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Abstract

We study the Fleming—Viot particle process formed by N interacting continuous-time asymmetric
random walks on the cycle graph, with uniform killing. We show that this model has a remarkable
exact solvability, despite the fact that it is non-reversible with non-explicit invariant distribution. Our
main results include quantitative propagation of chaos and exponential ergodicity with explicit constants,
as well as formulas for covariances at equilibrium in terms of the Chebyshev polynomials. We also obtain
a bound uniform in time for the convergence of the proportion of particles in each state when the number
of particles goes to infinity.
© 2021 Elsevier B.V. Allrights reserved.
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1. Introduction

This paper deals with a continuous-time Markov process describing the position of N
particles moving around on the cycle graph. This type of model is usually known as Fleming—
Viot process, or Moran type process [10,20,21]. Consider a continuous-time Markov process
on E U {9}, where E is finite and 0 is an absorbing state. Briefly, the Fleming—Viot process
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consists in N particles moving in E as independent copies of the original process, until one
of the particles gets absorbed. When this happens, the absorbed particle jumps instantaneously
and uniformly to one of the positions of the other particles. The Fleming—Viot processes were
originally and independently introduced by Del Moral, Guionnet, Miclo [16,17] and Burdzy,
Hotyst, March [5] to approximate the law of a Markov process conditioned to non-absorption,
and its Quasi-Stationary Distribution (QSD), which is the limit of this conditional law when
t — oo. See e.g. the works of Méléard and Villemonais [28], Collet et al. [11] and van
Doorn et al. [18], excellent references for an introduction to the theory related to the QSD.
For recent and quite general results about the convergence of Markov processes conditioned to
non-absorption to a QSD, we refer the interested reader to [6,8] and [4].

The convergence of the empirical distributions induced by Fleming—Viot processes defined
on discrete state spaces when the size of the population and the time increase have been assured
under some assumptions. For example, Ferrari and Mari¢ [21] and Asselah et al. [1] study the
convergence of the empirical distribution induced by the Fleming—Viot process to the unique
QSD in countable and finite discrete space settings, respectively. With the aim to study the
convergence of the particle process under the stationary distribution to the QSD, Lelievre
et al. [24] prove a Central Limit Theorem for the finite state case. Additionally, Villemonais [31]
and Asselah et al. [2] study the convergence to the minimal QSD in a Galton—Watson type
model and in a birth and death process, respectively. Similarly, Asselah and Thai [3] and
Maric [26] address the study of the N-particle system associated to a random walk on N
with a drift towards the origin, which is an absorbing state. In these scenarios there exist
infinitely many QSD for each model, so it is important to ensure the ergodicity of the N-
particle system and to determine to which QSD it converges. Additionally, Champagnat and
Villemonais [7] study the convergence of the Fleming—Viot process to the minimal QSD under
general conditions, providing also some specific examples.

In addition, some works have been devoted to the study of the speed of convergence when
the number of particles and time tend to infinity. In particular, Cloez and Thai [10] study the
N-particle system in a discrete state space setting. They study the convergence of the empirical
measure induced by the Fleming—Viot process when both ¢t — oo (ergodicity) and N — oo
(propagation of chaos), providing explicit bounds for the speed of convergence. Following
the results in [10], Cloez and Thai [9] study two examples in details: the random walk on
the complete graph with uniform killing and the random walk on the two-site graph. The
simple geometries of the graphs of these models simplify the study of the N-particle dynamic
and allows them to give explicit expressions for the stationary distributions of the N-particle
processes and explicit bounds for its convergence to the QSD.

Consider the quantity A defined in [10] as

A= lxn)f(QXy + 0y + Z Qs A Q”)’ v

SFEX,Y
where Q0 = (Qx,y)” is the infinitesimal generator matrix of the process until absorption.

When A = 0 some of the results of [10] do not hold and most of the bounds given become too
rough. Note that A > 0 for the two examples studied in [9], but X is equal to zero for those
models where there exist two vertices such that the distance between them is greater than two.
The quantity A is somehow related to the geometry of the graph associated to the Markov
process. Hence, it becomes interesting to find explicit bounds for the speed of convergence of
Fleming—Viot processes with more complex geometries.
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In this article we focus on the random walk on the cycle graph Z/KZ for K > 3. Note that
for this graph it holds that A = 0 when K > 6. For simplicity, we assume that the N particles
jump to the absorbing state with the same rate, i.e., we consider a process with uniform killing
(cf. [28]). Even if in this case the distribution of the conditional process is trivial, the study
of the Fleming—Viot process becomes more complicated due to its non reversibility and the
geometry of the cycle graph. We focus on providing bounds for the speed of the convergence
of the empirical distribution induced by the particle system to the unique QSD when ¢t and N
tend to infinity. This example can be seen as a further step towards the study of the speed of
convergence of Fleming—Viot process with more general geometry.

1.1. Model and notations

Consider a Markov process (Z;),>¢ with state space Z/KZ U {0}, where K > 3 and 9 is
an absorbing state. Specifically, the infinitesimal generator of the process is given by

G =fx+1D)— f)+00f(x = 1) = fF() + plf(3) — fFO],

where x € Z/KZ, Gf(3) =0, 0, p € R} and f is a real function defined on Z/KZ U {9}. In
words, (Z;);>0 is an asymmetric random walk on the K-cycle graph, which jumps with rates 1
and 6 in the clockwise and the anti-clockwise directions, respectively. Also, with uniform rate
p the process jumps to the absorbing state 9, i.e., it is killed. Note that Z/K Z is an irreducible
class. The process generated by G is a particular case of the processes with uniform killing in
a finite state space considered by Méléard and Villemonais [28, § 2.3].

Let (X,;);>0 be the analogous asymmetric random walk on the cycle graph Z/KZ without
killing. The generator of this process, denoted by H, is given by

Hfx)=f(x+1)— f(x)+0[f(x —1)— f(x)], forall x € Z/KZ.

Note that, because of the uniform Kkilling, the process (Z;);>o could also be defined in the
following way

Z = X, %f t<rt,
0 it t>r1,,
where 7, is an exponential random variable with mean 1/p and independent of the random
walk (X;);>0. This means that the law of the process (Z;),;>0 conditioned to non-absorption is
given by

PulZ =k |t <1,] =P,IX; =kI,

for k € Z/KZ and for every initial distribution & on Z/KZ. As a consequence, the QSD
of (Z:)i»0, denoted by vy, is the stationary distribution of (X;);>0, which is the uniform
distribution on Z/KZ, as we will prove in Theorem 1.1.

Recall that the total variation norm of a signed measure p defined on a discrete probability

space E is given by ullry = Lulli where llull, = (X,cp [n(0)I”)"/7 is the p-norm,

see for instance [25, § 4.1]. If (fy) and (gn) are two real sequences, fy N~ gy means
—00

In—gn =0(gn).
Now, assume we have N particles with independent behavior driven by the generator G, until

one of them jumps to the absorbing state. When this happens, the particle instantaneously and

uniformly jumps to one of the positions of the other N — 1 particles. We denote by (an)) =0
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the Markov process, which accounts the positions of the N particles in the K-cycle graph at
time 7. Consider the state space £ y of this process, which is given by

K—1
Exy = {n {Z/KZ — N, Y k) = N} .

k=0
At time ¢ the system is in state 1, = (1,(0), n,(1), ..., n,(K — 1)) if there are n,(k) particles
on site k, for k = 0,1,..., K — 1. Note that the cardinality of £ y is equal to that of
the set of nonnegative solutions of the integer equation x; + x, + --- + xx = N, which is

card (Eg,n) = (K+ZCI_'), see e.g. [12, Thm. D, § 1.7].

The generator of the N-particle process (1;"")

f on &k y reads

1207 denoted by Lk y, applied to a function

n(j)
N —1

(Lxnfn) = Z n(i) (]l{j—H-l} +0Lj—i—y+p

i,jeZ/KZ.

) Lf(Timjm) — f],  (2)

where 6, p > 0 and for every n € £ y satisfying n(i) > 0, the configuration 7;_, ;1 is defined
as T,.jn = n — € + e; and e; is the ith canonical vector of RX. Under these dynamics,
each of the N particles, no matter where it is, can jump to every site j € Z/KZ such that
n(j) > 0. Note that the process (nﬁN) is irreducible. Consequently, it has a unique stationary
distribution denoted vy.

For every n € &k y the empirical distribution m(n) associated to the configuration 7 is

defined by

)120

=
mn) = = Y 1w,
k=0
where 6y is the Dirac distribution at k € Z/KZ.

The (random) empirical distribution m(nﬁN)) approximates the QSD of the process (Z;);>o
(cf. [1,21,30]) which due to Theorem 1.1 is the uniform distribution. We are interested in
studying how fast m(n}N)) converges to the uniform distribution on Z/KZ when both ¢ and N
tend to infinity. Consider n(ogl ) a random variable with distribution vy, the stationary distribution
of the process (nﬁN) )t>0. In this work we develop a similar analysis to that of the complete graph
dynamics in [9]. We focus on the convergences when both N and ¢ tend to infinity, as shown
in the following diagram

m(n") == m(n%)
Nl lN
L(Z |t <Tp) P Vs

where the limits are in distribution. Theorem 1.1 provides lower and upper exponential bounds
for the speed of convergence of £L(Z; | t < T1,) to vg in the 2-norm, when ¢t — oo.

Likewise, Corollary 1.7 and Theorem 1.9 give bounds for the speed of convergence of m (n\"")

to L(Z; |t < 7)) and m(n(og)) to vgs, when N — oo.

