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Abstract

The block counting process and the fixation line of the Bolthausen—Sznitman coalescent are analyzed.
It is shown that these processes, properly scaled, converge in the Skorohod topology to the Mittag-
Leffler process and to Neveu’s continuous-state branching process respectively as the initial state tends to
infinity. Strong relations to Siegmund duality, Mehler semigroups and self-decomposability are pointed out.
Furthermore, spectral decompositions for the generators and transition probabilities of the block counting
process and the fixation line of the Bolthausen—Sznitman coalescent are provided leading to explicit
expressions for functionals such as hitting probabilities and absorption times.
© 2017 Elsevier B.V. All rights reserved.
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1. Introduction

Exchangeable coalescents are Markovian processes (/1;);>o with state space P, the set of
partitions of N := {1, 2, ...}. These processes have attracted the interest of several researchers,
mainly in biology, mathematics and physics, during the last decades. The full family of
exchangeable coalescents (with simultaneous multiple collisions) is a class of partition valued
Markovian processes with a rich probabilistic structure and hence important for mathematical
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studies. Moreover, coalescents are useful in mathematical population genetics to model the
ancestry of a sample of individuals or genes and therefore important for biological applications.

Exchangeable coalescents with multiple collisions but without simultaneous multiple col-
lisions are characterized by a measure A on the unit interval [0, 1] and therefore called
A-coalescents. For further information on these processes we refer the reader to the independent
works of Pitman [32] and Sagitov [37]. The most important coalescent is probably the Kingman
coalescent [20], which allows only for binary mergers of ancestral lineages. In this case the
measure /A is the Dirac measure at 0.

For t > 0 let N, denote the number of blocks of II; and let Nt(") denote the number of
blocks of 11", where 11" denotes the partition of /I, restricted to a sample of size n € N. The
processes (N;);>o and (N,(")),Zo are called the block counting processes of (I1;),>0 and (Ht(”) )0
respectively.

Hénard [17] introduced for n € N the so-called fixation line (Lﬁ")),zo of a A-coalescent.
Recently [13] the fixation line was extended to arbitrary exchangeable coalescents. One possible
definition of the fixation line is based on the lookdown construction going back to Donnelly and
Kurtz [8,9]. A precise pathwise construction of the Markovian processes (Lﬁ"))tzo, n e N,is
provided in [17, p. 3010] for the A-coalescent and in [13, Section 1] for general exchangeable
coalescents. By this construction, (Lﬁ")),zo has state space {n,n + 1, ...} U {oo}, initial state
Lg”) = n and non-decreasing paths. Moreover, L' < L™ forall n € N and > 0. The
infinitesimal rates of the process (L;);>o = (Lgl)),zo are provided in [17, Lemma 2.3] for the
A-coalescent and in [13, Proposition 2.2] for arbitrary exchangeable coalescents.

The fixation line can be traced back to Pfaffelhuber and Wakolbinger [31] for the Kingman
coalescent. For the A-coalescent the fixation line appears in Labbé [22] and was further studied
by Hénard [16,17].

Note that we omit the pathwise definition of the fixation line via the lookdown construction
here because it is provided in detail in [13] and [17]. In fact, our proofs concerning the fixation
line are mainly based on the infinitesimal rates and do not rely on the pathwise construction
except for the fact that Lﬁ") is non-decreasing in n.

The fact that the block counting process (N;),>¢ of a coalescent with multiple collisions is
Siegmund dual to the fixation line (L,),>¢ is explicitly mentioned in [2, Remark 3.6] and already
contained in Hénard [17, Lemma 2.4] even though the name Siegmund dual is not mentioned
there. For the full class of coalescents with simultaneous multiple collisions this Siegmund
duality is provided in [13, Theorem 2.9] and may also be derived from the pathwise relations
L™ =suptk e N: N <n}and N =inflk e N : L® >n},1>0,neN.

In this article we focus on the Bolthausen—Sznitman coalescent [6], which is the particular
A-coalescent with A being the uniform distribution on the unit interval. The generator Q =
(gij)i,jen of the block counting process and the generator I' = (¥;;); jen of the fixation line
of the Bolthausen—Sznitman coalescent have entries (see, for example, [27, Eq. (1.1)] and
[17, p. 3015, Eq. 2.8 with ¢ = 1])

s o <

I U )

4ij = 1—i for j =i, and
0 for j > i.

— l - for j > i,

Vi = G—=0DG—i+1D

Y —i for j =1,
0 for j <.
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The block counting process and the corresponding generator Q have been studied intensively in
the literature. In this article we focus on both processes (N;);>o and (L,),;>0 with an emphasis
on the fixation line (L,),;>0, which has been studied less intensively so far. As already observed
by Hénard [17], it follows from y;;4; = i/(j(j + 1)), i, j € N, that (L;);>0 is a continuous-
time branching process with offspring law p; := 1/(k(k — 1)), k € {2, 3, ...} and probability
generating function (pgf) E(ngn)) =(1-1- s)eft ), s €[0,1], > 0,n € N. These properties
of the fixation line turn out to be fundamental and simplify several calculations. We furthermore
stress the duality relation between the block counting process and the fixation line.

Section 2 deals with the behavior of the block counting process (N,(")),zo and the fixation
line (Lﬁ")),zo as the initial state n tends to infinity. The main convergence result (Theorem 2.1)
states that both processes, properly scaled, converge in the Skorohod sense as n — oo to the
Mittag-Leffler process and to Neveu’s continuous-state branching process respectively.

In Section 3 the processes (N;);>o and (L,),>¢ are analyzed with an emphasis on spectral de-
compositions. These spectral decompositions lead to explicit expressions for several functionals
of these processes such as hitting probabilities and absorption times.

The proofs provided in Section 4 rely on both analytic and probabilistic arguments which
demonstrates the interplay between analysis and probability. The proofs concerning the asymp-
totic results in Section 2 do not depend on the proofs of the results concerning the spectral
decomposition in Section 3 and vice versa. A short appendix collects some results of independent
interest used in the proofs.

2. Asymptotics

We are interested in the behavior of the block counting process (Nt(”)),zo and the fixation
line (L;")),zo of the Bolthausen—Sznitman n-coalescent as the sample size n tends to infinity.
In order to state the main convergence result (see Theorem 2.1) let us recall some properties of
the Mittag-Leffler process X = (X;);>0 and Neveu’s [28] continuous-state branching process
Y =, z)rzo-

The Mittag-Leffler process X is a Markovian process in continuous time with initial state
Xo = 1 and state space E := [0, 0o). The name of this process comes from the fact that for every
t > 0 the marginal random variable X, is Mittag-Leffler distributed with parameter e~’. Note
that X, has moments E(X") = I'(1 +m)/I'(1 + me™"), m € [0, 00). The semigroup (7,X),>¢ of
the Mittag-Leffler process X is given by

TX f(x) = BE(f(x* X)), t,x 20, f € B(E), ey

where B(E) denotes the set of all bounded measurable functions f : E — R. Conditional on
X, = x the random variable x ¢ ' X, 1s Mittag-Leffler distributed with parameter e~/. Some
further information on the process X can be found in [3] and [26].

Neveu’s [28] continuous-state branching process Y is as well a Markovian process in
continuous time with initial state Yy = 1 and state space E. For every + > 0 the marginal
random variable Y, is a-stable with Laplace transform E(e*¥") = e, % >0, where == e".

