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Abstract

We study the regularity of the viscosity solution of a quasilinear parabolic partial differential equation
with Lipschitz coefficients by using its connection with a forward backward stochastic differential equation
(in short FBSDE) and we give a probabilistic representation of the generalized gradient (derivative in
the distribution sense) of the viscosity solution. This representation is a kind of nonlinear Feynman—Kac
formula. The main idea is to show that the FBSDE admits a unique linearized version interpreted as its
distributional derivative with respect to the initial condition. If the diffusion coefficient of the forward
equation is uniformly elliptic, we approximate the FBSDE by smooth ones and use Krylov’s estimate to
prove the convergence of the derivatives. In the degenerate case, we use techniques of Bouleau—Hirsch on
absolute continuity of probability measures.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

Backward stochastic differential equations (in short BSDEs) have been introduced in the
linear case by Bismut in [4,5] when he was studying the adjoint equations associated with the
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stochastic maximum principle in optimal stochastic control. The nonlinear form was initiated
by Pardoux—Peng [16,17] and found numerous applications, especially in optimal stochastic
control (see, e.g., [10]) and mathematical finance (see [9]). In [3], Barles and Lesigne present
the connections between SDEs, BSDEs and PDEs from an analytical point of view and in [2],
Bally and Matoussi consider stochastic BSDE:s.

The original motivation for the study of BSDEs was to give a probabilistic interpretation
of the solutions of parabolic quasilinear partial differential equations (in short PDEs) of the
form:

2—1; 4+ Lu(t,x)+ f(t, x,u(t,x), oxu(t,x)o(t,x)) =0 in[0,T) x R? 0

u(T,x)=g(x) inR?
where

32 d 9
bi(t,x)—.
Bx,-E)Xj + ; l( x) 3)6,'

d
L= % > (ool x)

i,j=1

If f, g and the coefficients of the second order differential operator L are sufficiently smooth
(e.g. of class C 3) in their spatial variables, then the PDE (1) has a classical solution which can be
interpreted via the FBSDE!: forallt <s < T

N N
Xyt =x +/ b(r, X;*)dr +/ o (r, X;*)dW,
t t

T T (2)
Yit = g (X7 + / [ Xp5 Y0, 2y dr — / Z AW,
N N
More precisely, it is proved in [17] that
T
w0 =1 =B (g0 + [ e X v ) ®
t

This formula can be seen as a generalization of the classical Feynman—Kac formula. Moreover,
the following explicit representation of the solution of the BSDE in (2) was obtained by
Ma—Protter—Yong [13]:

Y =u(s, XYY and  ZLF = 0u(s, Xv)o (s, Xb¥), Vselr,T], Vx e RY. (@)

Recently, the smoothness conditions on the coefficients have been weakened by Ma—Zhang [14]:
they proved that (3) and (4) remain true when the coefficients are only C' and when the diffusion
coefficient of the forward equation is uniformly elliptic. They also obtain two representations of
the gradient of the viscosity solution u of the PDE (1). Let (VX*, VY"*, VZ"¥) be the solution
of the variational equation of (2):

1 Observe that Eq. (2) is a special (decoupled) case of a FBSDE which consists of a forward SDE and a Markovian
backward SDE.
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forallt <s<Tandi=1,...,d

K} d Ky .
ViXIF = ¢ +f 3, b(r, Xﬁ’x)ViXﬁ’xdr+Zf 3ol (r, XIX)V; XX AW/
j=11

t

T
%ﬁﬁ=maﬁﬁwxﬁ+/‘mfm9”v»%nj+%fm9”o»wﬁ“
N

T
+wJMQ”mxw@ﬂW—/'m4mm,
S

i .
where ¢; = (0,...,1,...,0) is the i-th coordinate vector of ]Rd; o’/ is the j-th column of the
matrix o; ©*(r) denotes (X*, Y}*, Z1*) and

VXY = (V1Xt’x, e, VdXt’x), vYhr = (Ver’x, AU VdYt’x),
Vlzt’x *
VZ{,)C —
VdZt’x

Ma—Zhang [14] proved that for all (¢, x) € [0, T] x R4, we have

T
B u(t,x) =E {axg(X;x)viX;" +/ [3y f (r, O™ (r))V; X1
t

+ 3y f(r, O M)V YT 4 (0, £ (r, ©7F (1)), Vizﬁ’x)]dr} &)

and

T
deu(t, x) :E{g(X;x)N’T’x +/ fr, X05 v, Zj’x)Nrt’xdr}, (6)
t

where N'* is some process defined on [¢, T1], depending only on the forward diffusion and
the solution of its variational equation. Eq. (6) can be thought of as a new type of a nonlinear
Feynman—Kac formula for derivatives of solutions of PDEs. The advantage of the representation
(6) comes from the fact that it does not depend on the derivatives of the coefficients of the BSDE.

On the other hand, if f, g are only Lipschitz continuous and the coefficients of the diffusion
process are continuously differentiable with bounded derivatives then Ma—Zhang [14] established
that

T
7= {g(XST’x)N;’x +/ fr X5, Y5, Zf)Nﬁ‘»def;} o (s, X!¥) (7)
s

where F! = o {W,, — W; : t <u < s}. This formula leads to path regularity of the process Z**
(see [10,11]).

The objective of this paper is to extend the above results of Ma—Zhang [14] to the case
where the coefficients of the diffusion process are only Lipschitz continuous. In addition to
the uniformly elliptic case, we also consider the case where the diffusion coefficient can be
degenerate. First, if g, b, and o are Lipschitz continuous and f is of class Cl, we prove that
the analogue of (4) and (5) holds, provided that the classical derivatives are replaced by the
generalized one (in the distribution sense). In the nondegenerate case, the proof is essentially
based on Krylov estimate for the diffusion process X’-*, whereas the degenerate case is treated by
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using techniques introduced by Bouleau—Hirsch [7,8]. The nondegenerate case has an intrinsic
interest and we shall restrict to it for stating a representation theorem. Second, we drop the
smoothness condition on the coefficients of the diffusion process and establish (6) with N¥*
replaced by a process depending only on the forward diffusion and its variational equation (in
the distribution sense).

