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Abstract

We prove the dynamic programming principle for uniformly nondegenerate stochastic differential games
in the framework of time-homogeneous diffusion processes considered up to the first exit time from
a domain. The zeroth-order “coefficient” and the “free” term are only assumed to be measurable. In
contrast with previous results established for constant stopping times we allow arbitrary stopping times
and randomized ones as well. The main assumption, which will be removed in a subsequent article, is that
there exists a sufficiently regular solution of the Isaacs equation.
© 2013 Elsevier B.V. All rights reserved.
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1. Introduction

The dynamic programming principle is one of the basic tools in the theory of controlled
diffusion processes. In the early 70s it allowed one to obtain results about the unique solvability
in classes of differentiable functions of Bellman’s equations, which, for about ten years, were the
only known results for more or less general fully nonlinear second-order elliptic and parabolic
equations.

In this paper we will be only dealing with the dynamic programming principle for stochastic
differential games. Concerning all other aspects of the theory of stochastic differential games we
refer the reader to [1,2,4,13,14] and the references therein.
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It seems to the author that Fleming and Souganidis in [2] were the first authors who proved the
dynamic programming principle with nonrandom stopping times for stochastic differential games
in the whole space on a finite time horizon. They used rather involved constructions to overcome
some measure-theoretic difficulties, a technique somewhat resembling the one in Nisio [13], and
the theory of viscosity solutions.

In [4] Kovats considers time-homogeneous stochastic differential games in a “weak”
formulation in smooth domains and proves the dynamic programming principle again with
nonrandom stopping times. He uses approximations of policies by piece-wise constant ones and
proceeds similarly to [13].

gwigch in [14] reverses the arguments in [2] and proves the dynamic programming principle
for time-homogeneous stochastic differential games in the whole space with constant stopping
times “directly” from knowing that the viscosity solutions exist. His method is quite similar to
the so-called verification principle in the theory of controlled diffusion processes.

It is also worth mentioning the paper [1] by Buckdahn and Li where the dynamic programming
principle for constant stopping times in the time-in homogeneous setting in the whole space is
derived by using the theory of backward forward stochastic equations.

Basically, we adopt the strategy of Swigch [14] which is based on using the fact that in many
cases the Isaacs equation has a sufficiently regular solution. In [14] viscosity solutions are used
and we rely on classical ones.

The main emphasis of [2,4,13,14] is on proving that (upper and lower) value functions for
stochastic differential games are viscosity solutions of the corresponding Isaacs equations and
the dynamic programming principle is used just as a tool to do that. In our setting the zeroth-
order coefficient and the running payoff function can be just measurable and in this situation
neither our methods nor the methods based on the notion of viscosity solution seem to be of
much help while proving that the value function is a viscosity solution.

Our main future goal is to develop some tools which would allow us in a subsequent article
to show that the value functions are of class C%!, provided that the data are there, for possibly
degenerate stochastic differential games without assuming that the zeroth-order coefficient is
large enough negative (see [12]). On the way to achieve this goal one of the main steps, apart from
proving the dynamic programming principle, is to prove certain representation formulas which
will be derived in a subsequent article (see [11]) from our Theorems 4.1 and 4.2, in the first of
which the process is not assumed to be uniformly nondegenerate. Another important ingredient
consists of approximations results allowing us to approximate stochastic differential games with
the ones for which the corresponding Isaacs equations have sufficiently regular solutions. This
issue will be addressed in a subsequent article (see [11]).

One of the main results of the present article, Theorem 2.2, is about the dynamic programming
principle in a very general form including stopping and randomized stopping times. It is proved
under the assumption that the corresponding Isaacs equations have sufficiently regular solutions.

In Theorem 2.3 we prove the Holder continuity of the value function in our case where the
zeroth-order coefficient and the running payoff function can be discontinuous.

Theorem 2.2 concerns time-homogeneous stochastic differential games unlike the time
in homogeneous in [2] and generalizes the corresponding results of [14,4], where however
degenerate case is not excluded.

The article is organized as follows. In Section 2 we state our main results to which actually,
as we have pointed out implicitly above, belong Theorems 4.1 and 4.2 reminding the verification
principle from the theory of controlled diffusion processes. The main technical tool for proving
these theorems is laid out in a rather long Section 3 for processes which may be degenerate.
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We prove there Theorems 3.1-3.3. In a short Section 4 we give their versions for uniformly
nondegenerate case. These versions look stronger but Theorem 4.2 is proved only for uniformly
nondegenerate case. In Section 5 we prove an auxiliary result which allows us to investigate
the behavior of the value function near the boundary. In the final short Section 6 we combine
previous results and prove Theorem 2.2.

2. Main results

Let RY = {x = (x1,...,xq)} be a d-dimensional Euclidean space and letd; > d and k > 1
be integers. Assume that we are given separable metric spaces A, B, and P and let, for each
o € A, B € B, and p € P the following functions on R be given:

(i) d x d matrix-valued 6*?(p, x) = o (a, B, p, x) = (a;j.ﬂ(p, X)),

(ii) R?-valued b*# (p, x) = b(a, B, p,x) = (bﬁ-’ﬂ (p, x)), and
(iii) real-valued functions ¢*?(p, x) = c(a, B, p, x), f*(p,x) = f(a, B, p, x), and g(x).
Introduce

a® (p, x) := (1/2)0*% (p, x)(c*P (p, x))*,
fixa p € P, and set
(G,a,b,¢, )P (x) = (o,a,b,c, (P, x).

Assumption 2.1. (i) All the above functions are continuous with respect to § € B for each
(¢, p, x) and continuous with respect to « € A uniformly with respect to § € B for each (p, x).
Furthermore, they are Borel measurable in (p, x) for each («, 8), the function g(x) is bounded
and uniformly continuous on R4, and c*? > 0.

(ii) The functions *# (x) and b*#(x) are uniformly continuous with respect to x uniformly
with respect to («, ) € A x B and for any x € R? and (o, B, p) € Ax B x P

lo? (p, )II, 16 (p, )| < Ko,
where K is a fixed constants and for a matrix o we denote |0 || = troo*.

Let (2, F, P) be a complete probability space, let {;,¢ > 0} be an increasing filtration of
o-fields F; C F such that each F; is complete with respect to F, P, and let w;,t > 0, be a
standard d-dimensional Wiener process given on {2 such that w; is a Wiener process relative to
the filtration {F;, t > 0}.

The set of progressively measurable A-valued processes o; = «;(w) is denoted by 2.
Similarly we define ®B as the set of B-valued progressively measurable functions. By B we denote
the set of B-valued functions B(a.) on 2 such that, for any 7 € (0, co) and any a!, ar e
satisfying

P(a) = a? foralmostallt < T) = 1, Q2.1
we have
P(B:(e}) = B,(a?) for almostall t < T) = 1.

