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Abstract

A Galton—Watson branching process with immigration evolving in a random environment is
considered. Its associated random walk is assumed to be oscillating. We prove a functional limit theorem
in which the process under consideration is normalized by a random coefficient depending on the random
environment only. The distribution of the limiting process is described in terms of a strictly stable Levy
process and a sequence of independent and identically distributed random variables which is independent
of this process.
© 2021 Elsevier B.V. Allrights reserved.
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1. Introduction and statement of main result

Let (£2, F,P) be a probability space and A be the space of probability measures on
No = {0, 1, ...} equipped with the metric of total variation. We consider random elements
01, Q», ..., mapping the space ({2, F, P) into A2, Tt means that Q,, for each n € N, has the
form (F,, G,), where F,, G, are probability measures on Ny. The sequence II = {Q,, n € N}
is called a random environment.

A sequence of non-negative integer random variables {Z,, n € Ny} is called a branching
process with immigration in random environment (BPIRE) if Zy = 0 and

Zn+1n

Zn-H = Z E,‘(n), n € No,

i=I
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where it is assumed that, conditioned on the random environment I/, the random variables
[si("), N, n€Np, i€ N] are independent. Moreover, for any fixed n € N, the variables

Ef"), 52(") , ... are identically distributed with the distribution F,;; and the variable 7, has the
distribution G,4;. In the language of branching processes Z, is the size of the nth generation
without the immigrants which joined this generation; 7, is the number of immigrants which
joined the nth generation; éi(") is the offspring number of the ith particle from the set consisting
of nth generation particles and immigrants who joined them.

In other words, the random process {Z,,, n € Ny}, conditioned on the random environment
11, is an inhomogeneous branching Galton—Watson process with immigration (see [9], Chapter
6, § 7) and, for each n € Ny, the number of immigrants joining the nth generation has
the distribution G,; and the offspring reproduction law of particles of the nth generation
(including joined immigrants) is F, ;. Let f, (-) and g, () be the generating functions of the
(random) distributions F,, and G, respectively.

We consider this model under the assumption that the random elements Qg, Q», ... are
independent and identically distributed.

Set for i € N

Xi=Inf/ (1), w=g 1)

(we assume that 0 < f| (1) < 400, 0 < g/ (1) < +00 a.s.). Introduce the so-called associated
random walk:

So =0, S,,:ZX,-, neN.
i=1

It is clear that the random vectors (X, 1), (X2, i42), ... are independent and identically
distributed under our assumptions.
We impose the following restriction on the distribution of X;.

Assumption A. The distribution of X; belongs without centering to the domain of attraction
of a stable law with index « € (0, 2] and the limit law is not a one-sided stable law.

Under Assumption A the Skorokhod functional limit theorem is valid (see, for instance, [16],
Chapter 16): there are such positive normalizing constants C, that, as n — oo,

W, 3 W, M
where W, = {CH’ISWJ, > 0}, the process W = {W (¢), ¢ > 0} is a strictly stable Lévy
process with index o € (0, 2] and the symbol 2 means convergence in distribution (in this
case, in the space D [0, +00) with Skorokhod topology). Moreover,

C, =n""l(n),

where {/ (n), n € N} is a slowly varying sequence. It is known that the finite-dimensional
distributions of the process W are absolutely continuous. Note that p := P (W (1) > 0) € (0, 1)
under Assumption A. Thus, the Spitzer—Doney condition is satisfied:

limP (S, >0) = p € (0, 1). 2)

The Spitzer—Doney condition means that the random walk {S,} is oscillating.
The aim of this paper is to prove a functional limit theorem for the process {Z lnt), T = O},
as n — oo (see Theorem 1).
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We need some notation and definitions to formulate the theorem. Let for n € N

M, = max §;, L, = minS;.

1<i<n 0<i<n

If the Spitzer—Doney condition (2) is satisfied, then, as n — oo,
{(Qi, Sivm), i €N| L, =0} 3 {(QF, SF ut), i €N}, 3)
. D C e\ .
{(inSisMi)vl€N| Ml’l <0}_>{(Q,'1S,~1M,')71€N}, (4)

where {(07, S, 1)}, {(O7. S, u;)} are some random sequences. Moreover: a) the se-
quences {Qf, i€ N}, {Qi_, i€ N} can be viewed as random environments; b) the sequences
{SiF, i eN}, S, i € N} are the corresponding associated random walks (S;” = S; = 0); ¢)
the sequences {u;", i € N} and {u;, i € N} are positive and constructed from {Q;", i € N}
and {Qi_ , I € N}, respectively, the same as the sequence {u;, i € N} is constructed from
{Qi. i € N}. Suppose that the sequences {QF, i € N} and {Q;, i € N} are defined on
the same probability space (§2*, F*, P*) and are independent (below we denote by E* the
expectation on this probability space).

