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Abstract

We prove the existence of the integrated density of states for subordinate Brownian motions in the
presence of the Poissonian random potentials on the Sierpiriski gasket.
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1. Introduction

The integrated density of states is one of the most important object in large-scale quantum
mechanics. In random physical models with unbounded state-space it is usually difficult to
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describe possible energy levels of the system (i.e. the eigenvalues of the Hamiltonian). Such
a situation arises e.g. when the Hamiltonian is a random Schrodinger operator

H=-A+V,

where A is the usual Laplacian in RY and V = V(x,w) > 0 is a sufficiently regular random
field. The spectrum of such an operator is typically not discrete and therefore hard to investigate,
but some of its properties are captured by the properties of the integrated density of states (IDS)
of the system (see [11, Chapter VI]).

To define this object, one considers the operator H constrained to a smooth bounded region
{2 (a box, for example), with either Dirichlet or Neumann boundary conditions on d{2. This
operator, H 2 gives rise to a Hilbert—Schmidt semigroup of operators, P,Q =e'H Q, and the
spectrum of H 2 is discrete. Its eigenvalues can be ordered:

0§A?§A¥§-~—>oo.

One then builds random empirical measures based on these spectra and normalizes them by
dividing by the volume of (2:

de 1 &
0?0 lef i Z‘SA;?(')'
k=1

If these measures have a vague limit when £2 7 R<, then this limit is called the integrated density
of states for the system.

When V exhibits some additional ergodic properties, then the limit £ is a nonrandom Radon
measure on R, := [0, co). Its properties near zero are of special interest — in many cases, one
sees the so-called Lifschitz singularity: the quantity £[0, 1) decays faster, when A — 0%, than
its counterpart with no potential: the decay rate is roughly exp[—(const/A*)], with a positive
parameter . This behavior was first discovered by Lifschitz [24] on physical grounds and proven
rigorously in [26,29]. We also refer to [37] for an alternate proof of the Lifschitz singularity in
the presence of the killing obstacles. This situation can be understood as a limiting case of the
interaction with potential.

Nonrandom IDS arise e.g. in the particular case of Poisson random fields

Vix, w) =/ W(x —y) u®(dy),
Rd

where @ is the counting measure on R? of a realization of a Poisson point process over
(£2, M, Q) and W is a sufficiently regular profile function. In this case, one can just write down
the formula for the Laplace transform of the IDS:

L) Ej) (EgeJo V(B s (1.1)

= Qur)dl2

where By is the Brownian motion on R¢, and E! . and Eq are expectations with respect to
the corresponding Brownian bridge measure and the probability measure Q, respectively. The
formula (1.1) is a direct consequence of the Feynman—Kac formula, stationarity of the potential
V and the translation invariance of the Brownian motion.

A remarkable feature of the limit is that it is the same for both Dirichlet and Neumann bound-
ary conditions. For spaces other than the Euclidean space, this is not always the case: for example,

in the hyperbolic space, these two limits are distinct [38,39].
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For more information on IDS in the classical (i.e. the Brownian motion) case we refer e.g. to
the book [11].

Similar existence result and similar representation formula for the Laplace transform of IDS
can be also derived for generalized Schrédinger operators of the form

H=-L+V,

where L is the generator of a symmetric jump Lévy process and V is a sufficiently regular
Poissonian potential. This was done in [27] by extending the method of [26]. Very important
examples to this class of operators are fractional Schrodinger operators (—A)*/2+V, «a € (0, 2),
and relativistic Schrodinger operators (—A + /L2/ "‘)“/ 2 _ u+V,a € (0,2), o > 0, which
correspond respectively to the jump rotation invariant «-stable and relativistic «-stable processes
perturbed by the random potential V in R?.

The theory for generalized Schrodinger operators underwent rapid development, stimulated
by problems of relativistic quantum physics, at the end of the 20th century. There is a wide
literature concerning the spectral and analytic properties of nonlocal Schrédinger operators
(see, e.g., [12,41,19] and references therein). Most of it has been strongly influenced by Lieb’s
investigations on the stability of (relativistic) matter [23].

Random perturbations of stochastic processes in irregular spaces, such as fractals, have been
considered as well. The Laplacian should be replaced there by the generator of the Brownian
motion: by the Brownian motion one understands a Feller diffusion which remains invariant
under local symmetries of the state-space. Such a process has been constructed on nested
fractals or on the Sierpinski carpet [2,4,22,25] and proven to be unique [3,32]. The existence
of IDS on the Sierpifiski gasket with killing Poissonian obstacles, and its Lifschitz singularity
have been established in [30]. The proof of existence from this paper directly extends to other
nested fractals. Later, the existence and the Lifschitz singularity of Brownian IDS for Poissonian
obstacles and Poissonian potentials with profiles of finite range on nested fractals was also
proven in [34]. The argument in that paper is based on the locality and scaling properties of the
corresponding Dirichlet forms and cannot be adapted to the nonlocal case (i.e. for jump Markov
processes) and Poissonian potentials with profiles of infinite range.

Subordinate Brownian motion on fractals can be defined as well, by means of the classical
subordination method [33]. However, it is usually difficult to establish properties of such
processes: lack of translation invariance and lack of continuous scaling for the Brownian motion
on fractals come as a main difficulty here. Properties of the subordinate «-stable processes on
d-sets, including nested fractals, have been investigated in [9] (cf. [14]). The boundary Harnack
principle for functions harmonic with respect to such processes in natural cells of Sierpinski
gasket and carpet was studied in [9,36] and for arbitrary open subsets of Sierpiriski gasket in [18].
Very recently, in [8], it was established for more general Markov processes on measure metric
spaces, including some subordinate processes on simple nested fractals and Sierpifiski carpets.
Basic spectral properties for subordinate processes on measure metric spaces, including a wide
range of fractals, were studied in [15].

In the present paper, we prove the existence of the integrated density of states for the subor-
dinate Brownian motions in the presence of the random Poissonian potential on the Sierpiriski
gasket. Again, lack of the homogeneity of the state space and lack of the translation invariance for
the Brownian motion (and, consequently, for the subordinate Brownian motions) form a major
obstacle here.

To establish the existence of the IDS, we investigate the Laplace transforms of empirical
measures £(-) arising from the problem for Feynman—Kac semigroups of both the killed and
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the ‘reflected’ processes in ‘big boxes’ and then we follow the scenario, previously used e.g. in
[38,30] for the Brownian motion with killing obstacles:

(1) to prove that the averages of the Laplace transforms, with respect to the Poissonian measure,
do converge,

(2) to prove that their variances converge fast enough to permit a Borel-Cantelli lemma argument
to get the desired convergence.

While for the Brownian motion killed by the Poissonian obstacles part (1) was easy and proof
of part (2) was longer, now this is part (1) which gets harder and its proof is the major step in
obtaining the existence of IDS (recall that also in the case of Lévy processes in the Poissonian
potentials in Euclidean spaces, the convergence described in (1) is a direct consequence of the
homogeneity of the space and the translation invariance of the process). We have to take into
account specific geometric properties of the Sierpiniski gasket, and, therefore, we propose a new
regularity condition on the (two-argument, possibly with infinite range) profile functions W,
under which the Poissonian potential V has the desired stationarity property. It seems to be
natural for the gasket. An essential feature of our method is that in fact we prove the convergence
as in (1) for a ‘periodization’ of the Poissonian potential V instead of its initial shape. Even in
the Brownian case the potentials with profiles of infinite range on the Sierpinski gasket were not
studied so far.

Along the way, we also get that the limit is the same for both the Dirichlet and the ‘Neumann’
approach. We use the term ‘Neumann’ in analogy to the Brownian motion case: the process we
are using in this case is a counterpart of the ‘reflected Brownian motion’ on the gasket from [30],
and in the Euclidean case, the reflected Brownian motion has the Neumann Laplacian as its
generator.

In the forthcoming paper [20] we study the Lifschitz singularity of IDS for a class of subordi-
nate Brownian motions subject to Poisson interaction on the Sierpifiski gasket. Our proofs, both
in the present and in the forthcoming paper, hinge on the construction of the ‘reflected’ subordi-
nate Brownian motions, which in turn rely on the exact labeling of the vertices on the gasket. It
would be interesting to establish the existence and other properties of the IDS for such a problem
in fractals more general than the Sierpinski gasket, in particular on those fractals on which such
labeling does not work.

The paper is organized as follows. In Section 2 we collect essentials on the constructions
Sierpifiski gasket, properties of Brownian motion and subordinate processes on the gasket. We
also construct the ‘reflected subordinate process’ and prove its basic properties. Then we recall
basic facts concerning Feynman—Kac semigroups, with both deterministic and random potentials.
In Section 3 we prove the main result of this article—the existence of the IDS for the subordinate
Brownian motion on the Sierpinski gasket influenced by a Poissonian potential (Theorem 3.2).
Along the way we establish that the IDS for the Dirichlet and the Neumann approach coincide. In
Section 4 we conclude the paper with examples of admissible profile functions, with both finite
and infinite range.

2. Basic definitions and preliminary results
2.1. Sierpiriski gasket

The infinite Sierpinski Gasket we will be working with is defined as a blowup of the unit
gasket, which in turn is defined as the fixed point of the iterated function system in R?, consisting
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of three maps:

X X 10 X 1«/§
¢1(X)—5, ¢2(x)—§+<§,> ¢3(X)—5+ >3 )

The unit gasket, G, is the unique compact subset of R2 such that
Go = ¢1(Go) U ¢2(Go) U ¢3(Go).

Denote by VO = (a1, a2, a3} = {(0,0), (1, 0), (%, 4)} the set of its vertices. Then we set:
Gn = 2"Go = ((¢1 )" (G0),

g = U gnv
n=1

and inductively, forn = 1,2, ...:
VD — y g (2ng, + YWy U (27as + V™Y,

oo
Vo=V, Vuu=2"W.
n=0

Elements of V) are exactly the vertices of all triangles of size 2¥ that build up the infinite gasket.

We equip the gasket with the shortest path distance d(-, -): for x,y € Vp, d(x, y) is the
infimum of Euclidean lengths of all paths, joining x and y in the gasket. For general x, y € G,
d(x, y) is obtained by a limit procedure. This metric is equivalent to the usual Euclidean metric
inherited from the plane,

lx =yl <d(x,y) <2]x —yl.

Observe that Gyr = B(0, 2M), where the ball is taken in either the Euclidean or the shortest path

metric.
By m we denote the Hausdorff measure on G in dimension dy = %.
have m(Go) = 1. The number d, being the Hausdorff dimension of the gasket G, is sometimes

called its fractal dimension. Another characteristic number of G, namely d,, = % is called the

" lo
walk dimension of G. The spectral dimension of G is d; = %

It is normalized to

We will need the following estimate.
Lemma 2.1. Let M € Z and 0 < r < 2M. Then there exists a constant ¢ > 1 (c = 1 if r is

binary) such that

1
Lompdi=1 _ oy (B(O, 2My\ B(0,2M — r)) < cMpds=1, 2.1)
Cc

where the balls are taken in the geodesic metric.

Proof. When r is binary, i.e. r = 2, k € Z, then the set B(0,2M) \ B(0,2™ — r) consists of
2M /r triangles of size r = 2% each, and so m (B(0,2M)\ B(0,2™ — 1)) = M dp _ gMpdp—1

r
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C a
c a b, c a b c a
7
a b c a b c a b c

Fig. 1. Labels on V.

When r is not binary, then let ry be the biggest binary number not exceeding r, i.e. rg = 2¥,
with k determined uniquely by 2F < r < 21, Asrg < r < 2rg and

B(0,2M)\ B(0,2M — rg) € B(0,2M)\ B(0,2M —r) € B(0,2M)\ B0, 2™ - 2r¢);),
the statement follows from the above. O

In the sequel, we will use a projection from G onto Gy, M = 0, 1, 2, ... To define it properly,
we first put labels on the set 1y (see [30]).

