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Abstract

We investigate some asymptotic properties of general Markov processes conditioned not to be
absorbed by the moving boundaries. We first give general criteria involving an exponential convergence
towards the Q-process, that is the law of the considered Markov process conditioned never to reach the
moving boundaries. This exponential convergence allows us to state the existence and uniqueness of the
quasi-ergodic distribution considering either boundaries moving periodically or stabilizing boundaries.
We also state the existence and uniqueness of a quasi-limiting distribution when absorbing boundaries
stabilize. We finally deal with some examples such as diffusions which are coming down from infinity.
© 2019 Published by Elsevier B.V.
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1. Introduction

Let (12, A, P) be a probability space and let (X,),c; be a time-homogeneous Markov process
(where I = Z, or R, ) defined on a metric state space (E, d). We associate with E a o-algebra
E. For any t € I, denote by F; = 0(X,,0 < s < 1) the o-field generated by (X;)o<s<res. For
any subset F C E, denote by M (F) the set of probability measures defined on F and B(F)
the set of the bounded measurable function f: F — R.

We define, for each time ¢ € I, a subset A, € & called absorbing subset at time t and we
denote by E, the complement set of A, called survival subset at time t. We will call r — A,

E-mail address: william.ocafrain@math.univ-toulouse.fr.

https://doi.org/10.1016/j.spa.2019.09.019
0304-4149/© 2019 Published by Elsevier B.V.

Please cite this article as: W. Ocafrain, Q-processes and asymptotic properties of Markov processes conditioned not to hit moving boundaries,
Stochastic Processes and their Applications (2019), https://doi.org/10.1016/j.spa.2019.09.019.



http://www.elsevier.com/locate/spa
https://doi.org/10.1016/j.spa.2019.09.019
http://www.elsevier.com/locate/spa
mailto:william.ocafrain@math.univ-toulouse.fr
https://doi.org/10.1016/j.spa.2019.09.019

2 W. Ocgafrain / Stochastic Processes and their Applications xxx (xxxx) xxx

the moving absorbing subset or the moving absorbing boundary. We denote by
Tp=inf{t el : X, € A}

the reaching time of (A;);c; by the process (X;);c;. In all what follows, we will assume that
74 is a stopping time for the filtration (F;),c;. This assumption holds when, for example, the
Markov process (X;);c; is continuous and all the sets (A,);c; are closed.

Even though the process (X;);c; is time-homogeneous, we will associate to this process
a family of probability measures (IPs ,)ser.xeg such that, for any s € [ and for any x € E,
P, «(Xs; = x) = 1 and, for any measure p on E, define Py , = fIP’s,xd,u(x). We denote by E; ,
and E, , the corresponding expectations. When the starting time is not needed, we will prefer
the notation P, := Py, and E, :=Eg .

In this paper, we will deal with the so-called Q-process, quasi-limiting distribution and
quasi-ergodic distribution, defined as below:

Definition 1.

(i) We say that there is a Q-process if there exists a family of probability measures
(Qy.x)ser xek, such that for any s <1, x € Ej,

()
IP)s,)((X[s,t] € '|TA > T) T — QS,X(X[S,T] S ')7

el, T—->x
where, for any u, v € I, Xy, is the trajectory of (X;);c; between times u and v and
where (d) refers to the weak convergence of probability measures.
(i) We say that « € M(E) is a quasi-limiting distribution if, for some u € M(E)),
d
Pu(X, € ta>t) -2 a (1)

tel,t—o0

(iii) We say that 8 € M (E) is a quasi-ergodic distribution if there exists u € M (Ey) such

that,
[ )
1 & @)
— Y Pu(Xy €Jta > n) —> B
n n—00
k=0
it =7,
[ ]
I %)
- P.(Xy € tq > t)ds — B
t 0 t— 00
if I =R,.

For Markov processes absorbed by non-moving boundaries (i.e. A; = Ag for any ¢ € I), the
notions of Q-process, quasi-limiting distribution and quasi-ergodic distribution are dealt with
by the theory of quasi-stationarity, which studies the asymptotic behavior of such processes
conditioned not to be absorbed. In particular, the main object of this theory is the quasi-
stationary distribution, which is defined as a probability measure « such that, for all 7 € I,

Py(X; € -|T4 > 1) = . 2

In the time-homogeneous setting, it is well known that the notions of quasi-stationary
distributions and quasi-limiting distributions are equivalent. The interested reader can see [16]
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and [10] for an overview of the theory. In particular, these monographs give some results about
the existence of quasi-limiting distributions and Q-processes for several processes: Markov
chains on finite state space and countable space, birth and death processes, diffusion processes
and others. In a same way, existence of quasi-ergodic distributions has been also shown for
such processes. The reader can see [4,12,18] for the study on quasi-ergodic distributions in a
very general framework.

In this article, we will be interested in the existence of a Q-process, a quasi-limiting
distribution and a quasi-ergodic distribution when (A;);c; depends on the time. More precisely,
we want to generalize the results presented in [17], which were only obtained for discrete-
time Markov chains defined on finite state space. In particular, this paper showed, in a first
time, that the notion of quasi-stationary distribution as defined by the relation (2), considering
that the boundary (A;),ez, is moving, is not well-defined. If moreover the boundary moves
periodically, then the notion of quasi-limiting distribution is not well-defined either. Finally, it
is shown in [17] that, still considering periodic moving boundaries, the probability measure

1 n

— ZPH(Xk € -|ta > n)

o
converges weakly towards a quasi-ergodic distribution g if the initial measure p satisfies some
assumptions (see [17, Theorem 3]). Moreover, the Q-process is well-defined.

Hence, the main goal of this paper is to recover these results for a more wide class of
Markov processes, such as diffusion processes. In particular, we want to know if the quasi-
ergodic distribution is still well-defined for such processes when the moving boundary (A;);e;
is periodic.

The main assumption that (X,),c; will satisfy in this paper will be based on a Champagnat—
Villemonais type condition. When A does not depend on #, Champagnat and Villemonais
introduce in [6] the following assumption: there exists v € M;(E) such that

(A1) there exist tp > 0 and ¢; > 0 such that
Vx € Ey, Pu(Xy, €-lTa > f) = C1v;
(A2) there exists ¢, > 0 such that: Vx € Ey, Vi > 0,
P,(ta > t) = 2P (T4 > 1).

In particular, (A1) can be seen as a conditional version of Doeblin’s condition. Then the authors
show that (A1)—(A2) are equivalent to an exponential uniform convergence of the total variation
distance between the conditional probability P,,(X; € -|t4 > t) and the unique quasi-stationary
distribution. Moreover, one has, under these assumptions, the existence of a Q-process, as well
as the existence and the uniqueness of the quasi-ergodic distribution (see [8] for this last result).

Champagnat and Villemonais also adapt the assumptions (Al)—(A2) to the
time-inhomogeneous setting in the paper [9]. This time-inhomogeneous version will be used
to our purpose; we refer the reader to Section 3 for more details about it. In particular,
the Assumption (A’), which is introduced in Section 2, is a particular case of their time-
inhomogeneous conditions. In this paper, the existence of a Q-process will be proved, as well as
the exponential convergence in total variation of the probability measure P (X5 € -|ta > T)
towards the Q-process, when T goes to infinity. In the same way as in the paper [8], this
exponential convergence implies that the existence and the uniqueness of the quasi-ergodic
distribution is equivalent to an ergodic theorem for the Q-process. In particular, this corollary
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will be applied for periodic moving boundaries to show the existence and the uniqueness of a
quasi-ergodic distribution.

Moreover, the case of a non-increasing converging moving boundary (the notion of conver-
gence will be defined further) will be dealt with. In this case, one can expect an asymptotic
homogeneity of the conditional probability P (X4, € -|ta > s + t) when s goes to
infinity (in the meaning of Proposition 3 in Section 4.2), and use this property to show the
existence of a quasi-limiting distribution. It will be therefore shown in this paper that, under
the Champagnat—Villemonais condition and some extra assumptions, there exists a unique
quasi-limiting distribution for which the weak convergence (1) holds for any initial law u.

This paper ends with an application of these results to a one-dimensional diffusion process
coming down from infinity, that is to say, for some t > 0 and y € R,

lim P.(r, <t) >0,
xX—>+00

where 7, is the hitting time of y by (X,);¢;. It will be shown that, under additional assump-
tions, the diffusion process (X;);>o satisfies the time-inhomogeneous Champagnat—Villemonais
conditions.
2. Assumptions and general results
From now on, assume that (A;);c; could depend on time and for any s € [ and x € Ej,
IP)S,X(TA < OO) = 17

and, in order to make sense of the conditioning, we will assume that for any s < ¢ and any
x € E;,

P (ta > 1) > 0.
We introduce now the main assumption adapted from the Champagnat—Villemonais conditions
introduced in [6]:
Assumption (A’). There exist (v5)se; a sequence of probability measures (v, € M (Ey) for
each s € I), and 1y, ¢y, ¢ > 0 such that
(A'l) Vs € I,Vx € Eq,
Ps x(Xs11y € -[Ta > 5 +10) = C1Vs14y5
(A'2) Vs <t,Vx € Ej,
Ps o (ta > 1) = 2P (T4 > 1).

