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Abstract

We study the stochastic fractional diffusive limit of a kinetic equation involving a small parameter
and perturbed by a smooth random term. Generalizing the method of perturbed test functions, under an
appropriate scaling for the small parameter, and with the moment method used in the deterministic case, we
show the convergence in law to a stochastic fluid limit involving a fractional Laplacian.
© 2013 Elsevier B.V. All rights reserved.
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1. Introduction

In this paper, we consider the following equation

1 1

Of + v Vaft = GLIT+ —mtf in R xRy xRy, (1.1
with initial condition

i) = ff inRY x RY, (1.2)

where 0 < o < 2, L is a linear operator (see (1.3) below) and m® a random process depending
on (r,x) € Rt x R? (see Section 2.2). We will study the behaviour in the limit ¢ — 0 of its
solution f°.

* Tel.: +33 628412174.
E-mail addresses: sylvain.demoor @ens-rennes.fr, sylvain.demoor @bretagne.ens-cachan.fr.

0304-4149/$ - see front matter © 2013 Elsevier B.V. All rights reserved.
http://dx.doi.org/10.1016/j.spa.2013.11.007


http://crossmark.crossref.org/dialog/?doi=10.1016/j.spa.2013.11.007&domain=pdf
http://www.elsevier.com/locate/spa
http://dx.doi.org/10.1016/j.spa.2013.11.007
http://www.elsevier.com/locate/spa
mailto:sylvain.demoor@ens-rennes.fr
mailto:sylvain.demoor@bretagne.ens-cachan.fr
http://dx.doi.org/10.1016/j.spa.2013.11.007

1336 S. De Moor / Stochastic Processes and their Applications 124 (2014) 1335-1367

The solution f%(¢, x, v) to this kinetic equation can be interpreted as a distribution function
of particles having position x and degrees of freedom v at time ¢. The variable v belongs to the
velocity space R¢ that we denote by V.

The collision operator L models diffusive and mass-preserving interactions of the particles
with the surrounding medium,; it is given by

Lf:f fdvF — f, (1.3)
Vv

where F is a velocity equilibrium function such that F € L*°, F(—v) = F(v), F > 0 ae.,
f v F(v)dv = 1 and which is a power tail distribution

K0

[v|—o00 |v|d+°"

F(v) 1.4
Note that F' € ker(L). Power tail distribution functions arise in various contexts, such as astro-
physical plasmas or in the study of granular media. For more details on the subject, we refer
to [11].

In this paper, we derive a stochastic diffusive limit to the random kinetic model (1.1)—(1.2),
using the method of perturbed test functions. This method provides an elegant way of deriving the
stochastic diffusive limit from random kinetic systems; it was first introduced by Papanicolaou,
Stroock and Varadhan [12]. The book of Fouque, Garnier, Papanicolaou and Solna [7] presents
many applications to this method. A generalization in the infinite dimension of the perturbed
test function method arose in recent papers of Debussche and Vovelle [6] and de Bouard and
Gazeau [8].

For the random kinetic model (1.1)—(1.2), the case « = 2 and v replaced by a(v) where a is
bounded is derived in the paper of Debussche and Vovelle [6]. Here we study a different scaling
parametrized by 0 < o < 2 and we relax the boundedness hypothesis on a since we study
the case a(v) = v. Note that, in our case, in order to get a non-trivial limiting equation as &
goes to 0, we exactly must have a(v) unbounded; furthermore, we can easily extend the result to
velocities of the form a(v) where a is a C!-diffeomorphism from V onto V. In the deterministic
case, i.e. m® = 0, Mellet derived in [10] and [11] with Mouhot and Mischler a diffusion limit to
this kinetic equation involving a fractional Laplacian. As a consequence, for the random kinetic
problem (1.1)—(1.2), we expect a limiting stochastic equation with a fractional Laplacian.

As in the deterministic case, the fact that the equilibrium F has an appropriate growth when
lv| goes to 400, namely of order |v|~¢~¢, is essential to derive a non-trivial limiting equation
when ¢ goes to 0.

To derive a stochastic diffusive limit to the random kinetic model (1.1)—(1.2), we use a
generalization in the infinite dimension of the perturbed test function method. Nevertheless, the
fact that the velocities are not bounded gives rise to non-trivial difficulties to control the transport
term v - V. As a result, we also use the moment method applied in [10] in the deterministic case.
The moment method consists in working on weak formulations and in introducing new auxiliary
problems, namely in the deterministic case

xf—ev-Vixf =o,

where ¢ is some smooth function; thus we introduce in the sequel several additional auxiliary
problems to deal with the stochastic part of the kinetic equation. Solving these problems is based
on the inversion of the operator L — ¢A + M where M is the infinitesimal generator of the
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driving process m. Finally, we have to combine appropriately the moment and perturbed test
function methods.

We also point out similar works using a more probabilistic approach of Basile and Bovier [1]
and Jara, Komorowski and Olla [9].

2. Preliminaries and main result
2.1. Notations

In the sequel, LZF,l denotes the F~! weighted L?(R? x V) space equipped with the norm
2
)
I£1? :=/ Mdvdx.
re Jy  F(v)

We denote its scalar product by (., .). We also need to work in the space L?(R?), or L% for short.

The scalar product in L% will be denoted by (., .)x. When f € L%_] , we denote by p the first

moment of f over V i.e. p = | v J dv. We often use the following inequality

ol < 1A

which is just Cauchy—Schwarz inequality and the fact that f v F(v)dv = 1. Finally, S(RY) stands
for the Schwartz space on R?, and &' (R¥) for the space of tempered distributions on R¥.
We recall that the operator L is defined by (1.3). It can easily be seen that L is a bounded

operator from Li_,l to Li_, ,- Note also that L is dissipative since, for f € L%,l,

(Lf. ) =—ILfI* (2.1)
In the sequel, we denote by g(z, -) the semi-group generated by the operator L on LZF,I. It

satisfies, for f € L%,l,

d
{agmfdzLﬂhfL
g, )= f,

and it is given by
g(t,f):/ fdvF(l—e Y+ fe™', t>0,f eL%,l,
1%

so that g(z, -) is a contraction, that is, for f € Lifl,

g, HI=IfIl, t=0. 2.2)

We now introduce the following spaces S” for y € R. First, we define the following operator
on L%(R%)

Ji= A+ |x 2,
with domain

D) = {f e L2RY), A f, |x*f € Lz(]Rd)} .
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Let (p)) jend be the Hermite functions, defined as

,(‘2

2
pi(x1, ..., xq) = Hj(x1)---Hj,(xg)e” 2,

where j = (j1,..., j4) € N9 and H; stands for the ith Hermite polynomial on R. The functions
(pj)jene are the eigenvectors of J with associated eigenvalues (i) jend = (2j| + 1) jene
where |j| := |j1| + - -- + |ja|. Furthermore, one can check that J is invertible from D(J) to

L2(R" ), and that it is self-adjoint. As a result, we can define J¥ for any y € R.
Then, for y € R, we can also view J? as an operator on S’ (RY). Let u € S’ (R?), we define
JYu € 8'(RY) by setting, for all ¢ € S(RY),

(S u, @) = (u, J" ).
Finally, we introduce, for y € R,
S7(RY) == {u e S'(RY), J7u e LARY)),
equipped with the norm
Y
||M||sy(Rd) = ||JZM||L2(Rd)-

In the sequel, we need to know the asymptotic behaviour of the quantities || p; || 2> IVipill 2>

||D2pj ||L)2c and || (—A)%pj ||L§ as | j| — oo. In fact, classical properties of the Hermite functions
give the following bounds

1
Ipjll2 =1, IVxpjll2 < pj2,
9 " o ¥ 2.3)
ID°pjlig2 <wj, I(=D2pjllz <1+ p;.

We finally recall the definition of the fractional power of the Laplacian. It can be introduced
using the Fourier transform in S’(R?) by setting, for u € S'(R?),

F((—=A)2u)(E) = [E1“Fu)(&).

Alternatively, we have the following singular integral representation, see [13],

—(=)Fu(x) = cqg PV/ [ + ) — ()] —
45 TSR

for some constant ¢4  which only depends on d and «.
2.2. The random perturbation

The random term m? is defined by

e t
me(t,x)=m|—,x|,
801

where m is a stationary process on a probability space ({2, F, P) and is adapted to a filtration
(Ft)i=0. Note that m® is adapted to the filtration (F;);>0 = (Fg—e;)r>0. We assume that,
considered as a random process with values in a space of spatially dependent functions, m is
a stationary homogeneous Markov process taking values in a subset E of LZ(RY) N W1 (RY).
In the sequel, E will be endowed with the norm || - ||oo of L% (R%). Besides, we denote by
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B(E, X) (or B(E) when X = R) the set of bounded functions from E to X endowed with the
norm ||gllec = sup,cf 1g(n) | x for g € B(E, X).