Observe that Vo C (Zy)az + (Z4)as (recall that as = (1,0) and a3 = (%, @)) Next,
consider the commutative three-element group A3 of even permutations of 3 elements, {a, b, c},

ie. A3 = {id,(a — b~ ¢),(a = ¢ — b)}, and we denote py = (@ — b — ¢),
p2 = (a — ¢+ b). The mapping

Vo 3 x = nax +maz — py o py € Az

is well defined, and for x € Vp we putl(x) = (pj o p’Z”)(a). The vertices of any triangle of size 1
are of the form {nap +mas, (n+ 1)as +mas, nay + (m + 1)as} with certain m, n, and so its labels
are p' o py'(a) =: lp, p'f‘H o p™(a) = p1(lo), p o p;”"’l(a) = p2(lp). We check by inspection
that for any /o € {a, b, c} these three labels are distinct. Consequently, every triangle of size 1
has its vertices labeled ‘a, b, ¢’ (see Fig. 1). Note that this property extends to every triangle of
size 2M | which corresponds to putting labels on the elements of Vy;: every triangle of size 2
has three distinct labels on its vertices. This is so because the vertices of any gasket triangle of
size 2M are of the form n2Ma, + m2¥as, (n + 1)2May + m2Maz, n2May + (m + 1)2a3, and

: n-2M m-2M oM oM oM oM
so its labels are {I = p] opy = (a), py (D, p; (D}. As pi = p2, p; = pi for M odd
and p%M = pi1, p%M = p for M even, in either case the vertices of such a triangle have three
distinct labels assigned: [, p1(l), p2(l).

Let M > 0 be fixed. For x € G\ Vy, there is a unique triangle of size 2 that contains x,
Ay (x), and so x can be written as x = x a(x) + xpb(x) + x.c(x), where a(x), b(x), c(x) are
the vertices of Ay (x) with labels a, b, ¢ and x,, xp, x. € (0, 1), x4 + xp + x. = 1. Then we
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Fig. 2. Illustration of the action of 77y and 7.

define the projection:
G\Vu 3 x = my(x) =x4-a(M)+xp - b(M) + xc - c(M) € Gu,

where a(M), b(M), c(M) are the vertices of the triangle Gj; with corresponding labels a, b, ¢
(see Fig. 2). When x € V), then x itself has a label assigned and it then mapped onto the
corresponding vertex of Gyy.

For every M = 0,1,2,..., the gasket Gys4+ consists of 3 isometric copies of Gys. These

copies are denoted by Q}JI), i =1,2,3.Fori # j one has m (g]ﬁ;’ N g}é”) = 0. Also, denote by

7y, the restriction of myy to g}(}.
2.2. The Brownian motion and subordinate processes on gaskets

2.2.1. Brownian motion

The Brownian motion on the two-sided infinite gasket (by the two-sided gasket we mean the
set G* = G Ui(G), where i is the reflection of R? with respect to the y-axis) was first defined
in [4]. It is a strong Markov and Feller process 7= (Zt, P,);>0.xeg+, whose transition density
with respect to the Hausdorff measure is symmetric in its space variables, continuous, and fulfills
the following subgaussian estimates:

dy /(dw—1) 3\ dw /(dw—1)
_ d(x.y) _ d(x,y)
et~ %/ %e (i) <8t x,y) <c3t™ %% (i)
x,yegG* >0, (2.2)
with positive constants cy, ..., cq. It is not hard to see that the Brownian motion Z on the

one-sided Sierpinski gasket G obtained from V4 by the projection G* — G, whose transition
density is equal to g(¢,x,y) = g(t,x,y) + g(t, x,i(y)) for x # 0 and twice this quantity
when x = 0, shares all these properties, the subgaussian estimates included (with possibly worse
constants ¢;). We stick to the estimate (2.2) for g(¢, x, y) as well.
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2.2.2. Subordinate Brownian motion

Let § = (S;, P);>0 be a subordinator, i.e. an increasing Lévy process taking values in [0, 00]
with So = 0. The law of §, which will be denoted by n;(du), is determined by the Laplace
transform fooo e ™ n;(ds) = e "M A > 0. The function ¢ : (0, 00) — [0, 00) is called the
Laplace exponent of S and it has the representation

d(L) = b + /00(1 — e M)u(ds), (2.3)
0

where b > 0 is called the drift term and v, called the Lévy measure of S, is a o-finite
measure on (0, co) satisfying fooo (s A Dv(ds) < oo. It is well known that when a function
¢ : (0, 00) — R satisfies lim, _, o+ ¢ (1) = O then it can be represented by (2.3) if and only if it
is a Bernstein function [33]. If the measure 1, (du) is absolutely continuous with respect to the
Lebesgue measure, then the corresponding density is denoted by #;(u). For more properties of
subordinators and Bernstein functions we refer to [5,6,33].

We always assume that Z and S are independent. The process X = (X;, Py);>0.xeg given by

X =Zs, t>0,

is called the subordinate Brownian motion on G (via subordinator S). It is also a symmetric
Markov process with respect to its natural filtration (assumed to fulfill the usual conditions),
with cadlag paths. Its transition probabilities are given by

p(t,x, A) =/ / glu, x, yym(dy)n,(du), >0, xegG, AecBG).
0 Ja

Throughout the paper we impose some assumptions on the subordinator S which provide suffi-
cient regularity of the process X.

Assumption 2.1. For every ¢ > 0 the following holds.
|
n;({0})) =0 and ———= n(du) =: co(t) < o0. 2.4)
o 2
o du
1 (1, 00) — < 0. (2.5
1 u

It is clear that when S; = ¢ and X; = Z; (in this case, n;(du) = §;(du) and ¢ (1) = 1), then
both conditions (2.4) and (2.5) are satisfied.

Remark 2.1. (1) The condition (2.5) is tantamount to Zi;’:l i (@M, 00) < o0, for everya > 1.
This summation property will be often explicitly used below. Moreover, one can verify that
(2.5) holds when floo logu ny(du) < oo forall t > 0.

(2) In most cases, the measure 7;(-) is not explicitly given, but the corresponding Laplace
exponent ¢ is known. In this case, very often, the integral condition in (2.4) can be verified
by using Tauberian theorems of exponential type (see, e.g., [17,21]). For example, when
¢(A) > cA? forall A > Ay with some ¢, A9 > 0 and y € (0, 1), then by [17, Theorem 2.1
(ii)] for every t > O there is ¢ > 0 such that 1;(0, u] < e for sufficiently small

u > 0, and the integral condition in (2.4) holds. Furthermore, when ¢ is unbounded (in this

case S is not a compound Poisson process, see [5]), then for every ¢+ > 0 the distribution of



1252 K. Kaleta, K. Pietruska-Patuba / Stochastic Processes and their Applications 125 (2015) 1244—-1281

S does not charge {0}, which is exactly the first part of (2.4). Also, in Lemma 2.2, we give a
simple estimate which may be used in verification of (2.5) when ¢ is known.

Lemma 2.2. Let S be a subordinator with Laplace exponent ¢ and law n;(du) such that
n:({0}) = 0 for every t > 0. Then we have

/Oonz(u OO)d—<t mdAJr t>0.
1 0

Proof. Fix t > 0. Direct integration by parts gives for every A > 0 that

o0 o0 o0
e 1P — / e My (du) = A/ e M0, uldu <1 — A/ ey, (u, 00)du,
0 0 1

and, consequently,

_ o1
l—e _190)
A =

o0
f e M, (u, 00)du <
1

By integrating this inequality in A over the interval (0, 1) and changing the order of integrals on
the left hand side, we finally get

/Oon,(u oo)d— <t wdk—i—
1 u 0 A

which completes the proof. [

Our Assumption 2.1 is satisfied by a wide class of subordinators. Below we discuss only
several examples which are of special interest. For further examples we refer the reader to [7,33].

Example 2.1. In some cases, the densities of measures 7, exist and precise bounds for them are
known. However, for all examples listed here the Laplace exponent ¢ is explicitly given and
Assumption 2.1 can be verified by using Lemma 2.2 and Tauberian theorems.

(1) a/dy-stable subordinators. Let ¢(A) = 1%/, a € (0, d,,]. It is well known that in this case
the measure 7, (du) is absolutely continuous with respect to Lebesgue measure, the scaling
property n;(u) = 1~ /%y (=% /%) holds, and 1y (u) ~ c(@)u~'"%4w when u — oo.
When « € (0, dy), then the subordination via such subordinator leads to the purely jump
process X which is called a-stable process on G. The case o« = dy, is different. As mentioned
just after Assumption 2.1, in this case the process Z remains unchanged. For properties of
the subordinate o-stable processes we refer to [9,18] (cf. also [14]).

(2) Mixture of several purely jump stable subordinators. Let ¢ (A) = Z?:l Al o e (0, dy),
n € N. Many of the basic properties of the process subordinated via this subordinator can be
established in a similar way as in [9].

(3) «/dy-stable subordinator with drift. Let $(1) = bi + 2%% o € (0,dy), b > 0. Then
the corresponding subordinator is a sum of a pure drift subordinator bt and the purely jump
o/ d,,-stable subordinator. In this case, ¢ (A) &~ A for A — 07, and ¢ (1) &~ A%/w for A — oo.

(4) Relativistic a/d,,-stable subordinator. Let p(1) = (A + u4w/®)/dw — 1 o € (0, dy), p > 0.
The subordination via such a subordinator leads to the so-called relativistic a-stable process
on G. Since ¢p(1) ~ A for A — 01, and p(1) &~ A*/% for A — oo, similarly as before,
Assumption 2.1 is satisfied.
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(5) If S is a subordinator with Laplace exponent ¢ (1) = 2o/ dw [log(1 + M/ o e (0, dy),
B € (—a,0)or B € (0,d, — ), then Assumption 2.1 also holds.

An important consequence of the first part of assumption (2.4) is that the process X has sym-
metric and strictly positive transition densities given by

o
p(t, x,y) =/ glu,x,y)n(du), t>0,x,yeg. (2.6)
0
The second part of this condition guarantees that
sup p(t,x,y) < c3co(t) < 00, 2.7
x’}veg

that for each fixed ¢t > 0, p(¢, -, -) is a continuous function on G x G, and for each fixed x, y € G,
p(-, x, y) is a continuous function on (0, c0).

By general theory of subordination (see, e.g., [33, Chapter 12]) the process X is a Feller
process and, in consequence, a strong Markov process. It is also easy to check that by (2.4) it has
the strong Feller property.

Under the assumption (2.5) we obtain the following regularity for suprema of the subordinate
process. It will be pivotal for our further investigations.

Lemma 2.3. Let the condition (2.5) of Assumption 2.1 hold. Then for everyt > 0 and a > 1 we
have

o0
Z sup Py [supd(Xy, x) > aM] < . (2.8)
M=1x€G S<t

Proof. Observe that for every x € G, r > 0 and r > 0 we have, since So(w) = 0 a.s.,

{w : gli[t)d(ZSS(w)(w), Zsyw)(w)) > r} - {w :osup d(Zs(w), Zop(w)) > r} .

s<8(w)

This and [1, formula (3.21)] thus yield that for every x € G

o0 —c (ru—l/dw)dw/(dwfl)
P, [supd(Xs,x) > r] < Py[supd(Zs,x) >r] < 61/ e 2 0, (du)
0

s<t s<S8;

r dw /2
/
0

M

o0

—onpdw/QRdw—1))

+ci /d , =cae ™ e (rt /2, 00).
rdw

By (2.5), the latter sum for » = a™ is a term of a convergent series. [

For an open bounded set D C G by tp := inf{r > 0 : X; & D} we denote the first exit time
of the process X from D. We will need the following fact on the mean exit time for balls.
Lemma 2.4. We have lim,_, o+ sup, g ExTg(x,r) = 0.

