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Abstract

In this paper we provide an asymptotic analysis of the optimal transport cost in some matching problems
with random locations. More precisely, under various assumptions on the distribution of the locations
and the cost function, we prove almost sure convergence, and large and moderate deviation principles.
In general, the rate functions are given in terms of infinite-dimensional variational problems. For a suitable
one-dimensional transportation problem, we provide the expression of the large deviation rate function
in terms of a one-dimensional optimization problem, which allows the numerical estimation of the rate
function. Finally, for certain one-dimensional transportation problems, we prove a central limit theorem.
© 2011 Elsevier B.V. All rights reserved.
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1. Introduction

Let (E1,dy) and (E3, dy) be Polish spaces (i.e. complete and separable metric spaces) and
c: E1 x Ey — [0, 00) a measurable cost function, i.e. the quantity c(x, y) describes the cost of
moving an object located at x € E; to location y € E». For a fixed integer n > 1, let P, be the
set of permutations of {1, ..., n}. If we want to transport n objects located at x1, ..., x, € Ej to
locations yi, ..., y, € E», the optimal transport cost is

n
kn = kn(X1, ...y X0, V15 ..., Yp) = inf Zc(xi,yg(i)), n>1.
oeP, e
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In mass transportation literature (see e.g. [25,26]), the permutations o are called transference
plans, and those achieving the infimum, optimal transference plans. Adding the randomness to
this problem, let X1, ..., X,, be Ej-valued random variables (rv’s), Y1, ..., Y, be E>-valued rv’s
and consider the optimal transport cost K, = k, (X1, ..., Xpn, Y1,..., Yy),n > 1.

In this paper, under various assumptions on the distribution of the rv’s {X,,},>1, {¥n}n>1 and
the cost function ¢, we provide almost sure convergence (ASC), large deviation principles (LDP),
moderate deviation principles (MDP) and central limit theorems (CLT) for {K,},>1 (properly
normalized).

Most of our results refer to the so-called two-sample transportation problem (TSTP) and grid
transportation problem (GTP). We speak of a TSTP if

{X,}n>1 1s a sequence of independent and identically distributed (iid) rv’s with law £ (1)

and

{Y,}n>1 is a sequence of iid rv’s with law £5. 2)
If moreover

{Xn}n>1 and {Y,},>1 are independent sequences, 3)

then we speak of a TSTP with completely independent locations (CIL). A TSTP is called a
k-dimensional TSTP (kDTSTP) if E, is a subset of R¥. We speak of a GTP if {X, },> satisfies
(1), {gn}n>1 C E2 is a countable subset of E> and Y, = g, n > 1. In such a case, K, represents
the optimal transport cost for transporting n objects located at X1, ..., X, to the grid locations
g1, ..., & A GTPis called a k-dimensional GTP (kDGTP) if E; is a subset of RF. Letm, k > 1
be integers, n = m*, and {Cy1, ..., Cy} apartition of [0, 17% formed by cubes C; C [0, 17 with
Lebesgue measure 1/n. If E; = [0, 1]¢ and the grid locations gi, ..., g, are regularly spaced,
i.e. g € C;, then we speak of a k-dimensional regular grid transportation problem (k\DRGTP).
Throughout this paper we say that the TSTP or the GTP is over a compact metric space (E, d)
if (E, d) is a compact metric space, E1 = E; = E and di = d» = d. The TSTP or the GTP is
said to be over a compact metric space (E, d) with distance cost function (DCF) if it is over a
compact metric space (E,d) andd; =d, =c =d.

Before describing our results in more detail, we recall some related literature. Ajtai et al. [2]
studied the TSTP over E; = E; = [0, 1]? with Euclidean DCF, CIL and ¢; = ¢, = £,
the Lebesgue measure. In particular, they proved the existence of a constant ¥k > 0 such that
k1 /nlogn < K, < k\/nlogn, with high probability. Refinements of this result were obtained
by Talagrand [22]. Ganesh and O’Connell [12] proved a LDP for {K,,/n},>1 for the case where
K, is the optimal transport cost of the TSTP over a compact metric space (E, d) with DCF, CIL
and ¢; = {,. The rate function is given in variational form and, although they did not solve
explicitly the related optimization problem, they characterized its solution. Moreover, in [12] a
MDP is proved for {K,/n},>1 in the case when K, is the optimal transport cost of the TSTP
described above with E = [0, 112, d equal to the Euclidean distance and £; = ¢, = £. The
expression for the rate function is provided up to a multiplicative constant. Recently, Barthe and
O’Connell [3] noticed that the MDP stated in [12] may be extended to {K,,/n},>1 where K,, is the
optimal transport cost of the TSTP over a compact metric space (E, d) with E C R¥, Euclidean
DCF, CIL and ¢1 = £;. As a main result, Barthe and O’Connell [3] proved that if E is the unit
ball of R¥ and £, = £, is the uniform distribution, then the moderate deviation rate function is
equal to (k 4 2)x2/4. A related paper is Gozlan and Léonard [13] where new transportation cost
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inequalities are derived by means of elementary large deviation reasonings. We refer the reader
to [14] for a survey on recent developments in the area of transport inequalities.

This paper is organized as follows. In Section 2 we give some preliminaries on the
Monge—Kantorovich optimal transport problem, and recall a representation formula for the
normalized optimal transport cost in terms of the empirical measures of locations. In Section 3,
under general assumptions on the distribution of the rv’s {X,,},>1, {¥»}»>1 and the cost function
¢, we provide ASC and LDP for {K,,/n},>1. The large deviation rate functions are given in
terms of infinite-dimensional variational problems. In Section 4 we give more insight into the
expressions for the large deviation rate functions in some specific situations. First, we consider
the TSTP over a compact metric space (E, d) with DCF, CIL, and £; = ¢, and provide lower
bounds for the large deviation rate function of {K,/n},>1. A similar result is derived for the
GTP. Second, we investigate the relation between Maurey’s t-property and the large deviation
rate function of {K,,/n},> concerning the TSTP with £y = E» = E,d| =dy =d, {1 = {3 and
CIL. Third, we consider the IDRGTP over the compact interval [0, 1] with Euclidean DCF and
£1 = £, and provide the large deviation rate function of { K, /n},>1 in terms of a one-dimensional
optimization problem. This allows the numerical estimation of the rate function. In Section 5 we
prove MDP for {K, /n},>1 when K, is the optimal transport cost of the GTP over a compact
metric space with DCF. In Section 6 we briefly discuss possible extensions of the previous results
to non-compact spaces. Finally, in Section 7 we consider the IDTSTP over a compact interval
with Euclidean DCF, CIL, and ¢; = ¢,, and we prove that {K n/A/n }n>1 converges weakly to a
rv whose tail is asymptotically equivalent to the tail of the modulus of a Gaussian rv. We show
also a CLT for a IDGTP.

2. The Monge-Kantorovich optimal transport problem

Let P(E;) (i = 1,2) be the space of Borel probability measures on E;, equipped with the
topology of weak convergence. We recall that, since (E;, d;) is a Polish space, then the topology
of weak convergence is metrizable by Prohorov’s metric, say a® ,and (P(E;), dg)) is in turn a
Polish space.

For u € P(E|) and v € P(E3), denote by II(u, v) the space of Borel probability measures
m on E; x E, with fixed marginals () = (- x E3) and v(-) = w(E1 X -). Formally, the
Monge—Kantorovich optimal transport problem (see [15,16], and more recently [25,26]) is the
minimization problem described by

C(u,v) = inf / c(x,y)mw(dxdy), (u,v)€P(E)) x P(E?).
HEH(M,U) E|xE,

Following the standard interpretation, c(x, y) is the work needed to move one unit of mass from

location x to location y, and C(u, v) is the value of the optimal transport cost of transport

between p and v. For a Polish space (E, d) and p € [1, 00), define the functional

1/p
Wy, v) = ( inf / d(x, y)? m(dx dy)) , (u,v) € P(E) x P(E)
mell(u,v) JExE
and denote by P,(E) the subset of P(E) formed by the probability measures p such that, for
some xg € E, fEd(xo, x)Pu(dx) < oo. Note that if d is a bounded distance, i.e. ||d]c =
SUP(¢, yyeExE d(X,y) < 00, then Pp(E) = P(E), for all p > 1. It is well-known that W), is a
distance on P, (E) (see e.g. Theorem 7.3 in [25]), called the Wasserstein distance for p > 2 and
the Kantorovich—Rubinshtein distance for p = 1. Thus, if E; = E» = E, d; = dy = d, and the
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cost function is of the form ¢ = d?, then, for any a1, oz € P,(E), C(ay, ) = 0 if and only if
o] = ap. By the Kantorovich duality (see e.g. Theorem 1.14 in [25])

Wi(u, v) = sup </ @(x) u(dx) — / p(x) V(dX)) . Yu,vePi(E),
E E
where the supremum is taken over all the Lipschitz functions ¢ : E — R with Lipschitz constant

lp(x) — ()|
llllLip = sup ——~—"-— “
xX#y (x, y)
less than or equal to 1. If 4 is a bounded distance, then the set where the supremum is taken may
be restricted, i.e.

Wi(w,v) = sup </ @(x) p(dx) —f @(x) V(dX)> . VYu,v eP(E), Q)
peL(E) \JE E

where L(E) := {¢ : E — R : is Lipschitz,0 < ¢ < ||d|lo, l@llLip < 1} (see Remark 1.15(i),

p- 34, and 7.5(1), p. 207, in [25] for details). Let u and v be probability measures on R, with

distribution functions F and F», respectively. We mention that, if d is the Euclidean distance

then, for any Borel set E C R, we have

Wi, v) = /E [Fi(x) — F2(x)[dx. (6)

Now, we recall a fundamental expression for k,. Forn > 1,xy,...,x, € Eyand y1,...,y, €
E,, define [,, .= (Z:’zl 8y;)/n and m, = (Zl'-’zl dy;)/n, where §y denotes the Dirac measure at
X.