The quantitative long time behavior of the N-particle system in countable state spaces is
studied in [10]. Using a coupling technique and under certain conditions, an exponential bound
is provided for the convergence of E(nEN)) to vy in the sense of a Wasserstein distance [10,

Thm. 1.1]. In particular, the parameter A defined by (1) needs to be positive. As we said, this is
60



J. Corujo Stochastic Processes and their Applications 136 (2021) 57-91

not the case of the asymmetric random walk on the K-cycle graph with uniform killing, when
K > 6. A study of this convergence can be carried out using the spectrum of the generator
Lk n, which is obtained in the recent paper [13]. Indeed, using Example 3 in [13] we can
get the following asymptotic expression for the profile of the convergence in total variation
distance to stationarity:

N) _
max /j,,(n, )—vNHTsz(e PKTY

ne€k N

where px = 2(1 + 0)sin’ (7/K), L, (nﬁN)) stands for the law of the process generated by

Lk n at time ¢ and with initial distribution concentrated at n € £k y, and for a real positive
function f we denote by O(f) another real positive function such that

Cif(t) = O(f)0) = Cof (1),

for two constants 0 < C; < C; < oo and for all t > T, for T > 0 large enough. It would be
interesting to get non asymptotic results, with explicit constants, for the speed of convergence
of the process generated by Lx y to stationarity. In order to do that, one possible alternative is
to use the results in the recent paper of Villemonais [32], for a suitable distance, to get upper
bounds for the speed of convergence in the sense of a Wasserstein distance. In addition, the
recent work of Hermon and Salez [22] offers clues to an alternative method for solving this
problem: control the Dirichlet form of the Fleming—Viot process in terms of the Dirichlet form
of a single particle. Moreover, it remains as an open question the study of the existence of a
cutoff phenomenon when the number of particles N tends towards infinity. These are possible
directions for future research.

1.2. Main results

We first prove that the uniform distribution on Z/KZ is the QSD of (Z;);>o. We also
establish exponential bounds in the 2-distance and the total variation distance between the
distribution of this process at time ¢ and its QSD.

Let us denote by £,(Z; | t < t,) the distribution at time ¢ of the asymmetric random walk on
the cycle graph, (Z;);>0, with initial distribution v on Z/KZ and conditioned to non-absorption
up to time ¢. Let us denote by ¢, the characteristic function of a distribution v on Z/ K Z, which
satisfies

K-1

o, () =E, [¢"X] = vk,

k=0

for all + > 0 [19, § 3.3]. Note that
1— eitl(

Pogs (1) = K —eah
for all # > 0. Let us denote by D,(¢) and Dry(¢) the maximum distances to stationarity in the
2-distance and in total variation at time ¢, respectively, which are defined as follows:

’

Dy (#) = max |1£u(Z: 11 < 7)) = vgs
Drv(?) = mslx ||‘CV(ZI |t < Tp) — Vags HTV ’
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where the maximum runs over all possible initial distributions v on Z/KZ. Since Z/KZ is
finite, we know that the convergence of £, (Z; | t < t,) to vy, is exponential [14]. The following
theorem gives exponential lower and upper bounds for this convergence.

Theorem 1.1 (Convergence in 2-distance and Total Variation Distance). The QSD of the
process (Z;)i=0, Vgs, IS the uniform distribution on Z/KZ. Also, denoting
A, v)y=Ly(Z |t < Tp) — L(Z |t < Tp)s

we have, for every initial distributions v and | on Z/K7Z and every t > 0,

2 2T - )
o () =0 (5) e = 18l = 1o = e 3
T v <7> — Pu (?) e PK! < ”At(Ma U)”TV < T lv — M”z e pKt’ @)

where
_ Lo (T
px = 2(1 +0)sin (—) . (@)

Moreover, the convergence of L,(Z; | t < Tp) to vy in the 2-distance and the total variation
distance is exponential with rate —pg. Indeed, for all t > 0,

Le—pxt <Dy(1) < /K__le—pkf (6)
VK - VK ’

1 1
Eeprt <D1v(®) < 3 K —1e PK!, @)

In spite of its simplicity, we did not find this result in the literature. Therefore, for the sake
of completeness, we provide a proof of this theorem in Section 2.
Consider the function ¢ : Ex y — €k y defined by

d(Mo, N1y - o> Nk—1) = (N1, M25 -+, NK—1, N0) (8)

and its I-composed ¢’ = popo---o¢ (I times) which acts on the cycle graph by rotating it
[ sites clockwise, for [ € {1,2,...,K — 1}.
Even if the dynamics induced by G has some symmetry (in fact, it is symmetric when 6 = 1),

we prove that (n§N>)l>0 is not reversible when K > 4 or when K = 3 and 8 # 1. However,

we show that the stationary distribution of the N-particle process is rotation invariant. Using
this invariance, we calculate the mean of the proportion of particles in each state under the
stationary distribution.

Theorem 1.2 (Non-reversibility and Rotation Invariance). The N-particle system with gener-
ator given by (2) has the following properties

(a) It is not reversible, except when K =3 and 6 = 1.
(b) Its stationary distribution, denoted by vy, is invariant by rotations, i.e.

vy =vyo?, lefl,2,....,K—1)}.

(c) Under the stationary dynamics, the empirical distribution of the N -particle system is an
unbiased estimator of the QSD of (Z;);>o, i.e.

E,, [%} = % k€ Z/KT.
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Theorem 1.2 is proved in Section 3. Using parts (b) and (c¢) of Theorem 1.2, the following
result is immediate.

Corollary 1.3 (Cyclic Symmetry). For every K > 3 we have
C n0) nk)y| n(0) n(K —k)
VUN I R —— - COVUN T T A
N N N
Let 7, and U, be the nth degree Chebyshev polynomials of first and second kind,

respectively, for n > 1. We recall that polynomials (T,,) and (U,,) satisfy both the
recurrence relation

], keZ/KZ.

n>0 n>0

Pnt1(x) = 2x pu(x) — par(x), forall n > 1, &)

with initial conditions Ty(x) = Up(x) = 1, T1(x) = x and U;(x) = 2x, see e.g. [27]. We also
extend the definition of the Chebyshev polynomials of second kind for n = —1, by putting
U_i(x)=0.

The following theorem provides explicit expressions for Cov,,, [7(0)/N, n(k)/N] in terms
of the Chebyshev polynomials of first and second kind, for £k € {0,1,..., K — 1} and the
constant By, defined by

_ p
=21+ ) o

Theorem 1.4 (Explicit Expressions for the Covariances). We have

o If K =2K5 K, >12,

v [n(O)} CN-1 2 Tg(BN/2) 11
w | > | = —_— = =, an
N KN By+2Ug,-1(Bn/2) KN K?
Cov [@ M} _N-1 2 Tga(By/2) 1 (12)
MLUNT N1 KN By+2Uk(BN/2)  K¥

foralll <k <K, —1.
.IfK:ZKz—Fl, KzZl,

var,. [@} _ N UGB Uk By/) | L1
N |7 KN Ux,(Bn/2) + Uk, 1(Bn/2) KN~ K2
cov, [ 10, 10]

N —1Ug,1(Bn/2) = Uk, k1B /2) 1
N’ N

—, (14)
forall 1 <k < K.

KN  Ug,(Bn/2) + Uk,—1(BN/2) K?

Theorem 1.4 is proved in Section 3.2. Using previous result it is possible to show that the
covariance between the proportions of particles under the stationary distribution in two different
states decreases as a function of the graph distance between the states.

Corollary 1.5 (Geometry of the Cycle Graph and Covariances). The covariance between two
states under the stationary measure, vy, is decreasing as a function of the graph distance
between these states, i.e. forall k =0,1, ..., L%J — 1 we have

Cov,y [%O), %] > Cov,, [%0), —n(k; 1)] .
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With the aim of proving the convergence of the proportion of particles in each state to
1/K, we study the behavior of Var,, [1(0)/N] as a function of 1/N when N tends to infinity.
Theorem 2 in [1] states that these variances vanish when N goes to infinity. We thus focus
on the speed of this convergence. For this purpose, we find the asymptotic development of
second order for Cov,,, [7(0)/N, n(k)/N] as a function of 1/N when N tends to infinity, for
keZ/KZ.

Theorem 1.6 (Asymptotic Development of Two-Particle Covariances). The asymptotic series
expansion of order 2 when N — +o0o of Cov,,, ["(0) M] for k € Z/KZ, is given by

NN |
n(0) n(k) 1 1 6k(k—K)+K>—1 p
Coviy | 0> | = o | Lik=0) — —~ +
N’ N KN K 6K 1+6
1 30k(K — k)[k(K —k)+2] — (K> = 1)(K> + 11)
K2N? 180

Y ! 15

The following result provides a bound for the speed of convergence of the empirical
distribution induced by the N-particle system to the QSD when N — oo.

Corollary 1.7 (Convergence to the QSD). We have

K—1 p(K +1) 1
By [l = el = | 1+ B D o (). as)

Theorem 1.6 and Corollary 1.7 are proved in Section 3.3. In particular, Corollary 1.7
implies the convergence at rate 1/4/N under the stationary distribution of m(n) towards the
uniform distributions, when N — oo. Cloez and Thai [9, Cor. 2.10] provide the same rate of
convergence for the Fleming—Viot process in the K-complete graph. Moreover, Champagnat
and Villemonais [7, Thm. 2.3] provide a general rate of convergence 1/N%, with o =

Tl
In particular, as soon as ||k||. # 0, one has « < 1/2, which is actually not the optimal rate for
the asymmetric random walk, killed at a uniform rate, studied in this paper. To the best of our
knowledge, there are no general results on Fleming—Viot process in discrete spaces assuring
the rate of convergence 1/+/N, under the stationary distribution, of the empirical distribution
to the QSD.