We assume that m is stochastically continuous. Note that m is supposed not to depend on the
variable v. For all t > 0, the law v of m; is supposed to be centred

E[m;] = / ndv(n) =0.
E

The subset E has the following properties. We fix a family (1;);en of functions in W1 (R?)
such that

= lInillwie < oo,

ieN

and we assume that every n € E can be uniquely written as

n=Yy nimn, 24)
ieN
with |n;(n)| < K foralli € Nand all n € E. Note that the preceding series converges absolutely
and that E is included in the ball B(0, K S) of W12 (R%). Finally, since m is centred, we also
suppose that for all i € N,

/ ni(n)dv(n) = 0. (2.5)
E

We denote by '™ a transition semi-group on E associated to . We suppose that the transition
semi-group is Feller i.e. ¢ maps continuous functions of n on continuous functions of n for
all + > 0. In the sequel we also need to consider ¢'™ as a transition semi-group on the space
B(E, Li,_l) and not only on B(E). Thus, if g € B(E, Li__l), ™ acts on g pointwise, that is,

[gﬁ/”g](x, v) =eMg(x,v)], (x,v)eR!x V.

In both cases, we denote by M the infinitesimal generator associated to the transition semi-
group. Note that we do not distinguish on which space B(E, X), X = R or L%,l, the operators
are acting since it will always be clear from the context. Then, for X = Ror X = L2_,, D(M)

F-1
stands for the domain of M it is defined as follows:

hM

e —T .
D(M) = {u € B(E, X), }}m}) Tu exists in B(E, X)},

andif u € D(M), we set
M

e =1
Muy = lim ——u in B(E, X).
h—0 h

We suppose that there exists ¢ > 0 such that for all g € B(E) verifying the condition
[z gmdv(n) =0,

leMglloo < e ™ lglloo, = 0. (2.6)
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Moreover, we suppose that m is ergodic and satisfies some mixing properties in the sense that
there exists a subspace &)y of B(E) such that for any g € &7, the Poisson equation

My =g~ /Eg(n)dV(n) =g,

has a unique solution ¢ € D(M) satisfying | g ¥ (n)dv(n) = 0. We denote by M ~17% this unique
solution, and assume that it is given by

o
M~'gmn) =/ eMgnydt, nekE. .7
0

Thanks to (2.6), the above integral is well defined. In particular, it implies that for alln € E,
lim ¢Mg(n) = 0.
11— 00
We assume that for alli € N, n — n;(n) isin &y and that for alln € E, |M‘1ni(n)| < K.As
a consequence, we simply define M1 by

M_ll(n) = ZM_ln,-(n)n,-, nekE.
ieN

We also suppose that for all f € L*(R?), the functions gr:nekEw— (fin)yandn € E
> M_lgf(n) are in Zy;.
We will suppose that for all ¢ > 0,
Ellm |7, < 0o, EIM™'I(m)ll7; < oo. 2.8)

To describe the limiting stochastic PDE, we then set

k(x,y) = IE/ mo(y)ms(x)dt, x,y € RY.
R

The kernel k is, thanks to (2.8), the fact that m is stationary and Cauchy—Schwarz inequality, in
L?(R? x R?) and such that

/ k(x, x)dx < oo.
R4

Furthermore, we can check (see [6]), since m is stationary, that k is symmetric. As a result, we
introduce the operator Q on L2(R?) associated to the kernel k

Qﬂm=4ﬁwwﬂw®,er,

which is self-adjoint and trace class. Furthermore, since we assumed that the functions g7 : n €
Ew— (f,n)yandn € E — M_lgf(n) are in &)y, we can show, see [6, Lemma 1], that Q is
non-negative, thatis (Qf, f)x > Oforall f € L>(R%). As a result, we can define the square root

0? which is Hilbert—Schmidt on L2(R¢).
It remains to make some hypothesis on M. We set, foralln € E,

0(n) = / aM~ ' I (n)dv(n) — nM ™1 (n), (2.9)
E
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and, fori, j e N, 6; j = [ n,'M’lnjdv — n,-M’lnj, so that
0= Z O jnin;-
i,jeN
We suppose that for all i, j, k,/ € Nand s, t > 0,

nt+— n;(n),

n— 0;(n),

n— etMni(n)eSMnj(n), (2.10)
ne etMGi,j(n)eSMnk(n),

nse™Mo; (e Moy 1 (n),

are in D(M), with

I7illoo 4 16i,j oo + 1M lloo + 1M6; 1l < K, (2.11)
IMIe™nie™n ;oo + IM[e™6; je™n ;oo + 1M [e"™6; je™ ) 1Tll0o
< Ke M6+, (2.12)

Remark. The above assumptions (2.6)—(2.12) on the process m are verified, for instance, when
m is a Poisson process taking values in E.

We now state two lemmas which will be very useful in the following.

Lemma 2.1. Let p € B(E) be a function in D(M) such that |Mp| s < K. Then we have, for
all h > 0,
M _ |

—p—MpH <2K.
h o

Proof. We just write, foralln € E,

ehM

-1
—pn) — Mpn)

h
; = ’— ; Me*Mpn)ds — Mp(n)

h
= ‘—/ eMMpn)ds — Mp(n)| < 2K,
0

where we used the contraction property of the semigroup '™ . This concludes the proof. [

Remark. The proof is still valid if p € B(E, L%_l ); we just have to replace the absolute values
by the L%,l -norm.

Lemma 2.2. Foralli, j, k,l € Nands,t > 0, the functions

n e n;(n), ne— Mn;n),

n = 9,',]'(71), n = M@i,]’(}’l),

n— etMnieSMnj(n), n— M[e’Mn,-e“Mnj](n), (2.13)
nseMg; e Mny(n), n > M[e™0; jeMnil(n),

ns e™Mo; Moy 1 (n), n > M[e™o; jesMoy 11(n),

are continuous.



1342 S. De Moor / Stochastic Processes and their Applications 124 (2014) 1335-1367

Proof. We fix i, j, k,] € Nand s, t > 0. First of all, n — n; (n) is obviously continuous since it
is linear. We recall that 6; ; = fE nM~1 njdv — nM~1 n;. With (2.5) and (2.7), we have

1 * m
=1, _ t .
M nj—/(; e njde,

which is continuous with respect to n € E by (2.5), (2.6), (2.11) and the dominated
convergence theorem. As a result, n +— n;(n)M —ly j(n) is continuous; and also n f gni(n)
M~ 'n j(m)dv(n) by the dominated convergence theorem. Hence n +— 6; ;(n) is continuous. The
continuity of n; and 6; ; now immediately gives the continuity of the three last functions of the
left group of the lemma by the Feller property of the semigroup e’

For the remaining functions, just remark that if p € B(E) is in D(M) and continuous, then
Mp is the uniform limit on E when 2 — 0 of the functions

hM_I
h

which are continuous by the Feller property of the semigroup. Hence Mp is continuous. This
ends the proof. [

e
P,

2.3. Resolution of the kinetic equation

In this section, we solve the linear evolution problem (1.1)—(1.2) thanks to a semigroup
approach. We thus introduce the linear operator A := —v - V, on L%, , with domain

D(A) = {f €L} _,,v-Vof € L7 _,}.

The operator A has dense domain and, since it is skew-adjoint, it is m-dissipative. Consequently
A generates a contraction semigroup (7 (¢));=>0, see [3]. We recall that D(A) is endowed with the
norm | - [[pcay :== Il - [l + IIA - ||, and that it is a Banach space.

Proposition 2.3. Let T > 0 and fj € Li-l' Then there exists a unique mild solution of

(1.1)~(1.2) on [0, T] in L®°(2), that is there exists a unique f¢ € L°°({2,C([0, T], L%,l))
such that P-a.s.

t L (t—s 1 1
ftg =7 (80(—1) fos +A T (80‘1 ) <£—aLfS€ + g—gm§f58> dS, t e [0, T]

Assume further that f; € D(A), then there exists a unique strong solution f¢ € L*°({2,
C'([0, T1, L% ) N L*(£2, C([0, T, D(A))) of (1.1)~(1.2).

Proof. Subsections 4.3.1 and 4.3.3 in [3] give that P-a.s. there exists a unique mild solution
fé e C(0, 1], L%,l) and it is not difficult to slightly modify the proof to obtain that in
fact f¢ e L°°({2,C([0, T],LZF_I)) (we intensively use that for all + > 0 and ¢ > O,
mfllee < K).

Similarly, subsections 4.3.1 and 4.3.3 in [3] give us P-a.s. a strong solution f¢ € clqo, 11,
LzFf,) N C([0, T],D(A)) of (1.1)—(1.2) and once again one can easily get that in fact f¢ €
L®(2,C([0,T], L) N L®(2,C(0, T],D(A)). O
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2.4. Main result
We are now ready to state our main result:
Theorem 2.4. Assume that (f;)e=0 is bounded in L%,l and that
& .__ I3 d - L2 Rd
Py = [ fodv—>po in L7(R").
1% e—0

Then, foralln > 0and T > 0, p* = fV fedv converges in law in C([0,T], S™") to the
solution p to the stochastic diffusion equation

. 1
dp=—K(—A)7pdt+5Hp+pQ%dW,, in RS x RY, (2.14)

with initial condition p(0) = po in L*(R?), and where W is a cylindrical Wiener process on
L*(RY),

o0
o= 0 e dr, (2.15)
Cd,a JO
and
H:=/ aM I (n)dv(n) e whHee, (2.16)
E

Remark. The limiting equation (2.14) can also be written in Stratonovich form

dp = —K(—A)%pdf +po Q%th.