In this section, the main results and contributions in this paper are presented. Let us recall
that the fotal variation distance between two probability measures © and v on E is defined by

lw —vlizy = sup [u(f) —v()l,
feBI(E)
where Bi(E) :={f € B(E) : || flloo < 1} and where the notation

u(f) = /E Foudx)

is used. Then let us state our main result:
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Theorem 1. Under Assumption (A’), there exists a Q-process (Definition 1(i)). Furthermore,
there exists C, A > 0 such that, for any s <t <T and x € Ej,

IPy o (X5 € |Ta > T) — Qs (X1 € Hlzy < Ce 70,

Explicit formulae will be provided later in Theorem 5, whose statement is more precise than
the one of the previous theorem.
As written in the introduction, two specific behaviors will be studied in this paper:

e Periodic moving boundaries,
e Non-increasing converging moving boundaries, i.e. A, C A for all s < and

Ao =) As #0. 3)

tel

In the periodic case, the following theorem is shown in Section 4.1.

Theorem 2. If (X,),>o satisfies Assumption (A’), then there exists a unique probability measure
B such that, for any u € M;(Ey),

l t
-/ P,(X, € -[ta > )ds > B.
t 0 —00

The expression of the quasi-ergodic distribution S is spelled out later in Theorem 6.

For converging non-increasing moving boundaries, some extra assumptions are needed
to state the theorems. The following assumptions will be useful to show the asymptotic
homogeneity of the conditional probability Py (X4, € -|t4 > s +1):

Assumption (Hyom).

(a) Strong Markov property: For any t stopping time of F; = 0(X,,0 < s < t) and for
any x € I,

Px((Xr-i—z)teI €., T <00olF;) = ]1T<OO]P>X1((Xf)l€[ € )
(b) Convergence in law for the hitting times: For any x € E; and for any ¢ € I,
Psy(ta >s+1) — Py(ra, > 1),
§—>+00

where 74, :=1inf{t > 0: X, € A};

(c) Time-continuity: For any x € Ey and s > 0, the functions t — P, ,(t4 > ¢) and
t — P.(t4,, > t) are continuous;

(d) State-continuity: For any ¢ € I, the function x — P,(t4,, > t) is continuous.

Moreover, defining E, as the complement of A.,, let us set the additional following
assumption:
Assumption (H.,). There exists a unique probability measure oo, € M(Es) such that, for
any 4 € M(Ex) and t > 0,
IPu(X; € “|Tay > 1) = Ay < Coce™,
where C, Yoo > 0.

Then, considering non-increasing converging moving boundaries, one has the following
statement:
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Theorem 3. Under the Assumptions (A’'), (Hpom) and (Hy), for any u € M (Ep),
d
P.(X, € lta>1) Q) oo,
1—>00
where oo is the quasi-stationary distribution defined in the Assumption (Hyo).
The existence and the uniqueness of the quasi-ergodic distribution is also shown in
Section 4.2.
3. Exponential convergence towards Q-process and quasi-ergodic distribution

First, we recall Proposition 3.1. and Theorem 3.3. of [9]. In their paper, N. Champagnat
and D. Villemonais took a time-inhomogeneous Markov process and (Z;;)s<; a collection of
multiplicative nonnegative random variables (i.e. satisfying Z; . Z,, = Z;;, Vs <r <t) such
that, forany s <t € I and x € E, E .(Z;,) > 0 and SUp e, Es (Zs,;) < oo. In our case,
(X¢)rer 1s time-homogeneous, however the penalization (Z; ;)s<; we shall use is given by

Zgi =115, Vs <t
and is time-inhomogeneous because (A;),c; depends on ¢. For any s < ¢, define

Grs: = Py (X € -ta > 1).
Then, by Markov property, the family (¢, ;);<, is a semi-flow, that is: for any r < s <1,

b1 = Pis 0 Py “)
Let o € 1. For any s > to and xy, x, € E;_;,, define v, x, and v as follows:

vs,)«:],xz - ]IIZI%HZ ¢s,x—t0(8xj-); (5)

Vg = min ¢s,57t0(8x)7 (6)
Xe s—1()
where the minimum of several measures is understood as the largest measure smaller than all
the considered measures. Finally, for any s > £, define

IP’S,UMM_2 (ta >t+59)

dy = inf ; 7

’ 120.x1.32€Eg—1y SUPy Px(ta>t+5s) ™
]Pv Vg t

d' = inf (T4 > S 1) ®)

20 sup,cp Py (T4 > 5 +1)

In particular, vy, < vy, x, and d; < d;. We can now state Proposition 3.1. and Theorem 3.3.

of [9] in our situation (see [9] for a more general framework):

Proposition 1 (Proposition 3.1. [9]). For any s € I such that d, > 0 and y € E;, there exists
a finite constant C; y only depending on s and y such that, for all x € E; and t,u > s + 1o
with t < u,

E

0
<c,, inf + [T a-d-wo. )
=0

Y /
vels+i,1] d) il

IP)s,x(":A > t) PS,X(TA > M)

]P)x,y(fA > t) B P.v,y(rA > u)

In particular, if

Lz
liminf — ]‘[ (1 —d_) =0, (10)
=0

tel,t—o00 dt/ P
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for all s > 0, there exists a positive bounded function n; : E; — (0, 00) such that
li IP)s,x(":A > t) ns(x)
im = ,
=00 Py y(ta > 1) n5(y)
where, for any fixed y, the convergence holds uniformly in x. n, satisfies for all x € E; and
s<tel,
Es,x(]ltA>tr)t(Xr)) = ns(x)~

In addition, the function s — ||ns|leo is locally bounded on [0, 00).

Vx,y € Ej,

Theorem 4 (Theorem 3.3 [9]). Assume that
)
[T a-d-p.

1
1
k=0

liminf —
tel.t—oo d;
Then there exists (Qs x)ser xeE, Such that
(d)
PS,X(X[S,S+Z] € ’|TA > T) > Qs,x(X[s,s-H] S ')’ VS,I € I9x € Es»
Tel, T—-oo

and Qg is given by, for all s <t and x € Ej,

Loy (Xo) n:(Xy)
Tt ) Ey lX[s.:1€-,fA>t; . (1D
Es,x(]-rA>t7/r(Xt)) T]S()C)
Furthermore, under (Qs )ser xek,» (Xi)ier is a time-inhomogeneous Markov process. Finally,
this process is asymptotically mixing in the sense that, for any s < t and for any u,m €

MI(ES))
)

1Quu(Xi €)= Que(Xi € )llrv <2 ] (A =diw),

k=0

Qs,x(x[s,t] € ) = ]ES,X (]lx[x,tle'

where

Q) = fE Q. (Opaldn). (12)

Remark 1. Note that, by the definition (12), when p is not a Dirac mass,
Qs,u 7é TETOC ]P)s,u('hA > T)

However, using the notation

Four) = LRI -y MUE, Y € BE), (13)

n(f)

one has

Jim Byt > )= Qs

Remark 2. We emphasize that, in [9], Proposition 3.1. and Theorem 3.3 are stated for any
penalizations (Z;,);<,. In particular, instead of considering absorbed Markov process, it is
possible to work on renormalized Feynman—Kac semi-group taking

t
Z,, = el sudu,
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for some measurable functions g. Indeed, the specific choice of Z;, we did in Proposition 1
and Theorem 4 does not play a role in the proofs.

Under Assumption (A’), and considering #y € I as defined in Assumption (A’), one has, for
any s € 1,

dy > dy > cic; > 0. (14)
Hence, by Proposition 1, (10) is satisfied and, for any s < s +# <f <u and x, y € Ej,
PSX t P x 1 I=s
x(ta>1)  Ps(ta >u) <y x (- CICZ)L = J (15)
Poy(ta>1) P y(ta >u) cl1c

From this last equation, we can expect an exponential convergence of the family of probability
measures (P (X1 € -|[ta > T))r>, towards the Q-process. Let us now reformulate Theo-
rem |, in a more precise manner:

Theorem 5. Let (X,);>0 be a Markov process satisfying Assumption (A’).

1. Then, for any s <t <T and x € Ej,

Tt
1Py« (X5, € lta > T) — Qs (X5 € Ity < (1 - 6162)L 0 J,

where Q. is defined by (11) in Theorem 4.
2. If the Q-process satisfies an ergodic theorem, i.e. there exists a probability measure B
such that for any x € E,

(c1c2)?

