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Abstract

We focus on a class of BSDEs driven by a cadlag martingale and the corresponding Markovian
BSDEs which arise when the randomness of the driver appears through a Markov process. To those
BSDEs we associate a deterministic equation which, when the Markov process is a Brownian diftusion,
is nothing else but a parabolic semi-linear PDE. We prove existence and uniqueness of a decoupled mild
solution of the deterministic problem, and give a probabilistic representation of this solution through the
aforementioned BSDEs.
© 2020 Elsevier B.V. Allrights reserved.
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1. Introduction

In the Brownian context, backward stochastic differential equations (BSDEs) were intro-
duced by E. Pardoux and S. Peng in [24]. A subclass of BSDEs are said to be Markovian, if
the randomness of the so called driver f depends on a Markovian diffusion X, and when
the terminal condition depends on the terminal value Xr. Those are naturally linked to
a parabolic PDE, which constitutes a particular deterministic problem. In particular, under
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reasonable conditions, which among other ensure well-posedness, the solutions of BSDEs
produce viscosity type solutions for the mentioned PDE. In this paper we focus on Pseudo-
PDEs, which are the corresponding deterministic problems associated to Markovian BSDEs
driven by a cadlag martingale, when the underlying forward process is a general Markov
process. In this case, the concept of a viscosity solution (based on comparison theorems) is
not completely appropriate. For this reason we propose an alternative notion called decoupled
mild solution. This extends the usual formulation of a mild solution, expressed in terms of
semigroups, which is well-known to the experts of PDEs. We establish an existence and
uniqueness theorem among Borel functions having a certain growth condition.

Coming back to Brownian BSDEs, let s be an initial time and x an initial value. A
Markovian BSDE appears as

X = x4 [lpr, X3Ndr + [ o(r, X5¥)dB,, tel[s, T]
v gXy+ [T f(rn Xpr v, z%)dr — [ Z3°dB,, tels, T,

(1.1

where B is a Brownian motion. In [26] and in [25] previous Markovian BSDE was linked to
the semilinear PDE

du+ 1Tr (00™V2) + - V2u+ fC, - u,0V,u)=0 on [0, T[ x R

The first link between (1.1) and (1.2) was established in [26], where the authors showed that
when the PDE admits a C!? solution u, then the couple (Y**, Z**) = (u(-, X**), Vu(-, X**))
solves the BSDE. Conversely, if g is continuous (resp. f is continuous in (¢, x) and is Lipschitz
in the third and the fourth variable), [25] proved an important probability representation result
of the (unique) viscosity solution u of the PDE, via the solutions of the Markovian BSDE for
each (s, x). Indeed if (Y**, Z**) is the solution of (1.1), then u : (s, x) — Y** is a continuous
viscosity solution of (1.2). In [5], it was shown that, whenever the coefficients belong to some
Sobolev spaces, then the function # mentioned above is in fact a solution, in the sense of
distributions, of the PDE. Later, [2] justified that, under certain conditions, u is a mild solution
of the PDE.

An interesting fact is that, even without further regularity assumptions made on the
coefficients of the BSDE, there exists another function v such that (Y5*, Z5%) = (u(-, X*),
v(-, X*)), see [16]. In [20] v was associated to u by use of the operator oV suitably extended.
However, when the viscosity solution u of the PDE has no additional regularity, it is a
challenging question to specify the relation of the function v to u, or to the PDE (1.2). This is
the so called identification problem and it will be a central theme in our investigation.

In [4] the authors introduced a new kind of BSDEs driven by a Brownian motion and a
Poisson random measure. In the Markovian setup, the randomness of its coefficients comes
from an underlying forward process X solving an SDE with jumps. They associated this new
BSDE with a non-linear Integro-Partial Differential Equation (in short IPDE) and showed
that, under some continuity and monotonicity conditions on the coefficients, the function
u : (s,x) —> Y>* constructed with the BSDEs, is again a viscosity solution of the IPDE.
Remaining in the framework of Poisson random measures, but without any diffusion term,
[13] considered BSDEs driven by marked point processes, see also [3].

(1.2)
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From a different perspective, BSDEs driven by a general martingale and involving an
orthogonal term were studied in [10,16], and [12]. In this paper, we consider a reformulation
of such BSDEs, whose given data are a continuous increasing process V,a square integrable
martingale M, a terminal condition & and a driver f . A solution will be a couple (Y, M)
satisfying

T ( d(M, M) ) .
V=g [ 7 (e S0 )t - ot -, (1.3)
. dv
where Y is cadlag adapted and M is a square integrable martingale. We show the existence
and the uniqueness of a solution for (1.3).

We will then be interested in a Markov process (IP**) v)ef0,71x£ taking values in some
Polish space E and solving a martingale problem related to an operator (D(a), a) and a non-
decreasing function V. By this we mean that, for any ¢ € D(a), and (s,x) € [0,T] x E,
M[p)** = ¢(-, X)—¢(s, x)—fs' a(P)(r, X,)dV, is a P**-martingale. We will fix some function
Y=, ..., P0) € D(a) and at Notation 5.7 we will introduce some special BSDEs driven
by a martingale which we will call again Markovian BSDE:s.

Each BSDE will be indexed by a couple (s, x) € [0, T] x E, will hold under the probability
P** and will have the form

M MIT)
dv

T
Y= g(Xp) + / ! (r, X, v 4 (r)) dV, = (M7* = M), (14)

where X is the canonical process, g is a Borel function with a growth condition and f is Borel,
with a growth condition with respect to the second variable, and it is Lipschitz with respect to
the third and fourth variables. In most of the examples, we will set ¢ to be the identity, and
M[y]** will be the martingale part of X under IP**. We will however also include the case
when X is not a semimartingale, and in particular /d ¢ D(a).

Those Markovian BSDEs will be linked to the Pseudo-PDE

- v —
{ a@)+ f (- u, TV () 0 on[0,T]xE 05

M(Ta ) = g,

where 'Y (v) = (a(uy;) — ua(y;) — Via(u))icq.qy» se€ Definition 5.3. A classical solution
of the Pseudo-PDE will simply be an element of D(a) fulfilling (1.5). We call I'V the -
generalized gradient, due to the fact that when E = R?, a =29 + %A and ¥, : (f, x) —> X;
for all i € [1,d] then I'¥(u) = Vu. In this particular setup, the forward Markov process is of
course a Brownian motion and in this case, the space D(a) = C L2(10, T] x R9).

We show the existence of a Borel function u in some extended domain D(a) such that, for
every (s,x) € [0,T] x E, Y>* is a [P**-modification of u(-, X.) At Definition 5.9 we will
introduce the notion of martingale solution for the Pseudo-PDE (1.5), where the operators a
and &Y are respectively an extension of @ and I'V. We also show that u is the unique decoupled
mild solution of the same equation. We explain below that concept of solution, which will be
introduced at Definition 5.13.
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A Borel function u will be called decoupled mild solution if there exists an IR?-valued Borel

function v := (vy, ..., vy) such that, for every (s, x),
u(s,x) = Porlgl@)+ [T P [f Cou,v) ()1 (0)AV,
uyi(s,x) = Porlgyn(T, @) — [ Py, [(v + ua(y)

Y1 f Cou, ) ()1 () V; (1.6)

uy(s, x)

Py rlgWa(T, )10x) = [ Po [(va + uaa)
_l/fdf (" U, 'U)) (l", )] (-x)dvra
where P is the time-dependent transition kernel associated to the Markov canonical class and

to the operator a, see Notation 4.1. v coincides with & (u) and the couple (u, v) will be called
solution to the identification problem, see Definition 5.13. The intuition behind this notion of

solution relies on the fact that the equation a(u) = — f(-, -, u, I'¥(u)) can be decoupled into
the system
= - o, U,V
@t St ) (17)
vi = I'Vi), ie[l:dl,

which can be rewritten
a(u) = —f(-,-,u,v)
auy;) = vitua(y) =i fC,u,v), i€l d].

Martingale solutions were introduced in [6] and decoupled mild solutions in [8], but in relation
to a specific type of Pseudo-PDE, for which v is one-dimensional and which does not include
the usual parabolic PDE related to classical BSDEs. A first approach to classical solutions for
a general deterministic problem, associated with forward BSDEs with applications to the so
called Follmer—Schweizer decomposition, was performed by [23].

The paper is organized as follows. In Section 3 we propose an alternative formulation
(1.3) for BSDEs driven by cadlag martingales discussed in [12]: in Theorem 3.3 (proved in
Appendix A), we state existence and uniqueness for such equations. In Section 4, we refer
to a canonical Markov class and its corresponding martingale problem. In Definition 4.13 we
define the extended domain D(a); in Definition 4.15 and Notation 4.18, appear the extended
operators a and &Y. In Section 5, we bring in the Pseudo-PDE (1.5) (see Definition 5.3) and
the associated Markovian BSDEs (1.4), see Notation 5.7. We introduce the notion of martingale
solution of the Pseudo-PDE in Definition 5.9 and the one of decoupled mild solution in
Definition 5.13. Propositions 5.15 and 5.16 show the equivalence between martingale solutions
and decoupled mild solutions. Proposition 5.17 states that any classical solution is a decoupled
mild solution and conversely that any decoupled mild solution, belonging to D(I'?), is a
classical solution up to (what we call) a zero potential set. Let (Y**, M**) denote the unique
solution of the associated BSDE (1.4), written as BSD E**( f, g). In Theorem 5.18 we show the
existence of some u € D(a) such that for every (s, x) € [0, T] x E, Y** is a P**-modification
of u(-, X.) on [s, T]. Theorem 5.20 states that the function (s, x) — Y»* is the unique
decoupled mild solution of (1.5). Proposition 5.23 states that, if the couple (u, v) satisfies (1.6),

then for any (s, x), the couple (u(t, X)), u(t,X;)—u(s,x)+ f; FC, - u, ), X,)dVr)
tels, T]
has a IP**-version which solves BSDE®*(f, g) on [s, T]. Finally, in Section 6, we study

some application examples. In Section 6.1 we deal with parabolic semi-linear PDEs and in
Section 6.2 with parabolic semi-linear PDEs with distributional drift.

(1.8)
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2. Preliminary notions and basic notations

In this short section we introduce some basic notions, notations and vocabulary which will
be used in this paper. T € Ry will be a fixed horizon.

e For any topological spaces E and F, B(E) will denote the Borel o-field of E. C(E, F)
(resp. Cp(E, F), B(E, F), B,(E, F)) will denote linear the space of functions from E to
F which are continuous (resp. bounded continuous, Borel, bounded Borel).

e A filtered probability space (£2, F, (F))ejo,7], P) will be called a stochastic basis and
said to fulfill the usual conditions if the filtration is complete and right-continuous.

e Given a certain stochastic basis, 7> will denote the space of square integrable martingales,
with the convention that indistinguishable elements are identified. 3 will denote the
linear subspace constituted of elements vanishing at zero, and H,zoc will be the space of
locally square integrable martingales.

e For any M, N € 7—[[206, [M, N] will denote the quadratic covariation and (M, N) their
(predictable) angle bracket. If M = N we will use the notations [M] and (M).

e Pro will denote the progressive o-field on [0, T] x (2.

e If V is a non-decreasing process, dV ® dIP will denote the positive measure on ({2 x
[0, T], F ® B([0, T])) defined for any F € F ® B([0, T]) by
dV®dey=ELgﬂﬂmewmﬂ.

e If V is a non-decreasing predictable process and A is a predictable process which
is absolutely continuous with respect to V, then d—A will denote its Radon—-Nikodym
derivative. We recall that thanks to Proposition 3. 2 1n [6], this process can be chosen
to be predictable.

3. An alternative formulation of BSDEs driven by a cadlag martingale

We introduce now an alternative formulation for Backward Stochastic Differential Equations
driven by a general cadlag martingale investigated for instance by [12].

From now on, and until the end of this section, we are given a stochastic basis
(Q, F, (Forero.1 IP) fulfilling the usual conditions. We are also given some bounded con-
tinuous non-decreasing adapted process V., we will indicate by L2(dV ® dP) the set of (up
to indistinguishability) progressively measurable processes ¢ such that E[ fOT o2d V] < .
L2-cadlag (dV ® dIP) will denote the subspace of cadlag elements of ﬁz(dV ® dP).

We will now fix an Fr-measurable random variable £ called the final condition, a square
integrable reference martingale M = (M', ..., M?) taking values in R? for some d € N*,
and a driver f ([0, T] x £2) x IR X RY — ]R measurable with respect to Pro @ B(R) ®
B(R%). We will assume that (&, f M ) satisfies the following.