Proof. Asin [1, Lemma 3.9(c)] or [9, Prop. 2.14] we write, forany t > 0,x € G

Piltpx.r) > 1] < Px[X; € B(x,1)] =/ p(t,x,y)dy
B(x,r)

IA

m(B(x,r))sup p(t,x,y) < 03rdfc0(t) =:a(r, ty).
yeg
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From Markov property we get, fork = 1,2, ...
k
PyltB(x,r) > kto] < a(r, 19)",

and, as long as a(r, tp) < 1,

00
EX[TB(x,r)] = /0 Px[TB(x,r) > t]dt

1o e
= / Px[TB(x,r) > t]dt + 1o ZP)C [IB(x,r) > ko]
0 k=1

1 —a(r, tO)

Fix € > O and fo = €. For r < ro(€) = (2c3co(€)) ™47 we get
x € G Ex[tp(x,n] < 2¢, which completes the proof. [

l—a}r,t_o) < 2, and thus for any

By Pﬁc’ y we denote the bridge measure with respect to process X on D([0, f], G), i.e. the
measure concentrated on cadlag paths of X which start from x € G attime O andend at y € G at
time ¢ > 0. Subordinate process X is a Feller process with sufficiently regular transition densities,
and therefore in our case such a measure always exists (see [ 13] and references therein). Formally,
for every x, y € G and r > 0 the measure P;’ y is the conditional law of the process (Xy)o<s<s
given X; = y under Py, such that forevery 0 < s <tand A € (X5 : 0 < u < s5) we
have

p(t, x, VP, ((A) = Ex [1ap(t — 5, X, )] 2.9

Moreover, an essential consequence of the Feller property of X is that after performing the
integration with respect to m(dy), (2.9) extends to s = ¢. Indeed, for every bounded Borel
function f and A € 0(X; : 0 <u <t) we have

E, [Maf(X)] = /QEQ,y Mal f)p@, x, yym(dy), xe€g. (2.10)

For justification of (2.10) we refer to [13, Section 3]. Since p(t, x, y) = p(t,y,x) forx,y € G
and ¢ > 0, the processes ((Xs)ofsﬁ,, P;’y) and ((X,_S)OSS,, P;,;;) are identical in law. Below
we will refer to this property as the symmetry of the bridge measure.

2.2.3. The reflected process

The processes we will be mostly working with are the reflected subordinate Brownian motions
on Gy, defined by

XM = (X)),

where ) is the projection G — Gy, described in Section 2.1. Similar process based on the
ordinary Brownian motion on G* was studied in [30]. Only M = 0 was considered there, but for
arbitrary M the properties of the reflected Brownian motion are similar. Also, the construction of
the reflected Brownian motion from the Brownian motion on G instead of G* leads to the same
process. The process ZtM = mp(Z;) has strictly positive and symmetric transition densities with
respect to m, which are given by the formula
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> glt,x,y),  whenx,yeGuy, ydVu\{0}
yery, )
2 > g(t.x.y). whenx eGy.yeVu\{0}.
1

yemy, ()

eMt,x,y) =

For each fixed M € Z. the function gM (t, x, y) is jointly continuous in (¢, x, ¥) and symmetric
in its space variables. This was proved in [30, Lemma 4 and Lemma 7] for M = 0, but the same
arguments directly extend to any M € Z. . Similarly, we put

Z p(t,x,y), whenx,y e Gy, ydVy\ {0}
yery ()

2 > plt.x.y). whenx €Gy.yeVy\{0}.

yeny ()

M, x,y) =

It is an easy observation that the projection commutes with subordination, i.e. the formula

o0
pM(t, x,y) =/ eM @, x, y)n,(du), x,y € Gy, t >0, (2.11)
0

defines the transition densities of the symmetric Markov process X™ . To discuss further proper-
ties of the reflected process X we need the following lemma.

Lemma 2.5. For each fixed t > 0 one has:

(a)
d _ _dw dw
2M =@y _= oM 1 dy—1
Sup Z g, x, y/) = C2_Mdf (m \% 1> e C4(zl/dw v ) ,
x,yeGm e t
Y€Gm41
MeZ., 2.12)

with certain numerical constant C > 0 and ¢4 = W In particular, there is a universal
constant cs > 0 such that

Mt x,y) <es v ™My x yeGy, t>0, M eZy. (2.13)
(b) For
CM.0y= sup Y pt.x.y) t>0, MeZy, (2.14)
x,yeGym Ve 0
Y €90m+1
one has
o0
> M. 1) < oo
M=1

In particular, C(M,t) — 0 as M — oo.

Proof. Let x, y € Gyy. All the points y’ from the sums below are taken from the fiber of y.
(a) One can write

Yo ogtx, )= > p(t, x,y).

V' €Gm+1 k>1 y'eGpikr1\Gm+k
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When ¥ € Gyrikr1 \ Gusk, then d(y’, 0) > 2M+K and since d(x, 0) < 2™, we have d(y/, x)
> %ZM +k_ The number of such points y’ is not bigger than the number of M-triangles in
Gyrk+1 \ Guak, i.e. 2 - 3. Therefore from the subgaussian estimate on g we get:

2¢3 LAY
! It Mk ,~C4\ 5 17dy _
;g 8. X, Y) = g k§13 e (G ) = (%).
V' EGm+1 >

Since for any C, y > 0 the function x +—> e~ %" is monotone decreasing, we can estimate the

series above by an appropriate integral, getting that

1/dy didw I
~ oo _z=x we C o0 d
(*) < C—3 e C4<’1/dw ) d_x — % yd.f_le_54y dwuil dy
= 2Mdf[ds/2 M 2Mdf th_de y
where we have denoted ¢4 = —g—. Using an elementary estimate

Ddy—1
o Y Y
/ e ™™ dy < Cav P Hlemn@ D =y gy >0,
a

we can write

dp—-dw_ _dy

2M v dy—1
Z g(l,)va/)SCZ—Mdf( 1/d \/1) € L4(f1/dw\/1) )

V' €Gm+1 !

with certain numerical constant C > 0, getting (2.12).

To see (2.13), first observe that, given y € Gy, there are at most 3 points in 711;11 ) NGpr+1,
so that, using (2.2) and (2.12) we get

di— dy " dw
403 B ZM T a1 (2 v1) @l
sup g (1. x.y) = —=5 + C27MY (o v sim )™
x.y€GH 1% rice
When ¢ > 5™ then this is bounded by 2‘,{4""3 + g,‘ﬁ,;? = Z,J'df. On the other hand, for r < 5™,
. M
denoting a = 12/—[, > 1 we observe
t1/dw
dy Mdy
d L e - - f
adf—dwiw—le_c’“dw_l < afe=C — g=Ca 2d .
t r/dy

Once we note that dy/d,, = dy/2, this is exactly what is needed to get (2.13).
(b) We now integrate the bound (2.12) against the distribution of S, getting

ds—-dw dy
2M A R oM\ @1
§ p(t9-x9 y/) =< C/ ( ) e CA(MI/‘[“’> nt(du)
0

u 1 /dﬂ)
V' EGm+1

SM

oo ~
+C / e “n(du)

5M

= AM, 1)+ C n,(5M, 00) = C(M, 1). (2.15)
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In view of (2.5) (see Remark 2.1(1)), to get > ,, C(M, 1) < 00, it is enough to check that
> .y A(M, t) < oo. To shorten the notation, write y = dy

_dy
Y Au() < Z/ ( l/dw) 764("1%)% 177z(du)
M=1

dw
SM n Y _54( l2/1\:11 )‘dwu_|
= fM L l/dw e \ul/dw n: (du)
M= ln 193
e
< CZZznyefc42 w— nt(Sanfl’San]
M n

ndy

=) 2me @y, (57", 00) < oo,

which completes the proof. [l

Thanks to the second part of the assumption (2.4), (2.11) and (2.13), the kernel p™ (¢, x, y)
has the same continuity properties as p(z, x, y). Also,

sup pM(t,x,y) <c(M,1) < 0.
x,yeG

Furthermore, it is easy to see that for each fixed M € Z, the process XM is Feller and strong
Feller, and, therefore, again, we may and do consider the corresponding bridge process (see [13]).
Similarly as before, by PQ/{;, MeZi,t >0,x,y € Gy, we denote the bridge measure of the
process (Xf,”)ogsg, on D([0, t], Gyr), satisfying the usual bridge property: for every 0 < s < ¢
and A ea(Xf” :0 <u <s)wehave

P, x, )P (A) = E, [lApM(t — 5. Xy, y)] . (2.16)

Similarly as for the process X (see (2.10)), thanks to the Feller property of X M (2.16) extends
to s = ¢ after performing the integration with respect to m(dy). Moreover, the bridge measures
for the reflected and the ordinary subordinate process are related through the following identity.

Lemma 2.6. (a) Foreveryt > 0, x,y € G\ Vy, M € Z and the set A € B(DIO0, t], Gy) we
have

PM (e, 7 (), T (P TA
= Y pt.x )P lmy, (A 2.17)
yery, (e ()
(b) Consequently, foranyi = 1,2,3 and x € Gy,
> P B [ )]

x'eny (x)

= Z p,x,x)E, [JTATII(A)].

x/err;,ll (x)
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Proof. (a) This is a consequence of Theorem 3 in [30]. For the Brownian density one has

Yo ostxh= Y gty D), (2.18)

z’en,\j,l @) z’en,‘yl (2)
whenever z € Gy and x, y € G are such points that 7737 (x) = () (the proof in [30] is carried
for M = 0 only; the general case is similar). Integrating this against n, we get identical property
for p(-, -, -). Now, as it was done in [30, Lemma 8], it is enough to check the relation (2.17) for
cylindrical sets only. This is straightforward using property (2.18) for p. To get (b) just observe
that 773 (', (x)) = x and then use (2.17). O

In the sequel, we will need the following trace type property.

Lemma 2.7. For everyt > 0,

>0 1
Z G /g ‘p(t,x,x) — pM(t,x,x)‘m(dx) < 00. (2.19)
M=1 M
In particular,
m(;M) /; ‘p(l,x,x) — pM(l,x, x)‘ m(dx) - 0, asM — oo. (2.20)
M

Proof. We can write, with all the points x” taken from the fiber of x,

m(ém /QM IpM (. x, %) — p(t, x, x)| m(dx)
< 2 sup  p(t, x, x")ym(dx) + ! / Z p(t, x, x") m(dx)
T m(Gm) Gy veGurii\Gu T m(Gm) Jgy, Y dCmas Y
= Ay + Buy.

We have By < C(M, t) (recall C(M, t) is defined in (2.14)), which is a term of a convergent
series. Therefore it remains to prove that > Ay < oo. We split the integral in Ay into two
integrals: over E}w = B(0,2M(1 — #)) and over E2, = Gar \ Ezlw Using (2.1), we can write

m(E,zu) _ c
m@Gy) ~ M2

and since p(t, x, x’) < co(t), and 2(dy — 1) > 1, the part of the expression corresponding to the
integral over Ejzw is a term of a convergent series.

When x € E {"’ , then for all x” & Gy one has d(x, x") > i/I—MZ From the subgaussian estimates
and the subordination formula one gets
o0 [e%e] 1 —C4( M ) dy—1
pt,x,x) = /0 g(u, x, x")n;(du) < C3/0 Nk M2 17w n(du).
It follows
dy
l w

© 7C4< oM )ﬁ
sup  p(tx, xym(dx) < c3 / L el )™ g dw.
m(Gum) E} x'€Gun11\Gu 0o u
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Summing these integrals up, we obtain that

dw

HM+1 o
IEVEDY _+C3fo w2 e )’ n: (du).