Relations (3) and (4) follow from Lemma 2.5 of [8] (it is necessary to fix i € N and to
apply an arbitrary bounded and continuous function ¢ : R¥ — R to the random element
(Q1, St 41) 5 - -+, (Qi, Si, i), and then to apply the mentioned lemma to the obtained
random variable). We note also that the sequences {S;", i € N} and {S;, i € N} are Markov
chains (see Section 2 of [8] and Section 3 of [14] where these facts and the distribution of
{0, i € N}, conditioned on the sequence {S;", i € N}, are discussed).

We now come back to our initial BPIRE. Set N; = {i,i +1,...} fori € Z. Fix i € Ny and,
for n € N;, denote by Z;, the total number of particles in the nth generation which are the
descendants of the immigrants joined the ith generation (we assume that Z; ; = n; and Z; , =0
for i > n and i < 0). Note that the random sequence {Z,;,,, ne N,-} is a standard (without
immigration) branching process in the random environment {G;;; F,, n € N;;} and, if this
random environment is fixed, G;,; is the distribution of the number of particles in the initial

generation. Set for n € N;
i = =S5,

If the random environment {G;.;; F,, n € N;y;} is fixed, the random sequence

{ai,nZi,n, ne Ni} is a non-negative martingale with respect to the natural filtration of the

sequence {Z[,n, ne N,-}. Hence (without assuming that the random environment is fixed),

there is a finite limit lim,_,  a; , Z; , P-a.s.

Set
.
=0 iez, ®
e 1€
S Y ®
S A g

The sequence IT* := {QZ k e Z} can be considered as a random environment (we denote the
components of QFf by G; and F;"). We assume that the probability space ({2*, F*, P*) is rich
enough to accommodate a branching process with immigration in the random environment I7*.
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Fix i € Z and, for j € N;, denote by Z*, the total number of particles in the jth
generation being descendants of immigrants Wthh joined the ith generation (we denote the
number of such immigrants by ;" and assume that Z7; = n;). Note that the random sequence

l+l’ Fj*a J EN[+]}.The

[Z* o JEN; } is a branching process in the random environment {G
sequence S}‘ -8 je N,-} is the associated random walk and, given the environment, the
random variable u} is the mean of the random variable n}. Set
—(s%-s2
a; j=e ( J )
In accordance with the above the limit
lim a;ij;-fj =z )
J—>00
exists P*-a.s. Furthermore, P* (g“i* > O) > (0 for i € Ny (see [8], Proposition 3.1).
Introduce the following random series:

Ti= ) uige . Sy=) gfe ™ ©)
ieZ iel
It is clear that X} > 0 P*-a.s. and P* (X, > 0) > 0. Both series converge P*-a.s. under certain
restrictions (see Lemma 4).
Let W be a strictly stable Lévy process with index o (in the sequel we call W simply the
Lévy process). We define the (lower) level L = {L (t), t > 0} of the Lévy process as

L(t) = inf W(s).
s€[0,¢]

Let, further, y1, 2, ... be an independent of W sequence of independent random variables
distributed as the random variable X, /2.

With the help of these ingredients we define finite-dimensional distributions of a random
process Y = {Y (), t > 0} which plays an important role in the sequel. First we set Y (0) = 0.
Consider an arbitrary m € N and arbitrary times t1,t,...,6,: 0 =t < ) < th < -+ <
t,n. The random _vector (Y (t1), ..., Y(t,)) coincides in distribution with the following vector
Y = (Yl, cees ) We first descrlbe the possible values of the vector Y. Its first several
coordinates coincide with y;, the next several coordinates coincide with y, and so on up to
the mth coordinate. The coordinates of the vector ¥ are specified according to the level L of
the Lévy process W. The first coordinate Y is equal to y;. Let the coordinate Y, for some
k < m be known. For instance, f/\k = y; for some [ € N. If the level of the Lévy process at the
time #;4; remains the same as at the time #, i.e. L (fr+1) = L (#), then ?H] = y,. If the level
of the Lévy process at the time #;1; is changed, i.e. L (fr+1) < L (#), then /Y\k-ﬁ-l = Vit1-

Set for n € Ny

n—1
ay =€, b, = ZMHle—Si (bo = 0).
i=0
Introduce for each n € N the random process Y, = {Y, (¢), t > 0}, where
A|nt|
Y,0)=0, Y,(t)=——Z, t>0.
bynt)

Note that for k£ € N the ratio by /a; is equal to the mean of Z;, conditioned on the random
environment I7.
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Let the symbol = mean convergence of random processes in the sense of finite-dimensional
distributions and In" x = max (0, Inx) for x > 0.

Theorem 1. If Assumption A is valid and E (anr ,bcl)aJr‘E < 400 for some ¢ > 0, then, as
n — 0o,

Y,=7Y.

A detailed description of the theory of critical branching processes in random environment
is available in [8,17].

A particular case of a subcritical BPIRE (when the offspring generating function f, (-) is
fractional-linear and g, (s) = s for each n € N) was considered in [18]. The main attention
there was paid to obtaining an exponential estimate for the tail distribution of the so-called
life period of this process (i.e., the time until the first extinction). A more general class of
subcritical BPIRE was analyzed in [19] where a limit theorem describing the population size
at a distant moment was proved and an exponential estimate for the tail distribution of the life
period was established. A strong law of large numbers and a central limit theorem for a wide
class of subcritical BPIRE were proved in [21].