1 t
- / Qo.c(X, € )ds = B, (16)
0 —00

then for any 1 € M (Ey),

L [! )
- P.(Xs € lta > t)ds —> B.
t 0 oo

—

The statement of this theorem is implicitly written for / = R,. Obviously, the statement
holds when I = Z, and, from now, we will confuse integral and sum to deal with quasi-ergodic
distributions when the time space / will not be specified.

Proof of Theorem 5. First we will show the exponential convergence towards the Q-process
essentially thanks to (15). In the second step, we will show the existence and uniqueness of
the quasi-ergodic distribution using a method similar to that used in [8].

Step 1 : Exponential convergence towards the Q-process
We may extend (15) to general initial law @ and 7: putting moreover 1/c|c, inside the
constant, there exists C , > 0 only depending on s and 7 such that, for any s <t < u,

]PS,M(TA > u) PS,[L(TA > 1)

= Cyr(1— Clcz)tt’;oxJ.

]P)S,]T(TA > Ll) a ]P)s,n(rA > t)
Thus, by Theorem 4 and letting u — oo,
w(ny) IP>s,u(TA > 1)

7T(77s) ]P)s,n(TA > t)
Using Markov property, for any s <t < T and for any x € Ej,

PS,X(X[s,t] € '|TA > T)

< Con(l—crenl @), a7

Please cite this article as: W. Ocafrain, Q-processes and asymptotic properties of Markov processes conditioned not to hit moving boundaries,
Stochastic Processes and their Applications (2019), https://doi.org/10.1016/j.spa.2019.09.019.




W. Ocgafrain / Stochastic Processes and their Applications xxx (xxxx) xxx 9

]1tA>I]P)l,Xt(TA >1)
= Es,x <]1X[s,t]€' Ps,X(TA >T)
E 1 11A>IPI,X1(TA >T1)
5, X[“]eEsyx(]leNPl»Xt(TA >T))

P x,(ta > T)
= Es,x ]1X[5 t]G-]ltA>t
' ]P)s,x(TA > t)Es,x(]P)t,X,(TA > T)|TA > t)

P x,(ta > T) >

]P)S,X(TA > t)Pt,¢11_¢(6X)(TA > T) .

Using this last equality and (11), for any s <t < T, for any x € E; and any B € &,
|]P)s,x(X[s.t] € BlfA > T) - Qs,x(X[s,t] € B)‘

—|E <1X[s,r163]lm>f< IP>t.X,(75A >T) . n:(X:) ))‘
PPN Poa(ta > 1) \Prg,e0(ma >T)  ¢r(8:)1m0)

T—t ILX, eBlr >t
<C (1 —cqc \~ o JES.X A ’
< Crgr0)( 1€2) : ( P (ta > 1)

= ]ES,X (ﬂX[SJ]G- ]lTA>t

where the last inequality follows from (17). Moreover, for any s < ¢,
Lxp qenley>r
Epo | 22— ) =P, (Xjs1 € B 1)<1, VBeC&.
'(Px(rA>t) « o & Bira > 1) =
Hence, for any s <1, x € E; and B € &,

T—t
|Ps.x(Xps.1 € Blta > T) — Qu+(Xj5.) € B)| < Crg, 601 — Clcz)L 0 J
Without loss of generality, one can assume ¢ — s > £y, since for any r < s + 1o,
{Xi5.n € B} = {X[S.S+to] € B}’

where B := {w:[s,s +1t] = E : w1 € B} is a measurable set.

Note that [9] provides an explicit formula of C , in the proof of Proposition 3.1. for
s and y fixed. Adapting this formula for a general probability measure 7w and recalling
that we put the term 1/c;c; inside Cy ,, one explicit formula of C; , for s € I can be
1 sup,cp, Pso(Ta > vy)

Cs,r[ = —

; 18
C1C2 d{)s]Ps,Jr(TA > vs) ( )

where v € [ is the smaller time v > s + fo such that d, > 0 (with d; as defined in

(8)). Then, by (14), vy =5 + 1 and d;,, > cic2, SO

SupzeEs P.V,Z(TA > 5+ t())
Ps 2 (ta > s+ 1p)

CS,?T S C ’ Vs 2 05 V7T € MI(ES)a

where we set C := @ Thus, for any x € Ej,

SUP;ck, ]Pt,z(TA >t 4+t
Pr g, ,50(Ta > 1 + 1)

Cros0 = C

Now, the following lemma is needed:
Lemma 1. For any s <t such that t — s > ty, for any x € Ej,

¢I,s(8x) > Crly. (19)
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In particular, the condition (A’l) holds replacing ty by any time t, greater than t.
The proof of this lemma is postponed at the end of this proof. Then, by Lemma 1 and
using (A’2),

P60 (Ta >t +10) > 1Py, (Ta > t + 1)

> cica sup Py (T4 > 1 + ).
z€E;

As aresult Cy g, 5,) < 1/(cic2)?, and

T—t
|]P)X,X(X[s,t] €Blta>T)— Qs (X5 € B)\ < A —6’16’2)L o J

1
(c1c2)
This concludes the first step.
Step 2 : Convergence towards the quasi-ergodic distribution
We just proved that for any 0 < s < ¢ and x € E),

IBL(X, € -|ta > 1) — Qon(Xs € iy < (1= crenl ).

1
(c12)?
Note that, in the same way, it was possible to consider a general initial law p instead
of a Dirac measure §,, so that the inequality

IP.(Xs € lta > 1) — Qo ygup(Xs € Ty < (1 Clcz)tt’iJ (20)

1
(c1c2)?
holds for any probability measure p on E (the notation ng * u is defined in (13)).
As a result for any 0 < s < ¢, for any u € M (Ey),

1 [ 1t
H;/O P.(Xs € -|ta > t)ds — ?fo Qo,ngeu (X5 € )ds
t s
/(1 _Cch)LtWJdS

/(1 —C162) ’0 “ds

TV

- (6162)3l

<
(0162)31‘

_ ( fo ) =0 —ce)n
(1)’ = crep) log(1 — cica) t '
Let B be as defined in (16). Then for any u € M;(Ey) and f € B(E),

1 t
‘;/0 E,.(f(Xs)lta > t)ds —ﬂ(f)'

=<

1 ! 1 !
;/ P,.(Xy € -|ta > t)ds — —/ Qo,ppsp (X5 € )ds
0

TV

1 t
+ ‘; f B2, (f(X,)ds —ﬁ(f)‘

- ( to ) I —(1—ciep)o
— X
T\ (cic2)*(1 —ciep)log(l —ciez) t

1 t
+| / B, . (f(X,)ds —

Please cite this article as: W. Ocafrain, Q-processes and asymptotic properties of Markov processes conditioned not to hit moving boundaries,
Stochastic Processes and their Applications (2019), https://doi.org/10.1016/j.spa.2019.09.019.




W. Ocgafrain / Stochastic Processes and their Applications xxx (xxxx) xxx 11

where Egno «u 18 the expectation with respect to Qg ... Then, using the ergodic

theorem for the Q-process,
1 t
‘— [ B = nas - pon| — 0. O
t 0 t—00

Proof of Lemma 1. Applying the condition (A1) to the starting time ¢ — f,
P igy(Xi €14 > 1) 2 cvi(DPi—yy (T4 > 1),  Vy € Eiy,.
Then, for any probability measure w, integrating the last inequality over u(dx) and dividing
by IPi_,.(Ta > 1), one obtains
PrtyuXi €-lta > 1) = crv,, Y e Mi(Ei—).
Hence, using the semi-flow property (4) of (¢, ;)s<;, for any s > 0 and ¢ > s + 1,
G1,5(8x) = Gr.1—19 © Br—1,5(0x) = Pz—ro,d),,,o.x(sx)(xr € -tq > 1) = vy,
which is (19). O

Remark 3. The time-homogeneity of the Markov process (X;),c; does not play a particular role
in the previous proof. In particular, Theorem 5 can be applied to time-inhomogeneous Markov
process. However, in the next section, the time-homogeneity of (X,),c; will be needed.

4. Some behaviors of moving boundaries and quasi-ergodicity

In this section, we will focus on two types of behavior for the moving boundaries

1. when A is y-periodic with y > 0;
2. when A is non-increasing and converges at infinity towards Ao, 7#= 0.

Under Assumption (A’), the existence of the Q-process is provided by Theorem 4 (Theorem
3.3, [9]) and we get moreover an exponential convergence towards the Q-process provided by
Theorem 5. Now we want to investigate on the existence of a quasi-ergodic distribution in the
two cases described above.