M=>1 M=>1 M=>0

We now take care of the sum under the integral sign. Again, we compare it with appropriate
integrals. Observe that for M > 3

d
2M+D) 1M 41)2 1 _64( . )fdw”i]
—e T dx
ZM/MZ X
d
2M+1 (M+1)2 _ ( oM+1 )dw"il
> —— [—— (M+1)2.u1/dw
(M +1)2 M2 2M+1
d
. ( oM+l )dwuil
>ce M40 2 /dw
It follows that
dy dy
oM+l dw—1 00 x T —1
Z e (M+l)2 l/du) < 3+Cf 3_04(z¢1/dw) N d—x’
M>0 8/9 X

and, consequently,

dy
) (] [ ()T dr | )
E Ay <c 1+/ N +/O A e (u ) ~ | wan

M=>1 /9

According to Assumption 2.1 (see (2.4)), it suffices to show that the last double integral is con-
vergent. By Fubini, we see that it is equal to

/ / /' 1/4,,))'1"’_1 N (du) | dx
8/9 uds/2 | x

dx d o0 dx
< / e—Cax - / ’7!2 ’/;) n C/ 7 (x, 00) .
8/9 x o udb/ 8/9 x

Again, by Assumption 2.1, the last two integrals above are convergent. We are done.  [J

2.3. Processes perturbed by Schridinger potentials

2.3.1. Nonrandom Feynman—Kac semigroups
We say that a Borel function V is in Kato class XX related to the process X if

t
lim sup/ E\|V(X;)lds =0. 2.21)
\0 xeG
Also, V € ICl’f)C (local Kato class), when 13V € KX for every ball B C G. Obviously we have,

Ly (G) CcK C Furthermore, it is a general fact that CX (G, m). It is also useful to note

loc 10c
that under the condition fo co(t)dt < oo (recall that the constant co(¢) was defined in (2.4)), in
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fact one has KX = L1 (G, m). Indeed, for V € Ll (G, m) and an arbitrary bounded Borel set

loc loc loc
B C G we get, using the subordination formula (2.6), estimate (2.2), and the assumption on cg:

t o0
c / / u™ %2 (du)ds - / [V (y)Im(dy)
0 0 B
t

cl/ co(s)ds — 0
0

IA

t
Sup/ Ex|V(Xs)lB(XS)|ds
xeG J0

IA

ast — 0%. Hence V € K¥ .

Under our conditions on the process X, formula (2.21) can be rewritten as (see [41, Theo-
rem 1])

TB(x,e
lim sup Ex/ e |V (X,)|ds = 0. (2.22)
eNO xeg 0

The condition (2.22) is always very useful. For instance, when V € ngc then by using (2.22)
one can easily show that for every M € Z, we also have Vj; € KX, where V), is the usual
periodization of V, i.e. Vi (x) := V(mrpy(x)), x € G.

Under the condition V € ICI)(()C, we may define the Feynman—Kac semigroups related to the
killed and the reflected process in Gy, M € Z . Let

TPM f(x) = B, [e* JoVXds £(x ) 1 < ‘EgM] ,

feL*Gy.,m), MeZy, t>0, (2.23)

and
TNM f(x) = EM [e—fo’ V<X§”>d5f(x,M)], fel?Gu.m), MeZy, t>0. (2.24)

It is not very difficult to check that both semigroups (TtD M ) and (TIN M ) are ultracontractive.
Since for every + > 0, both operators TZD’M and TtN’M are also symmetric and bounded on
L2(QM), they admit measurable, symmetric and bounded kernels (see [35, Theorem A.1.1 and
Corollary A.1.2]), i.e.

TPM f(x) :/ ul @, x, y) fy)mdy), feL>Gy.m), MeZy,, t>0, (225)

M

N £ (x) =f WMt x ) FOImdy),  feLGu.m), MeZy, t>0. (2.26)

Gu

For verification of all basic properties of Feynman—Kac semigroups for Markov processes,
including those listed above, we refer the reader to [16, Sections 3.2 and 3.3].

By (2.10) and its counterpart for the process X, one obtains the following very useful bridge
representations for the kernels. We have

u%[([, x,y)=p(t, x,y) E;,y I:e_f(; V(Xs)dS; { < TQM] ’
MeZy, x,yeGy, t >0, 2.27)

u x, ) = pM G x ) BN [ VOS] ez x v e Gy, 120, 228)
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To shorten the notation, we will write ey (1) = e~ fo V(')ds, t > 0, for the Feynman—Kac
functionals for both processes X and XV

Generators of semigroups (T,D’M) and (T,N’M) will be denoted by AM-P and AM-V | respec-
tively. By analogy to the classical case, the operators —AM-? and —AM-N will be called the gen-
eralized Schrodinger operators corresponding to the generator of the process X. The first one,
—AM.D 5 related to the killed process and therefore, in fact, it is a Schrodinger operator based
on the generator of the process X with Dirichlet (outer) conditions. Similarly, —AM-Y may be
seen as the Schrodinger operator based on the ‘Neumann’ generator of this process. Indeed, the
process XM appears via the subordination of the reflected Brownian motion (recall (2.11)) and it
can be regarded as a jump counterpart of the process ‘reflected on exiting the set G»;’. Let us em-
phasize, however, that when the process has discontinuous trajectories, then there is no canonical
definition of the ‘reflected process’ and there are several possible ways of constructing it.

As we pointed out above, for every t > 0 and M € Z,, both kernels u7 Mt, x, y) and
uy M(t, x,y) are bounded. Since also m(Gy) < oo for all M € Z,, all operators T and
TN M are of Hilbert—Schmidt type. Therefore, the spectra of the related Schrodinger operators,

AM D and —AM-N | consist only of eigenvalues of finite multiplicity having no accumulation
points, and they can be ordered as A{)’M < Ag’M < ...and )\{V’M < AéV’M < ... . Itis known
that the corresponding eigenfunctions (d)nD M Jn>1 (resp. (¢,11V M )n>1) form a complete orthonor-
mal system in L2(G, m).

2.3.2. Random potentials

In the sequel, we will consider a more general case, when the potential V is not a deterministic
function. Let ({2, M, Q) be a probability space and V (x, w)—a real-valued function on G x {2
such that V (x, -) is measurable for each fixed x € G and V (-, w) € ICIOC for Q-almost all w € (2.
Such a function V is called a random potential or a random field.

For a random potential V (-, ) which QQ-a.s. belongs to the local Kato class IC])(()C, we con-
sider random Feynman—Kac semigroups (TID’M’(”)IZ() and (T,N’M’a’)tzo, given by (2.23)—(2.24).
Both semigroups consist of Hilbert—Schmidt operators, the totality of eigenvalues of the corre-
sponding generalized random Schrodinger operators —AP-M-@ and —AN-M-© can be ordered as
AD M( ) < A (w) <...and AN M( ) < )»Q”M(a)) < ..., respectively.

The basic ob]ects we consider are the random empirical measures on R based on these spec-
tra, normalized by the volume of Gy;:

(@) = —— m(gM) Zlak M (2.29)
and

N (w) = > 6w M, (2.30)

M m(gM)n hn

In this paper we are interested in the convergence of these measures as M — 0.
Our main results are obtained for the restricted class of Poissonian potentials which are
defined below. Let

Vix, w) ::/gW(x,y),uf”(dy), (2.31)
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where u® is the random counting measure corresponding to the Poisson point process on G,
with intensity vdm, v > 0, defined on a probability space (2, M,Q),and W : G x G - R
is a measurable, nonnegative profile function. Throughout the paper we assume that the Poisson
process and the Markov process X are independent.

Now we list and discuss regularity assumptions concerning the profile function W.

(W1) W >0, W(,y) € ICl’f)C for every y € G and there exists a function # € L'(G, m) such
that W(x, y) < h(y), whenever d(y, 0) > 2d(x, 0).

Our final Theorems 3.1 and 3.2, addressing the problem of convergence of measures / AD/, (),
lﬁ(w) for Poissonian potentials of the form (2.31), require additional assumptions

(W2) >3/ 8up,cg fB(x,zM/4)f W(x, y)dm(y) < oo
and

(W3) there is My € Z such that
Yo Wem),y) < Y. Wama®),y), x,yeg, (232
yery (tm (») y'eny, tn ()
forevery M € Z, M > M.

The following proposition asserts that under the condition (W1) the function V (-, ) given
by (2.31) is a well defined, locally Kato-class potential for almost all w € 2.

Proposition 2.1. Let V be a Poissonian potential whose profile W satisfies (W1). Then 0 <
V(-, ) € KX for Q-almost all w € 1.

loc

Proof. First observe that thanks to (2.22), it is enough to show that for every R > 0 there is a
measurable 2z C {2 with Q({2g) = 1 such that

TB(x,e)
lim sup E, / [Vr(Xs, w)|ds = 0, (2.33)
eN\O xeg 0

for every w € f2g, where Vg := V1p(,g). Since
B [ hu @ = [ hmay) < oo,
g g
there exists a measurable set 2, C 2 with Q(f2;) = 1 such that # € L'(G, u,) for every
w € {2. Also, let
() = {w € {2 : finitely many Poisson points fell onto B(0, 2R)} .

By the definition of the cloud, Q({%) = 1, so 2 = 2 N (%, is of full measure. We will prove
that for every w € (2g the condition (2.33) holds.

For given w € {2, denote by {y;(w)}; the realization of the cloud. Then for every x € G we
have

[VR(x, ®)| < 1B,R)(x) ( Z W(x, yi(®)) +/ h(y),uw(dY)> ,
B(0,2R)¢

yi (@)eB(0,2R)
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and, in consequence,

TB(x.e) TB(x.e)
B[ ot = > B[ WO @) o (0] 8
0 yi (@)€B(0.2R) 0

+E TB(xe) - /

h(y)u®(dy),
B(0,2R)¢

where the sums above are taken over all Poisson points that fell onto B(0, 2R) (there is a finite
number of them). Since W (-, y;(w)) € ICI)(()C for all y; (w), and fB(O’ZR)C h(y)u®(dy) < oo for
each w € {2, we obtain by (2.22) (applied to W) and Lemma 2.4 that

TB(x.e)
lim sup EX/ [VR(Xs, w)|ds
N0 xeg 0

TB(x,e)
< Z lim sup E, / [W(Xs, Vi (w))lB(O,R+1)(XS)] ds
yi(@eB0.2r)  0xeG  Jo

+ 1im sup ExThe - / B (dy) = 0.
0 B(0,2R)¢

eNOxeg

Hence the proof of the proposition is complete. [

Note that the condition fg W(, y)ym(dy) € L}oc(g, m) immediately implies that V (-, w) €
Llloc(g , m), Q-almost surely. By using this implication, one can give another sufficient condition

for the property V (-, w) € ICfgc, Q-almost surely. Indeed, as we pointed out in the previous

subsection, if fol co(t)dt < oo holds, then L}

1oe(G.m) = KX . Therefore, under the assumption
fol co(t)dt < oo, the condition

loc*

/ W(-, y)m(dy) € Lfoc(g, m) is sufficient for V (-, ) € ICI)(()C, Q-a.s.
g

The condition (W3) involves the specific geometry of the gasket and is essentially different
from remaining conditions (W1)—(W2) which are analytic. As we will see, it will be decisive
for our convergence problem. Examples of profile functions W satisfying all our assumptions
(W1)—(W3) will be discussed in Section 4.

We finish this section by giving the following exponential formula. For every measurable and
nonnegative function f on G it holds that

Eq [e_ Jg f(y)p,‘”(dy)] _ e—v./‘g(l—e*f@))m(dy). (2.34)

This formula will be a very important tool below (for its Euclidean counterpart we refer the
reader to [28, p. 433]). In particular, it yields the representation for the averaged Feynman—Kac
functional for the Poissonian potential V' with nonnegative profile W. Indeed, by taking f(y) =
fé W(Xs, y)ds, for every x € R? and P,.-almost all w, we have

— ! w),y)ds
Eq [e_ s V(Xs(w),w)ds:l _ e—v fg<l—e JEW (X5 (w).y)d )m(dy)
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For the reader’s convenience, we give a short justification of (2.34). Suppose first that f(x) =
cl4(x) for some Borel set A C G and ¢ > 0. Recall that u®(A) is a Poisson random variable
with parameter vm(A) on a probability space ({2, M, Q). With this we have

Ko [e, Jg f(y)u“’(dy)] = Eg [efcu“’(A)] — ovmA)(1=e™) _ o= [g(1—e/)m(dy)

Since for a family of pairwise disjoint Borel sets Ay, ..., A, C G the random variables u“ (A1),
.., u®(A,) are independent, the above formula directly extends to simple functions and then,
by a standard approximation argument, it also holds for nonnegative measurable functions.

