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Abstract

Hermite processes are self-similar processes with stationary increments which appear as limits of
normalized sums of random variables with long range dependence. The Hermite process of order 1 is
fractional Brownian motion and the Hermite process of order 2 is the Rosenblatt process. We consider here
the sum of two Hermite processes of orders ¢ > 1 and g + 1 and of different Hurst parameters. We then
study its quadratic variations at different scales. This is akin to a wavelet decomposition. We study both the
cases where the Hermite processes are dependent and where they are independent. In the dependent case,
we show that the quadratic variation, suitably normalized, converges either to a normal or to a Rosenblatt
distribution, whatever the order of the original Hermite processes.
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1. Introduction

The (centered) quadratic variation of a process {Z;, t > 0} is usually defined as

N-1
W2 = 3 [ Ziyy = 200~ BZiy, — Z0)°) (1)
i=0
where 0 = t9 < #; < --- < ty. The quadratic variation plays an important role in the
analysis of a stochastic process, for various reasons. For example, for Brownian motion and
martingales, the limit of the sequence (1) is an important element in the Itd stochastic calculus.
Another field where the asymptotic behavior of (1) is important is estimation theory: for self-
similar processes the quadratic variations are used to construct consistent estimators for the
self-similarity parameter. The limit in distribution of the sequence Vy yields the asymptotic
behavior of the associated estimators (see e.g. [11,10,12,7,19-21]). Quadratic variations (and
their generalizations) are also crucial in mathematical finance (see e.g. [2]), stochastic analysis
of processes related with fractional Brownian motion (see e.g. [8,14]) or numerical schemes
for stochastic differential equations (see e.g. [13]). Variations of sums of independent Brownian
motion and fractional Brownian motion are considered in [9]. The asymptotic behavior of the
quadratic variation of a single Hermite process has been studied in [4].

Our purpose is to study the asymptotic behavior of the quadratic variation of a sum of two
dependent Hermite processes of consecutive orders. One could consider other combinations. We
focus on this one because it already displays interesting features. It shows that the quadratic
variation, suitably normalized, converges either to a normal or to a Rosenblatt distribution,
whatever the order of the original Hermite processes. This would not be the case if only one
Hermite process of order at least equal to two were considered, since then the limit would always
be a Rosenblatt distribution. This would also not be the case if one considered the sum of two
independent Hermite processes. We show indeed that in the independent case, the quadratic
variation asymptotically behaves as that of a single Hermite process.

We will thus take the process Z in (1) to be

7 = z4H Z(J-H,Hz,

where Z9-# denotes a Hermite process of order ¢ > 1 and with self-similarity index H € (%, 1
Hermite processes are self-similar processes with stationary increments and exhibit long-range
dependence. The Hermite process of order g > 1 can be written as a multiple integral of order ¢
with respect to the Wiener process and thus belongs to the Wiener chaos of order g.

We will consider an interspacing
li—ti—-1 =YN

which may depend on N. The interspacing yx may be fixed (as in a time series setting), grow with
N (large scale asymptotics) or decrease with N (small scale asymptotics). The case yy = 1/N
is referred to as in-fill asymptotics. From now on, the expression of Vi (Z) reads

N-1
V(@) = 3 [@pist = Zid® = EZyyisn) — Zn)? | )

i=0
Such an interspacing was also considered in [19] when studying the impact of the sampling rate
on the estimation of the parameters of fractional Brownian motion. Since we consider here the
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Fig. 1. Domains of points (Hy, Hy) where the signs of v are negative or positive. The lines show the boundary between
these sets. The right-hand line corresponds to ¢ = 1 and the left-hand line to ¢ = 16. The processes here are dependent.

sum of two self-similar processes, one with self-similarity index Hj, the other with self-similarity
index H», we expect to find several regimes depending on the growth or decay of y with respect
to N. It seems indeed reasonable to expect that, if H; > H, the first process will dominate at
large scales and be negligible at small scales, and the opposite if H; < Hj. Our analysis will in
fact exhibit an intermediate regime between these two. When H; = Ha, it is not clear whether
one term should or should not dominate the other one.

The quadratic variation of the sum Z = X 4 Y can obviously be decomposed into the sum of
the quadratic variations of X and Y and the so-called quadratic covariation of X and Y which is
defined by

N-1
V(XL Y) =Y (X, — X)) Yy, — V)
i=0
with 0 = #f9 < t; < --- < ty. The quadratic covariation shall play a central role in our

analysis. The case where X = Z/1-7 and Y = ZH2:9! are Hermite processes of consecutive
orders, exhibits an interesting situation. If the two processes are independent (that is, they are
expressed as multiple integrals with respect to independent Wiener processes), then the quadratic
covariation of the sum is always dominated by one of the two quadratic variations Vy (X) or
Vn (Y). On the other hand, surprisingly, we highlight in this paper that when the two processes
are dependent (they can be written as multiple integrals with respect to the same Wiener process),
then it is their quadratic covariation which may determine the asymptotic behavior of Vy (X+7Y).
We also find that there is a range of values for the interspacing yy where the limit is Rosenblatt in
the independent case and Gaussian in the dependent case. The range includes the choice yy = 1
for a large set of (Hy, H>»), as illustrated by the domain v; < 0 in Fig. 1.

A primary motivation for our work involves the analysis of wavelet estimators. Of particular
interest is the case H, = 2Hj — 1 which is related to an open problem in [6]. See Example 3 for
details.
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The paper is organized as follows. Section 2 contains some preliminaries on Hermite
processes and their properties. The main results are stated in Section 3. The asymptotic behavior
of Vy(Z) is given and illustrated in Section 4. The proofs of the main theorem and propositions
are given in Section 5 while Section 6 contains some technical lemmas. Basic facts about multiple
It6 integrals are gathered in the Appendix.