The superscript ¥ indicates the dependence of the solution on the initial data (¢, x), and will
be omitted when the context is clear.

The paper is organized as follows. In Section 2, we set the assumptions and recall some results
on SDEs. Section 3 deals with the regularity of the viscosity solution of the PDE (1) and its
connection with (2). In Section 4, we establish a probabilistic representation for the generalized
derivative of u via BSDEs.

2. Assumptions and preliminaries

Let (12, F, F;, P) be a filtered, complete probability space satisfying the usual conditions, on
which is defined a d-dimensional standard Brownian motion {W;;0 <t < T}; F & (F)o<t<T
is the natural filtration generated by W; augmented with P-null sets. We denote by E a generic
Euclidean space (or E1, E», ..., if different spaces are used simultaneously). Regardless of their
dimensions we denote by (-, -) and | - | the inner product and norm in all E’s, respectively. We put
dx = (... %) Note thatif y = (', ..., ) : R — R, then 9,y 2 (axjwi)szl is
a matrix. Let x denote a generic Banach space. We consider the following spaces: ’

e forr € [0, T], LO([t, T1; x) is the space of all measurable functions ¢ : [¢, T] —> x;

e forr € [0,T], C([#, T]; x) is the space of all continuous functions ¢ : [¢t, T] —> . For
p > 0 we denote |o[;"7 £ sup, ;7 [9(s)|};

e for integers k and /, Ck’l([O, T] x E; Ep) is the space of all E;-valued functions ¢(t, e),
(t,e) € [0, T]x E, which are k times continuously differentiable in  and / times continuously
differentiable in e;

° Cf’l([O, T] x E; Eq) is the space of functions ¢ in CkI([0, T] x E; E}) such that all the
partial derivatives are uniformly bounded;

° W1'°°(E , E1) is the space of all measurable functions ¢ : E —— E|, such that for some
constant K > 0 it holds that |[¢(x) — ¢(¥)|g, < K|x — y|g, Vx,y € E;

e for any sub-o-field G € Fr and 0 < p < oo, LP(G; E) denotes all E-valued, G-measurable
random variable £ such that E|£|? < oco. Moreover, & € L°°(G; E) means it is G-measurable
and bounded;

efor 0 < p < oo, LP(F,[0,T]; x) is the space of all x-valued, F-adapted processes &
satisfying E fOT |§,|§dt < 00. Moreover £ € L®(F, [0, T]; RY) means it is a F-adapted
process uniformly bounded in (¢, w);

e C(F,[0,T]x E; E)) is the space of all Ej-valued, continuous random fields ¢ : {2 x [0, T'] x
E +—— Eq, such that for fixed e € E, ¢(-, -, ) is an F-adapted process.

To simplify the notation, we often denote C([0, T] x E; E;) for C%°([0, T] x E; E}).
Moreover, if E; = R, we suppress E; (e.g., CK/([0,T] x E;R) = ckL([0,T] x E),
C(F,[0,T] x E;R) = C(F,[0,T] x E), ... etc.). Finally, unless otherwise specified (such
as process Z), all vectors are regarded as column vectors.

Throughout this paper we make the following assumptions (except (A2) in Section 3.2).
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(A1) The functions o € C([0, T] x R%; R¥*dyn LO([0, T]; W1 (R?; R4*4)) b e C([0, T] x
R RY) n LO([0, T]; WI°(R?; RY)) with a common Lipschitz constant K > 0
independent of 7.

(A2) There exists a constant ¢ > 0 such that

o (1, x) 0" (t,x)E > clE]> V(x,&) e R xR?, Vi €0, T]

where the transpose of any matrix B is denoted by B*.

(A3) The functions f € C([0,T] x RY x R x RY) N LO([0, T]; WH*(R? x R x R?)); and
g € W (RY). We denote the Lipschitz constants of f and g by a common one K > 0 as
in (A1) and we assume that

Jup {16z, 0) + o (2, 0) + 1f(,0,0,0)[ + [g(O)]} = K.
=r=

The following lemmas are standard or slight variations of well-known results on SDEs and
BSDE:s (see, e.g. [11,15]).

Lemma 2.1. Suppose b € C(F,[0,T] x RY;RY) N LOF, [0, T]; Wh* R4, RY)), 0 € C

(F,[0, T] x R R¥*dy 0 LOF, [0, T]; WL (RY; RY*4)), with common Lipschitz constant
K > 0. Let X be the solution of the following SDE:
t

t
X; =x+/ b(s, Xs)ds+/ o(s, Xy)dW;.
0 0

Then for any p > 2, there exists a constant C > 0 depending only on p, T, and K, such that
T
ElX|;F <C <|x|P + ]E/ (b, 0)|” + |o (2, 0)|p]dt) .
’ 0

Lemma 2.2. Suppose that f € C(F, [0, T] x R x RY) N LOF, [0, T]; WH2(R x RY)) with a
uniform Lipschitz constant K > 0. For any & € L*(Fr, R), let (Y, Z) be the adapted solution of
the BSDE

T T
Y, =§ +/ f(s, Yy, Zy)ds —/ Z;,dW;.
t t

Then there exists a constant C > 0 depending only on T and K such that

T T
E/ |Z:|?dr < CE <|5|2+/ |f(t,0, 0)|2dz>.
0 0

Moreover, for all p > 2, there exists a constant C, > 0 such that
T
ElY|;7 < C,E <|Elp+/ [f(z,0, 0)|pdt>-
’ 0

3. Regularity of viscosity solutions of PDEs

Let & be a continuous positive function on R? such that

/h(x)dx:l and / Ix|? h(x)dx < +o0.
Rd Rd
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We set D = { f € L*(hdx), such that % € L2(hdx)}, where % denotes the derivative in the
J J
distribution sense. Equipped with the norm

aF \2 12
_ 2 e
||f||D—[fRdf haxt 3 fRd(ax) hdx] ,

l<j=d

D is a Hilbert space, which is a classical Dirichlet space (see [6]). Moreover D is a subset of the
Sobolev space Hli)c (RY).