Notation. In the sequel, we will note < the inequalities which are valid up to constants of the
problem, namely K, S, i, d, a, ||L||, sup..¢ || f; Il and real constants. Nevertheless, when we
need to emphasize the dependence of a constant on a parameter, we index the constant C by the
parameter; for instance the constant C, depends on ¢.

3. The generator

The process f¢ is not Markov (indeed, by (1.1), we need m® to know the increments of f¥¢)
but the couple (f¢, m®) is. From now on, we denote by .#* its infinitesimal generator, it is given
by

1 1 1
gsw(f?n) = 8_a(Lf+8Af9DW(f’n))+8_%(fn7DW(f’n))+8_aMw(f7n)s

provided ¥ : L%fl x E — R is enough regular to be in the domain of .Z*. Thus we begin this
section by introducing a special set of functions which lie in the domain of .Z¢ and satisfy the
associated martingale problem. In the following, if ¥ : L%_l — R is differentiable with respect
to f € L%,l, we denote by D ¥ (f) its differential at a point f and we identify the differential
with the gradient.
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Definition 3.1. We say that ¥ : Li_l x E — Ris a good test function if

(1) (f,n) — ¥(f, n) is differentiable with respect to f;
(i) (f,n) — DW¥(f, n) is continuous from L%,l x E to L%,l and maps bounded sets onto
bounded sets;
(iii) forany f € L2, ¥(f,") € Du;
@iv) (f,n) = M ¥ (f, n) is continuous from L%, . X E to R and maps bounded sets onto bounded
sets.

Proposition 3.1. Let ¥ be a good test function. If f; € D(A),
t
MY (1) = U(ff,m;) — U(f5,mgy) — [) LEU(f, m)ds

is a continuous and integrable (F}),>0 martingale, and if |kl7|2 is a good test function, its
quadratic variation is given by

t
(M%), :/ (L) = 2025 W) (fE, m®)ds.
0

Proof. This is classical, and we use the same kind of ideas and follow the proof of [6, Proposition
6] and [7, Appendix 6.9].

4. The limit generator

In this section, we study the limit of the generator .#* when ¢ — 0. The limit generator ¥
will characterize the limit stochastic fluid equation.

4.1. Formal derivation of the corrections

To derive the diffusive limiting equation, one has to study the limit as & goes to 0 of quantities
of the form .Z¢ ¥ where ¥ is a good test function. From now on, we choose a specific form for
the test functions that we keep throughout the paper. We take ¢ in the Schwartz space S(R¢) and
we set

(f.n) = (f.oF). (4.1)

It is clear that ¥ is a good test function. Remember that, when ¢ — 0, we will obtain a fluid
limit equation verified by the macroscopic quantity p F; the test function ¥ takes this point in
consideration since ¥ (f,n) = ¥(f) = ¥(pF). In the sequel, we will show that the knowledge
of the limits 2% ¥ and .Z°| ¥|? as & goes to 0 where ¥ is defined as (4.1) is sufficient to obtain
our result. Nevertheless, we now have to correct ¥ and | ¢|2 so as to obtain non-singular limits.
Here, we show formally how we correct ¥ (the formal work on | ¥|? is similar).

We search the correction W€ of W. First of all, to correct the deterministic part, we follow the
moment method presented in [10] so we set

VE(fin) = (f, x°F)
where x ¢ solves the auxiliary problem

x°—ev-Vixt =o.
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Now, to correct the stochastic part, we try a Hilbert expansion method (adapted to our scaling)
coupled with the idea of the auxiliary equation brought in the moment method so that we
complete the definition of ¥* as

UE(fon) = (f, X°F) + 83 (f,8°F) + e(f, 0° F),

where 6% and 6° are to be defined. We then compute, since the first term in the expansion of ¥*
does notdependonn € E,

1
LEUE(f,n) = g—a(Lf +eAf, x°F) “4.2)
1 1 1
+— (fn. X°F) + — (Lf + eAf. 8°F) + — (f. M6°F) 4.3)
&2 £2 £2
+(fn,8°F) + (Lf + Af,60°F) + (f, MO°F) + &2 (fn,0°F).  (4.4)

The first term (4.2) above converges as € goes to 0 to (—K(—A)%f, @F), see [10], that is to the
infinitesimal generator of the fractional Laplacian applied to ¥: we get the deterministic term of
the limiting equation.

Since L is auto-adjoint and A is skew-adjoint, the three following terms (4.3) can be rewritten
as

1 1
— (finx*F) + —(f, (L —eA+ M)(§°F)).
£2 £2

Then we cancel these singular terms by choosing §¢ such that
(L—eA+ M)°F) = —nx°F.
Formally, this equation can be solved with the resolvent operator of L — ¢ A + M so that we have
+00
8 (x, v, n)F(v) = / eMg(t,nxF)(x + evt, v) dr.
0
With this expression of §° F and since x® — ¢ as ¢ — 0, see [10], we have that §° F converges
to —M~'I(n)pF when ¢ — 0. So, neglecting an error term, we can suppose that (4.4) writes
(f, —nM~ ' I (n)QF) + (Lf + eAf, 6°F) + (f, M6 F) + 8%(fn, 0°F).

Note that, for now, the limit of .Z° ¥¢ as ¢ goes to 0 does depend on n € E. Since the expected
limit is .Z ¥ where ¥ does not depend on n, we have to correct once again the remaining terms
to break the dependence with respect to n of the limit. The right way to do so, given the mixing
properties of the operator M, is to subtract the mean value: we write (4.4) as

(f, —H@F) + (f.0(n)@F) + (Lf + eAf.6°F) + (f, MO°F) + &2 (fn, 6°F),
where H and 6 are respectively defined in (2.16) and (2.9). Now, we choose 6° so that
(L—e¢A+ M)(O°F) = —0(n)pF,
so that (4.4) becomes
(f. —H¢F) + 3 (fn,0°F);

it allows us to conclude that Z¢ ¥¢ converges to £ ¥ as ¢ — 0 where % is the infinitesimal
generator of Eq. (2.14) (note that D> ¥ = 0 so that no stochastic appears here).
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As we said previously, the same kind of work can be done to correct | ¥|2. In the following
subsections, we define rigorously the corrections of ¥ and | ¥|?.

4.2. Preliminaries to the deterministic correction

As it is said above, we use the moment method presented in [10] to correct the deterministic
part of Eq. (1.1). Let x° be the solution of the auxiliary problem

x&—ev-Vix® =o. 4.5)

We recall, see [10], that the solution of (4.5) is given by

xE(x,v) = /(;+00 elo(x+evr)dt, xeRY veV. (4.6)
We now detail few results on y°.
Proposition 4.1. The function x°F is in L%,l with

Ix°Fll < llell - 4.7
Furthermore, for any A > 0, we have the following estimate:

I = @ FI? < Cre?lI Vel + ol 7227 4.8)
Proof. The estimate (4.7) is proved in [10, Lemma 3.1] and the estimate (4.8) is a slight

refinement of what is addressed in [10, Lemma 3.1]. Nevertheless, for a precise proof of the
proposition, we refer the reader to [5, Appendix A]. O

In the two following lemmas, we study in detail the convergence to the fractional Laplace
operator. We recall that « has been defined by (2.15).

Lemma 4.2. For any A > 0, we have the following estimate:

SUAE@ + 0l +1D%lL), 49)
LX

o /V[xg(-, v) — p(IIF v + k(A

for a certain function A, which only depends on ¢, such that A(¢) — 0 when ¢ — 0.

Proof. Once again, the bound (4.9) is a refinement of what is proved in [10, Proposition 3.2]. We
refer the reader to [5, Appendix A] for a precise proof. [

Lemma 4.3. For any A > 0, we have the following estimate:
eTUeAS + Lf X F) + (c(= )% f, ¢ F)

< (4@ +MILIAelz + 1Dl 2), (4.10)

for a certain function A, which only depends on ¢, such that A(¢) — 0 when ¢ — 0.

Proof. For the reader’s convenience, the proof is deferred to Appendix. [
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4.3. Preliminaries to the stochastic corrections

4.3.1. The corrector §°
We recall that g(z, -) denotes the semi-group generated by the operator L on LZF_] and that

the function x¢ has been defined in (4.5). Then, we define the function 8¢ : R x V x E — R
by

+00
8¢ (x, v, n)F(v) :=/ eMg(t,nxF)(x + evt, v) dr,
0

and we give here some properties of §°. We recall that the test function ¢ has been fixed in
Section 4.1.

Proposition 4.4. The function 5° F belongs to B(E, L%,l) with

15 Fllgz 12,y S ez @.11)
It satisfies

(L—eA+ M)S°F)=—nx°F, (4.12)
with

IM8° Fllg 12 ) < oz 4.13)

Furthermore, for any ). > 0, we have the two following estimates:
18°F + M~ g Fllgg 12 ) S CallVaplize + ol a2, (4.14)

IMS°F +nx* Fligg 2 ) S CllVawli2e + gl 20 (4.15)
—
Proof. Proof of (4.11). The definition of §° F can be rewritten, thanks to (2.4), as

+o00 “+o00
88(x,v,n)F(v) = Z/o eMni(n)g(t, nixF)(x + evt, v) dr = Zai(x, v, n).