The semigroup (7} ),>o of Neveu’s continuous-state branching process Y is given by

T e(y) = E(g(y'Y)),  t,y>0,¢g¢ B(E). )

Conditional on Yy = y the random variable y’e’ Y1, has the same distribution as Y;. Note that
(see, for example, [26]) the Mittag-Leffler process X is Siegmund dual to Neveu’s continuous
state branching process Y, i.e. P(X; <y | Xo=x) =P, > x|Yp=y) forallt,x,y > 0.
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Define the scaled block counting process X = (X,(")),zo and the scaled fixation line
Y® .= (Yt(”)),zg of the Bolthausen—Sznitman n-coalescent via
(n) Lgn)

x" = and Y =
ne

al t>0,neN. 3)
Note that, for n > 2, the processes X and Y are time-inhomogeneous because of the time-
dependent scalings n¢"" and n®. Let us consider the one-dimensional distributions of X and
Y™ respectively. We first turn to Y. As already mentioned in the introduction, (L,),¢ is
a continuous-time Galton—Watson branching process with offspring law p; = 1/(k(k — 1)),
k e {2,3,...}, and E(ngn)) ={10-1- s)“’_[)”, s € [0,1],t > 0,n € N. See also Eq. (7) in
Corollary 3.2 in the following Section 3. Thus, for all z, A > 0,

E(e*”t(n)) =(1-1- o R e = E(e ), n— oo.

Hence, Y — Y, in distribution as n — oc. The convergence X"’ — X, in distribution as
n — o0 is now obtained via duality as follows. Forn € N, > 0 and x > 0 define m := ane_tj

for convenience. Since (N;),>¢ is Siegmund dual to (L,),>0 we conclude that

PX™ <x) = PN <m) =P(L™ > n) =P > (n — 1)/m*)

S P, >x ) =PY ¢ <x)=P¥, ¢ <x), n— oo,

since (n — 1)/ m® — x~¢ asn — oo. It is well known that Y,‘eft is Mittag-Leffler distributed
with parameter e~'. Thus, X ,(") — X, in distribution as n — oo. An alternative proof (avoiding
duality) of the latter convergence based on moment calculations is provided in [26, p. 46, Step
1]. The convergence of the one-dimensional distributions motivates the following convergence
result.

Theorem 2.1 (Asymptotics of the Block Counting Process and the Fixation Line). For the
Bolthausen—Sznitman coalescent the following two assertions hold.

(a) As n — oo the scaled block counting process X", defined in (3), converges in Dg[0, 00)
to the Mittag-Leffler process X = (X;);>0.

(b) As n — oo the scaled fixation line Y™, defined in (3), converges in Dg[0, 00) to Neveu'’s
continuous-state branching process Y = (Y;)i>o.

The proof of Theorem 2.1 provided in Section 4 indeed shows that it suffices to verify
the convergence of the one-dimensional distributions. Theorem 2.1 demonstrates the intimate
relation between the Bolthausen—Sznitman coalescent, the Mittag-Leffler process and Neveu’s
continuous state branching process. We refer the reader to Bertoin and Le Gall [4] for further
insights concerning these relations.

Theorem 2.1(a) is known from the literature [26, Theorem 1.1] and provided here for
completeness. Our proof of Theorem 2.1(a) is significantly shorter than the proof provided in [26]
and gives further insights into the structure of the scaled block counting process X .

Part (b) of Theorem 2.1 is likely to be known from branching process theory, however the
authors have not been able to trace this result in the literature. Note that the offspring distribution
of the branching process (Lg") )i>0 has pgf f(s) = s+ (1 —s)log(1 —s) and, hence, infinite mean.
For related convergence results for the critical case when the offspring distribution has mean 1
we refer the reader to Sagitov [36] and the references therein. Note that in Theorem 2.1 of [36]
the space-scaling is n and an additional time-scaling occurs. Theorem 2.1(b) may be viewed as
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Scaled block counting process Mittag—Leffler process
(Nt(")/”eﬂ)tzo (Xt)e>o0

Scaled fixation line process Neveu’s branching process
(L /)0 (Ye)izo

Fig. 1. Commutative diagram for the block counting process (N,(”) )i>0 and the fixation line (Lﬁ'”),zo of the Bolthausen—
Sznitman coalescent. The right-arrows ‘=" stand for ‘convergence in Dg[0, 00) as n — o0’. The vertical updown-
arrows ‘3’ stand for ‘duality’, on the left hand side the duality of the block counting process (N;);>o and the fixation
line (L;);>0 with respect to the Siegmund duality kernel H : N2 — {0, 1} defined via H(i, j) .= 1 fori < j and
H(i, j) := 0 otherwise, on the right hand side the duality of (X;),;>0 and (¥;);>0 with respect to the Siegmund duality
kernel H : [0, 00)?> — {0, 1} defined via H(x, y) := 1 for x < y and H(x, y) := 0 otherwise.

a kind of boundary case of Theorem 2.1 of [36] for « — 1. Similar convergence results for
sequences of discrete-time branching processes can be traced back to Lamperti [23,24].

In summary the following commutative diagram holds (see Fig. 1).

Let us point out that Theorem 2.1 is strongly related to Mehler semigroups, to self-
decomposability and to the Gumbel distribution. Clearly, Theorem 2.1 can be stated logarithmi—
cally as follows. The process (log N,(") ~'log n),>( converges in Dg[0, 00) to X = (X,),>o =
(log X;);>0 and the process (log L(") ’logn),>o converges in Dg[0, 00) to Y = (Y,)t>0 =
(log Y;)i=0 as n — oo. Note that the semigroup (7,%),>¢ of X is given by

TXf(x) =E(f(xe +X,)), 1>0,feB®R),xeR, )

whereas the semigroup (Tti )0 of Y is given by

T g(») =E(gye' + 7)),  1>0.g€BR).yeR. )

Semigroups of this form belong to the class of so called generalized Mehler semigroups [5]
corresponding to generahzed Ornstein—Uhlenbeck type processes. Note that (4) and (5) define
the semlgroups of X and Y completely, since for every + > 0 the distributions of the
marginals X, = log X, and Y, = log Y, can be characterized as follows. Let E be standard
exponentially distributed and independent of X and Y. Note that G := —log E is standard
Gumbel distributed. From E 4 (E/ Y,)ft (see, for example, [38]) we conclude by an application
of the transformation x +— —logx that the distribution of ¥, is characterized via the self-
decomposable distributional equation.

G L .G +e7Y,.

Thus, ¥, has characteristic function u +— I'(1 — iue')/I'(1 — iu), u € R, and cumulants
Kj(f’,) = (ef’—l)Kj(G),j € N, > 0, where «;(G) are the cumulants of the Gumbel distribution,
i.e. k1(G) = y (Euler-Mascheroni constant) and «;(G) = (—1)/ #U=D(1) = (j — 1)!¢(j) for
Jj € N\ {1}, where ¥ and ¢ denote the digamma function (logarithmic derivative of the gamma
function) and the Riemann zeta function respectively.
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Similarly, the distribution of X, is characterized via the self-decomposable distributional
equation.

s Lts 4 X,,

where S := —G. T[lerefore, X, has characteristic function u +— I'(1 +iu)/T(A+iue "), u € R,
and cumulants «;(X,) = (—=1)/(1 — e ")k;(G), j e N, > 0.

3. Spectral decompositions and applications

Spectral decompositions are of fundamental interest since they lead to diagonal repre-
sentations of the corresponding operators or matrices which simplify many mathematical
calculations and numerical computations significantly. Explicit spectral decompositions for (the
block counting process of) the Kingman coalescent and the Bolthausen—Sznitman coalescent are
provided in [21] and [27]. We are interested in analog spectral decompositions for the fixation
line. A spectral decomposition of the generator I" of the fixation line of the Kingman coalescent
is provided in the appendix (Lemma A.2) for completeness. Our first result in this section
(Theorem 3.1) provides an explicit spectral decomposition for the generator I" of the fixation
line of the Bolthausen—Sznitman coalescent. This spectral decomposition is for example used
afterwards to derive exact expressions and sharp approximations for the absorption time of the
Bolthausen—Sznitman coalescent (see Corollaries 3.4 and 3.5). It turns out to be convenient to
express the spectral decomposition in terms of the Stirling numbers s(i, j) and S(i, j) of the
first and second kind respectively. Note that (—1)'~/s(i, j) is the number of permutations of
i elements having j cycles whereas S(i, j) counts the number of ways to partition a set of i
elements into j nonempty subsets. For more insights why the Stirling numbers occur naturally
in this context we refer the reader to [21], where a spectral decomposition of the generator of the
full (partition valued) Bolthausen—Sznitman coalescent is provided.