Lemma 2.1. C(l,, my) = k,/n, foranyn > 1.

For n > 1, define the random empirical measures L, = (Z?zl 8x;)/n and M, =
(3"7_, 8y,)/n; then by Lemma 2.1 we have almost surely (a.s.)

C(Ln, My) = Kyp/n,  Vn = 1. N

The proof of Lemma 2.1 is similar to that of Lemma 3 in [20] or Lemma 2.1 in [12], and therefore
omitted.

We conclude this section by introducing some more notation. All the random quantities are
defined on a complete probability space ({2, 7, P) and we adopt the standard conventions that
the infimum over an empty set is equal to +0o and 0log0 = 0. For a Polish space (E, d), we
denote by M;,(E) the set of signed Borel measures of finite variation on E, equipped with the
topology of weak convergence. Here again, the topology of weak convergence is metrizable by
Prohorov’s metric, say dp, and (M, (E), dp) is a Polish space. Finally, for each v € My, (E) and
measurable function ¢, we set v(¢) = fE @(x) v(dx).

3. ASC and LDP

We say that a sequence of rv’s {§,},>1, taking values on a metric space (S, ds), converges
almost surely on S to a limit &€ if £ is an S-valued rv and, with probability 1, &, — & (wrt the
metric dg). Recall that {§,},>1 obeys a LDP on S with speed s, and rate function I if {s,},>1 is
a strictly increasing sequence of positive numbers diverging to +oo, I : § — [0, oo] is a lower
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semi-continuous (Isc) function, and the following inequalities hold for every Borel set B:

1 o 1 —
—inf 7(z) < liminf —log P(§, €B) < limsup —log P(§, € B) < — inf I(2),
o n—oo sy, R

Z€EB n—0o 9n z€B

where IE denotes the interior of B and B denotes the closure of B. We point out that the lower
semi-continuity of / means that its level sets {z € S : I(z) < a} are closed for all @ > 0; when
the level sets are compact, the rate function [ is said to be good. For more insight into the large
deviations theory see e.g. [9].

We start with the following ASC on general Polish spaces. In the next part, we denote by
Cp(E; x E») the space of bounded and continuous functions from E| x E; to R.

Theorem 3.1. Assume

c € Cp(E1 X Ep), ()

{Ln}n>1 converges almost surely on P(E1) to £1, and {Mp},>1 converges almost surely on P(E2)
to £y. Then {K,/n},>1 converges almost surely on R to C(£1, £2).

Proof. The claim follows if we show that the map C : P(E1) x P(E,) — [0, 0o) is continuous
wrt the product weak topology. It is known that C is Isc if the cost function c is Isc (see Remark
6.12 p. 97 in [26]). So, we only need to show the upper semi-continuity (usc) of C. This in turn
follows by (8), the compactness of I (u, v) (see the proof of Theorem 4.1, pp. 44-45, in [26])
and Theorem 5.20, p. 77,in [26]. O

The following generalizations of Theorem 3.1 in [12] hold.

Theorem 3.2. (i) Assume (8) and
{(L,, My)}n>1 obeys a LDP on P(E1) x P(E2)
with speed n and good rate function K. )
Then {K,/n}u>1 obeys a LDP on R with speed n and good rate function

1(z) = inf K(u,v).
(,v)€P(E) XP(E2): C(1,v)=2
>i1) Assume (3), (8),
{Ln}n>1 0beys a LDP on P(E1) with speed n and good rate function KO (10)
and
{M,}n>1 obeys a LDP on P(E>) with speed n and good ratefunctionl((z). (11

Then {K,/n},>1 obeys a LDP on R with speed n and good rate function

1(z) = inf KD + K@ @).
(1,v)EP(E) XP(E2): C(p,v)=2
Proof of (i). The claim follows by relation (7), assumption (9), the continuity of C wrt the

product weak topology (see the proof of Theorem 3.1) and the Contraction Principle (see
e.g. Theorem4.2.1in [9]). O

Proof of (ii). Since (P(E;),d%) is separable (i = 1,2), {(Ly, M,)},>1 obeys a LDP on
P(E1) x P(E,) with speed n and good rate function K (u,v) = K(l)(u) + KD @W) (see
e.g. Exercises 4.2.7 and 1.2.19 in [9]). The claim follows by part (i). O
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The next Corollaries 3.3 and 3.4 are simple consequences of Theorems 3.1 and 3.2, and
provide ASC and LDP for the two-sample and the grid transportation problems. Given two
probability measures o1, op on a metric space (S, ds), we consider the relative entropy of o
wrt op:

do

H(oy | ap) = /;xs darp
+o00 otherwise

do :
(x)log — (x)day ifa; Koy
dayp

where the symbol « denotes absolute continuity between measures. In Corollary 3.3 K, denotes
the optimal transport cost of the TSTP, while in Corollary 3.4 K,, denotes the optimal transport
cost of the GTP and {yy},>1 the sequence of empirical measures defined by y, := Y i, 8,,/n,
where the g’s represent the grid locations.

Corollary 3.3. Assume (8). Then:

(1) {Kn/n}n=1 converges almost surely on R to C (€1, £2).
(i1) If in addition (3) holds, then {K,/n},>1 obeys a LDP on R with speed n and good rate
function

ItsTp(2) = inf H(u | €1) +H | ). (12)
(1) EP(ED) xP(E2): C(.v)=2

Corollary 3.4. Assume (8) and
yn converges weakly to £* € P(Ep), asn — oo. (13)

Then:

(i) {K,/n}n>1 converges almost surely on R to C ({1, £*).
(i1) {K,/n}y>1 obeys a LDP on R with speed n and good rate function

IgTp(2) = H(w | £1). (14)

inf
HEP(E)): C(p, %)=z
Before proving these results we give an example.

Example 1. (1) Assumption (13) is satisfied in the case of the kDRGTP with £* = ¢, the
Lebesgue measure on [0, 11%. Indeed, for any ¢ € Cp([0, 119, f[o,l]k o)y (dx) =
(3"7_; ¢(gi))/n and the term in the right-hand side can be bounded from above and from
below by Riemann’s sums of ¢ on [0, 17%, wrt the partition {C1q, ..., C,}. Since the Riemann
sums converge to £(¢), we have that y,, — € weakly.

(2) Suppose that the grid points are not all distinct, i.e. {g1, g2,...} = {x1,..., x;;} for some
positive integer m, where x1, ..., x;, are distinct points of E>. Forn > land j =1,...,m,
define nj(n) = #{i € {1,...,n} : g = x;}. In addition, suppose that there exist

Pls---» Pm € [0,1] such that Zj pj = land nj(n)/(np;) — 1, as n — oo. Then
assumption (13) is satisfied with £* := ) ip j0x;- A possible choice of the integers n(n)
is the following. Let [x] denote the integer part of x € R; since [x] < x < [x] 4+ 1 and
Yi_ipj = 1, wehave 37 (np;1 + 1) = n > 3% [np;]. Therefore, there exist
hi,..., hy € {0, 1} such that Z’}’:l([npj]+hj) = n, and we may take n;(n) = [np;1+h;.
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Proof of Corollary 3.3(i). By (1), (2) and the ASC for empirical laws we have that {L,},>1
converges almost surely on P(E) to £1 and {M,},>1 converges almost surely on P(E>) to £3.
The claim follows by Theorem 3.1. [

Proof of Corollary 3.3(ii). It is a simple consequence of Theorem 3.2(ii) and Sanov’s theorem
(see e.g. Theorem 6.2.10in [9]). O

Proof of Corollary 3.4(i). As noticed in the proof of Corollary 3.3(i), {L, }»>1 converges almost
surely on P(E) to £1. The claim follows by (13) and Theorem 3.1. [

Proof of Corollary 3.4(ii). By Sanov’s theorem, {L,},>1 obeys a LDP on P(E) with speed n
and good rate function KDy = H( | £1). By (13) we deduce that {y,},>1 obeys a LDP on
P(E») with speed n and good rate function K@ (v) = 0if v = ¢* and K (v) = o0 if v # £*.
The conclusion follows by Theorem 3.2(ii). [

Note that if the TSTP is specified by E; = E» = E, d; = d» = d, where d is a bounded
distance, and ¢ = d?, p > 1,then C = WP’ ie. C is the power of a particular distance. So, by
Corollary 3.3 we deduce that the scaling 1/n is optimal for K, i.e. {K,/n},>1 converges almost
surely on R to a strictly positive limit if and only if £1 7% £5. In particular, for the IDTSTP over a
compact interval E with Euclidean DCF, CIL and £; = {», the scaling 1/ is not optimal for K.
We shall prove that (in the sense of convergence in law) the optimal scaling is given by 1/./n
(see Theorem 7.1). Similarly, consider the GTP specified by E1 = E; = E, dy = d» = d, where
d is a bounded distance, and ¢ = d?, p > 1. If (13) holds, then by Corollary 3.4 we have that
the scaling 1/n is optimal for K, if and only if £1 # £*. In particular, if (13) holds with £* = ¢,
and {y,}n>1 satisfies a suitable assumption then, for the IDGTP specified by E1 = E; = E C R
and d; = dp = ¢ = d, where E is a bounded Borel set and d is the Euclidean distance, we shall
prove that the optimal scaling is given by 1/./n (see Theorem 7.4).

