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Abstract

In this paper we establish the pathwise Taylor expansions for random fields that are “regular” in terms of
Dupire’s path-derivatives [6]. Using the language of pathwise calculus, we carry out the Taylor expansion
naturally to any order and for any dimension, which extends the result of Buckdahn et al. (2011). More
importantly, the expansion can be both “forward” and “backward”, and the remainder is estimated in a
pathwise manner. This result will be the main building block for our new notion of viscosity solution
to forward path-dependent PDEs corresponding to (forward) stochastic PDEs in our accompanying paper
Buckdahn et al. [4].
© 2015 Elsevier B.V. All rights reserved.
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1. Introduction

In this paper we are interested in establishing the pathwise Taylor expansions for the Itd-type
random field of the form

t

t
u(t, x) =uo(x)+/ (x(s,x)ds+/ B(s,x) odB;s, (1.1)
0 0
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where B is a d-dimensional standard Brownian motion, defined on a complete probability space
(£2, F,P), and “o” means Stratonovich integral. In particular we are interested in such expan-
sions for the solution to the following fully nonlinear stochastic partial differential equations
(SPDE):

t

'
u(t,x):uo(x)—i—/ f(s,x,-,u,axu,axxu)ds—f—/ g(s,x, -, u, dxu) odBs, (1.2)
0 0

where f and g are random fields that have certain regularity in their spatial variables.

In our previous work [3] we studied the so-called pathwise stochastic Taylor expansion for a
class of Itd-type random fields. The main result can be briefly described as follows. Suppose that
u is a random field of the form (1.1), and B is a one dimensional Brownian motion. If we denote
F = {F;};>0 to be the natural filtration generated by B and augmented by all P-null sets in F,
then under reasonable regularity assumptions on the integrands o and B, the following stochastic
“Taylor expansion” holds: For any stopping time 7 and any J;-measurable, square-integrable
random variable £, and for any sequence of random variables {(tx, &)} where t;’s are stopping
times such that either tp > 7,7 | 7;0r ¢ < 7, 7% 1 7, and &’s are all F;, A.-measurable,
square integrable random variables, converging to £ in L2, it holds that

u(te, &) = u(r,§) +a(ty — 1) + b(By, — By) + p(&k —§) + %(B‘L’k — B,)’

1
+ (& — €)(By — Br) + - X (6 — 2 +o(lu — |+ & — &%,  (1.3)

where (a, b, ¢, p, g, X) are all F;-measurable random variables, and the remainder o(¢y) are
such that 0(¢x)/¢x — 0 as k — oo, in probability. Furthermore, the six-tuple (a, b, ¢, p, g, X)
can be determined explicitly in terms of «, f and their derivatives (in certain sense).

While the Taylor expansion (1.3) reveals the possibility of estimating the remainder in a
stronger form than mean-square (see for example [12]), it is not satisfactory for the study of
pathwise property of the random fields which is essential in the study of, for example, stochastic
viscosity solution. In a subsequent paper (Buckdahn—Bulla-Ma [2]) the result was extended to
the case where the expansion could be made around any random time—space point (t, £) where
7 does not have to be a stopping time; and more importantly, the remainder was estimated in a
pathwise manner, in the spirit of the Kolmogorov continuity criterion. In other words, modulo a
P-null set, the estimate holds for each w, locally uniformly in (¢, x). Furthermore, all the coeffi-
cients can be calculated explicitly in terms of a certain kind of “derivatives” for It6-type random
field, introduced in [2] (see more detailed description in Section 8 of this paper). It is noted, how-
ever, that a main drawback of the result in [2] is that the derivatives involved are not intuitive,
and are difficult to verify. A more significant weakness of the result is that the dimension of the
Brownian motion is restricted to 1, which, as we shall see in this paper, reduced the complexity
of the Taylor expansion drastically.

The main purpose of this paper is to re-investigate the Taylor expansion in a much more gen-
eral setting, but with a different “language”. In particular, we shall allow both the spatial variable
and the Brownian motion to be multi-dimensional, and the random field is “regular” in a very
different way. To be more precise, we shall introduce a new notion of “path-derivative” in the
spirit of Dupire [6] to impose a different type of regularity, that is, the regularity on the vari-
able w € (2. Such a language turns out to be very effective, and many originally cumbersome
expressions in stochastic analysis becomes intuitive and very easy to understand. For example,
the Ito—Wentzell formula reads exactly like the multi-dimensional 1t6 formula, and both inte-
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grands for the Lebesgue integral and the stochastic integral can be memorized simply as “chain
rule”, with respect to time and path, respectively. For this reason we shall name it “pathwise
1t6—Wentzell formula” (see Section 4 for details). We should note that our path derivative applies
to all semi-martingale random fields that are not necessarily “continuous” in w. In this sense it
is weaker than the original one by Dupire (see also [5]). But on the other hand such a generality
brings out some intrinsic “rough-path” nature of the Brownian motion. Among other things, for
example, the “Hessian” under the current path-derivatives will be asymmetric in a general multi-
dimensional setting, reflecting the nature of Lévy area in the rough-path theory (see, e.g., [8,15]).

We would like to point out that the Taylor expansion for stochastic processes, especially for
the solutions of stochastic differential equations, is not new. There is a large amount of literature
on the subject, from various perspectives. We refer to the books of Kloeden—Platen [12] from
the numerical approximation point of view; and of Friz—Victoir [9] from the rough-path point of
view, as well as the numerous references cited therein. In fact, all Taylor expansions resemble
each other in their forms, language notwithstanding, and the difference often lies in the error
(remainder) estimates. The main feature of our results is the following. First, our Taylor expan-
sion applies to general random fields and stochastic processes, and therefore does not depend
on the special structure for being a solution to a differential equation, whence “non-Markovian”
in nature. Second, unlike our previous work, we shall provide a unified treatment of the Taylor
expansion up to any order, and allowing the temporal increment to be both “forward” and “back-
ward”. Finally, and most importantly, we pursue the pathwise estimate for the remainder, that is,
the error of the expansion is estimated uniformly for all paths w, modulo a common null set. The
main difficulty, compared to an L? estimate (or in the sense of “in probability”) that we often see
in the literature, is that one cannot use the isometry between the L>-norms of stochastic integrals
and the L2-norms of the Lebesgue integrals, thus it requires some novel treatments of multiple
integrals. The trade-off for being able to do this, however, is that we require some new regulari-
ties of the random field with respect to the “paths”. These requirements, when unified under our
new language of “pathwise analysis”, are direct and easy to check. To our best knowledge, the
pathwise Taylor expansion in such a generality is new.

It is worth noting that our Taylor expansion is the first step of our study of the viscosity solu-
tion to the (forward) “path-dependent PDEs” (PPDEs) corresponding to the forward SPDE (1.2),
which will be the main topic of our accompanying paper [4]. We would only like to comment here
that a classical solution in the traditional sense does not necessarily permit a pathwise Taylor ex-
pansion. Therefore a somewhat convoluted treatment of the solution to the SPDEs will have to be
carried out based on the pathwise Taylor expansions, as it was seen in the deterministic viscosity
solution theory as well as the existing studies of stochastic viscosity solutions (see, e.g., [3]).

The rest of the paper is organized as follows. In Section 2 we give all necessary notations
and introduce the definition of “path-derivatives”. In Section 3 we give a heuristic analysis for
a simpler case, the second order expansion for Itd processes, to illustrate the main points of our
method. In Section 4 we prove the crucial estimates for the remainders of higher order Taylor
expansions. In Section 5 we extend the Taylor expansion to It6 random fields; and in Section 6
we weaken the regularity assumptions of the coefficients to Holder spaces. In Section 7 we apply
the Taylor expansion to the solutions to stochastic PDEs, and finally, in Section 8 we compare
the main theorem with our previous result [2].

2. Preliminaries

Throughout this paper we denote {2 := {w e C([0,00),RY) : wy = 0} to be the set of
continuous paths starting from the origin, B the canonical process on (2, Py the Wiener measure,
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F = {F:}1>0 the Pp-augmented filtration generated by B, and A := [0, oo) x {2. Here and in the
sequel, we use 0 to denote vectors or matrices with appropriate dimensions whose components
are all equal to 0, and for any dimension m, we take the convention that R™ := R™*1 denotes
the set of column vectors. Define

m
x-x' = inxlf for any x, x’ € R"™, vy =uly)T] foranyy,y e R™",
i=1

and |x|> ;== x - x, |y|? ==y : y. Here T denotes the transpose.
2.1. Path derivatives for It6 processes

Let LO(A, R™*") denote the set of F-progressively measurable processes u : A — R™*",
and LO(A) := L9(4, R). Strongly motivated by the functional It formula initiated by Dupire [6]
(see also Cont and Fournie [5] and a slight variation by Ekren—Touzi—Zhang [7]), in what follows
we introduce the notion of “path-derivatives”, which will be the foundation of our pathwise
stochastic analysis.

Recall that # € L9(A) is a semimartingale if there exist A € L%(A) and g € L9(A, RY) such
that

t t
U, =ug+ Ay ~|—f Bs -dBg, and Vé(A) +/ |ﬂx|2ds <00, t=>0, Pgp-as., (2.1)
0 0
where VO’ (A) is the total variation of A on [0, 7].

Definition 2.1. Let u be a semimartingale in the form of (2.1). We define:
Oplt == f. 2.2)

Moreover, if 8 is a semimartingale and A; = f(; asds for some o € L9(A), then we define
1
82,1 = 0,B = 8,(dpu) and Bu =a — Etr(ajwu). (2.3)

We remark that the path derivatives, whenever they exist, are unique in “Pg-a.s.”” sense.
Remark 2.2 (Functional It6 Formula). When the path derivatives d,u, d,u, Bczuwu exist, we have
o = 0u + %tr(aiwu) and 8 = d,u. In other words, the functional It6 formula holds: for > 0

t

! 1
U = ug —l—/ |:8,u + Etr(aiwu):| (s, )ds —i—/ Opu(s, ) -dBy, Pp-a.s. 2.4)
0 0

In particular, this implies that u is continuous in ¢. Equivalently, since 8 = 0dy,u is a semi-
martingale, by using the Stratonovich integral, denoted by od By, one has

t '
Uy = ug +/ oru(s, -)ds —+—/ Opu(s,)odBy;, t>0,Pp-as. W 2.5)
0 0

Remark 2.3. (i) The main result in [6,5] is the functional Itd6 formula (2.4), and in [7] the
functional Itd formula (2.4) is used to define the derivatives. In this sense, our definition is
consistent with theirs.
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(i1) In [6,5], one needs to extend the processes from (2 to the space of cadlag paths. In [7]
the definition is restricted to the space {2 only, but it still requires the processes and all
the derivatives involved being continuous in w. Our path-derivatives do not require such
regularity, in particular our derivatives are defined only in “Pp-a.s.” sense. In this aspect our
definition is weaker, and is convenient for our study of SPDEs in [4], as typically one cannot
expect the solution of a SPDE to be continuous in .

(iii) In [6,5,7], the path derivative d,u is not required to be an Itd process. In this sense our
definition is stronger. This is mainly because our pathwise Taylor expansion below requires
stronger regularity than the functional It6 formula.