We closely follow the standard setup (but not the notation) from [2,4,14] allowing the control
processes to depend on the past information contained in {#;}. By the way, in the situation
of controlled diffusion processes (not stochastic differential games) these control processes were
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first introduced in [6] and turned out to be extremely useful in developing the theory of Bellman’s
equations.

Definition 2.1. A function pf"ﬁ' = pfl'ﬁ' (w) given on A x B x 2 x [0, 00) is called a control
adapted process if, for any («., B.) € 2 x ‘B, it is progressively measurable in (w, t) and, for any
T € (0, c0), we have

P(pft‘lﬂ'l = pfl'zﬁ'z foralmostallr < T) =1
as long as
P(o) =a}, B} = B} foralmostallt < T) = 1.
The set of control adapted PP-valued processes is denoted by 3.

We fix a p € B (for the rest of the article) and for «. € A, 8. € B, and x € RY consider the
following It6 equation

t t
Xr=x+ [ o %Ps (pg“ﬁ', Xs) dwg + / b%shs (p;’"ﬁ‘,xs) ds. 2.2)
0 0

Assumption 2.2. Eq. (2.2) satisfies the usual hypothesis, that is for any o. € 2, B. € ‘B, and
x € RY it has a unique solution denoted by x*#* and x*”* is a control adapted process for
each x.

Remark 2.1. As is well known, Eq. (2.2) satisfies the usual hypothesis if Assumption 2.1 is
satisfied and for any x, y € R? and (a, 8, p) € A x B x P the monotonicity condition

20x — 3, b (p, x) — b (p, )) + 10“F (p, x) — ™ (p, Y)I* < K1lx — yI? (2.3)

holds, where K is a fixed constant. For instance, if o®f( p,x) and beB( p, x) are Lipschitz
continuous in x with constant independent of «, 8, p, then (2.3) holds. If d = 1, then (2.3) is
satisfied if, for instance, b*? (p, x) is a decreasing function and o®? (p, x) is Lipschitz continuous
in x with constant independent of «, B, p. Even if ¢ and b are independent of p, this argument
shows how control adapted processes may appear.

We discuss a different way in which control adapted processes appear naturally in Remark 2.4.

Take a ¢ € C° (R?) with unit integral and for ¢ > 0 introduce ¢, (x) = e~z (x/¢). For locally
summable functions u = u(x) on R¥ define

u® (x) = u * & (x).

Assumption 2.3. (i) For any x € R4

sup (18] + 1 fP(x) < 0. (2.4)
(a,f)€AXB

(ii) There exist a constant 8; € (0, 1] and a function r*#(p, x) defined on A x B x P x R4
with values in [§], 81_1] such that r‘xﬁ(ﬁ, x)=1landon A x B x P x R“ we have

£ (p,x) =" (p,x) f*P (x).
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(iii) For any bounded domain D C R? we have

I sup 1y + 1 sup &Pl < oo,
(o,B)eAXB (a,B)eAXB

I sup  1f — (FP)YOlL,) — O,

(a,f)€AXB

I sup ¢ — @P)Y O,y — O,
(a,f)€AXB

ase | 0.
(iv) There is a constant § € (0, 1] such that forae € A, 8 € B, p € P,and x, A € R? we have

SIAP < @ (p.x)rid; < 87 A2,

The reader understands, of course, that the summation convention is adopted throughout the
article.

Set

t
;)t.,B.)C — A C%ﬂ“ (p;xﬁ’ x;)l.ﬂ.X)ds’

fix a bounded domain D C RY, define t%#* as the first exit time of xf"ﬁ “* from D, and introduce

T
v(x) = inf sup Effﬂ("")[ f F(psx)e™® dt+g(xr)e_¢’:|, (2.5)
BeB a.eA 0

where the indices «., 8, and x at the expectation sign are written to mean that they should be
placed inside the expectation sign wherever and as appropriate, that is

Eg'ﬁl |:/‘r f(pr, x)e™ % dt + g(xr)€¢’i|
0

.L,oz.ﬂ‘x

_ga.fx . f.x
= E[g(xff,;i)e o px +/ foub (pf"ﬁ', x;x'ﬁ'x)e_‘pf dt].
0

Observe that v(x) = g(x) in R? \ D.
This definition makes perfect sense due to the following.

Lemma 2.1. There is a constant N, depending only on Ky, 8, d, and the diameter of D, such
that foranyoa. €A, B. € B, x e D,n=1,2,...,1t € [0,00), and h € Ly(D) we have (a.s.)

T n
Irwpos  ELP { ( / (x| ds) | ﬁ} < nIN" AN, - 2.6)

In particular, foranyn = 1,2, ...

E*P" < nIN™.



3278 N.V. Krylov / Stochastic Processes and their Applications 123 (2013) 3273-3298

Proof. Estimate (2.6) with n = 1 is proved in Theorem 2.2.1 of [7]. If it is true for an n, then we
have

T n+1
1,c,4,s‘x>,E;*ﬂ-{</ |h(xs)|ds) |}',}
t
=+ 1)1faﬂ~X>zE?"3'{/ Ih(xr)|</ Ih(xs)IdS) dr | -7:1}
t r
=0+ 1)1fa,ﬂ.x>,E§’ﬂ-{/ |h(x,)|1,>,[Egﬂ- (/ |h(xs)|ds) |f,} dr | ]—',}
t r

T
< N"(n+ 1)!||h||’zd(D)Ira.fs,X>tE;‘-ﬂ-{ f )l dr | ft}

t
< N+ DRI,
The lemma is proved. [

For a sufficiently smooth function # = u(x) introduce
Lu(p.x) = af (p. x) Diju(x) + b (p. x) Diu(x) — P (p. x)u(x),
where, naturally, D; = 0/0x;, D;j = D; D;. Recall that we fixed a p € P and denote
LPu(x) = L*u(p, x),
Hlul(x) = supinf [LPu(x) + f%(x)]. 2.7

acA peB

Definition 2.2. For a domain U C R? we say that a CZQOC(U ) function u is p-insensitive in U
(relative to (rep, Lo‘ﬁ)) ifforanyx e U,a. € 2, and 8. € ‘B

. f.x - . f.x
d[u(xi P e ) = r b (i P LBy (e e dit + dm,

for ¢ less than the first exit time of x;' X from U , where m; is a local martingale starting at zero.

There are nontrivial cases when all sufficiently smooth functions are p-insensitive (see
Example 2.1). On the other hand, any smooth function u(x;) will be p-insensitive if
(a11, b)*(p, x) = r*f(p, x)(ai1, b)) (x) with no restrictions on other entries of a and b.
A generalization of this particular example will play an extremely important role in one of
subsequent articles (see [12]).

Definition 2.3. Let U be a domain in R¢ for which the Sobolev embedding Wf(U )y C C(U)
is valid. We say that it is regular (for given g) if there exists a function u € Wj(U ) such that

H[u] =0in U (a.e.) and u = g on 9U and there exists a sequence u, € C?(U) of p-insensitive
in U functions such that u,, — u in Wj(U) and in C(U).