4. On the expression of the large deviation rate functions

In this section we provide some sharp lower bounds for the large deviation rate function.
Moreover, for a specific IDRGTP over the compact interval [0, 1] we express the large deviation
rate function of {K,/n},>1 in terms of a one-dimensional optimization problem.

4.1. Some lower bounds for the large deviation rate functions

Let (E, d) be a compact metric space, and assume E1 = E» = E,d| =d» =c =d.
For £1 = {5, a characterization of the large deviation rate function ITstp in (12) was given
in [12] where it is proved (see Theorem 3.3 therein)

inf Li(z) ifz>0
ItsTp(2) = { 9LO(E) (15)
+o00 ifz <O,

where L2(E) := {¢ : E — R : ¢ is Lipschitz, lellLip = 1, £1(¢) = 0} and, for 0, z € R,

Ly () = suﬂg(@z —Ly(0)), Ly (6) :== Ayp(0) + Ay(—0),
fe

Ay (0) = log / ) ¢ (dx).
E
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For £* = £1, a characterization of the large deviation rate function Igtp in (14) may be proved
similarly. In particular, one has

inf Ay(z) ifz>0
IgTp(z) = {#eLE) (16)
+o00 ifz <0,
where /lj‘; (2) = supyer 0z — A4 (0)).
The next result provides an explicit lower bound for the large deviation rate functions ITsTp
and IgTp.

Theorem 4.1. Under the foregoing assumptions we have

Itstp(z) > Az2/4 and Igre(z) > Az%/2, ¥z >0, (17)
where
1
A= 5 (18)
) 5 1/2
2{ inf [(2a)—1 (1+1<>ng eed (x0,%) El(dx))] }
xo€E,a>0

Proof. We only show the first inequality in (17). The second one can be proved similarly. By the
results in [6] (see Corollary 4 therein) we have that £; satisfies Talagrand’s T} (1) inequality

Wi, £1) <4/ %H(l) | £1), YveP(E). (19)

By Bobkov and Gotze’s [4] characterization of the 77 (A) inequality we have, for all & > 0 and all
¢ Lipschitz with [|¢]|Lip < 1, log [, e?@)=0) ¢, (dx) < 62/(24). In particular, for all & > 0
and ¢ € LO(E), A,(£0) < 62/(21). So, for all z > 0,

Itstp(z) = inf Lf;(z) >sup inf (Oz — Ay(0) — Ay(—6))
peLO(E) 0eR 9eLO(E)

v

92
sup (Gz - —> = )»zz/4. 0
>0 A

Let (E,d) be a Polish space. Finally, we investigate the relation between Maurey’s 7-
property [19] and the large deviation rate function of the TSTP with E1 = E; = E.d) =dy = d,
£; = {7 and CIL. Let ¢ € Cb(Ez). For all bounded Borel functions ¢ : E — R, define
Ocp(x) =infycp(p(y)+c(x, y)), x € E. We say that the couple (£1, ¢) satisfies the T-property
if £1(Qcp)l1(—¢) < 1, for any ¢.

Theorem 4.2. For the TSTP specified above we have
Itstp(z) >z, Vz >0 ifandonlyif the couple (£1,c) has the t-property.
Before proving this result we give an example.

Example 2. Take £ =R, d(x, y) = |x — y|/(1 + |x — y|) for any x, y € R, and ¢ equal to the
standard Gaussian measure on R. By Talagrand’s 7> inequality we deduce

inf / = yPr(dxdy) < 2H(u | €1), Vi € P(R).
well (n,l1) JRxR
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Therefore, defining the cost function c(x, y) = d(x, y)2 /2, we have the transport—entropy
inequality: C(u, £1) < H(un | £1), for any u € P(R). So by e.g. Proposition 8.3 in [14] we
have that the couple (¢1, ¢), where ¢(x, y) := d(x, y)2 /4, satisfies the T-property. Now consider
the TSTP with £y = E; = R, dy = dy = d, cost function ¢ and completely independent
locations distributed according to the standard Gaussian measure. By Theorem 4.2 we deduce
ItsTp(z) > 7, for any z € R.

Proof of Theorem 4.2. Assume that the t-property holds. By Proposition 8.2 in [14] we have
H(u | )+ HW]| ) > C(u,v), forany u, v € P(E). Therefore, for any z > 0,

Itstp(z) = inf Hp | )+ HW| ) >z
(n,v)EP(E)XP(E): C(u,v)=z

Now, assume Itstp(z) > z, for all z > 0. Let ®. be the set of all bounded continuous functions
such that ¢1(x) + ¢2(¥) < c(x, y), for any x, y € E. By the Kantorovich duality, C(u, v) =

SUD (g, ) ed, (1 (P1) +v(2)). So, setting T = L,(@1)+ M, ($2), ¢ = (1, $2) € D, we have,
for any r > 0,

1 1

lim sup — log P(Tnd’ >t) <limsup —log P(K,/n > t) < —inf ItsTp(2) < —1.
n—oo N n—oo N 2zt

The claim follows using the techniques in the proof of Theorem 3.7 in [13] (see the equivalence

(a) < (c) therein).

4.2. On the large deviation rate function of a particular IDRGTP

Let K,, denote the optimal transport cost of the IDRGTP over the compact interval [0, 1] with
Euclidean DCF and ¢; = ¢, the Lebesgue measure. The following theorem holds.

Theorem 4.3. {K,, /n},>1 obeys a LDP on R with speed n and good rate function
0 ifz=0
inf , if z€(0,1/4
E1(1(1)’1)1/(61 z) ifze€(0,1/4]

inf 2) i 1/4,1/2
ae(o,m)lrul(z_m,l)ﬂa z) ifze(1/4,1/2)

+00 otherwise

IgTr(2) =

where y(a, z) = —yW(a,2) — yP(a,2)(z + a*> + 1)2),

yV(a, 7) = log (_ (e—zay(z)(a,z) e arP @) | e_y(Z)(a,Z)))

yP(a, 2)
and y @ (a, ) is solution on (—o0, 0) of the following equation in :
—e? (g + eiz) +eaf (%" + 9%) — 2 (%‘1 + 0%) 1

—2a6 —ab —0
1 ., )
Tt 12 +9(e e te

=0.

Using standard notation, for positive functions f and g such that f(z),g(z) — 0, as
z — 0, we write f(z) = O(g(z)) if there exist positive constants m, M > 0 such that
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Fig. 1. Approximate graph of the rate function IgTp(z), 0 < z < 1/2 (solid line), and approximate graph of the
corresponding theoretical lower bound Azz /2,0 <z <1/2, 2 =~ 5.20 (dotted line).

m < f(z2)/g(z) < M, as z — 0. As a consequence of Theorems 4.1 and 4.3, we have the
following corollary whose proof will be given at the end of this section.

Corollary 4.4. Let IgTp be the rate function in Theorem 4.3. It holds that IgTp(z) = 0(z?) as
7z — 0.

Using the expression of the rate function given in Theorem 4.3, we may numerically estimate
IgTp. In Fig. 1 we report the approximate graph of the rate function Igtp(z), 0 < z < 1/2
(solid line), and the approximate graph of the corresponding theoretical lower bound Az%/2,
0 < z < 1/2 (dotted line), provided by Theorem 4.1. In particular, for the graph of the lower
bound, we evaluated numerically A, resulting A ~ 5.20.

The proof of Theorem 4.3 is based on the following Lemma 4.5. Let F ([0, 1]) be the set of
probability densities on [0, 1], and define

1
Baz = {fe}"([O,l]):/ oa(x)(f(x) —Ddx=z¢, aec(,1),z>0,
0

where o, (x) := max{2a — x, x}.

Lemma 4.5. For a € (0, 1) and z € [0, max{1, 2a} — a®> — 1/2), the variational problem

1
inf f £ log £(x) dx (20)
fEBaJ 0

has a unique solution f;, € B, ; given by f; (x) = e"’“)(“*z)_"“(x)”(z)(”’z)l{x e [0, 1]},
where y (U (a, ) and y®(a, z) are defined in the statement of Theorem 4.3.