4.1. Quasi-ergodic distribution when A is y-periodic

In this subsection, we will work on periodic moving boundaries and we will assume that the
Markov process (X,);>o satisfies the Assumption (A’). In particular, considering Assumption
(A’) for s =0, forany x € Eg and t € I,

1. Po(Xyy € lTa > 10) = C1vyys

2. Pyy(ta > 1) = c2Pr(t4 > 1).
As Lemma 1 claims, any time #; greater than £, is suitable for the condition (A’l). Hence,
without loss of generality, #, will be taken such that 7y = ngy with ny € N. Moreover, by

periodicity of A, it is easy to see that (vs)s;>0 can be chosen as a y-periodic sequence. As a
result, one has

Vig = Vngy = V0-

In all what follows, we will consider such a choice of (vy);>0. The aim is to obtain the
convergence of % fot P.(Xs; € :lta > t)ds towards a quasi-ergodic distribution which will
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be unique. Let us state the following result, which is the more precise version of Theorem 2
introduced in Section 2:

Theorem 6. Assume A is y-periodic with y > 0, and assume that Assumption (A’) is satisfied.
Then for any u € M (Ey),

1 ! @ 1 [f7
— P.(X; € -|ta > t)ds — — Qo,,gy(X‘Y € -)ds,
t 0 t—oo Yy Jy

where B, is the invariant measure of (X, )nen under Qq ., i.e.

VaeN, B, =Qop (Xuy €)= /E By (dx) Qo (Xoy € ).
0

Proof of Theorem 6. We want to show an ergodic theorem for the time-inhomogeneous
Markov process (X;),>o under (Qy, y)s>0,xeE,- Since (A;);>o is y-periodic, for any 0 < s < ¢,
for any x € Ej,

Qs+ky,x(Xt+ky €)= Qs,x(Xt €, Vke Z+- (21)
Moreover, for any n € Z,

QO,x(Xny €)= tliglopx(xny € '|tA > 1)

lim P.(X,, € ta >my)

MeZ4 ,m—>00

= lim P.(Y, € -ty > m),
meZy ,m—> 00

where Ty is defined by
- infln >1:3te((n—Dy,nyl, X, € A} ifYyeE
S [0 if Yo € Ag

and (Y,)nez, is the time-homogeneous Markov chain defined by

v — X,y forn <1
"7 10  otherwise

where 0 plays the role of an absorbing state for (¥,),cz, . In other words, 7 is an absorbing
time for (¥,)sez, and, under (Qo y).ek,, the chain (X, ),ez, is the Q-process of (¥,),ez, -

By Assumption (A") and recalling that we chose (v;)>0 as y-periodic, (Y,),ez, satisfies the
following Champagnat—Villemonais type condition:

1.
Vx € Eg, P(Y,, € -|t5 > ng) = cvo;
2.
Vx € Eg,Vn e Zy, P,(t5 >n) > calP(ty > n).
where we recall that ng = 2. Hence, by Theorem 3.1 in [6], there exists B, € M (Ey), C >0

and p € (0, 1) such that for any n € Z,,

”QO,X(XI’Z)/ € ) - ﬁy”TV = C;Ons Vx € E0~
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This implies that, under Qo ., (X, )sen is Harris recurrent. We can therefore apply Theorem
2.1 in [13] and deduce that, for any nonnegative function f,

1 [ 1 [7
_/ f(X))ds — EBQB (—/ f(Xs)ds> , Qo -almost surely, Vx € E,
t Jo t—00 e v Jo

where ]EE)QE W(G) = f GdQ,, for any measurable nonnegative function G and u € M, (Ey).
It extends to f € B(E) using f = f. — f_ with fi, f_ non negative functions. Thus, by
bounded Lebesgue’s convergence theorem, for any x € Ey and for any f € B(E),

! IJEQ T S
7/(; O,X(f(Xs))dS H—O)O 0.6, ;/(; f(Xy)dS .

Hence the condition (16) is satisfied. We conclude the proof using the second part of
Theorem 5. [

Remark 4. In [13], Hopfner and Kutoyants claimed their results for Markov processes with
continuous paths. It is easy to see using their arguments that the statement in Theorem 2.1. can
be generalized to any time-inhomogeneous Markov processes (X;);c; such that the condition
of periodicity (21) is satisfied and the chain (X, ),cz, is Harris recurrent. See also Proposition
5 of [14].

4.2. Quasi-ergodic distribution when A converges at infinity

In this subsection, we assume that A is non-increasing and let Ay, be as defined in (3). In
what follows, we will first state the existence and uniqueness of a quasi-limiting distribution
under these assumptions. Then we will deal with quasi-ergodic distribution.

4.2.1. Quasi-limiting distribution
First we state the following proposition which will be useful to prove the theorem on the
existence and the uniqueness of the quasi-limiting distribution.

Proposition 2. Under Assumptions (A’), for any B € &, the quantities

limsup P , (X, € Blts > t) and liminfPy , (X, € Blty > 1)
11— 00

—>0o0

do not depend on any couple (s, u) such that u € M,(Ej).

Proof of Proposition 2. We recall the statement of [9, Theorem 2.1], which is adapted to our
case:

Theorem 7 (Theorem 2.1., [9]). For any s € I, for any w1, uy € M (Ey), for any t > s + 1,

=
P50y (Xi € -[Ta > 1) = Py 1) (Xy € -|Ta > Dllry <2(1 — Clcz)L 0 J (22)

Let B € £. First we remark that, for s fixed, limsup,_, ., P, (X; € B|tacp, > t) does not
depend on u € M, (E;). This is straightforward since, thanks to (22), for any s > 0 and any
w1, to € My(Ey),

”Ps,m(xt € ta>1)— Ps,uz(xt € -Jta > Dty :6 0,
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which implies that, for any s > 0 and @y, uy € My(Ey),
limsup P ,, (X; € Blta > t) =limsup P ,,,(X; € B|ta > t). (23)

=00 11— 00
Now for any u > 0, recalling the notation ¢; (1) = Py, (Xs4y € -|Ta > s +u) for any s < ¢
and u € M,(E;),

limsup Py (X, € Blta > t) = limsup Py (X4, € Blta >t +u)

1—>00 =00

= limsup Ps 1y ¢, 0 (X: € Bltg > 1)

—>00

= limsup P54, (X, € Blta > 1), (24)

11— 00
where we used first the semi-flow property of (¢, ;)s<;, and then (23) with a given probability
measure v € M(E;y,).
Hence (24) show that limsup,_, P, ,(X;, € B|ty > t) does not depend on any couple
(s, p) satisfying s € I and u € M (E;). A similar reasoning shows that liminf,_, . Ps ,(X, €
B|t4 > t) does not depend on s and w either. [

Before showing the existence of a quasi-limiting and a quasi-ergodic distribution, let us state
the following proposition providing a uniform-in-time convergence of the time-inhomogeneous
conditioned semi-group towards the time-homogeneous limit semi-group.

Proposition 3. Under Assumptions (Hj,,,) and (Hy), for any x € E,
lim sup [Py (Xiiy € Ita > 5+ T) = Po(X, € |ta > Dlizy = 0. (25)

§=>00 04<T

Remark 5. Taking T = ¢, (25) implies that, for any x € Ej,

vlirgo ?Elg 1Py (Xiqs € |Ta > 5 +1) = Pu(X; € -|Tay, > Dll7v = 0.
This is actually a stronger version than the definition of asymptotic pseudotrajectories as
introduced by Benaim and Hirsch in [3], for which the supremum is usually only taken on
a compact set of time. In a practical way, it is difficult to use the weak version to show the
convergence of the time-inhomogeneous semi-flow; considering instead a uniform convergence
on R, will be useful for our purpose. The interested reader can see [2] for more details about
asymptotic pseudotrajectories.

Proof of Proposition 3. Let x € Ej. Then forany 0 <7 <7, s >0 and B € €&,
IPs x(Xi1s € Blta > s +T) — Pu(X; € Blta,, > T)|
=Py (Xi4s € Blta > s +T) = Py (X541 € Blta, > s+ T)|

| Psx(ta > s+ TP (Xiys € Byta>s+T)  Po(Xgp € Byta, >s+7)
T P(ta>s+T) Pox(tay >s+7T) Po(tay >s+T)
- P (tag > +T) P ,( Xy €B,ta >s5+1T1) B Px(Xiys €B,ta>s+T)
T Pyx(ta >s+T) Psx(tay, >s+T) Psx(tap, >s+7T)
Px(Xsqr €B,ta>s5s+T) P (Xs4r€B,ta, >5+T)

+ Ps,x(TAoo >s+T) Ps,x(TAoo >s+T)
- Psx(tap >s+T) 1l « P (Xs4r € Byta>s+T)
T | Psx(ta>s+T) Psx(tay, >s+7T)
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‘Ps,x(xs-‘rt € B, T4 >S5+ T) - Ps,x(xs-H € B, ThAoo = S + T)
+
Py x(tay >s+1T1)
< ‘Ps,x(tAoo >s+T) 1|+ HDS,X(TA <s+T < TADO)
T Pox(ta>s+T) Psx(tay, >s+7T)
where we used several times the fact that A, C A, for any ¢ (in particular to say that
P (ta > s +u) < P (ta,, > s + u) for any u > 0). Hence it is enough to prove that

’

Pyo(ta <5 +1
ATASSHI S Tan) (26)
>0 HD)c('L'Am > 1) §—>00

As a matter of fact, (20) is equivalent to

Psx(ta>s+1)
sup | —————= — 1| — 0.
20 | Px(Tay >1) 500

and it is easy to check that, for general functions (s,t) — f(s,?), (f(s,-))s>0 converges

uniformly towards the constant function equal to 1 if and only if (ﬁ) also converges
’ 5s>0
uniformly towards 1.