A critical BPIRE was considered in [10] where sufficient conditions of transience and
recurrence were obtained. The author of [3], studying a random walk in random environment,
proved a particular case of Theorem | (when the offspring generating function f;, (-) is
fractional-linear and g, (s) = s for each n € N). We would like to stress that the proof used
in the present paper differs significantly from the one given in [3]. An interesting observation
is made in [3] (for the mentioned special case). It is shown there that the random variable
y1 has the exponential distribution with parameter 1 and, therefore, in view of Theorem 1, the
random variable X,/ has the same distribution. Along with [3] we also mention papers [4—0]
in which critical and supercritical processes (with stopped immigration) are considered under
some restrictions on their lifetimes.

Recent papers [13,20] contain exact asymptotic formulae for the tail distribution of the life
period for critical and subcritical BPIRE.

It should be noted that limit processes similar in the spirit to our process Y arise already
in the study of a standard (without immigration) intermediate subcritical branching process in
a random environment (see [2] and [7]), as well as in the study (in the special case described
above) of a supercritical BPIRE with stopped immigration (see [5]). The construction of such
limit processes is based on the so-called conditional Lévy processes rather than on standard
Lévy processes.

2. Auxiliary statements
Let 7, be the first moment when the minimum of the random walk Sy, ..., S, is attained:
T, =min{i : S; =L,, 0<i <n}.
Set for n € N

;o Srn+i - an, i € N(_fn)’
Sin = { 0, i € Z\N_q,. (1o

For positive integer numbers n; < n, set

Ly n, = min §;.
' ny<i<np

114



V.I. Afanasyev Stochastic Processes and their Applications 139 (2021) 110-138

Lemma 1. If the Spitzer—Doney condition (2) is satisfied, then, as n — oo,

{s;,, iez} 3 (s,

ieZ}.

Proof. First, we show that for any fixed i € N, as n — oo,

(Sis e SL) 2 (S5, 87). (11)
Let A be a (ST, ce, S;“)-continuous (relative to the measure P*) Borel set from R’. Then for
ne Ni
P((S{’n, S;’n) cA, t1,+i< n)

= B (Si S €A T=k)
k=0

n—i

= ZP((SIH-I =Sk Skri =S €A, Sk < Li—1, Sk < Lisin)
k=0

and by the Markov property of random walks we have that
P((Sir1 =St Siei —S) €A, Se < Lt Sk < Ligin)
=P (St < Lic) P ((Sks1 — Skv oo Seti = S0) € A, Sk < Ligrn)
=P(Si < Li—DP((S1,....8) €A, Ly =0
=P((S1,....8) €Al Lyy Z0)P(S < Li-)P(Lpx =0)
=P((S,....8) €A Ly« zZ0P(m =k).
Thus,
P((S],.....8,) €A, 1w +i<n)

=ZP((51,~--,Si)€A| Ly Z0)P(r, =k). (12)
k=0

If the Spitzer—Doney condition is satisfied, then the following generalized arcsine law is
valid (see, for instance, [12], Chapter 8, Theorem 8.9.9): for x € [0, 1]

lim P (3 < x) = M/ W (1 = u)~" du. (13)
n— 00 n T 0

We pass to the limit in formula (12), as n — oo. Due to (13)
IimP(r,+i<n)=limP(r,/n <1—i/n)=1.
n— 00 n—oo

Therefore the limit of the left-hand side of (12) coincides with the limit of probability
P((S],.---.S.,) €A),as n— oo, if at least one of these limits exists.

If e € (0, 1) and = is large enough, then by (12)
P((S] S, EA, T, +i<n)=P(ne)+Pr(n,e), (14)

I,n> 2 in
where
L(1—&)n]
Pi(ne)= Y P(Si....8)€A| Liyx =0)P(r, =k,
k=0

115



V.I. Afanasyev Stochastic Processes and their Applications 139 (2021) 110-138
n—i
Py(ne)= Y P((S1,....,S)€A| Lix Z=0)P(r,=k).
k=(1—&)n]+1
Clearly,

n

Pr(n,e) < Y P(m=k=P@>[0-en])

k=[(1—&)n]+1
: l—e
sin (7
1 — ﬂ/ WU —u)" du — 0.
T 0 £—0

n—00
Therefore
limlimsupP; (n, ¢) = 0. (15)
=0 psoco
In view of (3) the probability P ((S1,...,S8;) € A| L,—x > 0) tends, as n — oo, to

P ((Sf.....S")eA Y=P((S....S)eA )

uniformly over 0 < k < [ (1 — ¢) n]. Consequently,

lim Py (n,6) = P*((S],..., S]) € A ) lim L(lffnjp(rn = k)
=P ((S},....5]) e )hmpgrnoq(l—e)nj)
=P ((S].....8) eA )Sm;”p)/o W (1= u) " du
SjOP*((Sl,... NeA )
implying
lim fim Py (n,¢) = P* ((S}.....S}) e A ). (16)

It follows from relations (14)—(16) that for i € Ny

HmP((S],.....5,) €A, w+i<n)=P((S},....8)eA ).
Thus,

: 4 / _ * *

Tim P((S},.....5;,) € A) =P ((S].....5) €A ).