Proof of Theorem 4.3. A simple computation shows that the claim is equivalent to IgTp(z) =
infyen, y(a,z), z € R, where A, = {x € (0,1) : z € [0,max{l,2x} — x2 - 1/2)}.
Clearly, IgTp(z) = 400 for z < 0 and by the ASC, Igrp(0) = 0. So, in the rest of the
proof, we consider z > 0. By (6) we have W;(u, v) = ]01 [ ([0, x]) — v([0, x])| dx; therefore

IgTp(2) = infrc 4, fol f(x)log f(x)dx, where A, := {f e F(0,1)) : /01 |F(x) — x|dx = Z}
and F(x) == f(;r f(y) dy. We divide the proof in four steps.
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Step 1: a preliminary inequality. For a € (0, 1) and z > 0, denote by A, ; the set of probability
densities f € F([0, 1]) such that

F(x) —x >0, for{-almostall x € (0, a);

(21)
F(x) —x <0, for{-almostall x € (a, 1)
and fol |F(x) —x|dx = z. If f satisfies (21), then integration by parts yields
1 a 1 1
/ |F(x) — x|dx = / F(x)dx —/ F(x)dx —a*+ =
0 0 a 2
a 1 1
= 2aF(a) —f xf(x)dx +/ xf(x)dx —a® — 3
0 a
1
:/0 0a(x)(f(x) — 1)dx.
So A, ; € B, ;, and therefore
1 1
inf f f(x)log f(x)dx < inf / f(x)log f(x)dx. (22)
feBa,: Jo feAaz Jo

Step 2: a related variational problem. Since B, ; = ) for z > max{1, 2a} — a’ —1/2, by (22)
we have

1
fir}lf / f(x)log f(x)dx = 400, Va € (0,1)and z > max{l, 2a} —a*> — 1/2.
€Aa,z JO

In the following we show that, for a € (0, 1) and z € [0, max{1, 2a} — a? — 1/2), the unique

solution f . of (20) solves even infyec 4, . fol f(x)log f(x)dx. Due to (22), this claim follows
if we prove f;, € A, ;. We reason by contradiction and assume the existence of a Borel set

C < (0, a) with positive Lebesgue measure and such that F; (x) = fg a:()dy <xonC
(the same argument to follow can be easily adapted to the case when F,(x) > x on some Borel
set C C (a, 1) of positive Lebesgue measure). By continuity,

F;.(x) <x onsome interval (u, v) C (0, a). (23)
Without loss of generality we may assume
Fy (u)=u, Fy.(v)=v. (24)

Consider the distribution function G},  (x) := x1{x € (u, v)} + F; ,(x)1{x € (0, 1)\ (u, v)} and
let g;“’z(x) =1{x € (u,v)} + fa’fz(x)l{x € (0, 1)\ (u, v)} be its density wrt £. We have

1

1
/0 0a () (gf . (x) — D dx > fo 0. () (fE.(0) = Ddx = z. (25)

Indeed, the equality follows since f,/, € B, ; and the strict inequality is a consequence of the
following argument. First note that since g; , = f;, on (a, 1), it is equivalent to

a a
2aGy (a) —/ xg, . (x)dx > 2aF; (a) —/ xf(x) dx.
0 0
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Using g;’Z = f;z on (0,a) \ (u,v), g;“’z = 1 on (u, v), (24) and integration by parts, this
inequality is in turn equivalent to

/vx(l - fi. () dx = /U(Fa*,z(x) —x)dx <0

and so the inequality in (25) is a consequence of (23). Define the functions h,(flg x)=a+ -

a)g; . (x), fora € (0, 1) and x € (0, 1). Clearly,

1 1
/ oa() () (x) —1)dx =0 <z and (by (25)) / 0a () (W (x) — D dx > z.
0 0
Since k) € F([0, 1]) Yo € (0, 1), by the continuity of the map & > [} 0 (x) (h{) (x) — 1) dx,
we deduce the existence of o € (0, 1) such that h((la; € B,.;. We get a contradiction if we show
1 B 1
/0 h®) (x)log h{™) (x) dx < fo £ (o) log £ (x) dx. (26)
By the strict convexity on [0, 1] of x — x log x, we have
1 B 1
/ hg“; (x) log hg"‘; xX)dx < (1 —@) / g, . (x)loggy (x)dx,
0 0
s0 (26) is proved if we check
v
/ S () log £ (x) dx = 0. 27)
u
For x € (0, 1), define the function ¢(x) := ;Z(u 4+ (v — u)x). By (24) we have £(¢) =
v —u)"! fuv fa . (x) dx = 1. The inequality (27) follows since
v 1
/ fi () log f (x)dx = (v — u)/o @(x)logg(x)dx > 0.
u

Step 3: monotonicity of Igtp on [0, 00). Note that, for the grid transportation problem we are

considering, it holds that £* = £; = £. So, by (16) we have that Igtp is non-decreasing on [0, c0)
if, for any fixed ¢ € £0([0, 17), the Legendre transform /1:; is also such. This is immediate from
the fact that /1?; is non-negative, convex and /1;; 0) =0.

Step 4: conclusion of the proof. Since A, , < A;, we have, for any a € (0, 1) and z > 0,

1
Igtp(z) < I(a,z) = inf / f(x)log f(x)dx.
fE-Aa,z 0

Note that by Lemma 4.5 and Step 2, we deduce I (a, z) = y(a, z) if z € [0, max{1, 2a} — a? —
1/2) and equal to +oo otherwise. Taking the infimum over a € (0, 1), we get

Igrp(z) < inf I(a,z) = inf [—yP(a,2) —yP(a,2)(z +a>+1/2)], Vz>0. (28)
acA, acA,

The reversed inequality follows if we show that, for fixed z > O and f € A;,

HZ* >z,a¢€ AZ*, 8a € Aﬁ,z*

1 1
such that / f(x)log f(x)dx = / ga(x)log gz(x) dx. 29)
0 0
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Indeed, (29) yields IgTp(z) > infsea . I(a, z*) and, combining this inequality with Step 3 and
(28), we have IgTp(z) = infaeAz* I(a,z*) > infsea, y(a,z). It remains to prove (29). Take
7 >0, f € A; and, to fix the ideas, suppose F(x) — x > 0 in a right neighborhood of 0. Denote
by Jk(+) = (rx,sx) € (0, 1), k > 1, r; = 0, the disjoint intervals of maximal length such that
F(x)—x > 0andby Jk(_) = (Sk, "e+1) € (0, 1), k > 1, the disjoint intervals of maximal length
such that F(x) — x < 0. If there are only N intervals J, k(+) and N — 1 intervals J, k(_)’ then we set

sy = land ry = s¢ := 1Vk > N + 1. If there are only N intervals Jk(+) and Jk(_), then we set
ry = S .= 1Vk > N + 1. Define

z* :=z+22(rk+1—sk) Z (sj —rj) and 5I=Z(Sk—rk)

k>1 Jj=k+1 k>1

(note that, due to the above definitions, if the number of intervals Jk(+) is equal to N, then the
sums Y,y and Y-y, in the definition of z*, have to be replaced by SN !and Z?’:kﬂ,

respectively, and the sum Zkzl’ in the definition of @, by Z,](V:l), and consider the distribution
function G defined as follows:

n
forn>0, G (Z(Sk — 1K) +x> =F@pp1+x)  ifx € (0, 5041 — rng1)
k=1

and
n
forn >0, G <5+ (Fe+1 — Sk) +X) = F(spp1 +x)  ifx € (0,742 — Spt1).
k=1

Let gz be the density of G wrt £. The claim follows if we check that the triplet (z*, @, gz) has the
properties summarized in (29). In the rest of the proof we accomplish this task in the case where

there are exactly N > 1 intervals Jk(+) and Jk(_). The other case may be checked similarly. We
have

N N N
F=2+2) (kg —s) Y, (sj—rj) and a=y (sx—r)
k=1 j=k+1 k=1
and G defined by
n
forn=0,.... N—1, G (Z(sk —rk)—i—x) = F(rp41 +x)

k=1
ifx € (0, sp+1 — ru+1)

and
n
forn=0,...,N — 1, G(E+Z(rk+1 —Sk)~|—x> = F(sp41 +x)

=1
if x € (0, rpp2 — sug1).

We start by checking that
G(x)—x>0 on(0,a) and G(x)—x <0 on(a,l). (30)
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By construction, forn =0, ..., N — 1,0n (0, s,+1 — r,+1) we have
n n
G <Z(sk ) +x> - (Z(sk — 1) +x> > F(rag1 +X) = (a1 +x) > 0
k=1 k=1
and therefore G(x) — x > O on (0, @). Similarly, forn =0, ..., N — 1, 0n (0, rpy42 — sp41) we
have

n n
G <a+ D ks — 1) +x> - <a+ D (e — 1) +x> < F(sut1 + %) = (Sat1 + %)
k=1 k=1
<0

and therefore G(x) — x < 0 on (a, 1). Thus, (30) is proved, and by the computations at the
beginning of Step 1 we deduce

1 1
/0 |G(x)—x|dx=/0 02 () (ga(x) — 1) dx. 31)

A straightforward computation yields
N Tt

1 s, N
/ |F(x) — x| dx Z k(F(x)—x)dx—Zf (F(x) — x)dx
0 k=1 k=1Ys

Tk

N psi—rg k=1
Z/ |:G (Z(sj—rj)+x>—(x+rk):| dx
k=10 j=1
N o riei—sk k=1
_Zf |:G <E+Z(rj+1—sj)+x>—(x+sk)i| dx.
0 j=1

k=1

k

Note that

Sk—rk k—1
/ |:G (Z(sj—rj)—i—x) —(x+rk)j| dx
0 j=1
P k=1 k=1
:/ |:G (Z(sj—rj)—l—x)—(Z(sj—rj)+x>:| dx
0

=1 j=1

k—1
- [rk - (sj - r,-)} (sx — 72,
j=1
Tk4+1—Sk k—1
/ |:G <E+Z(rj+1 —s,-)—i—x) —(x+s1<):| dx
0

j=1

Tk41—S5 k—1 k—1
:/k k|:G(E+ E (rj+1—sj)+x)—<x+ﬁ+ E (rj+1—sj)):|dx
0 :

Jj=1 Jj=1

N
+ (kg1 — 1) Y (sj—r))

j=k+1
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and

N k=1

Z |:rk (sj—r;j ] (s —11) = Z(Vk+1 — k) Z (sj —

k=1 =1 j=k+1
Therefore

1
/ |F(x) —x|dx
/ (G(x)—x)dx—f (G(x)—x)dx—zDrkH S0 3 6=,

j=k+1

By (30), f € A; and the definition of z*, we have fol |G(x) — x|dx = z*. Consequently,

gz € Az z+. By (31) we deduce z* = fol oz(x)gz(x)dx — a’ - 1/2 < max{2a, 1} — a*— 1/2,
and so @ € A +. Finally

1 N k=1 k—1
/ Sx)log f(x)dx = Z/ gz (Z(Sj —rj) +X> log gz (Z(Sj —7j) +X> dx
0 k=179 j=1 j=1
N pres1—sk k=1
+Z/ 8a E+Z(rj+1—3j)+x
k=10 j=1
k=1
x log gz <E+ Z(rH] —5;) +x> dx

j=

Sk—Tk

1
= f ga(x)log gz(x)dx. 0
0

Proof of Lemma 4.5. For fixed a € (0, 1) and z € [0, max{1, 2a} — a*> — 1/2), the set B,.; is
convex. So, if it is not empty, due to the strict convexity of the relative entropy, (20) has a unique
solution, say f, a.z- We compute f a.; and check retrospectively that B, ; is not empty. For the
sake of clarity, we divide the proof in four steps.