Finally, in Section 4 we study the convergence of the empirical distribution, m(n,), to the
quasi-stationary distribution of (Z;);>0 when ¢ tends to infinity. Let us denote by m(nim) the
empirical mean measure induced by the N-particle process at time ¢, defined by m(nEN))(k) =
E[m (r]}N))(k)] = ]E[n,(N)(k)/N]. Using (31) we can prove the following two theorems.
Theorem 1.8 (Mean Empirical Distribution). Consider n € Ex y and (nﬁN)) the N-particle
process with initial distribution concentrated at n. We have

—( (N
m(nl( )) = ‘Cm(r])(Z[ | < 'L'p).

Furthermore, for every probability measure v on 7./ K7 we obtain

2 2
Pm(n) ? — @y ?

>0

e < @) = £z 11 < )| < Imln —vibeTw, (A7)
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where pg are defined by (5), and @, and ¢, denote the characteristic functions associated
to the distributions m(n) and v, respectively.

Thus, the proportion of particles in each state is an unbiased estimator of the distribution of
the conditioned process for all + > 0. Using [21, Thm. 1.2] we know that the variance of the
proportion of particles in each state at time ¢ > 0 vanishes when N goes to infinity, for every
t > 0. The following result provides a bound for this convergence.

Theorem 1.9 (Convergence to the Conditioned Process). We have the following uniform upper
bound for the variance of the proportion of particles in each state

(N) —PNt —pkt
k k PNT _ PK 0
Varn i ( ) — VarVN M < CK,N % 4+ e_pNt Varl)N M s
N N PK — PN N

max
'7EEK,N
keZ/KZ

(18)
where pg is given by (5) and

2
py = —L— (19)

-1

p pN(K + DVK — 1
1+6 .
<+ TN KJK(N — 1) )

(20)

Z|0 =

Cgn =

Furthermore,

[min® = gu)]e 0 < By [|m () = £Z0 11 = 7,)| ]

K 1 — e k! S I
<J=(bk———+E e Pk - —).
< N( S + K) + lm () V||2+0<W>

2D

for every n € Ex n and every initial distribution v on Z/KZ, where pk is given by (5), and

p(K—i—l)«/K—l) o K-l K21
9 K=

(22)

KVK k2 Tekai+oy

Theorems 1.8 and 1.9 are proved in Section 4. Similar results are proved in [9] for the
Fleming—Viot process on the complete graph and for the two-point process.

DK=2(1+9+

Remark 1.1 (Uniform Bound). Note that the bound given by (18) tends exponentially towards
zero when ¢t — oo. In particular, the right side of (18) is bounded in ¢ and can be used to
obtain a uniform bound for the variance of the proportion of particles in each state of order
1/N. Namely, using (18) and the inequality (e P¥" — e™k")/(px — pn) < 1/ max(ok, pn),
we obtain

(N)
k C 0 D 1
sup max Var, n_ (k) < N 4 2var, [M} - <_K +2E1<> -
120 1€EK.N N max(og, pn) N Pk N

| (3)

where pg, py, Ckx v and Dy and Ej, are given by (5), (19), (20) and (22), respectively.

keZ/KZ
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Similar bounds are obtained for the convergence to the conditional distribution for Fleming—
Viot process in discrete state spaces, see e.g. [17, Thm. 1.1] and [30, Thm. 2.2]. However, these
results are not uniform in # > 0. Corollary 1.5 in [10] does provide a uniform bound under
certain conditions of order 1/NY, with y < 1/2, for the 1-distance between the empirical
law associated to the Fleming—Viot process at time ¢ and the law of the conditioned process.
However, this result does not hold for the Fleming—Viot process on the K -cycle graph we study
here, for K > 6, since the parameter A given by (1) is null.

The rest of this paper is organized as follows. Section 2 gives the proof of Theorem 1.1.
In Section 3 we study the covariances of the proportions of particles in each state under the
stationary distribution, and we thus prove Theorems 1.2, 1.4 and 1.6. Finally, Section 4 is
devoted to the proof of Theorems 1.8 and 1.9 related to the variance of the proportion of
particles in each site at a given time ¢ > 0.

2. The asymmetric random walk on the cycle graph

We first prove that the QSD of (Z;);>0, denoted by vy, which is the stationary distribution
of (X;);>0, is the uniform distribution on Z/KZ. We also provide exponential bounds for the
speed of convergence in the 2-distance and the total variation distance of £,(Z; | t < t,,) to
Vgs-

Recall that a square matrix C is called circulant if it takes the form

o C1 Chn—2 Cpn—1
Ch-1 Co Ch-3 Cp-2
c=|: = - - . (23)
2 3 €o Ci
(& C2 Cn—1 Co

It is evident that a circulant matrix is completely determined by its first row, therefore we will
denote a circulant matrix with the form given by (23) by C = circ(co, ¢y, . .., Cp—1)-

Let O be the infinitesimal generator matrix of the process (X;);>0. Then, Q is circulant and
it satisfies

Q =circ(—(1+6),1,0,...,0,0). (24)
Let us also denote by i the complex root of —1. Since the matrix Q is circulant, its spectrum
is explicitly known, as follows in the next lemma.
Lemma 2.1 (Spectrum of Q). The matrix Q satisfies Q = Fx AFg, where

e Fy is the K-dimensional Fourier matrix, i.e. the unitary matrix defined by

1
[FK]r.c = \/_E(a)[()frc’ (25)

for eachr,c € {0,1,..., K — 1}, where wg = eiz?ﬂ,
o g is the conjugate of Fy (and also its inverse because Fy is unitary and symmetric),
o Ais the K x K diagonal matrix with [Aly; = Ak, for all 0 <k < K — 1, where

2
M = —(1 4+ 0)sin’ (%) +i(1 — 6)sin (%) ,

fork=0,1,..., K — 1.
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Proof of Lemma 2.1. Let us define the polynomial pg : s > —(1 +6) + s + 0s¥~1. Since
Q is a circulant matrix, we can use [15, Thm. 3.2.2] to diagonalize Q in the following way

Q = Fk Diag(ro, A1, ..., Axk—1)Fg,

where Fx is the Fourier matrix defined by (25) and

i 2km

- 2k - 2km 2kn K—-1
= po(@F) = —(1+0) +&% +9<e x)

=—(1+09) |:1 — cos (@)} +i(1 — ) sin <ﬁ>
K K
— —2(1 4 0)sin® (”—k) +i(l — 6)sin <@) ,
K K
fork=0,1,..., K —1. O

o0 2 ~ 2
Remark 2.1 (Eigenvalues of Q). Note that l')‘(’\’(‘fiél);re)l + [(;(f’;))]z =1, for all & # 1, where

N(Ar) and I (Ay) are the real and the imaginary parts of A, respectively, fork =0, 1, ..., K—1.
Thus, all the eigenvalues A; are on the ellipse with center (0, —(1 + 6)) and equation

(x+1+6) y?
aA+02 ' (d-67
Of course, for & = 1, since the matrix Q is symmetric, all the eigenvalues are real.
Also, the second largest eigenvalue in modulus (SLEM) of Q, denoted by pg, is given by

(5) and it is reached for —R (A1) and —N(Ag_;). The minimum of MR (A;) is reached for N(Ag 2),
if K is even, and for N(Ax—1)2) and R(Ax41)2), if K is odd.

2.1. Proof of Theorem 1.1

Proof of Theorem 1.1. We know that Q = Fx AF}. Therefore 'Y = Fge' Fy, and it follows

that
K—1 K—1
e = Ze’\k’FKUkF;( = Ze'\“ﬁk,
k=0 k=0
where Uy, 0 < k < K — 1, is the K x K matrix with [Uilxx = 1 and O elsewhere, and
(X is defined as (% = FgUiFg. In fact, (% is the symmetric circulant matrix satisfying
[%)rc = 209, forall 0 < r,c < K — 1 and for every k € {0, 1,..., K — 1}. In particular
[]rc = % forall 0 <r,c < K —1, and (% {2, = 0, for all k # [. Then, for two probability
measures (« and v on {0, 1,..., K — 1} we have
(=) =0 (26)
and therefore
K—1
(=)@ = e (u— 1) (27)
k=1

Let us denote by (-, -) the usual inner product in C and for a matrix A let us denote by AT
its transpose. Note that for every K-dimensional vector x and k # [ we have

x2 x2) =x2[(2])]x) =x 2.2 x)" =0.
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Thus, the set of vectors (x{2) f:_ll are orthogonal in (C, (-, -)). Now, using (27) and Pythagoras’
theorem we have

K—1
Je=ve@]s = > e (- v);
k=1

K—1
2R(A, 2
=Y P (= )23

k=1
Since px = —max—;,  x—1 N(At) we obtain
K-1
Je = ve@|; < e 203 (i — v)&l3
k=1
K-1 2
= e R Y (=)L
k=1 2
K—1 2
= e 2K 1Y (= )%
k=0 2

-2 2
=e K u—vl;.

Note that the first equality holds due the Pythagoras’ theorem, the second one uses (26) and
the last one uses the fact that

K-1
Do =Q=p—v.
k=0

Note that the upper bound in (4) is proved using the Cauchy—Schwarz inequality, which implies

VK
I1A: e, iy = - 1A (e, I,

where A,(u, v) is as defined in the statement of Theorem 1.1, and the inequality holds for
every pair of distributions v and © on Z/KZ, and for all t > 0.