This proves the desired relation (11).
We now show that for any fixed i € N, as n — oo,

(S ipsees SLi) 2 (S0, 8%). (17)

Let B be a (S*,,..., $*,)-continuous (relative to the measure P*) Borel set from R’. Then for
ne Ni

((S/ln,...,S_ln)eB 7, —i > 0)

_ZP Lo SLi,) €B. T =k)

= ZP((Sk—l — Sk Sk =S € B, Sk < Lici, Sk < Livia) s
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and by the Markov property and the duality property of random walks we have that

P((Si—1— Sk Si—i = S) € B, Sk < Lyt Sk < Litin)
=P((Ste1 =St Ski —S) € B, S < Lic) P (S < Lig1n)

=P((=S,....=S)€B, My <O)P(S<Lisin)
=P((=Si,....—S)€B| My <OPM; <O)P (S < Lis1,)
=P((=Si,....-S)eB| My <O0OP(,=k).
Thus,
P((S . ....8,;,)€B, 1w —i=0)

=Y P((=S1,....—S)€B| My, <O)P(r,=k), (18)
k=i

therefore, if ¢ € (0, 1) and #n is large enough, then

P((S ), ....8;,)€B, T, —i>0)=P(n e+ Ps(ne),
where
Len]
Py(n.e)=) P((=Si.....=S) € B| My <O)P(r, =k,
k=i
Py(n, ) = Z P((=S,...,—S)eB| My <O)P(z,=k).
k=len]|+1

It is not difficult to show (see our proof of relation (15)) that

limlim supP; (1, ¢) = 0.
e=>0 psoo

Due to (4) the probability P ((—S;,...,—=S;)) € B| My < 0) tends, as n — 00, to
P ((-57,.....—S)eB )=P((S*.....8%)eB )
uniformly over |en] < k < n. Therefore,

lim lim Py (n, &) =P*(($*,,....8*,) € B ).

e—>0n—o00
As a result, we obtain that

TP (S, ... 8,) €B. 1—i=0)=P((s%.....5%) B ).
Hence,

. / / _ Pp* * *

Tim P((S%,.....8";,) € B) =P ((8%),....8") € B ).

Thus, the desired relation (17) is proved.
It can be shown, by the arguments similar to those used in proving of (11) and (17), that

these two relations can be combined into one. To justify this statement one should take into
account that for k € {0, 1, ..., n}

P((S{, - S) €A, (S-S,
=P((S,....8) €A Ly =0)
xP((=S1,....,=S)€B| My <O)P(z,=k).

117

)eB, rn:k)



V.I. Afanasyev Stochastic Processes and their Applications 139 (2021) 110-138

The lemma is proved.

Remark 1. It is not difficult to verify (see Lemma 1 of [1] or the proof of Theorem 1.5 of [8])
that, under the condition {L, > 0} (or under the condition {M, < 0}), the random sequence
{Si;, i €Ny} and the random process W, are asymptotically independent, as n — oo.
Similarly to relations (12) and (18), one can show that for any a <0 and b > 0

/ / . Ln Sn_Ln
P (Sl’n,...,Sl-’n)eA, T, +i <n, C—ga, c <b

n—i Sn_
= P((Sl,...,si)eA, L<b ‘ Lo zo)

S
xP(C—kSa Mk<0>P(tn:k)
and
Ln Sn_Ln
P ((S/_Lny 5 S/_i,n) [S B’ Tn _i Z O? _ S a, C =< b)
n Sk
= Pl (-S,...,-8S)eB, —<a| M, <0
k=i n
Snfk
x P C <b| L,x =0)P(t,=k).

Using these facts and repeating the reasonings given in the proof of Lemma 1, one can show
that for any a <0 and b > 0, as n — oo,

/ . Ln Sn - Ln
S, 1€Z — <a,
’ Cy Cn

Recall that ({2, F,P) is the underlying probability space. We introduce new probability
measures Pt and P~. With this aim we define the following functions:

ieZ}.

i

§b}—D>{S*

o0
u@x) =1+) P(=S,<x, M,<0), x>0

n=1

o0
v(x)=1+ZP(—Sn >x, L,>0), x<0.
n=1

Set
1? = 1{G,j):i,j€{0,...,n} and i < j}.