Theorem 3.1 (Spectral Decomposition of the Generator of the Fixation Line). The generator
I' = (y;j)i,jen of the fixation line (L,);>o of the Bolthausen—Sznitman coalescent has spectral
decomposition I' = RDL, where D = (d;;); jen is the diagonal matrix with entries d;j = —i
fori=jandd;; =0fori # j, and R = (r}); jen and L = (I;}); jen are upper right triangular
matrices with entries

i! e i! i ..
rij =ﬁ(—1)’+’S(J,l) and lij=ﬁ(—1)ﬂS(J,l), i,j €N (6)

As already explained in the introduction, the fixation line (L,),>¢ of the Bolthausen—Sznitman
coalescent has the branching property. Alternatively, one may derive this branching property
from the spectral decomposition of the generator (Theorem 3.1). We state the following corollary.

Corollary 3.2 (Branching Property/Transition Probabilities of the Fixation Line). For the
Bolthausen—Sznitman coalescent, the random variable Lﬁ” has probability generating function
(pgf)
0] s
Ec ) =1-(1-2), lzl<lLr=0,ieN )

Thus, (L,);>0 is a Markovian continuous-time branching process with state space N and offspring
distribution p, = 1/(k(k — 1)), k € {2,3,...} having infinite mean. Moreover, the transition
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probabilities p;j(t) =P(L; = j| Lo =1i) = P(Lgi) = j) are given by

i
pi(0) = (—1)‘+J% > Stk e s (j. k)
D k=i

= -1 Y1 (;) <ejtk), i,jeN ®)
k=1

Remarks.

I. Fori = 1 it follows that L, = L' has pgf E(z1) = 1 = (1 = 2)* = =%, (j.)(—z)f
and Sibuya distribution

P(L, = j) = pij(1) = (—1)/*! (‘j) - __Oeg ) jen. ©)

CIA-o)lG+1)
where o := e~". Note that P(L, = j) ~ a/(I'(1 — «)j*t") as j — oo and that L, has a
Pareto like tail P(L, > j) = I'(j —a)/(I'(Ad —a)'(j)) ~ 1/(I'(1 — a)j*) as j — o0.
Thus, E(LY) = Z;’il JIP(L, = j) < ooifand only if ¢ < «. Particular reciprocal factorial
moments of L, are known explicitly. For example,

E( 1 >= o )3 rG—a
(Li+ DL +2)(Li+k))  T'(l—a) &= I(j+k+1)

j=1

%  keN
k(o + k)

The Sibuya distribution (9) and similar distributions occur in [7, Eq. (2)], [18, p. 9],
[19, p. 225] and [33, p. 70, Eq. 3.38].
2. The pgf f(s) == Z,i2pksk =5+ (I —s)log(1 — s) of the offspring distribution satisfies

/ L‘S)_/ $_/ M)
aeeny f&) =8 Ja_eny (L —s)log(1 —5)  Jg. xlogx

for all ¢ € (0, 1), where A denotes Lebesgue measure on (0, 1). This implies (Harris
[15, p. 107]) that the fixation line (L,),>¢ does not explode, in agreement (see [13]) with
the fact that the Bolthausen—Sznitman coalescent stays infinite.

As a second application we study the probability A(i, j) = P(Lgi) = j for somet > 0) that the
fixation line hits state j € N started from state i € N.

Corollary 3.3 (Hitting Probabilities). The hitting probabilities h(i, j) have horizontal generat-
ing function

e i
; b4
h(i, )z~ = , ieN, |zl < 1. (10)
; (1= 2)(—log(1 —2))
Moreover, foralli € N,
1 1
hi, j) = — — y2.+0( 3.), j = o, (11)
logj  log”j logj
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where y .= —I"'(1) = 0.577216 denotes the Euler—Mascheroni constant. The hitting probability
h(i, j) can be computed via
j—i
hG, )= P +-+m=j—i), 1<i<j (12)
k=1
where 11, 2, ... are iid random variables with distribution P(n, = n) = u, = 1/(n(n + 1)),

n € N. The hitting probabilities can be also expressed in terms of the Stirling numbers s(., .) and
S(., .) of the first and second kind as

J

. T s(j, k)S(k, i)
h(i, j) = (=1 — (13)
G —-n ; k
1 TS sG—i+ 1,0
== —_—, I'<i<j (14)
G—1) ; k /
Moreover, h(i, j) has representations
1 I(i—i 1 j—i . .’ k
iy = [ S = L SOOIl s ay
G-DlJo Tk G-l k+1
Remark. Concrete values of the hitting probabilities A(i, j) fori = 1 and j € {1,...,7} are

provided in the remark after the proof of Corollary 3.3.

We now turn to the block counting process (N,(")),zo of the Bolthausen—Sznitman n-
coalescent. Forn € Nandi € {1,...,n} let T,; == inf{t > 0 : N < i} denote the first
time the block counting process (N,("))tzo jumps to a state smaller than or equal to i. Note that
T, := T, is the absorption time of N.

Corollary 3.4 (Distribution Function and Asymptotics of t,;). Foralln € Nandi € {1, ..., n},
T, has distribution function

Pty <) =y (=1)" (;) (’;t__] 1), 1 € (0, 00). (16)
j=1

In particular, for every i € N, 17,; — loglogn — min(Gy, ..., G;) in distribution as n — 00,
where Gy, Gy, ... are independent standard Gumbel distributed random variables.

Remark. Note that min(G, ..., G;) has distribution function F;(x) := 1 — (1 — F(x))', where
F(x):= e~ ", x € R.Fori = 1 we recover the well known convergence result (see Goldschmidt
and Martin [14, Proposition 3.4], Freund and Méhle [12, Corollary 1.2] or Hénard [17, Theorem
3.9]) that the scaled absorption time 7, —log log n is asymptotically standard Gumbel distributed.

The fact that the distribution function (16) of t,; is known explicitly can be further exploited.
For example, the following Edgeworth expansion holds.

Corollary 3.5 (Edgeworth Expansion). For every i € N and x € R the following Edgeworth
expansion of order K € Ny holds.

K —kx
e 1
P(t,; —loglogn < x) = cdii(X)——— 4+ O ———— ), n— oo, 17
( glogn < x) k§:0 a0 <1og1<+1n> (17)
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where cg, c1, . .. are the coefficients in the series expansion 1/I'(1 — x) = Z,fiockxk, x| < 1,
and

k i .
dii(x) = (a%) Fi(x) =Y (F(x)Y (=)' (;) i*.  keNypieNxeR,
j=1

(18)
with F; and F as defined in the previous remark. Alternatively, dy;(x) = F;(x) and

k
di(x) =Y Sk, =D/ @D, (F)Y 1= Fx)Y ™, kieNxeR, (19)

j=1
where the S(k, j) are the Stirling numbers of the second kind and (i); == i(i —1)---( — j+1).

Remarks.

1. The coefficients ¢, k € Ny, are related to the moments of the Gumbel distribution (see
Lemma 4.2). The concrete values ¢ for k < 3 are provided in the remark after the proof of
Lemma 4.2.

2. For K = 1 Corollary 3.5 reads P(r,; — loglogn < x) = Fi(x) — yF/(x)/logn +
0(1/10g2n). In particular, for every x € R, P(z,; —loglogn < x)—F;(x) ~ —y F/(x)/logn
as n — oo. Thus, the speed of the convergence of 7,;, — loglogn to G; is of order 1/ logn.