Step 1: the Lagrange multipliers method. Set A, ; = {x € [0, 1] : ?a’z(x) > 0}, and consider
the Lagrangian

L(f, )Ll(Aa,z)’ )\Z(Aa,z))(x)
= f(x)log f(x) +A1(Ag,)(f(x) — 1) + 22(Ag ) (0a (X)(f(x) — 1) — 2)

where A 1 (Aq.z) and A2(A, ;) are the Lagrange multipliers. By the Euler equation (see e.g. [7]) we
have & ¥ |f Fo. = =0,ie. f, () = e~ UM (Aa))=0a22(Aa){x € A, ). By the constraints
we deduce that the Lagrange multipliers A1 (A, ;) and A2(A,, ;) are solutions of

/ e 0aR(Aa2) gy — I+ (Aas) (32)

and

/ 04 (x)e e W Aad) gy = e!TMAad) (7 4 42 4 1/2). (33)
Aaz
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Step 2: a suitable set function. For a fixed Borel set U C [0, 1] with positive Lebesgue measure
and u1, ur € R define the functions

m (U, uy, u2) :=/ e~ (=t g
U

mt(ll)(U, Uy, up) = / 0 (x)e” U =oa®u2 g
U

and the set function v, ;(U) = supul’uzeR[—m,(lo)(U, U, up) —up — (2 + a’ + 1/2)us]. I
there exist A1(U) and A2(U), solutions of (32) and (33) with A, = U, then v, (U) =
—(1 42 (U)) — (z 4 a® 4+ 1/2)x2(U). Indeed,

0
8—m(—M§O)(U,u1,uz)—u1—(z+a2+1/2)u2)=mf,0)(U,u1,uz)—1
d © 2 M )
87(_’”0 (U,MI,MZ)_M]_(Z"‘Q +1/2)u2):mg (UaMI’MZ)_(Z+a +1/2)
2

Note that the set function v, ; is non-increasing wrt the set inclusion, so
va,z ([0, 1]) = inf{v, ;(U) : U C [0, 1] Borel set such that £(U) > 0}. (34)

Step 3: end of the proof. In the next step we shall show that Aj(a,z) = yP(a,z) — 1

and Ay(a,z) = y(Z) (a, z), where y(l) and y(z) are defined in the statement of the lemma,
are solutions of (32) and (33) with A, ; = [0, 1]. So v, ([0, 1]) = y(a,z) and therefore

infrep, . fol fx)log f(x)dx < v, ([0, 1]). The claim follows if we prove that this latter
inequality is indeed an equality. This is guaranteed by the following computation:

1
fé%f "/0 ) log f(x)dx = —(1 + Ai(Aq2)) — (2 +a” + 1/2)22(Aaz) = va o (Aa.:)

> inf{v, . (U) : U C [0, 1] Borel set such that £(U) > 0} = v, ([0, 1])
where the latter equality is given by (34).

Step 4: computation of the Lagrange multipliers. We shall check that A; = Aji(a,z) and
A2 := A2(a, z) are solutions of (32) and (33) with A, ; = [0, 1]. Consider the system

1
/ efaa(x))\z dx = el+)~1
0

1
/ oa(x)e %R dx = et (7 44 +1/2)
0

and define the function

1 —0,4(x)0 1
o,(x)e dx
G, (0) = Jo 720 —/ e %™ qy. (35)
’ z4+a*+1/2 0
Note that
a’+1/2

<0. (36)

lim G, ,(0) = ————— —
6% a,z() Z+612+1/2
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Computing the integrals the system reduces to

1
)\‘_ (67251)\2 _ 2676112 + ef)uz) — el+)\1
2

_e—)uz i + iz + e—a}»z 2_[1 + 32 _ e—2ak2 2_(1 + i2
Ay A5 A2 A5 A2 A3

1
=e!th <z+a2 + 5) :

and
Gaz(0) = e (Gg) re () e (B4 )
G z+a2+1)2
1
+s (e*Z“(’ e 4 e*e) . 37)
‘We have
lim G, () = +oo. (38)
60— —o0

Indeed, G, ;(6) can be rewritten as

i 14?1720 (1 — k(z, a) <2a + l
% ’ 0
—2¢f0-a) (1 —Kk(z,a) (a + é)) —k(z,a) (1 + é)} ,

where we set k(z,a) = (z +a*> +1/2)".Ifa < 1/2, as § — —o0, the term inside the square
brackets converges to 1 — k(z, a), and this quantity is strictly less than zero since z < 1/2 — a>.
So (38) follows for a < 1/2. Similarly, for a = 1/2, as & — —o0, the term inside the square
brackets converges to 2(1 — «(z, a)), which is again a strictly negative quantity. Finally, if
a > 1/2,as & — —oo, the term inside the square brackets is asymptotically equivalent to
(1 —2ak (z, a))e? 1729 Multiplying this quantity by e~¢ /6 and passing to the limit as & — —oo
we get (38) (indeed 1 — 2ak(z, a) is strictly less than zero since z < 2a — a? — 1/2). The
conclusion follows by (36), (38) and the Intermediate Values Theorem. [

Proof of Corollary 4.4. By Theorem 4.1 the constant 1/2, where A is defined by (18) with
E = [0, 1], d the Euclidean distance and ¢ the Lebesgue measure, is a lower bound for the ratio
Igtp(2)/ z2, for any z > 0 (as already mentioned, a numerical evaluation of A yields A >~ 5.20).
So the claim follows if we show

. IgTp(2)
limsup ——

z—0 <
for some positive constant M > 0. Let G, ;(6) be the function defined by (35), witha € [0, 1/2),
z €[0,1/4)and 6§ € (—o0, 0]. Let y @ (a, z) be a solution of the equation in 6G, ,(6) = 0. By
Dini’s Implicit Function Theorem we have that y@(0, 2) is continuously differentiable (and
strictly negative) on (0, 1/4) and

<M, 39

d d
y@0,z) = d—y@) 0,2) = ——Go,(6)
z dz

d
/ d—Go,z(Q) .
0=y@(0,0)/ 0 6=y (0,2)



322 G.L. Torrisi / Stochastic Processes and their Applications 122 (2012) 305-333

Using relation (37) (with a = 0), by an easy computation we deduce, for z € (0, 1/4),

(z+1/2)72A(®2)
AZ) + @z +1/2)71B(2)’

y@(0,2) =

where
AR) =1 —e 7?0 _ @ 5)e 7?00
and

—24(2) + (y (0, 2)% 709
y@(0, 2) ’
By the continuity of ¥ (0, z) on [0, 1/4) we have G 0(0) = 0 = Go,o(y@®(0,0)). Since

G610(9) < 0 on (—o0, 0], we deduce y@(0,0) = 0. By applying e.g. I'Hopital’s rule we
have

B(z) =

. A(2) . B(z)
lim —————=1/2 and Ilm-————= =—-1/3.
=0 (y@(0, 2))? =0 (¥ (0, 2))?
Therefore lim,_, oy ®’(0, z) = —12. An easy computation yields
A(z)?

@ = 2(z+1/2)73
y @70, 2) (z+1/2) [A(R) + (z + 1/2)7'B@)2

A(2)B(z)
[A(R) + (z +1/2)71B(2)]?
A'(2)B(z) — A(2)B'(2)
[A(z) + z+1/2)"1B()]?’

—@+1/2™

+(z4+1/2)73 (40)

Now, we investigate the behavior of A’(z) B(z)—A(z) B'(z), as z — 0. After some manipulations,
we have

A (z)fy((zz))(o’zz;?B @ _ v @0, 2)
240y @ 0. 91 —e 70D 4+ (AQ)/Iy V0, 9P)e 7Ot — y@ (0, 2))
y@(0, 2) ’
and so
lim A'(z)B(z) — A(2)B'(2)

=0 (y@(0, 2))3
2A(2)% /Iy ®(0, 2)1* — 14+ AR)/[y?(0, 2)1?

=—12 1 41
0 70, 2) “h
Note that
d A2 y@(0,2)B(z)

Zy®0,202 20,97 4, asz— 0.
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So, by I’Hopital’s rule and (41) we have
A'(2)B(z) —A(@)B'(2)

lim = 12.
z—0 ()/(2) 0,2))3
Therefore, by (40) it follows that
lim zy@7(0, 2) = lim | ——— ) y@(0, 2)y@"(0, z) = —288.
lim zy ©0,2) lim, SO0, 2) 770, 2y7(0, 2)

Now, consider the function
e 7P _

W), Z€(0,1/4).

