o)e V) >0, Vu. (5.14)

It follows that

Ly, (5.15)
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since cy(u) € L;. We next show that I' € L,. It is seen by (5.13)—(5.15) that on [0, o)
y(u) is infinitely differentiable. Now

()= —l—f e “y(u)ydu = lj (cos ul)y(u)du. (5.16)
2T ) T Jo
Note that y)(u) e Ly on [0, co)forj= 1,2 and y"¥(u) > 0as|u| - oo forj=0, 1.1t
then follows by integration by parts twice that I'(1) = O(1/4%) as |A| > oo and thus
I'e L;. It follows that the delayed renewal points processes {7} generated by the
mixture densities g, (u) of (5.11) are indeed admittable for all k > 2.

We now examine in detail the case of the mixture density (5.11) with k = 2 and show
that the spectral estimate 4; x(4), with this sampling process, has a smaller asymptotic
variance than that of the Poisson sampling, for all spectral densities ¢(1). We have,
after some algebra,

hu) = B{1 4+ Bye~"* 4+ Bye~ "}, (5.17)
en(u) = p*{Bye~ 4"l 4 Bye —aalul} (5.18a)
where
a1=§[4+a+./a(8+a)]; az=§[4+a—./o¢(8+a)] (5.18b)
1 1+ap2 1. 1+a2 ]
Bi= —o|z4+-—F—=—|; B,= 5.18
e v ] SRR R e o1

The Fourier transform (1) of cy(u) is given by

_ aﬂ3 4% + (3 + a)A?
vib) = {(a1 + A%)(a2 + ,12)} (-19)
which is negative for all 1. Hence, by (5.2b)
ﬂRx(O) ﬁRx(O)

b2y = B2 px(A) + = J YA —wdxluydu < B2y (1) +
and thus V(1) < Vp(4).

We next evaluate the improvement factor in the asymptotic variance of ¢x{4) using
the sampling process generated by the mixture density §,(u) relative to a Poisson
sampling process. We compute

Ve(d) — V(4

S p = V)

> 0. (5.20)

Here we assume

Ry(t) = ¢2e Pl (5.21)
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Fig. 1. Improvement factor f(4; §) as a function of A and .

and we set the mixture parameter « to « = 0.9 (far away from the Poisson sampling
which corresponds to o« = 0). By (5.2b) and (5.18) we find

- p/n 1 11 Bi(p+ay) By(p + as) ?
V() = {Gz{pz A2 +51€E+E[(p+a1)2 T2 o ra) 12]}}

[ Lf p/m 1P
v ]

The half-power bandwidth of ¢x(A) is 2B = 2prad/(unit time) and the “nominal
sampling rate” is B/n = p/n. We select p = 1 in (5.21) so that the nominal sampling
rate is normalized to omne. Fig. 1 shows the improvement factor f(4; ) for
4] < 20 rad/{unit time) and 0 < § < 10. It is clear that f(4; §) > 0 throughout this
region and that for large f the improvement factor can be as high as 50% for high
frequencies.

A more detailed picture is depicted in Fig. 2 where f(4; f) is plotted as a function of
A for 4 values of § = 04, 1, 2, 3. It is seen that in the frequency range [ — nf3, nf] the
improvement factor is quite substantial: For § = 0.4, the improvement factor in this
range is approximately 23%. For = 1, the .improvement factor in this range is 28%.
For large f3, the improvement factor approaches 50% for broad frequency bands away

and
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Fig. 2. Improvement factor f(4; §) as a function of 4 for selected values of f.

from the origin (see Fig. 1). Thus, for example, Fig. 2 shows that for f = 3 we have an
improvement factor of between 30% and 40% for 3 < ]4| < 16 rad/(unit time).

The above example raises the issue of finding optimal sampling processes {t;}
which minimize appropriate functions of the mean-squares error of qu(l). Since the
bias of d;X(/I) does not depend on the statistics of {r;} it suffices to minimize
functionals of the variance of <13X(,1), ie., of ¢;(J) for a fixed mean sampling rate f.
Given a real valued, even, nonnegative integrable weight function H(4) we may
consider the functional

gl:r H(A)$z(A)dz or %:F H() $2(2)da.