3. Convergence

Our goal is to establish that the random measures / AL,)[(a)) and / AA,; (w), defined by (2.29), (2.30),
vaguely converge to a common limit /, which is a nonrandom measure on R.. This measure is
called the integrated density of states.

We shall consider the Laplace transforms of / Al,)[ (w), [ AA,; (w):

D [ Zugp _ 1 — DMy 1 D.M,w
Lyt ) = /0 e Mdly (w)(1) = —m(gM) nE:Ie = —m(QM) TrT,
1 t
= T /g pt,x, )E, , [ev(t);t < rgM]m(dx)
and
N N R _ 1 = oMMy 1 N.M.,0
Lyt o) = /0 e Mdly (w)(1t) = —m(gM) E e = —m(QM) Tr T,

n=1

- m(;M) /QM pM(t’x’x)EQ/,[}ct [ev ()] m(dx).

First we show that the expectations IE@LAD,,(I, w) and ]EQLAN,,(t, w) converge for every f to a
common limit L(z).

3.1. Common limit of points of LAN,[(t, w) and Ll?,l(t, )

Our first result asserts that when the nonnegative (general, not necessarily Poissonian) random
field V belongs to KX, then LY, (#, ®) and LY (¢, ») share the limit points in L>(£2, Q). In fact,

loc?
we show more than that.

Proposition 3.1. Let 0 < V(-,w) € ICff)C for Q-almost all w. Then for every t > 0, L%(t, )

and Lﬁ(t, w) satisfy

i Eg (Lﬁ/,[(t, w) — LB, a)))2 < 0.
M=1

In particular,

N D 2
lim B |1, @) - Lh (o) =0.
M— o0
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Proof. First note that since ey (1) = ey, (1) on {r < 1g,, } for M € Z., we have

LY (1, 0) = ! / pt,x, 0)E, , [ev, ()t < 1g, ] m(dx)
m(gM) gM X, X M M
1
m(Gu) Jgy
1

- mGum) Jg,

p(t, x, x)E;’x [eVM (t)] m(dx)

p(t, x, x)Eiﬁx [evM (t);t > rgM] m(dx).

Simultaneously, by Lemma 2.6 (see (2.17)), we get
1

m(Gy)

= ! p(t, x, x)E! [ev (t)]m(dx)
mGum) Jg, e

LY, w)

/ pM @, x, 0)EY! [ev ()] m(dx)
Gum

1
T @ /gM Y. P EL [ev, (0] m(dx).

x#x'eny (x)
We see that by (3.1), (3.2) and the fact that V > 0, we get
0 < Liy(t, ) = Lyy(t, @) < Rip(®) + Ro,m (1),
with
1
m(Gu)

1
Rom(1) = /g > p@x. x)m(dx).

Rim@) =

fg pt, x, 0P, [t = 1g, ]m(dx),
M

m(Gu)

x;éx/err;,l (x)
(Note that these bounds do not depend on w.) We can write, using (2.7) and (2.15):

(Rim (1) + Ro (1) < 2(RY 3, (1) + RS 1, (1))
< 2c3co(t) Ry (1) + 2(czco(t) + C(M, 1) Ry (1)

1265

@3.1)

(3.2)

(3.3)

(3.4)

forevery t > 0 and M € Z.. Since C(M, t) remains bounded for M € Z, (in fact, it goes to
zero as M — 00), it is enough to check that for every fixed ¢ > 0 both members R; j/(¢) and

R ym(t) are terms of convergent series.
For the process starting from x € B(0, 2¥ — 2/2) one has

{t > rgM} C { sup d(x, Xy) > ZM/Z}.

O<s<t

Moreover,

sup d(Xo, Xs) > 2M/2} C { sup d(Xo, X) > 2M/2}

O<s<t O<s<t/2

U { sup a’(Xo,XS)>2M/2 ,

t/2<s<t

(3.5)
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and from Lemma 2.1 we have m(Gy \ B(0,2M —2M/2)) < 2@+, Using these facts, the
bridge symmetry, and (2.9), we get

/ p@t, x, 0P, [t > g, | m(dx)
Gm
< c(®)m(Gy \ B(0,2M —2M/2y)

+/ p(t,x, x)P. [t > 15, |m(@dx)
B0.2M M) X,x [ gM]

<27 9D L oGy sup Py | sup d(x, Xy) > 2M/2 |
xeg 0<s<t/2

Therefore
Rim@®) <c®2 29D 12 supP, | sup d(x, X,) > 2M/2 |,
xeg 0<s<t/2

and, by Lemma 2.3, Ry j(?) is a term of a convergent series.
To estimate Ry s (¢) it is enough to observe that

1
m(Gum)

By Lemma 2.7 (see (2.19)), this also is the term of a convergent series. This completes the
proof. [

Ry m(t) =

/ (pM(t, x, x) — p(t, x, x))m(dx).
Om

For more clarity we decided to prove the above proposition for V > 0 only. However, our
argument can be directly modified to give the same result in a much more general case. The
following remark asserts that Proposition 3.1 remains true for a large class of signed random
fields. Recall that Vy; (x) = V(zy (x)), M € Z4, x € G.

Remark 3.1. Assume that a random field V = VT — V~ (where V* and V ~ are, respectively,
positive and negative parts of V) is such that V* e IC%C, V= e KX, for Q-almost all w € 12,
and for every ¢ > 0,

t
sup supEqg x E, |:exp <4/ Vi (Xs, w)ds>i| < 0. 3.6)
MEZ+ XGg 0

Then the assertion of Proposition 3.1 also holds. Clearly, the condition (3.6) is satisfied if,
e.g., V™ is bounded above by the same finite constant for Q-almost all w € (2.

3.2. Convergence of expectations of L%(I, w) and Lﬁ(r, w) for Poissonian potentials
In this subsection we restrict our attention to Poissonian potentials, i.e.
Vix,w) = / W(x, y)un(dy), (3.7
g
where u® is the random counting measure corresponding to the Poisson point process on G

(defined on the probability space ({2, M, QQ)), and W is a nonnegative profile function satisfying
the basic condition (W1).
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Although we know that the sequences IEQL (t, w) and E@L (t, w) share their limit points,
we do not know for now that either of them is convergent. To prove the desired convergence we
introduce two auxiliary objects L (t, ), L M* (t, ), prove that they have the same limit points

as L M(t w), LP 3 (&, ), and ﬁnally that L (t, ) converges to a finite limit when M — oo.
We will need the following perlodlzatlon of V.

Definition 3.1. The family of random fields (V};)yez, on G given by
Vir(x, 0) = Y. Wayudy). MeZs,
Myeny' )
is called the M-periodization of V in the Sznitman sense.

The above definition strongly depends on the geometry of G. In fact, our periodization of
the potential function V is a gasket counterpart of that considered in [40, page 202] in the
Euclidean case. More recently, the periodization of the Poisson random measure was also used
in [31] in proving the annealed asymptotics for the Wiener sausage on simple nested fractals. By
exactly the same argument as in Proposition 2.1, one can check that under the condition (W1),
Vi o) e IC1 . forevery M € Z, for Q-almost all w € {2. Recall that by Vj; we have denoted
the usual periodization of V, i.e. Vi (x, w) = V(ry(x), o).

Fort > 0and M € Z we define:

D* 1 t
Ly (t,0) = mfg pt,x, 0E, [ev;;(t);t < th]m(dx)
M
and

LY (1, w) = e )/ pM(t, x, )EM; [evjfl(t)]m(dx).

Repeating the estimates from the proof of Proposition 3.1 for L 1?1* (t, w) and LAN; (r, w) we get

Corollary 3.1. Let the profile W satisfy (W1). Then for every t > 0 we have
Eg (LI,X,* (o) — L', a))) =o(1) asM — oo.
Another auxiliary lemma relates the limits of EQL (t, ) and EQL (t, ) for Poissonian
potentials V with nonnegative profiles W.
Lemma 3.1. Let the profile W satisfy conditions (W1)—(W2). Then for every t > 0 we have
Eg (L,?,I(t, w) — LY (1, w)) —o(1) asM — .

Proof. By (2.34) for V and a version of this equality for V};, we can write

)E@(L t.0) — LY@, a)))‘ / p(t,x, ML [[Fyw, )]t < 7g,, | m(dx),

1
m(Gm) Jgy,
where

- T wsw).y)ds

Verilo)
y . 7ufg l—e ° M m(dy)
s (1—& I W<Xs<w>,>)ds)m(dy) M

Fy(w,t)=e¢ —e
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Since W > 0, we get

* 1
Eq(LY (t, w) — LY (t,a)))‘ < m(gM)/g pt, x, )EL  [IFy(w, D); t < 1g,, ] m(dx)
M
_ cOm@u\B(©, 2" — 2172
- m(Gm)
1

p(t, x,x)
m(Gm) JBo.2M—2M/2)

X B, [IFu(w, )] 1 < 7g,, ] m(dx).

As before, the first term is bounded by c(t)Z’% @r=1) and goes to zero as M — oo. It is enough
to show that the second one goes to 0 as well. Denote it by I),. We have

< 1
m(Gum) Jpo.2M—2M/2)
2

m(Gum) Jpo,2M —2m/2y

pt.x, )E, [|Fy(w, 0)|: 1 < T om_omp2y | m(dx)

+

p(t. x, )P [t > rB(O’zM,zM/z)] m(dx) = Iy m+ o m-

By an argument similar to that in the proof of Proposition 3.1 we show that I 5 — O as
M — oo. It is enough to estimate /1 .

By the inequality [e™ —e™”| < |x — y|, x, y > 0, the fact that W > 0, Fubini, and properties
of the measure m we have

Pt < v [ (1= V) 1)
Gy
o X W(Xsw).y)ds
t . W
+ vfg e~ Jo W(Xs(w),y)ds _ e yerny o m(dy)
M

IA

t t
v / / WX (w), y)m(dy) +v / / > W(Xsw), y)m(dy)
0 JG5, 0 JGu

y£y'eny ()

IA

t
o / W (X, (w), y)m(dy).
0 JG5,

If the process remains inside B(0, 2M _ oM/2y up to time ¢ and y € g;;4(= B(0, 2M)), then
d(Xs(w), y) = 2M/2 for all s € [0, £]. It follows

2v

m(Guy) Jpo.2M—2M/2y

Ly < p(t, x,x)

1
X E;,x |:/(; G W(X_s(w)s y)m(dy), 1< TB(O,2M—2M/2):| m(dx)
M

< c(t,v) supf W(z, yym(dy).
z€G J B(z,2M/2)¢

By (W2), this completes the proof. [
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We now know that under conditions (W1)-(W2), all four sequences: Eg[L ﬁ(t, w)],
EQlLY (t, )], EQILY,(t, )], Eg[LY, (t, ®)] have the same limit points. We will prove that
when additionally (W3) holds, then they are in fact convergent.

Our main result of this part is the following.

Theorem 3.1. Let V be a Poissonian random field with the profile W and let the condi-
tions (W1)~(W3) hold. Then for every t > 0, Eg[LD (t, )], Eg[LY (t, )1, Eg[L}, (1, 0)],
EQ[L%* (t, w)] are convergent as M — 00 to a common finite limit L(t).
Proof. In light of Proposition 3.1, Corollary 3.1 and Lemma 3.1, it is enough to show that
E@L%* (t, w) converges to a finite limit L(t) as M — oo. We will prove that EQL%* (t, w)
is nonincreasing in M € N. Since it is also nonnegative, this will give our assertion.