(iv) When u(z, w) = v(t, ;) with v € C12([0, 00) x RY), by the standard Itd formula we see
that d,u(t, w;) = 0,v(t, w;). If we assume further that 9,v € Cl’z([O, o0) X Rd), then
Bf)wu(t, w) = fov(t, w) and d;u(t, w) = d;v(t, w;). So our path derivatives are consistent
with the standard derivatives in Markovian case. However, as pointed out in (iii), we need
slightly stronger regularity requirements. Wl

Remark 2.4. (i) In general the differential operators d; and d,, cannot commute. Moreover,
in the case d > 1, the Hessian matrix E)Z)wu may not be symmetric, which implies that in
general 9, and d,,; do not commute either. See Example 2.5.

(i1) When u(t, w) = v(t, Wy sy - - -, Wi, A¢) fOr some #q, ..., 1, and some deterministic smooth

function v, then 9;, 9, 9,,; do commute, and in particular Bf)wu is symmetric.

(ii1) The Hessian E)f)wu in [6] (or [5]) could be symmetric, provided all path derivatives involved
are continuous in (f, w). In fact, with certain regularity the Hessian 83)(014 under our definition
is also symmetric, see Remark 3.3. However, the non-commutativity of 9, and d,, seems to
be independent of the regularity, as we see in Example 2.5(1).

(iv) In [7] the d2,u is by definition symmetric. Indeed, the 32, u in [7] corresponds to
%[aiwu + (82,u)T] here. However, in this case the relation 82,u = 8,(d,u) may fail
to hold, which not only is somewhat unnatural, but also makes the definition of higher order
derivatives much more difficult. Our new definition modified this point. We should also
note that the process u in Example 2.5(ii) is not continuous in (¢, ), and thus is not in the
framework of [5,6],or [7]. M

Example 2.5. (i) Let d = 1 and du = B,dt. Then dy,u = 0,0,u = B,. It is clear that
01 0,u =0 # 1 = 0y,0;u.
(ii) Let d = 2 and du = B?dB/. Then d,u = [B?,0]7, and thus 32, u = [g (1)] is not
symmetric. In particular, 9,,19,0u =0 # 1 = 9,20,1u.
We note that the path derivatives can be extended to any order in a natural way. We now in-

troduce some L? spaces that will be frequently used in the paper. We begin by introducing the
following norms on u € LoA):

» 1/p
llo.p.r = lullpr = sup (E[lur|"]) 2.6)
0<t<T
d
el p.r = Ml pr + Y 13,i2ll0.p.7 2.7)
i=1
d

llln.p.7 = Nl p.r + 10ittln—2.p.7 + Y 19gittlla1p7, 7 >2.

i=1
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We then define the spaces:

HI(A) = {u e LOA) < ullnp1 < 00,¥T > o}, n=> 0. (2.8)
We shall also define the following Holder norms: for any « € (0, 1),
lur4s — us|P 71/ P
o, = ltllpa,r = Nuallp,r + B[ sup = Z T
0<1<T,6>0 82
d
Il poor = Nl par + I N3pittl p.a7- (2.9)
i=1
d
llln,po7 = llttllpoo.7 + 19tulln—2.pert + D N0yttt pars 1= 2.
i=1
Then we define correspondingly:
H () o= {u € HA) : flual e < 00,¥T =0}, n 0. (2.10)

It should be noted that HEU"H](A) is not a subspace of HELHO‘ (A)(!). However, one can show
that if p > 0 is large enough (more precisely p > %), then it holds that H[,f”](/l) -
HE,"H“ (A) for any n > 0 (see Lemma 6.1).

2.2. Path derivatives for random fields

Let © C RY be an open domain, Q = [0,00) x O, and A = 0 x (2. We denote
by LO(A, R™*") the set of F-progressively measurable random fields u : A — R™n and
LO(;l) = ILO(/AL R). When there is no confusion, we shall omit the variable w in u and write it
as u(t, x). Givenu € LO(;l), we define its derivatives in x in the standard way, and for any fixed
X, its path-derivatives in (¢, ) in the sense of Definition 2.1.

Notice that Q is not compact. For any N > 1, denote

o
Ky = {x €O x| <N, dx,0%) > N} and Oy =0, N] x K. 2.11)

It is clear that K is compact, increasing in N, and

(@

Oyv=20, and
1 2.12)

x+heKyyp foranyx € Ky,

o0
U Ky =0,
N=1 N

h| < ———.
N(N +1)

Similar to the process case we can define the norms: for p > 1 and n > 2,

1/p
o, v = llpn = sup E sup Jute, 07| ",
te[0,N] xeKy

d d

lullyp.v = lullp.n + D 19xullopn + Y 13gitello.p.n
i=1 i=1
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d d
letlln.p.v = Nt p.n + 10ttln—2.p.v + Y N0ttt p.n + Y 19yittlln—1 p.n

i=1 i=1

|u(tax) _M(I/9x)|p l/p
lullo,pe = Ntllpan = lallp,n + sup E[ sup ]
xeKy Lo<r<t'<n [t — 1|2
u(t, x) —u(t,x"|Pq1/p
+ sup ]E[ sup 1Y) /(a ) ] . ae( ), (2.13)
0<t<N ‘“x.x’eKy lx —x'|P
d d

el pary = Nl pan + D 10xullpan + D 18,1l p.an
i=1 i=1

d/
letllnpaey = lullp.anv + 100ln—2.pay + Y 10xulln—1.p.an
i=1

d
+ ) 19yttt pan-
i=1
We now define the following spaces: for p > 1,0 <« < 1,and n > 0,

HID) = {u e LO) : ullnpn < 00, YN > o},

. . (2.14)
Hi () = {u e HIVA) : flulln, pay < 00, YN > 0}.
Again, as we shall see in Lemma 6.1, one can show that
A A 2
HUHA () ¢ HYHe(A) foranyn > 0,a € (0, 1) and p > T (2.15)
— o
2.3. It6 random fields and Ito—Wentzell formula
We recall that u € IL,O(/AI) is called an It6 random field if, for any x € O,
t t
u(t, x) = ug(x) +/ a(s, x)ds +/ B(s,x)-dBs, t=>0, Pg-as. (2.16)
0 0

where o € ]Lo(fl), B € ILO(/Al, R%) satisfy fot[|oc(s, xX)| + |B(s, x)|?lds < oo, Pp-a.s. for all
(t,x) € Q.

It is worth noting that, in contrast to Remark 2.4, the spatial derivative 9, commutes with both
d; and 9, . In fact, we have the following result. Since the proof is quite straightforward, we omit
it.

Lemma 2.6. Let u € LO(;I) be an It6 random field in the form of (2.16).

(i) Assume ug, o, B are differentiable in x, and for any N > 0, the processes |0xa(-, x, -)| and
|0:B(-, x, -)|? are uniformly integrable on [0, N1 x §2, uniformly on x € Ky. Then d,u exists
and is also an Itd random field: for eachi =1, ..., d/,

! !
Oy, u(t, x) = Oy, up(x) +/ Oy oe(s, x)ds +/ oy, B(s,x)-dBs, t=>0, Py-as.
0 0



R. Buckdahn et al. / Stochastic Processes and their Applications 125 (2015) 2820-2855 2827

In particular, this implies that
00yt = 0xdpyl. (2.17)

(ii) Assume further that B is an Ito random field and each of its components satisfies the property
of uin (i), then

92,0 u = 0,02, u and 30,u = d,du. (2.18)

As an important application of the path derivatives, we recast the [t6—Wentzell formula, which
turns out to be exactly the same as a multidimensional functional Itd formula.

Proposition 2.7 (It6—Wentzell Formula). Let X € 'ng](/l) taking values in O and u € ’ngl(;l)
such that u(-, w) € C%2(Q) and d u(-, w) € C*1(Q), for Py-a.e. w. Then the following chain
rule for our path derivatives holds:

O[u(t, X;, )] = du + 0w - 9 Xy; olu(t, X;, 0)] = dtt + [0, X1 u. (2.19)

In particular, if dX; = b;dt 4+ o7 - d By, du(t, x, w) = a(t,x)dt + p(t,x) - dBs, t > 0, then the
It6—Wentzell formula holds: for t > 0, Py-a.s.,

du(t, X;, ) = [du + dyu - 3 X,]dt + [dpu + [8,X,)" 8,u] 0 dB;

_ Lo 7 )
= o+ Oyu - b + 5 el 2 010 + 9xB 1 oy |dt

+[B+ 0 d.ul-dB,. (2.20)

Proof. Since X € ngl(/l) andu € ng](;l), one can write
dX; =bdt +0;-dB;, and du(t,x,w) = a(t,x)dt + B(t,x)-dBy,

where b’ = &, X' + $tr(32,X"), 0! = 9,X',i = 1,...d", and o« = dyu + $tr(92,u), B = dou.
Next, under our conditions we may apply the standard [t6—Wentzell formula (see, for exam-
ple, [17]) and obtain

dute, Xp) = [a+ o by + %afxu Loo] + 0 o (1, X
+[B + ol dult, X,) - dB,.
Therefore the definition of path derivatives leads to that
plu(t, X1 = B+ 0, e = @) (2, X1) + [0 X1 [(0xu0) (2, X1)];
dlut, X, )] = [ + dyu - by + %aﬁxu t o0 + 3B or] 2.21)
- %tr(aww[u(t, X0]1).

Note that Bf)wu = 0, [0yu], differentiating d,u(f, X;) again we have
d/
O [, X1 = Bt + 0 X1 [0xot]” + [ X Oyt + 90y X! [0, 01t + 0ty X' 17 .

i=1

Now plugging this into (2.21) and recalling the definition of 8, X, 82, X, ., Baz)wu, with some

Y Yow
simple computation we prove (2.19), whence (2.20), immediately. B
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Remark 2.8. (i) If u is deterministic, then 8 = d,u = 0, and we have the Itd formula.
(i1) As the “chain rule” (2.19) completely characterizes the expression (2.20), we may refer to it
as “pathwise [t6—Wentzell formula”. W

2.4. Multiple differentiation and integration

Our Taylor expansion will involve multiple differentiation and integration. However, due to
the noncommutative property of the path derivatives in Remark 2.4 and Example 2.5, we need
to specify the differentiation and integration indices precisely. To simplify presentation, we first
introduce some notations. Fori =0, 1, ..., d, define

oju = oru, udit = u,dt, ifi =0;
: (2.22)
dju == d,u, uidit =u, 0dB;, ifl<i<d.