Hypothesis 3.1.

l.EeL?
2. £(-,-,0,0) € L2(dV ® dP);
3. There exist positive constants K'Y, KZ such that, P a.s. for all ¢, y, ¥, z, z/, we have

f sy 0= fa -y D<Ky =1+ Kznz —7I; 3.1
4. (M ) is absolutely continuous with respect to V and 40 V is bounded.
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We remark that, thanks to Kunita—Watanabe’s inequality, the last assumption implies that
for any M € 7—[,06, (M, M ) will also be absolutely continuous with respect to V.
We will now formulate precisely our BSDE.

Definition 3.2. We say that a couple (Y, M) € L£>*/¢(dV ® dIP) x H3 is a solution of
BSDEE, f,V, M) if it satisfies

; R
Y=¢& +/ f (r, LY, %m) dv, — (My — M) (3.2)

in the sense of indistinguishability.

The proof of the theorem below is very similar to the one of Theorem 3.21 in [6]. For the
convenience of the reader, it is therefore postponed to Appendix A.

Theorem 3.3. If (&, f, ‘7, M) satisfies Hypothesis 3.1, then BSDE(&, f, ‘7, M) has a unique
solution.

Remark 3.4. Let (¢, f V. M) satisfying Hypothesis 3.1. We can consider a BSDE on a
restricted interval [s, T] for some s € [0, T[. Theorem 3.3 extend easily to this case. In
particular there exists a unique couple of processes (Y*, M), indexed by [s, T'] such that Y*
is adapted, cadlag and satisfies ]E[fsT(Ys)zd\A/] < 00, such that M* is a martingale vanishing
in s and such that Y* = §+fo( Y d(M M)( ))dV — (M3} — M?) in the sense of
indistinguishability on [s, T'].

Moreover, if (Y, M) denotes the solution of BSDE(£, f, ‘7, M) then (Y, M. — M;) and
(Y*, M®) coincide on [s, T']. This follows by a uniqueness argument resulting by Theorem 3.3
on the time interval [s, T].

Remark 3.5.

1. [12] considers a BSDE driven by a cadlag martingale which corresponds to the BSDE
(1.1), where the Brownian motion W is replaced with a martingale M with non-
necessarily bounded angular bracket (M), with a remainder orthogonal martingale N.
The solution is given by a triplet (Y, Z, N). The authors make use of weighted spaces
of the type H7 4, and £}. For instance 7. , is the space of all progressively measurable

processes ¢ such that E( fOT p2ePMsd(M),) < +oo. In particular they find a value for
B such that existence and uniqueness holds within the class of triplets (Y, Z, N) such
that Y, Z € 'H%ﬂ and N € 5/23-

2. Existence and uniqueness theorems for Brownian BSDEs can be also stated under
more general assumptions than Lipschitz conditions. In [22], the author has obtained
an existence result for possibly quadratic growth BSDEs, when the driver f is of the
form f(z,y,z) = fl(t, 2)y + fz(t, v, z) where f1 is bounded a.s., and for all ¢, y, z,
| £2(t, y, 2)| < K(1 4 ¢(]y])|z]?) for some continuous function ¢. On the other hand the
terminal condition & is supposed to be bounded.

We believe that several arguments developed in the two previous items can be adapted to
our context. However, in this paper we have chosen not to explore the validity of Theorem 3.3
under more general assumptions along the line of items 1. and 2. It will be the object of future
investigations.
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4. Martingale problem and canonical Markov classes

We now introduce the Markov process which will be the forward underlying of our BSDE
driven by a cadlag martingale. That process will be defined as the solution of a martingale
problem described below.

For details concerning the exact mathematical framework for our Markov process, we refer
to our previous paper [7] about canonical Markov classes and additive functionals.

From now on, E is a Polish space and (!2, F, (Xt)eepo. 175 (.E),E[O,T]) denotes the canonical
space defined in Notation 3.1 of [7]. We also fix a canonical Markov class (IP**), x)e[0,71xE
associated to a transition kernel P = (P; ;) measurable in time as defined in Definitions 3.4,
3.5 and 3.7 in [7]. For any (s, x) € [0, T] x E, (2, F**, (F" Neo.r1. P**) will denote the
stochastic basis in which P**-null sets are added to F and F, for all ¢, and which fulfills the
usual conditions. IE** will denote the corresponding expectation to P**. If P, only depends
ont —s, P is called time-homogeneous and we will often use the notation P, instead of Py .

Notation 4.1. In particular, for any t € [0, T] and A € B(E)

P (X, € A) = Py (x, A), 4.1
and forany s <t <u

P*"(X, € A|F) = Py (X:, A) P¥ as. 4.2)

Let s,t in [0, T] withs <t, x € E and ¢ € B(E,R). If ¢ is integrable with respect to
Py (x, -), then Ps [¢pl(x) will denote its integral.

We recall two important measurability properties, essentially stated in [8], even though with
Vi)=t.

Remark 4.2.

e Let ¢ € B(E, R) be such that for any (s, x, 1), E**[|¢(X;)]] < oo, then (s, x,t) —>
P; :[¢](x) is Borel, see Proposition A.11 in [8].
o Let ¢ € L), then (s, x) —> fXT P [¢1(x)dV, is Borel, see Lemma A.10 in [8].

Definition 4.3. Let V : [0, T] — R, be a non-decreasing continuous function vanishing at
0. Let us consider a linear operator a : D(a) C B([0, T] x E, R) — B([0, T] x E, R), where
the domain D(a) is a linear space.

We say that (IP**) veo.71x£ solves the martingale problem associated to (D(a), a, V)
if, for any (s, x) € [0, T] x E, P** satisfies the following.

(@ P (vt € [0,s], X; =x) =13
(b) for every ¢ € D(a), ¢(-, X,)—fs' a(@)(r, X,)dV,,t € [s, T], is a cadlag (P>, (F)rers.11)
square integrable martingale.

The Martingale Problem is said to be well-posed if for any (s, x) € [0, T] x E, P** is the
unique probability measure satisfying those two properties.

We anticipate that well-posedness for the martingale problem will not be a hypothesis in
the sequel.

Notation 4.4. For every (s,x) € [0, T] x E and ¢ € D(a), the process
t > Ly r(0) (¢(r, X)) — (s, x) — [* a(@)(r, X,)dv,) will be denoted M[]**.
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M[pI** is a cadlag (P, (F;™")ieio.7)) square integrable martingale vanishing on [0, s].
Notation 4.5. Let ¢ € D(a). For 0 <t <u < T, we set

P, X)) — o1, X)) — [ a@)r, X,)dV, if [" a(@)|(r, X,)dV, < oo,

Migl, = 0 otherwise.
“4.3)

M|[¢] is a square integrable Martingale Additive Functional (in short MAF), see Definition 4.1
in [7], whose cadlag version under P>~ for every (s, x) € [0, T] x E, is M[$]*~.

From now on we fix some d € IN* and a vector ¥ = (Y1, ..., ¥s) € D(a) . For any
(s,x) € [0,T] x E, the R%valued martingale (M [y >, ..., M[y¥4]>*) will be denoted
My

Definition 4.6. For any ¢;,¢, € D(a) such that ¢,¢p» € D(a) we set I'(¢1, pr) =
a(P1¢r) — Pra(dy) — ¢ra(ey). I' will be called the carré du champs operator. We set
DAY = {¢ € D(a) : Vi € [1;d], ¢y € D(a)} and we define the linear operator I'V :
D(I'Y) — B([0, T] x E, RY) by

@) = (I'"®) ey = @@V — pa(¥i) — Yia(@);cizay - (4.4)
I'V will be called the y-generalized gradient operator.

We emphasize that this terminology is justified by the considerations below (1.5). This
operator appears in the expression of the angular bracket of the local martingales that we have
defined.

Proposition 4.7. If ¢ € D(I'Y), then for any (s, x) € [0, T] x E and i € [[1; d]] we have

Vs
(M[o]™", My ™) = f i), X,)dv,, 4.5)
in the stochastic basis (2, F**, (F; iefo.11, P*).

Proof. The result follows from a slight modification of the proof of Proposition 4.7 of [6]
in which D(a) was assumed to be stable by multiplication and M[¢]** could potentially be a
local martingale which is not a martingale. [

We will later need the following assumption.
Hypothesis 4.8. For every i € [1; d]], the Additive Functional (M[v;]) (which is well defined

thanks to Corollary 4.9 in [7]) has cadlag versions which are absolutely continuous with respect
todV.

Taking ¢ = ; for some i € [1; 4] in Proposition 4.7, yields the following.

Corollary 4.9. If > € D(a) for all i € [1;d]l, then Hypothesis 4.8 is fulfilled.

We will now consider suitable extensions of the domain D(a).
For any (s, x) € [0, T] x E we define the positive bounded potential measure U (s, x, -) on
([0, T] x E, B([0, T]) ® B(E)) by
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B0, TH ® B(E) —> [0, Vr]

U(s,x,-):
( ) A > Es'x [LT ]l{(t’X[)EA}dVI] .

Definition 4.10. A Borel set A C [0, T] x E will be said to be of zero potential if, for any
(s,x)€[0,T] x E we have U(s, x, A) = 0.

Notation 4.11. Let p > 0. We introduce
L0y = LP(U(s, x, ) = {f € B(0, T] x E,R) : E* [/f | F17(r, X,)dV,] < oo}.
For p > 1, that classical LP-space is equipped with the seminorm

1
I llpsx: frH (IE“’”‘ [LT | f(r, Xr)l”dVr])p. We also introduce

,C?J = LOU(s, x,-) = {f eB(0, T]x E,R): fST | fl(r, X)dV, < oo P** a.s.}.
For any p > 0 we set

ch= () £, (4.6)
(5,x)€[0,TIxXE

Let N be the linear subspace of B([0, T] x E, R) containing all functions which are equal to

0, U(s, x, ) a.e. for every (s, x). For any p > 0, we define the quotient space L = L% /N.

If p > 1, LY can be equipped with the topology generated by the family of semi-norms

which makes it a separate locally convex topological vector space, see

(” ’ ||P=5»x)(s,x)e[0,T]><E
Theorem 5.76 in [1].

We recall that Proposition 4.13 in [6] states the following.

Proposition 4.12. Let f and g be in LY. Then f and g are equal up to a set of zero potential
if and only if for any (s, x) € [0, T] x E, the processes L f(r, X,)dV, and fs g(r, X,)dV, are
indistinguishable under PP**. Of course in this case f and g correspond to the same element
of L())(.

We introduce now our notion of extended generator starting from its domain.

Definition 4.13. We first define the extended domain D(a) as the set of functions ¢ €
B([0, T] x E, R) for which there exists
X € E?( such that under any IP** the process

Lisr) <¢(-, X) = (s, x) —/ x(r, Xr)dvr> 4.7

N

(which is not necessarily cadlag) has a cadlag modification in 7-[(2).

A direct consequence of Proposition 4.15 in [6] is the following.

Proposition 4.14. Let ¢ € B([0, T] x E, R). There is at most one (up to zero potential sets)
X € ,C?( such that under any IP**, the process defined in (4.7) has a modification which belongs
to H>.

If moreover ¢ € D(a), then a(p) = x up to zero potential sets. In this case, according to
Notation 4.4, for every (s,x) € [0, T] x E, M[¢]*" is the P** cadlag modification in ’H,% of
L7y (0, X) = (s, x) = [ x(r, X,)d V).
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Definition 4.15. Let ¢ € D(a) as in Definition 4.13. We denote again by M[¢]**, the unique
cadlag version of the process (4.7) in 7—[5. Taking Proposition 4.12 into account, this will not
generate any ambiguity with respect to Notation 4.4. Proposition 4.12, also permits to define
without ambiguity the operator

D) — LS
) —  X.
a will be called the extended generator.

Remark 4.16. a extends a in the sense that D(a) C D(a) (comparing Definitions 4.3 and
4.13) and if ¢ € D(a) then a(¢) is an element of the class a(¢), see Proposition 4.14.

We also introduce an extended r-generalized gradient.

Proposition 4.17. Assume the validity of Hypothesis 4.8. Let ¢ € D(a) and i € [1;d].
There exists a (unique up to zero-potential sets) function in B([0, T] x E, R) which we will
denote &Vi(¢) such that under any P>, (M[p]**, M[y;1%%) = fs‘vs &Vi(p)(r, X,)dV, up to
indistinguishability.

Proof. We fix i € [1; d]. Let M[y;] be the square integrable MAF (see 4.1 in [7]) presented
in Notation 4.5. We introduce the random field M[¢] = (M[¢]')o<i<u<r) as follows. We fix
some x in the class a(¢) and set

¢(u, Xu) - ¢(t, Xt) - ftu X(r, Xr)dvr if /;M |X|(r, Xr)dvr <00, = u,

M[o] =
91, 0 elsewhere,

(4.8)

We emphasize that, a priori, the function x is only in £ implying that at fixed t < u,
ft“ | x|(r, X, (w))dV, is not finite for every w € {2, but only on a set which is P**-negligible
for all (s, x) € [0,¢] x E.