3.1. The nondegenerate case

Let ¢ be a nonnegative smooth function defined on R?, with support in the unit ball such that
fle ¢ (y) dy = 1. Define the following smooth functions by convolution

b'(t,x) = nd/ b(t,x — y)p (ny)dy
R4
ol (t,x) = n / ol x = y)g (ny) dy (®)
R

g"(x) =n? /Rd g(x — y)g (ny)dy.

It is well known that the functions b" (¢, x), /" (¢, x) and g"(x) are Borel measurable functions
and Lipschitz continuous with constant K in x such that:
C

AR
n

|67 (1, x) — b(t, x)| + ‘oj‘" (t,x) — ol (1, x)‘ +g" () — g(x)| <
where C > 0 is a constant (independent of 7, x and n).

Since b,o0/ and g are Lipschitz continuous functions in the state variable they are
differentiable almost everywhere in the sense of Lebesgue measure. Let us denote by b, o
and g, any Borel measurable functions such that

O0¢b(t, x) = by (t, x)dx a.e.
3,07 (t,x) = ol (t, x)dx ace.
0xg(x) = gx(x)dx ace.

Itis clear that the generalized derivatives are bounded by the Lipschitz constant K. The functions
b"(t,x), 07" (t,x) and g" (x) are C°°-functions in x, and for all ¢t € [0, T'], we have

lim 9,b" (¢, x) = by (¢, x)dx a.e.
n——+00

lim 8,01, x) = o}l (¢, x)dx a.e.
n——+00

lim 0,g"(x) = g(x)dx ae.
n—-+00

Let us consider the sequence of FBSDEs
N N
Xyt = x4 / b (r, X "dr + / o’ (r, X" AW,
' T ! T ©))
yirn = g"(Xp"" +/ fr, Xpon, yben zhxmydr — / Zor AW,
N

N
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The approximating coefficients b" (¢, x), gln (t, x) satisfy the conditions (A1), (A2), moreover
they are smooth in x with bounded derivatives. We recall Krylov’s estimate for diffusion
processes which play a key role in this subsection.

Theorem 3.1 (Krylov [12]). Let ({2, F,F;,P) be a filtered probability space, (W;);>0 a d-
dimensional Brownian motion, b : Ry x 2 — R¢, o : Ry x 2 — RY @ R? bounded adapted
processes such that:

¢ >0,V e R V(t,x) € [0, TI x RY, &0 (t, w)o™*(t, )& > c|€]>.

Let X; = x + f(; b(t, w)dt + fot o (t, w) dW; be an It6 process. Then for every Borel function
f Ry x RY — R with support in [0, T] x B(0, M), the following inequality holds:

T T pes)
E [/ |f (2, X,)ldz} <K [/ / |f (@, x)|4t! dtdx:|
0 0 JBO,M)

where K is a constant and B(0, M) is the ball of center 0 and radius M.

Now we state some preliminary lemmas which are needed later.

Lemma 3.1. (i) Forall0 <t <T,x € R?

T
lim E <|Xl,x,n _ XI,)C|;3<:7% + |Yt,x,n _ Yt,xﬁ:% +/ |Z£,x,n _ Zﬁ’x|2dr> —0.
0

n—o0

(ii) Forall0 <t < T,

. 2
llm E [/ <|Xl,x,n _ Xt’x|;k’72" + |Yt,x,n _ Yl‘,X|;k1T
Rd ' '

n—o0

T
+ f | ZExn Zﬁ”‘|2dr) h(x)dx:| =0.
0

Proof. This lemma follows from Lemmas 2.1 and 2.2 and the Lebesgue Dominated Convergence
Theorem. [O

For i = 1,...,d, let us denote formally {(®!"(s), ¥/""(s), I]*(s)):t <5 < T} the
solution of:

t d ro )
B (s) = e; + / by (r, X0¥) O (r)dr + ) f ai (r, X; ) @) (r)d Wy
N j—l s

T
U0 = g XD + [ 1,0 0N 0+ 0, 7 00 By (10

T
(@£ O, T (M)1dr — / I (r)dw,

i .

where ¢; = (0,...,1,...,0) is the i-th coordinate vector of R4, o/ is the Jj-th column of the
matrix o, O(r) = (XL, Y5, Z) and by, o, and g, are generalized derivatives of b, o and g
with respect to x. We denote

o
¢ =(Dy,..., Dy), U= (¥,..., 9 and Ir=|:
I'y
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(&, ¥, I') is formally the solution to the first variation of Eq. (2). We prove that this process is
well defined.

Since b" € Cp ([0, T] x R%;RY), 0" € C®(0, T] x R RI*4) and g" € C*(RY), if
fe Cg’l([O, T1x R4 x R x Rd) then by virtue of Ma—Zhang [14] or Pardoux—Peng [16], there
exists a process { (" (s), W' (s), I'"""*(s)); t < s < T} solution of the following FBSDE
of first variation of Eq. (9):

t
@it,x,n(s) = ¢ / a bn(r Xt X, n)ét X, n(r)dr

/ 3 O’nj(}” Xlxn)qstxn( )de

t,n,x _ n t,x,n r,x,n T n t,x,n (11)
P (s) = 0 g (X QT 4 | [0 f(r, O (1) B (r)

+0y f(r, ©"(r) ¥ (r) + (0. f (r, ©"(r)), I} (r))1dr
T
- / " r)dw,

N

where ©"(r) denotes (X2°", Y5, ZL5™) Let
1,x, 1%, X, 1%, 1%,
PN = (PP, L, DT, PO = (@t and
Flt,x,n *
[vt,x,n —
F[;,x,n :
In the following, we denote by C a positive constant which may vary from line to line.