To prove the lower bounds in (3) and (4) we recall the r-norm of a function f on Z/KZ,
allows the following characterization:

(/. &)
liglly ~

where g € [1, oo] is the conjugate of r € [1, o0], i.e. 1/r + 1/q = 1, and the maximum runs
over all the functions on Z/KZ. Now, take g : k € Z/K7Z +— \/#E(wk)k as a test function,

171l = max

21 ; . .
where wg = e’k '. Note that viewed as a column vector, g is equal to the last column of the
Fourier matrix Fg. Then, g is a right eigenfunction of Q with associated eigenvalue —pg.
Moreover, ||gll, = 1 and ||g]loc = 1/+/ K. Therefore,

Ly > [(ve'C — pe'?, g)|

2 2 _
Ive' = gl - (?> — o (?> e
”vezQ B /LCZQ“ > |(Ve’Q — MethgH — \/f P 2_7T g 2_” e PK!
™= 2lIglloo 2 7"\ K "\ Kk ’
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To prove (6) first note that the 2-distance and the total variation distances satisfy

Dy(n) = max 1£e(Zi 1t < 7p) = v, -
Drv(r) = max_ 1£e(Zi 1t < 7p) = vgs |y »

which is a consequence of the convexity of these distances. Thus, the upper bounds in

expression (6) and (7) are consequence of the equality ||6; — vgsll2 = 4/ % The lower bounds

in (6) and (7) are obtained using that ¢, (27/K) = 0 and ¢s, 27/K) = |g(k)| = 1/v/K, for

every k € Z/KK. [0
3. Covariances of the proportions of particles under the stationary distribution

The following lemma gives us informations about the invariance of the generator Lk v,
defined in (2), by the rotation function ¢ defined in (8).

Lemma 3.1 (Rotation Invariance of the Generator). The generator Lk n of (nSN)),zo satisfies
Lxnly=Lgnlpw) o, (28)

for every n € Eg n.
Proof. Note that

12 Ve /( .)
(Lxn L)) = 1) (1{,»:,»+1} + 0L i)+ Py 1) , (29)

if n = T, ;n’, for some i, j € Z/KZ, and it is null otherwise. Now, if n = T;_, ;»’, then we
have ¢(17) = Tii+1)—j+1¢ (7). Thus,
/ ) ¢ + 1)
(EK,N ]lqb(n)) (p(n")) = (i + 1) <ﬂ{j=i+1} +O01—i—y + PW .
Using (29) and (30) we can see that (28) holds, since n'(i) = ¢(n)@ + 1) and n(j) =
e+ 1. O

(30)

3.1. Proof of Theorem 1.2

We will now prove Theorem 1.2, which describes some properties of vy, the stationary

distribution of the N-particle process (UEN))M)-

Proof of Theorem 1.2.

(a) The process (nEN))pO is not reversible, except when K =3 and 6 = 1.

For K =3 and N > 2, let us consider the three states in &,
nm=I[N,0,0l, n=[N-1,1,0], n3=[N—-1,0,1].
It is straightforward to verify that

(Lx.n1p)) =N, (Lxnly)m) = N0, (Lx.n1y))m)=p+0,
L nly)) =1, Lrgyly))m)=p+1, (Lgnly,)ms) =0.
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Moreover,

(Lx.n1y)M3) - (L n1y)m) - (Lrwly)(m2) = (p+ DN,
(Lx.n1y)00) - (Lrv1y,)13) - (Lx v 1,,)(m) = NO*(p + 0),

the Kolmogorov cycle reversibility criterion, see [23, Thm. 1.8], is not satisfied unless
6 = 1. Indeed, note that a necessary condition to have reversibility is that the polynomial

a@) =60+ p(N—1DF>—p(N—=1)—=1=@O—D[E*+ O+ )(p + )]

is equal to zero. Now, since 02+ @+ 1)(p+1)>0forall 6 >0, the polynomial «(6)
only has one positive root, which is 6 = 1.
For K >4, N > 2 and p > 0, let us consider the two states in ¢ y: n; = [N, 0,...,0]
and 7, = [N — 1,0,1,...,0]. Because (Lx n1y,)(m) = 0 and (Lx n1,)002) =
p # 0, the detailed balanced property for a reversible process, see [23, Thm. 1.3],
v ()L w1y, 01) = vv(m2)(Lk v 1,,)(2), is not satisfied.
Therefore, (a) is proved except in the special case K = 3, N > 2 and 6 = 1. Note that in
this case the model is a complete graph model, which was proved to be reversible in [9,
Thm. 2.4].

(b) The stationary distribution vy is invariant by rotation.

(N)

Since vy is the unique stationary distribution of (1;"’) _,. we know that vy(Lk v f) =0

for every function f on £k . Thus, in order to prove that vy is invariant by rotation, it
is sufficient to prove that vy o ¢ also satisfies (vy o ¢)(Lk v f) = 0 for every function
f on Eg y. Since Ek y is finite, it is enough to consider the indicator functions 1,, for
every 1 € £k . Using Lemma 3.1, we have

(n 0o ) Lxn1y) = vy (Lxnly00™") = vy (Lxnlowm) =0,

for every n € £k n, where the second equality holds due to (28) and the third is due to

the fact that vy is stationary for Lx n. Consequently, by the uniqueness of the stationary

distribution, we have vy = vy o ¢. The result trivially holds for any rotation ¢, I > 1.
(c) Mean of the proportion of particles in each state.

Using part (b) we have E,, [n(0)] = E,, [pPmMO)] = E,\[m&)], for all & =

0,1,..., K — 1. Also, we know that n(0) + n(1) + --- + n(K — 1) = N. Thus,

Eyy (k)] = X, forall k=0,1,...,K — 1. O

Let us define the functions f; and fi; on Ex v as fi : n + n(k) and fi; : n — nk)n(l),
for all k,1 € {0,1,..., K — 1}. The following lemma provides explicit expressions for the
evaluation of the generator of the N-particle process on these functions.

Lemma 3.2 (Dynamics of the N-particle Process). We have that
Lxnfe = fior = A +0) fi +0fit1, (€29

Lgnfix =72 |:fk1,k - (l +6+ %) Sk + 9fk,k+1:|

2pN
+ fio1 + 1+9+ﬁ Ji +0fis1, (32)

LgNfieks1 =2 (1 +0+ ﬁ) Skt + ficrhr1 F0firiam + ik + 0fcrsr2
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= fi = 0 fis1, (33)

Lk nfeg=— (1 +6+ ﬁ) S+ fi—1g + Ofkq10 + fri—1 + 0 k141, (34)

forall k,1 € Z/KZ such that |k —1| > 2.

The proof of Lemma 3.2 is mostly technical and it is deferred to Appendix. The expression
(31) given by this lemma is used to study the behavior of the mean of the proportion of particles
in each state. Also, (32)—(34) are used to study the covariances of the number of particles when
t and N tend to infinity.

Let us denote

Jra+() Jox(m) 1(0) n(k)
w=my | B0 = [ A58 =2, TR0 2
for all k,!/ € Z/KZ. Note that the second equality comes from part (b) of Theorem 1.2. Let
us define the constant

Np
=214+ —. 36

" ( (N—1>(1+6>> e
The following two lemmas will be useful for obtaining explicit expressions for the quantities
sg, fork=0,1,..., K — 1.

Lemma 3.3. Then, for K > 3, the values sy, for 0 < k < K — 2, satisfy the following linear
system:

Y
—Sk—1+ Bnso—s1 = _K_ZIVV’ 37
1
_ = 38
so+ By s1 — 2 XN (38)

and when K > 4:
—si1+ Bnsi —si41 =0, (39
for2 <1 < K —2, where By and yy are defined by (10) and (36), respectively.

Proof of Lemma 3.3. Using (32) we have

Eoy [(Lx.n fe)m)] =2 |:EUN [ fee1k(m)] — (1 +0 + ﬁ) Eoy [ fer(m]

+0E,, [fk,k+1(n)]i| +

2pN
N —1
Since vy is the stationary distribution, we know that E,, [(LK,N f)(n)] =0, for all f on &k y.
Thus, using parts (a) and (b) of Theorem 1.2 and dividing by N2, we have the equality

E,, [ fior(n)] + (1 Lot ) Eyy [ fe] + 6Eoy [ firi()].

p 2 pN
21 +0)s; —2({1+60 + —— =——|1+0+—).
(1 +6)sy <+ +N_1>So KN<+ +N—1)
Dividing by (1 + 0), this last equality is equivalent to
VYN
— 25 =———. 40
Bn so — 2s1 XN (40)
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Note that sy = sx_; due to Corollary 1.3. Using this fact, we deduce that (40) is equivalent to
(37).
Furthermore, using (33) we get
p
Eyy [(Lk . fearD))] = =2 (1 +60+ ﬁ) Eoy [ feks1D] 4 Euy [ fiet441(0)]

+0 Eoy [ fer1.k1] + Eoy [fex ] + 0 Euy [ k2]
- EUN [fk(n)] —0 EVN [fk+1(77)]

In a similar way to the previous case we obtain the equation —so + Bys; — s» = —1/KN,
which is equivalent to (38).
Similarly, using (34), the equality (39) is proved for all 2 </ < K —2. [

Note that using Corollary 1.3 and formula (38) we can obtain the following relation

1
— Sx— 1—S)=——. 41
Sx—2 + BNSk—1 — S0 XN (41
Let us define the K x K circulant matrix Agx and the K-vector bg by
Ag =circ(By, —1,0,...,...,0,—1),

bKZ(yN’]"O’O""’O’]‘)T?

for K > 3, where By and yy are defined by (10) and (36), respectively.
Using Eqgs. (37)—-(39) and (41), the quantities sz, 0 < k < K — 1, defined in (35) are proved
to verify the linear system of equations

1
Ag Sk = ———Dbyg, 42
K SK XN K (42)
where sg = (so, 51, ...,5x—1)" and By and yy are defined by (10).
Note that the vector bg is almost symmetric, in the sense that by = bg_4, 1 <k < K —1,
where b;,0 < k < K — 1, are the K components of bx. Moreover, a vector b is almost
symmetric if and only if the equality Jb = b holds, where

1 0 0 ... 00
00 0 ... 01
7= 00 O .- 10
o0 1 ... 00
o1 0 ... 00

In addition, any symmetric circulant matrix of size n can be expressed as follows
A=ayl +a; Il +a 1>+ +a, ",

where (ag, ay, ..., a,—1) is an almost symmetric vector and II = circ(0, 1,0, ..., 0).
The following result gives us information about the solution of a symmetric circulant system
when the vector of constant terms is almost symmetric.