2. Preliminaries

Recall that a process {X;, t > 0} is self-similar with index H if for any a > 0, {X,, ¢t > 0}
has the same finite-dimensional distributions as {a’ X,, t > 0}. Hermite processes {ZtH 4 >0},
where H € (1/2,1),q = 1,2, ... are self-similar processes with stationary increments. They
appear as limits of normalized sums of random variables with long-range dependence. The
parameter H is the self-similar parameter and the parameter g denotes the order of the process.
The most common Hermite processes are the fractional Brownian motion B = Z#-! (Hermite
process of order 1) and the Rosenblatt process R = Z#-2 (Hermite process of order 2).
Fractional Brownian motion (fBm) is Gaussian but all the other Hermite processes are non-
Gaussian. On the other hand, because of self-similarity and stationarity of the increments, they
all have zero mean and the same covariance

H.q H, 1
E [Zzl 'z, q] =3 [|f1|2H + 10l — | - t2|2H] ,
hence E [(Z fi’q)z] = 1. Consequently, the covariance of their increments decays slowly to zero

as the lag tends to infinity, namely

H,q
t+1

H,q _
s+t+1

H,q

E [(z — 7zl z ZH’,)] ~ HQH — 1)s*H2 ass — oo,

Observe that the sum over s > 1 of these covariances diverges, which is an indication of “long-
range” dependence.

The Hermite processes {ZtH 't > 0} can be represented by Wiener—Ito integrals (see
Appendix for more details about stochastic integrals), namely

!/

H, H, H,

219 = c(H, ) 1,(L) = C(H,q)/R L™ (1. ... y)dBy, ---dB,, . 3)
q

where c(H, q) is a positive normalizing constant, B represents standard Brownian motion and
where the kernel is defined by

(++5) ~(1+5)

"'(M—Yq)+ du. “)

t _
H,
L q(yl,...,yq>=/0 (u—y1)y

The prime on the integral (3) indicates that one does not integrate over the “diagonals”, where at
least two entries of the vector (y1, ..., ;) are equal. Observe that the kernel L,H’q is symmetric
and has a finite L2(R?) norm ||LtH’q||2 < oo because H € (1/2,1). The Hermite process
{ZtH 4t > 0} is then well-defined. It has mean zero and variance

B[] = 2H. 9) gL 13
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In order to standardize the Hermite process, the positive normalizing constant c(H, g) is defined
by

—12
c(H,q) = (a1 13) ", 5)

so that E [(ZtH’q)z] =2 forallt > 0.

The fractional Brownian motion is obtained by setting ¢ = 1 and denoted by

t
B =zM = c(H, 1)/ (/ (u — y)f‘mdu) dBy,,
R 0

while the Rosenblatt process is obtained by setting ¢ = 2 and denoted by
/ t
RI =z["* = c¢(H,2) /2 (/ -y~ yz)_’:‘du) dBy,dB,,.
R2 \Jo

The (marginal) distribution BIH of the standard fractional Brownian motion BtH = ZtH I when
t = 1is N(0, 1) and the distribution RlH of the standard Rosenblatt process RtH whent = 11is
called the Rosenblatt distribution, see [16,22] for more information about that distribution. The
normal distribution and the Rosenblatt distribution will appear in the limit.

The asymptotic behavior of Vi (X) where X is a Hermite process, namely X = Z-4 was
studied in [4]. The limit is either the normal distribution or the Rosenblatt distribution. The
normal distribution appears in the limit when X is the fractional Brownian motion Z#-!1 with
H e (1/2,3/4). The Rosenblatt distribution appears in the limit when X is the fractional
Brownian motion with H € (3/4,1) or when 7ZH.9 is a Hermite process with ¢ > 2 and
H € (1/2,1). See Theorem 1 below, for a precise statement.

We shall focus on the simplest mixed model based on Hermite processes, that is,

z, =zt = zHa |y ZHat] (6)

where ¢ > 1 and Hy, Hy € (1/2, 1). Processes of the type (6) appear naturally in the framework
of long range dependent Gaussian subordinated processes (see [6] and Example 3 below).
Observe that:

o 7zH:4 and ZH:9+1 are defined in (3) using the same underlying Brownian motion B but
different kernels L, are involved.

o It follows from the previous point that Z-¢ and Z-4*! are uncorrelated but dependent,
see [1].

o ZM:H2 jg not self-similar anymore if H; # H, but still has stationary increments.

e In the quadratic variations (2) cross-terms

Hi.q _ Hiq Hy,q+1 5 Hyq+1
(ZVN(i+1) Zym)(zm<i+1) Zyi )

will appear. We will show that their (renormalized) partial sum is asymptotically normal.
. d C e . .
The notation (—)> refers to the convergence in distribution and ay < by means thatay = o(by)

as N — oo and ay ~ by means ay/by — 1 as N — oo. The notation Xy = op(1) means
that Xy — O in probability.
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3. Main results
3.1. Main assumptions

Throughout the paper, we consider Hy, H, € (1/2, 1) and an integer g > 1,

N-1
Vv =W @) = Y [(Zay - 20 = BZyy, - 2007 )
i=0
where #; = yyi and Z is the sum of the two Hermite processes Z/14 and Z/2:9%! a5 defined in
(6). The sum Vy will be split into three terms as follows

v =V +vP +2vy, ®)
where
N—1 5 5
V]EII) _ [(Zﬁ{q _ Ztliil,q) _E (Z:i;q _ Zflﬂ) ] ’ 9)
i=0
N-1 9 5
V1£,2) _ |:<Z£Ifl,q+l _ Z,{.{ZJH_]) _E (ijl»lI-i-l _ Z,?Z'q-’_l) i| i (10)
i=0
and
N—1
v =5 (2o — o) (i g, o
i=0

The mean of the cross-term (11) vanishes because the terms in the product are Wiener—Ito
integrals of different orders and hence are uncorrelated (see formula (53)). We further denote
the corresponding standard deviations by

oN = (E[V,%,])m and o = (E[(V]f,i))z]>l/2 fori =1,2,3. (12)

3.2. Asymptotic behavior of V,i,l), V}EJZ) and V]£,3)

To investigate the asymptotic behavior of V and o, we shall consider the terms V]fll), Vlflz)

and V}s}s) separately, without any assumption on the scale sequence (yy).
First we recall well-known results about the asymptotic behavior of the sequences Vjs,l) and
(2)
Vo,
N