Lemma 3.2. Assume (A1)~(A3) and suppose that f € Cy"'([0,T] x R? x R x RY). Then
{(@t’x (5), UH¥(s), 'Y (s));t <s < T} is a well defined process, that is it does not depend on

Borel versions of the generalized derivatives of b, o and g up to P-almost sure equality.

Proof. Let b}c, b)zc be two Borel versions of the derivative of b at x, that is for all r € [0, T'],

bl (t,x) = b2 (t x)dx a.e. Let o*x' a){ and gx, gx defined in a likewise manner. Define
(451(s) Lpl(s) It (s)) (resp (D2(s), Wz(s) I'%(s))) the solution of Eq. (10) corresponding to
bl a){ , gx (resp. b , gx) Then by using Gronwall’s inequality, we have
2
ds]

2 T
E(sup ‘@1(s)—¢2(s)‘> C{EU
lfSET 0
T
+ ZEU o (5. X1) = 0 (5, X1Y)
I1<j<d 0

= C{l, + I}.

IA

by (s, X57™) = b (5, X)

«

For each p > O,E(}X““*‘") < +00. Thus,

lim ]P’( sup |X0¥| > M) =0. (12)

M—+o0 t<s<T
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Therefore without loss of generality, we may suppose that b}c, b)zc, a,{ ’1, o){ 2 (resp. g}(, g)%) have

compact support [0, T'] x B (0, M) (resp. B (0, M)). By applying Krylov’s inequality (thanks to
condition (A2)), we obtain

n<c|b -»

X

’

A1 M
where for every function v(#, x) with compact support [0, T] x B (0, M)

1

T dal T+
lllg+i,m = |:/ / v, x)|4T dtdx] )
o Jao.m)

The fact that I, = 0 can be obtained similarly.
Now, since the coefficients b, and o; are bounded, the forward part in Eq. (10) satisfies

the 1t6 conditions. Therefore it has a unique strong solution, which implies that the process
{P!¥(s); t <s < T} is well defined. In view of Lemma 2.2, we have

E (‘ o 2| +/0T ‘Fl(r) - F2(r)‘2dr>

t,T

501{3(

s (X0 @ (1) - (X1 8*(1)]).
hence
vl=v> and TI'=T17

Since the BSDE part of Eq. (10) has an unique solution, we conclude that the processes ¥"* and
I'"* are well defined. O

Lemma 3.3. Assume (A1)~(A3) and suppose that f € Cp-' ([0, T] x R? x R x RY). Then,

() forall0 <t <T, x e R?

T
llm IE <|d5t,x,n _ @t,xuﬂ% + |lpt,x,n _ Wt’x|;k”]2" +/ |I-v;‘,x,n _ F;’x|2dr> — O
' ’ 0

n—oo

@) forall0 <t <T

lim E |:/ <|¢t,x,n _ @[,xﬁﬂ% + |y7t,x,n _ Wt,xﬁ»]%
R4 ’ ’

n—0o0
T
+ /0 |rerr — F,"x|2dr> h(x)dxi| =0.

Proof. Applying the Burkholder—Davis—Gundy and Schwartz inequalities and the Gronwall
lemma, we obtain forall n € N, x € R4,

Ejo — (2] < e[| )]

t,T

T 1/2
X {IE [/ |8, (5, X25") = by (s, X0%)[* ds]
0

4 172
ds:| .

T ,
+ Y n«:[ [ o (5. xmm) = o s, x2)
1<j=d 70
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Since the coefficients in the forward part of the linear FBSDE (11) are bounded by the Lipschitz
constant, we have

supE (‘@”X'"]ji’;) < +o00.
. :

Set

T
I [ /O 3" (5. X15M) — by (s, X0 ds}

) T
Jsn o,
I =1[«:[/
0

Let ng > 1 be a fixed integer, then it holds that

9ol (s, Xﬁ,’x’") — a} (s, sz)

4
ds], j=1,2,....d.

IA

T
lim 1} 1imsupc{EU |8xb”(s,X§”"”)—axb”o(s,Xé’x’”)|4ds}
0

n—>+400 n—+4-00

T
+E [/ |0xb™ (s, XL©") — 0,6 (s, X5¥) |4 ds:|
0

T
B[ [ o 5,600 =, 5.3 s |
0
=C+J+J5).

Asin [12] page 87, let w(¢, x) be a continuous function such that w(z, x) = 0 if 24+ x2>1and
w(0, 0) = 1. Then for M > 0, we have

T s Xl’x
limsup J{' < C{E / 1l—w|—, = ds
n—+00 0 M M

T s Xt»x
+ limsup E / wl|—, =
n—400 0 M M

By applying Krylov’s inequality, we obtain

T s XE
limsup J{' < C{E / l—w|—,—]]ds
n—+00 0 M M
19,b" — 8xb"°|4” } .

d+1,M

Note that we have used the fact that the diffusion matrix o” (¢, x) satisfies the nondegeneracy
condition with the same constant ¢ as o (f, x). Since d,b" converges to b,dx-a.e, the last
expression in the right hand side of the above inequality tends to O as ng tends to 4-o0.
Next, let M goes to +oo, then from the properties of the function w(#, x) we conclude that
limsup, , ,,, J{' =0.

Estimating J3' by a similar argument, we obtain that limsup,,_, ., J3' = 0.