In a subsequent article (see [11]) we will show that the following assumption can be dropped.

Assumption 2.4. There is a sequence of expanding regular subdomains D, of D such that
D =J,> Dn.

Finally we impose the following.
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Assumption 2.5. There_exists a bounded nonnegative G € Clzo (D) such that
(i) We have G € C(D) and G = 0on dD;
(ii) Foralla« € A, € B,peP,andx € D

LG (p, x) < —1. (2.8)

Here is our main result.

Theorem 2.2. Under the above assumptions also suppose that there exists a sequence of
functions g, such that ||g — gnllcpy = O0asn — oo, for eachn > 1, lgnllc2(py < o0
and g is p-insensitive in D. Then

(i) The function v(x) is independent of the chosen control adapted process p € ‘B, it is
bounded and continuous in R?.

(ii) Let y®P* be an {F,}-stopping time defined for each . € 2, B. € B, and x € R? and such
that y“ﬂ"‘ < t%Bx Also let A?'ﬁ'x > 0 be progressively measurable functions on {2 x [0, c0)
defined for each a. € 2, B. € B, and x € R? and such that they have finite integrals over finite
time intervals (for any w). Then for any x

Y
v(x) = inf sup Ei‘“‘”')[v(xy)e—"’v—*”v + / {f Py x0) + Agv(xy)}e Ve dt} 2.9)
BeB a.eA 0

where inside the expectation sign y = y*P@)* and

t
,a'ﬂ‘x = /0 )Lg"ﬂ'x ds.

Remark 2.2. The function G is called a barrier in the theory of partial differential equations.
Existence of such barriers is known for a very large class of domains, say such that there are
po > 0 and 6 > 0O such that for any point xo € dD and any r € (0, po] we have that the volume
of the intersection of D¢ with the ball of radius r centered at x is greater than §7¢. The so-called
uniform exterior cone condition will suffice.

Without Assumption 2.5 or similar ones one cannot assert that v is continuous in D even if no
control parameters are involved.

Note that the possibility to vary A in Theorem 2.2 might be useful while considering stochastic
differential games with stopping in the spirit of [5].

Remark 2.3. Definition 2.2 is stated in the form which is easy to use and to check especially
when (as in a subsequent article [12]) the state process consists of several components for each
of which the corresponding equations have very different forms and u# depends only on part of

these components.
Still it is worth noting that, as follows immediately from It6’s formula, u € C 120 -(U) will be
p-insensitive if on A x B x P x U we have

LPu(p,x) =r*(p, x)L*Pu(x). (2.10)

Example 2.1. Let O be the set of d; x d; orthogonal matrices and denote by p = (p’, p”)
a generic point in [, 8171] x O. Assume that the original o, b are independent of p. Then
introduce

P (p,x) = (PP )p”,  (boe, H(p,x) = p'(b, e, HP(x).
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In this case

(1/2)0% (p, x) (0P (p, x))* = p'a® (x)

and (2.10) holds for any u with r*# (p, x) = p/.

In this case the assertion that v is independent of the control adapted process pf"ﬁ " is rather
natural and is due to the fact that its effect on the state process is equivalent to that of a random
time change and a random rotation of the increments of the original Wiener process.

The main advantage of introducing the above parameters, which by far are not the most
general and important for the future, is that while estimating v(x + €£) — v(x) for small ¢,
where £ € R?, we can take p = (1, I), where I is the d; x d; identity matrix, in the definition of
v(x) and a different p close to (1, I) in the definition of v(x + €&). This may make the solutions
of the corresponding stochastic equations to become closer than in the case where for both v(x)
and v(x + &) we take p = (1, 1).

Remark 2.4. One of ways to introduce control adapted processes can be explained in the
situation of Example 2.1 when the original o and b are Lipschitz continuous. Take a [61, & 1_1]-
valued function r(x) and O-valued function Q(x) defined and Lipschitz continuous on R4, Fix
an xo € R? and for . € 2 and B. € B define

PP = (r(x), Q).

where x; is a unique solution of
t t
x= v+ [ P00 P (10 Q) du [ bt (5 ds
0 0

Almost obviously p € 9 and the above solution is, actually, x*** for that p if x = xo. In
a subsequent article (see [12]) we will show a much more sophisticated use of control adapted
processes defined by an auxiliary Itd equation.

As a simple byproduct of our proofs we obtain the following.

Theorem 2.3. The function v is locally Holder continuous in D with exponent 68 € (0, 1)
depending only on d and §.

The point is that v will be obtained as the limit of u, which are solutions of class Wj(D,,)
of the equation H[u,] = 0 in D, (a.e.) with boundary data g. It is well known (see, for
instance, Remark 1.3 in [10]) that such u, satisfy linear uniformly elliptic equations with
bounded coefficients and it is a classical result that such solutions admit uniform in n local
Holder estimates of some exponent 6 € (0, 1) depending only on d and § (see, for instance, [3]
or [8]).

3. Proof of Theorem 2.2 in case that the Isaacs equation has a smooth solution

In this section Assumption 2.3(iii), (iv), the regularity Assumption 2.4 as well as
Assumption 2.5 concerning G are not used and the domain D is not supposed to be bounded.

Suppose that for each ¢ > 0 we are given real-valued functions cgﬂ (x) and £ b (x) defined on
A x B x R4,
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Assumption 3.1. (i) Assumptions 2.1-2.3(i), (ii) are satisfied.

(i1) For a constant ¥ > 0 we have c“ﬁ(p, x) > x forall o, B, p, x.

(iii) For each ¢ > 0 the functions (c, f )?ﬂ (x) are bounded on A x B x D and uniformly
continuous with respect to x € D uniformly with respect to , .

(iv) Forany x as ¢ | 0,

T
de(x) ==  sup Eﬁfﬂ'/ (€ = cel + | f = feD(xp)e % dt — 0.
(o.,8.)€AXB 0

(v) Forany x € D

T
sup Ejf‘ﬁ‘/ |f(pr, x) e dt < .
(a.,B.)eAXB 0

Observe that Assumption 3.1(v) implies that v is well defined.

In some applications we have in mind the following “degenerate” version of Theorem 2.2
plays an important role. We assume that we are given two p-insensitive in D functions
u,uecC 2(D) (with finite C 2(D)-norms) such that their second-order derivatives are uniformly
continuous in D (in case D is unbounded).

Theorem 3.1. (i) If H[it] < O (everywhere) in D and i > g on D (in case 9D # (), then
v <iinD.
(i) If H[it] > O (everywhere) in D and it < g on 3D (in case 9D # V), then v > it in D.
(iii) If & and u are as in (i) and (ii) and it = u, then all assertions of Theorem 2.2 hold true.
Moreover, v = ul.

This theorem is an immediate consequence of the following two results in which we allow )thxﬂ *

and y*#* to be as in Theorem 2.2.