Then we fixi € Nand n € E. We have

+o00 2
i - )P = / / (/ e’Mn,-(n)ga,n,-fo)(x+svz,v>dr> LN
re Jv \Jo Fv)

+eo 2 dv
/ / </ Ke ™|g(t, n; x*F)|(x + svt, v) dt) dx
Rd F(v)

=<
+o00 dv
< — / // e Mgt nix SF))(x + gvt, v)dt—dx
Rd F(v)
—ut K?

= — e Mgt nix*F)|*dt < —5 i x® F|?

w Jo n?
=<

K2
ann%vl,mnwnz,
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where we used (2.5), (2.6), (2.11), the Cauchy—Schwarz inequality, the contraction property of
the semigroup g(z, -) (2.2) and finally (4.7). We thus get

K
”al”B(E*Li-—l) =% I7: w10l Fl

Since S = Y IImillw1. < oo, we finally deduce that the series defining 5° F converges abso-
lutely in B(E, L3._,) and that
16° Fllgp.2 5 S IoFl = llglz.
-1 X

Proof of (4.12). Fix i € N, «; maps E into L%_, . We claim that o; € D(M) with, foralln € E,

+oo
Mao;(x,v,n) = MetMni(n)g(t, nix F)(x + evt, v)df =: Bi(x, v, n)
0

in L2 ol Indeed, for n € E, we have

2

hM . —q; dx
/ /(e iy al(x’un)—ﬁi(x’”’n)) «
9 3 F(v)

WA

2
d

x ni(n)g(t, nixcF)(x + evt, v) dt) F(l;)dx

o M | . 2 v
5/ f f —— =M |ni| (g, mix F)l(x + evt,v)dt dx

Rd Jv \Jo h o F(v)

MM -1 : 2 2

5? [ A —M]n, oo||7Ii||W1,oo||90F|| .

Since by (2.10), n — n;(n) € D(M) we deduce that

<[]
=—\— — ni
BEL2 ) M h

which is just what we needed. Now, with (2.11), we apply Lemma 2.1 so that we deduce, with the
fact that ) ;. 17i llw1.c < 0o and the dominated convergence theorem, that §° F € D(M) with

ehMOli — O
h

—Bi Imillwrecll@F Il — 0,
h—0

o]

M[§°Fl(x,v.n) = Y _ Bi(x.v.n),
i=0

where the series converges absolutely in B(E, L%,l). We fixi € Nyn € Eandv € V. We

recall that »; is in W1*°(R?) and that x¢ is defined by (4.6) where ¢ is in the Schwartz space
S(RY). Then it is easily seen that n; x° F and n; x¢ F are in W12(R?) with respect to x. There-
fore, since g(t, ni x°F) = nix*FF(1 —e™") + n; x* Fe™!, we obtain that h; := ¢ € (0, 00) >
g(t, nix®F)(x + evt, v) is in WH((0, 00), L2) with

Ry (@) (x,v) = Lg(t, nix* F)(x + gvt, v) + ev - Vag(t, ni x“F)(x + evt, v),
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in L)zc. Furthermore, with (2.6), iy =t € (0,00) — e'Mn;(n) is clearly in wb1((0, 00), R)
with ) (1) = Meé' Mp;(n). We now get by integration by parts

+00
Bi(x,v,n) = MetMni(n)g(t, nix F)(x + evt, v) dt
0

[e’Mni(n)g(t, ni xS F)(x + evt, v)]

0
0

+oo d.
—/ e’Mni(n)ag(t, nix°F)(x + evt, v)dr
0

+00
—ni(n)mxeF(x,v)—/ e™ni(n)Lg(t, nix° F)(x + evt, v) dt
0

+00
—&v- / e™ni(n)Vyg(t, nix* F)(x + evt, v) dt,
0

where all the equalities have to be understood in L%. We easily see that the last two terms of the
preceding equality are respectively equal in L% to —Lo;(x, v, n) and eAw; (x, v, n). As a result,
we just proved that for alli € Nand n € E, we have the following equality for almost all x € R?
andv e V:

(L —eA+ M)aj(x,v,n) = —nj(n)n; x° F(x, v). 4.16)

Now, the right hand term of the last equality is clearly in Li_l . Since ¢; is in L%_l ,La; € Li_l ;
and we proved above that M«; € L%,l. As a consequence Ac; is in LZF,l and the preceding
equality is valid in Li_, .- We want to sum over i € N. We previously proved that we have, in
B(E, L%,l), S Moy =35 Bi = M[8°F). Since the series Y ;. &; converges absolutely
in B(E, L2F_]) and since L is a bounded operator on Li_l , we also deduce that we have, in
B(E, L%_,), j:g La; = L[§°F]. Since ), nin; converges absolutely in WL RY) to n,
we obtain that ) ; . n;n; x° F converges absolutely in B(E, LZF,I) to nx® F. Finally, with (4.16)

and the fact that A is a closed operator, we also have, in B(E, L%,l), ZIJ;OS’ Aa; = A[§°F].
Summing (4.16) over i € N now gives (L — A + M)(8°F) = —nx*F.

Proof of (4.13). We just proved that M8¢F = Y"1 g;, with

+00
Bi(x,v,n) = Me™n;(n)g(t, nix* F)(x + evt, v) dt
0

+oo
= / etMMni(n)g(t,r)ing)(x+8vt, v) dt,
0

so that we immediately deduce (4.13) thanks to (2.11).
Proof of (4.14). Let A > 0. First of all, we point out that g(¢, n;¢o F) = n;¢F so that

~M i (n)nipF (x, v) = / e™Mni(n)g(t, nipF)(x, v)dr.
0

‘We can then write, fori € Nandn € E,

lti (-, - n) + M~ i (m)nip F|I?

400 5
5/ / (/ e™Mni(m)g(t, ni(x* — @) F)(x + evt, v)dz) dv dx
O 0
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—+o00
+ f / ( / M (n) [g(t, migF)(x + evt, v)
RE JV 0

2
dv
— g, nipF)(x,v)] dt) mdx.

Similarly as the very beginning of the proof, we can bound the first term by

K2
ann%w,mn(xg — @) F|?,

and we recall that we have, with (4.8),
I0¢* = @) FI1? < 2C3e? [ Vapl ]2 + 4lloli74%.

For the second term, B say, we write
2

+o00 M &
= / / (/ ¢ "ni(n) [nigF (x + evt, v) — nigpF(x, v)] dt) d.
R4 Jv \Jo Fv)

KZ ) +00 )
7”771' 1.0 /Rd/v/o e M [p(x + evr) — ¢(x)]° dt F(v)dvdax.

IA

We can then mimic the proof of Proposition 4.1 to get the following bound

e —ut 2 ZC)% 2 2 4 2 42
e [p(x +evt) — @(x)]7 dt F(v)dvdx = —=e7[| Vol + —lloll; A7
R4 JV JO M X w X

To sum up, we just obtained, fori € Nandn € E,
1
_ 2
It o) + M7 i 0mig FIL S il (CHIVa@l 6 + 011322

S Il (CuIVa@llze + lllz)
We can now sum over i € N to obtain,
18°F + M= T Fllge 2 ) S CullVagllze + gl

which is the bound expected.
Proof of (4.15). We recall that M8° F = 3"} B:, with B; defined above. Note that

+0o0 +00
P = [ MM F o,
— J0
so that we decompose M &8¢ (x, v, n) F(v) + nx®F(x, v) into two terms

I0  ptoo
D[ e [gtenix” P+ evt ) = gle g F)Gx, )]
—_0 /0

+00 +o00
+y / ™M My () [ F) (. v) — mix® Fx. v)] dr.
i=0 70

As we have done previously, we can show that the first term is, in B(E,L%,l),

< (C;LHVXgoIIL%s + ||¢||L§A). We bound the second term in B(E, Li_l) as < |(xf — @) F]|,
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that is, thanks to (4.8), < (C;\HVx(pIIL)zcs + ||¢||L%A>. It finally gives the bound expected. This
concludes the proof. [

4.3.2. The corrector 6¢
We recall that, for alln € E,

0(n) = / aM~ I (n)dv(n) — nM 1 (n),
E

and that, fori, j € N, 6; j = [ n;M~'njdv—n; M~'n;. Then we define the function 6¢ : R? x
V x E — Rby

+00
0% (x,v,n)F(v) = / elMg(t, O(n)pF)(x + evt, v) dt,
0
that is,

% (x,v,n)F(v) :

T ptoo
> [ M mst R+ e v
ij=0

and, similarly as Proposition 4.4, we obtain the following.