Finally, we use the continuity of »° in x and the convergence in probability (uniformly in
s) of Xy to X§™ to deduce that b° (s, X5™") — bY° (s, X§'¥) in probability as n — +oo
and to infer by using the Dominated Convergence Theorem that limsup, . , ., J5 = 0. Hence

+ limsup

n—+00
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lim,,— 4o I = 0. One proves similarly that lim,, _, 12j " = 0. It follows that

lim B[t — |17 =0,

n—-+o0o

Now, since the derivatives of the coefficients in Egs. (10) and (11) are bounded, we have by
Lemma 2.2

T T
E <| phen gt e +f |75 () — Ft’x(r)|2dr> <CE (|§”|2 +/ |h”(r)|2dr>
’ 0 0
where

¢ = 0xg" (XF) PVIT) — g (X7 BT,

R'(s) = (3xf (s, ©"(5)) — dc f (5, Os))) D" (s)
+ (y f (s, O"(5)) — 3y f (s, O(s5))) ¥"*"(s)
+((0; f (s, ©"(5)) — 0. f (s, O(s5))) , """ (s)).

By combining Lemma 3.1(i) and the Dominated Convergence Theorem, we obtain

T
lim E <|§"|2 + / ")) dr> =0
n—-o0o 0
which completes the proof of part (i). Part (ii) of Lemma 3.3 can be treated similarly. O

Theorem 3.2. Assume that (A1)~(A3) and suppose that f € Cy" ([0, T] x R? x R x R?). Then,

(i) for everys <t < T, the function x —> (X", Y&¥) belongs P-almost surely to D? x D;
(i) Foreveryt <s < T, P-almost surely

WX = & (s), A YHY = U (s)dx ae.,
where the derivatives are taken in the distribution sense.

Proof. By virtue of Lemma 2.2, there exists a constant C > O such that forallt <s < T,x €
R, n € N, we have

E <| w””ﬂ;ﬁ’% + fT |Ft’"’x(r)|2dr) < C(+E(®""(T)?)).
t
In view of Lemma 2.1, forallt € [0, T], x € R4, we have
supE (|@”"~X|*’2) <c+xP.
n
It follows that
sup /Rd E (|¢’1X~"|jj W 4 /T |Ft’””‘(r)|2dr) h(x)dx < oo.
n t

Therefore by using Lemma 3.1(ii) and a result of Bouleau—Hirch [7], we deduce that the function
x — (X", YI¥) belongs P-almost surely to D? x D.

For point (ii), let us note that in view of Theorem 3.1 in Ma—Zhang [14] or Pardoux—Peng [16],
we have

axX;,n,x — @l,n,X(S)’ axY;,n,x — WI,I’!,X(S)’ 8xzé,n,x — FZ,H,X(S).

By using again the Bouleau—Hirch result and Lemmas 3.1 and 3.3, we conclude. O
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Corollary 3.1. Assume (A1)~(A3) and suppose that f € Cy'([0,T] x R? x R x R?). Ler

(Xt”‘, Yo, ZI'X) be the adapted solution of (2) and define u(t, x) = Y;**. Then,

@) for every 0 < t < T, the function x —— u(t,x) belongs to D and for each t and
i =1,...,d, the following representation holds:

T
dyu(t, ) = E{ax,-g<X’T“>¢,~’“<T> + f [0 £ (r, 6" (M) 0] (1)
t

+ By f(r, O (MU (r) + (3, f (r, O (1)), Ff"(r»]dr} dx a.e.

where O (r) = (Xﬁ’x, Y, Z;’x) and (@”X(r), whX(r), ' (r)) is the solution of the
variational equation (10);

(i) for every t € [0, T, we have Zi* = du(t, X;")o (s, Xi)ds @ dx ® dP a.e. where the
derivative of u is taken in the distribution sense.

Proof. Since u(z, x) = Ytt’x, we have o u(t,x) = ![/it’xdx a.e. Taking the expectation in the
BSDE part of Eq. (10) and letting s = ¢, we obtain (i).
Now, for every (z, x) € [0, T] x R%:

T
" (1, %) = E{axig”(X%x’”)qﬁf”"%T)Jr / [0y £ (r, ©5"(r) B[ (r)
t

+ 0y f(r, @M)W () + (0 f (r, O (1)), Fi"x’"<r>>]dr} :

where (X', yhxn, 7Z%m) s the solution of Eq. (9), (@7 (), w"*"(.), I'"*"(.)) is the

solution of the corresponding first variation equation (11), @"*"(r) = (Xﬁ’x’", yLen, Zﬁ’x’”)

and u" (¢, x) = Y;"*". By using Lemmas 3.1 and 3.3, we deduce that
T

lim 0y,u"(t,x) = lim E{Bxl.g”(XtT’x’")@;’x’”(T)—i— / [0x f (r, O (r)) B{"" (r)
n—oo n—o0 t

+ 3y f(r, O (N W (1) 4 (3, £ (r, O8F" (1)), F{"“"(r))]dr}

T
= E{ax,.g(X’T”‘)@f”‘(TH / [3x f(r, O™ (r)) B[ (r)
t

+ Ay f(r, O () U (r) + (3x £ (r, O (1)), Fit’x(r))]dr} ,dx ae.

= Oy u(t,x),dx ae.
It follows that along a subsequence
Zt,x — llm Zt,x,n
N n—> 00 s
= lim 9 u"(t, X'"")o" (s, Xﬁ”"”)
n—o00 : -
= du(t, X250 (s, Xé’x) ds®@dx ®dPae. O

3.2. The degenerate case

The method performed in the previous section is intimately linked to the Krylov estimate. In
some sense, this inequality says that the law of the random variable X is absolutely continuous
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with respect to Lebesgue measure for s > 0. This property was the key fact to define a unique
linearized version of the stochastic differential equation (2). That is, if we choose two versions
of the generalized derivatives of b, o and g then the corresponding solutions are equal. In this
section we drop the uniform ellipticity condition on the diffusion matrix o (f, x)o*(t, x). It is
clear that the method used earlier will no longer be valid, and the kind of derivative (with respect
to the initial condition) defined will have no sense.