Proposition 3.4 (Circulant Matrices). Let A be a n-dimensional invertible circulant symmetric
matrix and let b be an almost symmetric vector of dimension n, then X = A~'D, the solution
of the linear system AX = b, is an almost symmetric vector.
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Proof. Since A is a invertible matrix, we know that x is the unique vector of dimension n
satisfying Ax = b and this vector x is almost symmetric if and only if x = Jx. So, it is
sufficient to prove that Jx is also a solution of the linear system, i.e. A(Jx) = b. Since b is
almost symmetric, the equation A(Jx) = b becomes equivalent to

JA(JX) =b. (43)

It is sufficient to prove that JAJ = A. Note that the matrix J is an involutory matrix, i.e.
J V=17, and

JAJ = J(aol+a1H+a2H2+..._|_an_1anl)J
=agl +aJIIJ +612]H2]+~-~+an,1j]]"*1‘]_

The matrix I7 is orthogonal, satisfying IT~' = IT”. Moreover,

00 ... 0 01
00 ... 0 10
00 ... 1 00
JiJ=Jyan=J\{. . . . |\=0"

o1 0 0 0O
10 0 0 0O
which implies JI1I"J = JIJ?II"'J = ITJ1I" '] = ... = (II")". Thus, we get

JAJ = al +a 11" +ay(I17)’ + -+ a,, (II7)""

= (aol + @[T+ ax(ITY + -+ a, (1))

=A" = A
Thus, (43) holds and hence Jx is solution of the equation Ax = b. By uniqueness of the
solution we get x = JX, proving that x is almost symmetric. []

Because the K x K matrix Ag in (42) is a symmetric circulant matrix, it is possible to
obtain explicit formulas for all its eigenvalues and eigenvectors using [15, Thm. 3.2.2]. Since
all its eigenvalues are non-null, we conclude that the matrix Ak is invertible. Thus, using
Proposition 3.4, the linear system (42) has as its unique solution the vector sk, which is
almost symmetric. In addition to its almost symmetry, the vector by satisfies by = bg_1,
b, =0, 2 <k < K — 2. This simple structure of b allows us to deduce explicit expressions
for s, 0 <k < K — 1, given in Theorem 1.4, which is proved below.

3.2. Proof of Theorem 1.4
Consider the four families of orthogonal polynomials Neyenn(X), Deven.n(X), Nodd.n(X),

Dogan(x), n > 0, defined by

Neyen,0(x) = 2, Deven,o(x) = 0, Noadg,0(x) =1, Dodd,O(x) =1
Neven,l(x):xv Deven,l(x):x+2, Noad,1(x) = x — L, Dodd,l(x):x+ 1,

satisfying all of them the recurrence relation
Prna1(x) = X pp(x) — pu_i1(x), (44)

forall n > 1.
The next proposition will prove useful in the sequel.
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Lemma 3.5. The following relations hold, for all n > 0:
2Neven,n(x) - XNCVEH,}‘IJrl('x) + ()C - 2)Deven,n+1(x) = O’ (45)
2Nodd, n(x) — X Nodd, n-+1(x) + (X — 2)Dodd, n+1(x) = 0. (46)

Furthermore, we have the following identities involving the Chebyshev polynomials of first and
second kind, for all n > 0:

Neven,n(x) = 2T, (x/2), (47)
Deven,n(x) = (x +2) Up—1(x/2), (48)
Nodad, n(x) = Upn(x/2) = Uy-1(x/2), (49)
Doga, n(x) = Un(x/2) + Up—1(x/2). (50)

Proof. Setting P,(x) = 2Neven.n(X) — X Neven.n+1(x) + (x — 2) Deyennt1(x), for all n > 0, it
follows from the definitions of Neyen ,(X) and Deyen n(x) that Py(x) = 0, Pi(x) = 0 and P,(x)
satisfies the recurrence relation (44). Therefore P,(x) = 0 for every n > 0 and (45) is proved.
The proof of (46) is similar.

Now, note that the sequence of polynomials (2 7,,(x/2)),>¢ satisfy the recurrence relation
(9). Furthermore, 2 To(x/2) = 2 = Neyen,0(x) and 2 Ti(x/2) = x = Neyen, 1(x). Consequently,
identity (47) is proved. Analogously, identities (48)—(50) are proved. [J

We now prove Lemma 3.6, which provides explicit expressions for sz, k € {0, 1, ..., K—1},
in terms of the polynomials Neven,n(X), Deven.n(X), Nodd,n(x) and Dogq ,(x).

Lemma 3.6 (Explicit Formulas for si). The values of sp, 0 <k < K — 1, are given by
(a) If K =2K5, K> > 2,
N -1 Neven,Kz(ﬁN) 1

S0 = +— (51)
7" KN Deenx,(By) KN

N_] Neven -
Kr—k(Bn) <k <Ky (52)

KN Deven,Kz(,BN) ' -
Sk—k =Sk 1 <k <Ky —1,
(b) If K =2K,+1, K, > 1,
o = N —1 Noadk,(Bn) 1
0= —,
KN  Doax,(Bn) KN
N —1 Noad,k,—+(Bn)

Sp = , 1 <k <K,
KN Doga.x,(Bn)

Sk—k =Sk, 1 <k < Ky,

where By is defined by (10).

Sk =

Proof. We separate the proof into two cases: when K is even and when K is odd.
(a) When K is even, say K = 2K, Eq. (42) is equivalent to the following linear system
for sp, 0 <k < K»,

1
Bnso — 251 = kN (53)
1
—So + Bns1 — $2 = XN 54
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—Sk—1 + BnSk — Sk+1 = 0, (55)
for2 <k <K,—1 and
Bnsk, — 25k,—1 = 0. (56)
Note that (56) follows from the equality sg,_| = Sk,+1-

Consider A € R such that sg, = 2A = Neven,0(Bn)A. Eq. (56) implies
Sky—1 = ABN = ANeven,1(Bn)-
Eq. (55) may be written as
Sk—1 = BNSk — Sk+1,
for 2 < k < K, — 1. This proves that s, for k decreasing from K, to 1, may be written
Sk = ANeven, K-k (BN)-
From Eq. (54), we get

SOZﬂNS1—S2+K—N

=A [ﬂNNeven,Kzfl(,BN) - Neven,K272(/3N)] + K_N

1
= ANeven,Kz(,BN) + K_N (57)
Plugging (57) into Eq. (53), we get

A [ﬁNNeven,Kz(,BN) - 2Neven,K2—l(ﬂN)]

1
_ﬁ(ﬂN + ¥n)

__L 2 -
KN 146
Using Eq. (45) we get
ALBN Neven, ki, (B) = 2Neven k3-1(BM)] = A(By — 2)Deven,k,(B)
_ 2p
- AmDeven,Kz(,BN). (59)

Thus, using (58) and (59), we obtain A = K—IN% that achieves the proof of (52) for
even, K

an even value of K.
(b) The proof when K is odd is similar. Indeed, for K = 2K, + 1, the linear system for s,
with 0 <k < K>, is

1
2 = ———p, 60
Bnso — 251 N (60)
1
_ O 61
so + Bns1 — 52 XN (61)
—Sk—1 + BnSk — Sk+1 =0, (62)
for2 <k <K,—1 and
-5k, + BNSk, — Sk,—1 = 0. (63)

Eq. (63) may be written as

(Bn — Dsk, = Sk,—1,

75



J. Corujo Stochastic Processes and their Applications 136 (2021) 57-91

and so
K, = B = BNoaa,0(Bn), Sk,—1 = B(Bn — 1) = BNoga,1(Bn)-
From Egs. (46) and (62), it follows that
St = BNodd, k,—k(Bn), 1 <k < K>.

Then, from Eq. (61), we get

1
So—ﬂNsl—Sz-i-ﬁ

= B [BnNoad.k,—1(BN) — Noada,k,—2(Bn)] + VE

1
= BNoyq,x,(Bn) + N

From (60), it follows, using (46), that B = m. The proof of Lemma 3.6 is therefore
odd. K

complete. [

We are now able to prove Theorem 1.4, which provides explicit expressions for the
covariances of the proportions of particles in two states under the stationary distribution, in
terms of the orthogonal Chebyshev polynomials of first and second kind.