Next, for 6 = (91,5) =(61,602,...,60,) €{0,1,...,d}" and s < t, we define recursively by:
Dlu =g, (Dlu),  T¢,(u) = I",(/ u,d91r>, 70, =10 ,(1). (2.23)
Notice that the above definition also implies, for 6 = (9_ ,00),
DO u =g, -+ dg,u = D (36, 10),

ropr 153 ro (2.24)
77, (u) :=/ / / wy dg, 1y - - - dg, 1y =/ ¢, (w)dg,r.
N N N N

Moreover, for the purpose of backward expansion later, we introduce
— 0= Op,....00 and I{ ()= (—1)"Z,{(w) fors <t. (2.25)

Noting the relation between the horizontal derivative d;u and Biwu (cf. (2.3)), we introduce
the following “weighted norm™: for 6 € {0, 1, ..., d}",

n
10lo == n, 01 :=n+>" lig=0). (2.26)
i=1
Moreover, when |6| = 0, we take the notational convention that
Do u = u, 0, (u) = uy. (2.27)
Due to the commutative property of Lemma 2.6, the high order differentiation operator in x is
simpler. Let N be the set of nonnegative integers. For ¢ = (£1,...,£y) € N, denote:
Y4 ! / d'
Dlu=0' - 0u, xt=1x7,  0=12 0 o=t (228
i=1

We shall set Du := u, x* := 1, and €! := 1, if |¢| = 0.
Furthermore, together with (2.26), we can introduce a “weighted norm” on the index set
6 :=U%,{0,1,...,d}" x N

16, 0)] == 16| + €], Y@, € 6. (2.29)
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Note that if we denote 6, := {(0,¢) € O : |(0, £)| < n}, then by applying Lemma 2.6 one can
easily check that: if u € Hg"], then all derivatives of u up to order n can be written as D¢D u for
some (0, £) € 6, (counting “d;” as a second order derivative!).

3. Taylor expansion for It6 processes (second order case)

In this section we give some heuristic arguments for the simplest second order Taylor
expansion for It6 processes. We shall establish both forward and backward temporal expansions.

In what follows we shall always denote, for s < ¢, ¢5; = ¢ — @5, and we will use the
following simple fact frequently: for any semimartingales &, 7, y,

_/fto(ﬂtOth) :/(“g‘,n,)ody, 2/77:0(‘5:061]/1)- 3.D

3.1. Forward temporal expansion

Lett > 0,6 > 0, and denote t5 := t + §. Repeatedly applying the functional Itd formula (2.5)
formally we have

ts d ts .
Uy = U +/t dusds + ;ft d,iuts 0 dB!

d . 15 d_ ris )
=u+ Yy d,uBl, + / dusds + Z/ [8,,ul;.s o dB!
i=1Y1!

i=1 !

d ) ts
= u; + Z 3wiu[B[l’ta +/ 8;”5615'
i t

i=1
d ts N d s . .
+ Zf [/ B,w,-urdr+2/ Bw,-w,-urodBrj]odB;
i=1"1 ! j=171
d ) d ts . )
= uU; + Z awiu[B;’ta + 3;14;3 + Z aijiut/ Btj’s OdB;
t

i=1 i,j=1

Is d ts s .
+f [atu],,sds—l-Z/ [f 0;4iUrdr o dB;
t i=1 t t
d ts N A .
+ Z/ /[aw,wiu]t,rodB,f]odB;.
t Jr

i,j=1

Here we used the fact that 9, u; and 9, i u; are F;-measurable and can be moved out from the
related stochastic integrals. (We note that this will not be the case when we consider backward
temporal expansion later.) Then

d ) d ts . )

wy =up+ Y Opiur Bl 08+ Y ity / Bl odB! + Ra(1,9), (3.2)
i=1 i,j=1 t

where

ts s d ts ps pr . .
Ry(t,8) = / / Orurdrds + Z / / / 0t pi i UicdK odBj o dB;
t t t t t

ij=1
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d ts N . d ts N .
+ Z/ / 3,y o dBlds + Z/ / 3,ittrdr o dB!
i=170 I i=1v0 I

d ts s r . .
+ ) / / / Ok oinilic 0 dBX 0 dB] o dB!. (3.3)
i,j,k:l t t t

To simplify the presentations let us make use of the notations for multiple derivatives and
integrations defined in (2.22)—(2.24). Then it is straightforward to check that (3.2) and (3.3) can
be rewritten as a more compact form:

d d
wy =+ Y DD + 3" DY LD + R, ) (3.4)
i=0 i,j=1

d
0,0 0,/,i i
Ra(t.8) = T3," OOw) + Y 10 (D0 )
i,j=1

d d d

i,0 . 0.i , ki .

+ 32 DOy + 3 10D @0 u) + 785D (D%IDy). (3.5)
i=1 i=1 i,j.k=1

3.2. Backward temporal expansion

Let 0 < < ¢, and denote f; := ¢ — 4. Then similar to the forward expansion we can obtain

t d t ) }
Uy =ty — /_ Ougds — Z/_ dpu;, o dB,
I i=1"Y1

d

t t
=y — dyu, 8 — /%[a,u]ta_,sds - 2[%"%— B+ /% [l 0dBl].  (3.6)
=

We should note that the above expansion would be around #; instead of ¢, we therefore modify
it as follows. First, we write

B8 = dyu,d — [Byuly= 8. BB = iui Bl —[8,u,- Bl 3.7)

a

Next, we apply integration by parts formula and/or (standard) It6 formula to get

t t
[Bzu],a—ﬁ — /f[azu],b,—,sds = /ﬁ(s —t5)d(0rus)
Is Is

t d t
= / E)nus(s—t(;)ds—i—Z/ 8wi,us(s—t(;)odB;;
15 i=1"1

8

t
[aw,-u],g’tBtla,,[ — /t; [awiu],a-,s o dB;

t t d .
= /,* Btlg,s od(0,us) = /7 Btl(;,s o (8,wiusds + Zaijius odBS])
s

Is j=1
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t d t
~ i j
= /f atw,-uth'Nds + Z /ﬁ aw_fw,vusB;s,’s o dB;

)

t t .
= / 3, uSB Jds + Z B i Ui f B odB]
t g 8

B) j=1
d ) . d t ) .
_ E[Biji]l‘;’t /t_ B o dB] + 2 /t_ [0l By o dBi, (3.8)
j= 8 j= s

and

t . t . .
[Bijiu]t(;’t/ Bt’a_yodBj —/ [aw_,w[u],;,nggyong
ty > ty .

8

t s .
_ /t_ (/%_ B o dB,f) 0 d(8,,1ts)

8

t s ) d t s )
- /ﬁ Btijius(/7 B, o dB,’)ds-l—Z/‘i awkw,w,-us(/i B o dB,f) odBk.(3.9)
Is Is k=11 Is

Plugging (3.9) into (3.8) and then plugging (3.7)—(3.8) into (3.6) we obtain

d ) d r .
U =g — 21: 8w,'u,Bt’5_’t — dousd + Z B U /,— B;S_’S 0odB] + Ry(t, —8), (3.10)
1= 8

ij=1
where
s .
Ra(t, —) —/ Burus (s — 15 )ds — Z / By s (/ Bt’,rodB,’)ds
Is i,j=1 Is 8

+ 21: /f i By ds + X;/t dyiglts(s —15) 0 d B!
i= 5 1= 8

d t s )
-y / awkw,-wius(/ B;,rodBrf)odBf. (3.11)
i jk=1"15 5 %7

Using the notations for multiple derivatives and integrations again, we see that (3.10) and (3.11)
can again be written as the compact form:

U, = ZD% I(’) 4 Z DYy, I(’ D4 Ryt —0): (3.12)
i=0 i,j=1

where

_8) = 7O (DO, 7©) ©) (.70, 70D
Ry(t, —8) = Ita_,t(Dw I le g (DY Ita_’.)
iJ

d .
+ ZIZ((:,))’[(DL(UO’!)M. 7?)

d d

O (i), 7Oy _ ® (pk.jiir, 70D

+.§lzt;,t(p‘° u.Ité,’.) __Ek IIIIS,J(Dw u.It{,v). (3.13)
= L J.k=
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We should point out here that (3.12) is slightly different from (3.4). But by applying the relation
(2.25) we can rewrite (3.12) as

d d
i @) (j,i)
U =g+ _EODS)“’Iz,ltg + 2 IDfa’ ’)utII’J,; + Ry(t, —9). (3.14)
i= iL,j=

We see that (3.14) is indeed consistent with the forward expansion (3.4)(!).

Remark 3.1. (i) If we define, fors < 1,

t
. i j . . T
B, = [/ B!, odB,]]lfi’jfd, Ay =By, — B, )", (3.15)
then we can write
Uiy = Uy + 0usS + dolts - By + oty By, + Ra(t, 8); 516
Uy =ty — 8ud — doutr - By + et By + Ra(t, =9). '

It is worth noting that B, and A, are essentially the “Step-2 signature” and the “Lévy
area”, respectively, in Rough Path theory (see, for example, [8]).
(i1) Note that

‘ ) o : i j
/ B, odB] +f B{,odB, = By B{,,
N

N

or equivalently, By , + (Qy’,)T = BMBST’[.
Then (3.16) becomes

1
U, = U + Opttr8 + Oty - By gy + Eag)wut t By BfTJS
1o
+ anwu, . A[’[a + RQ(t, 8)’
3.17
. ) (3.17)
U= = Uy — Orurd — Uy - Bta_,t + anwu, : Bfa_*’st_”

1
+ 5000t Ay + Ra(t, =5).

Clearly, if 83)wu is symmetric, in particular when u (¢, ) = v (¢, w,) for some deterministic
smooth function v, we have 82 u; : A; ;= 82, s Af{ ; = 0, and thus

1

Uy = U + 0148 + Oplty - By gy + 533)0)111 By B,T,;S + Ra(2, 8);

| (3.18)
2 . T
uta_ = Uy — 81‘1/{[6 — 3wu, . Bta_’[ + anmut . BIB_’IBIK;,[ + Rz(t, —8)
This is exactly the standard Taylor expansion. We shall emphasize that in general 83)0)14 is not
symmetric (see Example 2.5(ii)), which is reflected by the extra correction term %Biwu T A
in the Taylor expansion (3.17). W

Remark 3.2. By Bichteler [1] or Karandikar [11], one may interpret u,dB,i in a pathwise
manner, whenever u is continuous in ¢. In particular, B, and A ; can be understood
pathwisely. W
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Remark 3.3. Assume that # has enough regularity and the path derivatives are continuous in
(t, w), then Bf)wu is symmetric as we pointed out in Remark 2.4(iii), and thus (3.18) holds true.

Indeed, consider d = 2 and r = 0 for simplicity, and denote by a5 := [y B} od B2~ [ B2od B!
the (1, 2)-component of the 2 x 2-matrix Ag s. By Theorem 4.1 we see that

%i&)l]}bo(E(g) =1, where Es .= {w:|R2(0,w,d)| <6} (3.19)
Note that for any w, @ € Es, we can easily deduce from the first line of (3.17) that
=N _ _ - l 2 T T
us(w) — us(w) = dpuop - [ws — ws] + 23wwuo s (@) — wsws |

+310,18,20 — 8,20, 110l (@) — a3 ()]
+[R7(0, w, ) — R2(0, w, 6)]. (3.20)

Here we emphasize that d,uq and 33)10“0 are Fp-measurable and thus do not depend on w. Now,
let 5 > 0 be small enough so that Po(Es) > 0. In light of [8, Exercise 2.17], one can construct
0", w € Eg, such that " — w but |as(w") — as(w)| > 1. Then, replacing @ by »" in (3.20) we
have

1
3 0oyl 0,210 — 0,20,1u0| < |us(@") — us(w)| + |91 - [w§ — ws]]

1
+ §|B§wuo ol (@) — wswl 1] + 26.