The idea is then to define a slightly different stochastic differential equation defined on an
enlarged probability space, where the initial condition x will be taken as a random element.
This allows us to perform operations outside negligible sets (in x), which are not possible for
the initial equation. The method is inspired from a result of Bouleau and Hirsch [7] where the
authors have proved an absolute continuity result extending the well known Malliavin calculus
method.

Let us recall some preliminaries and notation of the Bouleau—Hirsch method which will be
applied in this section to establish the regularity of the viscosity solution of the PDE (1). See [7]
for details and proofs.

From now on, we let 2 = Co(Ry, RY) be the space of continuous functions w such that
(0) = 0, endowed with the topology of uniform convergence on compact subsets of R.

F is the Borel o-field over {2.

PP is the Wiener measure on ({2, F).

(F1)¢>0 is the filtration of coordinates augmented with [P-null sets of F.

We define the canonical process W;(w) = w(t), for all ¢+ > 0.

(2, F, (Fi)i=0. P, W,) is a Brownian motion.

Let Q R? x (2, and F the Borel o-field over 2 and ]P’ hdx ® dP.

Let Wt (x, w) = W, (w) and .7-", the natural filtration of W; augmented with P-negllglble sets
of F.Itis clear that (Q f (ﬁ)tzo, IP’ Wt) is a Brownian motion starting from 0.

Let (eq, ..., eq) be the canorgcal basis of RY.

We define the Hilbert space D; which is a general Dirichlet space by

~  Ju: 0 - R, 3u : 2 — R Borel measurable such that u = u, P-a.e. and
T (x,w) € 2,t — U(x + te;, w) is locally absolutely continuous.

D; is considered as a set of classes (with respect to the P-ae. equality). If u is in D; and 7 is
associated with it according to the above definition, we can write

u t [ 5 —u )
iu(x, ) :li—mu(x+ e at)) u(x a))'
t—0

We denote by D the space

D= {u c LZ(HND)m (ﬂﬁi) V1 <i<d, Viue Lz(ﬁ)}.
i=1

The space D equipped with the norm

J 12
lullz = f 2P+ / ()P
b ( Rdx ; Rix '

is a Hilbert space which is a general Dirichlet space.
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We introduce the process { (i ’ 173’ , Z) ;1 <s <T} defined on the enlarged space
02, F, (F)r>0, P, W;), solution of the forward backward stochastic differential equation

N N
Xﬁ:x—}—/ b(r, X’)ds—i—[ a(r,Xﬁ)dWs
'

T (13)
Y _g(X )+/ fr, X’ Y’ Z’)— f ZLdW,.

Since the coefficients are Lipschitz continuous and grow at most linearly, Eq. (13) has a unique
Fr-adapted solution with continuous trajectories. Egs. (2) and (13) are almost the same except
that uniqueness for (13) is slightly weaker. One can easily prove that the uniqueness implies that

foreacht <s < T, ()?g, zf, Zé) = (X§, Yl Zﬁ"), P-a.s.

Theorem 3.3 (Bouleau—Hirsch [7,8]). For P-almost every w

() Forallt <s <T >0, X\"() € D! C (H] (R))"

(ii) There exists a .}N",—adapted G L4 (R)-valued continuous process (5t ) such that for P-almost
every w:

) -
Vi<s<T, o (X;‘(a))) = ®l(x, w)dx a.e.
X

where % denotes the derivative in the distribution sense.

Remark 3.1. It is proved in [7] that the image measure of P by the map X ! is absolutely
continuous with respect to the Lebesgue measure.

Lemma 3.4. The distributional derivative @' is the unique solution of the linear stochastic
differential equation

~ ' ~ o~ d. .t L o
Pl(s) = e +/ by (r, Xﬁ)@{(r)dr+2/ oil (r, XL) ! (r)dW/ (14)
N j=1 N

where by and o} are versions of the almost everywhere derivatives of b and o/ .

Proof. First of all, we observe that since the law of X{ X! is absolutely continuous with respect
to the Lebesgue measure, @’ is well defined and does not depend on the poss1b1e choices of
the Borel derivatives by, o3 . Moreover the coefficients by (s, X ’) and ox (s, X t) are bounded,
therefore Eq. (14) satisfies the classical It6 conditions and has a unique ]—',—adapted continuous
solution.

The fact that &' satisfies Eq. (14) is based on the absolute continuity of the law of X § and on
approximations of the coefficients b and o by smooth ones (see [7] for details). O
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Let us consider formally {(5’ (), @’(s), T!(s),t <s < T} the solution of the FBSDE of
first variation associated to {(X’ Yt Z’) t<s<T}:

~ 4 ~ ~ d t . ~ ~ ~
@l-t(s) =e; + / by (r, Xﬁ)@it(r)dr + Z/ oil (r, Xﬁ)@it(r)dW,]

T (r) = g (X0) B(T) + / [, £ (r, () BL(r) + 8y £ (r, O()) T (r) (a5)

(0. £ (r, D), THNdr - / Tt (r)d,.

S
Lemma 3.5. Assume (A1), (A3) and suppose that f € Cg’l([O, T1 x R? x R x RY). Then
{(@’ (s), UL(s), I"(s));t <s < T} is a well defined process, that is, it does not depend on Borel

versions of the generalized derivatives of b, o, g up to P-almost sure equality.

Proof. Let b}(, b)% be two Borel vers10ns of the derivative of b at x, that is for each ¢ € [0, T],
b}c (t,) = b2 (t,-)dx-a.e. Let ax oy % and ng g2 be defined in a likewise manner.

Define (45 (s), W (s) Tt (5)), (resp (QZ(S) Wz(s) Fz(s))) the solution of (15)
corresponding to b!, o', g! (resp. b2, 0%, g%). By virtue of Lemma 3.4, &' = #*P-ae. In
view of Lemma 2.2 we have

*,2 T . ~ 2
+/ 720 - T' ) dr)
t,T 0

~ o~ ~ o~ 2
RENTT) - gl X3 ()| ) .