First recall that by g}(}, i = 1, 2,3 we have denoted the isometric copies of Gy under 71;11

such that m (g,ﬁ;) N gjj)) =0,i # j,and Gyy| = U?:] g}Q. Also, we denoted by 7y ; the
restrictions of s to g}‘?.
Observe that once the path of the process X, is fixed, the monotonicity
Egew;, yum (0 = Egewy (), >0, (3.8)
holds. Indeed, by Definition 3.1, the exponential formula (2.34) applied to

t
PO =g, [ X W (. ds

yery T ()
and the standard inequality 1 — e~ Yia < > (1 —e %), a; > 0, we have

E@e(VA’ZH)MH )

Y WEms(X),))ds

) ”71 .

= exp —v/ l—e Youn® m(dy)

Gm+1

3 “f X W (X0.y)d

=exp|—v | Y [1-e TTwnTM) m(dy)

9m iz

t : ,
—Jo ; 12 X W (mtp1(Xs),y)ds

< exp —V/ 1—e Y1 Ty ;i O m(dy)

Gu

Since for every M € Z4 and y € Gy \ Vs one has Ui3=1 n,&lﬂ (JTA}L ) = n;ll (y) and the sets
”1;1:-1 (n,‘;’li (), i = 1,2, 3, are pairwise disjoint, we get that the last member on the right hand
side of the above inequality is equal to

-l X Wlna (X0.y")ds
exp [ —v / l—e YoM ® m(dy) | . (3.9)
Gum
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Finally, by (W3) we have

! t
2. WomaXo.hsz | ) WamX).))ds. yed,
0 A 0 4
ey (tu()) very ()
and, consequently, the expression in (3.9) is not bigger than
_f(; > Wau(Xs).,y)ds

exp —v/ l1—e emy o) m(dy) | = Egey,), (),
Gu

which is exactly (3.8).
By Lemma 2.6(a), the inclusion 7'[M+1 (x) Cmy, (nM (x)) and (3.8), we have for x € Gy41,

P, B @B [evy (0]

= Z p(tax’x/)E;,x [EQE( _H)M-H(t)]

—1
x’enMH(x)

Z p(tvx’x/)E;’x’ I:]EQe(V;&Jrl)M-H(I):I

ey (x)

Z p(t,x,x/)E;’x, [EQe(V,’;,)M(f)] .

xery, (my(x)

IA

IA

By the above bound, we get
1
m(Gm+1) 2

Gh+1 xeny, (T ()

EqLjy,, (1, w) < Pt x, xNE, [EQE(VZZW([)] m(dx)

- 3m(gM) Z‘/;(,) Z p(t, x, x )Exx [EQe(V* M (t)]m(dx)

xemy, (rm (x))

= (t’nil'(x)wx/)
3 : :/ p M.,i
m(gM) gM X/E]T (7TM ,(X))
'
X Eﬂ&]_m v [EQe(V,?})M (f)] m(dx)
§ : -1 l
= p(tv s '(-x)s X )
3m(gM> /gM e M.
t
<L [E@e(vi&m (t)] m(dx).

Now, by Lemma 2.6(b), we have for all x € Gy;:

Z Pty (), xE. oo [EQE(va(n]

x'eny (%)

= Y pexE, . [Egewy o]

x/en;,l (x)
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for every x € Gy, i.e. the terms under the last integral sign do not depend on i. We conclude that

>, x OE, [EQB(VL)MU)] m(dx)

T ()

* 3
EoLY (1, w) < —f
QL m+1 3m(Gr) Gu .

= EqLY, (t, w),

which completes the proof. [
3.3. The variances lemma

Lemma 3.2. Let the profile W satisfy the conditions (W1)—(W3). Then for any given t > 0 one

has:
o0
> EglLy(t. 0) — EqLj(t, o)]* < 0o (3.10)
M=1
and
o0
Z EglLY (t, w) — Eq LY, (t, w)]* < oco. (3.11)
M=1

Proof. Since for any L?-random variables &,  one has E€2 < 2En? + 2E(5 — £)2, in light of
Proposition 3.1, it is enough to prove (3.10).
Fix ¢t > 0. Let us introduce the family of measures

®2
ny ;:( ! p(t,x,x)P;Xm(dx)> ®Q%, MeZ.,, (3.12)
m(Gum) Jg, ’

on the space 2 = D([0, 1], G)? x £23. Also, let (am)mez, and (cp)mez, be increasing
sequences of positive numbers such that ayy < cy < 2" M € Z. They will be chosen
later on.

For r > 0O set

Vr(xv (1)) = / W(.x, }’)Mw(d)’) and
B(x,r)

V, (x, @) == [ W(x, yu®dy), r>0
B(x,r)¢
and then denote
Fy(w,w) :=e" Jo V“M(Xf(w)’w)ds, FM(w, w) =e" Jo V“M(Xf(w)’w)ds, MeZy.

Note that for every M we have 0 < Fy/(w, w) < 1 and 0; FM(w, w) < 1.
Observe that using measures vy, and functionals Fjy, Fjs, we can rewrite terms of (3.10) as

2
EqlLy —EqLyl* = /?2 [ ] (Fae(wi. 0) Fag (wi, o) — Fag (w;, 07) Fag (wi, 7))
i=

XLy cog, @y} - dvm (Wi, w2, wo, 01, @2)

= f@ X(wi, wa, wo, w1, w2) dvy (W, wa, wp, w1, W2). (3.13)
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We split the set {2 into three parts:

D(I)VI = {(wl, wy) € D([0, ¢], Q)2 : forevery s € [0, t] d(Xs(wy),

Xs(w2)) > 2em} x 27,
DY = {(wi,wa) € D(0,11, 6 : d(Xo(w1), Xo(wn) > 2eu

and there exists s € (0, ¢] such that d (X (w1), Xs(w2)) < 2apy} x 03,
DY =2\ (D! u D"

and integrate over each of these parts separately.
To estimate the integral over Dé” first note that

(Fy (wi, w0) Fg (wi, wo) — Far(wi, ;) Fg (w;, w;))
1

2
=

2

2
= l_[ (Fm(w;, wo) — Fy(wi, 7)) + 1_[ (Fu (wi, wo) Fyr (wi, wo)
i=1 i=1

2
— Fy(wi, ) Fy(wi, o)) — 1_[ (Fm(wi, wo) — Fy(wi, ;))

i=1
2
=[] (Fuwi. @0) — Far(wi, 1)) + Fr(wy. w0) Fa (w3, ax)
i=1

x (Fpr(wi, wo) Fg (w2, wo) — 1)

+ Fy(wi, @o) Fag(wa, @2) (1 — Fyr(wi, wo) Far (wa, w2))

+ Fy (w2, wo) Fayr(wi, wp) (1 — Fur(wo, wo)FM(wl,wl))

+ Fy (i, 01) Fg (w2, 02) (Fy (i, 01) Fyg (wa, ) — 1),
and, since |Fy(w;, wp)| < 1,i = 1,2,k =0, 1, 2, consequently,

(Fy (wi, w0) Fr (wi, wo) — Far(wi, ;) Fg (wi, w;))

2
=1

1
2

< l_[ (Fym(wi, wo) — Fpy(w;, w;)) +2
i=1

— (Fur(wi, o) Fyr(wa, @2) + Far(wa, wo) Fy (w1, w1)) .

For a given M € Z. and a trajectory X (w), the functional Fjs(-, w) depends only on those
Poisson points that fell onto the set Xf’onfs](w) = UOSSEI(XS(w) + B(0, ap)). Since on the set
D} one has Xﬁ;”s](wl) N Xﬁ;”s](wg) = {J, the random variables (Fy (w1, wg) — Fyr (w1, w1))
and (Fy (w2, wo) — Far(wa, w2)) are Q®3-independent, and consequently,

2
/;Nz H (Fy (i, wo) = Fy (Wi, @) 1y ooy dvm (@0, 01, @2, wi, w2) = 0.
i=1
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Therefore we have

1 2
oy Xdvy <2 ((m(gM) - p(t,x,x)P;’x [t < th(w)]m(dx))

IA

| N 2
B <m(gM) B M(w"")]]m(dX)> )

2(czc0(1))? _
= Gy Jo o [Ny o (1 = Ee [Futw o)) Jmiao.

(The last bound is a consequence of the inequality a2 —b?<2a (a — D), where 0 < b < a.) By
Jensen and Fubini, since 1 —e™ < x, x > 0, we get that for every w

1 —Eq [Fy(w, )] = 1 — e o EalVay (stm.0as

1— efvf(g -/‘B(Xx,llM)L‘ W(Xs(w),y)m(dy)ds

t
v// W(Xs(w), y)ym(dy)ds
0 JB(Xs.am)°

< vtsup/ W(z, y) m(dy).
726G J B(z,ap)¢

IA

Thus

Xdvy < c(t,v) sup/ W(x, yym(dy). (3.14)
D(’)V[ xeG J B(x,apy)°

On the set D{” , one necessarily has

sup d(Xo(w;), Xs(w;)) >cy —ay, fori=1lori=2,
5€(0,1]

and since | Fy(wi, wp)| < 1,i = 1,2,k =0, 1, 2, the integral over D{VI is not bigger than

p(t,x,x)P; [ sup d(Xo, Xy) > ey —aplm(dx). (3.15)
m(Gum) JgGy, " se(0.1]

By the bridge symmetry we obtain that for every x € Gy

p(t, x, 0)E, [ sup d(Xo,X;) > cy — ap)
s€(0,t]
<2p(t,x,x)P. [ sup d(Xo,X,) > cy —aum]
" se(0,/2]

= 2E, [1{ sup d(Xo, Xy) > cu —am}p(t/2, Xz/z,X)}

5€(0,1/2]
< 2c3c0(t) sup Px|: sup d(Xs, Xo) > cpy — aM:|. (3.16)
xeGy s€(0,1/2]
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Finally, to estimate the integral over Dé"’ we just estimate the measure of this set (the integrand
is not bigger than 2):

czcot)m({(x,y) € Gu x Gy 1 d(x,y) < 2cu}) C(t)(ZCM)df
m(Gm)? 3M '
If we choose ¢y = 2M/2 and ay = 2M/4, we get that (3.14) and (3.16) are terms of convergent

series, due to (W2) and Lemma 2.3, respectively. The estimate in (3.17) is summable as well.
The lemma follows. [

vy (DY) <

(3.17)

3.4. Convergence—conclusion

Having proven Theorem 3.1 and Lemma 3.2, we can give the proof of the main result.

Theorem 3.2. Let the profile W satisfy the conditions (W1)—(W3). Then the random measures
(a)) and 1Y, 2 (@) are Q-almost surely vaguely convergent to a common nonrandom limit measure
l on R+

Proof. We prove the statement for the measures /2 37 (@), the proof for w a (@) is identical. A
classical Borel-Cantelli lemma argument gives that for any fixed r > 0, the Laplace transforms
L ﬁ(r, w) converge (Q-almost surely to the limit L(¢). Therefore, Q-a.s., the same statement holds
for all rational #’s.

Consequently, Q-a.s., sequences Lf,[(t, ) converge to L(¢) for all + > 0. In particular,
Lﬁ(l, w) is convergent to L(1), and so the measures TAD,,(w)(dk) = e * lD (w)(d)) are finite.
Since any sequence of finite measures on Ry is vaguely relatively compact (see [33, Lemma
A9]), the measures [ AD,, (w), and consequently also / A’?, (w), are vaguely convergent to the measure
having L for its Laplace transform. [

3.5. Existence of IDS for subordinate Brownian motions killed by Poissonian obstacles

In this subsection we discuss the problem of existence of IDS for subordinate Brownian
motions on the Sierpinski gasket which are killed upon coming to the set of random obstacles
Ow) =, B(yi(w), a), where {y; (w)}; is a realization of the Poisson point process over the
probability space ({2, M, Q) and a > 0 is the radius of the obstacles. Informally speaking, such
a system may be seen as the motion of a particle in the random environment given by the potential
of the form

Vx,o)= Y W(x, i), where W(x,y)=00"1p(.aq)()
yi(w)

Formally, in this case, we are interested in the spectral problem for the semigroups
P,D’M’wf(x) =E, [f(X,); t < Tg(w),t < rgM] ,
feLl?Gu.m), MeZy, t >0, (3.18)

and

PNM () = [f(X,M);t < Tg(“;)] . feLl¥Gu.m), MeZy, t>0, (3.19)
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where Tg( ) and TO( ) are, respectively, the first hitting times of the set O(w) for the subordinate

process X and its ‘reflected’ counterpart XM .
The existence of IDS for such a problem is not directly covered by our results, but it can
be proved by a modification of the argument presented in this paper for Poissonian potentials.

e_'/g V(e,w)ds

To this goal, the Feynman—Kac functional should be replaced by the condition

[t < Té(w)} for an appropriate process X or XM Instead of ‘periodization” of V one should
consider the ‘periodization’ of the Poisson random measure. By this simplification, all results of
Section 3 can be immediately rearranged to the case of killing obstacles.