4. Proofs

Proof of Theorem 2.1(a). Let Z® = (X", )20 and Z := (X,, )= denote the space—time
processes of X m = (X,(")),Zo and X = (X,);>0 respectively. Note that Z™ has state space
Sy = {G/n" 0 je{l, o n)t >0} = U, o(Ens X {t}), where E,, = {j/n*" : j €
{1,...,n}}, and that Z has state space S = E x_[O, o0) = [0, oo)z. The processes Z™ and
Z are time-homogeneous (see, for example, Revuz and Yor [35, p. 85, Exercise (1.10)]). In the
following it is shown that Z™ converges in Ds[0, o) to Z asn — oo. Note that this convergence
implies the desired convergence of X in Dz[0, 0o)to X asn — oc. Define , : B(S) — B(S,)
viam, f(x,s) = f(x,s)forall f € B(S)and (x, s) € S,. By Proposition A.4 it suffices to verify
that, for every ¢ > Oand A, u > 0,
lim sup sup [7,"7, fi.(x. $) — 7, T, fou(x, $)| = 0,

=00 >0 xeEy s

where (T,("))tzo and (7;);>o denote the semigroups of the space—time processes Z™ and Z
respectively and the test functions f5 , : S — R are defined via f; ,(x,s) = e **=* for
all (x,s) € S.Fixt > 0and A, u > 0. For convenience, define & := ¢~' and 8 := ¢*. We have

T %00 fro (6, 8) = B(fru(X0 s + 0] X = x)
= ()" E(exp(—1/n*N")) | N® = xnP)
= (@B)'Elexp(—1/n*NF™)),  (x,5) € Sy,
and
Tn Tt fru(x,8) = E(fi jp(Xsqs, s + 1) | X = X)
= (aB)'E(exp(—A Xs41) | X5 = x)
= (aB)*E(exp(—Ax“ X,)), (x,s) eS.

Please cite this article in press as: J. Kukla, M. Méhle, On the block counting process and the fixation line of the Bolthausen—Sznitman coalescent,
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Thus, we have to verify that

lim sup sup (¢B)"|Eexp(—i/n** N")) = E(exp(—Ax®X,))| = 0.

n—00 §>0 xeEy s
In the followin(% it is shown that it suffices to verify the convergence of the one-dimensional
distributions X, LN °¢ ; in distribution as k — oo, ¢t > 0. Since both expectations above are
bounded between 0 and 1 and since (af)* = e #¢*" tends to 0 as s — oo it suffices to verify
that, for every sy > O,

lim sup sup |]E(exp(—k/n“ﬂN,(X"ﬂ))) — E(exp(—Ax*X,))| = 0.

n—00 s€[0,s0] x€Ep s
We will even verify that

lim sup sup|E(exp(—)\/n“’3N,(Lx"ﬁJ))) — E(exp(—Ax“X,))| = 0.

n—>00 s€[0,50] x>0

The difference of the two expectations depends on n and s only via nf = n¢"". Since the map
s > n¢ s non-increasing it follows that the convergence for fixed s € [0, so] is slower as s is
larger. So the slowest convergence holds at the right end point s = so. Thus, it suffices to verify
that, for every s > 0,

lim sup|E(exp(—1/n% N D)) — Eexp(=Ax?X,))| = 0.

n—oo x>0

The map x +— E(exp(—Ax“X,)) is bounded, continuous, and non-increasing. Moreover, for

B
every n € N the map x — E(exp(—\/ n“ﬂN,(W D) is bounded and non-increasing, since
N,(l) < Nt(z) < ... Thus, by the theorem of P6lya [34, Satz I], it suffices to verify that, for
every s > 0and x > 0,

lim E(exp(—)\/n“ﬂN,(Lx"ﬁJ))) = E(exp(—Ax*X,)).
n—oo

Note that we have reduced the problem to verify the convergence uniformly for alls > Oand x €
E, s to the problem to verify the convergence pointwise for all points (s, x) € [0, 0c0) x (0, 00).
Define T := n® and k := | x7]. Using this notation it remains to verify that

lim E(exp(—At *N"™)) = E(exp(—Ax*X,))
or, equivalently, that

Jlim E(exp(—ik~*N;")) = E(exp(—AX,)). (20)
Thus, it suffices to verify the convergence of the one-dimensional distributions X;k) =

k= N,(k) — X, in distribution as k — oo. In the remaining part of the proof this convergence of
the one-dimensional distributions is verified by the method of moments. We have

X gaym (k) \m
E(exp(—kk‘“N,(k)))zz( ’\‘) —E((kN;m) ).
m:
m=0

Note that the series on the right hand side is absolutely convergent, since N,(k) < k and, hence,
E(N")y") < k™. Applying the formula 2 = 37 (= 1y" S(m, i)[z];, m € Ny, z > 0, where
[z]i = T'(z+ i)/ (2) for z,i > 0, it follows that

BN R g 2 BONT) RN i o
= 2D SO, )= = (=" S Gm, DE(X))

k
i=0 i=0

[k ]ai
konn
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by Lemma 3.1 of [26]. From [k],; ~ k% as k — oo we conclude that only the summand i = m
yields asymptotically a non-zero contribution and it follows that

BN
m ——-
kam

li = EX7").
k—o00
Moreover,
BN _ BN ) e
Jeem — Jeem t Jeom :

It is readily checked that the map k +—> [k]un/k*" is non-increasing in k. Thus, we obtain the
upper bound

E((N,Vy" kolam
% < E(Xf“)[lfa]m for all k > k.
0
Note that
W oy Blan _ X" mt Totam) (RN
ml ke T m T4 am) k@™ T (ko) k&

as m — oo. Thus, if we choose kg sufficiently large such that A/kf < 1, for example

ko = (21)"/%, then the dominating map m > (A™/ mDE(X)[kolam/k§™ is integrable with

respect to the counting measure on N. Thus, it is allowed to apply the dominated convergence
theorem, which yields

o0 )\' m

lim E(exp(—Ak *N®)) = Z uIE(X;") = E(exp(—AX,)).

k—00 m!

m=0

Thus, (20) is established. The proof is complete. [

Remark. The proof of Theorem 2.1(a) shows (see (20)) that it suffices to verify the convergence
of the one-dimensional distributions. The convergence of the one-dimensional distributions is
then established by the method of moments. Alternatively, one may first prove Theorem 2.1(b)
and then, as already explained before Theorem 2.1, use the fact that the block counting process
is Siegmund dual to the fixation line in order to verify the convergence of the one-dimensional
distributions X;k) — X, in distribution as k — oo, t > 0.

Before we come to the proof of Theorem 2.1(b), we provide a recursion for the Laplace
transforms of the finite-dimensional distributions of Neveu’s continuous-state branching process
Y = (YZ)IEO'

Lemma 4.1 (Recursion for the Laplace Transforms of Y). Let 0 =ty < t; <t < ---. For
k e N let ¥ : [0,00)f — [0, 1], defined via Yi(hi, ..., a) = E(e ¥ ...e ™Yy for all
AL, ..., Ar = 0, denote the Laplace transform of Y, ..., Y,. Then, Y satisfies the recursion

Yi(A) = e forall »y > 0 and
Yty oo M) = Yko1Chas ey Ak, ey + A5, ke N\{1},A,..., 2 >0,

whereaj :=e7'i,1 < j <k

Please cite this article in press as: J. Kukla, M. Méhle, On the block counting process and the fixation line of the Bolthausen—Sznitman coalescent,
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Proof of Lemma 4.1. Clearly, ¥/;(1;) = E(e *1¥1) = e~ forall A; > 0. Moreover, for all

My A >0,
Yk(his ooy ) = B(e M7 o7
= EEEe " ey, Y, )
= E(e 1 .. o1 Y (e 1Yy ).

: —MY, k-t .
Since E(e ™ "* " |Y;, ) =e "k -1 almost surely it follows that

1ﬁk()"l, ey )‘k) = E(e)blytl . e*kk,zY,]Fzef()hkiw}h:k/“k—l)y[kil)
= Y1 (A, ooy Ag—2, Aj—1 + )\Zk/ak—l)' 0
We are now able to verify Theorem 2.1(b).