)/(l>(0, z) == log (_

We have

A(z)
y(2) (0, Z)(e_y(z)(oyz) )

Y0, 2) = y (0, 2)

and
A(2)
y®(0, 2)(e7? 0.0 — 1)

d A(2)
+ y(2)/(03 Z)_ ) .
dz y@(0, 7)(e=7? 0.2 — 1)

y170,2) = y®7(0,2)

In particular, lim,_,¢ y1’(0, z) = 6. A straightforward computation shows

. d A(z)
lim — =
:~>0dz y@(0, 2)(e=v? 0.2 — 1)

and so
nng)(—y“)”w, 2) = y@7(0, 2)(z + 1/2) — 2?(0, 2))
—>

A(2)

=12+ lim | =y @0, 1/2)1|.
+ZE>%|: yo Z)<y(2)((),z)(ey(2>(0,z)_1)+z+ /)}

Using 1’Hopital’s rule it is easily seen that

A
lim 2~ < @ +z+ 1/2) 0.
0" Y20, e 7700 1)

Therefore, by (42) and (43) we have

lim (—y 10, 2) = P70, 2)(z + 1/2) = 2?0, 2)) = 12.
>

323

(42)

(43)

(44)

By Theorem 4.3 (and the continuity on [0, 1/2) of the function a — y(z) (a,z2),z €[0,1/4)) we

have, for any z € (0, 1/4),

IgTp(2) < 7(0,2) = —yP(0, 2) — y@(0, 2)(z + 1/2).
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Applying I’Hopital’s rule twice and using (44) we deduce
lorp@) _ . —y"M"(0.2) —y®"(0.2)(z +1/2) = 2y?'(0.2)
> =< tho 5 =6
Z —

lim sup
z—0

So the upper bound (39) holds with M = 6, and the proof is completed. [

5. MDP for the GTP

MDP for the TSTP were given in [3,12]. In this section we provide MDP for {K,/n},>1,
where K, is the optimal transport cost of the GTP over a compact metric space (E, d) with DCF.

In this paper {s,},>1 denotes a strictly increasing sequence of positive numbers diverging to
+o0. If in addition s, /</n — 0, we say that a sequence of 1v’s {&, },>1, taking values on a metric
space (S, ds), obeys a MDP on § with speed s,% and rate function J if {énﬁ/sn}n>1 obeys a
LDP on S with speed s2 and rate function J.

Let L(E)* be the space of bounded real functionals F : L(E) — R equipped with the norm
| Flls == supyes(gy | F(@)]. For each v € My (E), we define v* € L(E)* by v*(p) := v(p). We
denote by N(E, r) the metric entropy of (E, d), i.e. the minimal number of closed balls with
radius r needed to cover E. The following theorems hold.

Theorem 5.1. Assume that

Tim % =0, lim ::% log ? —0, forsomea >0, 45)
and

Jim VWi (yn, €1)/sn = 0. (46)
If moreover

there exists k > 0 such that N(E,8) < k8%, V8§ >0, 47

then {K, /n},>1 obeys a MDP on R with speed s,% and good rate function

2 2 .

z 2 sup ¢ ifz>0
Jorp(2) = /|: (peﬁole) 1o )j| fez

4+oo ifz <0.

In the particular case when E is a compact subset of R¥ and d is the Euclidean distance, in
dimensions 1 and 2 it is possible to have a wider choice for {s;},>1:

Theorem 5.2. If E is a compact subset of the line, d is the Euclidean distance and {s,},>1
satisfies the first relation in (45) and (46), then {K,, /n},>1 obeys a MDP on R with speed s,% and
good rate function Jgtp.

Theorem 5.3. Suppose that d is the Euclidean distance on the plane and {s,}n>1 satisfies the
first relation in (45) and (46). Moreover, assume one of the following additional conditions:

(i) E =10, 112, ¢, is the uniform distribution, and lim,,_, s, //logn = +o00.
(ii) E is a compact subset of the plane and lim,,_, », s,/ logn = +o0.

Then {K,/n},>1 obeys a MDP on R with speed srzl and good rate function JGTp.
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Finally, we state the following corollary of Theorem 5.1.

Corollary 5.4. Assume that E is a compact subset of RK, k > 3, d is the Euclidean distance and
{sn}n>1 satisfies the first relation in (45), (46) and is such that, for all n large enough,

Sp > Kn%_ﬂ, for somek > 0and g € (0, 1/(k + 2)). (48)
Then {K,/n}y>1 obeys a MDP on R with speed s,% and good rate function JgTp.

It was proved in [3] that if E is the Euclidean unit ball of R¥, d is the Euclidean distance and ¢,
is the uniform distribution, then sup,c co(g) €1 (¢*) = 1/(k +2). We also note that if £ = [0, 1],
d is the Euclidean distance and £; = ¢ is the Lebesgue measure, then sup ¢ ro(g) €1 () =1/12.
Indeed,

1 1
sup £1(9?) == sup f lp() — (I dxdy < - / lx — y[* dxdy,
pelO(E) pelLO(E)JEXE ExE

so the supremum is attained at ¢p*(x) = x — %, and the claim follows.
To clarify the choice of {s,},>1, before proving the above results, we provide an example.

Example 3. (1) Consider the k\DRGTP with C = W and £; = ¢, the Lebesgue measure on
= [0, 1]¥. Assume that {sn}n>1 satisfies the first relation in (45). In addition, suppose that
{sn}n>1 goes to oo faster than logn if k = 2, or satisfies (48) if k > 3. Then Theorem 5.2

or 5.3 or Corollary 5.4 may be applied. Indeed, let {g1, ..., g»} C [O, 17¥ be the grid formed

by n regularly spaced points g;, i.e. each g; is a point of the cube C;,i =1, ..., n. We have

Wi(yn, £1) = sup </ <ﬂ(x))/n(dx)—/<p(X)dx>

peL(E)

IA

sup / lp(gi) — @(x)|dx

wel(E) i—|

< —Z sup |gi — x| < Vkn™ /.
i= IXGCL
So condition (46) is satisfied.

(2) Consider the kDGTP with C = W; and £; specified below. As in Example 1 part (2),
suppose that the grid points are not all distinct, i.e. {g1, g2, ...} = {x1,..., X} for some
positive integer m, where xi, ..., x, are distinct points of E. Using the same notation
as in Example 1, define pmin = min{py,..., pn} > 0, nj(n) = [np;] + h; and
0 = Z’;’zl p j8xj. Assume that {s,},>1 satisfies the first relation in (45). In addition,
suppose that {s,},>1 goes to oo faster than logn if k = 2, or satisfies (48) if k > 3.
Then Theorem 5.2 or 5.3 or Corollary 5.4 may be applied. Indeed, (46) may be checked as
follows. By 7.3.3 in Talagrand [23] we have

Wi (v, £1) = Wl( Zn,(n)ax, Zp, ) < ||d||ooZ

So (46) is a consequence of ijl [([ npj] +hj)/(npj) — 1| < 2m/(npmin). Alternatively,
(46) may be checked using a classical transportation (or 77) inequality (see Theorem 22.10,
p. 575, in [26]).

”](”)

—Dj|-
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Let d; be the L2-metric on L2(E , £1), the space of square-integrable functions on E, wrt £.
The following lemmas are used to prove Theorem 5.1. The proof of Lemma 5.5 is omitted. It
may be reproduced following Step 2 of the proof of Theorem 2.1 in [5]. The proof of Lemma 5.6
is postponed to the end of this section.

Lemma 5.5. Foralln > 1, x > 0and § € (0, 2||d|| o),

16e[d o \ V52 A >
P (Wi(Lp, &) =2 x) < —5 exp —nzmax{x—S,O} ,

where ) is defined in (18).

Lemma 5.6. The metric space (L(E), da) is totally bounded.

Proof of Theorem 5.1. We divide the proof in two steps.

Step 1: MDP for the Kantorovich—Rubinshtein distance. In this step we shall prove that
{Wi1 (Ly, £1)},> obeys a MDP on R with speed s,% and good rate function Jgrp. For each
n > 1, the process {(L, — £1)(¢)}yer(E) is continuous in probability. So, due to the separability
of (L(E), dy), there exist separable versions of the processes {(L, — £1)(@)}per(E), n = 1.
Throughout this proof we always refer to these separable versions so that sup,c,g)(Ln —
L)) (p) = SUPyer. (E) (L, — £1)(p) a.s., for some countable subset L.(E) of L(E) (see e.g. [18],
p- 44, for the notion of separable process). We start by proving that {(L, — £1)*},> obeys a
MDP on L(E)* with speed s2 and good rate function

. 1 dv \? N
JeEey(F) =inf § =41 | | — VLl v(E)=0,v"=F ;.
2 d¢g

By Lemma 5.6, Theorem 2 in [27] (the implication (iii) = (i)) and (5), we only need to verify
lim P (W1 (Ly, 1) > ssn/ﬁ) =0, Ve>D0. (49)

n—oo

By Lemma 5.5 and (47) we deduce, foralln > 1, x, 6 € (0, 2||d||c0),

16e||d||oo)<4”">“ { Amax{x—S,O}z}
—_— expy—n————¢.

PWi(Ly, 1) > x) < ( 5 3

Choosing, for n large enough and ¢ > ¢’ > 0, x = ¢s,,/4/n and § = &’s;, //n, we get

N

KZ(Srl/ﬁ)_a
P (Wi(Ly. £1) > £sp/4/n) < (Kls_)
n

exp {—K3S’%} , (50)

where k| 1= 16e||d||o0/€’, k2 = (4/")%, k3 = A(e — €')%/2. By (45) it follows that the right-
hand side of (50) goes to zero, as n — oo, and so {(L, — £1)*},> obeys a MDP on L(E)* with
speed s,zl and good rate function Jzgy«. By (5) we deduce

ﬁW1 (Ln, £1) = H [? (Ln — 61)]

Sn

*

So, by the Contraction Principle, {W;(L,, £1)},>1 obeys a MDP on R with speed s,zl and good
rate function

1 dv \?
JoTp(z) = inf{ =£; (—) TV L L, v(E)=0, sup v(p)=2zg.
2 dgl (pEﬁ(E)
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Arguing similarly to in the proof of Lemma 3.4 in [12] one can deduce that JgTp has the desired
expression.