Let F,, n € Ny, denote the o-algebra generated by the segment of the random environment

Q1. ..., Q, and the random variables Z; ; for (i, j) € 1. We now introduce a probability
measure Pt on the o-algebra Foy = o (U;";I}"n), defined for each n € Ny and each
JFn-measurable non-negative random variable 8 by the formula

E'B=EBu(S): L,>0). (19)

Similarly, we also introduce a probability measure P~ on the o-algebra F,, defined for each
n € Ny and each F,-measurable non-negative random variable § by the formula

E"f=EBv(S);: M,<0). (20)
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The existence of measures P™ and P~ follows from Lemma 2.4 of [8] (note that it may be
necessary to change the underlying probability space). Thus, three measures P, PT, P~ are
defined on one and the same measurable space ({2, Foo). To explicitly indicate the measure on
(2, Foo) according to which we consider this or those random elements we use the measure
symbol as a lower index.

For instance, it is shown in Lemma 2.5 of [8] that

[(Qf. 8. uf), i €Ny 2{(Qi S ). icNp:. @1
Similarly (see Lemma 5.2 of [17]),
{(Q,‘isSiis/-’Lii)’ i GN}Q{(Q,',S[,/L[), i eIQ}P*' (22)

Due to (21), (22) and our assumption about the independence of the left-hand sides of these
relations, the product of probability spaces (.Q, Foos P+) and (.Q, Foos P‘) may be considered
as a probability space (£2*, F*, P*) and, consequently, the direct product of the measures P*
and P~ may be treated as the measure P*.

Remark 2. If a random element £ is given on the space ( 2, Fsos P+) we can define the random
element &%, specified on the product of the spaces (.Q, Foos P*) and (Q, Foos P’) by means
of the formula &% (w1, wy) = & (w1) for (w1, wr) € 2 x 2. It is clear that the element £T
coincides in distribution with the element £. Similarly, if a random element £ is given on
the space (Q, Foos P‘) we can define the random element £, specified on the product of
the spaces (12, Foo, PT) and (£2, Fos, P7) by means of the formula &~ (w;, w2) = & (w2)
for (w1, wp) € 2 x {2, and the element £~ coincides in distribution with the element &. In
accordance with the agreement we can consider the random elements standing in the left-hand
sides of formulae (21) and (22) as generated by the random elements {(Q;, S;, i;), i € N}p+
and {(Q;, Si, ni), i € N}p- respectively.

Lemma 2. If the Spitzer—Doney condition (2) is satisfied, then, as n — 00,

{ai,nzi,m i €Ny ’ L, = 0} —D> {é‘* i€ No} s

i

where { ¢r, i€ NO} is the random sequence defined by relation (8) .

Proof. By virtue of the first part of Lemma 2.5 from [8] for any fixed i € Ny and k € N;, as
n— 00,

{aoqu(),k, ey a[,kZ,-,k | Ln > O} —D> {(aO,kZ(),k, ey a,,kZi,k)}P+ .

Note (see [8], Section 3) that in view of (19) for any fixed j € Ny the random sequence
{Zj«. k € Nj},, is a branching process in the random environment {G;1: Fr, k € Njii}p,.
Hence, the sequence {Z ik k€ Nj}l, . coincides in distribution with the sequence

[Z;qu, ke Nj}. Moreover,

D * * * *
(a(),kZ(),k, ey ai,kZ,-,k)PJF = (aoykZO’k, ey ai’kZ[’k) .
Thus, as n — oo,

{ao,kZo,k,...,a,-,kZ,-,k | L, ZO} —D> (a(’)“,kZ(’)"k,...,a;ka;fk).
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Due to (8) P*-a.s.
: * * * * * *
Jim (@51 Zg ks - @i Zin) = (855, &) -
It means, in view of the second part of Lemma 2.5 from [8], that, as n — oo,

{aoynZO'n, ey QinZin } L, > O} —D> (C;,,{l*)

The lemma is proved.

Set for n € N
r Zrn+i,n7 i€ N(—r,,)y
Zi n { 0, ieZ \ N(—r,,)’ (23)
r an/afn"’i’ i€ N(_Tn)’
in = { 1, i € Z\N_q,). 24

Lemma 3. If the Spitzer—-Doney condition (2) is satisfied, then, as n — oo,

{a/,Z,, ez} 3 g, iez},

in>

where { gr i€ No} is the random sequence defined by relation (8).

Proof. First, we show that for any fixed i € Ny, as n — o0,

(@0 Zys - @nZ0) 2 (E5r -0 7). (25)

Let A be an arbitrary one-dimensional ({5“, ey {i*)—continuous (relative to the measure P*)
Borel set from Ri*!. Set for k € Ny, n € N

Zin = QenZion
and for k € Ny, n € Ni4;
Zin=Zins - Ziyin) -
Then for n € N;
P((ag,Zyp - a.,Zi,) €A, Tu+i=<n)

n—i
= ZP((a{),nZ{)’n, cal,Zl) €A, T=k)
k=0

n—i
= Zp(zk,n €A, Sp<Lit, Sk =<Lisin)
k=0

and

P(zk,ri €A, Si<Lict, Sk<Lisin)
=P (S < kal)P(/Z\k,n €A, Sk <L)
=P(S5 < kal)P(/Z\O,nfk €A, Ly =0)
=P(Zowr€A| Lik 20)P(Si < Li )P L,y >0)
=P(Zoyr€A| Liy =0)P(z, =k).
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Thus,
P((a(),nZ{)’n, ..a Z ) €A, 1,+i< n)

s Yin“i,n

n—i

=Y P(ZopsrcA| Lii 20)P(z,=k),
k=0
Therefore, if ¢ € (0, 1) and n is large enough, then

P((ag,Zop.----a],Z;,) €A, Ty+i<n)=P(ne+P(ne),

where
[(1—¢)n] .
Pine)= Y P(Zons€A| Liw =0)P(z, =h),
k=0
Py(ne)= Y P(Zons€A| Ly =0)P(r, =k).

k=|(1—e)n]+1
It is easy to show (see the proof of relation (15)) that

limlim sup P, (1, ¢) = 0.