Fix r > 0. Since A is non-increasing, for any s < s’,

EDs,)r(":A s+t < TAOO) - ]P)s’,x(tA =< s’ +1 < TAOO)
Py(ta, > 1) - Py(ta, > 1) '

Moreover, using the convergence in law for the hitting times of Assumption (Hp,,,), one has,
for any t > 0,

PS,X(‘EA <s +1 < TAOO)
— 0.
Pi(tay > 1) 500

Finally, by the strong Markov property of Assumption (Hp,y,), for any ¢ > 0,
Psx(ta =5 +1 < tay) = B x(Ley <5 :9(Xry, Ta, 1 +5)),

where ¢(-, -, -) is defined as follows
Vi€ Ex,VO<u <t, ¢(z,u,t)="P(ta, >1t—u.

By Assumption (H), there exists a unique quasi-stationary distribution a, for the process
(X;)rer absorbed at A,,. Then we recall (see [10,16]) that there exists Ao, > O such that

P, (Ta, >t)=e " V¥t >0.

In [6] it is shown (Proposition 2.3.) that, under (H,), there exists a positive bounded function
Neo defined on (0, co) such that

Noo(¥) = lim e*'P (14 > 1), Vx € Ex. (27)
11— 00

where the convergence holds for the uniform norm on E.. Thus, by [Proposition 2.3, [6]],
Xo g Tart+s) . .
]ersr+s¢?p;(’;A—:>l;v) is uniformly bounded and converges almost surely towards 1., .ooe*>™

Noo(Xzy)
Noo(x)

. Then, by the bounded Lebesgue’s convergence theorem, for any s > 0,

]P)S,X(TA §S+t < TAOQ) . ¢(X1;A,TA,t+S)
S TN (S A AL R4
’ - P (ta,, > 1)

lim

t—00 PX(TAOO > 1) t—00
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noo(XrA)>
Noo(X) '

Py x (14 <s+i<T i
Borlta=sti=tas) o the Alexandroff extension
IPX(TAOC>f)

= E;x <]er <ooe)\oorA

For any s > 0, we can therefore define f; : t —

R, U {oo} setting

IP)s,x(":A <s +1 < TAOO)
Px(ero > l)

fs(00) = tlim

-F <]l e}tooTA noo(XrA)>
— s, x TA <00 _— -

Noo(X)

Then, like any ¢t € R, (f;(c0)),~( 1S non-increasing and since 7., vanishes on A, and
Neo 18 continuous (this is due to the state-continuity of Assumption (Hp,,) and the uniform
convergence (27)),

X
lim f,(c0) = lim E, . IL,A«)oe’\WAM = 0.
§—>00 s—oo noo(x)

We conclude to the uniform convergence (26) using Dini’s theorem for a non-increasing
sequence of functions. [

Now one will prove Theorem 3 stated in Section 2, which is recalled below:

Theorem 8. Under Assumptions (A’), (Hpom) and (Hyo), for any u € Mi(Ey),
Pu(X, € |7a > 1) D s,
1—00

where oo is the quasi-stationary distribution defined in Assumption (Hyo).

Proof of Theorem 8 (Theorem 3). Fix B € £ and note that, by Assumption (Hy,), for any

e Ml(Eoo),
limsupP,(X; € Blta,, > t) =liminfP, (X, € Blta,, > 1) = tto(B),
—00 11— 00

where we recall that a, is the quasi-stationary distribution of (X;);c; absorbed at A,. By
Proposition 2, for a given s € I, limsup,_, P , (X, € B|ta > t) and liminf,_, P, ,(X; €
Bty > t) do not depend on u € M;(E;). Denote therefore by Fj,, and Fj,s the functions
defined by, for any s > 0 and any u € M;(Ejy),

Fyup(s) :=limsup Py (X4, € Blty > s +1) =limsup P  (X,4s € Blta > 5+ 1)

—00 —>00

and
Fing(s) = liminf Py ,(Xs4, € Blty > s + 1) = liminf P (X4, € Blta > s +1)
—00 —0o0

for a given x € Ey. Then F,, and F;,; do not depend on s either (by Proposition 2), hence
for any s > 0,

Fsup(s) = lim Fsup(“)v
u— 00
and
Fing(s) = lim Fing(u).
Moreover, by the uniform convergence (25) of Proposition 3,

lim Fy,,(u) = lim limsupP, (X,4; € Bltga > u +1)
u—

u—>00 o0 t—00
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= limsupP,(X, € Blta, > 1)
—>00
— au(B).
Similarly,
lim Fiuy () = aoo(B).
u— 00

Hence, for any s > 0 and u € M (Ey),

limsupPs ,(X; € Blty > t) = liminfP , (X, € Blty > t) = axc(B). U
—>00

=00

Remark 6. It can be interesting to compare this result and this proof with the one of [I,
Theorem 3.11] obtained by Bansaye et al. In particular, they used a different property of
asymptotic homogeneity, which is uniform-in-state in their case.

4.2.2. Quasi-ergodic distribution
Now we can state the existence and uniqueness of the quasi-ergodic distribution:

Theorem 9. Under the assumptions of Theorem 8, for any u € M;(Ey),

1! %)
" P.(Xs € ‘|ta > t)ds —> Boo,
0 —0o0

where B is the unique invariant measure of the Q-process of (X;);>0 absorbed by A.

Proof of Theorem 9. We will show that the Q-process converges weakly towards a probability
measure. Fix B € £. Since we have the following inequality shown in Theorem 3.3 of [9]

t—s
1@y (X, €)= Qupn(Xs € gy < 201 — cren)l 5,
for any py, uy € M, (E;). We get therefore that

limsup Qs ., (X; € B) = limsup Qs ,.,(X; € B),

=00 1—00

and we can therefore use the reasoning of the proof of Proposition 2 to show that, for any
s,u €1, for any u,v € M (E;) x M{(Egyy),

limsup Qy, . (X; € B) = limsup Q44 v(X; € B).

—>00 —>00

In particular, for any s > 0, u € M (Ey) and x € E|,

limsup Q;,,(X; € B) = lim limsup Q, (X; € B).

—>00 t—00
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By the uniform convergence (25) of Proposition 3, for any s > 0, u € M;(E;) and x € E,

limsup Q;,,(X; € B) = lim limsup Q, (X,4; € B)
u— 00

—>00 —>00

= lim limsup lim P, (X4, € Blta >u+7T)

U—O 560 T—00

= lim sup Tlim P.(X; € Blta,, > T)
—00

—>00

= limsup Q¥ (X, € B),

—>00

where, for any x € E,
Q¥(X, e B)= Tlim P.(X; € Blta, > T)
—00

is well-defined by [6, Theorem 3.1] under Assumption (Hs). This theorem states moreover
that (X;),e; admits under (Q%°);cg,, a unique invariant measure S, and for any x € E,

lim Q¥°(X, € -) = Boo.

t—>00
Thus, forany B € £, s > 0 and x € Ej,

limsup Qs x(X; € B) = Boo(B)

1—>00
= liminf Q; (X, € B).
—>00

Finally, thanks to the convergence in law of the Q-process we just prove, we can deduce the

weak ergodic theorem using Cesaro’s rule

o1
lim —
t—oo t

[ st & s = g
Hence the condition (16) holds. As a result we can apply the second part of Theorem 5 and
conclude the proof. [
5. Example: Diffusion on R
Let (X;);>0 be a diffusion on R satisfying the following stochastic differential equation
dX, =dW, — V(X,)dt, (28)

where (W;);er, is Brownian motion on R and V € C!'(R). We assume that, under P,, there
exists a strongly unique non explosive solution of (28) such that Xy = x almost surely.
Let & be a positive bounded C'-function. We define 7, the random time defined by

7, =inf{t > 0: X, < h(t)}.
Let us also recall the definition of the semi-flow (¢, ;)s;<, when the absorbing boundary is &:

¢t,.v LU HDS,/L(XZ € -ty > 1), Vs <t.
5.1. Preliminaries on one-dimensional diffusion processes coming down from infinity

We assume that (X;),cr, comes down from infinity (in the sense given in [5]), that is, there
eXists y > Mgy = supy5( h(s) and ¢ > 0 such that

lim P,(z, < 1) > 0, 29)
X—> 00
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where, for any z € R,
T, =inf{t >0: X, = z}.