Proposition 4.5. The function 0° F belongs to B(E, L%,,) with

16° Fllge, 2y < lellz: (4.17)
It satisfies

(L—¢A+ M)O°F) = —0(n)pF, (4.18)
with

IM6° Fllgp 12y < lllz- (4.19)

4.3.3. The corrector ¢
We set, for all (f, n) € Li,,l x E,

E°(fin) = (f,8°F)n — / (f. 8° F)ndv(n),
E
and, fori e N, éf = (f, 8¢ F)n;. We then define the function ¢* ‘RY %V x L%fl x E — Rby
+00
8 (x,v, fin)F(v) = / eMg(r, E5(f, n)pF)(x + evt, v) dr.
0

Similarly as Proposition 4.4, we have the following.

Proposition 4.6. Let [ € L%,l be fixed. The function ¢ F(f) belongs to B(E, L%,,) with

16 F Dl iy < 1Mol (4.20)
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It satisfies

(L —eA+ M) F(f) =—E(f.n)gF, (4.21)
with

||M§£F(f)||B(E,L2Fil) S ||f||||<p||i§. (4.22)

Note that f v+ (°F(f) is linear. Furthermore, we have for all f € D(A),

16°LS + oA Pl iy S 100Nz (CallVapllize + llplz.) (4.23)

Proof. We will only prove (4.22) and (4.23). For the former, we write for i € N and (f,n) €
L2 | xE
F-1 ’

ME; (f,n) = M(f, 5" (n)F)n;i(n) —/EM(f, 8% (n)F)ni(n)dv(n)

IO ptoo
=y i Mni(m)ye™nj(n)(f, g(t,njx" F)F)dt
=0

+0o0

J
+00
- /EZfO Mni(m)e™n;(n)(f, g(t, njx* F)F)dtdv(n),
=0

so that, with (2.12), we have |[M&F(f, n)| S I £l ||(p||L§. With the definition of ¢?, it is now easy
to obtain (4.22).
For (4.23), we fix i € N and focus on &7 (f, n). We have for all (f,n) € D(A) x E,

E5(Lf +eAf,n) = (Lf +eAf, () Fyn; — fE (Lf + £Af, 8 () Fynidv(n)
= (f, (L — e A& ) Flyni — /E (f, (L — e A)[ () Fynidv(n)
= —(f,M8°(n)F +nx*F)n; + /E(f, M8 (n)F + nyxt F)n;dv(n),
where we used (4.12). Thanks to (4.15), we thus obtain that, for all (f, n) € D(A) x E,

87 (LS +eAL, I SN (CallVael 26 + gl 22)

With the expression of ¢¢, it is now easy to get the required estimate. This concludes the
proof. [

4.4. Definition of the corrections

In this section, we precisely define the corrections of the two test functions ¥ and | ¥|* that
we derived in a formal way in Section 4.1.
First, we define a deterministic correction by

Vi(fin) = (f,x°F), fel}, nekE.
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Then, the stochastic corrections for ¥ are defined by, for (f, n) € Li_, , X E,

i (f.n) = (f,8°(n)F),
@5(fin) = (f,0°(n)F).

The stochastic corrections for | ¥|? are defined by, for (f, n) € L%_l x E,

P1(fin) =2(f, x“F)(f, 8*(mF),
@5 (f.n) = 2(f. ¢°(fim)F) +2(f, X" F)(f, 0° () F).

Finally, the corrections ¥%! and ¥#2 of ¥ and | ¥|? are defined by

vl (fon) = 0+ el + 65,
UEA(fon) = WP+ e3¢ + %45,

Proposition 4.7. Fori = 1,2 and (f,n) € LZF,l x E, we have the following estimates:

e (fm SUfMelz. ¢ (o) S IR (4.24)
Mei (fom) SUFIelz. MO (fom) S IF IRl s (4.25)

Furthermore, the functions W, |WE|?, @1, ¥5, ¢ and ¢ are good test functions. Besides, for
(f,n) e Li‘*l x E,

(£, DS L)L S Il (4.26)

Proof. Estimates (4.24) and (4.25) are justified by the Cauchy—Schwarz inequality and (4.11),
(4.13), (4.17), (4.19), (4.20) and (4.22).

Concerning the fact that all the functions cited above are good test functions, we first note that
the case of ¥¢ and | ¥¢|? is easy to prove.

Let us deal with the case of ¢{. Conditions (i) and (iii) of Definition 3.1 are obviously verified.
For condition (ii), we have to prove that D(pf( f,n) = §°(n)F is continuous with respect to
(fin) € L%,l x E, ie. that n — &%(n)F is continuous. We recall that §¢(x, v, n)F(v) =

;i-:og a;i(x,v,n)in B(E, L%_l) where

+00
ai(x,v,n) = / e’Mn,-(n)g(t, nix°F)(x + evt, v) dr.
0

Now, n +— n;(n) is continuous with Lemma 2.2, and we thus have thanks to (2.5), (2.6), (2.11)
and the dominated convergence theorem that n — «; (n) is continuous. Since the series of the «;
defining 8¢ F converges in B(E, Li_l ), we obtain the continuity of n + §°(n) F. Furthermore,
we can show that (f, n) — D(p‘lS (f, n) maps bounded sets onto bounded sets thanks to (4.11).
So condition (ii) is verified. Similarly, by the continuity of n — Mn;(n) (Lemma 2.2) and by
(4.25), we prove that condition (iv) is verified.

Similarly, we can prove that 3, ¢ and ¢35 are good test functions.

Finally, since ¢4 (f, n) is linear in f, for (f, n) € Li_l x E,

D5 (f.m)(f) =4(f, £°(f, m)F) + 4(f, X" F)(f, 0°(n) F),
so that (4.7), (4.11) and (4.20) give (4.26). O
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Proposition 4.8. The function (f,n) — | W& 12(f, n) is a good test function. Furthermore, we
have, for all (f,n) € Li_,l X E, the following bounds:

\M1g Pl S APl
IMIg{@51(f. m)| < ||f||2||¢||§§, 4.27)
IM1g5 (L ml S 11PN,

and

e M 20 M S IRl (4.28)

Proof. In the expression of | #% 1|2, since ¥y, ¢f and @5 are good test functions by Proposi-
tion 4.7, it is easy to prove that | U¢|?, ¥¢ ¢} and ¥ @5 are also good test functions. It remains to
focus on the cases of |<pf|2, @5 and |<p§|2. We only show the case of |<,0‘15|2
proved similarly.

First, note that point (i) of Definition 3.1 is clearly verified by |¢] |> with Dlg] 12(f,n)(h) =
2(f, 8%(n)F)(h, 5% (n) F) and this function of ( f, n) maps bounded sets onto bounded sets (thanks
to (4.11)) and is continuous (it is linear in f and continuous in n since n +> §°(n) F is continuous,
see the proof of Proposition 4.7). Then we write

since the others are

T oo 2
612 (fin) = (f, 8° () F)* = (Z /O eMni(n)(f, gt m-fo)F)dr)
i=0

= Z/O fo eMni(m)e™n ;) (f, g(t, i x* FYF)(f, g(s, njx F)F)dtds,
iJ

so that, with (2.10), (2.12) and Lemma 2.1, we can mimic the proof of Proposition 4.4 to show
that |¢¢|* € D(M) with

Mg () =Y /0 fo MLe™MnieMnj\n)(f. g(t. nix° F)F)
i,J

x (f, g(s,mjx"F)F)dids.

Furthermore, with (2.12), (f,n) — M |<pf |2( f, n) maps bounded sets onto bounded sets (it gives
the first bound of (4.27)); with (2.2), (2.12) and the dominated convergence theorem, it is con-
tinuous with respect to n. Since it is linear in f and maps bounded sets onto bounded sets, it is
continuous with respect to (f, n).

To sum up, we proved that |(p*1’"|2( f, n) verifies points (ii), (iii) and (iv) of Definition 3.1. Fi-
nally, we obtain (4.28) thanks to (4.24), (4.25) and (4.27). O

4.5. Convergence to the limit generator

We first define the limit generator .. For v = ¥ or ¢ = | ¥|2, and all p € L%2(R?), we set
LY (p) = (pF, —k(=2A)2 DY (pF)) — / (pFnM~'I(n), Dyr(pF))dv(n)
E

- / D>y (pF)(pFn, pFM ™" 1(n))dv(n),
E

and one can easily verify that it is well defined. Then, we state the two results of convergence.
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Proposition 4.9. If (f,n) € D(A) x E, for any . > 0, we have the following estimate:
22w (fm) — 20| S 171 [ AUl 2 + 1Dl ) + Cill Vgl 26

+liglzze® + (igllz + 1D%0 )] (429)
We can also write the right-hand side of the previous bound as
I F1I(AE)Cy,5 + Cph), (4.30)

where in each case A stands for a function which only depends on ¢ such that A(g) — 0 when
e — 0.