Theorem 3.2. Suppose that H[ii] < O (everywhere) in D. Then for all x € D we have

14
ii(x) > inf sup Eﬁ““"[ﬁ(xy)e%‘/’v + / Lf (Prs o) + Ak (x)]e™# V0 dr}. 3.1
BeB a.eAU 0

In particular, if it > g on 3D, then for y =t and . = 0 Eq. (3.1) yields that ii > v.

Theorem 3.3. Suppose that H[it] > 0 (everywhere) in D. Then for all x € D we have

14
li(x) < inf sup E?'ﬁ(“')[ﬁ(xy)e_%_w +f [f (pr, x¢) + Mgt (xg)]e” PV dt}. (3.2)
BeB a.eA 0

In particular, if t < g on 3D, then for y =t and . = 0 Eq. (3.2) yields that u < v.

Note that, formally, the value x,, in (3.1) and (3.2) may not be defined if y = oco. In that case
we set the corresponding terms to equal zero, which is natural because # and i are bounded and
vy
To prove these theorems we need two lemmas. The reader can compare our arguments with
the ones in [14] and see that they are very close.
For a stopping time y we say that a process &; is a submartingale on [0, y] if &, is a
submartingale. Similar definition applies to supermartingales.
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Lemma 3.4. Let H[u] < O (everywhere) in D. Then for any x € RY o € U, and ¢ > 0,
there exist a sequence B"(o.) = B"(a.,x,¢) € B, n = 1,2, ..., and a sequence of increasing
continuous {F}-adapted processes nf* (a.) = ni (., x) with ng° (a.) = 0 such that

sup Eni ‘(o) < 00, (3.3)
the processes

K@) = e — "8<a)+f F2 0 x0eH ds,

where
(WO = (e, g)*F @ phpx) = @ (p ), pit=pr T (B4
are supermartingales on [0, L C DR |
lim sup Eng®(a) < e/(1x) + Nde(x), (3.5)

}’l*)OO

where 81 is taken from Assumption 2.3(ii) and N is independent of x and ¢. Furthermore, if
for any n we are given a nonnegative, progressively measurable process A} > 0 having finite
integrals over finite time intervals (for any ), then the processes

o (o) = ﬁ(xf)e_‘/"n_wfn - nfg(ot.)e_wfn
t
+ / [fsn(p;', x!) + Afax]) — A?n?g(ot.)e")?]e_d’-?_w ds
0

are supermartingales on [0, %P @)X ywhere (we use notation (3.4) and)

t
Y :/ Alds. 3.6)
0
Finally,
sup sup E sup |«/'S (a.)| < 00, sup supE sup lprs (a.)| < oo. 3.7
a.eA n t>0 a.ed n

Proof. Since B is separable and a®f p*B B and f @B are continuous with respect to 8 one can
replace B in (2.7) with an appropriate countable subset By = {81, B2, ...}. Thenforeacha € A
and x € D define B(«, x) as B; € By with the least i such that

0> LY%ih(x) + f%Pi(x) —e. (3.8)

For each i the right-hand side of (3.8) is Borel in x and continuous in «. Therefore, it is a
Borel function of (¢, x), implying that 8(w, x) also is a Borel function of (¢, x). For x & D set
B(a, x) = B*, where 8* is a fixed element of B. Then we have that in D

0> LY@ j(x) + FoP@) (x) —¢. (3.9)

After that fix x, define ,B{’O(a.) = B(as, x),t > 0, and for k > 1 introduce ,3,”k (o) recursively
so that

k) = BrE V() fort < k/n, (3.10)
(o) = Blen, ) fort > k/n,
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where x/¥ is a unique solution of

7

t 1(k—1)
Xo=x+ / o (a5, BrED (@), p2F @) o) dug
0

4 nk—
+/ b(as,ﬁ;’(k_l)(a.),p?t.ﬁ,< l>(0‘-),xs)ds, (3.11)
0

To show that the above definitions make sense, observe that, by Assumption 2.2, xt”o is well
defined for all 7. Therefore, ,Bt"l (c.) is also well defined, and by induction we conclude that x,"k
and ﬂt”k (a.) are well defined for all k.
Furthermore, owing to (3.10) it makes sense to define
Bl (a) = ,”k(oz.) fort < k/n.
a. B (a)x

Notice that by definition x;' = x; satisfies the equation
' wpl @)
X=X +/ o(as, By (o), ps 7, xg) dws
0
' B (@)
+ [ blaw @, " s (3.12)
0

For ¢ < k/n we have B (a.) = 7"* " (a.), so that for 1 < k/n Eq. (3.12) coincides with (3.11)
owing to the fact that pf'ﬁ " is control adapted. It follows that (a.s.)

x! = x,"k forallr < k/n,

so that (a.s.)
@) = Blar, 7))
for all r > k/n. Therefore, if (k — 1)/n <t < k/n, then
Bre) = B @) = Blow, xf_py )
Bl = Bl (e) = Blas, 2 ), (3.13)

where «, (1) = [nt]/n, and x}' satisfies

t
X! =x+/ o (s, B@s, X! o)), pls 2
0

t
-i—/ blas, Blas, x, (), Ps» X)) ds, (3.14)
0

n
with pf = p?'ﬂ‘ .
Introduce " as the first exit time of x;' from D and set
=" =P,
Observe that by Itd’s formula

AT
Ax e Pinen = fi(x) + / e~ LB (", XY ds + m?,
0

where m is a martingale.
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By Definition 2.2
n tAT" . i
e e [ g (e ¥ s
0

AT
=u(x) + f e_d’?rf[i"’sﬂ;’ﬁ(x?) + f“sﬂs" (x;')] ds + m?, (3.15)
0

where, for s < 7”7, (notice the change of ¢ to c;)
LoP Aty = aj (e, Blag, x,. (), x¢)Dijit(xg)
+ bi(ag, Blats, x] (o)), X Didi (x})) — Elats, Blats, X () XIA(x])
= ajj(ay, Blag, X1 ()s X0 Dijit(x!) + bi s, Blots, X1 (), X1 Dyt (x})
— ce(ay, Blas, x}r(zn(s))’ x?)ﬁ(x?) + S"g,

where £/'® (defined by the above equality) is a progressively measurable process such that by
Assumption 3.1(iv)

Tn
sup E f E7¢1e~ % di < Nd,(x) (3.16)
n 0

with N independent of «, ¢, and x (equal to one). All such processes are denoted by &/'* below
even if they may change from one occurrence to another.