&~V nooo
By Lemma 2
lim P(Zosk €A | Lik 20) =P ((¢&.....¢7) €A )

uniformly over 0 < k < [(1 — ¢) n]. Therefore

lim lim Py (n, &) =P* ((¢5,....¢") € A ).

e—>0n—00

As a result, we obtain that
T P (@5, 20} Z) €A i <n) =P () €A ).
Hence,

. I / ’ ! _ % * *
Tim P ((ah, Zp ol Z),) € A) =P (... c7) €A ).

Thus, the desired relation (25) is proved.

We now show that for any fixed i € N, as n — oo,

D
(aLl,nZLLn, e aLi,nZ’ﬂ,’n) = (gfl, ., g“fi) ) (26)
With this aim we use the continuity theorem for Laplace transform. Let A, ..., A; € Ry =

{x e R: x > 0}. Note that for n € N;

i
E|lexp|— E Aja’_j’nZ’_j,n i T, —1>0
j=1

n i
J— A / . —
= E E | exp —E hja_;,Z_;, 1 =k
k=i j=1

= ZE (exp (_Ek,n) i Sk < Ly, Sk < Lk+l,n) s (27)
k=i
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where

i
Ek,n = E )"jZkfj,n-
j=1

Let the generation numbering of our initial BPIRE determine the time scale. Consider
(without reference to the initial BPIRE) a branching process in the random environment
{Fiy1, Fryo, ...} generated at time k € Ny by a fixed set of particles which is divided into
i pairwise non-intersecting subsets whose cardinalities are /;,...,I; € Ny, respectively. For
n € Ni, we denote Z; , (l j) the total number of particles at time n being descendants of the
particles from the jth subset (we assume that Z; (1;) =1).

Set for k € No, n e Ni, 1 = (g, ..., ) e Nj

Zi O = (Ziw () s ooy Zin D)) Skn = (St — Skv o0 Su — S)
and for k € Ny, n € Ny
Zk,fi,n = (Zkfl,n» ceey Zkfi,n) s A —in = (akfl,nv s akfi,n) .

Let Py (A) = P(A| II), Egé = E(&| II), where A € F and & is a random variable
defined on ({2, 7, P). Denote by I, the indicator of A € F.

Let k € N; and n € N;. Given the random environment I/ the distribution of the random
vector Zy _;, conditioned on the event {Zk,_,‘,k = l}, where 1 € Né, coincides with the
distribution of the random vector Z; , (I). Hence, taking into account the equality a; _;, =
ak.nay i, we obtain (in the same way as in [8], p. 659) that for each bounded and measurable
numerical function f (X,y,z), X € Nf), y € Ri+, z € Rk,

E(f (Z—ims @k —in»Skn) s Zi—ix =1, a_jx €dy, Sox €dz)
=E(Er (f (Zk—im> any> Sen)s  Zi—ix =1); a_ix€dy, Sox € dz)
=B (Enf (Zen 0, any, Su,) Pr (2t =) Hay_can. soyein))
=Ef (Zin ), akny. Spp) P(Zi—ix =1, a_ix €dy, Sox €dz)

(the latter equality is justified by the fact that the (random) expectation
Enf (Zin D). axny. Sy

is expressed through the environment Q.1, ..., @, and the random variable
Py (Zi—ik =) Iy, icay. Soxeds)

is expressed through the environment Qy_;11, ..., Q). Thus,

E (f (Zk,—i,na A —in, Sk~") | Zk’_i'k’ B —ick> SO,k)
= (Ef (Zk,n (l) ’ ak,l1y7 Sk,"l))

1=Z ik, Y=y _ix "

Hence,
E(exp(—Zin)s St <Lici, Sk < Lis1)
=E (E (exp (_Ek,n) I{Sk<Lk_1, Sk<Lisin) ‘ Zi_iks A _iks S(),k))
=E (E (exp (—Ek,n) Hse<Lir ) Zi_ik, A _iks SO,k) S8 < Lk—l)
=EU (Zi—itr A —ik); Sk <Li),
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where
Ud,y)=E|exp _Xi:)\jyj/z\k,n ) ) Sk < Lisin
j=1
forl=(l1,....1;) eNjand y = (y1, ..., y;) € R,. Note that
Ul,y)=E|exp _Xi:)‘jyjfo,nfk ;)| Lik =0
j=1
For each n e N, we introducje the function
H,(y =E| exp —Zi:)»jyj/Z\o,n (lj) L, >0
j=1

forl=(ly,...,[;) eNjand y = (y1, ..., y) € R,. As a result, we obtain that
E(exp(—2in); Sk < Lict, St < Ligin)
=E (Hut (Zi—ik:  A—ik) | Sk < Lict)P(Sk < Lic)P(Lyy > 0)
=E(Hy (Zi—ix. ac—ix) | Sk < Lic1)P(r, =k). (28)