Proof. We recall that, thanks to Proposition 4.7, ¥, ¢ and ¢ are good test functions. Then,
we compute:

1 1
LA (fon) = S—Q(Lf-i-SAf,XgF)‘i‘ ;(f”aXEF),

o
2

where we used the fact that M W2 (f, n) = 0 since ¥ does not depend on n. We also have

a%fgtpf(f, n) = i%(Lf +eAf,8°(n)F) + (fn,8°(n)F) + i%(f, M&*(n)F)
£ €

1
= 8—%(f, (L —eA+ M MFD + (fn, 8 ()F),

where we used the fact that L (resp. A) is auto-adjoint (resp. skew-adjoint) and due to the equa-
tion verified by 6° F (4.12), we are led to

5L (o) = =g (12 F) + (0.5 )P,
Furthermore, we have
XL Q5 (fon) = (f, (L — eA + M)IO° (1) F]) + £ (fn, 6°(n) F),
that we rewrite, thanks to the equation verified by 6° F (4.18), as
£ L505(fin) = —(f.0)QF) +£%(fn,60°(W)F).
To sum up, Z¢ ¥ (f, n) = £¢ Ye(f,n)+ s%fewf(f, n) +&*ZL*¢5(f, n), hence
LU (f,n)
= sia(Lf +eAf, x°F) + (fn, 8 F) — (f, 0(m)¢F) + e2 (fn, 6°(n) F)

1
- 8—a<eAf+Lf,x€F>—/(an”I(nWF)dv(n)
E

+(fn, $F + M~ I ()@F)) + &2 (fn, 0°(n)F).
We point out that D? U(f)=0and (fy1, Yo F) = (pFyr1, ¥ F) if Y1 and ¥» do not depend
on v € V so that we have
|L5 e (fon) — LU(p)| < le ™ (eAf + Lf, x°F) + (k(=2)2 f, o F)|
+1(fn, CF + M~ I(n)pF)| + 2 |(fn,0° () F)|.
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We recall that, for alln € E, ||n|ly1.0 < 1 so that
((fn, B F + M Tm@F)| < IFIISF + M ToF g 2,
P
|(fn, 6°(m)F)| < ||f||||98F||B(E,L2F_1)-

Then the bounds (4.10), (4.14) and (4.17) immediately give the result; this concludes the
proof. [

Proposition 4.10. If (f,n) € D(A) x E, for any A > 0, we have the following estimate:
L2802 (fon) = L1 P(0)] S A@)Cpull £17 + Coll £17h,
for a certain function A, which only depends on ¢, such that A(¢) — 0 when ¢ — 0.

Proof. We recall that, thanks to Proposition 4.7, | ¥¢|?, ¢7 and ¢3 are good test functions. Then,
we compute:

&1 776 12 2 & & 2 & €
LN (f,n)=8—a(L+8Af,X F)(f, x F)+£—%(fn,x F)(f, x"F),

where we used the fact that M| W¢|?(f, n) = 0 since ¥¢ does not depend on n. We also have,
with the fact that Do (f)(h) = 2(h, x* F)(f, 8°()F) + 2(h, 8*(n) F)(f, x° F),

o 2 2
e2L°p{(fin) = 8—%(L +eAf, X" F)(f,8°(m)F) + 8—%(L +eAf, 8°(MF)(f, x°F)

2
+2(fn, x*F)(f.8°()F) +2(fn, 8* (M) F)(f, x*F) + E—%(f, M&* (m)F)(f. x°F)

2 2
= 8—%(L +eAf, X" F)(f.8°(mF) + 8—%(f, (L —eA+MISFMFN(f, x°F)

+2(fn, x*F)(f, 8°()F) +2(fn, 8* () F)(f, x* F).
Thanks to the equation satisfied by §° F (4.12), we finally get

o 2 2
e2 L1 (fin) = 8—%(L +eAf, x*F)(f, 8*(m)F) — oz fr, xX*F)(f, x° F)
+2(fn, x*F)(f, 8°(m)F) +2(fn, 8*(m)F)(f, x° F).

Besides, we have

e L 5 (f,n)

=2(f, (L —eA+ M) (f,m)FD) +2(f, (L — A+ M)[O°(m)FD)(f, x*F)
+2(Lf + eAf. X F)(f.0° () F) + 2(f. ¢ (Lf + eAf.n)F) + &2 (fn, D§5(f.n)),

that is, due to equations verified by 6° F and ¢ F ((4.18) and (4.21)),

e LEP5(fin) = =2(f,&°9F) = 2(f,0(m)@F)(f, x°F)

+2ULF + eAf, x F)(f.0°(0)F) + 2(f. £°(Lf + eAf.n)F) + e2 (fn, Dg5(f, n)).
To sum up, .Z° U&2(f, n) = L !Pf|2(f, n) + 8%$8¢’f(f, n) + &% 25 (f, n), hence
& 7782 2 e & 2 £ &
LU (fin) = g—a(L+8Af,X F)(f, x F)+8—%(L+8Af,x F)(f, 6" (m)F)

+2(fn, x*F)(f, 8* (M) F) +2(fn, 8°m)F)(f, X" F) — 2(f, §°¢F)
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—2(f,0m@F)(f, x°F) +2(Lf + eAf, x*F)(f.0°(n) F)
+2(f. ¢°(Lf + eAf.n)F) +e2(fn, D$5(f.n)).

Now, with the definitions of 8, & and the limit generator .#’, we write the following decomposition
L2Us(fin) — LW P(p) = Y_y Ti(f. n), where

i=l1
2 o
7] = s_a(L + eAf, xS F)(f, x°F) = 2(—«x (= A)2 f,  F)(f, ¢ F),
T =2 /E (f,nM~ T )@ F)(f, (x° — @) F)dv(n),

3= 2/E(f, (M F + M I()eF))(fn, 9 F)dv(n),
T4 = 2§fn» G (MF + M I F)(f, x°F), 75 :=2(f,8*m)F)(f, (x* — ¢)F),
T6 1= 8—%(Lf +eAf, x*F)(f, 8*(n)F), 17 :=2(Lf + eAf, x*F)(f,6°(n)F),
18 := 2(f, C5(Lf + €Af,n)F), 79 := &7 (fn, Dg5(f.n)).
To conclude the proof, we are now about to bound every t;. For 71, we write
2 o
T = g_a(L +eAf, X F)(f, xX°F) = 2(=k(=2)2 f, o F)(f, x°F)
+2(f, k(=D IF)(f. (x° — @) F),
so that, with (4.7),

Il S IFHellz2

2 1Pl (=Dl 211X = @)F .

and we use (4.10) and (4.8). Similarly, we bound > thanks to (4.8), 3 thanks to (4.14), 4 thanks
to (4.7) and (4.14), 5 thanks to (4.11) and (4.8). For tg, we write

1 a
o (L AL XTF) + e(=A)2 1, goF)‘

o 1 o
To = 2¢?2 (87(Lf +eAf. x°F) — (—k(=A)2 f, <PF)> (f,8°()F)

+262(f, —k (=) 2QF)(f, 8 (n)F),
so that, with (4.11),

o 1 2
ltsl < €2l fllllellz2 g—a(LJreAf, x°F)+ (K(—A)Zf,goF)‘

+e2 1 F 1Pl (=23 gl 2 el 2,

and we use (4.10). We handle the case of 77 similarly. We bound tg thanks to (4.23), and 19
thanks to (4.26).

Finally, the combination of the bounds on the 7; exactly yields the required result. This con-
cludes the proof. O

5. Uniform bound in LZF_ 1

In this section, we prove a uniform estimate of the L%,l norm of the solution f® with respect
to €. To do so, we will again use the perturbed test functions method. Thus, let us begin by
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defining a correction function. Namely, we introduce the function :° : R? x V x E — R with

+0 400
Ex,v,n) = Z/ eMni(n)n; (x + evr) dr.
i=0 70

Similarly as Proposition 4.4, we can prove the following.

Proposition 5.1. The function (¢ is in L°(R? x V x E) with

”LE”LOO(R[IXVXE) 5 1. (51)
It satisfies
(M —eA)(®) = —n. 5.2)

Proposition 5.2. Forall p > 1 and fy € D(A), we have the following bound
E sup [fFII” S L. (5.3)
tel0,T]

Proof. We set, forall f € L2 o1 of) = %H £1I>, which is easily seen to be a good test function.
Then, with the fact that A is skew-adjoint, (2.1), and the fact that © does not dependonn € E,
we get for f e D(A) andn € E,

ZL*O(f,n) = —(Lf+sAf f)+ (fn f)+ M@(f n)

= —7||Lf||2+7(fn,f).
&€ &2

The first term has a favourable sign to obtain our bound. The second term is more difficult
to control, and we correct @ as follows. We set ¢°(f,n) = (f,*(m)f) and O°(f,n) =
O(f,n) + 8%(]58 (f, n). We can show, with the same method as in the proof of Proposition 4.7,
that ¢° is a good test function. We then use integrations by parts and (5.2) to discover

e%zw (f,n)
= a(LfL(n)f)+ (sAft(n)f)+2(fnt(n)f)+ a(f M (n) f)

8—%(Lf, Fn) f) + 8—%(1”, (M — e A)[* (M)]f) +2(fn, & (n) f)
2 1
= — (L, *m) f) — — (fn, ) +2(fn, 5 () f).
g2 g2
To sum up, since .,2”98(f n) = .,5,”89(f n) —i—e%fsqﬁg(f n), we have
L0 (fin) = ——IILfII + (Lft (m) ) +2(fn, 5 (n) f).
We use (5.1) to bound the second term:
2 . 1
8—%(Lf,t mf) s —gllLfIIIIfII