Theorem 1. Denote

1 .
1 2(1 — Hy) ifg=1and H <3/4

hlzmax<§,l——)= 2 2(1 — Hy) (13)
9 1- "0 g =20r H = 3/4,

and

8 = Lin,=3/4n(g=1} (14)
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thatis, 5 =1if Hy =3/4andq =1,and 6 =0if H) #3/40rq > 2. Thenas N — 09,

o\l ~a(q, Hy) yi™ N™ (log N)*/2. (15)

Moreover, we have the following asymptotic limits as N — oo.
(1) (@) If g =1and Hy € (1/2,3/4], then
(1
Vv
9D v, 1), (16)
cr(l)

) If g = lNand Hy e (3/4, D) orif g >2and Hy € (1/2, 1), then

(1)
\% 21—
N (d) R]I 2(1-Hy)/q (17)

Q) If g = 1 (thatis, g +1 > 2) and Hy € (1/2, 1), then

(2)

VN @ —2(1—

N LD Ry i 6D ~ ag + 1, Hy) NIl R (g
o

N

Here a(q, Hy) and a(q + 1, H>) are positive constants.

Proof. Point (1a) goes back to [3] and Point (1b) with ¢ = 1 and H; € (3/4, 1) goes back to
[17]. Point (1b) with ¢ > 2 and H; € (1/2, 1) can be deduced from [4, see Theorem 1.1 and its

proof].

For the expression of the constant a(g, Hy) in (15) with ¢ = 1, that is for a(l, Hy), see
Propositions 5.1-5.3 in [20] with H € (1/2,3/4), H € (3/4,1) and H = 3/4 respectively.
For the expression of a(q, Hy) with g > 2 and H; € (1/2, 1), see Proposition 3.1 in [4]. The
expression of the constant a(g + 1, H) follows from that of a(q, Hj).

The exponent of yy in (15) and (18) results from the fact that Z#1-9 and Z#24F! are self-
similar with indices H; and H>, respectively. [

In view of the decomposition (8) and of Theorem 1, we need to investigate the asymptotic
behavior of the cross-term V1£,3) in order to get the asymptotic behavior of V.

Theorem 2. We have the following convergence and asymptotic equivalence as N — 00.

3)
V d
N DN with o) ~ big, Hy, Hy) N'~0-H/@rDy Histh
o

N

where b(q, H1, H») is a positive constant.

Remark 1. Theorem 2 cannot be directly extended to the general case where the process Z is
the sum of two Hermite processes of orders g1, g2 with go — g1 > 1. This is because the proof is
based on the fact that Vlff) admits a Gaussian leading term. This may not happenif g — g1 > 1
(see the proof of Proposition 2 and Remark 5 for more details). In contrast, Theorems 3 and 5

below can be easily extended.

Proof. The proof of Theorem 2 is found in Section 5. [
3.3. Quadratic covariation in the independent case

Theorem 2 will imply that the term V(S), which corresponds to the quadratic covariation
of ZH14 and ZH2:4%! may dominate in the asymptotic behavior of the sequence Vy. On the
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other hand, if the two Hermite processes are independent, the quadratic covariation is always
dominated by the quadratic variation of one of these processes. This is a consequence of the
following theorem.

Theorem 3. Assume that for everyt > 0, ZIH"q and ZtHz”H_1 are given by (3) and define

N-—1
1719) _ Z (ZHIJI _ wa) (ZHMH _ thlz,qﬂ)’

i+l i+l
i=0

where the process ZH-a+1 g gpn independent copy of Z"2411 Then, as N — oo,
~ 2
E[(70)] =0 (o o).
where o\ and o2 are defined by (12
N N y (12).
Proof. We have, from the independence of the two Hermite processes,

o Nl y
E[<V,£;3)) } = Z Vi j(ZM 0y (2T,

i,j=0
where
vi,j(X) =K [(Xl‘,'+] - Xt;)(thH - Xt_,-)] .
Since the covariance structure of the Hermite process Z H.q is the same for all q > 1, we obtain

N-1
E[mfﬂ = D v @My zmh

i,j=0

1 1
< (15:1 (Vi,j(ZHl’l))2>2 <1§ (yi’j(sz,l)>2>2 |
i )

"1:() 1,j=

where the last line follows from the Cauchy—Schwarz inequality. Recall that for two jointly
centered Gaussian random variables X and Y, we have

(Cov(X, Y))? = %COV(XZ, Y?).

Hence
—1 ,  N-l )
> (s@™h) = 3 (cov(zil =z 7 [ -z )
ij=0 ij=0
1A H.1 H,1\2 1 H,1\2
= Ei;()COV <<Zli+1 —Zy ) ’(ij+1 —Z ) )

1 = Hi1 H,1)\2 H,1 Hy. 1)
= SVar| 3 ((Z,[_H’ -z —IE[(Z,M’ -z D



M. Clausel et al. / Stochastic Processes and their Applications 124 (2014) 2517-2541 2525

by using the notation (1). Consequently,

[T e () P 0 ()]}

By Theorem 1, we know that, as N — o0, the rate of convergence of the variance of the quadratic
variations of the Hermite process Z+4 (strictly) increases with respect to ¢ (when H is fixed).
Therefore, sinceg > 1 and g + 1 > 1, we get, as N — oo,

1
) 2 27) 2
s[(7)] = ({E [ (7)) e[ (e (2] ) |
which concludes the proof. [
4. Asymptotic behavior of the quadratic variation of the sum

4.1. Dependent case

It is now clear that the asymptotic behavior of Vy will depend on the relative behavior of the
three summands VZE,I), V}sz) and VS). More precisely we have the following result.

Theorem 4. Let us define
1 - H 1 2(1 - H 1 - H
V] = 2 _ 1 + max (—, 1-— ( 1)> < 2 = vy. (19)
2 q 14+g¢g

Denoting § as in (14), we have the following asymptotic equivalence as N — oo:

(D) If y2 ™™ < NY (log N)*/2 then

Vy = VP (1 +op(1)).

() If N (log N2 < y M « N™2, then
Vy =2V (1 +0p(1).