Proof of Theorem 2.1(b). The proof is divided into two parts. First the convergence of the finite-
dimensional distributions is verified. Afterwards the convergence in Dg[0, oo) is considered. In
fact Part 2 does not need results from Part 1, so one could omit Part 1. However, we think it is
helpful for the reader to consider first the convergence of the finite-dimensional distributions.

Part 1. (Convergence of the finite-dimensional distributions) Fix 0 = ¢ty < t;, <, < ---. For
k,n € Nlet w,i" - [0, oo)k — [0, 1] and v : [0, oo)k — [0, 1] denote the Laplace transforms
of (Yt(ln), cees Y,g(")) and (Y;,, ..., Y;) respectively. In the following the pointwise convergence

,g”) — Y as n — oo is verified by induction on k € N.
()
L

Obviously, Lg':) has generating function IEl(zltl ) = (1 =1 —=z)*)", z; € [0, 1], where
o) := e~ 1. Replacing z; by e~/ with A, > 0 it follows that
(n) o
Y0 = Ble ) = (1= (1 = ey,

]

Clearly, ¥1(r;) = E(e *"1) = e 1 . Using the shorthand x := A;/n'/*! and the inequality
|a® — b"| < nla — b|, |a|, |b| < 1, it follows that
" 0) — YDl = [ — (1 — e — (e Y|
<all—(1—e % —e ) =nEe™" =141 —e5)™M),
since (1 —e ™) > 1—e " by Lemma A.l.Froml —e™ <x,x e R,ande™" — 141 < 2/2,
t > 0, we conclude that
2u
@t M
2 2n
Thus, the pointwise convergence I/fl(n) — Y as n — o0 is established.
Now fix k € N'\ {1}. The induction step from k — 1 to k works as follows. For convenience

1) — i) < ne™ —14+x") < n - 0, n— oo.

defineaj ;== e~ forall j € N.Forall zy, ...,z € [0, 1],
L™ 1o o e
E@z," - z%) = EEz," -z % LY, .. LM )

(n) (n) (n)
L Ly Ly (n)
= E(Zl ! o Zpq ]E(ZkA |Ln ))

k-1
. Ly (n) L™ .
Since E(z,* | Ly” ) = (1 — (1 — z)®/*-1)"%-1 almost surely it follows that

-1
(n) (n) (n) (n) (n)
L L L L
1 Ty g -2 Tlk—1
Bz " g ) =By g w0,
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where ug_y == zx_1(1 — (1 — z)*/*-1). Replacing for each j € {1,..., k} the variable z; by
1/
=%/ with 1, > 0 it follows that
(n) (n)
YOO ) = B e

) _ w )
= E(e_}"yq e )"‘—2Yfk—2g ’”‘—](")Yfk—l)

= P sy Ak, 1 (), (21)
where

//kal(n) = )"kfl _ nl/ak,l log(l _ (1 _ e_)hk/n]/ak)ak/akfl)'

A technical but straightforward calculation shows that pr_1(n) — A + )sz/ “=1asn - oo.

Moreover, by induction, w,gn_)l converges pointwise to ;_; as n — 00. It is well known that the
convergence w,i'i)l — —; of Laplace transforms holds even uniformly on any compact subset
of [0, o)k~ 1. Taking these facts into account it follows from (21) that

lim " (A, - Ag) = nlirglo U Oy -y M2, a1 ()

n—0oQ
= Yr_1(As ooy Akl2, Aoy +)»Zk/ak71) = Yr(Ar, ..., Ap),

where the last equality holds by Lemma 4.1. The induction is complete.

The pointwise convergence 1/;,&”) — . of the Laplace transforms implies the convergence
X", Y = (¥, ..., Y,) in distribution as n — oco.
Part 2. (Convergence in Dg[0, 0c0)) We proceed essentially in the same way as in the proof of
Theorem 2.1(a), however the detail arguments differ slightly from those in the proof of part a).
Recall that E := [0, oo) is the state space of the limiting process Y. For n € N and ¢ > 0 define
E,, = {j/net : j =n,n+ 1,...}. Note that the processes Y™ are time-inhomogeneous. In
order to obtain time-homogeneous processes let zm = (Y,("), t)i>0 and Z = (Y, t);>0 denote
the space—time processes of (Y,(")),zo and (Y;),>0 respectively. Note that Z™ has state space
S, = {(j/net, N j=nn+1...,t >0} =J.oEn x{t}) and that Z has state space
S = E x [0, 00) = [0, 00)>. According to Revuz and Yor [35, p. 85, Exercise (1.10)] the
processes Z™ and Z are time-homogeneous. Define 7, : B(S) — B(S,) viam,g(y, s) = g(y, 5)
for all g € B(S) and (y, s) € S,. In the following it is shown that AR converges in Dg[0, c0) to
Z as n — oo. Note that this convergence implies the desired convergence of Y™ in Dg[0, co)
toY asn — oo. For A, u > 0 define the test function g, , € 6(5) via g, u(y,8) = eV,
(y, s) € S. By Proposition A.4 it suffices to verify that for every t > 0 and A, u > 0,

lim sup sup |U" 7,85 (3, 5) — 7,U1 83 (3, $)| =0, (22)

=00 ¢>0 yeEp s

where U : B(S,) — B(S,) is defined via U™ g(y,s) = E(gY s + )| Y? = y),
g € B(S,),s >0,y € E,,. Note that (U"™), is the semigroup of Z®.
Fix t = 0 and A, u > 0. As before define @ := e™'. Foralln € N,s > Oand y € E, ; we
have (with the notation 8 := e™*)
U083 0 (35 8) = E(mags n (V1 s + 01 Y = y)
= E(exp(—2Y,}, — (s + 1) | Y = y)
= (@B E(exp(~1/n"/“PLY) | LY = yn'/F)

/B
= (aB)“E(exp(—Ar/n"/ @O LIy
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and

U 8,0y, 8) = Ui u(y, s) = E(exp(—=AY,yy — (s +1) | Yy =y)
= (p)“E(exp(—1Yy4) | Yy = y) = (@f)“Eexp(—ry'/*Y,)).

Thus, one has to verify that

lim sup sup (@B)*|E(exp(—r/n"/@® LYYy _ Bexp(—ay/4¥,))| = 0. (23)

=00 s>0 yeEp,s

We will even verify that

lim sup sup|IE(exp(—A/n1/(0‘/3)L§Lyn1/ﬁj>)) — E(exp(—Ay'7@Y,))| = 0.

=00 3>0 y>0
The quantity inside the absolute values depends on n and s only via n'/# = n¢’. Since the map
s > n® is non-decreasing it follows that the convergence for fixed s > 0 is slower as s is
smaller. So the slowest convergence holds for s = 0 (= B = 1). Thus it suffices to verify that
foreveryt > 0and A > 0

lim sup|E(exp(—A/n'/*LP™)) — E(exp(=1y"/2Y,))| = 0.

n—>00 y>0
The map y — E(exp(—Ay'/?Y,)) is bounded, continuous and non-increasing. Using that
Lgl) < LEZ) < ... it follows with the same argument as in the proof of Theorem 2.1(a) (Pdlya’s
theorem [34, Satz I]) that it suffices to verify the above convergence pointwise for every y > 0.
Defining k := |yn] it is readily seen that this is equivalent to the convergence of the one-
dimensional distributions Yt(k) = k‘l/“Lgk) — Y, in distribution as k — oo, t > 0. But the
convergence of the one-dimensional distributions holds as already shown before Theorem 2.1
(or by Part 1). The proof of part (b) of Theorem 2.1 is complete.

The following calculations even provide an explicit upper bound for the difference

Q, nl/P a
d = [E(exp(—1/n@PLY" ) — E(exp(—ry'/2Y,)|
= [(1 = (1 = Myl it

occurring in (23) as well as an alternative proof of the convergence. Define m = yn'/f ¢
{n,n+1,...} and x := A/n'/@P _In the following it is assumed that n > A which implies that
x < 1. Using the inequality |a™ — b"| < mr"™'|a — b|, m € N, where r := max(|a|, |b]), it
follows that

d = |(1— Q= Pyl _ o
=1 =1 —e )" — (e )"
<mr" 1= —e ) —e,
where 7 := max(1 — (1 — e )%, e*") = ¢™* by Lemma A.1. Note that r € (0, 1).