In this case, as remarked in the subsection 4.5.2. of [7], (X,),;>0 satisfies then

" 1 )
f ~ sup / A ()’m(d§) | dx < oo,
0 X ye(z,A{l(x)] Az(y) z

where, for any z > 0, A, is the scale function of X satisfying 4,(z) = 0 and defined by

A(x) = / Al Vet gy x>, (30)

and m is the speed measure of (X;),>o defined by
m(dg) = 2e205 VEHE gg.

In particular, for any z > 0, the process Y* := (A,(X;));>0 is a local martingale and, since X
is solution of (28), by Itd’s formula, for any ¢ > 0,

t
Yi=Y§ +/0 AL(AZN(YE)AW.
Note that A! = Aj = /oY for any z. So denoting for any x,z > 0 o,(x) = A(A;") =
/16(/1;1), one has
dY? = o, (Y9)dW,.

Adapting [7, Theorem 4.6] for general diffusion processes, we deduce that for any ¢ > 0,
there exists A7 < oo such that

Pt <1,) <AA(x), Vx=>z.
So let u; > 0 be arbitrarily chosen. One has for any z > 0,
Po(uy <1,) < AZIAz(X)’ Vx >z 3D
or, equivalently,
IP’A;1(X)(u1 <71, < A;lx, Vx > 0.

Denoting for any » > 0 and for any process (R;);>0 T,(R) = inf{t > 0: R, = r}, one has for
any z >0and x > r,

PAZ—I(X)(MI < TAz—l(r)) =P (r,(YZ) > u1|YOZ = x) .
Since 7 — Az‘l(x) is increasing for any x > 0, then, for any x > 0 and for any z > 7/,
0 (x) = oy(x). (32)

Thus, using the same reasoning as in the proof of Lemma 4.2. in the paper [9], it is possible
to show that (32) implies that, for any z > 7z’ and x > r

P (r,(YZ’) > ul‘YZ’ = x) > P (z,(YZ) > ul‘f’é = x)
or, equivalently,

PAZ—I(X)(MI < TAz—l(r)) < PAZ—/I(X)(LH < TA;/I(r)). (33)
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Taking 7’ =r = 0, for any x > 0,
P ot < 7)) S Py (ur < 79) < Ay x,  Vx=0.
In conclusion, one has, for any z > 0,
Pe(uy < 7.) < A A(x),  Vx >z (34)

One sets A = Agl. Let us now state and prove the following lemma.

Lemma 2. There exists ug > 0, « > 0 a family of probability measures (V;);[0.hnac] SUCH
that, fOr any z € [0, Apmax],

P.(Xy €-lt; >u) >k, VYx >z, Yu> uop. (35)

The difference between this lemma and [7, Theorem 4.1] is that the time u( and the constant
k do not depend on z. The sketch of the proof is inspired from the proof of the Theorem 4.1
presented in [7, Subsection 5.1].

Proof of Lemma 2. The following proof is divided into two steps.

Step 1.: Mimicking the Step 1 in the proof of [7, Theorem 4.1]
The aim of this first step is to prove that there exist €, ¢ > 0 not depending on z such that

Po(A(Xyy) > €|ty >u) > ¢, Vx >z (36)
Since, for any z € [0, hy4x], A(X) is a local martingale, one has for any x € (z, AZ_'(I)),
A (x) = EX(AZ(X“I/\TZNAz—l(I)))
=Py(z; > uI)Ex(Az(Xul/\fA;l(l))lfz > uy) +Px(TA;1(1) <7, <up).
By Markov property,
IPX(TAZ_I(I) <T; = ul) = EX(ILI’A;I(I)<TZ/\M1IP)AZ_I(])(TZ = M]))

= ]P)X(TA; < TZ)HDAZ*I(I)(TZ <uy)

g0

= A(OP o1 (T < wy),
where the following identity is used
A (x) — A:(b)
A (@) — A (b)
As a result, using (34), one has, for any x € (z, /1;1(1)),

P.(t, < 1)) = Vx € [a, b].

1
Ee(l = Ac(Xine, DT <) < 1=
< z

where A} == A/P -1 ,,(u1 < T;). But, since z € [0, 4., the inequality (33) applied to r =0

e -ty
implies that

IPAZ—I(I)(MI < TZ) = PA;r:mr(l)(ul < rhmax)'

So, defining A" := A/IPA,;I (1)(u1 < Th,.. ), ONE has

! _
Ee(l = A:(Xuype, Dl < 7) 1= 25, Vx €z, 47(D),
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Thus, using Markov’s inequality,

<A (Xul/\t

1 1
<] - —":.
W =241 1TZ>"“>— 24

Then, since A" > 1 by (34), 1/(2A" — 1) < 1. Thus, for any € € (0,1/(2A" — 1)) and
x € (z, A71(1/Q2A" = D),

Px(Az(Xul) > €T > ul)

> Po(r - <UIAT,T,

La/ear-1y) e ° Gngl(l/(ZA,,l)) > U1+ Tyo10a-1))

= Py(7,- <uy AT)P

1/@ar—1y A7 ayear-1)Taste > U

]Px <AZ(XL11/\‘[A"1(1)/\I'Z) = 1/(2A/ - 1)) PAZI(I/(ZA/—I))(.CA;I(G) > u])
B> u)

= A P a-1ajea—1)(Tazie > u1)
P.(r; > uy)
2 2A/ P h"’lllX(l/(2A/ 1))(TA111 (E) > ul)’

where (33) is used again. So, if € is chosen such that IF’A_ ajea- 1))(1/1_ © >uy) > 0 (itis

possible since ]P’/1 1 (1/(2A/—1))(f’ > up) > 0), then there "exist € € o, 1/(2A’ 1)) and ¢ > 0
hmax
(not depending on z) such that, for any x € (z, /1;1(1/(2A’ - 1)),

Px(Az(Xu]) > €|7:z > up) > c.
For x > AZ(1/QA" — 1)),
Px(Az(Xul) > €|t > up) > ]P)x(/lz(Xul) > €, T, > Up)

= ]P)x(f/ljl(e) > I/tl)
zP _](1/(2A’—1))(TAZ_](5) > uy)
=Py AL ajea- 1))(7/1;,;“(5) >up) > 0.

Finally, there exist € € (0, 1/(2A” — 1)) and ¢ > 0 (not depending on z) such that, for any
x>z

Px(Az(Xul) > €|t > up) > c.
Step 2. Mimicking the steps 2 and 3 in the proof of [7, Theorem 4.1].

Now, taking the exact same reasoning as the one presented in the second step of the proof
of Theorem 4.1 [7, Subsection 5.1], one can prove that, for any z € [0, &, ], for all x > ¢,

PAz—l(e)(AZ(Xuz_z) €, T > Unz) > cr Y,
where

e u, . can be any time satisfying c1 =inf,. Py(7. <uy;) >0,
e, = cl’z]P’A; Tz > U2;2),
e and ¥, := IPAz;l(e)(Az(xuzvz) €7, > uz.).

In particular, for z = 0, one chooses u; o such that

ing Py(z0 < u2,0) > 0. 37
y>
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Hence, for any z € [0, h4,] and x > z,

Py(t; < uz0) > Pr(to < u20) > ;{ggﬂ”y(fo < U0) = ¢} g

Hence, for any z € [0, hyax],
¢, =1infPy(t, < uzp) > ¢ -
" x>z ’
In other words, we can set for any z € [0, A4 ]
Uz = U2,0-
Hence, one can define for any z € [0, Ayax],
Clz = C/l,z]P)Ajl(e)(Tz > Un,0), v, = ]P)Ajl(é)(/lz(xulo) € -|t; > uz0).

As a result, doing the same computation as those presented in Step 3 of the proof of Theorem
4.1 in [7], and defining ug := u; 4 uz 9, for any x > z,

HD)c(/lz(Xuo) € '|Tz > uO) > C],zcr}z = CCII,O]PA;WILM(g)(Thmax > MZ,O)DZ'
In conclusion, to get (almost) (35), one has to set k := CC/I,OPA,;;M(e)(thmM > upp) and
v, = IP’Ajl(G)(X,Q0 € ‘|t, > us) and one has

Pi(Xy, € It > uo) = ki, Vx> z. (38)

To get (35) exactly, just note that Lemma 1 (seen in the proof of Theorem 5) can be applied
to the conditional probability P, (X, € -|tr; > u), in such a way that the inequality (38) holds
for any u greater than uy. O

5.2. Periodic absorbing function

Before showing that the Assumption (A’) is satisfied when 4 is periodic or converging, we
will need to give some hypothesis on the function V as defined in (28). In both cases we will
deal with, the absorbing function 4 will be Lipschitz, i.e.