According to Definition 4.1 in [7] M[¢] is an AF whose cadlag version under P*~ is
M[p]**. Of course M[y;]>” is the cadlag version of M[y;] under P**.

By Definition 4.15, since ¢ € D(a), M[¢]** is a square integrable martingale for
every (s, x), so M[¢] is a square integrable MAF. Then by Corollary 4.9, the AF (M[y;])
is absolutely continuous with respect to dV. The existence of ®V¥i(¢) now follows from
Proposition 4.14 in [7]. and the uniqueness follows by Proposition 4.12. [J

Notation 4.18. If 4.8 holds, we can introduce the linear operator
D(a) —> (LY

¢ = (BV(),...,BY(p)),
which will be called the extended s -generalized gradient.

&Y . (4.9)

Corollary 4.19. Let ¢ € D(I'V). Then I'V (¢p) = &Y (¢) up to zero potential sets.

Proof. Comparing Propositions 4.7 and 4.17, for every (s,x) € [0,T] x E and i € [1;d],
fs'w IVi(g)(r, X,)dV, and |, VS BVi(g)(r, X,)dV, are P>*-indistinguishable. We can conclude
by Proposition 4.12. [

&V therefore extends I'Y as well as a extends a, see Remark 4.16.
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5. Pseudo-PDEs and associated Markovian type BSDEs driven by a cadlag martingale
5.1. The concepts

In this section, we keep working in the framework of the previous Section 4.

We now introduce a subclass of BSDEs driven by a cadlag martingale which we will call
Markovian. The process V will be the (deterministic) function V introduced in Definition 4.3,
the terminal condition & will only depend on the final value of the canonical process X7 and
the randomness of the driver f at time ¢ will only depend on X;. In other words, the driver
will be of type f(t,a), v,z2) = f(t, Xi(w),y,z) where f : [0,T] x E x R x RY > Risa
measurable function.

Given d functions v, ..., ¥4 in D(a), we will set M = (MY 1>, ..., M[Yg]).

That BSDE will be connected with the deterministic problem in Definition 5.3.

We fix an integer d € IN* and some functions v, ..., ¥4 € D(a) which in the sequel, will
satisfy the following hypothesis.

Hypothesis 5.1. For any i € [1; d]] we have the following.

e Hypothesis 4.8 holds;
e a(y;) € L5
e ®Vi(y;) is bounded.

Proposition 5.2. Assume that Hypothesis 5.1 holds. Then for every i € [[1; d], we have the
following.

e For any (s,x) € [0, TIx E, M = My 1% satisfies item 4. of Hypothesis 3.1 with respect

toV : =V.
o for every (s,x) € [0, T1 x E, sup |yi(t, X;)|* belongs to L' under P**;
t€ls,T]
e Y; € E%(

Proof. The first item follows from the fact that, for any (s, x) € [0, T] x E, (M[y;]>%) =
[ &Yi(yi)(r, X,)dV, (see Proposition 4.17), and the fact that &Y (y;) is bounded. Concern-
ing the second item, for any (s, x) € [0, T] x E, the martingale problem gives ;(-, X) =
Yils, x) + fs a(y;)(r, X,)dV, + M[y;]°*, see Definition 4.3. By Jensen’s inequality, we have
sup [¥;(t, X)I* < C(¥i(s, x) + fST a*(Yi)(r, X,)dV, + sup (M[y;];")?) for some C > 0. It
tels, T] tels,T]

is therefore L! since a(y;) € £3 and M[y;1** € H?. The last item is a direct consequence of
the second one. [

Definition 5.3. Let us consider some g € B(E, R) and
feB(0,T] x E xR x R, RY).
We will call Pseudo-Partial Differential Equation related to (f, g) (in short Pseudo —
PDE(f, g)) the following equation with final condition:
a(u)+ f ( u, F‘/’(u)) = 0 on[0,T]xE
(CR))
M(Ta ) = 4.
We will say that u is a classical solution of Pseudo— PDE(f, g) if u, uy;,i € [1; d] belong
to D(a) and if u satisfies (5.1).
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The connection between a Markovian BSDE and a Pseudo — PDE(f, g), will be possible
under a hypothesis on some generalized moments on X, and some growth conditions on the
functions (f, g). Those will be related to two fixed functions ¢, n € B(E, R.).

Hypothesis 5.4. The canonical Markov class will be said to satisfy H""(¢, n) if

1. for any (s, x) € [0, T] x E, ES*[¢%(X7)] is finite;
2. for any (s, x) € [0, T] x E, E** [ N nz(X,)dV,] is finite.

Until the end of this section, we assume that some ¢, n are given and that the canonical
Markov class satisfies H""(¢, n).

Hypothesis 5.5. A couple (£, g) of functions f € B([0, T]x ExRxR¢, R)and g € B(E, R)
will be said to satisfy H'””(¢, n) if there exist positive constants K, K#, C, C’ such that

Lvx: [gx)] = CA+¢(x)),

2.¥(t,x): [f(t,x,0,0)] < C'(1 + n(x)),

3.t x,y, Y, 2,20 1f(x,,2) = ft,x, ¥, ) < Ky =y [+ K|z = Z|I.
(f, g) will be said to satisfy Hs°"""(¢, n) if the following more general assumption holds.
There exist positive constants C, C’ such that

Lvx: Jgx)| =CA+5x));
290, x,y,2) 0 1f@t,x,y, 9] = C'(L+n0x) + [yl + llzID.

Remark 5.6. We fix for now a couple ( f, g) satisfying H'?(¢, n). For any (s, x) € [0, T]x E,
in the stochastic basis (.Q, Fo X (F  ero.r1s ]P”) and setting V := V, the triplet £ := g(Xr),
fit,w,y 20— ft, X, (®),y,2), M = M[y]>* satisfies Hypothesis 3.1.

With the equation Pseudo — PDE(f, g), we will associate the following family of BSDEs
indexed by (s, x) € [0, T] x E, driven by a cadlag martingale.

Notation 5.7. For any (s,x) € [0,T] x E, we consider in Athe s{ochastic basis
(Q,]-'”, (ﬁ‘x),E[O,T],IPS’X) and on the interval [0, T] the BSDEE, f,V, M), where § =

§Xr)., [t 0.y, 2) > f(t. Xy(@).y,2), M = My
From now on that BSDE will be denoted BSDE®*(f, g) and its unique solution (see
Theorem 3.3 and Remark 5.6) will be denoted (Y*~, M*).

If H'"P(z,n) is fulfilled by (f,g), then (Y**, M**) is therefore the unique couple in
LX(dV @ dP*¥) x H} satisfying
MS’X, M[w]s,X)
dv

T
Y = g(Xr) + / f (r, X, v, 4 (r)) dV, = (My* = M), (5.2)

Remark 5.8. Even if the underlying process X admits no generalized moments, given a
couple (f, g) such that f(-,-,0,0) and g are bounded, the considerations of this section still
apply. In particular the connections that we will establish between the BSD E**(f, g) and the
corresponding Pseudo — PDE(f, g) still take place.

Our main contribution consists in illustrating the precise link between the solutions of
equations BSDE**(f, g) and those of Pseudo — PDE(f, g). In particular we will emphasize
that a solution of BSD E**(f, g) produces a solution of Pseudo— P DE( f, g) and reciprocally.
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We now introduce a probabilistic notion of solution for Pseudo — PDE(f, g).

Definition 5.9. A Borel function u : [0, T]x E — R will be said to be a martingale solution
of Pseudo — PDE(f, g) if u € D(a) and
a(”) = _f(v U, 6w(l't))

5.3
wulT,) = g. (5-3)

Remark 5.10. The first equation of (5.3) holds in L%, hence up to a zero potential set. The
second one is a pointwise equality.

The following lemma was the object of Lemma 5.13 in [6].

Lemma 5.11. Let V be a non-decreasing function. If two measurable processes are
P-modifications of each other, then they are also equal dV & dP a.e.

Proposition 5.12. Let (f, g) satisfy H8" """ (¢, n). Let u be a martingale solution of Pseudo—
PDEC(f, g). Then for any (s, x) € [0, T] x E, the couple of processes

<u(t, X)), u(t,X;)—u(s,x)+ / fC, - u, 6’/’(u))(r, X,)dVr> 5.4)

tels.T]
has a P**-version which is a solution on [s, T] of BSDE**(f, g), see Remark 3.4.
Moreover, u € [%(.

Proof. Let u € D(a) be a solution of (5.3) and let (s,x) € [0,T] x E be fixed. By
Definition 4.13 and Remark 3.4, the process u(-, X.) under IP** admits a cadlag modification
U®* on [s, T], which is a special semimartingale with decomposition

U = u(s,x)+ [ a@)(r, X,)dV, + M[u]**
= u(s.x) = [, f (r. X u(r X,), &Y @)(r. X)) dV, + M[u] 55)
= us,x)— [ f <r7 X,, Us*, d(M[u]“d”i/M[llf]"U(r)) AV, + Mu]*,
where the third equality of (5.5) comes from Lemma 5.11 and Proposition 4.17. Moreover
since u(T,-) = g, then Uy" = u(T, X7) = g(Xr) a.s. so the couple (US*, M[u]**) satisfies
the following equation on [s, 7] (with respect to P*"):
d(M[ul™*, M[y]"")
dv

T
U = g(X7)+ / ! (r, X,, U, (r>) dV, —(M[uly" — M[u]™).

(5.6)

M[u]** (introduced at Definition 4.15) belongs to 7 but we do not have a priori information
on the square integrability of U**. However we know that M[u]*>* is equal to zero at time
s, and that UJ"* is deterministic so square integrable. We can therefore apply Lemma A.12
which implies that (U**, M[u]**) solves BSDE**(f, g) on [s, T]. In particular, U** belongs
to £2(dV ® dIP**) for every (s, x), so by Lemma 5.11 and Notation 4.11, u € £%. O

5.2. Decoupled mild solutions of Pseudo-PDEs

In this section we introduce an analytical notion of solution of our Pseudo — PDE(f, g),
that we will denominate decoupled mild, taking inspiration from the mild solutions of partial
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differential equation. That notion will be shown to be equivalent to the one of martingale
solution introduced in Definition 5.9. Let P = (PF;,) denote the transition kernel of the
canonical Markov class, see Definition 3.4 in [7] and also Notation 4.1.

Our notion of decoupled mild solution relies on the fact that the equation a(u) +
f ( u, F‘/’(u)) = 0 can be naturally decoupled into

:a<u> = —f(, - u,v)

vi = I'Viw), ie[l;d]. 57

Then, by definition of the carré du champ operator (see Definition 4.6), we formally have
a(uy;) = T'Vi(u) + ua(y;) + Yia(),i € [1;d]. So the system of equations (5.7) can be
rewritten as
a(w) = —fC, - uv)
a(yi) = vi+ua) =i fC - uv), i e[lidl.
Inspired by the usual notions of mild solution, this naturally brings us to the following definition
of a (decoupled) mild solution.

(5.8)

Definition 5.13. Assume that ( f, g) satisfies H&"""(¢, ). Let
ueB(0,T] x E,R) and v € B([0, T] x E,RY).

1. (u,v) is a solution of the identification problem determined by (f, g) or simply
solution of / P(f, g) if u, vy, ..., vy belong to £§( and if for every (s, x) € [0, T] x E,
u(s,x) = Ps,T[g](X)+fST Py, Lf G u,v) ()] (x)dV,

wyi(s,x) = Porlgyi(T,)1x) = [ Py [(v1 + ua(y)

_wlf(" ',I/l,l))) (ra )] (x)dvr (59)
upy(s,x) = Porlgva(T, ))(x) — fST Py, [(vg +ua(pq)
_1//df ('7 U, U)) (rv )] (-x)dvr

2. u is a decoupled mild solution of Pseudo — PDE([, g) if there exists a function v
such that (u, v) is a solution of I P(f, g).

The following lemma is very close to Lemma 3.5 in [8] and the arguments for the proof
are similar.

Lemma 5.14. Let u,vy,...,vy € Ei, let (f,g) be a couple satisfying He™owh (g n)
and let Yy, ..., Vg satisfy Hypothesis 5.1. Then f (-, -, u,v) belongs to ﬁi and for every
iel;dl, ¥if(, -, u,v), and ua(y;), belong to £§(. For any (s,x) € [0, T] x E, i € [1;d],
gX)Yi(T, X7) belongs to L' under P**. In particular, all terms in (5.9) make sense.

Proposition 5.15. Let (f, g) satisfy H& """ (¢, n). Let u be a martingale solution of Pseudo—
PDE(f, g), then (u, &Y (u)) is a solution of I P(f, g) and in particular, u is a decoupled mild
solution of Pseudo — PDE(f, g).