According to our assumptions on the uniform continuity in x of the data and D;;u(x) we have
that for s < t”

L a(x]) < aijley, Blag, xp ), X () Dijld (L )
+ l;i (as, Blog, x;ln(s))’ x,’:”(s))Diﬁ(x,:ln(s))
—c(as, Blas, xZn(s))9 x,’:n(s))ﬁ(x,:ln(s)) + Xa(x;l - x,?n(s)) + |$tn€|

where, for each & > 0, x.(y) is a (nonrandom) bounded function on R¥ such that . (y) — 0 as
y — 0. All such functions will be denoted by y. even if they may change from one occurrence
to another. Then (3.9) shows that, for s < 7",

LOPa(xl) < &4 xe(xll —x2 (0) + 7] = flas, Blatg. X[ (). X0 ()
< e pe(al = xl )+ [EE] = FUR D,

which along with (3.15) implies that

A

tAT"
KPE = (" n)e Pinen +/(; FoBs (ph, xMe 5 ds — e = ¢+ m?, (3.17)

where £/'° is a decreasing process and

AT

tAT"
e = (@) = es! / e % ds +/ e PLEN | + xe (! — x] ()]ds.
0 0

Hence «]'?_, is at least a local supermartingale. Assumption 3.1 and (3.16) show that (3.3) and
the first inequality in (3.7) hold. It follows that the local supermartingale «;'°_, is, actually, a

supermartingale.
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Furthermore, obviously

o0 n
f e % ds <1/x,
0

so that to prove the first assertion of the lemma, it only remains to show that

o0
sup E/O e_‘pg)(g(x;‘ — x,’:n(s)) ds — 0 (3.18)

a.e

as n — oo. In light of the fact that P > X, this is done in exactly the same way as a similar
fact is proved in [9].

That p;'?_. (a.) is a local supermartingale follows after computing its stochastic differential.
Then the fact that it is a supermartingale follows from the second estimate in (3.7) which is

proved by using
o0 n
/O MeVidr <1 (3.19)

and the same argument as above. The lemma is proved. [

Proof of Theorem 3.2. First we fix x € RY, . € 2, and ¢ > 0, take B"(a.) form Lemma 3.4
and prove that the B-valued functions defined on 2 by 8" («v.) = B («.) belong to B. To do that
observe that if (2.1) holds and T < 1/n, then (a.s.) 870(a!) = B0 (a?) for almost all t < T. By
definition also (a.s.)

1101 2102

;"- AR pg‘ AT for almostalls < T.

By uniqueness of solutions of (2.2) (see Assumption 2.2), the processes x”"! found from (3.11)
for . = o} and for o. = a2 coincide (a.s.)forallr <T.

If 2.1) holds and 1/n < T < 2/n, then by the above solutions of (3.11) for @. = ! and for

«. = a? coincide (a.s.) for r = 1/n and then (a.s.) ﬁ,’” (ah = ,”1 (@?) not only forall r < 1/n

but also for all # > 1/n, which implies that (a.s.)

14nl 1 2pnl(,2
. Fr@) pf' A for almost all s <T

2

and again the processes x;' found from (3.11) for ov. = o) and for a. = o2 coincide (a.s.) for all
r<T.
By induction we get that if (2.1) holds for a T € (0, co) and we define k as the integer such

thatk/n < T < (k+ 1)/n, then (a.s.)

Bl = gk al) = B () = Bl (@?) forallt < (k+ 1)/n, (3.20)
1 gnk 1 2 pnk (2
?- B pg' AT @) for almostalls < T

2

and the processes x;' found from (3.11) for . = ol and foro. = «
This means that 8 € B indeed.

Furthermore, by the supermartingale property of p;'® (o), for any stopping times y@h < gxbx
defined for each ov. € A and B. € B we have

l)(.x) > E;{.ﬁ”(a.)ﬁ(xy)efd)y*‘ﬁy — Engg(a')efw}/

coincide (a.s.) forallr < T.

n V A — p—
+ E%P “”/ Lf (e, x0) + Ai(x) — A (. )e® e PV dt.
0
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Also observe that

n y
Eﬁ"ﬁ ("“)|:/0 )\m;w(oz.)e_"” dt + n’;g(ot.)e_%’] < Esupn;®(a.) < En?®(a.).

<y

It follows that
n Y
i(x) > E*F @) [ f Lf (Prs x0) + Mii(x)]e 0~V dit + ﬁ(me—"’y—%} — En'(a),
0

which owing to (3.5) yields

" Y
i(x) = lim sup E5P (‘”[ /0 Lf (e ) + M (x)le™* V0 di

n—00 .2
+ ﬁ(xy)e¢y1/’7:| —&/(d1%) — Ndp(x).
In light of the arbitrariness of ¢ we arrive at (3.1) and the theorem is proved. [J
For treating i we use the following result.

Lemma 3.5. Let H[it] > O (everywhere) in D. Then for any x € R4, B € B, and ¢ > 0, there
exist a sequence & € A, n = 1,2,..., and a sequence of increasing continuous {JF;}-adapted
processes 1;¢ (B) with ni® (B) = 0 such that the processes

t
K= Lvt(x,")e*‘ﬁf + e (B) +/O fs”(p;‘,x?)e*bs ds,
where

G @Y = (r )P (px) = AR (p ), pr= pi P (320)

are submartingales on [0, % P@)*] and

sup Eni(B) < oo, (3.22)
Jim Eny®(B) < &/(10) + Nde (x), (3.23)

where 81 is taken from Assumption 2.3(ii).
Furthermore, if for any n we are given a nonnegative, progressively measurable process
A > 0 having finite integrals over finite time intervals (for any ), then the processes

ppe = di(xf eV — e (e VT

t
b [ LAl + 2200 — 2 (B e ds
0

are submartingales on [0, " B@X) \where we use notation (3.21) and Y/ is taken from (3.6).
Finally,

sup E sup || < o0, sup E sup | oy, | < oc.

n t>0 n t>0

Proof. Owing to Assumptions 2.1 and 2.3(i) the function
h = inf [L*3 b
(o, x) ,3123[ i(x) + [ (x)]
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is a finite Borel function of x and is continuous with respect to «. Its sup over A can be replaced
with the sup over an appropriate countable subset of A and since

sup h(a, x) > 0,

acA
similarly to how S(«, x) was defined in the proof of Lemma 3.4, one can find a Borel function
a(x) in such a way that

ﬂinfB [L¥Pi(x) + f*OF (x)] > —e (3.24)
€

in D.If x ¢ D we set @(x) = «*, where o™ is a fixed element of A.
After that we need some processes which we introduce recursively. Fix x and set ozl”o =
Then define xt”o as a unique solution of the equation

a(x).