I | (t) — h(s)]|
= sup —————— < 00
s<t |t —s|

Now we state the assumption we need on the function V

Assumption 1 (Hypothesis on V).

e V is such that the process X satisfying (28) comes down from infinity.

e V is positive and increasing on [—Lug, 0o) (where ug is mentioned in Lemma 2).

e sup, g V'(x) — V23(x) < oo.

Note that the functions V : x — (x — ¢)* with @ > 1 and ¢ > 0 are suitable functions.

Now the following proposition is stated and proved:

Proposition 4. Let (X,);>0 be a diffusion process following (28), such that Assumption 1 is
satisfied. Assume moreover that h is a periodic function, with period y > 0.
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Then Assumption (A') holds. In particular, there exists a probability measure B, such that,
for any x > h(0),

1 t
;/ P.(Xs € :|ta > )ds —> B,.
0 —00

Proof of Proposition 4. We will show that the two points in Assumption (A’) are satisfied.
1. Denote by 7,4, the set defined by
7;nux = {t >0: h(t) = hmax}'
where we recall that h,,.x = sup,sq/(s). The main part of this proof is to show that
there exists C,qc > 0 such that, for any s € 7, and any u € [ug, ug + y]
HDs,)c(Xs+u €ty >s+u)> Cmaxllfhmaxa Vx > hpay- (39)
where uo and v, are defined in Lemma 2. Then we will generalize (39) to any s > 0
using Markov property.
First step: Proof of (39)
Let s € Tyax- For any x > h,,,., for any ¢ > 0,
P, (T > 1)
Psx(zp >s+1)
Using the Champagnat—Villemonais type condition (35) for z = A4, for any u > uy,

HDS,X(Xf-FS € '|T/1 > S +t) 2 PX(XZ € '|Thmax > t)

Po(Xu € |Thpare > ) = kVhpyes VX € (Miax, 00)
Then we obtain for any ug < u < ugp+ v,

Py (T > )
P (th > s+ u)
o x> o +y)
= Pyx(th > s +up)

]P)S,)C(XS+M € '|Th > S + Ll) Kwhmax

K 1)ﬁhmawc °

[h()—h(s)]

Recalling that & is Lipschitz and that we defined L = sup,_, , for any x €

[t—s]
(hmﬂ.X7 Oo)s
PX(Thmax > Ug + V) > Px(thmax > Uo + y)
Ps,x(fh >S5 +ug) IEJ>x("—’u—>h,,,‘,X—Lu > ”0),
where
Ty hpax—Lu = 10f{t > 01 X, = hypeye — Lt}
To show that
PX(Thmax > Ug + V)
in >0
XE(hmaxVOO)PX(Tuehmafou > up)
using a continuity argument, it is enough to show that
P (t,,.
lim inf . *mee > U0 T V) (40)
x=hmax Px(tuehmaX—Lu > Ug)
and
P, (7, >
fiminf 2 Pmas > U0 F7) (41)

X—>00 IPx(Tu—>hmaX—Lu > MO)
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(41) is obvious since

oL Pty > ug+ .
lim inf < (T > o +¥) > lim P (7, > uo+y) > 0.
X—>00 Px(fuehmax—Lu > M()) X—=>00 '

Thus let us focus on (40). Our strategy will be to reduce the study to the case of a
Brownian motion. Denote by (M;),>¢ the exponential local martingale defined by, for
any ft,

M, = exp (— | VW)W, — 3 | vz(W.;)ds)

0 0
1 t
= exp (F(Wo) - F(W) + 5/ (V' (Wy) - V2(Ws))ds) )
0

where F is a primitive of V that we choose as a positive function on [—Lug, 0o) (it is
possible since F is necessarily non-decreasing by the assumptions on V). Under P, for
x € (hmax> hmax + 11, Wo = x almost surely. Moreover denote by 7, and z,”,,
the following random times:

Ty =inf{t > 0: W, = hya),
T gy =inf{t = 0: W, = hyey — Lt}

Thus, since F is non-decreasing, the stopped local martingale (M

tAugnt ¥ )i=0 18

u—>hmax—Lu

almost surely bounded by exp (F(Amar + 1) 4 % sup, . V'(y) — V2(y)) and is therefore

a martingale. Likewise, the stopped local martingale (M, nug+y A )i>0 is also a
martingale. By Girsanov’s theorem, "
]IDX(Thmax > Ug + J/) Ex <1T}max >uoty MuO+y/\T}¥nax)

Px(":u%hmafou > MO) ]Ex (]l w M w )
Tu~>hmax7Lu>u0 uo/\ruﬁhmax*Lu

E, (]lr,yv >ug+y M"O""V)

max

E. (1w M)
* Tu—>hmux—Lu>u0 4o

For any x € (hmax, Bmax + 11,

]EX(]lr,max>uo+y M"0+V) > E, (Il Vo sugty M“O*V lsque[O‘uoﬁ—yJ fohmaerz) :

T
hmax

On the event {sup,c(g yo+y1 Ws < Mmax + 2},

up +y
m
2 sE[hmaXthax +2

Mu0+V > exp (_F(hmux + 2) + ](V/(S) - VZ(S))> = Muo-H/'

As a result,

]Ex(]]..[’zfnm>u0+yMu0+y) = MuOerEx (I]. W >u0+)/]15uPs6[0,u0+1/] sthmaerZ)

T
max
1 w
z M”O‘H’]P)x (rhmux > uo+ y) ]P)/V

inf
y€(hmax hmax+11

X sup W < hpar +2
se€[0,up+y]

w
e > U0 +vy
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Noting that

lim P, sup Wi < hypax +2 rh‘ivnm >ug+y| =P sup W;r <2] >0,
y=hmax "\ 5€[0,ug+y] . s€[0,ug+y]
where (W,+)r30 is a Brownian meander (see [11], Theorem 2.1.), we deduce finally that
there exists ¢ > 0 such that for any x € (hmax, Amax + 11

Ee(low gy Mugsy) = Pe (T, > o+ 7).

On the other side, as we said before, (M, ,,, . w
o Tli—)l'lmax—LLl

exp (F(hmax + 1)+ %2 sup g V/'(y) — V*(y)). Hence there exists d > 0 such that, for
any X e (hmaX’ hmax + 1]7

)i>0 1s almost surely bounded by

E, (IL.L,W

u—>hmax —Lu

w
>u0M“0) = d]PX(Tuﬁhmufou > MO)'

As a result, for any (hmax, Bmax + 11,
Py (Thyae > 0 +7) - c IPX(‘L'h‘ZaX >ug+y)

Po(Tums b=t > 10) — dPu(r)V, > ug)

For any x > hyax, denote by p)* (x,-)and pY,, ~_ (x,-) the density functions of
W and % which are known to be equal to

thmax u—>hmax—_Lu
2
w X — hmax ()C - hmax)
phmax(x, l) = ——&Xp|\ ————
2713 2t
and

- hmux

W _ X
pu—>hmux—Lu(x’ t) - m

Then, for any x € (hyax, hinax + 11,

1
exXp (_Z(x - hmux + Lt)z) .

PX(Thv:/nax > U + J/) _ ‘/;:)()O+V P/?:nax (xa t)dt

w N ’
PX(IM—)hmM—Lu > MO) fuo puﬁhmwau('x’ t)dt

By I’Hbpital’s rule,

w © w
lim IPX(Thmax > o+ )/) = 1 /;‘0"")/ axphmax (x, )t
x—>hmax [P (TW >Uu ) B X—>hmax foo 0 w (x t)dt
X\ u—hpax—Lu 0 ug % Py hpax —Lu' X

o w
fu0+]/ axphmax (hmax’ t)dt

= >
o w
f”() axpug,hm(”,llu(hmax’ t)dt

As a result,

w
o Pe(Th, >uoty) o Py(zy,,,, > to+v)
lim inf me > — e
X—>hmax PX(TM—)h)ngX_LM > M()) d x—hmax PX(T > M())

u—>hmax—Lu

> 0.