Proof. Let u be a martingale solution of Pseudo— PDE(f, g). By Proposition 5.12, u € /3%(.
Taking into account Definition 4.15, for every (s,x), M[u]>* € 7—[3 under P**. So by
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Lemma A.2, for any i € [1;d], w belongs to £*(dV ® dIP*¥). By use of
Proposition 4.17, this means that &Yi(u) € EE( for every i. By Lemma 5.14, it follows that
f (-, u, &Y (u)) belongs to L% and so for any i € [1;d], ¥if (-, -, u, Y (u)) and ua(y;),
belong to LY.

Let (s, x) € [0, T] x E. Below we demonstrate that

u(s,x) = Porlgl@)+ [1 P [f (o ou, ¥ W) (r, )] (0)aV,
upi(s,x) = Pyrlgwi(T, N@) — [ Py, (G, 1) + ua(yn)
i f (- u, 8V W))) (r, )] ()Y, (5.10)

ury(s, x)

Py rlgva(T, )Ix) — [ Py, [(B(u, Ya) + ua(ya)
_I/fdf ('7 U, st(u))) (r, )] (x)dV,.

We refer now to the probability IP**: by Definitions 4.13, 4.15 and 5.9, the process u(-, X.)
admits a modification U** being a special semimartingale with decomposition

U = u(s, x) — f (w87 W) (r, X,)dV, + M[ul™, (5.11)

and M[ul** € H2.
Definition 5.9 also states that u(T, -) = g, so

T
u(s, x) = g(Xr) + f £ (o, 8¥ @) (r, X,)dV, — MIuly* as. (5.12)
By Fubini’s theorem we deduce that
u,x) = B g+ [ f (o 8V @) 0 X)a V|

= Purlgl) + [ P, [f (reu@, ), 87 @), )] (0)dV,.
We now fix i € [1; d]. By integration by parts, taking (5.11) and Definition 4.3 into account,
we obtain
AU i, X)) = =i, X) f (- u, V) (1, X)dV; + ¥t~ X,-)dM[ul;™

+ U a(i) (e, XDV, + U dM[y);
+d[M[ul™*, Myl ];,

(5.13)

(5.14)
Integrating between s and 7,
ur;(s, x)
= X, Xp) + [T, X0 f (- u, &Y W) (r, X,)dV,
— [T X, dMIulp
— [F U a@)r, X)dV, — [T U dMIy " — [M[u]™, My e (5.15)
= XW(T, Xp)— [ (ua(y) — i f (- u, 8V W))) (r, X,)dV,
— [T X d M)
— flurramiy e — M, My,
thanks to Lemma 5.11.
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By Proposition 4.17, (M[¢;]**) = fsivs &Vi(Y;)(r, X,)dV,. So the angular bracket of
[, U dM[y;13 at time T is equal to fsT u?®Yi (Y;)(r, X,)dV, which is an integrable r.v. since
&Vi(y;) is bounded and u € £§(. Therefore fs ) U:’,de [ ]2 is a square integrable martingale.

Then, by Hypothesis 5.1 and Proposition 5.2, sup |y;(t, X,)|* € L', and by Definition 4.15,
tels, T
M[ul** € H? so by Lemma 3.17 in [6], fs' Yi(r—, X,-)dM[ul]>* is a martingale.
We can now perform the expectation in (5.15), to get

ui(s, x)

= B (X Xp) = [ (way) = i f (-0, 8V @) (0 X )V,
MLl MU (5.16)

= B [T, Xp) — [ (wa(y) + 6Vi(w)
=i f (- u, ¥ W))) (r, X,)dV, ],

since # and ; belong to D(a). Indeed the second equality follows from the fact
[(M[u]®*, M[y;1>*] — (M[u]®>*, M[¥;]>) is a martingale and Proposition 4.17.

Since we have assumed that u € L%, Lemma 5.14 says that f (-, -, u, 8% (u)) € L%,
Hypothesis 5.1 implies that v; and a(y;) are in £%, so all terms in the integral inside the
expectation in the third line belong to £}. We can therefore apply Fubini’s theorem to get

T
ui(s, x) = Py r[gyi(T, )](x) —/ Py [(ua(¥) + &% (u)

Vi f (w7 W) (r, )] () V. (5.17)
This concludes the proof. O

Proposition 5.15 admits a converse implication.

Proposition 5.16. Let (f, g) satisfy HS°"(¢, n), then every decoupled mild solution of
Pseudo — PDE(f, g) is a martingale solution. Moreover, if (u,v) solves 1P(f,g), then
v = &Y (u), up to zero potential sets.

Proof. Let u and v;, i € [1;d] in Ei satisfy (5.9). We observe that the first line of (5.9) with
s = T, implies that u(T, -) = g.

Let (s, x) € [0, T] x E be fixed. We will now work under the probability IP**. On [s, T],
we set U .= u(-, X) and N .= u(-, X) — u(s, x) + ﬁ fr, X, u(r, X,), v(r, X,)dV,.

For some ¢ € [s, T], we combine the first line of (5.9) applied with (s, x) = (¢, X;) and the
Markov property, see e.g. (3.4) in [7]. Since f (-, -, u, v) belongs to £§( (see Lemma 5.14) we
a.s. have that

U[ = M(t, Xt)
PorlglX) + [T Py LF (-, ), 00, D1 (XY,
= B o)+ [ £ X w0 X, 0, XY, |

= B [0+ [ 10 X w0, X, 00 XAV, F

(5.18)

so N; = E** [g(XT)—I—fST fr, X, ulr, X;), v@r, X,)dV,|F;| — u(s,x) a.s. hence N is a
martingale. Let N** denote its cadlag version which we extend on [0, s] with the value 0.
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Then
U™ == u(s,x) — / f@r, X u(r, X)), v(r, X,)dV, + N™¥, (5.19)
s

indexed on [s, T'] is a cadlag version of U. Proceeding as in the proof of Proposition 3.8 in [8],
we can show that N®Y is a square integrable martingale. The process
(u(., X)—u(s,x)+ fs f@r, X, u(r, X,), v(, X,))dV,) 15,77 therefore admits for any (s, x)
a P**-modification in 7—[(2). By Definitions 4.13, 4.15 this means that u € D(a), a(u) =
—f(, -, u,v) and for any (s,x) € [0, T] x E, M[u]®* = N** P¥¥-as.

We are left to show &Y (u) = v, up to zero potential sets, hence that for every (s, x) €
[0,T] x E and i € [[1; d],

(M [ul, M*[¥:]) =/. sv,-(r, X,)dV,, as. (5.20)

Let (s,x) € [0,T] x E, and i € [1;d]. Combining the (i + 1)-th line of (5.9) applied to
(s, x) = (¢, X;) and the Markov property (see e.g. (3.4) in [7]), taking into account the fact
that all terms belong to ﬁ}( (see Lemma 5.14, Hypothesis 5.1) we a.s. have

wpi(t, X)) = PrplgWi(T, XD — [ P (@i +uaWi) — i f ¢ u,0)) (7, )1 (X)dVy
= EX [g(xnw,-(T, Xr) — [ @i +uay) = vi f ¢, 0) @ xndvr]
= E [g(XTWT, Xr) = [ i+ uai) — i f G, ) @ X»dvrm].
(5.21)

Setting, for ¢ € [s, T1, N} = uy(t, X,) — f;(vi +ua(y) — i fC, -, u, v))r, X,)dV,, from
(5.21) we deduce that, for any ¢ € [s, T],
d

a.s. So N' is a martingale. Let N*** denote its cadlag P**-modification. The process

T
er =E" [g(XT)WI(Tv XT) - / (U,‘ + Ma(l//,') - l)lflf (" U, 'U)) (ra Xr)dvr

/' i +ua(Wy) = i f ¢ u, 0) (5 X )V, + NW, (5.22)

is a cadlag P**-version of uy;(-, X) on [s, T]. But we have by (5.19), that
Us* = u(s, x) — L fr, X, u@r, X,), v(r, X,))dV, + N** is a version of u(-, X), hence by
integration by parts on U**;(-, X.) that

uyi(s, x) + [ U a@)(r, X,)dV, + [ U d M),
— [ fCou, o), XAV, + [ (e, X )d M [u], 4+ (M5 [u], M [y;]]
(5.23)
is another cadlag semimartingale which is a IP**-version of uy;(-, X) on [s, T]. Now (5.23)
equals
MV (5.24)

where
t

M= ui(s, x) +/ U dM* [;], +/ Vitr™, X, )d M [ul,

+ (M [, M), — (M, MO (),
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is a local martingale and

th - <MS,X[M]’ Ms,x[wi]%‘ +[ Uf!xa(Wi)(rv Xr)dvr - / Wif('v U, U)(r, Xr)dvrv

is a predictable process with bounded variation vanishing at zero. Now (5.22) and (5.24) are
two cadlag versions of uy;(-, X) on [s, T].

By the uniqueness of the decomposition of a special semimartingale and using Lemma 5.11
we get

/ (0 + ua(hy) — i £, O X))V,

— (M), M) + / wa (), X,)dV, — / i f G, ) XAV,

s

This yields (M**[u], M**[{;]) = j;vs v;(r, X,)dV,, which implies (5.20). O

Proposition 5.17.  Let (f, g) satisfy HS"'""(¢,n). A classical solution of Pseudo —
PDEC(f, g) is a decoupled mild solution.

Conversely, a decoupled mild solution of Pseudo — PDE(f, g) belonging to D(I'V) is a
classical solution of Pseudo — PDE(f, g) up to a zero-potential set, meaning that it satisfies
the first equality of (5.1) up to a set of zero potential.

Proof. Let u be a classical solution of Pseudo— P DE(f, g). Definition 5.3 and Corollary 4.19
imply that u(T, -) = g, and the equalities up to zero potential set

a(l/i) = a(u) = _f(9 U, Fll/(u)) = _f(7 U, Qﬁ]ﬂ(u))’ (525)

which shows that u is a martingale solution and by Proposition 5.15 it is also a decoupled mild
solution.

Similarly, the second statement follows by Proposition 5.16, Definition 5.9, and again
Corollary 4.19. 0O

5.3. Existence and uniqueness of a decoupled mild solution

In this subsection, the positive functions ¢, n and the functions (f, g) appearing in Pseudo—
PDE(f, g) are fixed. We still assume that the canonical Markov class satisfies H"°" (¢, n).

Theorem 5.18 can be proved using arguments which are very close to those developed in
the proof of Theorem 5.15 in [6]. For the convenience of the reader, we postpone the adapted
proof to Appendix B.

Let (Y**, M**) be for any (s, x) € [0, T] x E the unique solution of (5.2), see Notation 5.7.

Theorem 5.18. Letr (f, g) satisfy H"P(¢,n). There exists u € D(a) such that for any
(s,x)e [0, T] x E
Viels, T]: Y = u(, X;) P as.
M5* — M[M]s,x’

and in particular w =&Y (u)(-, X.)dV @ dPP** a.e. on [s, T]. Moreover, for every

(s, x), Y)* is P> a.s. equal to a constant (which we shall still denote Y}*) and u(s, x) = Y3*
for every (s,x) € [0,T] x E.

210



A. Barrasso and F. Russo Stochastic Processes and their Applications 133 (2021) 193-228

Corollary 5.19. Let (f, g) satisfy H'"P(¢,n). For any (s, x) € [0, T] x E, the functions u
obtained in Theorem 5.18 satisfy P** a.s. on [s, T]

T
u(t, X;) = g(Xr) ~I—/ f(r Xp, u(r, X)), 7 )(r, X)) dV, — (M[uly" — M[u]}™),
t
and in particular, a(u) = — f(-, -, u, &Y (u)).
Proof. The corollary follows from Theorem 5.18 and Lemma 5.11. [J

Theorem 5.20. Let (IP** ) v)efo.71xE be a canonical Markov class associated to a transition
kernel measurable in time (see Definitions 3.4, 3.5 and 3.7 in [7]) which solves a martingale
problem associated with the triplet (D(a), a, V). Moreover we suppose Hypothesis H™" (¢, 1)
for some positive ¢, 1. Let (f, g) be a couple satisfying H'P(¢, ).
Then Pseudo — PDE(f, g) has a unique decoupled mild solution given by
[0,T]IxE — R
(s, x) — Y3,

where (Y**, M**) denotes the (unique) solution of BSDE**(f, g) for fixed (s, x).

(5.26)

Proof. Let u be the function exhibited in Theorem 5.18. In order to show that u is a decoupled
mild solution of Pseudo — PDE(f, g), it is enough by Proposition 5.15 to show that it is a
martingale solution.

In Corollary 5.19, we have already seen that a(u) = —f(., -, u, &Y (u)). Concerning the
second line of (5.3), for any x € E, we have

u(T,x) =u(T, X7) = g(Xr) = gx)PT* as., sou(T, -) = g, in the deterministic pointwise
sense.