EQ;ﬁ_:w

5CE<

Using the absolute continuity of the law of the X, and the fact that ! = P?P-ae., itis easy to
see that the right hand side of the above inequality is null. It follows that

(31,91, 7) = (3% 72, 1?) Bae. O
Let b", o™, g" be the regularized functions of b, o, g as in (8). Let us define forn € N,

~ N ~ s ~ ~
X = x +/ b" (r, X)) dr +/ o (r, X) dW,,
t t

P (s) = e; +f 3, b" (r, XL) & (r)dr +Zf d,0™ (r, XL) B! (r)dW/ (16)

t

and consider the sequence of BSDEs
T
Y’" =g "X )+/ f(r, X Yrt’",Zﬁ’”)— / ZL"aw,,
U (s) = dug"(X] )@’(T)+/ [, £ (r, ©"(r) BL(r) + By £ (r, ©"(r) /" (r)

(@, f(r, O"(r)), T (r))1dr — f T (r)dW,

N
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where 0" = ()? ﬁ, ?f’", Z") Since the coefficient b, o, g" are C°°-functions in the spatial
variable and f € Cg’l([O, T] x RY x R x Rd), forallt <s <T,n €N, we have

(X", ¥, Zi") € D* x D x D™,
with

VX =9 (s), VY =U"(s), and Vi ZU" =T7"(s). (17)

Lemma 3.6. Assume (A1), (A3) and suppose that f € Cy' ([0, T1 x R x R x R?). Then, for
all0 <t <T

n—oo

T
lim E (|X’*” — X' Y - v +/ |Ztn — Z§|2ds) =0.
’ ’ 0

Proof. This lemma is proved by combining Lemmas 2.1 and 2.2, and the Dominated
Convergence Theorem. O

Lemma 3.7. Assume (A1), (A3) and suppose that f € Cy' ([0, T] x R x R x R?). Then, for
all0 <t <T,

T
lim E (Kw S R L +/ Tt — r;|2ds> — 0.
0

n—oo

Proof. First, let us prove that

lim & [|5’v" (s) — & (s)|j"§] =0. (18)
n— 00 ,
In view of the Burkholder—-Gundy and Schwartz inequalities and the Gronwall lemma, we have
~T i~ ~ 2 ~ T~y 547 1/2
E[|¢“’ (5) — &' (s)|;‘"T] < MIE[|§Z5’ ;‘,T]

r T _ _ 172
x {IE [/ 156" (5. K1) — by (5. X§)|4dt]
0

4 1/2
dti| .

Since the coefficients in the linear stochastic differential equation (16) are bounded, we have

~

~ T . ~ .
s SB[ a8 - od (25
l<j=<d 0

supE [’ o C;] < 400.
y ,

To derive (18), it is sufficient to prove the following:

~ B T ~ ~ 4

E / Iaxbn (s, Xé) — by (s, X§)| ds:| — 0 asn— +o0
LJo

and

T . ~ ~ |4
/ 0,07 (5. X7) — o (5. K1)
LJO

&

ds:|—>0 asn — +oo,j=1,2,...,d.
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Let us prove the first limit. Since the law of X ! is absolutely continuous with respect to the
Lebesgue measure, let p’ (s, y) its density. Then

r T ~ ~ T
E |:/0 |b% (s, X%) — by (s, X§)|4dt:| = /0 /Rd b (s, y) — by (s, y)|4]’5¢(s, y)dyds.

Since d,b", b, are bounded by the Lipschitz constant and d,b" converges to by, we conclude by
the Dominated Convergence Theorem. The case of the second limit can be treated by the same
technique.

Now, since the derivatives of the coefficients are bounded, we have, by Lemma 2.2

T T
E (@”" ~ Uy +/ 7" (r) — f(r)|2dr) <CE (|E"|2 +/ |E”(r)|2dr)
0 0
where
" = 0,8" (X0) B (T) — gu(X5) D (T)
B(s) = (9 f (5, 8" () = 0 f (5, B(s)) B ()
+ (3 f (5, 8"(9) = By f (s, B(s) F'(s),
+ (3, f (s, ©"(5)) — 3. f (s, O(s))) , I"(s)).
‘We have

BE < (B1F (0)P) " (Bl (R - 2 F)P)

By using that dxg", gx are bounded by the Lipschitz constant, the convergence of dxg" to
gx. the absolute continuity of the law of X. with respect to the Lebesgue measure and the
Dominated Convergence Theorem, we obtain lim,_.q IEI|E"|2 = 0. Combining Lemma 3.6 and
the Dominated Convergence Theorem, one can prove that

1/2

T
lim IE/ R (r)2dr =0. O
0

n—-o0

Theorem 3.4. Assume (Al), (A3) and suppose that f € Cy' ([0, T] x RY x R x R9). Then, for
P-almost every w:

() for every s <t < T, the function x —> (Xy* (), Y""(w)) belongs to D? x D P-almost

surely
(i) for everyt < s < T, P-almost surely 9, Xy (w) = ®!(x, ®), 9, ¥y (w) = V! (x, w)dx a.e.

Proof. By Lemma 2.2, there exists a constant C > 0 such that for all ¢, n, s, it holds

= gt T~ 2 = (15 2

E (| W”"I,,’T +f [T (r)] dr) <C(+E) (I@""(T)| ) .

t

By Lemma 2.1, we have for all ¢,

sup & (|E§”"(T)|2) <cC.

n

It follows that

T
supE (| gva"|;‘;§ +/ |Ft’"(r)|2dr> < oo.
n

t
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Using (17), Lemmas 3.2 and 3.3 and the Bouleau—Hirch result, we deduce that the function
(XL, Y'belongs P-almost surely to D¢ x D with

VX! = 51’ (), VY = @i’ (s) P-almost surely.