The map z — zr~1 7z > 0 takes its maximum at the point z = 1/(—logr) = 1/x“. Thus,
mrm-l < 1/)c"‘r1/"a’1 < 1/x% sincer < 1l and x < 1,1ie. 1/x¥ — 1 > 0. Furthermore,
H—(1—e ) —e | = —1+0—e ) <e™* —1+x% < (x%)?/2. Therefore, we
obtain the upper bound

1 (xa)Z _ X« pe P

d< = — < —,
- x* 2 2 2n¢ T 2n
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Note that this upper bound does not depend on y and s. Thus, for all # > 0, A, © > 0 and all
n € Nwithn > A,

sup sup |U" 70,85 (v, 8) = 7aUs g3 (v, 9))

§>0 yeEy s
Q, N o )\a
=sup sup (@B)*|(1— (1 — e M/ PP _gmwi < 2 (24)
520 yeEy s “—~—" 2n
<1

In particular, (22) holds forall # > Oand all A, u > 0. O

Remark. The presented proof of Theorem 2.1(b) does not use any duality argument and shows
that it suffices to verify the convergence of the one-dimensional distributions. The proof gives
some more information than stated in Theorem 2.1(b). Note that (24) provides the explicit upper
bound A%*/(2n), showing that the convergence of the semigroups is of order 1/n, at least for test
functions of the form g; ,,, A, u > 0.

To the best of the authors’ knowledge the convergence result on the fixation line has no
counterpart in the literature on branching processes and may hence trigger further research in
the field of continuous-time branching processes (with infinite offspring mean).

We now turn to the proofs concerning the results in Section 3.

Proof of Theorem 3.1. Two proofs are provided. The first proof is self-contained and based on
generating functions. The second proof uses duality and the spectral decomposition [27, Theorem
1.1] of the generator of the block counting process.

Proof 1 (via Generating Functions). The proof is similar to that of Theorem 1.1 of [27]. Let
D = (d;j)i, jen be the diagonal matrix with entries d;; := —y; = ¥, i € N. Furthermore, let
R = (7ij)i, jen be the upper right triangular matrix with entries defined for each j € Nrecursively
viar;; .= 1 and

rij — Z viury,  Pelj—1j—=2...1). (25)
Yik=ita
Since y;; = —¥;,i € N, we conclude that7;;y;; = Z',i:i Yik7x;j- Thus, the entries of R are defined
such that RD = I'R. Define L := R~'. Then, the spectral decomposition I" = RDL holds.
Moreover, DL = LI" and, hence, y;;l;; Zk _ilikvkj, i, j € N. Since y;; = —y;,i € N, we
obtain for each i € N the recursion /;; = 1 and
ik Vi jeli+1,i+2,...}. (26)

lkt

Let U := {z € C : |z|] < 1} denote the open unit disc. For i € N define the generating function
l; : U — Cvial;j(z) := Z?‘;ilijzf, z € U, and consider the modified function f; : U — C
defined via fi(z) := )72, (j — )l;jz/, z € U. We have

fi(2) = Zjl[jzj —i Zl;jzj = 2j(2) — il;(2).
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On the other hand, by the recursion (26), we obtain the factorization

oo oo j—1
DG =i =)0l

filz) =
j7i+1 j=i+l k=i
z DR T T p——
= llk yijj kl,ka N .
et — S U =0 —k+D

n

_Zkl,kz Z r— = zl}(2)a(2),

where the auxiliary function a : U — C is defined via a(z) := Zsozlz”/(n(n +1)=1-(1-
2)(—log(l — 2))/z, z € U. Thus, I; satisfies the differential equation zl!(z)a(z) = zli(z) — il;(z)
or, equivalently,

i il(2)
(I —a@)z (1 —z)(—log(l —2))
The solution of this homogeneous differential equation with initial conditions /;(0) = --- =
19790) = 0 and 17(0) = i!is [;(z) = (—log(l — 2))',i € N, z € U. Here [’ denotes the jth
derivative of ;. For f(z) = Y% =04 jz/ let [z/]1f(z) = a; ;j denote the coefficient in front of z/ in
the series expansion of f. By [1, p. 824], li(z) = (—=1log(l — z))' = i!Zj‘;i|s(j, i))z//j! and,
hence,

li(z) =

, | il W
I = [/ 1i(z) = %m, i) = %(—1)'+fs<j, i),

which is the second formula in (6). Let us now turn to the inverse R = L~' of L. We
have L(z,z%,...)7 = (1(2),1»(2),...)". Multiplying from the left with R it follows that
(z,72%,..07 = RL®©®),LX),..)". Thus, 77 = Z;’Olr,jl () = Zjo_lr,]( log(1 — 2))/.
Replacing z by 1 —e % leads to (1 —e2) = Z ;rijz! =11i(z),i € N,z € U. The calculations
between Eq. (2.9) and (2.10) in [27] show that r; has expansion

o .
ri@ =0 —e =) () =8G, 0,
=0 I
which yields the formula in (6) for the coefficient r;; = [z/]ri(z) in frontof z/. O

Proof 2 (via Duality). The duality kernel H can be interpreted as a non-singular matrix
H = (hij)i, jen With entries h;; = 1 for j > i and h;; = 0 for j < i. The entries of its inverse
H™!' = (g i)i,jeN are given by g;; = &; ; — 8;41,;. It is known [27] that the generator matrix
Q of the block counting process has spectral decomposition Q = RDL, where the matrices
= Gipijen D = () jer and L = () jen are given by Fyy = ((j = DG = DYIsG.

dij = (i — 13§ and [;; = (=D — DI/G — DNS(, j) respectively. The entries of

D = (d;j)i jen can be read from the diagonal of I' and are therefore given by d;; = i4; ;.
Define the matrices A = (a;;);,jen and B = (b;;)i jen by a;; = 8;41,; and b;; = §,_1 ;. Clearly
D = BDA. This together with the duality relation HI'" = Q H and the spectral decomposition

of the block counting process Q = RDL yields
I'"=H 'RDLH = (—H 'RB)D(—ALH).
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Hence I' = RDL with R := (—ALH)" and L := (—H 'RB)". It remains to calculate the
entries of R and L. Using the recursion S( + 1, j) = jS(i, Jj)+ 8@, j — 1) we obtain

J
i = ALY, =~y = - Y = - s
k=1

k=1

_Z( 1)’*" S(z k)+Z( 1)’+’<(k )S( k—1)

k! ’lik!. A N
= ;(—1) +k5S(z,k) -~ g(_l) +k55(z,k> = (=D)*=8G .

Using the recursion |s(@ + 1, j + 1)| = |s@, j)| +i|s(i, j + 1)| we get
lji = ( H™ RB):] =—(H" R)l jt1 = rl+1j+l _rz ]+1

s, j+ DI = —IS(l NI b

:—|s(l+l]+1)|—( 1)'

Proof of Corollary 3.2. By Theorem 3.1, I' = RDL, where R and L = R~! have entries (6).
Hence, the transition matrix P(¢) = e'!" has spectral decomposition P(t) = e'RPL = Re'PL.
Thus, p;j(t) =P(L, = j|Lo = i) = (Re’DL),-j = Y {_;rike "'ly;. The first formula in (8) for
pij(®) follows from y, = k and from (6). Recall that o := ™. Conditional on Ly = i the random
variable L, has probability generating function

E(" | Lo=1i) = Zz i) = sz( 1>'+f ZS(k D)ok s(j, k)

J=i j=

= (—1)ii! § S(k, D)ok § (_f)]s(j,k)
k=i Jj=k

N o o log(1 = 2)
= (=1 z!;S(k, l)akT

= (=10 — ) = (1 -1 -2)%, |zl <1,t>0,ieN.