We now show uniqueness. By Proposition 5.16, it is enough to show that Pseudo —
PDE(f, g) admits at most one martingale solution. Let u, u’ be two martingale solutions of
Pseudo— PDE(f, g). We fix (s, x) € [0, T] x E. By Proposition 5.12, both couples, indexed
by [s, T,

(u(~, X), u(,X)—u(s, x)+ L FCy e u, &Y @), X,)dVr) and

(u’(', X), uw(,X)—u'(s,x)+ fé fC, - u, &Y W), X,)dV,) admit a IP**-version which
solves BSDE**(f, g) on [s, T]. By Theorem 3.3 and Remark 3.4, BSDE®**(f, g) admits a
unique solution, so u(-, X.) and u'(-, X.) are P**-modifications one of the other on [s, T']. In
particular, considering their values at time s, we have u(s, x) = u/(s, x). We therefore have
w=u 0O

Corollary 5.21.  Let (f, g) satisfy H'"P(¢,n). There is at most one classical solution of
Pseudo — PDE(f, g) and this only possible classical solution is the unique decoupled mild
solution (s, x) — Y%, where (Y**, M**) denotes the (unique) solution of BSDE**(f, g)
for fixed (s, x).

Proof. The proof follows from Proposition 5.17 and Theorem 5.20. O

Remark 5.22. Let (u, v) be the unique solution of the identification problem I P(f, g), then

v also admits a stochastic representation. Indeed, for every (s,x) € [0, T] x E, on [s, T],
W =v(-, X.)dV ® dP** a.e. where M** is the second item of the solution of

BSDE**(f, g).
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The existence of a decoupled mild solution of Pseudo — PDE(f, g) provides in fact an
existence theorem for BSDE**(f, g) for any (s, x). The following constitutes the converse of
Theorem 5.20.

Proposition 5.23. Assume (f, g) satisfies H™*" (¢, n). Let (4, v) be a solution of I P(f, g),
let (s,x) € [0, T] x E and the associated probability P** be fixed. The couple

(u(t, X)), u(t,X;)—u(s,x)+ / fC, - u, v)r, X,)dVr> (5.27)

tels,T)
has a PP**-version which solves BSDE*~(f, g) on [s, T].
In particular if (f, g) satisfies the stronger hypothesis H'"P(¢,n) and (u, v) is the unique
solution of 1 P(f, g), then for any (s,x) € [0,T] x E,
(u(t, X)), u(t,X;)—u(s,x)+ f; G, u, v)r, Xr)dV,)te[s - is a P**-modification of
the unique solution of BSDE**(f, g) on [s, T]. ’

Proof. It follows from Propositions 5.16 and 5.12. [J

6. Examples of applications

We now develop some examples. In all the items below there will be a canonical Markov
class with transition kernel being measurable in time which is solution of a martingale Problem
associated to some triplet (D(a), a, V) as introduced in Definition 4.3. Therefore all the results
of this paper will apply to all the examples below. In particular, Propositions 5.16, 5.17,
Theorem 5.20, Corollary 5.21 and Proposition 5.23 will apply but we will mainly emphasize
Theorem 5.20 and Corollary 5.21. In all the examples 7 > 0 will be fixed.

6.1. A new approach to Brownian BSDEs and associate semilinear PDEs

In this first application, the state space will be E := R? for some d € N*.

Notation 6.1. A function ¢ € B([0, T] x R?, R) will be said to have polynomial growth if
there exists p € N and C > 0 such that for every (t, x) € [0, T] x RY, |p(t, x)| < C(L+x]|P).
For any k, p € N, C*P([0, T] x R?) (resp. C,]j’p([O, T1 x RY), resp. Cf)’o',’([O, T1 x RY)) will
denote the sublinear algebra of C([0, T] x RY, R) of functions admitting continuous (resp.
bounded continuous, resp. continuous with polynomial growth) derivatives up to order k in the
first variable and order p in the second.

We consider bounded Borel functions u € B([0, T] x R4, RY) and o € B,([0, T] x
R¢, Sj(]R)) where Sj(]R) is the space of symmetric non-negative d x d real matrices. We
define for ¢ € C'2([0, T] x R?) the operator a by

1
a(¢) =, + 5Zjdaf,jaix,-¢ + X;Miaxiqb. ©.1)
ij< i<

We will assume the following.

Hypothesis 6.2. There exists a canonical Markov class (IP*") ,yc(0.71xr¢ Which solves the
Martingale Problem associated to (Cbl‘z([O, T1 x R%), a, V, = 1) in the sense of Definition 4.3.
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We now recall a non-exhaustive list of sets of conditions on p, o under which Hypothesis 6.2
is satisfied.

1. « is continuous non-degenerate, in the sense that for any 7, x, «(f, x) is invertible, see
Theorem 4.2 in [30];

2. o and « are continuous in the second variable, see Exercise 12.4.1 in [31];

3. d =1 and « is uniformly positive on compact sets, see Exercise 7.3.3 in [31].

Remark 6.3.

e When the item 1. or 3. above is satisfied, the mentioned canonical Markov class is unique,
but whenever only 2. holds, uniqueness may fail.

e We emphasize that given a fixed canonical Markov class, we obtain well-posedness results
concerning the martingale solution (and so the decoupled mild solution) of an associated
PDE.

e Nevertheless, for every canonical Markov class solving the martingale problem could
correspond a different solution.

In this context, for ¢, ¥ in D(a), the carré du champs operator (see Definition 4.6) is given

by I'p,¥)= Z Ot,',jax,-¢>3leﬁ-

i,j=<d

Remark 6.4. By a localization procedure, it is also clear that for every
(s,x) € [0, T] x RY, for any ¢ € C1*([0, T] x RY), ¢(-, X.) — [La@)r, X,)dr € ;.. with
respect to IP**. Consequently Proposition 4.7 extends to all ¢ € C'2([0, T] x R?).

We set now D(a) = Cll,’ozl([O, T1 x R9).

For any i € [[1;d], the function I/d; denotes (¢, x) —— x; which belongs to D(a) and
Id .= (Id, ..., 1dy). It is clear that for any i, a(/d;) = ;, and for any i, j, Id;1d; € D(a)
and I'(Id;, 1d;) = «; ;. In particular, by Corollary 4.9, (Id,, ..., Idy) satisfy Hypothesis 4.8
and, since u, o are bounded, they satisfy Hypothesis 5.1.

For any i we can therefore consider the MAF M[Id;] : (t,u) — X' — X! — [ w;i(r, X,)dr
whose cadlag version under IP** for every (s, x) € [0, T] x R4 is M[Id;]"*
= L7 (X' —xi — [ wi(r, X,)dr) and for any i, j we have (M[Id;]**, M[1d;]"*) =
fS-VS ai,j(r, X,)dr.

Lemma 6.5. Let (s,x) € [0,T] x R? and associated probability P**, i e [1;d] and

p € [1,+oof be fixed. Then sup |Xi|" e L'.
tels,T]

Proof. We have X! = x; —i—fs' wi(r, X, )dr + M[1d;]** where p; is bounded so it is enough to
show that sup |M[Id;]}*|" € L'. Since (M[1d;]**) = [.** a;;(r, X,)dr, which is bounded,

s
tels, T

]
the result holds by Burkholder-Davis—Gundy inequality. [J

Corollary 6.6. (IP°%) \\c0.71xrd S0lves the Martingale Problem associated to (C;’UZI([O, T]x
RY), a, V, = t) in the sense of Definition 4.3.

Proof. By Remark 6.4, for any ¢ € C,7([0.T] x RY) and (s,x) € [0,T] x R,

¢, X)— fs “a(p)(r, X,)dr is a IP**-local martingale. Since ¢ and a(¢) have polynomial growth,
Lemma 6.5 and Jensen’s inequality imply that it is also a square integrable martingale. [
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We now consider a couple (£, g) satisfying H'?(|| - ||”, || - ||”) for some p > 1. In this case
Hypothesis 5.5 can be retranslated into what follows.

e g is Borel with polynomial growth;
e f is Borel with polynomial growth in x (uniformly in #), and Lipschitz in y, z.

We consider the PDE
du+ 3 Y @i o5 u+ Y pidyu+ fC o u,aVu) =0
i,j=<d i<d 6.2)

We emphasize that for u € C;;IZZ([O, T] x RY), aVu = I'"*(u). The associated decoupled mild
equation is given by

u(s,x) = Porlgl@)+ [1 P, [f Cou, ) ()] (0)dr
u(s, ), = Porlgldix) — [T Py, [(v; + upi (6.3)
—1d; f (-, - u, 0)) (r, )] (X)dr, i € [1; d]),

(s, x) € [0, T] x RY, where P is the transition kernel of the canonical Markov class.

Proposition 6.7. Assume the validity of Hypothesis 6.2 and that (f, g) satisfies H"P(|| - |7,
Il - I17) for some p > 1. Then equation (6.2) has a unique decoupled mild solution u.
Moreover it has at most one classical solution which (when it exists) equals this function u.

Proof. (IP**) 1)ci0.71xre solves a martingale problem in the sense of Definition 4.3 and has a
transition kernel which is measurable in time. Moreover (Id;, ..., Id;) fulfills Hypothesis 5.1,
(P*)(s.x0er0.7)xre satisfies (by Lemma 6.5) H™"(|| - ||, || - [|?) for some p > 1 and (f, g)
satisfies H7(|| - ||”, || - ||1”). So Theorem 5.20 and Corollary 5.21 apply. O

Remark 6.8. The unique decoupled mild solution mentioned in the previous proposition admits
the probabilistic representation given in Theorem 5.20.

Remark 6.9. In the classical literature, the Brownian BSDE (1.1) has been related to a slightly
different type of parabolic PDE, i.e.

o,u + % > (O‘O‘T),',jafix,u + > pidgu+ fC, -, u,0Vu) =0
ij<d ! i<d (6.4)
M(Ts ') = g7

(where 0 = /a in the sense of non-negative symmetric matrices) rather than (6.2). In fact,
the only difference is that the term o Vu replaces «Vu in the fourth argument of the driver f.
See the introduction of the present paper, or [25] for more details.

Our methodology also allows to represent (6.4). Under the probability IP** (for some fixed
(s, x)), one can introduce the square integrable martingale M [Id]** = fY (oD (r, X,)
dM[I1d]i* where A +— A% denotes the Moore-Penrose pseudo-inverse operator, see [9]
chapter 1. The Brownian BSDE (1.1) can then be reexpressed here as

M, M1d]™),
dr

T d . !
Y5 = g(Xr) +/ bi (r, X, Y5, < )dr — (M7 — M;). (6.5)
t
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Under the assumptions of Proposition 6.7 where @« = 00T, it is possible to show that (6.5)
constitutes the probabilistic representation of (6.4) performing similar arguments as in our
approach for (6.2). In particular we can show existence and uniqueness of a function u € £%
for which there exists vy, ..., vy € £§( such that for all (s, x) € [0, T] x R¢,

u(s, x)

Porlgl) + [T P, [f (- u, (0T P0) (r, )] (0)dr

u(s, x)x; = Pyrlgldilx) — [ Py, [(vi +upi — Idi f (-, - u, (0T)"0)) (r, )] (x)dr,
i € [1;d].

(6.6)

(6.6) constitutes indeed a suitable decoupled mild formulation corresponding to (6.4). More-
over, this function u, whenever it belongs to C,l)fl([O, T1x RY), is the unique classical solution
of (6.4).

This technique is however technically more complicated and for purpose of illustration we
prefer to remain in our setup (which is by the way close to (6.4)) to keep our notion of
decoupled-mild solution more comprehensible.

Remark 6.10. It is also possible to treat jump diffusions instead of continuous diffusions
(see [30]), and under suitable conditions on the coefficients, it is also possible to prove existence
and uniqueness of a decoupled mild solution for equations of type

du + 3Tr(@V?u) + (u, Vu) + [ (u(~, ) —u— fi‘z“”)z) KC, - dy)
+fCou, ) =0 (6.7)

M(T, ) =&,

where K is a Lévy kernel: this means that for every (¢, x) € [0, T] x R4, K (¢, x, -) is a o-finite

measure on R4\{0}, supf IJ“F’“'&PK(LL dy) < oo and for every Borel set A € B(R¢\{0}),
rx -

(t,x) —> fA lJHr/TIizHZ K(t, x,dy) is Borel. In that framework we have

't ¢ r— ave + <f Yi(@(, -+ y) = oG DK, -, dy)) : (6.8)

ie[[L;d]

6.2. Parabolic semi-linear PDEs with distributional drift

The context of this subsection is the one introduced by Flandoli, Russo & Wolf in [18]
and [19]), see also [14,28] for recent developments. We refer to Section 4.3 of [8] for
a more detailed introduction. In particular [18,19] consider stochastic differential equations
with distributional drift, whose solution are possibly non-semimartingales. These authors
introduced a suitable framework of a martingale problem related to a PDE operator involving
a distributional drift 5" which is the derivative of a continuous function. [17] approached the
n-dimensional setting for the first time and later developments were discussed by [11] studying
singular SDEs involving paracontrolled distributions. Other Markov processes associated to
diffusion operators which are not semimartingales were produced when the diffusion operator
is in divergence form, see e.g. [27]. [29] linked second order ODEs with a distributional
coefficient and BSDEs. In those BSDEs the final horizon was a stopping time. [21] and [17]
have considered a class of BSDEs involving distributions in their setting.
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Let b, 0 € C°(R) such that o > 0. In [18], the authors introduce a (generalized) notion for
the equation Lf = ¢, for f € C'(R). They suppose the existence of a function ¥ : R — R
which formally equals 2 fo :—;(y)d y and it is defined via mollification. A typical situation when
Y exists arises when either b or o2 have locally bounded variation. If X exists then the function
h : R — R defined by 4(0) = 0 and 4’ = e~ is L-harmonic function, in the sense that it
fulfills Lh = 0, see Proposition 2.3 of [18]. Dy is defined as the set of f € C I(R) such that
there exists some ¢ € C°(R) with Lf = ¢ and it is a linear algebra.