Sending n — oo we have [0,,10,2u0 — 9,29,1ug| < 48. Since § > 0 is arbitrary, we see that

_ . 2 . .
010,210 = 0,20,,1ug. Thatis, 97, uo is symmetric. W

As we pointed out in the Introduction, the main results of this paper are the (pathwise) remain-
der estimates. Since the proof of the second order estimate is similar to that of the inductional
argument for the m-th order estimate, we shall prove a general result directly.

4. Taylor expansion for Ito processes (general case)

We now consider the general form of pathwise Taylor expansion up to any order m. Denote,
forO0 <t <thand e > 0,

D::{(t,é)e[O,oo)xR\{O}:t—i—SzO},

&
D[lhfz

.1
| ={t8eDin<t<n8 <)

Forany m > O and u € Hgm](/l), in light of (3.4) and (3.14) we shall define the m-th order
remainder by: for any (¢,8) € D and w € {2,

ut +8,0)= Y Diult, )L, s+ Ru(u.t,0.9). 4.2)

|O]|<m

We emphasize that § can be negative here, and the right side of (4.2) is pathwise, in light of
Remark 3.2. Moreover, when there is no confusion, we shall always omit the variable w.
The main result of this section is the following pathwise estimate for the remainder R,,.
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Theorem 4.1. Assume that u € 'H m+2](/1) for some m > 0 and po > 2. Then for any
O<a<l-— % and p < po, it holds that, forany T > 0,

‘Rm(u,tga) p} - o

E su
{ P e

(t,8)€ Dy

(4.3)

To prove Theorem 4.1 we need the following crucial estimate. Since its proof is quite lengthy,
we shall complete its proof after we prove Theorem 4.1.

Proposition 4.2. Assume that u € H[m+2](/1) for some m > 0 and py > 2. Then for any
p < po,to =0, and ¢ > 0, it holds that
(m+1)
B[ s [Ra )] < ™5 (44
(t,8)eDy,

[1g.19+¢l
where C may depend on |[u|lm12, py, T for some T > 19 +2¢. M

Proof of Theorem 4.1. In what follows we shall fix 7', and allow the generic constant C > 0
to depend on ||u||;n42, py, 7+1- Clearly it suffices to prove (4.3) for large p, and we thus assume

without loss of generality that % < p < po.
Forany0 < e < 1,sett; :=i¢g,i =0,..., [%] + 1. Then, by Proposition 4.2 we have

(%]
(m+1)
B[ sup [RuGe,. 8| <Y B[ sup  [RaGur0)P] < Ce™
(t.)eDfy i0 C.&ED)
Consequently, since 0 < o < 1 — =, ﬁ < p < po, it holds that
Rin(u,t,8)p - R (u,t,8)p
E[ sup ‘% |=> g sup Al 1.0) |
t.0)eDfy ;87 n=0 (t.0)eDy 2-th<sj<2n 82

IA

0 p(m+ot)(n+1)
)2 E[ swp  [Ruu,1,8)"]
n=0 (t.8)eD} 7

C Z p(m+a)(n+1) (W—l)

IA

p(m+a)
_ Zz [p(-0)-2] _ o

completing the proof. W

Remark 4.3. (i) The estimate (4.3) amounts to saying that, for each m > 0, T > 0, there exist
aset {2, C {2 with P({2,,) = 1 and a nonnegative random variable C,, r, such that

R, 1, @; 8)| < Con 7 (@)18]"2*, Yoo € 0, V(2,8) € Dy 1.

In Theorem 5.2, this pathwise estimate also holds true locally uniformly in the spatial
variable x.
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(i) We should point out that in (4.2) § < 0 is allowed. That is, the temporal expansion can
be “backward”. Such an expansion, along with the pathwise estimates, is crucial for the
study of viscosity solutions of SPDEs in [4]. In our previous works [3,2] these results were
also obtained in the case m = 2,d = 1, but the present treatment is more direct and the
conditions are easier to verify. (See Section 8 for a detailed comparison with the result
in [2].)

(iii) There have been many works on stochastic Taylor expansions (see, e.g., the books [9,12],
and the references cited therein). We also note that in a recent work [14], the Dupire-type
path-derivatives were also used. The main difference between the existing results and ours,
however, lies in that in these works the supremum is taken outside of the expectation (and
hence they do not yield pathwise estimates), which is not desirable for our study of viscosity
solutions. Moreover, no backward expansion was considered in these works. W

In the rest of this section we prove the key estimate (4.4) in Proposition 4.2. To simplify
the presentation, we split the proof into several lemmas that are interesting in their own rights.
We begin by establishing a representation formula for R,,, extending (3.5) and (3.13). In what
follows we denote 5 .=t +§ and z; :=t — 4, for § > 0.

Lemma 4.4. Letu € H [m+2] (/1) for some m > 0. Then for any § > 0, it holds that:
Ru(u,t,8)= > I, (Dhw+ > 17, (/ 8,Df)usds). (4.5)
|6|=m+1 |6|=m t
Furthermore, denoting 6 = (01, é), then for t > § one has

Ruu,t,=8) = > (= 1)'9'0/ (Dgu - )dgls

|0|=m+1

- Y- 1)'9'0f 0,05 us 7 ? Jas. 4.6)

|6|=m

Proof. (i) We first verify (4.5) by induction. For m = 0 we recall the notational convention
(2.27). Then it is readily seen that the right side of (4.5) reads

/ D usdgs—i—/ Orugds —Z/ w,usodB / Orusds.
t

Thus the equality follows immediately from the functional Itd formula (2.5).
Now assume (4.5) holds for m. Then

Rus1(,1,8) = Ru(u,1,8) — > Dou ¢,
6|=m+1

Z Ife,la (DSJ”) + Z Ite,ta (/t 31D2)”sds> - Z Diu,fzts

|0|l=m+1 |6|=m |0|=m+1

> T+ Y 7 / 0D usds).
t

|6|=m+1 |6|=m

1o1=1
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Applying the functional Itd formula (2.5) on Df)us we obtain

Rt G, 1,8) = (/ 9D usds—i-Z/ 3, D’ uSodB)
t

|9|—m+1

+ Z 1'19,5 (/ B,Dg)usds)

|0|=m t

= Z If,a (/z B,Df)uxds)

|0|=m+1

Z Zztet(; </ 3wiDZ)”s OdBé) + Z I?,ts (f B,DZ)usds)
0|l=m+1 i= 1 t

10]=m

One may check directly that the last line above is exactly equal to Zl@l:m ) Ift 15 (DZu). Namely
(4.5) holds for m + 1. Thus (4.5) holds for all m.

(i1) We now prove (4.6), again by induction. For m = 0 the argument is similar to (i). Assume
now (4.6) holds for m. Then

Ry (1, =8) = Ru(u,1,=8) = 3 (=)I"'DLu, 7.7,
|0|=m+1

= 2 1(—1>‘9‘° / [Dlus 7.7 Jdays

161=m+

-3 1)'9|0/ [aD%S 7 ]d

|6|=m

t ~
-y (—1)‘9'0273;”,/ It__evdgls.
ty 5

10]=m+1

Applying integration by parts formula we have

t ~ t
Do | 7 dys — [D% O o= | 17 0d@juy)
o ty s _ i 15,8

8
t d )
= / i It}(?q[a,Df)usds + Y 8, Dug o dB;].
s ! i=1

Consequently we obtain:

Rusi(u,t,=8) = — > (= 1)""0/ [a DY u, 1—9 ]d

|6|=m+1
_ IGIZ 1(_1)\9|0 ff It;_(?satzus o dBy
=m++ )

- Y- 1)'9'0/ [a Diju, 7 ]d

0]=m



R. Buckdahn et al. / Stochastic Processes and their Applications 125 (2015) 2820-2855 2837

One may now check directly that the last line above is exactly equal to, denoting 6 = (61, 6),
Z|9|=m+2(_1)|6|0 fl;, [Df)us It;f?s]dgls. Thus (4.6) holds for m + 1, proving (ii), whence the
lemma. W

To simplify notation, in what follows we denote, for any semi-martingale ¢, and any p >
1,0<1 <t,

123 P 123 p 1
I(g, p. 11, 12) = (E[(/l |(pS|2ds>2 T (/t |8w<ps|ds) ])” “.7)

1 1
It is clear that [ is increasing in p, and
p p z p p
I(p,p,t1,10) < sup E[lg|P1(t2 —11)Z + sup E[|0n0|"1(t2 — )7 (4.8)

n=t<n N=<t<n

In light of the above representations, the following estimate is crucial.

Lemmad4.5. Letty > 0,0 < ¢ < 1,q > p > 1, and ¢ be a semimartingale. Then, for any
6] > 1, there exists constant C = C), 4,19|, Such that
(A 2Y)

Bl sup  swp (7, )17} = Ca"5 170, g 10,10+ 2). (4.9)

0<8<e fp<t=<tp+e¢

Proof. Let a(p, 0, p) denote the left side of (4.9), and I (¢, p) := I (¢, p, ty, to + 2¢). Without
loss of generality, we may assume [ (¢, g) < co. We proceed by induction on n := |6o.

(1) First assume n = 1, namely 6 = (8;). We estimate a(g, 6, p) in two cases.

Case 1. 10| = 2, namely 6; = 0. Then Z?

115 (@) = :5 @sds, and thus
a(e,0,p) < E[(/
1

0

to+2e P » »
stldS) ] <Ce2l(p, p)? <Ce2l(p,q)".