G3) If v~ ™ > N¥ then
Vy = Vi (1+0p(1)).

Proof. Let us compare the terms Vji,l), V15,2) and V1513) in each case considered in Theorem 4. By
Theorems 1 and 2, we have, for some positive constants c1, ¢z and c3,

- 21/2
E||vy’ ~cryy ™ NM (log NYY/2,
[ (2 22 1-2(1—H»)/(q+1) ,,2H.
E VN ~cy N 2)/\4q YN 2
: 2: 1/2
E V]£,3) ~ 3 le(]sz)/(q+l)y1€1|+Hz7

and these rates always correspond to the rate of convergence in distribution.
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The different cases are obtained by using the definitions of v; < v in (19) and by computing
the following ratios of the above rates for VIE,I) versus Vli,S):

V}%}Hl N (log N)B/Q B NI (log N)B/Z 0)
N1=(=H2)/(g+1)y, i+ - y =t
and VIE,Z) versus Vli,S):
(- 2H Hy—H
NI by Ry o
Nl—(l—Hz)/(q+1)y11\'[11+H2 Nv2

Observing that v; < v, and thus N (log N2 « N2, we get in the three cases:
() If
v < NV (log N)2,

then VIE,I) dominates VS) by (20). But since it implies yICI 27H1 « NV2, we have by (21) that

VS) dominates Vli,z). Hence V,f,l) dominates in this case.
2) If

N (log N)Y? <y < N2,

then VIE,3) dominates both VIE,I) and Vji,z) by (20) and (21), respectively.
3) If

yae s N2,

then V1£,2) dominates V1$/3) by (21). But since it implies y,?rHl > NV (log N)%/2, we have
by (20) that V]§,3) dominates V]fjl). Hence Vlf,z) dominates in this case.

This concludes the proof of Theorem 4. [

Remark 2. Note that vy > 0 but vy can be positive, zero, or negative. In fact,

1-H _1 ifg =1and H <3/4
—_ = 1 = an <
1+q 2 i :
V] =
1-H, 2(1-Hy) .
— otherwise.
14+g¢ q

It follows that
2(g + (1 — Hy)
q 9

with equality on the left-hand side if and only if there is equality on the right-hand side. The
equality case corresponds to having (Hj, Hy) on the segment with end points (1 — g/(4(g +
1)), 1/2) and (1, 1), see Fig. 1. The H; coordinate of the bottom end pointis 1 — g/(4(g + 1)).
Forg = litequals 1 — 1/8 = 0.875 and, as ¢ — o0, it decreases towards 3/4.

V) <0< H;>1-—

Let us illustrate Theorem 4 with some examples.



M. Clausel et al. / Stochastic Processes and their Applications 124 (2014) 2517-2541 2527

Example 1. In the particular case where H; = H>, by Remark 2, we always have v; < 0.
It follows that we are in Case (2) of Theorem 4 whatever the values of ¢ = 1,2, ... and the
interspacing scale yy. Thus, the dominant part of Vyy is the summand 2V]§,3). By Theorem 2, we
conclude that the limit of the normalized quadratic variation of the sum of two Hermite processes
with the same self-similarity index and successive orders is asymptotically Gaussian.

Example 2. When yy = 1, the asymptotic behavior of the quadratic variation depends on the
sign of v1. If v; < 0, we are in Case (2) of Theorem 4, the dominant part of Vy is the summand

2V1£,3) and the limit is asymptotically Gaussian by Theorem 2. If v; > 0, we are in Case (1)

of Theorem 4, the dominant part of Vy is the summand ij,l) and by Theorem 1, the limit is
Rosenblatt. Indeed, v; > 0 excludes ¢ = 1 and H; < 3/4, see Fig. 1.

Example 3. The case H, = 2H; — 1 and ¢ = 1 is of special interest because it is related
to an open problem in [6]. Let us recall the context. Suppose you have unit variance Gaussian
stationary data Y;, i > 1 with spectral density f () which blows up like |*|~2¢ at the origin, with
1/4 < d < 1/2. Then the partial sums behave asymptotically like fractional Brownian motion
with index Hj, where

2Hi=(2d —1)+2=2d + 1. (22)

On the other hand, referring to [5], the partial sums of Yl.2 — 1,7 > 1 behave like a Rosenblatt
process with index H», where

2H, =2(2d — 1) + 2 = 4d. (23)

It follows that, conveniently normalized, for n large, Z][:Z]l (Yr+Y, ,3 — 1) can be seen as a process

Z; as defined by (6) with Hy = 2H; — 1.
Applying Theorem 4 with H = 2H; — 1 and ¢ = 1, we obtain the following result.

Corollary 1. If Hy = 2H| — 1 and q = 1, we have the following asymptotic equivalence as
N — oo:

(1) If yn > N then
Vy = V) (1 +o0p(1)).
Q) If N7 < yy < N, then
Vv =2V (1 +op(1)).
(3) If yn < N~ then
Vv = V& (14 0p(1)).
Proof. Observe thatif H, = 2H; — 1 and ¢ = 1, one has H, — H; = H; — 1 < 0. In addition,

the expression of the two exponents v, v; in (19) can be simplified as follows:

1 1
v1=max(§—H1,H1—1>=—min<H1—§,1—H1) and v, =1-— Hj.

Then vi/(Hy — H;) = min (1, h;‘__éf) and vp/(H>» — Hy) = —1. Moreover observe that

H, =2H; —1 > 1/2 implies H; > 3/4 which in turns implies min (1, ’ﬂl_;;]{z) =1land$§ =0.
Thus vy /(Hy— Hy) = 1 and vy /(Hy— H;) = —1. Corollary 1 then follows from Theorem4. [J
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4.2. Independent case
Theorem 4 should be contrasted with the following result involving independent processes.

Theorem 5. Assume that the process Z"29%1 is an independent copy of ZH2911. Let
Vy = Vy(ZM9 4zt
and
V) = vz,
Define § as in (14) and vi, vy as in (19). We have the following asymptotic equivalence as
N — oo:
() If 21« NVI+2 (log N)P/2 then

Vy = Vi (14 0p(1)).