Let v be the unique solution to Lv = 1, v(0) = v'(0) = 0, see Remark 2.4 in [18]; we will
assume

v(—00) = v(4+00) = +00, (6.9)

which represents a non-explosion condition. In this case, Proposition 3.13 in [18] states that
a certain martingale problem associated to (Dy, L) is well-posed. Its solution will be denoted
(P )5 x)e10. 77 RA -

The canonical process X is a IP**-Dirichlet process for every (s, x), i.e. the sum of a local
martingale and a zero quadratic variation process and it is a semimartingale if and only if Y is
locally of bounded variation, see Corollary 5.11 in [19]. (IP**); 1)c[0.7)xRre defines a canonical
Markov class and Proposition B.2 in [8] implies that its transition kernel is measurable in time.

We introduce below the domain that we will indeed use.

Definition 6.11. We set

DM (g) = {¢> eC"([0,T1 x R) : ah_¢ e Cch([0, T] x IR)} ) (6.10)

On D"**(a), we set L¢p = #ax(ag—?’) and a(¢) := 9,¢ + L¢. We then define the smaller
domain

D(a) = {¢ € D" (a): 0, € CON(10, T x IR)} . 6.11)

We formulate here some supplementary assumptions that we will make, the first one being
called (TA) in [18].

Hypothesis 6.12.

e There exist ¢y, C; > 0 such that ¢; < oh’ < Cy;
e o has linear growth.

The first item states in particular that ok’ is bounded so & € D(a). Proposition 3.2
in [18] states that for every (s, x), (M[h]*) = fs'vs(ah/)z(X,)dr. Moreover the AF defined
by (M[h])!, = ["(ch')*(X,)dr, is absolutely continuous with respect to V, = t. Therefore
Hypothesis 4.8 is satisfied (for ¢ = h) and &"(h) = (oh’)>. Since this function is bounded
and clearly a(h) = 0 then h satisfies Hypothesis 5.1.

We will therefore consider the h-generalized gradient I'* associated to a; Proposition 4.23
in [8] implies the following.

Proposition 6.13. Let ¢ € DUI™), then I'"(¢p) = 019, ¢.
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The deterministic equation considered in this section is a semilinear PDE with singular (or
distributional) drift b" given by

! i+ 10202u + b'du + f(, - u,0?Wdu) =0 on[0,T] xR 6.12)
u(T, ) =g.
The associated PDE in the decoupled mild sense is given by
: us,x) = Pro[gl)+ [ Py [f oo, 0) ()] (0)dr 6.1%)
(s, Oh(x) = Pr_g[ghl(x) = [ Py [ = hf G, u,0)) (r, )] (x)dr, .

(s,x) € [0,T] x R, where P is the (time-homogeneous) transition kernel of the canonical
Markov class.

In order to consider the BSDE**(f, g) for functions (f, g) having polynomial growth in x,
we had shown in [8] the following result, stated as Proposition 4.24.

Proposition 6.14. We suppose that Hypothesis 6.12 is fulfilled. Then, for any p € N and
(s,x) € [0,T] x R, ES*[|X7|’] < o0 and ]E”[fsT | X, 1Pdr] < oo. In other words, for
any p > 1, the canonical Markov class (P*%) \cjo.r)xrd satisfies H™"(| - |7, [-|F), see
Hypothesis 5.4.

Next we have the following.

Proposition 6.15. We suppose that Hypothesis 6.12 is fulfilled. Then (IP**) \cj0.71xRre SOlves
the Martingale Problem associated to (a, D(a), V; = t) in the sense of Definition 4.3.

Proof. Let (s, x) € [0, T] x R be fixed. Proposition 4.23 in [8] implies that for any ¢ € D(a),
¢, X)) — fs'a(¢>)(r, X, )dr is a (continuous) IP**-local martingale, so taking Definition 4.3
into account, it is enough to show that this local martingale is a square integrable martingale.
Considering Definition 4.21, Proposition 4.22 and Proposition 2.6 in [8], we know that the
angular bracket of this local martingale is given by fs (03:¢)*(r, X,)dr. Since ¢ € D(a)
then 0 d,¢ has polynomial growth, so by Proposition 6.14, fYT(68x¢)2(r, X,)dr € L' and this
implies that the aforementioned local martingale is a square integrable martingale. [

We can now state the main result of this section.

Proposition 6.16. Assume the non-explosion condition (6.9), Hypothesis 6.12 and that (f, g)
satisfies H'"P(| - |7, | - |P) for some p > 1, see Hypothesis 5.5. Then, Eq. (6.12) has a unique
decoupled mild solution u. Moreover, there is at most one classical solution which can only be
equal to u.

Proof. The assertions come from Theorem 5.20 and Corollary 5.21 which applies thanks to
Propositions 6.15, 6.14, and the fact that & satisfies Hypothesis 5.1. [J

Remark 6.17. The unique decoupled mild solution u can be of course represented by (5.26),
Theorem 5.20.
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Appendix A. Proof of Theorem 3.3 and related technicalities

We adopt here the same notations as at the beginning of Section 3. We will denote
L*(dV ® dP) the quotient space of L2(dV ® dP) with respect to the subspace of processes
equal to zero dV @ dIP aee. .

L?(dV ®d1P) is a Hilbert space equipped with its usual norm. L><%4$(dV ®@dIP)) will stand
for the subspace of L2(dV ® dP)) of elements having a cadlag representative. We emphasize
that L2<@dlag(dV ® dIP) is not a closed subspace of L2(dV ® dP). The application which to
a process associate its class will be denoted ¢ — é.

Proposition A.1. If (Y, M) solves BSDE(§, f, v, M), and if we denote
f (r, Y, %(r)) by f, then for any t € [0, T], a.s. we have

Y, = E[s + [ fdV, ]-",]
(A1)
M, = Els+ ] faV|F]-Ble+ [} fal|F].

Proof. Since Y, = & + f[T f,d\z — (Mr — M,) as., Y being an adapted process and M a
martingale, taking the expectation in (3.2) at time 7, we directly get ¥; = [ [é + ftT f,d \7, .E]

and in particular that Yy = IE [E + fOT f,d v, ]-"0]. Since My = 0, looking at the BSDE at time

0 we get
T T
Mr=s+ frdvr—lE[H/ fav, -7'—0i|-
0 0
Taking the expectation with respect to JF, in the above inequality, gives the second line of
(A.1). O

Lemma A.2. Let M € H? and ¢ be a bounded positive process. Then there exists a constant
C > 0 such that for any i € [[1; d]),

i 2 A i N
fOT o, (%(r)) dv, < CfOT ¢-d{M),. In particular, % belongs to L*(dV @ dP).

Proof. We fix i € [1;d]. By Hypothesis 3.1 ‘“d—M'> is bounded; using Proposition B.1 and
Remark 3.3 in [6], we show the existence of C > 6 such that

7 90 (40 )) " a,

< Jo 6L (r)aV,
< CJ) &1 (ra, &2)
< CJy dd(M),.
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. 2 .
In particular, setting ¢ = 1, we have fOT <d<1‘2"£4 )(r)) dV, < C(M)y which belongs to L'
since M € ’H,%. O

We fix for now a couple (U,N) e Lz(d\7 ® dIP) x 'Hg and we consider a representative U

of U. Until Proposition A.6 included, we will use the notation f, = f (r, LU, d<2]"7m (r)).

Proposition A.3. For any t € [0, T, ftT f2dV, belongs to L' and (ftT ﬁdVr> is in L2,

Proof. By Jensen’s inequality and by Lemma A.2, taking into account the Lipschitz conditions

on f in Hypothesis 3.1, there exist positive constants C, C’, C” such that, for any ¢ € [0, T,
we have

(ftT f;d‘}r)z < CJ;T f,‘\rzd{/r
N R ~ d i 2 A
< C (/f f2 0,00V, + [T URAY + 3 ) (428 ) dvr)
< (T e 0.00d0 4 [T U0, + (N7 — ().

(A3)

All terms on the right-hand side are in L1; Indeed, N is taken in H2, U in L2(d\7 ® dIP) and
by Hypothesis 3.1, (-, -, 0,0) is in £2(dV ® dIP). This concludes the proof. [J

We can therefore state the following definition.

Definition A.4. The random function
T T
t|—>IE|:§+/ fdV, ]-",i| —E[$+/ fdV,
0 0
is a square integrable martingale by Proposition A.3. Since the stochastic basis fulfills the usual
conditions, by Theorem 4 in Chapter IV of [15], (A.4) admits a cadlag version, that we denote

M. We denote by Y the cadlag process defined by ¥, = & + ftT fodV, — (Mg — M,). This will
be called the cadlag reference process and we will omit its dependence to (U, N).

]-"0:| , (A4)

Proposition A.5. Y and M are square integrable processes.
Proof. We already know that M is a square integrable martingale. As we have seen in

Proposition A.3, fr ﬁdVr belongs to L? for any ¢ € [0, T'] and by Hypothesis 3.1, & € L.
So by (A.1) and Jensen’s inequality for conditional expectation we have

f,ﬂ
E[E[(g + 7 f,d\?,) ]—‘,H

IE)[ZSZ +2f" ffdf/,],

E[yY] = E [IE 6+ " fraV.

IA

IA

which is finite. [
219



A. Barrasso and F. Russo Stochastic Processes and their Applications 133 (2021) 193-228

Proposition A.6. sup |Y,| € L? and in particular, Y € L><%9¢(d V®P).
1€[0,T]

Proof. Since dY, = — f,d V. +dM,, by integration by parts formula we get
d(¥2e "y = =277y, f,dV, + 27 Y,—dM, + eV d[M], — e~ ¥2dV,.
So integrating from O to some ¢ € [0, T], yields
Y2Ze V' = vZ-2fle Y, fdV, +2 [ e VY, dM,
+ [leraM, — [l e Vry2av,

< Y2+f0’ “Vry2dV, +f’ eV f2dV,
+2|fie Lo VrdIM), — [l eV y2aV,
< zZ+2|fie VY, —am,|,

where Z = Y} + fOT e‘vfﬁzd\?, + fOT e~V d[M],. Therefore, for any ¢ € [0, T] we have
Yie™") < Y2Vt < Z + Z‘for e’v"erdM,‘. Thanks to Propositions A.3 and A.5, Z is
integrable, so we can conclude by Lemma 3.18 in [6] applied to the process Y e_‘7, and the

fact that V is bounded.

Since Y is cadlag progressively measurable, sup |Y;| € L? and since V is bounded, it is
1€[0,T]

clear that ¥ € £2d14¢(dV ® dIP) and the corresponding class ¥ belongs to L><as(d Ve
dP). O

Thanks to Propositions A.5 and A.6, we are allowed to introduce the following.

Notation A.7. We denote by  the operator which associates to a couple (U, N) the couple
Y, M).
LXdV ®@dP) x H2 — L2V @ dP) x H}
(U,N) — (Y, M).

Proposition A.8. The mapping (Y, M) —> (Y, M) induces a bijection between the set of
solutions of BSDE(&, f,V, M) and the set of fixed points of .