Case 2. 0| = 1, namely ) =i forsomei =1, ...,d. Then

ts t . 1 ts
Iﬁta(w) = [/ —/ ](/)(S)dB;-i-E/ i psds,
fo to t
and thus
! P
1
/m%st ]—i—CE[(/t

0

to+2¢e
ale, 6, p) < C]E[ sup

10 <t<tp+2e

|3wi(ps|ds)p],

which, together with the Burkholder—Davis—Gundy inequality, implies (4.9) immediately.
(i) We next prove (4.9) by induction. Assume it holds true for n and we now assume
0lo = n + 1. Denote 6 = (01, 0), ¥y = fl; @rdp,r, and § = pTJ’q. Notice that ||y = n

and I (1, p) = +/2¢ for any p, then we may use the induction assumption and obtain

atg.0.p) =E[ sup sup |70, () = piZ{, ()|"]

0<d<eto<t=<ty+e

- £ - 2pG \\ @
< Ca.0. p)+C(ap. @1).8))" (a (1,0, qﬂ» 2
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p(F1-1) _ (16pI=1) 011 3rg \\?
< Ce" T (1) s () e (1(1ﬂ>>
q—p
pUfl=D) pl=D)

=Ce 2 (1. ) +Ce™ 7 (Ig, )"
Then clearly (4.9) with |#]p = n + 1 follows from the following claim:

1.§) < Ce ¥ 10 ). (4.10)

We again proceed in two cases.
Case 1. |(01)| = 2, namely 67 = 0. Then ¢y, = ft; @rdr and 9, s = 0. Thus,

~ 10+2¢e | ps 2 % 10+2¢ g . -
toa <e| ([ [ oarl as) | <E[([ )] < elre0n
o fo t

0
Case 2. |(01)| = 1, namely 6y =i forsomei = 1,...,d. Then

s ) s 1S
vo= [ oroasi= [ B+ 3 [ agendr s,v =ty
[ ! 0]
and thus

0 0
i

- to+2¢e s . K 2 2 to+2e g

1,37 <CE f / ¢,dB; / dogrdr |ds) +( / lgslds)
fo fo fo 1o
p s 19 fo+2¢ g to+2¢e %-
< Ce2E sup / ordB)| |+ [/ |8w;<p,|dr] + (/ |%|2ds> .
to<s<to+2e to to

o
Then (4.10) follows immediately from the Burkholder—Davis—Gundy inequality. W

[N

2
+

Proof of Proposition 4.2. First, by (4.5) we have, for § > 0,

. t
Ruu,t,8)= 3 T, (Dhwy + 3 [Iff,a(/ B,Diusds>—fgta(1)/ B,Df)usds].
to fo

10|=m+1 |0|=m

Denote DY := {(t,6) : 0 < § < &,19 <t < to + ¢} and note that 9, ft; atDz)usds = 0. Then,
combining Lemma 4.5 and (4.8) and recalling 7' > o + 2¢, we have

E[ sup |Rn(u1,8)I"]
(1,8)eD",

=c Y B[ swp 17,00

[|=m+1 ~(,8)eDs
: p
77, (/ 8;Df)usds) }
fo
Po=p

co 3 @[ o)) P El( s wan )

1=m fo (t.8)eD",

+C Z IE|: sup
10]=m (t,8)eDY,

0 p p(m+1) 9 p p(m+2)
o D A [ A R
10l1=m+1
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m ! P m
+Ce'T Z sup E|:/t B,Dz)usds‘ i|+C Z (||8,DZM||$O,T81’)8PT
0

|8]=m fo<t=<fo+2¢ 10]=m
9 p p(m+1) 9 wp p(m+2)
SC\@\Z 1[anun,,o,Te 5 0 Doul?, pe ™
=m-+
9 P p(m+2) 9 p pim+1)
+CZ[||8,Dwu||p0,Ts T 4 18 Doul?, et
|0|=m
p(m+1)
< Clullmsapore 2 - @.11)

Next, for & = (61,6) = (81, 6a,...,6,), applying the integration by parts formula and
recalling (2.24) and (2.25), we have, for ¢ := DZu,

t ~ 1 ~ t N ~
-6 _ . -6
/t; (%I’a_’s)dgls B </% %dels)zfa_” /za (/43 wrdelr) ° dI’EJ

Repeating the above arguments we obtain

n

t ~
S [ — /] 971 ----- 0[
/ (0 Jdoys = 3 (=177 P @7 (1), (4.12)

i=1

Then, by changing variable t — § to ¢ and denoting g := £ -;p 0, we have
p:|
- Gl Oy 041
<cC ZE[ sup  sup [T 00 (D yyg i (1)|P]

i=1 0<é=e(tg—e)t<t<to+e

t ~
/t (Df)uszt}i)dgl s

E [ sup sup

0<d8<e tgVE<t<ty+e

n

P
<C Z(E[ sup sup o 0’)(DZM)|”’])q

i—1 0<é=<e (tg—e)t <t<tp+e

) 2pq_
x(E[sup  swp  mG @ ]) T
0<d=<e (1p—e)t <r<tp+e

PlOn,...0; 11|
2

i=1

p(01=1

=Ce 2 IP(Du, po, (1o — &)*, 1o + 2¢), (4.13)

thanks to Lemma 4.5. Now following similar arguments as in (4.11), one may easily derive from
(4.6) that

p(m+1)
B[ sup  suwp  |Ru(t,t,=8)I"] = Cllallmsz,pre ™5 (4.14)

0<é<e tyVI<t<tp+e
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Finally, note that

sup [Rin(u,t; )|

(€.9)€D} o 4e1

< sup sup |Rp(u,t;8)|+ sup sup Ry (u,t; =98)|.

0<d<etp=<t=ty+e 0<d8<e tgVE<t<to+e

Combining (4.11) and (4.14) we obtain (4.4). B
5. Pathwise Taylor expansion for random fields

In this section we extend our results to Itd random fields. Again, denote 5 := ¢ + & and we
emphasize that § could be negative. Let us denote

[);:{(;,x,s,h)e[o,oo)xoxRde’:(ta,x+h)eQ};
A i . (5.1)
Dy = {(t,x,8,h) 0 € 0N, B+ INP < ot o}.

We remark that (¢5, x + h) € Qn4 for any (¢, x, 8, h) € ﬁN. Furthermore, for any m > 0 and
u e lem](/l), in light of (4.2), and noting that the spatial derivative d, commutes with all the
path derivatives, we shall define the m-th order Taylor expansion by:

1
w@+8,x+h) =Y (DiDLu)t, LT, + Ruu,1,x,8, h), (5.2)
[(6.,0)|=m

for any (¢,x,8,h) € D and w € (2. Clearly, if § = 0, then we recover the standard Taylor
expansion in x; and if 4 = 0, then we recover the Taylor expansion (4.2) for Itd6 processes.
Moreover, if m = 2, then we have

1
w(t +8,x +h) = [u 008 + Dyt h+ D+ By, + 3030 kb
o Ouott  hIBy 1T+ 02,0 B, |60 + Rowrx, 8.0, (53)

Again, we begin with the following simple recursive relations for the remainders.

Lemma 5.1. Letu € H[’"HJ(;I) for some m > 1. Then,

d’ 1
R, .3.8.1) = Ry, 0,800+ Y by [ Rcr(lguntox, 6. Gnde, 654)
i=1 0

where hi(/c) =(1,...,hi_1,kh;,0,...,0).

Proof. Given (z, x, 8, h) € D, we write
d/

u(ts, x +h) —u(t,x) = Eg+ y_ Ei, (5.5)
i=1

where Eg = u(ts, x) — u(t,x) and E; := u(ts,x + h'(1)) — u(ts, x + h'(0)). Note that by
applying the temporal expansion we have
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Eo= Y Dhu(t.x)I, + Ru(u.t,x,80).

1<|0|<m
1
- > EDﬁDf)u(t, ORI+ Ry(u, 1, x, 8, 0). (5.6)
1<((0,0)|<m,|£|=0 "
On the other hand, fori =1, ..., d’, using the Taylor expansion for du we can write

1
E; =h; / Ay, u(ts, x + h'(k))dk
0

1 1 . .
= h / > o DY (3, u)(t, x)(h' (1) IF\, + Rm—1(Ox,u, 1, x, 8, h'(:c))]dx
0 o.0/=m-1""
¢ Ci—1,€;+1
h L. . h'l 1 ti
= Z 1 L 5 DD ur, x) 77,

.01y =mty=0 11 Gim1 G D

1
i [ BB 1.x,0, 0 G
0
he Y
= > — DD u(t,x) I¢

|
[0,0)|<m £;>14; 1 1="-=Ly=0 ¢

1
+hlf Rm—l(ax,'u9t’xvs’hl(K))dK’
0

where we replaced £ = ({1, ...,4;,0,...,0) with (¢1,...,¢;—1,¢; +1,0,...,0). Then

d ¢ d
h .
§ E; = § —Dﬁpf,u(t,x)zﬁ,3+§ hi/ Ry—1(dxu, 1, x, 8, h' (k))dxk.
i=1

1
|
i=1 0.0/ 0>1 ¢ 0

This, together with (5.5) and (5.6), implies that
4

h
ults, x +h) —u(t,x) = 7 DIDou(t, x) If, + Ru(u, t, x, 8, 0)

1<](8,6)|<m
d’ 1 )

30 h [ Ra(@y x5, G
i=1 Y0

Now (5.4) follows immediately from (5.2). W

Our main result of this section is the following pathwise estimate for the remainders, extending
Theorem 4.1.

Theorem 5.2. Assume u € H%Jrz] for some m > 0 and py > psx = (m + 1)d’ + 2. Then for

anyp <poand 0 <a <1 — %, it holds that, for any N > 0,

‘ Ry(u,t,x;6,h)

Ey  sup nra
(181 +n1%) 2

(t,x,8,h)eDy

”} < 0. 5.7
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Proof. We fix N andlet 0 < ¢ < m. Then for any (¢, x) € Qp (recall (2.11)), and

I8] <&, |h| < /e, wehave ((t;)*, x+h) € Qn1 and (£ +2¢, x +h) € Qn 1. In what follows
our generic constant C will depend on |[|u |, 42, py, N+1. Denote, for (7o, xo) € Oy and n > 0,

DE(to, x0) = {(t. x, 8, h) : 18] + 1h> <ectg <t <to+et5>0,|x —xo] <& ). (5.8)

We split the proof into the following steps.
(i) We first show that, for any (79, x9) € Qn and p < po,

E sup |Rou, t,x,8,h)|”] < Cst. (5.9)
(t,x.,8,h)€ DE (t0,x0)

Indeed, note that
[Ro(u,t,x,8,h)| = |u(ts,x +h) —u(t, x)| < Ro,1 + Ro2,
where Rg 1 == |u(ts, x +h) —u(ts, xo)| + |u(t, xo) —u(t, x)|, and Ry 2 := |u(ts, x0) — u(z, xo)|.

Note that Ry 2 is for fixed xo. Applying Proposition 4.2 we get

E sup |RO,2|P] < Cet. (5.10)
(t,x,8,h)e DE (t9,x0)

Moreover, note that

1
Ro1 = ‘(x —x0+h)~/ oxu(ts, xo + k(x —xo—i—h))dl(‘
0

)

1
n ‘(x —X0) - / deu(t, xo + K (x — x0))dic
0

and xo+k (x —x¢), xo+k (x —x9+h) € Ky+1, thanks to (2.12). Then, since dyu € H%H] C HE)O]
and p < po, we have

E[ sup |Ro,1|”] < Ce?.
(t,%,8,h)€ D} (19,%0)
This, together with (5.10), proves (5.9).
(i1) We next show by induction on m that, for any m > 0, any (79, xo) € Dy and p < po,

p(m+1)

E sup |Rm(u,t,x,8,h)|p] < e (5.11)
(t,x,8,h)eDE, (19,x0)

Indeed, by (5.9) we have (5.11) for m = 0. Assume (5.11) holds true for m — 1. Applying
Lemma 5.1, we have

B[ s [Ra@rx S WIP|SCE[ swp (Rurx, 8,007
(t,x,8,h)eDE, (19,x0) (t,x,8,h)eDE, (19,x0)

d 1
tCet Z/O E sup Rm_l(axl.u,t,x,S,w,hl(K))V’]dK.
1

i= (t,x,8,h)e D%, (19, x0)
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Note that dy,u € H%H] and (¢, x, 8, h' (k)) € ﬁfn (to, x0) C ﬁfn_l(to, xo). Then by induction
assumption we have

E S Ryt (.1, x, 8,0, h )7 = CeF
(t,x,8,h)eDE, (t9,x0)

So it suffices to prove

p(m+1)

E sup |Rm(u,t,x,8,0)|”] <Ces 2 . (5.12)

(t,x,8,h)eDE, (g, x0)
To this end, we note that
Ru(u,t,%,8,0) = Ry(u, t,x,8,0) — Ry (u, t, x0, 8, 0) + Ry, (u, 2, x0, 8, 0). (5.13)
Applying Proposition 4.2 again we have

pin+1)

E sup IRm(u,t,xo,rS,O)I”] <Ce 2. (5.14)

(t,x,8,h)eDE, (9, x0)
On the other hand, recall that Ry, (, 7, x, 8, 0) = u(ts, X) — > g < DYu(t, x) I} . Then
Rm(uv tv X, 87 0) - Rm(”v ts X0, 87 0)

1
= (x—xo)-/ [Bxu(tg,xo—l—/c(x—xo))— > 9 Du(t, xo + Kk (x — xo)) Iﬁm]d/c.
0

|6|<m

Notice that du, 8, DY, € HU for 1] < m, and [x — xo| < "F" for (1, x,8,h) € DE (1, x0).
Then, by Lemma 4.5,

p(m+1)
2

E Sup |Rm(u9taxa870)_Rm(uvtv-x()a 870)|p] SCS
(t,x,8,h)eDE, (t9,x0)
Plugging this and (5.11) into (5.13) we obtain (5.12), which in turn implies (5.11).
(iii)) We now claim that

(p=d)ontD)
2 .