More precisely, for given M > 0, we consider two possible ‘periodizations’ of the obstacle
set:

Om(®) = 7, (O(w) N Gu), (3.20)
Oy = |J By.a. 3.21)
yeNu (@)
where

Ny (@) = 73, (i (@))i N Gur).

The difference between those sets is that Oy (w) arises as a usual periodization of the part of the
set O(w) that lies within Gy, whereas to obtain Oy, (w), one periodizes just the Poisson points
that fell into Gy, and then builds obstacles on this periodic set.

As in the potential case, we consider the Laplace transforms of the empirical measures based
on the spectra of the semigroups (P,D M 'Y and (P,N M "), namely (we keep the same notation),

1

L2t ) = T L p(t,x, P, [Tg(w) > 1,19, > r] dm (x) (3.22)
N 1

L o) = s Mt x, x)PM,; [To(w) > t] dm (x). (3.23)

Observe that in both these expressions we may replace the set O(w) with Oy (w). Expressions
Lﬁ; (t, w) and LAN,; (t, w) arise similarly, but with O}, (w) replacing Oy (w).
As above, we prove the following.

Pr0p051t10n32 Let t > 0 be given. For the quantities L% nt ), Ly w(t, o), LD*(t ),
(t, w), defined above, we have:

D Y= 1]EQ[L (, a)) L,?,,(t,a))]z < 00,

2) IE@[L (t w) — M (t, w)]=o0(),as M — o0,

3 IE@[L (t w) — Lf;(t, w)] =o0(1), as M — o0,

4 IEQ[L (t w)] is convergent to a finite limit when M — 00,

(5) consequently, IEQ[L (1, w)], ]EQ[L (1, w)], ]EQ[L (t, w)] are convergent as well.

Proof. In all that follows we assume that M is large enough to have 2" > a, where a > 0 is the
radius of obstacles. We first show (1). We have

Lll‘),[(t, w) =

1
t,x, x)P! TX > t]dm(x
o) o, PO XPLITE, ) > 1dm(x)
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1

/g p(t,x,x)P;’x[TgM(w) > t,1g,, < tldm(x)
M

m(Gy)
and
1
LYt w) = / Z p(t, x, X" P, T3 (o) > 1ldm(x),
mGum) I x’ezr[,,l(x)
therefore

0< LYt w)— LY, w) < Riy(t) + Rom (1),

where R p(¢) and Ry p(¢) are given by (3.3) and (3.4). Proof of (1) follows then as the proof
of Proposition 3.1.

To get (2), we just repeat the steps leading to (1), with obstacle set being O, .

Proof of (3) requires somewhat more work. If we denote Q;,I“ ={x e Gy :dx,Gy) > a},

m(Gu\G,,")

then since p(¢, x,x) < c(¢) and nCar)

(3.5)), we have

= o(1) (by an argument similar to that following

1
EQL(t, 0) = T fg p(t. x, OEQEL [[T5 > 1. 1g, > tldm(x) + o(1),
M
and
) 1
EqLjy (t, @) = m/g (. x, ))EQE, [T5, > 1.1g, > tldm(x) +o(1).
M

Next, observe that
X X
EQE;’X[TOTM > 1,1G, > 1] = EgE, ,[T5,, > 1. Tga > 1]
X
+EQE;,x[T(9;;4 > 1,7y >t Tga < t].
It follows

EoILL(t, @) — LY (1, w)]
1
= t, x, x)EqE! [TX t, t, —a<t]d
m(Gar) /gMa Pt x, BBy |15, > 1. %Gy > 1. Tgn < 1] dm(x)

1
m(Gum)

X
/QM“ p(t, x, x)EqEL [TOL >1,7Gy > 1,Tga < t] dm(x) + o(1).

Both members above are then estimated by m fg—a p(t, x, x)P; X[Tg;[’ < t]dm(x), which
o .

goes to zero as M — oo (consider separately the integrals over the sets QI_MZ“ and QA_,I“ \ g;f“,
then proceed as in the proof of Proposition 3.1).

(4) and (5). Clearly, it is enough to show (4). Again, we prove that the sequence Eg [L]A\g (t, )]
is monotone decreasing. The key observation, replacing formula (3.8), is now

QIT,

M+1 M
X > 1< Q[Témw) >t], MecZ,. (3.24)

M1 (@
Indeed, for fixed M € Z. and a given trajectory of X we have

M M,a
QUTE' ™ > 1 = ¢~ Xioii),
M
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where X{gt‘; (w) = U0§s§t (Xf” (w) + B(0, a)). This comes as a consequence of the definition

of the obstacle set O}, (w): the trajectory of X M does not come to the obstacle set if and only if no
obstacles fall into the a-vicinity of the trajectory up to time ¢. To finish the proof of (3.24), use the

volume monotonicity: m (X f‘g :-]1 “Yw)) > m(X ?(/)[ﬁ (w)), which is a consequence of a general fact

m(my41(A)) = m(wp (A)),

valid for an arbitrary measurable set A C G.
Using (3.24), we conclude the proof identically as that of Theorem 3.1. [

The other ingredient in the proof of the existence of IDS is the variances lemma (Lemma 3.2).
Its proof in the obstacle case is identical as before, and in fact shorter—as the range of interaction
with obstacles is finite, there is no need to introduce quantities Fjy.

Therefore we obtain:

Theorem 3.3. Let a > 0 be given. The random measures IAD,,(a)) and lﬁ(a)) given by (2.29),
(2.30) in the case of killing obstacles with radius a, are Q-almost surely vaguely convergent to a
common nonrandom limit measure [ on R.

Remark 3.2. When the process X is point-recurrent, then @ = 0 is permitted as well.
4. Examples of profile functions W

In this section we give and discuss some examples of profile functions W which satisfy all of
our three regularity conditions (W1)—(W3).

Example 4.1. Fix My € Z; and let the function ¥ : Gy, — [0,00) be such that
¥ € L' (Gum,, m). Define

1/f(7TM0()’))1 when X,y € AM() (20)7 for some 20 € g \ VM(),
0, otherwise.

Wi(x,y) = {

We see that for each fixed x € G, W(x, -) is a function supported in the ball B(x, 2M0) and for
each fixed y € G, W(-, y) is a simple function taking the value ¥ (7, (y)) on the triangle (or two
adjacent triangles) of size 2M0 containing y and 0 otherwise. Therefore, both conditions (W1)
and (W2) are immediately satisfied. For every x € G we denote

Amy(x) == {y' € G : there exists zo € G \ Vi, such that x, y' € Ap,(20)} -

One can observe that for every natural M > My and any x,y € G the sets 71;11 €27462) MR

Ay (p(x)) and JTATII (wm (y)) N Ay (mp41(x)) have the same number of elements (zero, one,
or two). In this case,

oty (73" (rar (00) N Aty Graa1 () = ity (37" Gran () 0 A (ran (1))

Hence

> Wm0, y) DR ZCIYNCD)) VIRENEN ¢

y'eny, Gt (») yeny, Gt (»)

Do M D Ay, ) )

yeny, ()
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= Y Wau).y).
y'eny ()

which gives (W3).

Example 4.2. Let ¢ : [0, c0) — [0, c0) be a function satisfying the following conditions.

(1) There exists R > 0 such that ¢(x) = 0 for all x € (R, 00).
(2) Forevery y € G one has ¢(d(-, y)) € KX

loc*
For such a function ¢ we define

W(x,y) =¢(d(x,y), x,yeg. 4.1)
We have W(x,y) = W(y,x) forall x, y € G, and (1)-(2) immediately imply both conditions
(W1) and (W2). We will now check (W3). For every natural M > M, = [log, R| and
every x,y € G we denote Dy(x,y) = nﬂjll(nM(y)) N B(x, R). For every M > M, and
x,y € G, the set Dys(mrpr(x), y) has no more elements than Dy (7wpr41(x), ¥). Moreover, for
every 7 € Dy (mp(x), y) there is exactly one y' € Dys(mwp+1(x), y) (different for different
choices of z’) such that d(mpr+1(x), y') = d(mp(x), ). This gives that, for every M > My and
arbitrary x, y € G, we have

> Wm0, y) Y elEmi(x), )

yery (tm () ' €Dm (Tm+1(x),y)
> ed@u(x), )
Z€Dy Ty (x),y)

= Y Wau).y).

y'eny, o (»)

v

which completes the justification of (W3) for the profile W given by (4.1).

We note that when ¢ is bounded, then the condition (2) is automatically satisfied for
any subordinate Brownian motion with subordinator satisfying our Assumption 2.1. Singular
functions ¢ are also allowed, but the possible type of singularity strongly depends on the
subordinator. For example, let ¢ (A) = A%/ with o € (0, dyy) and @(s) = s~ 1,<g withy >0
and some R > 0. If @ € (dy, dy), then fol co(t)dt < oo and (2) is satisfied whenever y < dy.
When a € (0, df], then fol co(t)dt = oo and (2) is satisfied if ¥ < «. The latter assertion can be
established by extending a very general argument in [10, Lemma 7 and estimates below it] to the
case of this specific process on the Sierpiriski gasket.

We now give an example of profile W with unbounded support, which naturally extends
Example 4.1.

Example 4.3. Let (a,)nez, be a sequence of nonnegative numbers such that

i i 3"a, < oco. 4.2)

M=1n=[M/4)+1
Define

ap whenx,y e G\Vy, ye€ Ayx),
W(x,y) = qan whenx,y € G\ Vo, y € 4y(x)\ Ap—1(x), n=1,2,3,...,
0  otherwise.
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It is easy to see that (W1) is satisfied. By the inequality

f W(x, yym(dy) < / W(x, yym(dy)
B(x,21M/41)e Ay ()
o0
= Y 237'a MeZi xeG\W.
n=[M/4]+1

and (4.2), we get that also (W2) holds. It is enough to justify (W3). Fix M € Z, and
x,y € G\ V. Recall that Gy; | = U?:] g]ﬂ?. Clearly, each of the three sets Ql(‘fl) N 711;11 Ty (y)),
i = 1,2, 3, has exactly one element. If w3/41(x) € g}‘j) = Gum, then 41 (x) = mp(x) and
(W3) follows directly. With no loss of generality we may assume that 7ps41(x) € g}j) (the case
of my4+1(x) € g}l? is analogous). We will need the following observations.

(1) Since Ap1(mp (%)) = Ap41(Tp+1(x)) = Gy+1, we have
Yo Wm0, )lg, 6D = Y Wau@), g, O

yeny, () yery (tm ()

(2) We have Ay (my(x) = Gy Au(rysi(v) = Gf7 and 7y (Ty41(x) = 7y (x). For
everyn € {1,2,..., M}, the only element ofrr;ll(rrM(y)) mg}f} belongs to A, (war+1(x)) \
Ap—1(mpy41(x)) if and only if the only element of n;ll(nM(y)) N g§}> belongs to
AT (x)) \ Ap—1(rpr(x)). Therefore,

’ N o ’ ’
W (a1 (x), y)1 g0 (0 = Wm0 Lo (7)

7y N

and

. Wm0 gmuge 0= Y Wem@). y)ge g0 ().

vemy () vemy ()
By these observations, we have

> W)= Y Wenn 0.9 (1g,, 00 +1g;,, )

yery tm () yeny (tn ()
= ) WEuma@ )0+ Y W (0, Y0150 ()
yeny, mu(y) y'eny, mu (y)

+ ) Wm0, )1g, ()

y'eny (tm (y)

= ) Wau@. Y lgeye0)+ Y W@ y)1n o)

yeny (tmu () yeny (tm(y)

+ Y WEm), g, )

yeny (tu ()

= Y Weu),y),

yeny, mu (y)

which gives (W3).