Proof. First, let (U, N) be a solution of BSDE(E, f, V, M), let (Y, M) := &(U, N) and let Y
be the reference cadlag process associated to U as in Definition A.4. By this same definition,
M is the cadlag version of ]

t>E [s + [ F (r, LU, %(r)) v,

—E [§ + fOT A( r,-, U, d<NLM> (r)) d\7 but by Proposition A.1, so is N, meaning M =

N. Again by Definition A4, ¥ =&+ [ f (r,, Uy, 25 (r)) @V, — (N7 — N.) which is equal

to U thanks to (3.2), consequently ¥ = U in the sense of indistinguishability. In particular,

U=yY, implying (U,N)=(Y,M)= &U,N). Therefore the mapping (Y, M) —> (Y, M)

does indeed map the set of solutions of BSDE(§, f. V., M) into the set of fixed points of .
The map @ is surjective. Indeed let (U N) be a fixed point of &, the couple (Y, M)

of Definition A4 satisfies ¥ = & + [T f(r, Uy, A0 ))dv — (My — M) in the
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sense of indistingujshability, and (Y, M) = &(U,N) = (U, N), so by Lemma 3.9 in [6],
fT f( r, - Y, d<M’M> (r)) dV, and fT f <r, LU, d(NaM) (r)) dV, are indistinguishable and Y =
&4 f f ( r Y, M M) (r)) dV — (My — M.), meaning that (Y, M) (which is a preimage of

(U, N)) solves BSDE(&, f, vV, M).
We finally show that it is injective. Let us consider two solutions (Y, M) and (Y’, M) of

BSDE(E, f, V., M) with ¥ = ¥'. By Lemma 3.9 in [6] the processes [ f (r, . ¥,, 0L (r))

d \7, and f r f ( r,- Y, A M>( )) d \7, are indistinguishable, so taking (3.2) into account, we
have Y =Y. O

Proposition A.9. Let ) € R, let (U, N), (U', N') € LX(dV ®dP) x H3, let Y, M), (Y', M)
be their images through ® and let Y,Y' be the cadlag representatives of Y, Y’ introduced in
Definition A.4. Then |, eW’Y dM,, [, W'Y’ am}, [, W’Y dM] and [ e’W’Y’ dM, are
martingales.

Proof. V is bounded and thanks to Proposition A.6 we know that sup |Y;| and sup |Y]]
1€[0.7] 1€[0,T]
are L>. Moreover, since M and M’ are square integrable, the statement yields therefore as a

consequence of Lemma 3.17 in [6]. [

Starting from now, if (Y, M) is the image by @ of some (U, N) € LX(dV ® dPP) x H2, by
default, we will always refer to the cadlag reference process Y of Y defined in Definition A.4.
For any A > 0, on L*(dV ® dP) x H3 we define the norm

(Y, M)|? = ]E[fo eW’deV] +E [fT Wrg M),]. Since V is bounded, these norms
are all equivalent.

Proposition A.10.  There exists » > 0 such that for any (U, N) € L*dV ® dP) x H2,
|| &, N)||i < % ||(U N)||i. In particular, ® is a contraction in Lz(dV ® dPP) x ’H(z) for the
norm || - |-

Proof.

Let (U, N) and (U’, N') be two couples belonging to LX(dV ® dP) x ”H,(%, let (Y, M) and
(Y', M) be their images via @ and let ¥, ¥’ be the cadlag reference process of ¥, ¥’ introduced
in Definition A.4. We will write ¥ for ¥ —Y” and we adopt a similar notation for other processes.
We will also write

Joo= f (0 U A0 0) = 7 (10 10550 )).

By additivity, we have dy, = — f,dV, +d M,. Smce Yr = £ —& =0, applying the integration
by parts formula to ¥2¢*" between 0 and T we get

T L T L _ T . _ T . R
Y¢ —2f ey, fdV, +2/ VY, —dM, +/ e”rd[M],H/ VY2V, = 0.
0 0 0 0

Since, by Proposition A.9, the stochastic integral with respect to M is a real martingale, by
taking the expectations we get

T L. T N _ T L R
E[?g]—ZIEU e’W’Y,f,dV,:|+IE|:/ e’w’d<M),.:|+kIE[/ e’W’erdV,]=0.
0 0 0
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So by re-arranging previous expression, by the Lipschitz condition on f stated in
Hypothesis 3.1, by the linearity of the Radon—-Nikodym derivative and by Lemma A.2, we
get

ARy 0 2av. |+ B[ ¢Vraum, ]

< B[f I, | flaV,]

< 2KY1E[/0TeWr|17, I U,IdV,]+2KZiE[fO eV %m‘d\%]

< (K'a +dK?B)E [fOT Az Y}d?,] + 55 [fOT Az deV,]
KZZE|: T 0 (%(U)zd@]

<

(K¥a + dKZB)E [fT Az ?%117,] +5g [/07 o U,Zdv,]
+CdKZ I:fTeA%d N), ]

for some positive C and any positive o and B. The latter equality holds by Hypothesis 3.1 4.
Then we pick o = 2KY and B = 2CdK?, which gives us

ARy & 2av |+ B[ ¢Vaum, ]
< 2K+ CdK?)E [[T o dev,]
+ SE[fy 7020, |+ S [ ¢Tai),].
We choose now A = 1 +2((K¥)?> + C(dK?)?) and we get
E|fy 77240, +E[ [} eTaon),]
< g [fOT Az U}dv,] +1E [fOT eWrdu\'f),] ,

which proves the contraction for the norm || - ||,. O

(A5)

Proof of Theorem 3.3. The space L2V ® dP) x Hé is complete and @ defines on it
a contraction for the norm ||(-, -)|[ for some A > 0, so & has a unique fixed point in
L*(dV ® dPP) x 7—[% Then by Proposition A.8, BSDE(&, f, V, M) has a unique solution. [J

Remark A.d1. Let (Y, M) be the solution of BSDE(E, f v, M) and Y the class of Y in
L*d Ve dIP). Thanks to Proposition A.8, we know that (Y, M) = &Y, M) and therefore by

Propositions A.6 and A.9 that sup |Y;| is L* and that fo Y,-dM, is a real martingale.
1€[0,T]

The lemma below shows that, in order to check if a couple (Y, M) is the solution of
BSDE(, f V, M), it is not necessary to verify the square integrability of Y since it will
be automatically fulfilled.

Lemma A.12. We consider (&, f, V., M) such that &, M satisfy items 1., 2. of Hypothesis 3.1
but where item 3. is replaced by the weaker following hypothesis on f. There exists C > 0
such that P a.s., forallt,y, z,

|t @, y,2)] < CU+ |yl + |zl (A.6)
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Assume that there exists a cadlag adapted process Y with Yy € L?, and M € ’H(z) such that
T d{M, M) .
Y:%‘.{. f ry'erv T(r) dVr_(MT _M)» (A'7)

in the sense of indistinguishability. Then sup |Y,| is L>. In particular, Y L2dV ®dIP) and if
tel0,7T]

(&, f, vV, M) satisfies Hypothesis 3.1, then (Y, M) is the unique solution of BSDE(§, f, V, M)
in the sense of Definition 3.2.
On the other hand if (Y, M) satlsﬁes (A 7)on[s, Tl withs < T, Y, € L?> and My = 0 then

sup |Y;| is L?. Consequently if (£, f vV, M) satisfies Hypothesis 3.1 and if we denote (U, N)
r€ls,T]

the unique solution of BSDE (&, f, V, M), then (Y, M) and (U, N. — Ny) are indistinguishable
on [s,T].

Proof.
Let A > 0 and ¢ € [0, T]. By integration by parts formula applied to Y2e~*" between 0 and
t we get

yre i —y2 = 2! e—WrYf(, Y, <va>(r)) v, +2 [l ey, dM,
+ [l e dM], = [y e Vv,

By re-arranging the terms and using the Lipschitz conditions stated in item 3. of in
Hypothesis 3.1, we get

YZ —}J;} +)"ft e—)\\;}y2d"}

= B2l VA (e 1 2R V42
+ iy e baiml,
< ¥ +f’ eV f2r,,0,00dV, + 2K + 1+ K7) [y e*Vry2av,

Kzzf’ —Wr( (v A1) (r)) v, +2| [l eV

Picking A = 2KY 4+ 1 4+ KZ and using Lemma A.2, this gives

o e rdIM],.

Y2e i < v24f! —Wr|f|2(r,-,o 0)dV, + KZC [ e*Vrd(M),
+2fye Y e VM),

for some C > 0. Since V is bounded, there is a constant C’ > 0, such that for any ¢ € [0, T']

t
f Y,-dM, ) .
0

By Hypothesis 3.1, Yo € L? and M € H?, the first four terms on the right-hand side are
integrable so that we can conclude by Lemma 3.18 in [6].

An analogous proof also holds on the interval [s, T'] taking into account Remark 3.4. In
particular, if (U, N) is the unique solution of BSDE(§, f ,V, M ) then (U, N — N;) is a solution
on [s, T']. The final statement result follows by the uniqueness argument of Remark 3.4. [

T
A2 ~
v} <C (Yo2 +/ 1., 0,00V, + (M)7 + [M]7 +
0

Notation A.13. Ler & : Lz(d‘7 ® dIP) x 'H% be the operator introduced in Notation A.7.
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In the sequel we will not distinguish between a cozfple (Y, M) in L2(d\7 ® dIP) x ’H(z) and
(Y, M), where Y is the reference cadlag process of Y, according to Definition A.4. We then
convene the following.

1. (Y%, M%) := (0, 0);
2. Vk € N*: (Y%, M¥) .= &Y 1, M%),

meaning that for k € N*, (YX, M¥) is the solution of the BSDE

T k—1 2y
Yh=¢ +/ f (r, L YRl W(n) dv, — (MK — M"¥). (A.8)

Definition élf‘ AThe processes (Y%, M¥) o will be called the Picard iterations associated to
BSDEE, f,V, M).

We know that & is a contraction in L?(d V@le”) X 7—[(2) for a certain norm, so that (Y%, M¥)
tends to (Y, M) in this topology. The proposition below also shows an a.e. corresponding
convergence, adapting the techniques of Corollary 2.1 in [16].

Proposition A.15. Y* —> Y dV ®dP a.e. and for any i € [1;d], 4, do.it))
k—o00 av k—oo  dV

dV ® dP a.e.
Proof. For any i € [1;d] and k € N we set Z"F = At M) g zi = MM g
y L By

Proposition A.10, there exists A > 0 such that for any k € IN*

E I:fOT ef)LVr|Y”lc+l _ Yrk|2d‘7r + fOT eiMﬁ/"d(MkJrl _ Mk)’]

< AB[fy ek i av, + f) e amt - M, |

consequently

SE[fy eyt = viPav |+ B[ f) et ramt - mb), |

€20 (A9)

= Tk (5[ e mrar] v B[ e ]) <o

For every fixed (i, k), we have Zi4+1 — Zik — w. Therefore combining equation
(A.9) and Lemma A.2, we get
T d T
3 (]E [/ eV YR Y,k|2d\7,] +YE U e V| Zik T _ Zﬁ”<|2dx7,]> < 0.
k=0 0 i=1 0

So by Fubini’s theorem we have

T N d . . N
E [/ eV (Z <|Y,’<+1 — v Yz - z;"ﬁ)) dvr} < 0.
0

k>0 i=1

d
Consequently the sum Y <|Yr"+1(a)) - Yr"(a))|2 + Y1 ZH  (w) — Z;'*k(a))|2> is finite on a set

k>0 i=1
of full dV ® dP-measure. So on this set, the sequence (Y,"(a)), (Zﬁ'k(a)))ieﬂl;d]]) converges,
and the limit is necessarily equal to (¥ (w), (Zf (@))ieri:ap) dV ®dP a.e. Indeed, as we have
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mentioned in the lines before the statement of the present Proposition A.15, we already know
that Y¥ converges to Y in L2(dV ®dP). Since by Lemma A.2, E [fOT e MVr|zik — Z£|2d\7,] <

CE [fOT e‘wrd(Mk — M),], for every (i, k), where C is a positive constant which does not

depend on (i, k), the convergence of M* to M in H} also implies the convergence of Z"** to
Z'in L?’(dV @ dP). O

Appendix B. Proof of Theorem 5.18

Lemma B.1. Ler f € Eff. For every (s,x) € [0,T] x E, let (Y5, M*¥) be the unique (by
Theorem 3.3 and Remark 3.4) solution of

T
?M=g@ﬂ+/?%ﬂwfmxomwwﬂﬁ—ﬂ”> @1

in (02, F, (F " Nreto,r1. P**). Then there exist it € D(a)
such that for any (s,x) € [0, T] X E
Viels,T1: Y'Y = i@, X,) P'as.
Ms,x — M[ﬁ]sx

and in particular W =&Y @), X.)dV @ dP** a.e. on [s, T].
Proof. We set # : (s,x) +— E** [g(XT) + fST f(r, X,)dV,] which is Borel by

Proposition A.10 and Lemma A.11 in [8]. Therefore by the Markov property (see e.g. (3.4)
in [7]), for every fixed ¢ € [s, T] we have P**- a.s.

i, X,) = X |:g(XT)+ftT i X,)dv,] [ [g(XT)—FftTf(r, X,)dV,
= B[00+ - iR =

d

By (B.1) we have dY™ = —f(t, X,)dV, + dM;™, so for every fixed ¢ € [s, T, ii(t, X;) =
u(s, x) — f; f (r, X,)dVv, — Mf S PS- as. Since M is square integrable and since previous
relation holds for any (s, x) and ¢, Definition 4.15 implies that & € D(a), a(ii) = —f and
M =M [i]** for every (s, x), hence the announced results. [

Notation B.2. For a fixed (s, x) € [0, T]1x E, we will denote by (Y% M***) o the Picard
iterations associated to BSDE**(f, g).