Proof of Theorem 1.4. Using expressions (47)—(50), and Lemma 3.6 we obtain explicit
expressions for s; in terms of the Chebyshev polynomials of first and second kind, for
0 <k < K — 1. Since Cov,,[n(0)/N,nk)/N] = s; — 1/K2, forall 0 <k < K — 1, we
deduce that (11)—(14) hold. [

Now, using Theorem 1.4 we are able to study the monotony of the covariance of the
proportions of particles in two sites as a function of the graph distances between these two
sites.

0 nk) 0) (k+1) :
Proof of Corollary 1.5. Note that Cov,, ["T, ”T] > Cov,, ["N , TET ] holds if and
only if sz > spyg, for all k = 0,1,..., L%J. So, for K even, using (l 1) and (12), it is
sufficient to prove that Ty 1(Bn/2) > Ti(Bn/2). Let us prove it by induction. We know that

T\(Bn/2) = Bn/2 = 1 = To(Bn/2). Assume that Ty (Bn/2) = Ti—1(Bn/2). Since (Tn(x))nzo
satisfies the recurrence relation (9) we have

Ti1(Bn/2D)—Ti(Bn/2) = (Bn—DTi(Bn /2)—Ti1(Bn/2) = Ti(Bn /2)—Ti—1 (BN /2) = 0,

where the first inequality is due to the inequality Sy > 2 and the second one because, by
assumption, T3 (Bn/2) = Tr—1(Bn/2). Then, Ty 1(Bn/2) = Ti(Bn/2), for all k > 0.

Analogously, for K odd the inequality Cov,, ["1(\(,)), ”(k)] > Cov,, [”](\?), ”(k+')] holds for
allk=0,1,..., 5] if

Ukt1(Bn/2) — U(Bn /2) = Ur(Bn/2) — Ur—1(Bn /2), (64)

for all k > 1. For k = 1 we have that (64) is equivalent to ﬂlzv —2Bx > 0, which is trivially
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true since By > 2. Assume that (64) holds and let us prove the inequality for k£ + 1. Indeed,
using that (U”)n>0 satisfies the recurrence relation (9), we have

Uki2(Bn/2)=Uit1(Bn/2) = (Bn = DUi41(Bn /2)=Ui(Bn /2) = Ui1(Bn /2)=Ur(Bn /2).

Thus, (64) holds for all k =0,1, ..., K,. O

3.3. Proof of Theorem 1.6

Theorem 1.4 allows us to get a Taylor series expansion for sz, 0 < k < K — 1 as a function
of %, as soon as we are able to obtain such a series expansion for By, as a function of 1/N,
as well as for the polynomials Nogd.n(X), Neven.n(X), Doddn(X); Duenn(x), n > 0 around x = 2,
using their definitions by induction given in (44).

Lemma 3.7. The polynomials Noddqn(x), Nevenn(X), Doddn(X), Daenn(x), for n > 0, satisfy
the following Taylor series expansion of order 2 around x = 2:

n4 — n2
Nevenn(X) = 2 +n(x —2) + o 2)* +o(x — 2%, (65)
2n3 +n nd—n
Devenn(x) = 4n + ——=—(x =2) + ——(x = 2)* +o(x — 2%, (66)
n2+n n4+2n3—n2—2n ) )
Nodd n(x) = 1+ (x —2)+ 7 (x — 2 +o(x — 20, (67)
2n3 +3n%+n 2n5 + 5n* — 5n% — 2n
Dogan(x) =2n+1+ ————(x —2) + (x —2)?
6 120
+ o(x —2)°. (68)

Proof. Assume Neyen,(x) = ai” +a(x —2) + a{”(x — 2)> + o(x — 2)%, for all n > 0. Note
that the polynomials Neyen ,(x) can also be defined as

Neven,O(x) = 2»
Neven,1(x) = (x —2) + 2,
Neven,n(x) - (X - 2)]veven,n—l(x) + 2Neven,n—l(x) - Neven,n—Z(x)a n Z 2 (69)

Thus, the coefficients (a(()"))n>o satisfy the recurrence relation a(()o) = a(()l) = 2 and a

(n)
o) =
2a(()"71) — a(()"fz), for every n > 2, which yields a(()") =2, forall n > 0.

Also, using (69), the coefficients (a%"))nzo satisfy aﬁo) =0, a%l) =1 and

ain) — zain—l) _ ain—2) + a(()n—l) — zagn—l) _ ain—Z) + 2,

for all n > 0. Solving this recurrence gives ai") =n?, for all n > 2.
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Similarly, the coefficients ( (")) satisfy a(O) a(l) =0 and
—1 -2 1 1 2
aé") — 2a§n ) _ (n )+ (n— )_ 2a (n ) _ (n )+ (n — )

for all n > 0. which yields a(”) n* ’" , for all n > 2, proving (65).
The proofs of (66)—(68) are 51m11ar O

We now prove Theorem 1.6, which provides a second order Taylor series expansion of the
variance of the proportion of particles in each state, as a function of 1/N, when N tends to
infinity.

Proof of Theorem 1.6. Suppose K is even, say K = 2K,. Using Lemma 3.6, we have
1 <1 1 ) Neven,Ksz(,BN)

Sk = — T P
K N Deven,Kz (,BN)

forall k = 1,2,..., K;. Note that By, defined by (10), tends to 2 when N tends to infinity,
specifically

8 ) 2p 2p 1 n 1 n 1

—-2= = —+ — o|—|.
N (N—D(1+6) 14+6\N N2 N2
Using (65) and (66), we have

Newn s 4(By) 24 (K — 2By —2) + &R (g 02 4 (g, — 27%)

Denso(By) — 4g, 4 2K g )y BRagop g ((y —20)
1 (6k(k—K)+K2— 1)
“x7 12K (P =2)
30k(K — k)[k(K — k) + 2] — (K> — 1)(K* + 11) )
+ 720K By =2)
o((Bn —2)), (70)
where K = 2K;.
Finally,
1 (6k(k — K)+ K*—1) p 1
S"_F+<_1+ 6 1+0)K2N

.\ 30k(K—k)[k(K—k)+2]—(K2—1)(K2+11)( p )2 1

180 146/ K2N?
1
+o <N2)

Using (51), we get the following expression for s,

K2—1 p ) 1 (Kz—l)(K2+11)< p )2 1

6 146 K2N+ 180 146/ K2N?

1
SO:E+(K_1+

o)

Now, the expression (15) for Cov,, [n(0)/N,n(k)/N] with K even follows by noting that

Euy |%2] = % forall k=0,1,2,....K = 1.
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Considering K odd, specifically K = 2K, + 1, and using (67) and (68), we have
Noad, k,—k(Bn) 1 (6k(k — K)+ K* — 1) By —2)
Ztodd, Ry kAN v —

Doad,x,(Bn) K 12K
30k(K k(K —k)+2] — (K2 = 1)(K2+11)
720K

By —2)°
+ o ((By —207),

which is the same expression we get for
proved. [

Neven, Ky —k(BN)

Deven £, V) in (70). So, the general result is

Proof of Corollary 1.7. Using Jensen’s inequality, we have

1/2
N L)

CZ [n(k)])
- \/E(Var,w [%O)Dm. (71)

Finally, (16) is proved using (71) and Theorem 1.6. [

IA

4. Covariances of the proportions of particles at a given time
4.1. Proof of Theorem 1.8
Proof of Theorem 1.8. Consider n € £k y and the function f; : n — n(k), for k €

{0,1,..., K — 1}. Using the expression of Lk y fi, for k = 0,1,..., K — 1, given by (31),
and the Kolmogorov equation, we get

E fi(n (N)) _E L’K,ka(’?EN))
dr " N o N
(N)
~E, [—fk‘ll(\ff )] —(1+9)E,,|: 5

=
A
=

3

~

| |

(N)
+OE, [—f"“l(\?’ )} , (72)
fork=0,1,...,K — 1.

Let us define s,k) = B, [ ™) /N] - E, [n§N>(k)/N] = m(n™)k), for k =
0,1,...,K — 1, and the vector s, = (s5,(0), s,(1), ..., s,(K — 1))T. Using (72), we get that
S satisﬁes the differential equation

ds;
E =50,

where Q is the circulant infinitesimal rate matrix defined in (24), with initial condition sy =
n/N. Note that the solution of this differential equation is given by

s = el

N
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Thus, ﬁ(nﬁN)) is actually equal to the distribution of the asymmetric random walk on the cycle
graph Z/K Z with infinitesimal generator matrix Q and initial distribution m(n) at time t = 0,
which is L, (Zt |t < t,,). So, the proof of formula (17) follows from (3) in Theorem 1.1. O

4.2. Proof of Theorem 1.9

In order to study the convergence of the empirical distribution m(nEN)) induced by the
N-particle system, we will analyze the behavior of the covariance functions in time. Let
n € Ek.y be fixed and let us define the functions s\”(k, r) as s> (k, r) = E, [f(k,r)/N*] =

E, [n(k)n(r)/Nz], for all k,r € Z/KZ. Using (32)—(34), we have

ds? (k. k)
dr -

2 |:s,(2)(k, k—1)— <1 +6+ Np 1) sOk, k) + 052k, k + 1)]

1 P
— | sk —1 14+6+2
+N|:St( )+<+ +2-

ds?kk+1) 5
dr -

7 ) s (k) + Os,(k + 1)] ,

146+ ﬁ) sk + 1)+ 57k — Lk+1)