¢ n0 n0
X = x+/ o (@™, Bo@™), po " x0) dw,
0

t n0 n0
+ / b@™, By, p P« ) ds.
0

For k > 1 introduce a,"k so that
Olt"k = ot,"(k_l) fort < k/n,
k=, nk-1
ot = a(x,'(’/(n )) fort > k/n,

(k=1)

n . . .
where x, is a unique solution of

! _ _ nk=1) 5, ntk—1)
X =x+/ o (af D, Bo(a® D), pe P x) dwg
0

t 1 1 ntk=1) ,, n(k=1)
+ / b * =D g (@ k=D, pe TRy ds. (3.25)
0

As in the proof of Lemma 3.4 we show that the above definitions make sense as well as the
definition

o) = ot;'(k_l) fort < k/n. (3.26)

Next, by definition x}' = xf‘ "X satisfies

t n n t n n
x;:x+/ o(az,ﬁ;(a."),p;"‘ﬂ(“’),xs)dws+/ b, Bo(@™), py P xy) ds.
0 0

Eq. (3.26) and the definitions of B and of control adapted processes show that x;' satisfies (3.25)
for t < k/n. Hence, (a.s.) x' = x,"(kfl) forall # < k/n and (a.s.) forall 1 > 0, o = @(x
and

/Lln (t))

t t
A= x fo o @ ). By (@), Pl Xl dw, + /0 b@GL (), Bs(@™), pl,xl) ds,

where pi = pg‘nﬂ (a‘n).
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Now, introduce " as the first exit time of x;' from D, set

Bl =B, gl =g T = (D,
where r*f( p, x) is taken from Assumption 2.3(ii), and observe that by Itd’s formula
n t/\‘[ n = ynan
H(x e Pinen = gi(x) + f e O LSBT (x) ds 4+ m”,
0

where m! is a martingale and, for s < ",
LOF () = aj@x) ). Br. x)Djjii (x])
+bi (@ o)) B XD (x) — E@(x, ). L xiE(xL).
Similarly to the proof of Lemma 3.4 we derive from (3.24) that, for s < 7,
LB () = —e — x (0 = x () — &1 = F@l ). AR Xl ()
= e — () —xg o) =& = ARG,

where £/'* are nonnegative progressively measurable processes satisfying (3.16) and . (y) is a
(nonrandom) bounded function on R? such that x,(y) — 0 as y — 0. It follows that

tAT"
Gty o 4 [ e ds 4 = (3:27)
0

where ¢; is an increasing process and

n

| tAT" u tAT u
n =nl(B) =¢8] / e % ds —i—/ e BIEY + Xe(x] — X! ())]ds.
0 0

Hence the left-hand side of (3.27) is a local submartingale and we finish the proof in the same
way as the proof of Lemma 3.4. The lemma is proved. [

Proof of Theorem 3.3. Similarly to the proof of Theorem 3.2, for any 8 € B,

n n Y
i) < By P )[/0 LF (Pr x0) + A () + A (B)e? Te ™V i
i ey )e PV + n';f(ﬂ)e%}

n n y
< EXP“ >[ / Lf (Prs x0) + Agti(x)le ™~V dt + ﬁ(xne“”v—%] + En(B).
0
It follows that

Y
li(x) < sup Eié"ﬂ(“')[/ Lf (pe x0) + hetie)]e ™4~V it
a.eA 0

—i—ft(x),)ed’VW] + lim En™(B),
n— 00

Y
i(x) < sup Ejz‘ﬂ(“-)[ / Lf (prs x0) + At (x)]e™ V1 di
a.e 0

+ﬁ(xy)e¢y%] +¢/(1x) + Nd,
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which in light of the arbitrariness of ¢ and B € B finally yields (3.2) and the theorem
isproved. [J

4. Versions of Theorems 3.1-3.3 for “uniformly nondegenerate” case

In the first result of this section D is not assumed to be bounded.

Letu,u € Wﬁ loe(D) N C (D) be given functions for which there exist sequences iy, i, €
C%(D), n > 1, of p-insensitive in D functions which for each n have uniformly continuous
second-order derivatives (if D is unbounded) and such that i,, i, converge to # and u,
respectively, uniformly in D. For a sufficiently regular function u we denote by Du its gradient
and D2u its Hessian. In case of i, i we take and fix any Borel measurable versions of their

gradients and Hessians.

Theorem 4.1. Suppose that Assumptions 2.1-2.3(1), (ii), Assumption 2.5(ii) , and Assump-
tion 3.1(iii), (v) are satisfied. Also suppose that a stronger assumption than Assump-
tion 3.1(iv) is satisfied, namely, for any x

T
sup E%F / sup (|6 — 2P| 4| fP — foP)(x)e P dt — 0 4.1)
(a.,B.)eAXB 0 «o€A,BeB

as ¢ | 0. Finally, assume that for any x € D

T
sup E%F / (ID*@ — D*iy| + |Di — Dity|)(xp)e™® dt — 0 4.2)
(a0, .)EAXDB 0

as n — 0o and the same is true if we replace i with u.

Then the following holds true:

() If H[i] <0in D (a.e.)and i > g on 3D (if D # R?), then v < @ in D and (3.1) holds
for any )\f"ﬂ'x and y*P* as in Theorem 2.2.

(i) If H[it] = 0in D (a.e.) and it < g on 3D (if D # R?), then v > 1t in D and (3.2) holds
for any )»‘,x’ﬁ'x and y*-P>

(iii) If u and u are as in (i) and (ii) and i = u, then all assertions of Theorem 2.2 hold true.
Moreover, v = u.

as in Theorem 2.2.

It is worth saying that, as in the case of Theorems 3.2 and 3.3, we set the terms containing x,, in
(3.1) and (3.2) to be zero on the event that y = oo.
Before we proceed with the proof we note the following.

Remark 4.1. For x € R? and u = (u/, u”), where ' = (ug, uy, ... uy) € R4+ and u” is in
the set S of d x d symmetric matrices, introduce

H(u,x) = supinf <a;’jﬁ @y + 357 ouf — &P oup + f'“ﬂ(x)). 4.3)
€A ﬂEB i>1

Owing to Assumption 2.1(i) one can replace A and B with their countable everywhere dense
subsets. Then we see that H (u, x) is a Borel function of x.
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Also note that

|H (u, x)| < N(Z uf |+Z|u |) + |uo|supc“ﬁ(x>

i,j=1 i=1
+ sup | f*P O, |H @, x) — H(v, x)|
Ci,

d
< |u0—v0|supc‘”ﬁ(x)+N<Z |u v{}|+21:|u; —v;|>, 4.4
im

i,j=1

where N is independent of u, v, x. In light of (2.4) the right-hand sides are finite, which, in
particular, implies that H (u, x) is a finite Borel function of (u, x).

If, in addition, ¢*# (x) and f @B (x) are bounded and continuous with respect to x uniformly
with respect to (o, 8), then the inequality

d d
|H(u,x)— H(u,y)| < N|x — yl(Z i+ |u;|>
i=1

i,j=1
+ |up| sup [ (x) — &P (y)| + sup | £ (x) — FP(y)
o, pB a.p

shows that H (1, x) is a continuous function of x, which along with (4.4) guarantees that H (i, x)
is a continuous function of (u, x).