We deduce that for every + < s < T,P-almost every w € {2, the function x +r—
(X" (w), YI (w)) belongs to DY x D and

XN (w) =B (x,w), 0¥ (0) = V! (x,w)dxae. O

Corollary 3.2. Assume (Al), (A3) and suppose that f € Cg’l([O, T] x R x R x RY). Let
(X”x, Yo, Z“‘) be the adapted solution of (2) and define u(t, x) = Y"*. Then,

@) for every 0 < t < T, the function x +—— u(t,x) belongs to D and for each t and
i=1,...,d, the following representation holds:

~ ~ T ~ ~
O u(t, ) = E{ax,.X’T<~,->¢;T(~,~>+ / [3: f (. BLC. N DL ()
t
+ By f(r OLC N UL L)+ (0. £ (r OLCL ). T -))]dr} dx a.e.

where ér’ = ()Nfﬁ, )75, 25) is the solution of the FBSDE (13) and (5’, (728 ft) is the solution
of the variational equation Eq. (15);
(ii) For every t <s < T, P-almost surely, we have Z" = Oy u(s, XYoo (s, XI.

4. The representation theorem

Our aim is now to give a probabilistic representation of the gradient of the viscosity solution
of the quasilinear PDE (1). More precisely, we prove an extension of the nonlinear Feynman—Kac
formula of Pardoux—Peng [16] and Ma—Zhang [14]. We restrict ourselves to the nondegenerate
case.

Foreveryn € N, let (X", Y", Z") and (@", ¥", I'"") be the solutions of FBSDEs (9) and (11)
respectively. For every 1 < r; < T, we introduce the martingales {M,;" :rj <r, < T}:

1) *
MM = [ [o,;l(u, Xﬁ’")(ﬁfﬁ’"] dW,.

r

We also consider the martingale {Mfz’” ri <rn < T}:

r *
My :/ [a—l(v,xfjm;‘] dw,,
r

1

(X*,Y*, Z¥) and (@*, ¥*, I'*) being the solutions of the FBSDEs (2) and (10) respectively. Set

X,n,s __
Nr” —

(M HT[e"! and

— S

N5 = (M*H*[@X]17, 0<r<s<r<T.

— S

Theorem 4.1. Assume (A1)—(A3) and suppose that g € Cg (RYY. Let (X*,Y*, Z*) be the
adapted solution of (2). Then,
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(i) for every s € [t, T, we have P-almost surely
T
Z¥=E {g(x);)N;“ +/ fr, X2, Y, ZONS dr | f;} o(s, X})dx a.e; (19)
s
(ii) for almost every x € R, there exists a version of Z* such that for P-almost every w € 12,
the mapping s —> Z7 (w) is continuous;
(iii) for every t € [0, T] we have
T
ou(t,x)=E {g(X)})N;’t + / f X5 Y, Zf)Nf”dr} dx a.e.
t
where 0,u(t, x) denotes the derivative in the distribution sense of u with respect to x.

Proof. Let us note that, in view of Theorem 4.2 in Ma—Zhang [14], we have P-almost surely,
Vs € [t, T]Vx € R%:

T
Zy"=E {g(X’}’")N;’"’S + / f, X Y ZEMNS dr | .7-'5’} on(s, X3, (20)
s

Lemmas 2.1 and 2.2 imply that for all p > 2

n—oo

T
lim E (|x”’" — XU PR Y -yt er +/ |Zlxn z§~X|2ds> =0, (21
0

T
lim E <|¢f’"’x — QUL 4 | — PP +/0 |rinx r;»ﬂzds) =0. (22)
It follows that for any p > 1,
lim E|M*" — M*[*2P =0, (23)
n—00 t.T

Therefore (see Bahlali-Mezerdi—Ouknine [1])
Tim E[E {g(X" )Ny | FL} = E{g(XPN* | Fi}| =0,
Now, we have
r T
E ‘E {/ flr, X2m yon ZomNeSdr | Fi }— E {/ flr, X5, >, ZXYNS5dr | ]_—g}‘
N s
T
= E/ £ XEM Y ZENE — f (XY ZDNE|
s

T
< [ 70X 2 [N = N
s

T
B [ [F0 X2 < £ XV 2| [N
s

Since f is Lipschitz continuous, we have

T T
< m/ (|x3" = X5+ 75" = v |N:N|dr+KE/ |Zp" =z | [Ny dr.
S S
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By using (21) and (23), one can prove that the first term in the right hand side converges to O as n
goes to infinity. For the second term, we use Corollary 3.2 in Ma—Zhang [14] and the Dominated
Convergence Theorem to show that it converges to 0 as n goes to infinity.

To prove that lim,, . o 1" = 0, it suffices to observe, by using Corollary 3.2 in Ma—Zhang [14]
and Lemmas 2.1 and 2.2, that for any p > 0,

*, *,
SupE <|Xt,x,n|t,;7 + |Yt,x,n|t’7lw7 + |Zt,x,n|>k,p> < 00,
n
supE <| (ﬁ”x’"|;’# + | W’x’”ﬁ)’{f) <00
n

and combine (22), (23) with the Dominated Convergence Theorem to conclude.

Thus, by letting n — oo in (20), we obtain that (19) holds P-almost surely, for each fixed
s € [t, T]. Now, since part (ii) of the theorem can be proved as in Ma—Zhang [14], one can prove
that part (i) is satisfied.

To obtain part (iii) it suffices to let s = 7 in (19). O

Remark 4.1. In [1], a representation theorem for functionals of diffusion processes with
Lipschitz coefficients is proved. Therefore it is natural to try to obtain this kind of result for
(Yt*, Z"*) which can be seen as a functional of X"*. To this purpose, we have to prove that
(Yt~ Z"*) = L(X"*) and show that the functional L is Frechet differentiable.
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