In view of expression (5.2b) for ¢,(4), one desires to minimize %, or .%,, for a given
¢x(4), with respect to the covariance density cy(u) of the point process {7} under
certain constraints, i.e., the point process must be admittable,
enlu
y(u) = B%;)TJ) eL, and I'(A)elL,,

with a fixed f > 0. The problem appears to be difficult and even if the above
optimization is solved, there is still the task of generating a stationary point process
{z,} with the optimal cy(u). One possible approach is to restrict the optimization to
a specific class of point processes whose structure is known (e.g., the delayed renewal
point processes generated by a single “inter-arrival times” density function g(x) with
mean 1/f). Practical considerations in the selection of point processes {1} for the

estimation of broadband and narrowband spectra are addressed in Lii and Masry
(1992b).
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Appendix

Proof of Corollary 3.1. Expanding w(t) in a Taylor series with integral remainder

—n41 W(j)(O)Ij " 1 et B
W(t)—j;0 i ao D) Lx w™ (1 — x)t]dx

and using (3.7) we find
1 n—1 bl (§)) 0
B[] =5 3, 1O "

. 1
exp[ iwA]uw Ry(wydu + ep + O(—),(A.l)
T j=o j! - T

where
er=-——"— j exp[ — A Ju"Ry(u)x*  *w® [(1 — x)byuidxdu.
2Tt(n — 1)

The integrand — e ™*u"Ry(u)x" *w™(0) as T — o and is bounded by const.
x {u]|"| Rx(u)|x"~* € L{(dx x du). Thus by dominated convergence

W(")(O) n—1 1 ® —iud n
(1/bF)er = (n_l)![L dx][ﬂj_ Rx(u)du}-f-o(l)

*Q

W) dPA) + o(1) as T— .
The result follows by (A.1). [

Lemma A.l. If W(A)e L, n L, and I'(A) € L, then

© log T
j |DT<u)QTa—u)|du=0<°g )

. by

uniformly in A.

Proof.

f " Qe Dl — u)du = j " W) Dr(h - wdu
— j F'u— v)yWr(@)Dy(4 — uydvdu
R2
1, +1,.
For fixed 4 >0

I, = [[ +f +J :I Wyw)Dr (4 — wydu
A—ul<d 4<|i—ul<A |A—~ul >4

=J1+J2+J3,
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sin T(A — u)/2
WSTﬁz-qulWT(ml T w2 ldu
T T 1
Loy wemisezo ()], oo

since W(u) and (sin 7(4 — u)/2) (T (A — u)/2) are bounded. Next,

du 1 du
_ _ofl L
[A—ul (%)quulgﬂi—ul

W (u)

TAE J
d<li—ul<4

2 <
= iwiian=ow,

Thus, I, = O (log T/by). Similarly I, = O(log T/by) since 'e L,. [

Proof of Lemma 3.1.

|” ore—warman= |

- o

" IWr(h = ) = Kp(h = )] Ap() du

- 0
Now

Jm KA — uyAr(u)du = J

FA—u— x)Wg(x) Ap(u)dudx
R2

— 00

= Jm I'(v)dv on Wi(d — v — wAp(u)du.

We prove below that
j Wr(d —wAp)ydu = 2n Wi (1) + o(1/by),

where o(1/by) is uniform in A. It then follows by (A.3) that

fw Kr(A —uwAr(u)du = 2=n Jw IwyWr(A —vydv + o(1/by),

=

since I' € L. By (A.2), (A.4), and (A.5) we then have

f " 00— WAL ) du = Zn{ We() — f

= 2nQr(4) + o(1/br).

a0

-

63

(A2)

(A3)

(A4)

(A.5)

(@) Welh — v)du} +o0(/bg)
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We now proceed to prove (A.4). Let

Jr & on WA — wAr(u)du — 21 Wi (A).

-0

Then
o A A
Jr= j_oo[:W<b—T—- u)— W<b—T):|AT(bTu)d“
°° A u A
oo [T () () e

< bTJao ww<l—u|)A(u)du, (A.6)

-

where wy(x) is the modulus of continuity of W and A(u) = ((sinu/2)/(u/2))>. The
integrand in (A.6) - 0 as T — oo and is bounded by const. A(u)e L,. Hence, by
dominated convergence (1/by)Jy »0as T —» co. [
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