+ 6052k +1,k+1)
1
57k K+ 057k K +2) = - [si(K) + Bsi(k + D]

ds?k k+1)

- —2<1+9+L)s§2)(k,k+1)+s,‘2)(k—1,k+z)

N —1
+0sP*k+ 1,k +1)
+5P%k, k+1—1)+0sPk, k+1+1).
Consider the functions g,(k, r) defined as

nk) m@r)| _ _
N N i|—st (k,r) — s:(k)s;(r),

&k, r) = Cov, [

for all k,r € Z/KZ.
Then, we obtain the following system of differential equations

dg,(k, k
ALY [&(k,k - (1 +6+ L) gi(k, k) + Og, (k. k + 1)]
dr N —1
1
+N[s,(k—l)—i—(1+9+2N_1)S,(k)+9s,(k+1)}
2
— s,
dg/(k,k+1
%=—2(1+9+ﬁ>g,(k,k+1)+g,(k—1,k+1)

+O0g(k+ 1,k + 1)
1
+gk, k) +0g,(k, k+2)— ﬁ[s,(k) +6s,(k + 1)]

2
< P s, (k)si + 1),
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dgt(kv l) —

p
T 2<1+9+ﬁ> g, D)+ gk — 1,1 +0g,(k +1,1)

2
ikl = 1)+ 0gi U+ 1) = L5050

Then, the K2-dimensional vector g = (g,(k, r)) o satisfies the differential equation

& g0 . 3

where 0 = QP —25£51, I is the K*-dimensional identity matrix, the matrix 0 € Mz(K?)
is defined as
1 if k=u+1lAr=v)vVk=unrr=v+1),
Q(uv)(kr)— 0 if k=u—-1Ar=v)vVk=unr=v-1), (74)
2(146) if (k=u) A=)

and w, = (w,(k, r))x, is the K>-vector defined by

1 2p .
—[s,(k—l)-i— 1+€+2 s,(k)+03,(k+1)] N_ls,(k) if r=k
2 .
wk,r) =1 —-— [s,(k AT)+0s;(kVvr)]— s,(k)s,(r) if k—rl=1
—ﬁsr(k)s,(r) if lk—r|>1,

for all k,r € Z/KZ.
Note also that

go(k,r) =0,

goolle, ) = lim g,(k, ) = Cov [n(k) n(r)}

N’ N
and
ﬁ(1+9+ﬁ)—% if k=r,
Weo(k, 7) = tl_lglo w,(k,r) = (1 +0) — Wl) if |k—r|=1,
— s it Jk—r|> 1,

for all k,r € Z/KZ.
Let A = (a,.) and B = (b, ) be two matrices of dimensions m x n and w X g, respectively.

Recall that the Kronecker product of A and B, denoted by A ® B, is the mw X ng matrix
defined as

ap,0B ap1 B ... aon—1B
A®B = : : :
am-10B aw_11B ... au_1,-1B
It is convenient to index the elements of A ® B with two 2-dimensional index in the following
way
(A ® B)r|.ra)cr.c) = (A ® B)rjmtry.crnter = Gryc; bryers

foral0 <ri <m—-1,0<rn<w-1,0<c, <n—-1,0 <c¢, <g— 1. Now, consider that
m =n and w = ¢, i.e. A and B are square matrices of dimension n and ¢, respectively. The
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Kronecker sum of A and B, denoted by A ® B, is defined as A® B = A® I, + 1, ® B, where
I, and I, are the identity matrices of dimension g and n, respectively. It is well known that
the exponential of matrices transforms Kronecker sums in Kronecker products as follows

eABB _ oA g B (75)

See e.g. Chapter XIV of [29] and [15] for the proofs of these results and more details about
the Kronecker product and sum of matrices.

Lemma 4.1. The following properties hold:

1.0P=0@0,
2. e'9? — 0 @2,

Consequently, the matrix Q@ is the infinitesimal rate matrix of the independent coupling of
two processes driven by the infinitesimal generator matrix Q.

Proof of Lemma 4.1. Note that using (74) for all r;, 7, ¢, ¢, € {0, 1, ..., K — 1}, we have

2 _ —
Q(rlar2)~(cla02) - er,cllrz,cz + Irl,cl Qrz,cz - (Q S Q)(rl,rz),(cl,cz)»

where [ is the K-dimensional identity matrix. Then, property | holds. Also, using (75) we can
easily prove the property 2.
All the non-diagonal entries of matrix Q® are positive and the sum of each row is null,

thus Q@ is an infinitesimal matrix. Furthermore,

tQ(z) — @ o2

Corm)tere) = CrieiCrey
which means that Q® is the infinitesimal rate matrix of the independent coupling of two
processes driven by Q. U

Note also that, when 7 goes to infinity in (73), we get g, 0"} + W, = 0. Since 0 is the
infinitesimal matrix generator of a Markov process and Q% = Q(z) — pnlI, where py = 22
all the eigenvalues of Q' are strictly negative and thus, Q(pz) is invertible. Then,

—1°

g0 = —Woe (09) . (76)

We will now prove Theorem 1.9, which gives us the solution of the system of differential
equations (73) and studies the convergence of the proportion of particles at time ¢ in each state
when ¢ and N tend to infinity.

Proof of Theorem 1.9. The solutions of the system of differential equations (73) is given by
! o) @
g = <f w,e 4% du) 10p
0
! o) ! o) @
— Woo)e “Cr du + wo / e % du | e'9r
0

t
([t 1))
0

o
- / (W = w9 du g, (’ -9,

0
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Note that the last equality comes from (76). Therefore, we have

t
@ @)
g — 8ollow < / (Wu — woo)e(t—u)Qp du + Hgoo (etQ,, )H
0 00 00

t
(2) (2)
< [ = el [0t gl [ )
0 o0
We get
eSQE’Z) — e PN || es0? H =¢ PN® (78)
o0 o0 ’
for all s > 0, where py = N 1 Note that the second equality in (78) comes from the

fact that the rows of eSQ(z) has sum equal to one, for all s > 0. Using Corollary 1.5, or the
Cauchy—Schwarz inequality, we get

v [10
lgeolloo = Var,, [ N } (79

Using the inequality (6) we get

(k Y ez ) <,/K_1"’K’
s¢(k) Xl = 1Ly (Ze | £ < Tp Vgsll2 < X € ,
for every k € Z/KZ and all t > 0. Therefore,
2 e 2p 2 1
Wy (k, k) —wao(k, k)| < — (1 + 60+ —1) e K 4 N1 su(k) — e
But
1 1 K+1 |[K-1
su(k)? — <= <su(k) + E) Su(k) — —‘ + Te—PK“.
Thus,
2 p NK+DHVK _
Wk, k) — kkH<—=1[1+06 e PK". (80
[Wa k., k) — Woo (k. )| <++ P+ e (80)
Similarly we get,
2 p N(K+ DK _
Wkok+1)— kk+1D<—[1+4+06 e PK" (81
Iwu(k, k + 1) — Woo( +)I_N(+ + N VK (81)
2 K+ 1HJVK
[wu(k, [) — weo(k, 1)| < p_(K+1) 7"”, lk—1] > 2. (32)
N -1 K«/—
Inequalities (80)—(82) imply that
”Wu - Woo”oo < CK,N epru’ (83)

where Ck n is defined by (20). Plugging (78), (79) and (83) into (77), we obtain

A

1
g — gl < Cin / e PRUG=IN =0y 4 &PV (g [l
0

! 0
= CK,Ne_”N’/ e PK=PN)dy 4 e"PN' Var,, [%]
0
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—PNt _ a—pPKt 0
e T o v, [M] (84)
PK — DN N

1 —ePx! n(0) 1
Cx N—— + Var,, | — —
K.N ox + Var, |: N +o N

1 D 1 —ePk! o 1
— — 0 — .
N1TE ek « N

where Dk and Ek are given by (22). Note that (18) is obtained from (84).
In order to prove (21), note that for every initial distribution © in Z/KZ and any initial
configuration n € £k n, wWe get

|7 ) = L(Zi 1t < )|, < Byflm ) = L£u(Z0 11 < 7)],] (85)
< Ey[llm (o) —m ()ll,]

d AUDEYHVARES S] I (86)

Inequality (85) is obtained using the convexity of the 2-norm and Jensen’s inequality. Inequality
(86) is proved using the triangular inequality. From Theorem 1.8 we know that for any initial
configuration n € £k y, we obtain

21 21
Pm(n) % Pu %

e—Pkt

< |m ) — Lu(Zi 1t <1p)|, < e K Im(n) — pll,,

(87)
where pg is given by (5). Also,
K—1
_ 1:(k)
E,[llm () —m (no)ll3] = ;Varn[ tN ] < Klglls
- 2K D l—e‘pK’_i_E . 1 (88)
=N K 0K K o N/

where D and Eg are defined by (22). Finally, (21) is proved using (85), (86), (87), (88) and
Jensen’s inequality. [
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Appendix. Proof of Lemma 3.2

In order to calculate Lk y fi, note that

(Lx.nfi)n) = Z n(@) (1{j=i+1} + 01—y + 77(]')%) [fi(Ti—n) — fe(n)].

iJj

But fi(Ti—;jn) = fi(n) if i #k and j # k. Thus,

(Lg.nfi)m) = nk) ; (]l{j—k+1} + 01 j—k—1y + n(j)ﬁ) [Ties jn(k) — (k)]

+ ) G ( ei+1) + 0L gi—n) + n(k)—> [ 75 kn(k) — n(k)]
i#k

- —n(k)[ o+ pl = ”(1 )} Fnk—D)+0ntk+1)+p r;(k)

=nk—-1)— A +0)nk)+ 6 nlk + 1),

for all n € £k . Thus, (31) is proved.