1280 K. Kaleta, K. Pietruska-Patuba / Stochastic Processes and their Applications 125 (2015) 1244—-1281

Acknowledgments

We would like to thank the anonymous referee for his valuable suggestions and comments.
This research was supported by the National Science Center (Poland) internship grant on the
basis of the decision No. DEC-2012/04/S/ST1/00093 and by the Foundation for Polish Science.

References

[1] M.T. Barlow, Diffusion on fractals, in: Lectures on Probability and Statistics, Ecole d’Eté de Prob. de St. Flour
XXV — 1995, in: Lecture Notes in Mathematics, vol. 1690, Springer-Verlag, Berlin, 1998.
[2] M.T. Barlow, R.F. Bass, The construction of Brownian motion on the Sierpifski carpet, Ann. Inst. H. Poincaré
Probab. Statist. 25 (3) (1989) 225-257.
[3] M.T. Barlow, R.F. Bass, T. Kumagai, A. Teplyaev, Uniqueness of Brownian motion on Sierpifiski carpets, J. Eur.
Math. Soc. JEMS) 12 (3) (2010) 655-701.
[4] M.T. Barlow, E.A. Perkins, Brownian motion on the Sierpinski Gasket, Probab. Theory Related Fields 79 (1988)
543-623.
[5] J. Bertoin, Lévy Processes, Cambridge Univ. Press, Cambridge, 1996.
[6] J. Bertoin, Subordinators: examples and applications, in: P. Bernard (Ed.), Ecole d’Eté de Probabilités de St. Flour
XXVIL, in: LNM, vol. 1717, Springer, 1999, pp. 4-79.
[7]1 K. Bogdan, et al., in: P. Graczyk, A. Stés (Eds.), Potential Analysis of Stable Processes and its Extensions,
in: Lecture Notes in Mathematics, vol. 1980, Springer, Berlin, 2009.
[8] K. Bogdan, T. Kumagai, M. Kwasnicki, Boundary Harnack inequality for Markov processes with jumps, Trans.
Amer. Math. Soc. (2014) in press. arXiv:1207.3160v1.
[9] K. Bogdan, A. Stés, P. Sztonyk, Harnack inequality for stable processes on d-sets, Studia Math. 158 (2) (2003)
163-198.
[10] K. Bogdan, K. Szczypkowski, Gaussian estimates for Schrodinger perturbations, Studia Math. 221 (2) (2014)
151-173.
[11] R. Carmona, J. Lacroix, Spectral theory of random Schrodinger operators, in: Probability and its Applications,
Birkhéuser Boston, Inc, Boston, MA, 1990.
[12] R. Carmona, W.C. Masters, B. Simon, Relativistic Schrddinger operators: asymptotic behaviour of the
eigenfunctions, J. Funct. Anal. 91 (1990) 117-142.
[13] L. Chaumont, G. Uribe Bravo, Markovian bridges: weak continuity and pathwise constructions, Ann. Probab. 39
(2) (2011) 609-647.
[14] Z.-Q. Chen, T. Kumagai, Heat kernel estimates for stable-like processes on d-sets, Stochastic Process. Appl. 108
(2003) 27-62.
[15] Z.-Q. Chen, R. Song, Two sided eigenvalue estimates for subordinate processes in domains, J. Funct. Anal. 226
(2005) 90-113.
[16] K.L. Chung, Z. Zhao, From Brownian Motion to Schrodinger’s Equation, Springer, New York, 1995.
[17] M. Fukushima, On the spectral distribution of a disordered system and a range of a random walk, Osaka J. Math.
11 (1974) 73-85.
[18] K. Kaleta, M. Kwasnicki, Boundary Harnack inequality for «-harmonic functions on the Sierpifiski triangle, Probab.

Math. Statist. 30 (2) (2010) 353-368.
[19] K. Kaleta, J. Lorinczi, Pointwise eigenfunction estimates and intrinsic ultracontractivity-type properties of

Feynman-Kac semigroups for a class of Levy processes, Ann. Probab. (2014) in press. arXiv:1209.4220.

[20] K. Kaleta, K. Pietruska-Patuba, Lifschitz singularity for subordinate Brownian motions in presence of the
Poissonian potential on the Sierpinski gasket, preprint 2014, arXiv:1406.5651.

[21] Y. Kasahara, Tauberian theorems of exponential type, J. Math. Kyoto Univ. 18 (2) (1978) 209-219.

[22] T. Kumagai, Estimates of transition densities for Brownian motion on nested fractals, Probab. Theory Related Fields
96 (2) (1993) 205-224.

[23] E.H. Lieb, R. Seiringer, The Stability of Matter in Quantum Mechanics, Cambridge University Press, 2009.

[24] M. Lifschitz, Energy spectrum structure and quantum states of disordered condensed systems, Sov. Phys. Usp. 7
(1965) 549-573.

[25] T. Lindstrom, Brownian motion on nested fractals, Mem. Amer. Math. Soc. 83 (420) (1990) iv+128 pp.

[26] S. Nakao, Spectral distribution of Schrodinger operator with random potential, Jpn. J. Math. 3 (1) (1977) 11-139.

[27] H. Okura, On the spectral distributions of certain integro-differential operators with random potential, Osaka J.
Math. 16 (3) (1979) 633-666.


http://refhub.elsevier.com/S0304-4149(14)00250-6/sbref1
http://refhub.elsevier.com/S0304-4149(14)00250-6/sbref2
http://refhub.elsevier.com/S0304-4149(14)00250-6/sbref3
http://refhub.elsevier.com/S0304-4149(14)00250-6/sbref4
http://refhub.elsevier.com/S0304-4149(14)00250-6/sbref5
http://refhub.elsevier.com/S0304-4149(14)00250-6/sbref6
http://refhub.elsevier.com/S0304-4149(14)00250-6/sbref7
http://arxiv.org/1207.3160v1
http://refhub.elsevier.com/S0304-4149(14)00250-6/sbref9
http://refhub.elsevier.com/S0304-4149(14)00250-6/sbref10
http://refhub.elsevier.com/S0304-4149(14)00250-6/sbref11
http://refhub.elsevier.com/S0304-4149(14)00250-6/sbref12
http://refhub.elsevier.com/S0304-4149(14)00250-6/sbref13
http://refhub.elsevier.com/S0304-4149(14)00250-6/sbref14
http://refhub.elsevier.com/S0304-4149(14)00250-6/sbref15
http://refhub.elsevier.com/S0304-4149(14)00250-6/sbref16
http://refhub.elsevier.com/S0304-4149(14)00250-6/sbref17
http://refhub.elsevier.com/S0304-4149(14)00250-6/sbref18
http://arxiv.org/1209.4220
http://arxiv.org/1406.5651
http://refhub.elsevier.com/S0304-4149(14)00250-6/sbref21
http://refhub.elsevier.com/S0304-4149(14)00250-6/sbref22
http://refhub.elsevier.com/S0304-4149(14)00250-6/sbref23
http://refhub.elsevier.com/S0304-4149(14)00250-6/sbref24
http://refhub.elsevier.com/S0304-4149(14)00250-6/sbref25
http://refhub.elsevier.com/S0304-4149(14)00250-6/sbref26
http://refhub.elsevier.com/S0304-4149(14)00250-6/sbref27

K. Kaleta, K. Pietruska-Patuba / Stochastic Processes and their Applications 125 (2015) 1244-1281 1281

[28] H. Okura, Some limit theorems of Donsker—Varadhan type for Markov processes expectations, Z. Wahrschein-
lichkeitstheor. Verwandte Geb. 57 (1981) 419-440.

[29] L.A. Pastur, The behavior of certain Wiener integrals as + — oo and the density of states of Schrodinger equations
with random potential, Teoret. Mat. Fiz. 32 (1) (1977) 88-95 (in Russian).

[30] K. Pietruska-Patuba, The Lifschitz singularity for the density of states on the Sierpiski gasket, Probab. Theory
Related Fields 89 (1) (1991) 1-33.

[31] K. Pietruska-Patuba, The Wiener sausage asymptotics on simple nested fractals, Stoch. Anal. Appl. 23 (1) (2005)
111-135.

[32] C. Sabot, Existence et unicité de la diffusion sur un ensemble fractal, C. R. Acad. Sci. Paris Sér. I Math. 321 (8)
(1995) 1053-1059 (in French).

[33] R. Schilling, R. Song, Z. Vondracek, Bernstein Functions, Walter de Gruyter, 2010.

[34] T. Shima, Lifschitz tails for random Schrodinger operators on nested fractals, Osaka J. Math. 29 (1992) 749-770.

[35] B. Simon, Schrodinger semigroups, Bull. Amer. Math. Soc. 7 (3) (1982) 447-526.

[36] A. Stés, Boundary Harnack principle for fractional powers of Laplacian on the Sierpinski carpet, Bull. Pol. Acad.
Sci. Math. 130 (7) (2006) 580-594.

[37] A.S. Sznitman, Lifschitz tail and Wiener sausage I, J. Funct. Anal. 94 (1990) 223-246.

[38] A.S. Sznitman, Lifschitz tail and Wiener sausage on hyperbolic space, Comm. Pure Appl. Math. 42 (8) (1989)
1033-1065.

[39] A.S. Sznitman, Lifschitz tail on hyperbolic space: Neumann conditions, Comm. Pure Appl. Math. 43 (1) (1990)
1-30.

[40] A.S. Sznitman, Brownian motion, Obstacles and Random Media, Springer-Verlag, Berlin Heidelberg, 1998.

[41] Z. Zhao, A probabilistic principle and generalized Schrodinger perturbations, J. Funct. Anal. 101 (1) (1991)
162-176.


http://refhub.elsevier.com/S0304-4149(14)00250-6/sbref28
http://refhub.elsevier.com/S0304-4149(14)00250-6/sbref29
http://refhub.elsevier.com/S0304-4149(14)00250-6/sbref30
http://refhub.elsevier.com/S0304-4149(14)00250-6/sbref31
http://refhub.elsevier.com/S0304-4149(14)00250-6/sbref32
http://refhub.elsevier.com/S0304-4149(14)00250-6/sbref34
http://refhub.elsevier.com/S0304-4149(14)00250-6/sbref35
http://refhub.elsevier.com/S0304-4149(14)00250-6/sbref36
http://refhub.elsevier.com/S0304-4149(14)00250-6/sbref37
http://refhub.elsevier.com/S0304-4149(14)00250-6/sbref38
http://refhub.elsevier.com/S0304-4149(14)00250-6/sbref39
http://refhub.elsevier.com/S0304-4149(14)00250-6/sbref40
http://refhub.elsevier.com/S0304-4149(14)00250-6/sbref41

	Integrated density of states for Poisson--Schrödinger perturbations of subordinate Brownian motions on the Sierpinski gasket
	Introduction
	Basic definitions and preliminary results
	Sierpinski gasket
	The Brownian motion and subordinate processes on gaskets
	Brownian motion
	Subordinate Brownian motion
	The reflected process

	Processes perturbed by Schrödinger potentials
	Nonrandom Feynman--Kac semigroups
	Random potentials


	Convergence
	Common limit of points of  LMN (t, ω)  and  LMD (t, ω) 
	Convergence of expectations of  LMN (t, ω)  and  LMD (t, ω)  for Poissonian potentials
	The variances lemma
	Convergence---conclusion
	Existence of IDS for subordinate Brownian motions killed by Poissonian obstacles

	Examples of profile functions  W 
	Acknowledgments
	References