@) If y2 M) 5 NV (log N2 then

Vy = VP (1 +0p(1)).

Proof. By Theorem 3, we only need to compare Vli,l) = Vy(ZH9) and 1715,2) = Vy(ZH2at]) <
Vy(ZH2q+ly = Vlflz). Using Theorem 1 as in the proof of Theorem 4, the ratio between (20) and
(21), gives that, as N — oo,

01(\11) NVITV2 (log N)8/2

2 2(H,—H ’
012/) J/N(z 1)

where c is a positive constant. This concludes the proof of Theorem 5. [

Remark 3. Note that v; 4+ vy can be positive, zero, or negative. In fact,

2(1—Hy) 1
%_5 ifg=1and H| < 3/4
q
Vi + v =
L 20— H) 2(1 — Hy) otherwise
1+g |

It follows that
(¢ + DA - Hy)

q 9
with equality on the left-hand side if and only if there is equality on the right-hand side. The
equality case corresponds to having (Hj, H>) on the segment with end points (1 — ¢/(2(g +
1)), 1/2) and (1, 1), see Fig. 2. The H; coordinate of the bottom end pointis 1 — q/(2(g + 1)).
For g = 1itequals 3/4 and, as ¢ — o0, it decreases towards 1/2. In contrast with the dependent
case described in Remark 2, the bottom of the boundary lines is pushed to the left, with half the
slopes, compare Figs. 1 and 2.

Vi+w <0 H>1-—

We now illustrate Theorem 5 where the sum of two independent processes is considered.

Example 4. If H; = H», by Remark 3, we always have v; + v, < 0. Thus the dominant part
of Vy is always \715,2). By Theorem 1, we conclude that the limit of the normalized quadratic
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7 Boundary vy +v,=0
— g=1
— g=2
— =3
— g=4
q=16
[ ¢
T &
vy +v, <0

vy +v, >0

1/2
|

T T T
12 3/4 1

Hy

Fig. 2. Domains of points (Hy, Hp) where the signs of v| + v, are negative or positive. The lines show the boundary
between these sets. The right-hand line corresponds to ¢ = 1 and the left-hand line to ¢ = 16. The processes here are
independent.

variation of the sum of two independent Hermite processes with the same self-similarity index
and successive orders is asymptotically Rosenblatt.

Example 5. When yy = 1, the asymptotic behavior of the quadratic variation depends on the
sign of v 4+ vy. If v1 + v» < 0, we are in Case 2 of Theorem 5, the dominant part of Vy is \715,2)
and the limit is asymptotically Rosenblatt by Theorem 1. If vi + v, > 0, we are in Case 1 of
Theorem 5, the dominant part of Vy is VIE,I) and by Theorem 1, the limit is Rosenblatt. Indeed,
v1 + 12 > 0 excludes the case ¢ = 1 and H; < 3/4, see Fig. 2.

Remark 4. In Examples 1 and 4, we considered the setting H; = H, in the dependent and
independent cases. We see that the corresponding limits always differ, it is Gaussian in the
dependent case and it is Rosenblatt in the independent case.

The contrast between Examples 2 and 5, which both correspond to the setting yy = 1 is a bit
more involved. If v; > 0, then v; + v > 0 and we have the same asymptotic behavior in both
cases and the asymptotic limit is Rosenblatt. On the other hand, if vi < 0, then, in the dependent
case we have a Gaussian limit and in the independent case we again have a Rosenblatt limit.

5. Proof of Theorem 2

The proof of Theorem 2 is based on its decomposition in Wiener chaos of the cross term V1£,3).
We first need some notation: For any ¢ and (H;, H») € (1/2, 1)2, set

1—H; 1—H,

H(q) = e

(24)
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The function Eg,b will appear as part of the kernel involved in the Wiener chaos expansion of
VS). It is defined on R? \ {(u, v), u = v} for anya,b > —1suchthata + b < —1 as:

~ _|Bla+1,-1—-a—-b) ifu<uv,
ﬁ“’b(u’v)_{ﬂ(b+1,—l—a—b) ifv < u, (25)
where B denotes the beta function
1
_ _ I'(x)I'(y)
Bx,y) = / F A - = =, x,y>0.
0 I'x+y)
Proposition 1. The sum VIE?) admits the following expansion into Wiener chaos:
(3 ! (3.k)
vy =) v, (26)
k=0
where for everyk =0, ..., q
Vi = Mk, q. Hy, Hy) Dy 12k (Z “”) : @7)
i=0

with
k
f( )(yl, e Y2g+1-2k)

i i q—k (1, 1=H 2g+1-2k | 1-H
2//1 {Hw—ym(” )H [ (v—y,>+<2+q+?)}
t; t; i=1 .

i=q—k+1
¢ k
B _ I kH @
X [/3 (2+1 Hl)’ (2+1q+H]z>(u,v)] lu —v|~*"1'Pdudv,
where Ea,b has been defined in (25) and, defining c(H, q) as in (5),

1
M(k,q, Hi, Hy) = c(Hy,q)c(Hy, q + l)k'( )(CI‘]: )

Proof. Using the integral expression (3) of the two Hermite processes Z¢-#V) and Z@+1:2) and
by definition (11) of the sum V(3), we get that

V(3) N—1

H H H>,q+1 Hy,q+1
I (L.lyq_L.lvq>I (L,Z)q _L_qu )’
C(H],q)C(H2 q + 1) ; q g1 L4 q+1 g1 173

7O =

where the two kernels L, Hi.q LH2 at

and deduce that

Gy

(LT — 1) }

are defined in (4). We now use the product formula (55)

iyl
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q N—-1
=3 (@) (7)) e (Tt
i=0

k=

lit1

®k (LH25q+l _ sz#]-&-l)) .

To get an explicit expression for each term
(LHl,q _ LHl,q) ® (LHz,q+1 _ LHz,q+1>
: 4 . A ,

fit1 iyl 143

we use the definition of the ®; product given in the Appendix:

Hy, Hy, H>,q+1 H,,q+1
[(Lz,ilq —- L, q) Ok (Lt,f,q — L. )] 15+ v s Yog+1-2k)

_ Hi.q qu
_/Rk <Lti+l )(YI,-~-,quk7x1,-~-7xk)

Hy,q+1 Hy,q+1
X (Lzm - L, (Yg—k+15 - -+ Y2q+1-2ks X1 - -, Xg)dxq - - - dxg.