E sup |Rm(u,t,x,8,h)|p] <Cs
(t,x.8,h)eDy I8]+|h|2<e

(5.15)

Indeed, sett; .= ie,i =0, ..., [%] +1l,andletx; € Ky, j=1,..., [(2N8_mTH)d/] + 1 be

discrete grids such that the union of their ¢ 2~ -neighborhood covers K. Then we have

{t.x.6.m) € Dy 2181 +10 < e} < | D} . x)).
iJ

Thus, by (5.11),

E sup |Rm(u,t,x,5,h)|p]
(t,x,8,n)eDy,|8|+|h|><e

521@ sup |Rm(u,t,x,5,h)|p]
i,j  (tx,8,heDE W ,x))

p(m+1) _ 7rll(m+l) p(m+1) (p—d/)(m-H)i
5CE€2 §C£1 2 g 2 =Cs 2 I

iJj
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(iv) Finally, without loss of generality, we may assume ]”T*a < p < po. By (5.15) we have

m +ot

E[ sup ‘Rm(u t,x,68,h) P]
@xsmedy G+ )72
= ]E[sup sup sup

‘ Ry(u,t,x,8,h) P:I
n=02-+D <|§|+|h|2<27" (¢ x,8,h)eDy

(6 + |h2)" 2"

o Ryu(u,t,x,8,h)p
SZE[ sup su ‘M ]
1m0 2D <5 R <2 (¢ x s mye Dy (8 4 R[22

IA
[ NgE:
[\o)

w]E[ sup sup |Rm(””’x"3’h)|p]

81+IR12<27" (1,x,8,h)eDy

i p(m+m)(n+]) _n((ﬁ d")(m+1) ])

3
Il

— M Zz—%“’“—“""*] < oo,
n=0
completing the proof. W

6. Extension to Holder continuous case

In this section we weaken the requirement u € H[m+2](/1) in Theorem 4.1 slightly, by
replacing the highest order differentiability with a certain Holder continuity. First recall the space
H‘[,f’](/l) defined in (2.14). We shall now prove (2.15).

Lemma 6.1. Leta € (0, 1) and p > 2. Then Hyy ™ (A) < HY(A) for any n > 0.

Proof. Without loss of generality, we shall only prove the case thatn = 0. Letu € HE] (A). First,
forany 0 < 19 < T and 0 < ¢ < 1, applying functional It6 formula (2.4) and then Lemma 4.5,
we have

E[ sup  sup  |upqs — u,|p] < Ceh

0<8<e to<t<ty+e
Then the lemma follows exactly the same arguments as in the proof of Theorem 4.1. M

In what follows we shall assume u € H pOHI(A) N H[m +eo (A) for some appropriate m, pg
and «g. Note that in this case R, is still well-defined by (4.2), however, we cannot use the
representations (4.5) and (4.6) anymore because of their involvement of the (m + 2)-th order
derivatives.

In order to estimate R, in this case, we first establish the following recursive representation.
Recall that ¢ ; == ¢y — ¢.

Lemma 6.2. Let u € H['"H](/l) for some m > 1. Then for any § > 0, it holds that:

Ry(u,t,8) = Z / m—2—10| (@ Dou, t, s — t)Iﬁ,sds
10]<m—2,6; 0
+ ) f Dou Tl ds+ Y I (IDhul:.); (6.1)
10|=m—1,6;#0 0|=m,6; #0
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Ry (u,t, —8) = — Z (=D R, _16(Du, t(;,a)z;"t, t>34. 6.2)
5 £

|O]<m

Proof. (i) We first prove (6.1). We claim that, for m > 2,
ts d 1s .
Ry (u,t,é) :/ Rm_2(8,u,t,s—t)ds+2/ Ri—1(8,u,t,s —t)odBy. (6.3)
t i=1 t

Indeed, denote by Em (u, t, §) the right side above, and notice the simple fact:

Is d Is .
> Dﬁ)a,ut/ ds+ ) Dﬁ,aw,-u,Z/ I, 0 dB!
t t

|O]<m—2 18]<m—1 i=1
0 6
= > DuI,. (6.4)
1=|f|=m

Applying the functional It6 formula (2.5) and by (4.2), we have

ts d ts .
Uy = U +/ dusds + Zf d,iuts 0 dB!
t i=1Y1t

2}
— +/ > DLdu Tl + Rua(Bru.t,s - t)]ds
t bpim—2

5

d ts .
+ Z/ [ > DLyl + Rt Dpiu. t,s —r)] odB!
i=1

L lel=m—1
ts
— 0 0
=u; + D, 0u; 1; (s
[6|l<m—2 !
d

Is . -
+ > Dgawiu,Z/ IV 0dBl + Ry(u, 1, 9).
t

10]<m—1 i=1

Then (6.3) follows immediately from (6.4) and (4.2).
We now prove (6.1). When m = 1, the right side of (6.1) becomes

ts d Is .
/ dusds + Z/ [8,iul;s o dB!
t i=1 t
ts d ts . d .
:/ a,usds—}—Z/ dyitts 0 dB; —ZE),U,-M,B,’J5
f i=1"Y1 i=1

d
=y —u; — Y duBl, = Ri(u.t.9).

i=1
For m > 2, applying (6.3) repeatedly on the stochastic integral terms in (6.3) we obtain
Row,t.8)= S I¢, (/ Rm—2-6@Dlu.t,s — t)ds)

6] <m—2,6;#0 !

+ Y 7, (R1 Du.t,- — z)). (6.5)

10]|=m—1,6;#0
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Applying stochastic Fubini theorem repeatedly, we have

. ts
7, (/ Rm—26@Du,t,s — t)ds) =/ Ru-2-9@D0u, t,s — T’ ds.
t t

Moreover, note that DZu € ’ng](/l) for |0| = m — 1. Then

Ri(DPu,t,s — 1) = [D2u] Zaw,z) u, B

2/ 3, D’ u,dr—i—Z/ 3, D% uy 0o dBj — Zawm@u,
13

j=1

s s .
:/ 8[DZu,dr+Zf [0, D% uli., o dBi.
j=1"1

t

Thus, (6.5) leads to

2}
Ru(u,t,8) = > / Ru—2-0(Du,t,s —)IY , ds
61<m—2,6;0 "1

+ Y If’,s(f oD urdr+Zf[8w,D sy o dB} )
6=m—1,6;0

which, together with stochastic Fubini theorem again, implies (6.1) immediately.
(ii) We next prove (6.2). By applying (4.2) twice we have

Ru(u,t,=8) = u,- — » (=)0 Dlu, I’

[0]=m

- Z(—l)W'O[ > DDLU Tl + R Dty ,5)]1*

|61=m 161 <m—10]
‘We now define

Ap = Ry(u,t,=8) + Y (=DYOR, g/ (Du, 15 ,5)1*

6|<m
=Y =l B DIy w7 tzt—f)l. (6.6)
6l<m 13<m—16] '
Denote 6 := ( 0) = (01, e, én), then one can check that

D=y (=DIFIDIu a(@),  wherea(d) :_Z( 1)1(91 ----- ‘”1‘9" """ 1)

1<|f)<m i=0

By setting ¢ := 1 in (4.12) we see that a(é) =0forall 1 < |é| < m. Then 4,, = 0 and we
complete the proof. M

With the above representations, we can now extend Theorem 4.1.
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Theorem 6.3. Assume that u € Hun () N HI () for some m > 0,0 € (0,1), and
po > 0%0 The forany p < poand 0 < @ < o — %, it holds that, for any T > 0,

Ry (u,t;8)p
B[ sup ’% | < 6.7)
@.8)ebly 18177

Proof. Applying the representations (6.1) and (6.2), one can easily prove by induction on m that

p(m+ag)
E[ sup sup  |RmGt,£:8)|P + sup  sup  |Rw(u, 1 —5)|!’] <ce"Y, (6.8)
0<d<ety<t<ty+e¢ 0<8<e toVé<t<tp+e
extending (4.4). The result then follows from very similar arguments as those in Section 4. We
leave the details to interested reader. W

Along the similar lines of arguments we can also weaken the assumptions of Theorem 5.2,
the case for random field, to the Holder conditions. Since the proof is a routine combination of
the previous results, we omit it.

Theorem 6.4. Assume that u € H%H](A) N H%Hao (A) for some m > 0,a¢ € (0, 1), and
Po > Px = alo[(m ~+ ag)d’ + 2). Then for any p < ppand 0 < a < ag[l — %], (5.7) holds for
any N > 0.