Proof of Theorem 4.1. (i) Introduce h, = Hlii,],

P (p,x) = (p, ) +n~ 1 (p, ),
1P x) = 1P (p,x) = (p, )k () + 0P (p, )it (x)
= rP(p, P () = ha(x) + i ()],
Lgﬂu(p, x) = L%u(p,x) = n 'r*(p, x)u(x).
Observe that i1, is p-insensitive in D with respect to Lgﬂ . Owing to Definition 2.2, this follows

from the fact that (dropping the superscripts «., 8., x) for any x € D and ¢ < 7, we find that the
coefficient of dt in the stochastic differential of

13
ﬁn(xl)e_(/)tv where ¢;l Z/ C;(E:Sﬁs(p,\" xg)ds,
0

equals e~ times

LBt (py, x0) — 07 r P (py, x)iin (x) = 1P (py, x)[L¥P i (x0) — n ™ (x0)]

”atﬁt (s, Xt)Ln’ﬁ’un (Prs x1)-

Furthermore,

sup inf [Lgﬁﬁn(ﬁ, x) + £ (p, x]=0
acA BeB
which makes us try to apply Theorem 3.2 for each n.
Define hng = H.[u,], where H, is constructed in the same way as H with ¢, and f in place
of c and f, respectively, and observe that, for each n and ¢ > 0, hy, is a Borel function on D
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and flng is bounded and uniformly continuous in D (cf. Remark 4.1). Also in D

Vhine — hn| = |Heliin] — Hliinl < (1 +sup i) sup (|cF — c%P| | f*P — foP)).
a€A,feB

Therefore, for any x

T
lim sup E%F f |hne — hnl(x))e™® dt = 0.
e300 (o.,8)cAxB 0

All other assumptions of Theorem 3.2 are satisfied in light of the assumptions of the present
theorem and the fact that we added n~! to ¢. By Theorem 3.2 after setting

t
tOl.ﬁ.x — f ro[JﬂJ (pg.ﬂA’x;xAﬁAX)ds
0
we obtain

iy (x) > infsup Egﬁ(oc»)[ﬁn(xy)e—dﬁy—llfy—g“y/n
BeB a.eA

Y
+ / {Fa (P X0) + Myl ()}~ P Ve=e/n dtj|.
0

Furthermore,
Y
E;P [mn(xy) — d(xy)|e Py =5 /n 4 / Allin (xp) — d(x,) e 9 Vi=4/n dt}
0

< EXP supliin (x) — i xp)|e ¢4/,
1<y
Therefore,

iy (x) > infsup Egﬁ(oa)[ﬁ(xy)e—%—l/fy—{y/n
BeB a.eA

Y
+ / {f(ps,xe) + )»tﬁ(xt)}g—@—%—{t/n dt:|
0
— (n_161_1 sup |, | + sup |, — il) — Ky,
D D
where

T
Kkn(x) =87 sup E;’ﬂ-/ (hn(x)Te % dr.
a.€U,B.eB 0
Observe that
(hn)* = (Hli, )" < (H[d] — H[aDT < N(D*(ltn — 2)| + 1D Gy — @)])

+ |iin — @] sup &*P.
a’ﬂ

Here for any ¢ > 0

sup &P < sup |c*f — cg’g| + sup |cg‘ﬁ|,
a,B o, B a,B
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which along with our assumptions imply that k, — 0 and leads to

A(x) > lim infsup E;“ﬁ(“')|:ﬁ(xy)e_¢>’_‘/fy_{>’/"

=0 BB . e
Y

+ f {f(pz,xt)+ktﬁ(xz)}e_"”_"f’_“/”dt}- (4.5)
0

Now we note that by considering G + 1 in place of G we may assume that G > 1 on D. We set
G := 1 outside D. Then, as follows easily from It6’s formula, the process

tAT
G(xtAT)e)((Mf)—l/er + (1/2)/ XS~ 9s ds,
0

is at least a local supermartingale, where x = (2supp G) !,

G b T) = (g TP,y = g

and x, a., and B. are arbitrary. Nonnegative local supermartingales are supermartingales. In
particular, (note that the estimates below are consistent with our stipulation that functions of
xy equal zero if y = 00)

t
ELP sup[G(Xz)eX’_d” +(1/2) / o159 ds} < Gx),
0

t<t
14
EYP [nyned’v%(l —e /M + fo Ml x|Vl - eff/”)dz]
< EYP sup li(xe)le™? (1 — e~/
t<y
< sup |8, n T ESP sup[tG (x)e ] < N/n,
<y

where N depends only on G, i, and §;.
As far as the term with f in (4.5) is concerned, we estimate it similarly to ¢ and add that

. T
Eg.ﬂ / e—¢t(1 _ e—Cr/") dt < 31_1n_1E)‘z"ﬁ‘ / e Pt dr.
0 0

After that by letting n — o0 in (4.5) we come to (3.1). Eq. (3.1) with y = 7 and A = 0 implies
that 4 > v.

(ii) Here the proof is very similar and yields (3.2), from which we conclude that i < v.

(iii) The combination of assertions in (i) and (ii) leads to # = u = v, then (3.1) and (3.2)
imply that v satisfies (2.9) and, since it,, — # = v uniformly by assumption, v is continuous in
D and in R?. Finally, since & and i have nothing to do with the fixed control adapted process
pf’ﬂ ", the function v is independent of the choice of this process.

The theorem is proved. O

The assumptions of Theorem 4.1 admit an easy verification in the uniformly nondegenerate case.

Theorem 4.2. Suppose that the domain D is bounded, all requirements of Assumptions 2.1—
2.3 are satisfied, and i, and 1, not only converge uniformly in D but also converge in Wj(D)
to i and u, respectively. Then all assertions of Theorem 4.1 hold true.
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Indeed, the existence of a global barrier is well known for bounded domains and uniformly
nondegenerate operators with bounded coefficients, so that Assumption 2.5(ii) is satisfied.
Furthermore, in (4.1) we can take (c., f:) = (c®, f O)) owing to Assumption 2.3(iii) and
Lemma 2.1. The same lemma guarantees that (4.2) holds and therefore Theorem 4.1 is applicable.

Remark 4.2. One may think that Theorem 4.2 is the only “reasonable” application of
Theorem 4.1. However, in a subsequent articles (see [11,12]) we will see an application of
Theorem 4.1 to a situation where # depends only on part of the coordinates of a diffusion

process, which does degenerate at each point, but the above mentioned part of it is uniformly
nondegenerate.

5. An auxiliary result

In this section D is not assumed to be bounded. We assume that we are given a continuous JF;-
adapted process x; in R and progressively measurable real-valued processes ¢; and f;. Suppose
that Ccr = 0.

Assumption 5.1. There exists a nonnegative bounded and continuous function @ on D such that
the process

AT
D(xipr)e +/ | fsle™® ds
0

is a supermartingale, where 7 is the first exit time of x; from D and

t
R =/ csds.
0

Let D(n), n > 1, be a sequence of subdomains of D. Introduce 7, as the first exit time of x; from
D(n).