2531

(28)

Using the specific form (4) of the kernel Lf{’q and the Fubini Theorem, the last formula reads

Hi, Hi, Hy,q+1 Hy.q+1
[(L[,-ilq —L,' q) ®k (Ll,.f,q - L )] D15+ es Yoga1-2k)

tit1 tit1 ‘I_k — l+i 2‘1+1_2k +i
=/t, /tt |:U(M _Yi)_t,_(z ! ):| |: 1_[ (v _yz)+( o >:|

i=q—k+1

l 1-H 1, 1-H
[H/(u —x,)+ 2 1)(v —xz)+( + q+12)dxi:| dudv
ti 1 - (Ll 1= 2q+1-2k 1, 1-H
2/ H/ " |:1_[(M—Yi)+(2+ ! ):||: l_[ (v—y,)+(2+ " ):|
fi li i=1

i=q—k+1
uAv (1 1=H (1, 1=t k
X [/ (u —x) (2+ a )(v —X) <2+ q+! )dx] dudv.
—0Q
But for any real numbers a, b > —1 such thata + b < —1, Lemma 1 implies that

UANV
/ (U = 0)* (v — x)°dx = By (e, )| — ]+,

—00

where the function Ba,b has been defined in (25). Hence

Hy, Hy, Hy.q+1 Hy.q+1
[(L;.llq —L ") ®% (Lt,jl‘f+ — et )] Vls e Vage1—20)
tiy1 ptiv1 |42k 1,128 2g+1-2k 1= le
/ / |: (u _y:)+( ! >:| |: l_[ (v _yl)+< ” )
i=q—k+1

k
* [ﬁ (zJ”1 Hl) (2+qulz)(u’v)} Ju = o] D dudv,

(29)

where we defined Hl* in (24). Combining this equality and relation (28) then leads to the

decomposition (26) of the sum VS). This completes the proof of Proposition 1.

O
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We now bound the L2-norm of V1£,3’k) forany k = 0, ..., g and deduce that the terms Vlf,3’k)

are for all £ < g negligible with respect to V,f,3’q). Proposition 2 below then directly implies
Theorem 2. We set

1 ifa=1,

g@) = {0 otherwise. (30)
Proposition 2. Foranyk =0,...,q — 1,

IVOIP = € N Dl og (n))* )y g2, 3D
where ¢ is defined in (30),

a=2q -k —-H)/q+2(q+1—-k(0—-H)/(q+1) (32)
and as N — 0o,

242 2(HH) |y, G) 2 g2
N Yy IVy "7 — b°(Hi, Ha, q), (33)

for some b(Hy, Hy, q) > 0. The leading term is the one with k = gq. Moreover, V]§,3’q) isa
Gaussian random variable, and thus

(-Hy)

_ d
N 4¢+1 1)/N(H1+H2)V1$]3»(1) Q) b(H,, HZ,q) N(O, D).

Remark 5. The proof of (33) is based on the fact that, because Z is the sum of two Hermite
processes of consecutive orders, then VS"’) has a centered Gaussian term in its decomposition
(28) and this term turns out to be the leading term. We can then deduce its asymptotic behavior
from that of its variance. Since the variance of a simple Wiener—Itd integral is related to the L2-
norm of the integrand, we obtain (33). Note that this proof does not extend to the case where Z
is the sum of two Hermite processes of orders g1, g» with g2 — g1 > 1. In that case, there is no
Gaussian term in the sum VS) and hence no Gaussian leading term. Thus, Proposition 2 cannot
be extended in a simple way to more general cases.

Proof. We use the notation of Proposition 1. If n > 2, we have by (54), that E[ I, (f)2] <nl|f ||§
whereas in the case n = 1, f is trivially symmetric and this inequality becomes an equality. We

first consider the case k = 0, ..., g — 1. By the integral definition (27) of the terms VIE,3’k), we
get that

2 N-1
3,k k k
B |9l | < mbwa mom [ [Z f&i-(y)f,&j(y)] an - dyzgsran
ij=0

with
Mk, q, Hy, Hy) = (2q + 1 — 2k)!M*(k, q, Hy, Ha).

Using the explicit expression of f Ig,k)e given forany £ =0, ..., N —1 in Proposition 1, we deduce
that:

2 N-1
3, k
E[!V}f °| ] s Mitka Hit) | [Z gx{i,}(y)} Ay edysgrion, (34)
i,j=0
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with
k
g,(\(/], ;(}’1, ey Y2q+1-2k)

tit1 pLlivl L+l ,quk _(1,1=m

f / f / [ = yo)+ ' = yo)y] (:+5%)

u'=i; —’16 1

2g—2k+1 ,(1 ﬂ)

x J] [0=y0e@ —yo ] 2T
l=q—k+1

X I:E_(2+qul> ( +%)(u v),B ( 1qu) (é+%>(u Jv)
k
x |u — v HI @)y — v/|_Hl*(q)i| dudvdu/dv’.

On the other hand, equality (42) of Lemma 1 implies that forany £ = 1,...,9 — k

1—-Hy 1, 1-H|
/ w0, ) - 5,
yee

- 2H1)

=Bl +1,-2a; — Du—u'|” ;
witha; = —(1/2+ (1 — Hy)/q) and that forany £ =g —k+1,...,2g — 2k + 1

1 1- H2 1 1—Hyp

/ (v — y:z):r<§+ o )(v ye):r(ﬁm)dw
yeeR

(2—2Hy)

=Blar+1,—2ay — Do —2'|” a7

with a, = —(1/2 + (1 — H)/(g + 1)). Hence, combining the Fubini theorem, inequality (34)
and these two last equalities implies that for some M»(k, g, H1, Hy) > 0

2
E[(v}f”‘)) ]
fit1 i+l Lj+1 Lj+1
< M3(k,q, H, Hp) Zf f / / h(u,u', v, v')dudvdu'dv’,
u= u

i,j=0 '=tj Ju'=t;

with

, , |22 q—k 22 q—k+1
h(u,u’,v,v') =|lu—u| ¢ v — | a1

X [E_(quﬂl) (+%)(u B ( qul)’ (§+%)
« (u/’ U/)|I/t—Ul_Hl*(q)|M/—v/|_Hl*(q)i|k,
and

M2k, q. Hy, Hy) = My (k. q. Hi, H)*B(a) + 1, —2a; — 1)47%
x Blar + 1, —2a — 1)77F+1,
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Recall that #; = i yy and use the change of variables
U=yy'w—iyy),  V=yy @i,
U'=yy'@ —jyw, V' =y = ).