7. Application to (forward) stochastic PDEs

One of the main purposes of our study on the pathwise Taylor expansion is to lay the
foundation for the notion of (pathwise) viscosity solution for stochastic PDEs and the associated
forward path-dependent PDEs, which will be articulated in our accompanying paper [4]. More
precisely, we are particularly interested in the case when the random field u is a (classical)
solution (in standard sense) of the following SPDE:

du(t,x) = f(t,x,u, dyu, agu)dt +g(t, x,u,oxu)odB;, t >0, Py-as. (7.1)

where f(t,x,y,z,y) and g(¢, x, y, z) are F-progressively measurable and taking values in R
and RY, respectively, with the variable @ omitted as usual. Clearly, the SPDE (7.1) can be
rewritten as the following system of (forward) path dependent PDE (PPDE):

Qu — f(t,x,u,0cu, 97u) =0;  dpu(t,x) = g(t, x,u, dxu). (7.2)

We will be particularly interested in the version of Theorem 5.2, applied to the solutions of
(7.1) (or equivalently (7.2)) in the case m = 2. To this end, we first assume that u is a solution
of SPDE (7.1) that is smooth enough in our sense. We shall also assume that g is sufficiently
smooth. It is then clear that

Ju(t, x) = g(t, x, u(t, x), oxu(t, x)). (7.3)

Differentiating both sides above in x we get (suppressing variables and noting that g =
g1, g)Difori=1,....,d,and j =1,...,d,

d/

Bfiw_,u = 0y, (g (. X, u, 0eu)) = 0,8 + 0y @0 + Y _[05, 87107 1, (7.4)
k=1
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or in matrix form:
02,1 = [y, it <i<ar1<j<a = 058 + deuldyg]” + 02u 9.8 € RT. (1.5)

I

Similarly, we can easily derive
02,1 = dug + Bouldygl” + [82,u]" [0;¢]
= g + g[0,81" + [0xg + dxuldyg)” + 02%u 9,8 [9.8]. (7.6)
In light of (5.2) with m = 2, we can now formally write down the pathwise Taylor expansion:
u(t+6,x+h,w) —u(t, x, w)

1
= Z —’(Dfo)u)(t,x)hglfm+R(u,t,x,8,h)
1</(6.0]<2 ~*

1
= f(t,x,u,axu,fiz u)d + oyu ~h+g~a)t + =32 u:hn'
XX t+45 2 XX
+[org + duutiyel” + 02w . hUBLs)

T
+|90g + 810,817 + [eg + douldyg]” + 02,u 8] 10:81] - By oo
LR, 1,x,8,h), (7.7

for any (¢, x,8,h) € ﬁ where the right hand side above is evaluated at (¢, x, ), and B, .5 is
defined by (3.15). Applying Theorem 5.2 we then obtain the following result.

Theorem 7.1. Assume that SPDE (7.1) has a solution u € Hgt)] (/Al)for some po > ps = 3d'+2,
and that the coefficient g is regular enough so that all the derivatives in (7.6) are well-defined.
Let R(u, t, x, 8, h) be determined (7.7). Then forany p < poand0 <o < 1— %, the remainder
R satisfies (5.7) withm = 2.

Remark 7.2. The SPDE (7.1) can be written as the following Itd form:
du(t,x) = F(t,x, u, oyu, Bgu)dt +g(t, x,u,dcu)-dB;, t >0, Pp-as. (7.8)
where
1 T T r
F(t,x,y,z,y) = f+ Etr(awg + gloygl" + [0xg + z[0y8]" + ¥ 3.¢] [0:81).
It is thus natural to define the parabolicity of the PPDE (7.2) as

1
0y f =0y F = S[d:g1l9:81" = 0. (7.9)

Clearly, this is exactly the coercivity condition in the SPDE literature (see for example
Rozovskii [17] and Ma—Yong [16] in linear cases). M

We should note that the requirement u € HE;‘O] (/Al) in Theorem 7.1 is much stronger than u
being a classical solution, due to the involvement of path derivatives. In the rest of this section
we shall establish the connection between the two concepts. To begin with let us recall some
Sobolev spaces: for any m > 0 and p > 1,

W (A) = {u € L) : [lullwy v < 00, YN > 0}, W (A) = Np=1 W), (7.10)

where ”””[v’v;,",N = SUP)<;<T D |t|<m EUKN |DEu(t, x)|Pdx].
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Next, we extend the spatial derivatives slightly to those involving (x, y, z, ). To this end,
recall the multi-index set © and the norm |(6, £)| on © defined by (2.29). We define

©.00 . il 0 . ®.0.0) PN 9
Dw’(x’y’z)w = DXD(y,z)Dw(p’ and Dw,(x,y,z,y)¢ = DXD(},’Z”)D(D(;), (7.11D)
where, by a slight abuse of notation, (6, ¢, £) € 6 x N+ and (0, ¢, 6) € © x NItd'+d'xd’,
respectively; and ¢ :Jp(t, X,w,y,Zz,y) is any random field such that these derivatives exist.
Moreover, we define |£| and |£| in an obvious way.

We now state the main result of this section.

Proposition 7.3. Letm > 1, p > d’, and denote p,, .= p(1 + m(mTH)). Assume that

@) for any 0] < m — I,Df’é’ey) Y exists for all €| + |l7| < m — |0|, and is uniformly
bounded when |€| > 1. Moreover, DﬁDg)g is uniformly Lipschitz continuous in (y, z) and

DIDIE(-,0,0) € WS (A) for [e] <m —|0].

w

(ii) for any 0] < m —2, DS  f exists for all 1€] + 18] < m — 1 =10}, and is uniformly
bounded when |é | > 1. Moreover, DﬁDfo f is uniformly Lipschitz continuous in (y, z, ) and

DIDY £(-,0,0,0) € WO (A) for €] <m —1—|6].

Letu € W;"m“ (;1) be a classical solution (in the standard sense with differentiability in x
only) to SPDE (7.1), thenu € HY"'(1). m

We remark that the requirement u € WI’,';H(/Al) is quite strong. We refer for example to
Krylov [13, Theorem 5.1] for some results along this direction. The problem is in general very
challenging, especially in fully nonlinear case, and we shall leave it for future research.

To prove Proposition 7.3 we need a technical lemma that would transform all path derivatives
to the x-derivatives. Let us first introduce some notations. For any random fields ¢ =
o(t,x,w,y,z,y)and u = u(t, x, ), we define (suppressing variables)

ot x,w) = @(t, x, w, u, dxu, Ixylt). (7.12)
Next, fora given (9, £) € 6, we define, with (6, £, £) € O xN'*4' (9, ¢,0) € O x NI+ +d>x

Av=A00,0 = {10 <10, 0}

Ay =A@, 0) = {(0.£.0):16] < 18] — 1,16, £, )] < 1@, D] — 1}; (7.13)

Az = A3@,0) = {0, 6,0 : 101 < 101 — 2,10, ¢, D] < 1@, D] —2}.

Let us now consider the random fields of the following form:

_ ¢ \al 00 @, 6h @,
yo=[]@w [ 0y 80 e T DG, f1ed (7.14)
teAy ,£,0)eA, 0,0,0)eA;

where, aé,a?g o) € N and a(ze 0.5 € N4. We note that by definition the derivatives in (7.11)

have the same dimension as the function ¢. In particular, since g is R?-valued, the meaning of

o —

[D(e,z,i)g]a’ a € N?_in (7.14) should be understood as that of x¢ defined in (2.28).
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Moreover, for each such v, we define its “index”, L(), by:

. 1 2 3
M) =Yg+ Y lag, ol + > @i (7.15)
LeA 0,6,0)€A, (6,6,0)eA3,
1€1=0 1€1=0

We remark that in the above we do not include the exponents when 14| > 0or |é | > 0, since the
(v, z, y)-derivatives are assumed to be bounded in Proposition 7.3.

The following lemma will be crucial to the proof of Proposition 7.3. Since its proof is rather
lengthy, we defer it to the end of the section in order not to disturb our discussion.

Lemma 7.4. Assume f and g are smooth enough with respect to all variables (t, w,x,y, z, ¥),
and u is a classical solution (in standard sense) to SPDE (71.1) with sufficient regularity in x.

Then, for any (0, ) € 6, Dsz)u is a linear combination of the terms in the form (7.14).
Moreover, for each term s, the following estimate holds for its index:

AW) < 1+ 110l + w (7.16)

Assuming this lemma we now prove Proposition 7.3.

Proof of Proposition 7.3. First, we recall so-called Morrey’s inequality (see, e.g., [10]) which
states: for any ¢ : O — R thatisin ng (O) (namely the generalized derivative 9, ¢ is in L” (0)),

where O C R? is a bounded domain with C! boundary, andany p > d’ and0 <y < 1 — %, it
holds that

sup |@(x)|” + sup

xe0 x,x'€e0

(Iw(X) — ()]

14
el sc/ [lpl? + 18,17 1dx. (7.17)
lx — x'|¥ o

Now for N > 0, recall the set Ky defined by (2.11). Let O be a domain with C! boundary such
that Ky C O C Ky41. From Morrey’s inequality (7.17) we deduce that

sup [u(t, x)|7 < CN/ [u(t, )P + [0yu(t, x)|"ldx.
Knti

)CEKN

Thus, to prove the proposition it suffices to show that Dfo)u € W; (;1) for all |(0, €)| < m, that
is,

DIDIu e WO() forall|9] <m, |0, D) <m+1. (7.18)

To this end we fix (6, 7) as in (7.18). If m = 1, then DEDYy is either Dlu for €] < 2, or

Dfa,-u = Dﬁgi forsomei =1,...,d and |£7| < 11 ar_ld one can check (7.18) immediately.
We thus assume m > 2. Denote, for A; := A;(0,£),i = 1,2, 3, we see that

=) IDul+ Y IDiDLg0,01+ Y IDD)f(-0,0,0)].

tea (0,6,0)€A,101=0 ©,£,0)eAs,101=0
Note that,
IDEDIg| < IDEDYg(-, 0,0) + Cllul + [8,ull < C&,  (0,€,0) € Ay;
IDLDY f| < IDEDY £(-,0,0,0)| + Cllu| + |8xu| 4 |8y ul]l < CE, 0,¢,0) € As.
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Note that 1 + [A]o]¢] + Z0I=D < 1 4 m0D) gor any (@, 7) in (7.18). Applying Lemma 7.4,
2 ] m(m+1
one can then check that |D§DZ)M| < cglt Gnt1)

, which leads to (7.18) immediately. W
We now complete this section by proving Lemma 7.4.

Proof of Lemma 7.4. For simplicity, in this proof we assume d = d’ = 1. In particular, in this
case £ € N and thus |¢| = £. We first remark that if v, ..., ¥, are the terms taking form of
(7.14), then so is [ [/_, ¥;. Furthermore, it holds that

A([Tw) = . (7.19)
i=1 i=1

We shall proceed in two steps. .
Step 1. We first prove by induction on |£| that Df (f) is a linear combination of terms:

—

v= T1 @t ] o0t 720

lel<lel+2 Ie,0)1<Iél
and the index A (1) satisfies the estimate

— 1
A(Y) = Z ai + Z (Z = +1€). (7.21)
[e|<lej+2 [e1<lel.|1€1=0
Indeed, when |£7| =0, we have ¢ := f Then all a, ’s and a(3£ @)’S are equal to 0 except a?@ A =1

for |(¢, £)| = 0, and thus A(y) = 1.

Assume the results hold true for m and ¢ = f’ + 1 with |l7_/| = m. Let ¢ be a term in (7.20)
corresponding to £'. Then a typical term ¥ of D(f) = 8,[D* (f)] should come from 8,y. By
(7.19), we now check the x-derivative of each factor of v’ and see its impact on A.

First, for €] < |€'|4+2, we have 8, (Dfu) = D lu, we see that [+ 1| < |€/|+242 = || +2
and the corresponding A(1/) = A(y¥'). Next, for |(£/, o0 <1,

[D(‘“y)f]:[axb““‘?’) FI41,D8) ) Floeu

(x,y.z (x,y.2,¥) (x,y.2,¥)
4 Z J4 E
+10:D{y ) Flsxtt + [0, DL )] 1.