Step 2: exponential equivalence. By the triangular inequality and the symmetry, we deduce
Wi, vi) = Wi(u, v2)| < Wi(vi, v2), forall u, vi, vz € P(E). (51)

Combining this with (46) we have that for any § > 0 there exists ns such that, for all n > ns,

P\ —IKn/n—=Wi(Lp, £D)|>8) = P Wilyn, £1) > —=45) =0.
s Jn

n

Therefore, for a fixed § > 0, we have

1 Jn
lim —zlogP —|K,/n — Wi(L,, £1)| > 6§ ) = —o0.
n—o00 S Sn
So, {Kn/(sux/m)}, .., and {/AWi(Ly, £1)/sn}, .., are exponentially equivalent (see e.g. Defini-
tion 4.2.10 in [9]). The conclusion follows by Step 1 and Theorem 4.2.13in [9]. O

Proof of Theorem 5.2. To avoid trivialities we assume that E is a compact interval (otherwise
L(E) = ). Arguing as in the proof of Theorem 5.1 we only need to check (49). In Section 7,
we shall show that if E C R is a compact interval, then L(E) is an £{-Donsker class (see
Lemma 7.3). Combining this with Theorem 3.2 (the implication (ii) = (iii)) and Remark (ii)
p-19 in [27], we deduce (49). O

Proof of Theorem 5.3. Here again, arguing as in the proof of Theorem 5.1, we only need to
check (49). By Markov’s inequality

P (Wi(Ln, €1) > e52/v/n) < /nE[W1(Ly, €)1/ (50). (52)

First, suppose that the additional conditions (i) hold. By Theorem 4.1 in [22] we have
E[Wi(Ly,, £1)] < ky/logn/n, for all n > 1 and some constant x > 0 not depending on
n. Combining this with (52) we deduce (49). Now, assume (ii). Equip £(E) with the norm
lellsr == ll@lloo + ll@llLip- Here, || - ||oo denotes the usual sup-norm and || - ||Lip is defined by (4)
with d being the Euclidean distance. For « € My,(E), set allpr = supy,. 4|5, <1 l¢(®)]. The
B L-metric on P(E) is defined by S(u, v) := || — v||pL. A straightforward computation shows
that, forany M > 1, u, v € P(E), sup{|(x — v)(@)| : ¢ € L(E), llgllpr = M} = MB(u,v).
So Wi(u,v) < (ldleo + DB (1, v), for all v, u € P(E). Therefore, (49) follows if we show that
VNE[B(Ly, £1)]/s, — 0. As noticed in [10], p. 44, E[B(L,, £1)] < kn~'/2(1 + logn), for all
n > 1 and some constant ¥ > 0 not depending on n. The claim is a consequence of the choice of
{sn}n=1. O

Proof of Corollary 5.4. Note that (47) is satisfied with « = k and (48) implies the second
relation in (45) with @ = k. The claim follows by Theorem 5.1. [

Proof of Lemma 5.6. We need to prove that, for any ¢ > 0, there exist a finite number of sets
in (L(E), dp), with radius less than or equal to &, whose union covers L(E). Equip Cp(E) with
the usual sup-norm || - || Clearly, L(E) C Cp(E), and so by the Ascoli—Arzela’ Theorem (see
e.g. [9, Theorem C.8, p. 352]) L(E) is totally bounded (i.e. precompact) in (Cp(E), || - |lco)-
Indeed (L(E), || - |loo) is bounded and L(E) is equicontinuous, i.e. for any ¢ > O and x € E,
there exists a neighborhood of x, say N;(x), such that SUPye£(E) SUPyeN, () [9(X) — (V)] < é.
By one of the equivalent definitions of totally bounded metric space, it follows that, for a fixed
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e > 0, there exist a finite number of functions in C,(E), say ¢1, ..., ¢, € Cp(E), such that
L(E) C UiZi Be(@is || - lloo)> where Be (@55 || - lloo) = {¥ € Cp(E) : ll¢j — ¥lloo < €}. The
total boundedness of (L(E), dp) follows on noticing that B, (¢;; d2) D Be(¢i; || - lleo), for any

i=1,...,n,where Be(¢;; d2) = {¢ € Cp(E) : dalgi, ¥) <e}. U
6. Extensions to non-compact spaces: a brief discussion

The ASC and LDP in Section 3 and Theorem 4.2 hold on general Polish spaces. The proofs of
(15), (16) and Lemma 5.6 rely on the compactness of (E, d), and we do not know how to prove
Theorems 4.1 and 5.1 relaxing such a topological assumption. However, the exact deviation
bounds in [5] may be used to get explicit large deviation upper bounds for certain TSTP and
GTP on non-compact spaces.

Let d be the Euclidean distance on E C R¥. We denote by K. ,ST) the optimal transport cost of
the kDTSTP with E1 = E, = E, {1 = {>,d] = dy = d, and by K,(,G) the optimal transport cost
of the kDGTP with E| = E; = E and d| = d» = d. The following theorem holds.

Theorem 6.1. Assume c(x,y) <d(x,y)forallx,y € E and fE e“d(x‘)*x)zﬁl(dx) < 00 for some
x0 € E and o > 0. Let A be defined by (18). Then

1
imsup —log P ( K neF)<-—Ainfx s closed F C [0, 00).
lim sup — log ) '228 Y closed [0, 00) (53)
xe

n—oo N
If in addition (13) holds with £* € P{(E), then

1
limsup — log P (K,§G>/n c F) < — inf max{x — W1(¢1, €9, 012/2,
xe

n—oo N

V closed F C [0, 00). (54)

Proof. We only prove (53); the bound (54) may be shown similarly. For ease of notation we set
K,ST) = K,. By Corollary 4 in [6], £; satisfies the T7(A) inequality (19). So by Theorem 2.1
in [5] we have, for any x > 0 and all n large enough, P(W(L,, £;) > x) < e_’“\xz/z. For any
n > 1 and some o € P, we have K,,/n < n~' 30 c(Xi, Yo) < n~ ' 30 d(Xi, You) =
Wi(L,, M,) a.s. By the square-exponential moment condition it follows that E[d (x¢, X1)] < oo,
and so L,,, M,, £1 € P1(E). Combining the above inequalities and recalling that W} is a distance
on Py (E), for all n large enough and x > 0, we have

P(Kp/n = x) < P(Wy(Ln, My) > x) < 2P(Wy(Ly, £1) > x/2) < 2e~""/8]

Therefore

1
limsup — log P (K, /n > x) < —Ax%/8, Vx >0. (55)
n—oo N
This upper bound can be extended from closed half-intervals [x, co) to arbitrary closed subsets
F C [0, 00) as follows. Letting x denote the infimum of F, we have x2/8 = infyep y2/8. The
claim is a consequence of (55), on noticing that F is contained in [x, c0). U

Although Theorem 6.1 extends to some non-compact spaces the large deviation upper bounds
provided by Theorem 4.1, (53) and (54) are weaker than the corresponding upper bounds
provided by (17). We also remark that if the tail of £; decays so slowly that it does not admit
a finite square-exponential moment, but only polynomial or exponential moments, then explicit



G.L. Torrisi / Stochastic Processes and their Applications 122 (2012) 305-333 329

large deviation upper bounds for the optimal transport cost with locations on non-compact spaces
may be deduced by Theorems 2.7 and 2.8 in [5].

7. CLT

We say that a sequence of rv’s {§,},>1, taking values on a separable metric space (S, ds),
obeys a CLT on S with limit & if £ is an S-valued rv and &,/./n — & weakly. In this section
we provide CLT for {K,},>1, concerning certain IDTSTP and 1DGTP with Euclidean DCF (see
Theorems 7.1, 7.2 and 7.4).

7.1. CLT for the IDTSTP

Throughout this subsection, E denotes a non-empty compact interval of R and d the
Euclidean distance. Let £1 be the common law of iid rv’s {X,,},,>1 with values on E and G =
{G((fl)}(peg(E) a centered Gaussian process with covariance E[G%”G%l)] = Li(p192) —
£1(p1)21(p2) (it exists since the given covariance is non-negative definite; see [11, p. 92]). We
endow L(E) with the semi-metric p¢, (91, ¢2) = EV2[(GEY — GE)2] = dy (o1 — €1 (p1), 92 —
£1(¢2)). For each n > 1, consider the random signed measure v/n(L, —£1). Due to the continuity
of Wj and the measurability of L,, the function w > sup,c . () |V/I(L,(w)—£1)(@)]is arv, and
each process {ﬁ(Ln — Zl)((p)}tpeﬁ(E) may be viewed as a random element on L(E)* through

the measurable map @ + [n(Ly(w) — E])]*. In Lemma 7.3 we shall check that £(E) is an

£1-Donsker class (see e.g. [18, p. 404]), i.e.:

(i) L(E) is pre-Gaussian, i.e. the process G“1) admits a version such that, for each w, the
function from L(E) to R defined by fo l)(<p) = G((f‘)(w) is bounded and uniformly

continuous wrt oy, .
(>i1) [ﬁ(Ln — El)]* converges weakly to GY on L(E)*.