Expansion leads to

i . i

EG" [Lo=i)=)_ (;) (D1 - =" (;) DY (“Jk) (—2)/

k=0 k=0 =0
> i i ak
= —2)7 ) (1) )
> e (1) ()
j=0 k=0
The coefficient in front of z/ in this expansion yields the second formula for p;;(t). O
Proof of Corollary 3.3. The hitting probability (i, j) is related to the entry g(i, j) :

fo IP’(L(') = j)dt of the Green matrix via h(i, j) = y;g(, j) = jg(, j) (see, for example
Norris [29, p. 146]). Thus, foralli € Nand |z] < 1,

i o d = i . i
hiz) = Zh(z ! / Z]IP’(L()—])ZJ Ydt = /0 d—ZZP(LP:])zfdt.
J=i
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Plugging in the formula (7) for the pgf of Lgi) it follows that
*d e~ Ni 00 . e INi—1 _—t e f—1
hi(z) = —(1-(10-2)° )d = i1—-(1—-2° ) e'(1-2) dr.
o dz 0
Substituting x := e’ and noting that df/dx = —1/x leads to h;(z) = (1 — z)7! fol i(1—

(1 — 2)")~'(1 — z)* dx. Substituting further y := 1 — (1 — z)* and noting that dx/dy =
1/((1 — y)(—log(1 — z))) we obtain

_ 1 . i—1 _ Zi .
hule) = (1—2)(—10g(1—1))/0 Y= T S Clogi— oy, SR

In particular, h(i, j) = h(1, j —i + 1). The asymptotic expansion (11) follows from Panholzer
[30, Eq. (19)]. Formula (12) is obtained as follows. Let (Ji)en, denote the jump chain of
the fixation line (L,),;>¢. Given this chain is in state i it jumps to state i + j with probability
Yiivj/Vi = 1/(j(j + 1)) = uj, j € N. From this property it is easily seen that the jump chain
has independent increments, i.e. Jo = 1, J; = 1 + ny, Jo = 1 4+ 11 + 1, and so on, where
N1, M2, ... are iid random variables with distribution P(n; = j) = u;, j € N.For1 <i < j it
follows that h(i, j) = h(l, j—i+ 1) =Y P(r = j—i+1) = ,’c;IIP(m-F- e =j—i).
Formula (13) for h(i, j) follows from h(, j) = jg(i, /) = j [;° P(Ly” = j)dr and

[e's) . [e'e) o) J
/ P(LY = jydr = / (—1)’+J+'ZS(k,i)e_’ks(j, k)dt
0 0 A

il IS Sk, )5 k)
— (it N 2 DS )
=&h 'kz k '
Eq. (14) follows from h(i, j) = h(l, j —i 4+ 1) and S(k, 1) = 1 for all k € N. Moreover, for
i=1wehave P(L; = j) = al'(j —a)/(j!T'(1 — a)) with o := e~". Thus,
o 1 ['ry- 1 ['rg-1
eti)= [ P =par= [ S [
0 st I'l—a) JtJo I'(x)

and, hence, we obtain the integral representation

h(i, j)=h(1,j—i+ D)= —i+Dg,j—i+1)
1 /1 I'(j—i+x)

G-ty T ’

The last formula for A(Z, j) in (15) follows from I'(n + x)/I'(x) = Zzzols(n, k)|x*, n e Ny,
x € R. The proof of Corollary 3.3 is complete. [

1<i<j.

Remark. Note that P(n,+---+n = j—i) = Zil YYYY i Wiy Wi where the sum extends over all
i1, ...,ix € Nsatisfying i; +- - - +i; = j —i. Hence, concrete values of the hitting probabilities
are h(1,1) = 1, h(1,2) = P(n;y = 1) = uy = 1/2, h(1,3) = POy = 2) + Py + 2 =
2) = u +u% =1/6 +1/4 = 5/12 = 041667, h(1,4) = P(n = 3) + POy +mp =
DN +Pmi +m+n3 = 3) = us + 2ujuy + u? = 1/12+1/6 +1/8 = 3/8 = 0.375,
h(1,5) = uq + Cuiuz + u%) + 3u%u2 = 1/20+ 1/9 + 1/8 = 251/720 =~ 0.34861,
h(1,6) =95/288 ~ 0.32986, h(1,7) = 19087/60480 ~ 0.31559 and so on.

Proof of Corollary 3.4. By the definition of t,; and the duality of (N;);>0 and (L;);>0 we have
P(r, < 1) =P(N" < i) =P(L{" = n) = Y52, pi;(1). Using the second formula for p;;(r) in
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(8) yields

Pt <1) = Z(—l)f Z(—l)k <;> (e_.tk)

J

S ()R ()

_ INYAAVEFY E el
_,;( 1) (k)( 1 ( L )

where the last equality holds since Ziozn(—l)j (;) = (=1 (ij) foralln € Nand all z € R.

Fix x € R and define F(x) := e~ for convenience. Assume that n is sufficiently large such
that x + loglogn > 0. Choosing ¢ := x + loglogn and noting that for all sufficiently large n

(—1y! (e—‘k - 1) _ T —ke™/logn)
n—1 I'(m)I'(1 — ke /logn)
N I'(n — ke™/logn)
I'(n)

as n — oo by an application of Stirling’s formula I'(n+41) ~ (n/e)*~/2mn as n — o0, it follows
that

e = (F)

P(zyi —loglogn < x) = IP’(rm < x +loglogn)
— Z( 1y~ 1( )(F(x))k 1-(1-F®), n-—ooc.

It remains to note that x — 1 — (1 — F(x))', x € R, is the distribution function of the minimum
of i standard Gumbel distributed random variables. [J

Before we will prove Corollary 3.5 we provide the Taylor expansion of the map x >
1/ — x).

Lemma 4.2. The map x — 1/I'(1 —x) has Taylor expansion 1/I'(1 —x) = Z,ix;ockxk, x| <1,

where the coefficients cy, ci, . .. are related to the moments m; = (=DFr®(1), k € N, of the
Gumbel distribution via co = my = 1 and
k
. My -+ - N,
— 1)/ -
_Z( D Z R k € N. (27)
R kpokjeN
ey -tk j=k
Alternatively,
= 1)" (kTN
= 1 Mo k eN, 28
Z()z+1()() € (28)
where (I'"Y® denotes the kth derivative of the Ith power of T.
Remark. Concrete values are ¢; = —m; = —y =~ —0.577216, ¢; = m% —my/2 =
2o (2 +¢c)/2 = yr/2 — 7?12 &~ —0.655878, c3 = —m3/6 + mymy; — m? =

ye(2)/2 = ¢(3)/3 = y3/6 = w2y /12 — £(3)/3 — y3/6 ~ 0.042003 and so on.
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Proof. A Gumbel distributed random variable T has moment generating function E(e**) =
I'l — x), x < 1. Thus, the map x — I'(1 — x) has Taylor expansion I'(1 — x) = Z,fioakxk,
x| < 1,where a; = my/k! and m;y = E(%), k € Ny, are the moments of the Gumbel
distribution. For the reciprocal map 1/I'(1 — x) it follows that

=1+ Z Z (—ax,) (—akj)xk1+“'+k.i
J=1ki,....k;jeN

I

"
)
]

00
--akj = E ckxk
k=0

with cg := 1 and ¢4, k € N, as givenin (27), since a; = my/ k!, k € Ny. Since m; = (—DFr®(),
(27) can be rewritten as

) F(kl)(l)...F(kj)(l)
— _1)Jtk
ck_Z( D Z kil k!
j=1 Ky ek jEN J
ey ek =k

Lt
=) 2 ” ’( )(F’)“‘)(l) keN,

where the last equallty holds by Lemma 1 in the appendix of [25]. Interchanging the sums and

noting that Z " ( ) (’l‘jr’ll) yields (28). O

Proof of Corollary 3.5. Fix x € R and define F(x) := e¢¢ . By Corollary 3.4, for all
sufficiently large n,