Set Qm = (Q1,..., Q) for I,m € N. In the sequel, we explicitly include a random
environment in the notation. For example, we write Zy _; x (Qk,,-ﬂyk) instead of Zy _; . Set

Or=01,...,0kin1=0Qi,..., 01 =0y
and consider the random environment é Lo eves ék. Then

E (Hy—t (Zi i (Queit1k) ac—ik) | Sk < Li—1)

=E (Hy,— (Zo-i0(Qi1), @, ....a@)) | My <0),
vihere the~ symbols dj, ..., a;, Mk, é,-,l have the same meaning for the random environment
01, ..., Q asthe symbols ay, .. ., a,-A,JMk, Qikl, mean for the random environment Q1, ..., Q.
Further, the random environments Qi,..., Qr and Qi,..., Q) are identically distributed.
Therefore

E (H,—« (Zo,fi,o(()m), @, ....a)) | My < 0)
=E (Hy (Zo-i0(Qin). (a1, ....a)) | Mx <0).

As a result, setting ¥; = Zo_;0(Q;,1) and a; = (ay, ..., a;), we obtain that
E (Hy—k (Zi—is (Quois1k) s a—ik) | Sk < Li—1)
=E (Hn—k (1[/5, a,-) | Mk < 0) . (29)

We have from (27)—(29) that

i
Elexp| — E )Lla’_j.nZ'_j,n 1, —1>0
j=1

ZZE(Hn—k('/fpai) | M;, <0)P(Tn=k)
k=i
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Therefore, if ¢ € (0, 1) and n is large enough, then

E | exp Zkla_ln . T, —i>0

= El (ns8)+E2 (n78)+E3 (n,s), (30)
where

Len]
E\ (n,6) = ZE (Hok (¥io2) | M <0)P(r, =k,

Ey(ne)= Y E(Hii(¥.a)| Mc <O0)P(z, =k),
k=[(1—¢)n]+1
[(I1—¢)n]

Es(n.e)= Y  E(H._(¥,.a)| M <O0)P(,=k).
k=len]+1

Similar to relation (15) we conclude that

limlim supE; (n, &) = 0, 3D
=0 psoco
limlim supE, (n, €) = 0. (32)
e—=>0 noo0o
Letl = (I4,...,];) € Né be fixed. It is not difficult to demonstrate that for each j €
{1,...,i}
Tim 2o, (1) = @ (1)) (33)

exists a.s. on the probability space (Q, Foos P+). By the arguments analogous to those used in
Lemma 2 one can show, as n — oo,

{Zow), s Zon) | Lo =0} B Qo). o))ps - (34)
Fory = (y1,...,y) € R}, set

H@Ly) =E"[exp| =) 2y%0 (L))

It follows from (34) by the dominated convergence theorem that for eachy = (y1, ..., y;) € Rﬂr
lim H,,y)=H(y). (35)
n— 00

Note that H (1, y) is continuous in yq, ..., y; and, for each n € N, the function H, (1, y) is not

increasing with respect to these variables. This means that the convergence in (35) is uniform
on every compact subset of R,.
By Lemma 2.5 of [8], as n — oo,

{Zo-i0(Qin).ai | M, < 0} = (Zo.—i0(Qit) . a7)p- -

In view of (20), when the passage from the measure P to the measure P~, a branching process
in the random environment Q; ; transforms into a branching process in the same environment.
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By formula (22) (see also (5) and (6))

(Qui)p- 2 (07 07) = (@i €0),

(a)p- 2 (efsl_, s efsi_) = (esil, s esi') =(a*g.....a% ).

therefore

(Zo.-i0(Qit) . 1) 2 (Z5,—i0- 35 —i0) »
where for k € Z and [ € N;

Z; ;= (Zlf—l,zv cees Z;:—i,l)’ a = (“Z—u» N alf.,l)'
Thus, as n — o0,
(v a ’ M, <0} 2 (Z5 i 005 _i0) - (36)

By (35), (36) and Theorem 5.5 of [11] we see that for each fixed 1 € Ni, as n — o0,

{Hm(n) (la ai) | Mn < 0} _D) H (l’ a(*;,fi,O) (37)

if m (n) — +o0. Since 0 < H, (I,y) <1 forn € N,1e€ N} and y € R', it follows from (37)
by the dominated convergence theorem that

lim E(H,; (1a) | My <0)=EH(Laj_,,) (38)
n—oQ ) B

uniformly in [en| <k < [(1 —¢)n].
Now we show that

Jlim E (Hoi (¥ 2i) | M < 0) =E"H (Z5 ;4.2 ;) 39)
uniformly in |en] <k < [(1 —¢&)n]. For N > 0 we write