Lf|? L
||2fa|| ”fnz < ILs1= f||

A

+1I£11%
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Besides, note that with (5.1) the third term is <|| f 2. Finally we just proved that
|22 0% (£, SIfIP (54)
As in Proposition 3.1, since ©°¢ is a good test function, we now set,
t
£ (1) = O (f5.mE) — O° (f5. m) — / SO (fF, mt) ds,
0
which is a continuous and integrable (F;);>o martingale. By definition of ©, ©° and M?,
1 &2 1 &2 L e p8 € E(fE €
Ellft I~ = Ellfo 7 —e2(@"(fy . m) — & (fy, mg))
t
+ / LEO(fE,mE)ds + ME. ().
0
Since with (5.1) we have |¢°(f, n)| < | £ 117, we can write, with (5.4),

t
||ff||2§||f§||2+sf||ff||+/ IfE12ds + sup |M%. ()],
0 t€l0,T]

that is, for ¢ sufficiently small and by the Gronwall lemma,
LI S SN+ sup (M)l (5.5)
1€[0,T]
Furthermore, similarly as Proposition 4.8, we can show that |©° |2
that

is a good test function, and

| L8| 0F 1> —20° 2° 0°| = e ¥ IM|O°|> —20° M 6°| < || FII*(1 + A(e)),

for some function A which only depends on ¢ and such that A(¢) — 0 as ¢ — 0. In particular,
for ¢ small enough,

|25 |6° —20°.2° 6°| S IIfII*.
Besides, with Proposition 3.1, the quadratic variation of M 8@8 () is given by

t
(M), = /0 (L21O —26° .27 0°) (2, m®) ds.

As a result, with Burkholder—Davis—Gundy and Hoélder inequalities, we get

T
E[ sup |M%|"}§IE[|< 8@£>T|%15/ E[ll f£11*P]ds. (5.6)
t€l0,T] 0
By (5.5), we have
EL£E1221 S ENEI*P1+ E [ sup |M£@g(r>|f’} :
t€[0,T]

so that we get

T
ELA£1PP1 S BN 1271 + /0 E[ll ££ 11771 ds,
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that is, by the Gronwall lemma,
E[ll 1771 S ELI£S 1771

This actually holds true for any ¢ € [0, T]. Thus, using (5.6) and then (5.5) gives finally the
result. [

6. Summary of the results

In this section we state the following proposition which sums up all the results obtained above.
This will be convenient to handle the tightness and convergence steps. We recall that the correc-
tions V4!, i = 1,2 are defined in Section 4.4.

Proposition 6.1. Let fi € D(A). Fori = 1,2,
t
M;(t) = U5 (ff, mi) — ' (fy, mg) —/ LEwE(fE,mE)ds, te€]0,T],
0

is a continuous and integrable martingale for the filtration (F}):>o generated by (m?,t > 0).
The quadratic variation of My is given by

t
<Mf>t=/ (L9 P — 205 25 BN mE)ds, 1 e [0, T]
0

and we have, forallt € [0, T],

| we P =20t 2 WO (fF mf) S sup LA 1Pl 7 (6.1)
T X

tel0,T]

Furthermore, forany » > 0,0 <s1 < --- <s, <s <tand G € C,((L*(RY))"),

t
‘E [(W(pfF)— &P(piF)—/ fw(ﬂiﬂﬁ) G(pfl,---,pﬁn)”

S AE)Cyp 4 Cyh, 6.2)
t
‘E [(| PP F) — | P (of F) — f 2] W|2<pf,>da) G, pﬁ,)”
N
S A(E)Cyp 5 + Cyh, (6.3)

for some function A, which only depends on &, such that A(¢) — 0 when ¢ — 0. Finally, for all
t € [0, T, we have the following estimate:

1L WENSEm) S sup 1IN + 1Vegl2 + 1Dl + (=D Tpl2). (6.4)

1€[0,T]

Proof. For i = 1,2, Proposition 4.7 gives that ¥ is a good test function, and it implies, with
Proposition 3.1, that M? is a continuous and integrable martingale. Besides, with Proposition 4.8,
| w112 is a good test function, hence the formula for the quadratic variation of M T

Note that .Z¢| w12 —2wsl zewel = g=¢(pM|ws12 — 20S M We ) from which we
deduce (6.1) due to (4.28).
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We continue with the proof of (6.2). Observe that ¥ = ¥&! + (¥ — ¥?) — ﬁ(pf —&%¢5 so
that we can write

t
VU - 0 = [ 265 do = M0 - Mi)
+ (O — () — (&= T)H(f) — S%QDT(ff) — %95 (f5)
t
+e297(f9) +e%5(f) + / LEwEL(fE mE) — LW (o) do.

Then, we multiply by G(py,, . .., pg,) and take the expectation. Note that, since M [ is a martin-
gale for the filtration (F});>0 generated by (m;, ¢t > 0), we have

EL(MS(t) — M{(s)G(J,"pE ..., I pE )] = 0.

Then, it suffices to use (4.8), (4.24), (4.30), the uniform LZF,1 bound (5.3) and ¥ (f) = ¥(pF)
to obtain (6.2). A similar work can be done to obtain (6.3).
It remains to prove (6.4). We simply write, for (f,n) € D(A) x E,

|25 0N (fon)| < | L0 (fon) = LU(fn)| + | L U(f. ).
We apply (4.29) with ¢ < 1 and A = 1 so that
12205 (fon) = LW SN2 + 1Ve@l2 + 1D%0l2).

Since, clearly,

L U(f.m) S NIkl + gl ).

the proof is complete. [
7. Tightness

In this section, in order to be able to take the limit ¢ — 0 in law of the family of processes
(p%)e>0, We prove its tightness in an appropriate space, namely C ([0, T'], S —N(RY)). Precisely,
the result is the following.

Proposition 7.1. Let n > 0. Then the family (p¢)e~0 is tight in C ([0, T], S~"(R%)).

Proof. We will here specialize the test function ¢ € S (R?) into the functions ( Pj)jend; which
are defined in Section 2.1. So we set, for j € N4 and fe L%,l,

@i(f) = (f, pjF),

and we index by j € N all the corrections defined in Section 4.4. Thanks to Proposition 6.1, we
consider the continuous martingales

!
ME (6 = W (17 mE) — wij(fg,m@—/o LR (2 mE) ds.
We also define, for j € N and s e [0, T],

t
05(1) = Wj(f(;’")+/() LW (f mg) ds + My (0).
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Note that

05(0) = Wi (f§) + W L(fE mE) — W (5 m),
so that, with the Cauchy—Schwarz inequality and (4.24),

071 < sup IOl = sup [ F5OI.
t€[0,T] 1€[0,T]

Hence, by the uniform L%_, bound (5.3),

E sup 9;(1)’51. .1)

1e[0,T]

We now observe that, fort € [0, T],
Wi =050 = [0 = w2 ) — et — ) | (D)
- [(wj - U - 5d7‘/’ij - 50“/’5,,’] (f5»mp),
and it gives, with the Cauchy—Schwarz inequality, (4.8), (4.24), and (2.3),

w5 = 00| sup_ A0 = p)FI + (e + e £ pjll2
tel0,

IA

sup /5 1(C2el1Vipjllzz + 1pill2h + €% +e)llpsl.2)
t€[0,T] .

1 o
sup [IfFII(Crep; +A+e2 +&%). (7.2)
t€[0,T]

IA

From now on, we fix y > d/2+ 1. Observe that, by (7.1), a.s. and for all # € [0, T], the series
defined by uf := 3" ;e 65 (1)J 77 p; converges in L2(R?), which is embedded in S’ (RY). We
then set '

6 = Jv Z 05 ()77 pj.
jeNd

which exists a.s. and for all ¢ € [0, 7] in S’(R¥). In fact, we see that a.s. and for all ¢ € [0, T'],
67 is in S7 (R?). Indeed,
16715 ey = 175 15— gy = lltf 172 < 0o
We point out that ¥; () = (o] F, p; F) = (p;, pj)x so that
(p°(1) —0°(1), pj) = V;(f) — (JVuy, pj) = ¥;(ff) — (u;, JV pj)
= Ui(ff) = {ug, pj)i; = Wi (fF) — 65 (0).
By (7.2), it permits to write, for ¢ € [0, T'],

2 -2

|p°@) = 0"y may S D 1y sup IFFIP(Cre ey + 27+ &% + &™)
‘eNd 1€[0,T]
JE

< sup [|FEIP(Cre® + % + 2 447

~

t€[0,T]
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where the second bound comes from our choice y > d/2 4+ 1 (we recall, see Section 2.1, that
wj = 2|j|+1). Thanks to the uniform L%,l bound (5.3), it finally leads to the following estimate:

E sup [of(t) = 05 ()| gy oy S Cre + 8% +6% + 2. (7.3)
t€[0,T]

We now fix n > 0. For any § > 0, let

w(p.8) = sup [p(t) = p(s)lsncea)

|t—s]|<é

denote the modulus of continuity of a function p € C([0,T], S _”(Rd)). Since the injection
L2(R?) c S7"(RY) is compact, and by Ascoli’s theorem, the set

Kp = {p € CUO.T1 SR, sup lolzs) < R w(p.d) <o)

tel0

where R > 0 and €(§) — 0 when § — 0, is compact in C([0, T], ST1(RY)). To prove the
tightness of (p®).~0 in C([0, T], ST1(RY)), it thus suffices, see [2], to prove that for all o > 0,
there exists R > 0 such that

IP’( sup llp° I z2way > R) (7.4)
1€l0
and

lim lim sup P(w(p®, §) > o) = 0. (7.5)

=0 .0

By the continuous embedding L2(RY) ¢ S7"(R?) and Markov’s inequality, we have

1
P Sup ol 2@ay > R) <P sup | f° ||L2 >R|<—=E| sup |f°® IILz )
1€[0,T 1€[0,T] -l R | tep0.1] -1

and it gives (7.4) thanks to the uniform L%,l bound (5.3).