Lemma 5.1. We have

T

E/o | file™® dt < E ®(x0)Iyep, (5.1)
T

E/ |ft|e_¢’ dt < sup @ (sup = O) . 5.2)
T (0D)\OD Y

Proof. By assumption, for any ¢ € [0, o),
INT
E[@(xm)e—% + / | file™® ds} < Ed(x),
0

INT
E/ | fsle™® ds < E[@(x0) — D(xipr)e ?"7] < E®(x0) 0,
0

and sending t — oo leads to (5.1).
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Again by Assumption 5.1 for any 7' € [0, 0o) we have

A

AT T
E[®(xg,ar)e PmnT +/ | file™% dt] = E|:¢(XIAT)@_¢MT +/ | file™® dt},
0 0

A

AT

E / |file™® dt < E[D(xar)e 90T — B(xopr)e P77
AT

= E[@(xfrlAT)e_¢r'1AT - Qs(xr/\T)e_(pMT]1m<r

< ED(xgnr) Iy, << .

By sending T — oo and using the monotone and dominated convergence theorems we arrive
at

T
E / file ¥ di < E®(xg )y,
T

n

and (5.2) follows. The lemma is proved. [
6. Proof of Theorem 2.2

In this section all assumptions of Section 2 are supposed to be satisfied.

So far we did not use Assumption 2.5(i) concerning the existence of G vanishing on 9D,
which we need now to deal with the case of general D. Take an expanding sequence of smooth
domains D,, C D from Assumption 2.4 and introduce

Tn
v, (x) = inf sup E?'ﬂ(“') |:/ f(p:, x)e % dr + g(xrn)e_¢f'li|,
BeB acA 0

where 1,7 PX s the first exit time of x;x P from D(n). By Theorem 4.2 we have that v, are
continuous in R¥ and

vy (x) = inf sup E)‘f‘ﬁ(“‘) [vn (xyn)g_¢Vn —Vyy
BeB a.eA

Yn
+ fo {F(Prs X0) + hpvp(xp)}e Ve dr], (6.1)

where yl;xﬂ(oc,)x _ )/a‘ﬁ(a')x A _C;lxﬂ(a,)x'

We claim that, as n — oo,

Kp == sup |v, — v| = sup |v, —v| = O, (6.2)
Rd D

which, in particular, would imply the continuity of v and the fact that v is independent of the

choice of p**#-.

To prove (6.2) introduce v, and v,, by replacing g with g,, in the definitions of v and v,,
respectively, where g,, are taken from the statement of the theorem. Observe that, obviously,
sup,, |vn — Upm| + |v — v| — 0 as m — oo uniformly on RR?. Therefore, while proving (6.2) we
may assume that [|g||c2(p) < 00 and g is p-insensitive.

Then notice that in such a case we have

T T
P [ /0 f(pr.xp)e™ dt+g(xf>e¢wf} =g() + ELF /O fpr e dr,
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where
FP(p.x) = [ (p.x) + r*P(p, x) L g(x)]1p (x)

satisfies Assumption 2.3(i)—(iii). Hence,

T
u(x) == v(x) — g(x) = inf sup E)‘Z‘ﬁ(“*)f f(pe,x)e % dt.
BeB aed 0

This argument shows that we may also assume in the remaining part of the proof of (6.2) that

g = 0. Then

Tn
v, (x) = inf sup E)‘f"g("")/ f(pr, x)e” % dt.
BeB aeA 0

Next, by using Itd’s formula, for any . € 2, . € 9B, and x € R?, we find that the process

INT
G (xenr)e 0 + f e % ds (6.3)
0

is at least a local supermartingale, where

(xes ¢, T) = (x¢, fr, )P

Since G is nonnegative in D, the process (6.3) is a supermartingale (constant if x & D).

Now, for x > 0 introduce

Ny = sup [(fP)W
(o, B,x)EAXBXD

and observe that by Lemmas 5.1 and 2.1
|Un(x) - U(x)| = [l‘l('x)s

where

T
Iy(x) == sup E?ﬁ/ | f (pe.x)le™ " dt
a.€U,B.eB Tn

T
57 swp  EYP [\ fole ar
a.€U,B.eB Tn

A

IA

T
§7'N, sup E*P / e dr
O{.EQI,,B.E‘B n

T
+  sup Eg-ﬂ-/ |f = FOU(x)e™? di
a.€2U,B.eB 0

sup | &P — (f*P)0|

S(Sl_lNX sup G+ N
a,f

@Dy)\dD

’

Lq(D)

where N is independent of x, n, and x. This and the fact that G = 0 on 0 D certainly imply (6.2).
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After that (6.1) (cf. (3.19)) yields

U()C) > inf sup Eg'ﬁ(a') |:v(xyn)e_¢yn VY
BeB a.eAU

yn
+ {f(pr, x) + )»tv(xt)}eid)'ﬂb’ dt:| — K.
0

We use estimates like

|U(xyn)e_¢}/n_w}/n — U(xy)e_¢7/_1/f}’|

Iy <y [0(xg,)e PV — p(x,)e P V|
2@,y sup |v(x,)|e_¢' )

t€ltn,7]

IA

Y
I, / MloGle™ di < I -, sup [u(x)le
Vi

'n t€[tn,7]
where and sometimes in the future we drop the superscripts «., 8., and x for simplicity.

Then we see that

v(x) > infsup Ef‘ﬂ(“')[v(xy)e_d’l’_%
BeB a.eA

Y
+ f (f (e, x0) + Ao (x,) e OV dt] — ki — (%), (6.4)
0

where

Ju(x) = I, (x) + 3R, (x),

R,(x) = sup E;‘"B‘Ifnq sup lv(x;)|e?.
(a.,B.)€AXDB telt,, 7]

To estimate R, (x) we observe that, by Lemmas 5.1 and 2.1 for x € D
)] < 87 NG () +6(x),

where

e(x) = Nlsup | f*F — (F*PYO 1,0y — O,
a,p

as x J O (uniformly with respect to x). Furthermore, since G(x;a7)eXp(—¢iar) is a
supermartingale, we have

—_ — 1/2
E?‘ﬁ‘lr,l<r sup [G(xp)e (P,]I/Z =< N[E?ﬂ']r,,<rG(xrn)e ¢r,,] / ,

telt,,7]

where N is an absolute constant, and since v is bounded,

EP Lo sup [uGi)le™® < NEZP Iy oo sup [Jo(x)le 12
telt,,t] telty,]

1/2
=< NNX [Efﬂllrn<rG(xtn)] /

+ Nel2(y),
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where the constants N are independent of x, n, and x. By assumption G = 0 on 9 D and therefore
we have that

sup  E“PI, _.G(x;) — 0

X

(o.,8.)€AXB

as n — oo (uniformly with respect to x). It follows that

lim R,(x) < Ne'/2(x).
n—oo

Above we have also proved that

lim 7,(x) < Ne'/2(x).
n—oo

It follows now from (6.4) that

v(x) > infsup E)‘fﬂ(“-)[v(xy)e—%—l/fy
peB a.eA

Y
+ [ (f(Per x0) + Av(xy) e PV dr} — Nel72(y),
0

which after sending x | O finally shows that v(x) is greater than the right-hand side of (2.9).
The reader understands that the opposite inequality is proved similarly and this brings the proof
of the theorem to an end.
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