B B . I'(n— je */logn)
P(tyi —loglogn < x) = 12_1:( b ( ) I(n)I'(1 — je=*/logn)’ @)

For every ¢ € Ritis easily checked that I'(n+c/logn)/I'(n) = e+ O(1/(nlogn))asn — oo.
For ¢ = —je™ we obtain

I'n— je*/logn . 1

(n = je "/logm) _ pyyit o : (30)
I'(n) nlogn
Moreover (see Lemma 4.2), from 1/I'(1 — x) = Z,fozockxk we conclude that, for all K € Ny,
K . Nk
1 je 1

= — o\ ——— ). 31
I'(1— je*/logn) gck<logn> + <(logn)K+1) G

Multiplying (30) with (31) yields

D= Je /108 _ (g5~ (jex)k“)( : )
I'(n)[(1 — je=*/logn) * Ck logn (logn)k+1 J°

k=0
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Plugging this expansion into (29) and exchanging the sums yields
K

—X

k . /i 1
P(r,; — loglogn < x) = ch(lzgn) > (F@)y (-1 (;) J+ O<W>
j=1

k=0
which is the desired Edgeworth expansion with coefficients dy;(x) as defined in (18). It remains
to verify the alternative representation (19) of the coefficients d;(x). It is readily checked by
induction on k € Ny that (t2)* f(r) = Zl;zoS(k, ! FD(t) for every k-times differentiable
function f : R — R, where the S(k, j) denote the Stirling numbers of the second kind. Applying
this formula to f(¢) := 1 — (1 — ¢)’ withi € N it follows for all k € Ny and ¢ € R that

k
Z( 1)/~ 1( ) ﬂ=<t—> Z( 1)/~ 1( )ﬂ—(r%) (1= (1 =100
k
= S, J)ﬂ( ) (1= -1
j=0

k
= Sk, 0)(1 — (1 =) Y " SCk, )t/ (1) 7' (0);(1 = 1),
j=1
where (i); :==i(i —1)--- (i — j +1). Replacing t by F'(x) and noting that S(k,0) =0 fork e N
shows that (18) coincides for k € N with (19). [
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Appendix A

Lemma A.1. Forall x > 0andall a € [0, 1] we have (1 —e™)* > 1 — e,

Proof. Fix ¢ € [0,1]. If x > 1 then x® < x and, hence, (1 —e™)% > 1 —e™™ > 1 — ™",
Assume now that x € [0, 1]. Then x* > x. The function f(x) := (1 — e *)* — 1 + " satisfies
f£(0) = 0 and has derivative f'(x) = ae (1 — e *)*"! — ax® e which is nonnegative on
[0, 1], since e > ¢ and (1 — e *)*~! > x*! for x € [0, 1]. From £(0) =0 and f'(x) >0
for x € [0, 1] it follows that f(x) > O for x € [0, 1], which is the desired inequality.

Lemma A.2 (Spectral Decomposition of I' for the Kingman Coalescent). The generator
I' = (yij)i,jeN Of the fixation line (L,;);>¢ of the Kingman coalescent has spectral decomposition
I' = RDL, where D = (d;);, jen is the diagonal matrix with entries djj = —i(i +1)/2 fori = j
and dij =0 fori # j, and R = (v;})i jen and L = (l;;);, jen are upper right triangular matrices
with entries

i G = DG+ D! . ..
= e e e e ST (32)

and
L. = J1G — DI Qi + 1)
YT -G =D+ + DY

i,jeN,i <j. (33)
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Remark. Note that [;(z) = Y_32/;z/*" satisfies the differential equation z*(1 — 2)I/'(z) =
ii +Dli(z),i €N, |z] < 1.

Proof. For a pure birth process the recursion (25) reduces to ri; = yi/(Vi — ¥j)it1,j
ief{j—1,j—2,...,1} with solution r;; = | vj), i < j. Thus, for the Kingman
coalescent, for all i, j € Nwithi < j,

= k(k + 1) S kD
e gk<k+1)—j<j+1) _g<k—j)(k+j+1>
J1G = DHa+ )
G =DMa—=nDen
Similarly, the recursion (26) reduces to l;; = yj—1/(y; — vilij—1, j € i +1,i +2,...}, with
solution /;; = ]_[,’(:l.Hyk,l/(yk — ¥;), i < j. Thus, for the Kingman coalescent, for all i, j € N
withi < j,

= (—1Y"

J J
k(k —1) k(k =1)
=11 Kk+D—iG+1) [ k—ik+i+ 1D
k=i+1 k=i+1
_ JIG —DI@E2i+ 1!

G =-DIG=DIG+j+ DY
Let E be locally compact, i.e. every point x € E has a compact neighborhood. A function
f : E — R vanishes at infinity, if for every ¢ > 0 there exists a compact K C E such that

|f(x)| < eforall x € E\ K. In other words {x € E : | f(x)| > ¢} is compact. In the following
C(E) denotes the set of all real-valued continuous functions on E vanishing at infinity.

Lemma A3. Let d € N. The set D of all functions g : [0,00) — R of the form
gy) = Zf: ..... =1y, .. ie U ttiayd withm € Nand a;,._;, € R is dense in C([0, 00)?).
Proof. Let g € 6([0, 00)?). Define f : [0, 119 — R via f(x) = g(— logxy, ..., —logx,) for
x € (0, l]d and f(x) = 0if x; = 0 for some j € {1, ..., d}. Since g is continuous and vanishes
at infinity it follows that f is continuous. For n € Nand x = (x1, ..., x4) € [0, 119 let

i k ka\ v (n\ &
1 d j n—k;
n = T ey — (1 — x: J.
P = 3 f(5 n)]f[(,(j)x,( X))
kiookg=1 j=1
denote the nth multivariate Bernstein polynomial of f. Note that the sum runs only over
k = (ki,... kq) € {1,...,n} (not as usual over k € {0, ...,n}?) since f(x) = 0ifx; =0 for
some j € {l,...,d}. By a d-dimensional version of Bernstein’s approximation theorem (see,
for example, [10, Theorem 8]), p, — f as n — oo uniformly on [0, 174. Replacing x; by e/
it follows that g, — g as n — oo uniformly on [0, oo)d, where g,(y) = pp(e™, ..., e7Y). It
remains to note that g, € D. [J

Proposition A.4 (Convergence of Markov Processes). Let d € N, E := [0, o0o) and X =
(X1)r>0 be an E-valued time-homogeneous Markov process. Furthermore, for every n € N let
X" = (X;"))tzo be an E,-valued time-homogeneous Markov process with state space E, C E.
Let (T;);>0 and (T,("))tzo denote the corresponding semigroups. Define w,, : B(E) — B(E,) via
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. f(x) = f(x)forall f € B(E)and x € E,. If, for everyt > 0 and \ € N¢,

lim |77, f,, = mu T fill == lim sup |7, f,(r) = 7, T, fu ()| = O,
n—00 n—)OOern
where fi(x) = e~*¥) = emMxi+traxd) for gl A € N and x € E, then X™ converges in

DEg[0,00) to X as n — oo.

Proof. By assumption, limn%ooHT,(")nnf —m, T fl =0forall f € D,where D:={f:E —
R: f(x) =" ae ™ meN, e N? a; € R} Let f € C(E) and fix ¢ > 0. Since D is
dense in C(E) by Lemma A.3 there exists 2 € D such that || f — &l < . It follows that

1T, f = 7T fIl < 1T 700(f = DN 4 1T 700k — Tkl + |7, Ti(h — )l
< TN If =kl + 1T 20k — m Tl 4+ 1T 1k = £l
<26 + IT"7,h — T T,h| = 26, n— .

Since & > 0 can be chosen arbitrarily we conclude that lim,_, « || Tt(")nn f —m, T f|| =0 for all
f € C(E). The result follows from [11, p. 172, Theorem 2.11].
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