Thanks to the pre-Gaussianity, there exists a separable version of GV (see e.g. [18]). In the
following (and in part (ii) of the above definition), we are considering a separable version, in
such a way that the pointwise supremum is a rv, and the Gaussian process G‘1) may be viewed
as a random element on L(E)* through the (measurable) map w +—> Ggf v,

Finally, we recall that, to take into account the measurability questions (we are dealing
with random elements on the non-separable space (L(E)*,| - |l«)), the weak convergence
of probability measures on L(E)* is defined via the upper integral (see [18, p. 404] and
[11, pp. 93-94]).

Let K,, denote the optimal transport cost of the 1IDTSTP over E with Euclidean DCF, CIL
and £ = £». The following theorems hold.

Theorem 7.1. {K,},=1 obeys a CLT on R with limit /2||GV .
Set

2 [e'e)
o? :=/x2£1(dx)— (/ le(dx)> and  ¥(x) = (2n)—1/2/ e /2 dy.
E E X

Theorem 7.2. Under the foregoing assumptions:

@) ||G(£1) ||« has the same law of f]R{ |B(F(t))| dt, where {B(t)}o<;<1 is a Brownian bridge and
F is the distribution function of £.

(i) If moreover o > 0, then lim,_, o P(||G“V |, > x)/[2¥(x/0)] = 1.
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The proofs of Theorems 7.1 and 7.2 are based on the following lemma, which we shall show
later on.

Lemma 7.3. L(E) is an £1-Donsker class.

Proof of Theorem 7.1. By Lemma 7.3 and Theorem 11.1.1, p. 333, in [11] we have that
[Vr/2(L, — My)]" — G weakly on L(E)*. By the Continuous Mapping Theorem (see
e.g. Theorem 3.6.7, p. 116, in [11]) |[Vn/2(L, — M)]"|, — 1G“V||5 weakly. The claim
follows on noticing that K, /~/2n = |[«/n/2(Ly — My)]" |, O

Proof of Theorem 7.2(i). By Theorem 2.1(a) in [8], /nWi(Ly,¢1) converges in law to
Jg |IB(F(1))| dr. Note that

b
*

AW (L, €1) = sup /Ew(x)[ﬁ(Ln—eo](dx):H[ﬁ(Ln—m]*

peL(E)

and by Lemma 7.3 [ﬁ(L,, — 61)]* — G*V weakly on L(E)*. So by the Continuous Mapping

Theorem, ||[/n(L, — €1)] |, = IIG“V |, in law. The claim follows by the uniqueness of the
limit in distribution. [

Proof of Theorem 7.2(ii). We start by proving the lower bound. By the Lipschitz property of ¢,
for all ¢ € L(E), we deduce

1
o} = EGE = 5 [ ot - P ot @
ExE

1
< —/ 1 — y2 €1 (e (dy)
2 JExE

= 0% = Li(¢}) — L) = i(93) — L (@),

where ¢1(x) := x — inf E and ¢2(x) := sup E — x. Since ¢, 9o € L(E), they are points of
maximal variance. Therefore, for all x > 0, letting Z denote a standard normal rv, we have

PIG|l. > x) > sup P(IGyl > x) = sup P(|Z| > x/o,) =2¥(x/0),
peL(E) peL(E)

and the lower bound follows. We now show the matching upper bound. A straightforward
computation gives E[Gy, Gy,] = —o 2. Therefore, G, = —G,, a.s. Consequently,

PG|, > x)

P ( sup  max{Gy, —Gy} > x)
peL(E)\{p2}

P sup Gy>x|+P sup -Gy >x
peL(E)\{p2) peL(E)\{gp2}

2P ( sup Gy, > x) ,
peL(E)\{g2}

IA
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where the latter equality follows by the symmetry of G, The matching upper bound follows
if we prove

P sup  GUV > x
. peL(E)\{p2}
lim

X—>00 U(x/o)

We apply Theorem 5.5, p. 121, in [1] (see also [21]). Note that ¢; and ¢; are the unique points
of maximal variance for GV, Indeed, reasoning by contradiction, assume that there exists
@ € L(E)\ {91, 2} of maximal variance. Then

=1. (56)

/ B) — B0 €1 (dr)er (dy) = / I — y[2 €)1 (dy)
ExE ExE

which implies [@(x) — @(y)| = |x — y| for £; ® £1-almost all (x,y) € E x E. So, £;-almost
everywhere on E, p(x) = x + ¢] or ¢(x) = —x + ¢, where ¢y, ¢c» € E are two constants. Since
@ € L(E), then p(x) = x —inf E or p(x) = sup E — x, for all x € E, which is impossible.
Consequently, ¢ is the unique point of maximal variance for {Gy}pe£(E)\(¢,}- FOTr £ > 0, define

LO(E) == {p € LE)\ {g2} : EIGYPGYP] > 02 — h%}. We have
LO(E) € B, p1: pe)) = |0 € LEY : pu, (1) = V2. (57
Indeed, for ¢ € LM (E),
21 = 2[L1(9]) — £1(p1)] — 2EIGYVGEV]
> £1(p]) — £ (e1) + £1(97) — £1(@) — 2[L1(pe1) — L1(@)E1 (9D)] = p7, (9. @1).
Next, we prove limy_oE [sup(peﬁ(m(E)(Gg‘) — fol‘))] /h = 0. By (57) we have a.s. 0 <

¢ ¢ ¢ ¢ :
supwegh)(E)(G((p D _ Gy < I:supWGBhﬁ(W;Pi]) G/ ‘)] — GY. So, it suffices to check

E sup Gy{
¥eB,, ;s (01:0e,)

li =0. 58
P h (58)

This limit is consequence of a classical entropy bound. For ¢ > 0, let N(¢, B, ﬁ(gol; 0e1)s Pey)
denote the minimal number of p¢, -balls of radius ¢ needed to cover B, ﬁ(<p1; p¢;) (this number is
finite for each ¢ by Theorem 3.18, pp. 80-81, in [18]). Clearly, N (¢, Bhﬁ(gol; pey)s pey) = 1 for

alle > h/2. Therefore, by Corollary 4.15, p. 106, in [1], there exists a constant K > 0 such that

h/2
E| sp  GO|=zk f (log N(e, B, s3(p1; pe,), pe)/2 de.
veB,, s (@1:00)) 0

Combining this inequality with N (h\/i, Bhﬁ((/’l; 0e,), pgl) = 1 we deduce (58). So, all the
assumptions of Theorem 5.5, p. 121, in [1] are verified, and the proof is complete. [J
Proof of Lemma 7.3. For a fixed positive constant M > 0, define Cyy(E) == {¢ : E —> R :

lellsr = M}, where |lgllpr = ll@llo + ll@llLip and ||-[ILip is given by (4) with d being the
Euclidean distance. For a subset C C Cj(E), we denote by N (e, C, || -|lco) the minimal number of
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balls of radius ¢ needed to cover C, wrt the sup-norm. By a result in [17] (see also Proposition 1.1
in [24]) we have, forall e > 0,log N(g, C{(E), || - loo) < Ke~! where K € (0, 00) is a positive
constant, not depending on &. Consequently, for all § > 0, log N(8, Cpr(E), || - loo) < KM 571,
Note that L(E) C Cjjg|,+1(E); therefore

log N(8, L(E), || loo) < K(ldlloc + 187", V8> 0. (59

Given two functions ¢, ¢ € L2(E , £1) the bracket [¢1, ¢2] is the set of functions ¢ such that
@1 < ¢ < @o; the size of the bracket is the quantity da(¢;, ¢2). For a subset £ C LZ(E, l1),
we denote by N, [(]2> (e, L, £1) the bracketing number, i.e. the minimal number of brackets of size
smaller than or equal to ¢ needed to cover L (see e.g. [11, p. 234]). Let 99 € Cp(E). It is
easily checked that {¢ € Cp(E) : |l¢ — ¢ollcc < 8} C [@o — 8, o + 8]. This latter bracket

is of size 28, and so N[(]Z)(Zéi, L(E),£1) < NG, L(E), |l  lloo). Therefore, by (59) we deduce
log N(T'(8, L(E), £1) < 2K (|ld||oc + 1) 6", for all § > 0. Consequently,

1 1
/0<logN{]2)(x,L(E),z1>)1/2dxs [2K(||d||oo+1)]‘/2/0 + 12 4

= 22K ([l dlloc + DI'? < o0
The claim follows by Theorem 7.2.1in [11]. U

7.2. CLT for the IDGTP

Let K,, denote the optimal transport cost of the IDGTP specified by E; = E; = E C R and
dy = dp = ¢ = d, where d is the Euclidean distance. We have:

Theorem 7.4. Assume [p |x|¢1(dx) < oo and
lim /nWi(y,, £1) =0. (60)
n—0o0

Then {K,}n>1 obeys a CLT on R with limit fR |B(F(¢))| dt, where {B(t)}o<:i<1 and F are defined
in the statement of Theorem 7.2.

Proof. By the triangular inequality and the symmetry, we deduce
[Wi(w, vi) = Wi(p, v2)| < Wi(vi,v2), forall w, vy, vz € Pi(E).

Since E[|X1|] < oo we have L,, £; € P{(E). So, combining the above inequality with (7) and
(60), we have, with probability 1,

|Kn/~/n = /nWi(Ln, €)] = /nIW1(Ly, ya) = Wi (L, £1)] < V/nWi(yn, €1) — 0.

Note that E[| X|] < oo implies fooo v P(X1] > t)dt < oo and so the claimed convergence in
law follows by Theorem 2.1(a) in [8]. [

In particular, note that condition (60) is satisfied in the cases considered in Example 3.
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