Similarly, we will deduce (7.5) by Markov’s inequality and a bound on E[w(p?, §)] for § > 0.
Actually, by interpolation, the continuous embedding L*(R?) ¢ S~"(R¢) and the uniform Li_]
bound (5.3), we have

E sup [lp(t) = p@)lgp <E sup llo@t) = oI

|[t—s]|<8 |t—s]|<8

for a certain v > 0 if * > 5” > 0. As a result, it is indeed sufficient to work with n = y. In
view of (7.3), we first want to obtain an estimate of the increments of 6. We have, for j € N4
and0<s <r<T,

t
ej(t)—ej(s)zf LW [(f2mE) do + M (1) — M (5).

By (6.4) and the uniform Li_l bound (5.3), we have

4

t
E / LU (f5omE)do| S Chle— [,
N
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where
Ci = (pslliz + 1Vepill2 + 1D%pill 2 + (=28 pjll2).

Furthermore, using the Burkholder-Davis—Gundy inequality,
EIM§ (1) — M§ ;)" SEIMS ;)0 — (M )6l

and thanks to (6.1), the uniform Li_,l bound (5.3) and the fact that || p; ||L§ =1, we are led to
E|MS () = M5(9)]* < |t — 5],

Finally we have E|05 (1) — ej(s)|4 < (1 + Cplt — s|>. Now, note that with (2.3), C; <
1+ . /ij+ pj. Since we took y > d/2 + 1, we can conclude that

4 2
EN6; = 015y ey S 1t — 51

It easily follows that, for v < 1/2, E||0° ||“‘}VU14(0 T.5-7 (RdY) < 1 so that by the Sobolev embedding
Wy, T, STV ([RY) c %70, T, S7Y(R?)) which holds true whenever 7 < v — 1/4, we
obtain that Ew (0%, §) < &7 for a certain positive 7.

Thus, we deduce, with (7.3),
Ew(p®,8) < 2E sup ||,of -0 ”sw(Rd) + Ew(6?, 5)
t€[0,T]

< Cre+e?+6%+A+8.
To conclude, we then have

lim lim sup P(w(p?, 8) > o) < lim limsupo ~'Ew(p®,8) <o~ 1A,
=0 .0 =0 ¢50

and since A > 0 was arbitrary, we just proved (7.5). This concludes the proof. [
8. Convergence

In this section, we conclude the proof of Theorem 2.4. The idea is now, by the tightness
result proved above and Prokhorov’s theorem, to take a subsequence of (p®).~¢ that converges
in law to some probability measure. Then we show that this limit probability is actually uniquely
determined thanks to the convergences to the limit generator . proved above.

Let us fix n > 0. By Proposition 7 and Prokhorov’s theorem, there exist a subsequence of
(p%)e=0, still denoted by (p®),~0, and a probability measure P on C([0, T'], S~"(R%)) such that

P® — P weakly on C([0, T], ST"(R%)),

where P¢ stands for the law of p®. We will now identify the probability measure P. Since
C([0, T1, S~"(RY)) is separable, we - can apply the Skorohod representation theorem [2], so that
there exist a new probability space ({2, F, P) and random variables

P B 02— (0, T, SR,

with respective law P? and P such that ,53 — pin C([0, T], S~"(R%)), P-a.s. In the sequel, for
the sake of clarity, we do not write any more the tildes.
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Let us pass to the limit ¢ — 0 on the left-hand side of (6.2), namely in the quantity
t
E [(mpm — W(pEF) - f zu‘/(p:i)do) G(pl,. ..., p_f,,)} =: E[A(0")].
N

Without loss of any generality, we may assume that the function G € Cp (L2 R%))™) is also
continuous on the space H ~"; this is always possible with an approximation argument: it suffices

to consider G, := G((I+r])’%~, R (I—}—rJ)’%) asr — 0. Then, with the P-a.s. convergence
of p? to p in the space C([0, T'], S™"(R?)), we have that

A(pf) — A(p), as.

Furthermore, thanks to the uniform Li_l bound (5.3) and the boundedness of G, (A(0%))e>0 is
uniformly integrable since it is bounded in L2(f2), hence

EA(p®) — EA(p).

As a consequence, we can now pass to the limit ¢ — 0 in (6.2) to discover

t
E[(WZF) — U(p,F) —f f&v(mdo) G(psl,...,psn)” S Cyh.

Since this holds true for arbitrary A > 0, it yields

t
E[<mp,F) — U(p,F) —f D%W(p(,)do) G(py,, p)] = 0. @.1)
)
Similarly, we can pass to the limit ¢ — 0 in (6.3); it gives
t
E [(W(mm — [P (o5 F) —/ ﬂwz(po)do) G(psl,...,pm} =0. (8.2)
S
Since (8.1) and (8.2) are valid for alln € N, s1 < --- < 5, < s <t € [0,T] and all

G € Cp((L>(R%))™), we deduce that
N@) = (o F) — ¥(poF) —/Otfxv(pado, t €0, 7],
and
S(t) = |[*(p F) — | #[*(po F) — fotéﬂ 7*(ps)do, 1 €[0,T],

are martingales with respect to the filtration generated by (ps)scio,7]- It implies that, see
[7, Appendix 6.9], the quadratic variation of N is given by

t
(N): =/O [flg’lz(pa) —Z!P(pa)fw(pa)] do, 1€[0,T]

Furthermore, we have

Z| l*p|2(;0<7) —2V(ps) LV (ps) = _Z/E(Pcrn’ (P)x(P(rM_lI(n)a @)x dv(n)

=2E |:/(; (psmo, w)x(pomt’ ©)x dt:|
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=E [/ (Psmo, ©)x(Psms, )x dt}
R

=/ / Po (X))@ (x) ps (V)@ (¥)k(x, y) dxdy
Rd Rd
=l 020113,

Here, we recall that ¥ (pF) = (oF, ¢oF) = (p, ¢)x and that the results above are valid for all
¢ € S(RY). As a consequence, the martingale N gives us that

! « 1
M(t) == pr — po —/ [—K(—Aﬂpa - EpaH} do, t€]0,T],
0

is a continuous martingale in L?(R?) with respect to the filtration generated by (py) se[0,7] With
quadratic variation

t
<M>’:/o (0s 02)(ps Q1) do, 1 €10, T].

Thanks to the martingale representation theorem, see [4, Theorem 8.2], up to a change of
probability space, there exists a cylindrical Wiener process W in L2(R%) such that

t o 1 t 1
Pt — PO —/ [—K(—A)Zpa - E)OJH] do =/ P Q2dWs, 1 €0, T]
0 0
This equality gives that p has the law of a weak solution to Eq. (2.14) with paths in C ([0, T],
ST(RY)). Since this equation has a unique solution with paths in the space C ([0, T'], S7" (RN
L°°([0, T], Lz(Rd)), and since pathwise uniqueness implies uniqueness in law, we deduce that
P is the law of this solution and is uniquely determined. Finally, by the uniqueness of the limit,

the whole sequence (P?).-( converges to P weakly in the space of probability measures on
C(0,T1, S7"(RY). O

Appendix

Proof of Lemma 4.3. First, we write
sT*(Lf + eAf, x°F) = s“"/ / PpFx% — fxf —ev-V,fx®dvdx
RrRd Jv
= 8_0(/ / PFx® — f(x* —ev-Vyx®)dvdx
R Jv

87“/levaxs—fgodvdx=‘/de‘/‘/87°‘[xs—(p]dedx,

where we used an integration by part and (4.5). Furthermore, we have
(—k(=2)% f,9F) = (f, —(=2)3pF)

—Kf /f(—A)%wdvdx

R4 JV

=_K/ p(—A)7 ¢ dvdx.
Rd
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As a consequence, with the Cauchy—Schwarz inequality, we get

e % (eAf + Lf, x°F) + (k(=2)2 f, o F)
:/ ,0[/ e [x° —¢] de—}-lc(—A)ggo]dx
R4 \%

/ e [x° —¢] Fdv + k(=) Zg
v

IA

Il
2

IA

)

L3

£ H/V e [x* — @] Fdv+«(~A)%¢

and an application of Lemma 4.2 then concludes the proof. [
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