The derivatives of the f terms are up to the order |(¢', )41 < €|+ 1 < |€], and those of the
u terms are up to the order 3 < |£| + 2, so each term is still in the form of (7.20). Moreover, the
first three terms do not increase A, while the last term increase A by 1. Summarizing, we see that
each term ¢ of 9,y is in the form of (7.20) and A(¥) < A(¥') + 1. Then we prove (7.21) for
|2]. )

Similarly, we can prove that Dﬁ (§) is a linear combination of terms:

1_[ (,Dﬁu)at} 1—[ (D(Z E) ) (Z Z) (7.22)

le|<[e]+1 I(e,0)| <]

and the index satisfies the estimate: A(y) := Z|e\<|2|+1 az + Z|E|<|l\ |i|= Oa _< 1+

Step 2. We now prove the lemma by induction on |6]g. When |0y = 0 the results are
obvious. Assume the results hold true for n, and § = (8;,6’) with |6 lo = n. Note that
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Dngu = 0Oy, (DEDZ/M). Let ¢ be a term in the form of (7.14) corresponding to (', £), then a
typical term of D¢D? u should come from dp, v". We show that

¥ is in the form of (7.14) corresponding to (4, £), and A(¥) < A(Y') + [, £)|.  (7.23)
This clearly implies (7.16) for (6, ?). o o
We prove (7.23) in two cases. Denote m := |(0, £)| and m" := [(0', £)|.
Case 1.6y = 0. Then || = |0'| +2,m =m' + 2 and DD u = a,(Dﬁiju). By (7.19), we
now check the ¢-derivative for each factor of ¥’ and see its impact on A.
First, for ¢ € A;(@', 0), we have 8 (D'u) = D' (f) Note that |£] +2 < m' +2 = m

and [£| < m' = m — 2, then (7.20) implies that each term of Dﬁ (f) is in the form of (7.14).

Moreover, by (7.21), this differentiation increases the index A from 1 upto 1 + |£] < 1 + m'.
Then A(y) < A(Y) +m'. o
Next, for (0, £, £) € Ax(0', £) withm’ > 1 (A2(0’, £) is empty when m’ = 0), we have

0.0,0) (z,?\ ﬁ)\ (ﬁ)\
8’ [Dw,(x,y,z)g] = [D(x,y,z)atpz)g] + [8}'D(x,y,z)Ds)g]8tu + [8Z’D(x,y,z)pg)g]8xtu
D €D 1o 17 «h . ~
= [D(x’yl)Bth)g] + [ByD(x,y’Z)DZg] f+ [BZD(X’y’Z)DZg]Z)x[ f1.

The derivatives of g are up to the order |(6, ¢, Z)| +2<m —1+4+2=m—1, and its path
derivatives are up to the order |8| +2 < |6’| — 1 +2 = |#| — 1, then these terms are in the form
of (7.14). Moreover, since m > 3, by (7.20) one can easily see that all the terms offand Bx[f]
are in the form of (7.14). Furthermore, all tl}s: g-terms do not increase A; the term f increases A
upto 1 < m’. When m’ > 2, the term 3, [f] increase Aup to 1 +1 < m’. When m’ = 1, we
must have |(6, ¢, 57)| = 0, then one can check straightforwardly that the A increases from 1 to 2,
namely the increase is 1 = m’. So in all the cases we have A(¥) < A(y') + m’.
Finally, for (0, £, 0) € A3(@', 0) withm’ > 2 (A3, ) is empty when m’ < 1), we have

©.0.0) €d 5 €h =

3, [Dw,(x,y,z,y)f] = [D(x,y,z,y)alpg)f] + [ayp(x,y,z,y)pg)f]f
.0 ~ b ~
+[0:D0) . Do F10: A1+ [0, Dy -, P 10 [ £

The derivatives of f are up to the order |(0,£)| +2 < m' — 2+ 2 = m — 2, and its path
derivatives are up to the order |0| +2 < |0’| — 2+ 2 = |A| — 2, then these terms are in the form
of (7.14). Moreover, since m > 4, by (7.20) one can easily see that all the terms of f Bx[ﬁ, and
Oxx [f] are in the form of (7.14). Furthermore, similarly to the g-case above, one can show that
AY) <A@ +m'. o o

Case2.6; = 1. Thenm = m' + 1 and 8¢8%u = 9,(3£8 u). By using (7.22) and following
similar arguments as in Case 1 we can easily prove the result. W

8. Consistency with [2]

In this section we compare our stochastic Taylor expansions (7.7) with those in our previous
works [3,2] (in particular, the one in [2]), and consequently unify them under the language of our
path-derivatives. To be consistent with [3,2], we assume in what follows thatd = 1,0 = R4,
and that the coefficients f and g in (7.1) are deterministic. We should note that in this case we

1
have Al ; =0,and B, , 5 = 5(w} )%
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We begin by recalling the definition of the “n-fold derivatives” introduced in [2].

Definition 8.1. A random field¢ € C 0.n (F5, [0, T]x Rd/) is called “n-fold” differentiable in the
spatial variable x if there exist n random fields ¢; € CO’”(IE‘, [0, T] x Rd/; Rdi), 2<i<n+1,
withd; = d’ andd; € N, 2 <i < n+1, and functions F;, G; : [0, T] x RY x Réi+1 — R4 | =
1, ..., n, such that, denoting ¢ := ¢, the following properties are satisfied:

() F;, G; eCE’f’p,i =1,...,n;

(2) For 1 <i < n, it holds that

t t
Ci(t,X)=§i,o(x)+/0 E(s,x,§i+1(s,X))dS+/0 Gi(s,x,¢iv1(s,x))dBs,  (8.1)

forall (1, x) € [0, T] x RY, with ;0 € C2(R?; R%), 1 <i <n.
(3) Forany 1 <i <n+1,N > 1, and |£| < n, it holds that

sup{Digi(t, x)|, 1 € [0, T1, |x| < N} € Np=1 LP(2, F, Py).

We shall call §;,i = 2,...,n + 1 the “generalized derivatives” of ¢ = ¢;, with “coefficients”
(F;,Gy),i=1,...,n.

The notion of the n-fold derivatives is particularly motivated by the structure of SPDE (7.1),
or more precisely, (7.8). In fact, if we define ¢ = u, ¢ = (u, oyu, oxxu), F1 = F, and
G1 = g, then (8.1) holds for i = 1. Moreover, if we assume that the coefficients f, g are
sufficiently smooth so that the solution u is 3-fold differentiable, then all the coefficients of the
3-fold generalized derivatives can be determined by differentiating the Eq. (7.8) (in x) repeatedly.
Clearly, to compare the Taylor expansion we need only compare the derivatives in Definition 8.1
and the path-derivatives defined in Definition 2.1. For notational simplicity in what follows we
shall assume d’ = 1.

To begin with, we note that by Definition 8.1 we have {1 = u, { = (u, dyu, dxxtt), {3 =
(u, Oxu, OxxU, OxxxU, Orxxxt). Thus we have (F1, G1) = (F, g) and the coefficients of the 2-fold
derivative are F, = (Fz(l), F2(2), F2(3)) and G, = (G(l), G;z), GS)), where Fz(l) =F, Ggl) =g,
and (Fz(z), ng)) can be determined by differentiating Eq. (7.8) with respect to x, namely,

t t
dyu(t, x) = up(x) + f [F32 (2, x, &3(t, x))1ds + f GP (1, x, &3(t, x))d By, (8.2)
0 0
where, by direct calculation, it is readily seen that

G (t,x,83) = 0,8 + 0,805u + 0,802 u. (8.3)

Note that g is deterministic, we have d,g¢ = 0 and, by (8.2), (8.3), and the definition of path-
derivative,

ot = 3p(Dytt) = G (1, X, £3) = 0y g + 0,801 + 0,802 1 = D (). (8.4)
Now, applying functional 1t6’s formula (or “chain rule”) to g(-, u, dyu) we have
dg(t,x,u, dxu) = F8(t, x, {3)dt + [9,80,u + 0;8wxuld By, (8.5

where we simply denote the drift by F$ as it is irrelevant to our argument. Note that, denoting
z = (y,z,y), we can write G{(t,x,z) = Ggl)(t, x,z) = g(t,x,z) = g(t,x,y,2), and
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D,g = (gy, 8z, 0). Therefore

8y g0ult + g0t = 3,88 + 0:.8G5 (1,x,53) = (Dag(t,x,02), Go(t. %, 83)).  (8.6)
This, together with the fact d,u = g and (8.5), shows that

02,1 = dpg = (Dyg, Ga(t, X, 53)); 8.7)

1 1
atu = f(tsx’ {2) - Eaiwu = f(tsx’ §2) - E(ngv GZ(I,xv §3)> (88)

We can now recast the pathwise Taylor expansion of Buckdahn—Bulla—Ma [2] in the new
path-derivative language. Recall that B! (w) := ws — w;, for s > 1.

Theorem 8.2. Let u be the classical solution to the SPDE (7.1) with deterministic coefficients f

and g, and assume that it is 3-fold differentiable. Then, for every a € (% %) and m € N, there

exist a subset fZa,m C 2 with P{Qa,m} =1, such that, forall (¢, y, w) € [0, T] x B (0) x f)a,m,
the following Taylor expansion holds:

c 1
u(t +h,y+k) —u(t,y) = ah +bB!, + z(B,’Hl)2 + pk + Esz +gkB,,

+ (1Bl + [k1*)* Ram (.t + .y, y + k), (8.9)
forall (t +h,y +k) €[0,T] x B (0). Here, the coefficients (a, b, c, p, q, X) are given by

{azBZ‘u(t’xa')ﬂ b=awu(taxa')7 CZawa)u(I’x");

p=8xu(t,x,~), q Zaw_xu([,.x,'), X=axxu(t,.x,'). (8'10)

Furthermore, the remainder of Taylor expansion Ry, : [0, T x (Rd)2 x 2 = Risa
measurable random field such that

Rot,m = sup |R0t,m(t’sv Y, Z)' € mp>1 LP(Q’]:’ P) (811)
t,5€[0,T]; y,2€B (0)

Proof. Again, we assume d’ = 1. Since u satisfies (7.1) and is 3-fold differentiable, by a direct
application of Theorem 2.3 in [2], with & = &1 = u, { = (U, uy, Uxx),and F1 = F, G| = g, we
obtain a stochastic Taylor expansion (8.9) with the following coefficients
1

a=f(t,x,0)=F@ x,0)— E(ng(l,x, 02), Ga(t, x, 83)),

b=g(t, x, ), c = (D,g(t, x,82), Ga(t, x, {3)),

p = 0xu(t, x), X = Oyxu(t, x), (8.12)

q == axg(t, -xa §2) + (ng(ta -xa CQ.)’ Dx§2>~
Combining (7.3), (8.4), (8.7) and (8.8) we have

a= f(t,x,8)=F(t,x,80)— %(ng(l‘,x, $2), Ga(1, x, £3)) = Ou;

b =gt x, ) = duu;

¢ = (Dag(t, X, 02), Ga(t, X, 83)) = D05

q = 0cg(1, %, 02) + (Dyg(t, X, £2), DiGa) = dxg + dy0tt + 0,051 = 07,1
This proves (8.10), whence the theorem. B
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