We have

(g—k)(2-2H}) (g—k+1)(2—2Hy)

2 —2kH}(q) — -
E[<Vf(v3’k))]f% T e A

N—1
x Z/ H; ;(U,U', v, VhdUudvdu'dv’,
i.j=070.11%

with

HoUU VY= U—U +i—j 7" '
i,jlu,u, Vv, = — i—Jl q

20-Hy) q—k+1
x [|V—V/+i—j| T }

k
X (,3_(£+qu1) (_‘_%)(U V),B( qul) (;+%>(U V))
x |U — V| 7HHT@ y' — v/ 7kH @)

(35)

(36)

since Ea,b(u, v) only depends on the sign of u — v. Now we simplify the expression involving

powers of yy. Since
(q—kQ2—-2H) (¢-—k+1)Q2—2H)

—2kH{(q) — +4
1 (@) p .
__le—Hl_ZkP—Hz_(q—kXZ—ZHO_(q—k+1x2—2H®
q q+1 q q+1

:(_%_M+4)+H1(%+2(6]—_k)>
q q+1 q q

2k 2(g —k+1
+H2< + (9 )>
qg+1 q+1

=2H| +2H,,

we deduce that

’ N-1
E[(v}f’“) ] < cyy R N / H; j(U,U', V,V)dUudvdu'dv'.
i.j=010.11*

To obtain (31), we check that we can apply Lemma 2 below with
_2g-RA-H) 2 —k+ D0 = Hy)
q ’ q+1

)

and

k
FU,V) = [,E (3+52).~( +I—H2)(U, V)|U—V|—H1*(q):| ,

1
2t )t

+4

37

(38)
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Since kH{(q) < k(2q + 1)/(2q(q + 1)) < 1, Condition (45) holds.
It remains to check Condition (46). Note that H(g), Hi (q) is bounded and then, for some
C >0,

|F(U, V)| <C|U—V|~Hi@,

We deduce the finiteness of the integrals
/ [U—-U +¢€ ™V -V +¢ ™ FU, V)FU', Vhdudu'dvdV’,
(0,114

as follows:
(1) if £ = 0, we observe that a1, a2, kH{ (q) € (0, 1) and by (37),
o) + o2 +2kH{(q) =2(1 — H)) +2(1 — Hy) < 3.

We then apply Part (1) of Lemma 3.
(2) if £ =1 or £ = —1, we observe that o1, a2, kHl*(q) € (0, 1) and apply Part (2) of Lemma 3.
(3) if |£| = 2, we observe that on [0, 113,

2
[U—U' 4+ =V 40792 < ||£] — 1|71~ *% (/ U — V|k”1*<q)dUdv>
[0,1]
< o0,

since kH{ (q) < 1.

This completes the proof of inequality (31) in the case k € {0, ...,q — 1}.

Now we consider the case where k = ¢g. The approach is exactly the same except that
inequality (38) becomes an equality because in (27) I4+1-2¢ = I becomes a Gaussian integral.
One then has

2 N-1
E[(V}j’q)) i|=cy§,H1+2H2 > / H; j(U, U, V,V)dUudvdu'dv’, (39)
irj=010.17*
with (see (35)),

~

_2(1-Hy)
Hi (U UV, V)= [lV —V/4i— j|T ] [/3<£+1H1) ey

q ) q+1

a7 . q
x (U, NIU =V~ @} [ﬂ(é#yl)(%lﬁz)w’, VHIU — V| <q>} ,

q

To conclude, we now apply Part (2) of Lemma 2 with
_2(1—Hy)

a1 =0, o |

and
~ g q
F.v) = B s U VU = VIZHO]

Since a1 + a2 < 1, the equality (33) follows. Observe that « in (32) decreases with k. Therefore
the leading term of the sum (26) is obtained for k = ¢, that is, the summand in the first
Wiener chaos. Finally, observe that since this term is Gaussian, convergence of the variance
implies convergence in distribution. This completes the proof of Proposition 2 and hence of
Theorem 2. [
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6. Technical lemmas

Lemma 1. Consider the special function B defined for any x, y > 0 as

1
Bx.y) = / F1 - P dr,
0

Define on R?\ {(u, v), u = v}, forany a,b > —1 such that a + b < —1 the function ,ga,b as:

z _|Bla+1,-1—a—->b) ifu<nv,
'Ba’b(u’v)_{ﬂ(b—kl,—l—a—b) A

Then

UNv ~
/ ( — )" (v — $)ds = Bap(u, v)|u — v[*T0T,
—0o0

In particular,

UM
/ (M_S)a(v_s)bdsfC(a,b)|M—v|a+b+l,

—00

with

Ca,b)= sup [Basu,v)] < oo.
(u,v)eR?

Proof. We use the equivalent definition of function g

o] tx—l
,B(x, y) = /(; Wdl‘

(40)

(41)

(42)

(43)

(44)

Consider first the case where u < v. In the integral ffoo(u — )% — s)bds, we set s =

(u—s)/(v—u). We get

—00

= (v —u)ttH! /w(s/)a(l +s/)’ds’.
0

Hence, in view of (44), we deduce that

/ u v(u — )% —$)Pds = (v —w)* PP B(x, y)

—00

/u (u— ) —s)’ds = /'00 [(v —uw)(s)7] [(v —wba + s’)h] (v —u)ds’
0

with x — 1 = a and x + y = —b. This implies (41) in the case u < v. The other case v < u is

obtained by symmetry.