Now, for computing Lk v fx; for all 1 < k,I < K, we separate the proof in three cases:
l=k,l=k+1land!>k+1,forall0 <k <K —2.

Case [ = k:

From (2) we have

wKNﬂkmDZE:m0<h1HH+9thH+Mﬂ)Lﬁﬂz»ﬁ) fex(m)].
i,j
for all n € £k n. Denote

— (k)
—1

S;.j(m) = (i) (ﬂuq»ﬂ} + L=y + 1) 5 1) [T~ jnk)* = n(k)*].
Note that if {7, j} N {k} = @, then we have §; ;(n) = 0. So,
Ly fidm) =D Sk + Y Sk

j#k ik
Note that
N 4
DS =Y k) <ﬂ{j=k+1} + 0Ly + nmﬁ> [Tis (k) — (k)]
Jj#k Jj#k

= n(k) (1 +6+ %Z n(j)) [(n(k) — 1)? = nk)’]
J#k
—nk)

(n(k) +0nk)+p n(k) _

) [—2n(k) + 1], (A1)
Z Six(n) = Z n(i) (]l{k—i-H} + 0L =iy + U(k)NL_> [Ti—>k77(k)2 - Tl(k)z]

i#k i#k 1

= (n(k —D+0ntk+1)+ n(k)ﬁz n(i)) [() +1)* = n(k)*]
i#k
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— n(k)
-1

(n(k —D4+6nk+1)+p n(k) ) [2n(k) +1]. (A2)

Summing (A.1) and (A.2), we obtain

Ly fi)m) =D Seim+ Y Sixm)
j#k ik
= 2n(k) [n(k — 1) — n(k) + 6(n(k + 1) — (k)]
k
+ (k) + n(k — 1) + 6k + 1)+ n(k) +2p n(k) — O

—1
=2 [n(k — Dn(k) - (1 +60+ —) n(k)* + On(k)n(k + 1)]

+n(k—1)+<1+9+]\2]—N> n(k) + Onk + 1),

for all n € £x n. Thus, (32) holds.
Casel =k + 1:
From (2), similarly to the previous case, we have

(Lg.N frp+D(m) = Z n(@i) <]l{j—i+1} + 01—y + fl(j)ﬁ)

X [ ferrt (Ti=jn) = fearr ()]

Denote

R j(n) = n() (1{j=i+1} +O0Lj=iny + n(j)%)
x [Tim jn(k) T jn(k + 1) — n(kn(k + D].

If {i, j} N {k. k + 1} = @, then R; ; = 0. Thus,

(Lxnfear)) =Y Rejm+ Y RN+ D Resrjm+ Y. Rix(n).

j#k ik k+1 jAk+1 i#kk+1
Note that
D R i) = R+ Y Re;(n)
j#k J#k k41
= n(R)[(n(k) — Dntk + 1) + 1) = n(mk + 1] [1 + p"](ffll )}

+ ) k) — Dk + 1) = n(konk + 1)]

ok k41
X (1 i=k+1) + 01 j=k—1y +77(J)—1>
k+1
— 9O = 0k + 1) — 1] [1 + p”l(v—fl)]

p .
—n(k)n(k+1)(9+m > n(;))

jk k+1
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Then,

> Rikpa(m)

ik k41

Z Riy1,i(n)

J#k+1

> R

ik k+1

(LN fekr)(m) = —n(nk + 1) [2(1 +0)+p

Stochastic Processes and their Applications 136 (2021) 57-91

n(k+1)i|
N -1

= n(k)[nk) — 1] [1 +p

N —n(k)
—nkmk + DA +0) = pnintk + H———,

Z Ntk + 1) + 1) — n(k)ntk + 1))

i#kk+1

X (ﬂ{k+1—i+l} + 0 Lkr1=i—1y + n(k + l)ﬁ)

Zi;ék,k+1 77(i)>

= n(k) (Qn(k+2)+pn(k+l) N —1

N —n(k) — n(k + 1
= on()n(k +2) + pnnk + 1) ’7<A;_'17< +1

= Resra + Y Riyr ()
JAk 1

n(k)

= n(k + DI(n(k) + Dk + 1) — 1) — n(k)ntk + 1] [9 Py

+ Z n(k + Dn()(ntk + 1) — 1) — n(k)nck + 1)]
J#k k]

n(j)
X (1{.i—k+2} +O0L=n + Py 1)

k
=n(k+1)[n(k+1)—n(k)—1][9+p k) }

N -1

p .
— 0k + 1) (1 +vo1 > nu))
J#k,k+1

k
n(k + Din(k + 1) — 1] [e +p%} — ok + D(1 +6)

N —nlk+1
—paomtk + 1)%,

= > OIaE) + Dtk + 1) = nonk + 1]

ik k+1

14
Tii—i O (j—i— k) ——
X({k—+1}+ {k=i—1} + n( )N—l)

—n(k) —nk + 1)>
N —1

N
=nk+1 <77(k — D+ pnk)

—nk) —nk+1)

N
n(k — Dntk + 1) + pn(knk + 1) N1

]

2N —n(k) = nk +1) = 2[N — n(k) — n(k + 1)]

N-1

]

+ k) nk) — 1] (1 +p

nk+1)
N -1
87
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+n(k — Dk 4+ 1) + On(k)nk + 2)

n(k)+n(k+1)]

= —nk)nk + 1) [2(1 +60)+p N1

k+1
+ 0l — 1] (1 0D

+n(k — Dk + 1) + On(k)nk +2)

= =2n(k)n(k + 1)(1 +0) + n(nk) — 11+ Onk + Dntk + 1) — 1]
n(nk + 1)
N-1

k
) + ok + DInck +1) — 1] (9 + p%)

—2p + 0k — Dn(k + 1) + 0n(k)n(k + 2)

=2 (1 +o+ ﬁ) n(om(k + 1)+ nik — DnGk + 1)

+0nk + 1% + n(k)* + Onkynk +2) — nk) — Ok + 1),

for all n € £k n, which is equivalent to (33).
Case !l > k+ 1:
In this case we have

(Lg.nfi.)m) = Z n(i) <]l{_j—i+1} +01y—-1y + ﬁ(j)ﬁ) [ fiei(Tisim) — fea(n)]-
ijeF
Denote
P

T: j(n) = n(@@) (1{j=i+1} + 01 j=i—1y + n(j)N 1) [Ti jn(k) T jn) — n(k)n()].
Obviously, if {i, j} N {k. k + 1} = ¥, then T; ;() = 0. Thus

Lrnfidm =D Te;m+ > T+ Y. T+ D T

j#k ik k+ Ak ik k+
Note that
ZTk,j(T)) = Tesr1(n) + Z Ty, ()
Ak Ak ok
k+1
= n()[(n(k) — Dtk + 1) + 1) — nk)n(k + D]p nl(\f jl)
+ Y nlak) — Dtk + 1) — nlnk + )]
Ak
n(j)
X |\ Lgjmigry + 0L jmp—1y + PN
~ B k£
= n()nk) —nk +1) = 1p=—r—r=
— ki +1) (1 +0+ = Y n(j))
kK
_ P N N —n(k)
= n(k)n(k +1) |:N — k) = D= (A +8) = p——— :| ;
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Y Tan(n = Y n@) k)t + 1)+ 1) — nkonk + )]

ik k+ ik k+1
p >

1 0
X <]1{k+l:i+l}E + l{k+l=i71}E + n(k + Z)N 1

= n(k) |:r;(k+l—1)+977(k+l+l)—l—pn(k—H)

o N —n(k) —nk +1)
N -1
=nnk +1 -1 +0ntntk +1+ 1)+ pnkntk +1)

XN—rz(k)—n(kwtl)
N -1 ’

D T i) = Tesam + Y T j(n)
Ak k-
n(k)

jk+
= nk +D[(nk) + D(ntk +1) — 1) — nlmk + D] PN

+ Y 0k + DGk +1) — 1) = nkynk + D]

Ak
n(J)
X <]l{j—k+l+1} + 01 jmkri-1y + PN 1)
n(k)

= (k4D Ink +1) = o) = 1] p—

P .
—n(knk +1) |:1+9—|—N_1- > ﬂ(])j|
j#k k+1

= (k) — n(k)
= n(k + 1) [nk + 1) — n(k) l]pN_l
—atonte+ 0 |10+ p IO ZIEED
N -1
140 N-nGk+D
N PN on )

— T
= n(knk +1) [(n(k +H-Dy—

o Tu =Y Ok + Dtk + 1) = nlntk + )]

ik k4 ik k+
n(k) )

X (]l{k=i+1} + 01—y + N —

N —nk) —nk +1
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= n(k — Dk + 1) + 0n(k + Dnk + 1)

—nk) —nk+1)
N—1 '

N
+pnlontk +1)

Thus,

(L. fie)m) = nlk)ntk +1) (ﬁ[n(k) + ok +1)=2] =21 +6)

p
N -1

+nk)[nk+1 -1 +60ntk+1+ D]+ ntk+D[ntk —1)+60nk + 1)]

[2N —n(k) —n(k + 1) = 2[N — n(k) — n(k + l)]])

= 2nk)nk +1) (1 +0+ ﬁ) +nk)[ntk+1—1D+0nk+1+1)]

+nk +Dntk — 1)+ 6nk + DI,

for all n € Ek n, proving (34).
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