. . Px(tp >ug+y) . _
In conclusion, lnfxe(hmamoo)m > 0 and (39) holds with C,,, = k X

P (Thypax >10+Y)

lnfxé(hma)moo) ]Px(fu—ﬂzmax —Lu>up)’
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Second step: Generalization and conclusion
Now let s > 0. Then there exists s > 0 such that s + s’ € T,.. As a result we can
construct a function g : Ry — R, as follows

gs)=1inf{s' > 0: 5+ 5" € Trax}- (42)

In particular, g(s) = 0 if s € T,4,. Since h is a continuous function, s + g(s) € Tax
for any s > 0. Moreover, since h is y-periodic, then for any s > 0, g(s) < y.
Thus, by the semi-flow property of (¢, s)s<;, one has for any x € Ej,

PS,X(XS-&-uO-&-y €t > 5 +up+ )/) = ¢S+uo+y,s‘(6x)
= ¢s+u0+y,s+g(s) o ¢s+g(s),s(8x)
= Pot). byt g5 60 Kstug+y € “1Th > 5 + 1o + ).
Now by (39), for any x > h(s),
P5+8(S)1¢Ar+g(x),x(5x)(XS+M0+V € '|7"h > +uo+ 7/) > Cmaxwhmax-
since ug + y — g(s) € [ug, ug + y]. Hence, for any s > 0 and x > h(s),
IPS,X(XS"FMO"FV € '|Th > s+ Uo + y) Z Cmaxl//hmax'

As a result the first condition in Assumption (A’) holds denoting for any s > 0,

Vs = I/fhma,\-s
o =y + uo, 43)
c1 = Cpax.

. For the second condition of Assumption (A’), we will use some part of the proof of [7,

Theorem 4.1]. First we recall [7, Lemma 5.1] :
Lemma 3 (Lemma 5.1., [7]). There exists a > hyqx such that y,,, ([a, 00)) > 0 and,
for any k € N,

—pku
Pa(Xkuo/\rhmaX = a) >e s 09

with p > 0.
So let a be as in the previous lemma. It is shown in [7] that we can choose b > a large
enough such that

supE,(e”™) < oo. (44)

x>b

Using Markov property, for any s > 0, r > 0, and for any sy = koy with kg € N,

Psa(tn > s +1) = Py o(th > 5+ 50 A Ty +1)
> Py oa(Xstsontn,g, = 0 Th > 8+ 50 A Tppyy +1)
> Pu(Xsoney,,, = PIPstsgn(s + 50 +1 < )
> Pu(Xsorry,,, = DIPss(s +1 < 7).

Then, for sy > 0 fixed, C := 1/P,(X > b) < 00, and for any s <,

S0NThimax

IP)s,b([ < Th) < CPs,a(t < Th).
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Thanks to Markov property again, for any u <t € R,
PoXungy . = @Pyuals +1 < 1) < Pyuls +1 < 13). (45)
According to Markov property, for any u € R,
Po(Xunz,,, =a) = Pa(XI_%JuO/\‘[hmM = a)Pa(X(u—I_%JuO)A‘rhmax > a)
= CPuX |t jugnay,, = @ (46)

where

C':= inf Pu(Xyry, >a)>0

vel0,uq]

since v — Pa(vahmm > a) is continuous and P,(X ATy a) > 0 for any
v € [0, up]. Gathering all these inequalities and using also Lemma 3, for any x > b,

t
Poalt +5 < ) < Pu(ty > 1)+ / Pyruslt +5 < t)Ps(z € du) 47)
0

t
= sup E.(e’™)e™"" + Cf Pyt +5 < t)Pi(tp € du)
0

x>b

< supE, (e’™)e™" L#/ugJug
x>b

C]P) ( ¢ )/l 1
+ =P+t <1
c v 0

]P)a(Xl_u/quuO/\thmM >a)

X P.(tp € du)

< sup Ex(gmb)ep”oe_p(tﬁj-‘rl)uo
x>b

C t
+ =P (t+s < rh)/ e""P. (1, € du)
0

C’
< supE(e”)e  Ba(X (|1/uq ] +1)uo 10 Z @)
x>b

C t
EIP’M(I +s5 < th)/ e’ P (1, € du)
0

< supE,(e?™)e’" P, ,(t), > s + 1)
x>b

+

C
c’
We deduce from (44) that, for any ¢ > 0,

t
+ =P, (t+5 < rh)/ e”"P. (1, € du). (48)
0

supPs (1 +5 < 1) < C'Py ot +5 < T1),

x>b
where
" u C T
C" = (e’ + — )supE,(e’™) < 0.
c’ x>b
Since ¥y, ([a, 00)) > 0, we conclude the point 2. of Assumption (A’) setting
1

—. U
C//

Cy =
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5.3. When h is decreasing and converges at infinity
Let us now state the main proposition of this subsection:

Proposition 5. Let (X,);>0 be a diffusion process following (28), such that Assumption 1 is
satisfied. Assume moreover that h is a decreasing C'-function going to 0 as t goes to infinity.
Then Assumption (A’) holds.

Since this is a diffusion process on R, (X,);>o satisfies the strong Markov property and
the two assumptions of continuity presented in Assumption (Hj,,,). Moreover, since t — X, is
continuous almost surely and, for any s > 0, 7 is the hitting time of the closed set [—1, A(s)],
then 7j,(5)—> s—o00cTo almost surely, which entails the convergence in law of the hitting times
of Assumption (Hp,y,). In other words, Assumption (Hj,,,) is satisfied for such a process and
Proposition 5 entails therefore the existence of a probability measure « on (0, +00) such that,
for any x > h(0),

(d)
P.(X, € |ty >1t) — a.
1—00

Proof of Proposition 5.

1. Adapting exactly the same reasoning as Proposition 4, we can show that for any s > 0
and any x > h(s),

Py v (Xstug € 1T > 5 + o) > dskoPncs)s
where we recall that ug, ko and ¥, are such that (35) holds, and where d; is defined by
q = Py (Ths) > uo) ‘
Py (Tus h(s)—Lu > Uo)
We have therefore to show that

infczs > 0.

5s>0
For any z € [0, h(0)] define (X,(Z)),ZO by the solution of
dX® = dw, — V(X + 7)dr.

In particular, X0 @ X. Likewise, for any y € R and z € [0, 2(0)], we denote
‘L'y(z) = inf{r > 0 : X = y} and T:Einyu = inf{r > 0 : X = y — Lt}. Since V
is positive and increasing on [—Lug, 00), then, using Theorem 1.1 in [[15], Chapter VI,

p-437], we can show that for any x > 0 and z € [0, 2(0)],

Py(1y” > uo) = Po(ry"™ > u)
and that
0
]PX(TLEZ*))fLu > MO) = ]P)X(flilfLu > MO)‘
Then, for any x > 0 and s > 0,
h
P (Thisy > o) = Po(zg"™” > o)
> Pu(ry"” > uo)
0]
Px(l'é o up)
= @—P.th(s)(fu%h(s)fLu > I/t()).
Px(ruﬁfl‘u 0
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. . Py (O . .
To conclude, it is enough to see that inf,. P((T(?)—NO) > 0 using the same techniques

(T, 1, >U0)

as the point 1 of Proposition 4.
As a result the first hypothesis of Assumption (A’) holds setting for any s > 0,

_ o if s <up
Vg = .
Wh(sfuo) if s > Ug
fo = uo,
C1 = Ko X ltlgciA
2. The reasoning is the same as the point 2. in the proof of Proposition 4 and the technical
computations could be hidden if they are already explicitly written for the periodic case.
Noting that, for any z € [0, 2(0)] and any y > h(0), ¥,([y, 00)) > O, then, by Lemma

3, there exists a > h(0) such that, for any z € [0, h(0)], ¥.([a, 00)) > 0 and for any
keN

]Pa(XkquTh(o) >a) = e—pku()’
where p > 0. We deduce that for any s > 0
Po(Xugnry,) = a) = e P10,
As in the proof of Proposition 4, we can choose b > a large enough such that

supE,(e”™) < oo.
x>b

Since h is non-increasing, for any s, 7 > 0 and sy > 0,
Pyysobo(th > 5 +50+1) > Py p(z, > s +1).
Hence, according to Markov property,
Psals +1 < 1) = Pa(Xsyrryyy = DIPsp(s +1 < )
> P, (X > b)Psp(s +1 < T3).

SOATh 0)

1

> > __ 1
for any # > 0 and any sy > 0. Hence, for s fixed, C : PaKogrngy =)

s =1,

< 00, and for any

Psp(t < 1) < CPy o (t < ).
Likewise, one finds an analog of the inequality (45)
Pa(Xunryyy = OPsyualt +5 < 1) < P ot < ),
and using the same reasoning as for the inequality (46),
PaXunyy = @) 2 CPa(X | jugrgyy = @
with
C = inf P,(X

>a)> 0.
ve[0,uq]

U/\‘L’h(())

Hence, using these previous inequalities and doing again the array of computation
(47)-(48), we deduce that, for any s < t,

sup Py (1t < 1) < C"Py (1 < 1),

x>b
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where

C
c” = (eWO + 5) supE, (e’™) < oo.

x>b
Since Yy ([a, 00)) > 0 for any s > 0, we conclude the proof of the point 2 setting
1

sza.
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