Proposition B.3. For each k € N, there exists u, € D(a), such that for every (s,x) €
[0, T] x E
{ Viels, T]: Yo = wt, X)) Pa.s.

B.2
Mk,s,x — M[uk]s,x ( )

Remark B.4. In particular, (B.2) implies that 4 MUY — v (), X ) dV @ dP*
a.e.on [s, T].

225



A. Barrasso and F. Russo Stochastic Processes and their Applications 133 (2021) 193-228

Proof. We proceed by induction on k. It is clear that uy = O satisfies the assertion for k = 0.

Now let us assume that the function u;_; exists, for some integer k > 1, satisfying (B.2)
and in particular Remark B.4, for k replaced with k£ — 1.

We fix (s, x) € [0, T] x E. By Lemma 5.1, (Yk=lw {02 MUPY)

= (Ug—1, Q5"’(uk DG, X)dV ® P** ae. on [s, T]. Therefore by (A.8), on [s, T] Yk5* =
gX) + [T f (r Xps wimr (X)), &Y (o), X)) dVy — (MES — M),

Since ¢** maps L*(dV ® dP**) x 7-[(2) into itself (see Notatlon A.7), obviously all the
Picard iterations belong to L*(dV ® dP**) x H3. In particular, by Lemma A.2 Y*=1:5-* and for
every i € [1;d], w belong to L*(dV ® dP**). So, by recurrence assumption
on u;_1, it follows that u;_; and for any i € [1; d], &Yi(ur_,) belong to ,/.3%(.

Combining H™°"(z,n) and the growth condition of f (item 3.) in H'P(z,n) (see
Hypotheses 5.4 and 5.5), one shows that f(-,-,0,0) also belongs to £2 Therefore thanks
to the Lipschitz conditions on f assumed in H””(;“ n), we have f( s Up—1, OV (up)) € £2

The existence of u; now comes from Lemma B.1 applied to f Gy ug—y, &Y (up_y)),
which establishes the induction step for a general k and allows to conclude the proof. [J

Proof of Theorem 5.18. We set u := limsup uy, in the sense that for any (s, x) € [0, T] x E,
keN
u(s, x) = limsup ug(s, x) and v = 1imst€1p vg. u and v are Borel functions. Let us fix now
keN keN
(s,x) € [0, T| x E. We know by Propositions B.3, A.15 and Lemma 5.11 that

ur(-, X)) — Y dV ®dP** ae.on[s,T]

k— 00
&Y (u)(-, X)) k—> Z>* dV @ dIP** a.e. on [s, T],
— 00
where Z%* = w. Therefore, and on the subset of [s,T] x E of full dV ®

dP**-measure on which these convergences hold, we have

u(t, X,(w)) = limsup u (¢, X,(w)) = lkiH]Il\Iuk(t,X,(w)) — Y (w)
keN €

v(t, X)) = limsup &% (we)(t, X,(@) = lim &' @t X,(@) = Z"(@).
keN €

(B.3)

Thanks to the dV ® dIP** equalities concerning v and u stated in (B.3), under P** we
actually have

T
t=g(Xr) +/ [ X u(r, X)), v(r, X)) dV, — (My™* — M™). (B4

Now (B.4) can be considered as a BSDE where the driver does not depend on y and z. Since
Y5~ and Z** belong to £L2(dV @dIP**) (see Lemma A.2), then by (B.3), so do (-, X )15,y and
(-, X.)1j5.71, meaning that & and v belong to £%. Combining H™°"(¢, 1) and the Lipschitz
condition on f assumed in H””(;‘, n), f(,-, u,v) is also proved to belong to /3%(. We can
therefore apply Lemma B.1 to f := f(-, -, i, v), and conclude the proof of the first part of the
theorem.

Concerning the last statement of Theorem 5.18, for any (s, x) € [0,T] x E, we have
Y3¥ = u(s, Xy) = u(s, x) P> as. so YJ* is P** as. equal to a constant and u is the mapping
(s, x)—Y>*. 0O

226



A. Barrasso and F. Russo Stochastic Processes and their Applications 133 (2021) 193-228

References

(1]
[2]
[3]
[4]
[3]
(6]
(71
(8]
(91

[10]
[11]

[12]

[13]

[14]

[15]

[16]
[17]
[18]
[19]
[20]
[21]
[22]
[23]
[24]

[25]

[26]

C.D. Aliprantis, K.C. Border, Infinite Dimensional Analysis. A Hitchhiker’s Guide, second ed., Springer-Verlag,
Berlin, 1999.

V. Bally, E. Pardoux, L. Stoica, Backward stochastic differential equations associated to a symmetric Markov
process, Potential Anal. 22 (1) (2005) 17-60.

E. Bandini, Existence and uniqueness for backward stochastic differential equations driven by a random
measure, Electron. Commun. Probab. 20 (71) (2015) 1-13.

G. Barles, R. Buckdahn, E. Pardoux, Backward stochastic differential equations and integral-partial differential
equations, Stochastics 60 (1-2) (1997) 57-83.

G. Barles, E. Lesigne, SDE, BSDE and PDE, in: Backward Stochastic Differential Equations, Paris, 1995-1996,
in: Pitman Res. Notes Math. Ser., vol. 364, Longman, Harlow, 1997, pp. 47-80.

A. Barrasso, F. Russo, Backward stochastic differential equations with no driving martingale, Markov processes
and associated pseudo partial differential equations, 2017, Preprint, hal-01431559.

A. Barrasso, F. Russo, A note on time-dependent additive functionals, Commun. Stoch. Anal. 11 (3) (2017)
313-334, 9.

A. Barrasso, F. Russo, BSDEs with no driving martingale, Markov processes and associated pseudo partial
differential equations. Part II: Decoupled mild solutions and examples, 2020, Preprint hal-01505974.

A. Ben-Israel, Th.N.E. Greville, Generalized Inverses, second ed., in: CMS Books in Mathematics/Ouvrages
de Mathématiques de la SMC, vol. 15, Springer-Verlag, New York, 2003, Theory and applications.

R. Buckdahn, Backward stochastic differential equations driven by a martingale, unpublished, 1993.

G. Cannizzaro, K. Chouk, Multidimensional sdes with singular drift and universal construction of the polymer
measure with white noise potential, Ann. Probab. 46 (3) (2018) 1710-1763.

R. Carbone, B. Ferrario, M. Santacroce, Backward stochastic differential equations driven by cadlag
martingales, Teor. Veroyatn. Primen. 52 (2) (2007) 375-385.

F. Confortola, M. Fuhrman, J. Jacod, Backward stochastic differential equation driven by a marked point
process: an elementary approach with an application to optimal control, Ann. Appl. Probab. 26 (3) (2016)
1743-1773.

F. Delarue, R. Diel, Rough paths and 1d SDE with a time dependent distributional drift: application to
polymers, Probab. Theory Related Fields 165 (1-2) (2016) 1-63.

C. Dellacherie, P.-A. Meyer, Probabilités et potentiel. Chapitres V a VIII, revised ed., in: Actualités
Scientifiques et Industrielles [Current Scientific and Industrial Topics], vol. 1385, Hermann, Paris, 1980,
Théorie des martingales [Martingale theory].

N. EI Karoui, S. Peng, M.C. Quenez, Backward stochastic differential equations in finance, Math. Finance 7
(1) (1997) 1-71.

F. Flandoli, E. Issoglio, F. Russo, Multidimensional stochastic differential equations with distributional drift,
Trans. Amer. Math. Soc. 369 (3) (2017) 1665-1688.

F. Flandoli, F. Russo, J. Wolf, Some SDEs with distributional drift. I. General calculus, Osaka J. Math. 40
(2) (2003) 493-542.

F. Flandoli, F. Russo, J. Wolf, Some SDEs with distributional drift. II. Lyons-Zheng structure, Itd’s formula
and semimartingale characterization, Random Oper. Stoch. Equ. 12 (2) (2004) 145-184.

M. Fuhrman, G. Tessitore, Generalized directional gradients, backward stochastic differential equations and
mild solutions of semilinear parabolic equations, Appl. Math. Optim. 51 (3) (2005) 279-332.

E. Issoglio, S. Jing, Forward-backward SDEs with distributional coefficients, Stochastic Process. Appl. 130
(1) (2020) 47-78.

M. Kobylanski, Backward stochastic differential equations and partial differential equations with quadratic
growth, Ann. Probab. 28 (2) (2000) 558-602.

I. Laachir, F. Russo, BSDEs, cadlag martingale problems, and orthogonalization under basis risk, SIAM J.
Financial Math. 7 (1) (2016) 308-356.

E. Pardoux, S. Peng, Adapted solution of a backward stochastic differential equation, Systems Control Lett.
14 (1) (1990) 55-61.

E. Pardoux, S. Peng, Backward stochastic differential equations and quasilinear parabolic partial differential
equations, in: Stochastic Partial Differential Equations and Their Applications, Charlotte, NC, 1991, in: Lecture
Notes in Control and Inform. Sci., vol. 176, Springer, Berlin, 1992, pp. 200-217.

S. Peng, Probabilistic interpretation for systems of quasilinear parabolic partial differential equations, Stoch.
Stoch. Rep. 37 (1-2) (1991) 61-74.

227


http://refhub.elsevier.com/S0304-4149(20)30422-1/sb1
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb1
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb1
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb2
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb2
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb2
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb3
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb3
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb3
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb4
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb4
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb4
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb5
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb5
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb5
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb6
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb6
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb6
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb7
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb7
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb7
http://arxiv.org/abs/hal-01505974
http://arxiv.org/abs/hal-01505974
http://arxiv.org/abs/hal-01505974
http://arxiv.org/abs/hal-01505974
http://arxiv.org/abs/hal-01505974
http://arxiv.org/abs/hal-01505974
http://arxiv.org/abs/hal-01505974
http://arxiv.org/abs/hal-01505974
http://arxiv.org/abs/hal-01505974
http://arxiv.org/abs/hal-01505974
http://arxiv.org/abs/hal-01505974
http://arxiv.org/abs/hal-01505974
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb9
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb9
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb9
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb11
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb11
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb11
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb12
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb12
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb12
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb13
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb13
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb13
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb13
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb13
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb14
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb14
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb14
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb15
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb15
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb15
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb15
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb15
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb16
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb16
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb16
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb17
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb17
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb17
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb18
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb18
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb18
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb19
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb19
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb19
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb20
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb20
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb20
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb21
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb21
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb21
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb22
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb22
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb22
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb23
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb23
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb23
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb24
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb24
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb24
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb25
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb25
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb25
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb25
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb25
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb26
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb26
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb26

A. Barrasso and F. Russo Stochastic Processes and their Applications 133 (2021) 193-228

[27] A. Rozkosz, Weak convergence of diffusions corresponding to divergence form operators, Stoch. Stoch. Rep.
57 (1-2) (1996) 129-157.

[28] F. Russo, G. Trutnau, Some parabolic PDEs whose drift is an irregular random noise in space, Ann. Probab.
35 (6) (2007) 2213-2262.

[29] F. Russo, L. Wurzer, Elliptic PDEs with distributional drift and backward SDEs driven by a cadlag martingale
with random terminal time, Stoch. Dyn. 17 (4) (2017) 1750030, 36.

[30] D.W. Stroock, Diffusion processes associated with Lévy generators, Z. Wahrscheinlichkeitstheor. Verwandte
Geb. 32 (3) (1975) 209-244.

[31] D.W. Stroock, S.R.S. Varadhan, Multidimensional Diffusion Processes, in: Classics in Mathematics,
Springer-Verlag, Berlin, 2006, Reprint of the 1997 edition.

228


http://refhub.elsevier.com/S0304-4149(20)30422-1/sb27
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb27
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb27
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb28
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb28
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb28
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb29
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb29
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb29
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb30
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb30
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb30
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb31
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb31
http://refhub.elsevier.com/S0304-4149(20)30422-1/sb31

	Martingale driven BSDEs, PDEs and other related deterministic problems
	Introduction
	Preliminary notions and basic notations
	An alternative formulation of BSDEs driven by a cadlag martingale
	Martingale problem and canonical Markov classes
	Pseudo-PDEs and associated Markovian type BSDEs driven by a cadlag martingale
	The concepts
	Decoupled mild solutions of Pseudo-PDEs
	Existence and uniqueness of a decoupled mild solution

	Examples of applications
	A new approach to Brownian BSDEs and associate semilinear PDEs
	Parabolic semi-linear PDEs with distributional drift

	Declaration of competing interest
	Acknowledgments
	Appendix A. Proof of Theorem 3.3 and related technicalities
	Appendix B. Proof of Theorem 5.18 
	References