The finiteness of the constant C (a, b) results from the fact that by definition of E ,
sup B(u,v) =max(Ba+1,—1—a—b),Bb+1,—1—a—b)),

(u,v)eR?

which is finite (since B(x, y) is finite for each x, y > —1).

Lemma 2. Let ay, ay € [0, 1), F a function defined from [0, 112 to R% such that

y:/ FU,V)dUdV < oo
[0,1]2

(45)
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and for any £ € Z

A = / [|U U+ V-V + e|*°‘2] F(U,V)FU',vVhdudvdu'dv’
(0,174
< oo. (46)
Then

(1) if a1 + ap > 1, there exists some C > 0 such that

N-1
> A — j) < CNlog(N)*@1+), 47)
i,j=0

where ¢ has been defined in (30).
2) if o1 + a2 < 1, we have

. Nt [ 2 2y?
ngnoo( N2 |:WZ=:OA(I Bl J):|> - (1I—ar—m)2—a; —a2) “9

Proof. We first observe that A(¢) = A(—¢) for all £ € Z and thus

N—1 N—1
Y AG-j)=N [A(O) +2) (1 —¢/N) A(ﬂ)]. (49)

i,j=0 =1
Note that forall £ > 2 and U, U’, V, V' € [0, 1]*, we have
C—1<|U-U 40 <t+1.
Hence, for all £ > 2,
y U+ DT < AW@) < yP (- 1T, (50)

‘We now consider two cases.

Case (1): Suppose o1 + a2 > 1. We get from (49) and (50) that

N-1 N—1
Y A=) =N [Am) +24M) +2y7 ) (0~ 1>—“1—0‘2}

i,j=0 (=2

-0 (N 1og(N)8<°“+“2>).

The bound (47) follows.

Case (2): We now assume that o1 + o < 1. In this case, using that, as N — oo,
N
?

-1 N
D+ = / =M= 2dy + 0(1),
— 1

|38

N—

—_

N
L+ 1) 7% = / (u — Du"*"*2du + O(1),
=2 1
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we get

N-1 N 1 N
Y A—t/N) @+ 1) = f uThTegy — —/ (u— Du~""%2dy + 0(1)
=2 ! N Ji

Nl—al—az Nl—al—(xz

= — + 0@
l—a;—ar 2—o01—op )

Nl—otl—az

~

(lI—a—w)2—a;—az)’

Similarly, using instead that, as N — oo,

N-—1 N

de-nTTe = / U= 2dy + 0(1),

=2 1

N-1 N

> -nTTe = / (u+ Du~"2dy + 0(1),
=2 1

we get the same asymptotic equivalence, namely,

N-—1 N1-o1—a

D A—/N) (=107 ~
=2

(I—ar—)Q2—ay—a)’
Hence, with (49) and (50), we get (48). [

Lemma 3. Let oy, ap, a3, 04 € (0, 1).
(1) Assume that
o1 +ay +o3+ag < 3.
Then

/ L= uz| "M uz — uz| " uz — ual”* ug — uy|"* duydusduzduy, (51)
[0,1]

is finite.
(2) Let € € {—1, 1}, then,
/ Jur —uz + el™ uy — uz 4+ &|"|uz — ug|"|ug — uy|”* durdurduzduy,
[0,1]
(52)
is finite.

Proof. We shall apply the power counting theorem in [18], in particular Corollary 1 of this paper.
Since the exponents are —o; > —1,7 = 1,...,4, we need only to consider non-empty padded
subsets of the set

T ={uy —uz, up — u3, uz — uq, ug — u}.

A set W C T is said to be “padded” if for every element M in W, M is also a linear combination
of elements in W \ {M}. That is, M can be obtained as a linear combination of other elements
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in W. Since T above is the only non-empty padded set and since
4
do(T) = rank(T) + Z(—ai) =3 Zoc,- > 0,
T i=1

we conclude that the integral (51) converges. This completes the proof of Part (1) of Lemma 3.
The proof of Part (2) of Lemma 3 is even simpler since there are no padded subsets of 7" and
thus the integral (52) always converges. [
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Appendix. Multiple Wiener-Ito integrals

Let B = (B:):;cr be a classical Wiener process on a probability space ({2, F,P). If f €
L>(R"™) with n > 1 integer, we introduce the multiple Wiener—It6 integral of f with respect to
B. The basic reference is the monograph [15]. Let f € S, be an elementary symmetric function
with n variables that can be written as f = > i Ciy,oinlA iy XX Ajy > where the coefficients
satisty c;,,...;, = 0 if two indices i and i; are equal and the sets A; € B(R) are pairwise disjoint.
For such a step function f we define

L(f)= Y ci..i,B(A)... B(A)

where we put B(A) = fR 14(s)dB;. It can be seen that the application I, constructed above
from S, to L2({2) is an isometry on S, in the sense

E{L(f)In ()] =nlf, &) r2¢rny ifm=n (53)

and

Eln(/)In(@)]=0 ifm#n.

Since the set S, is dense in LZ(R") for every n > 1 the mapping I, can be extended to an
isometry from L2(R") to L2(£2) and the above properties hold true for this extension.

One has I,,(f) = I, ( f ), where f denotes the symmetrization of f defined by

1
fOxr, .0, x) = P Z‘:f(xcr(l)a s Xo(n))s
o running over all permutations of {1, ..., n}. Thus

E[1(1)?] = E[L:()?] = nt 1 < nilf1B. (54)
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We will need the general formula for calculating products of Wiener chaos integrals of any orders
m, n for any symmetric integrands f € L?>(R™) and g € L?>(R"), which is

mAn

() = ) K (%) () tnn-2x(F ©19). (55)

where the contraction f ®y g is defined by
(f ®k g)(slv AL Sm7k7 tla I ) tnfk)

:/]Rk Sty ey Sk ULy oo Ug)WE, ooy ty—ks U1y« ooy U )duy ... duy. (56)

Note that the contraction (f ® g) is an element of L2(R™+1=2K) put it is not necessarily
symmetric. We will denote its symmetrization by (f®;g).
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