E(H, i (¥, a) | Mc <0)=Ey(k n N)+Es(k,n,N), (40)
where

’

Ey Geon, N) = (Hy (¥,,) Iy, vy | M <0)
Es (kon, N) =E (Hyoi (b 00) Iy 1oy | M <0)
(here |a| is the norm of a € RY). Since
Es(k,n,N) <P(|¢;| >N | My <0),
it follows from (36) that
lim limsupEs (k,n, N) =0 41

N—=>00 pso0
uniformly in |en] < k < [(1 — ¢) n]. Clearly,
Es(k,n,N)= 3 E (Hn,k (L a) Iy, ‘ M, < 0) . (42)
1eNi:  II=N
We can deduce from (36) a stronger relation than (37): as n — o0,

{!0[, H,m 1, a;) | M, < 0} 5 (Z?;,—i,o’ H (l’ ag,—i,O))
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if m (n) — +o00. Therefore, by the dominated convergence theorem

Tim E (Hyoi (L a) Iy, ’ My <0)=FE(H(Laj_0); Z o= (43)
uniformly in |en] < k < [(1 — &) n]. From (42) and (43) we find that

lim lim E4(k,n, N) =E*H (Zaﬂ-’o, ag,ﬂ-!o) (44)

N—o00n—00
uniformly in |en] < k < [(1 — &) n]. From (40), (41) and (44) we obtain the desired relation
(39).
It follows from (39) that
lim lim E; (n,&) = E*H (Z§ _; . a5 _; ) - (45)

e—0n—o00

Now (30)—(32) and (45) imply

lim E (exp | =Y aja";,Z";, |: 1a—i=0|=EH(Z_ .25 ,,)-

n—00

Hence,

lim Eexp ZA a_] " _] .| =EH (Zf)y_,vyo, a’é,_,-,o) . (46)

n—00

We now analyze a branching process in the random environment {F S, } initiated at
time 0 by a fixed set of particles which is divided into i pairwise non-intersecting subsets whose
cardinalities are [y, ..., [; € Ny, respectively. For n € Ny, we denote Z(>)k,n (l j) the total number
of particles at time n being descendants of the particles from the jth subset (we assume that
Z3 o (1;) =1;). Suppose that the random environment II* is fixed, then the distribution of the
random vector Zaﬂ.’n conditioned on the event { Zé.fi,o = l}, where 1 € Nf), coincides with the
distribution of the random vector ( on (). Zé"n (li)). For each n € N, we introduce the
function

Vo(Ly) =E*exp [ = aya5,25, (1))
j=1

forl = (;,...,1;) € Né) andy = (y1,...,)) € Rﬂr. Taking now into account properties of
conditional expectation we find that

E*exp Z)‘ a—/ n —/ 2| =EVa (Zg,—i,o’ a?;,—i,()) . 47
Note that
* * D & -~
(@51 Z50 1) s a5, Z5, (D) = (Zow (1) s+ o Zow (1)) - (48)

In view of (48)

Ve (y) =E¥exp | =Y 29 Zo (1) | - (49)
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Recall (see (8) and (33)) that P*-a.s.

nll>nolo(a an*ln"" 7aniln) (le""’;ii) (50)
and PT-a.s.
Jim (Zo (). Zow (D) = Go (). Lo (1) - (5D

Using (49) and (51) and applying the dominated convergence theorem we see that for 1 € Nf)
and y € R,

lim V, Ly) =H(Yy), (52)

where, recall, H (1,y) = Etexp (— Zi’:l Ajyido (l 1)) Applying the dominated convergence
theorem again we obtain from (47), (50) and (52) that

E*exp Z rjgt; | =EH (Z5 i 0025 _i0) - (53)

It follows from (46) and (53) that for A, ..., A; € Ry

nllrgoEexp Z)L a_]n _J .| =E exp ZA {_ . 54)
Clearly (54) implies (26).
It can be shown, by repeating the reasonings used to prove (25) and (26), that these two
relations can be combined into one.
The lemma is proved.

Remark 3. It is not difficult to verify, using Remark 1, that Lemma 3 admits the following
generalization: for any a <0 and b > 0, as n — oo,

Ln Sn_Ln .
{aanZn, ieZ — =Za, Sb}—%{{i*, ieZ}.

C, C,

Lemma 4. If the conditions of Theorem 1 are satisfied, then P*-a.s.

X< 400, X < Hoo.

Proof. It follows from the proof of Lemma 2.7 of [8] that, if the conditions of Theorem 1 are
satisfied, then the series Zf’oou,ﬂe’si converges P*-a.s. Hence, the series Zf’oouﬂle_sfr
converges P*-a.s. Similarly we can prove that the series Z, LM e S5 converges P*-a.s. As
a result, we obtain (see (6) and (7)) that the series Z, ez M} 1€ -5F converges P*-a.s. Thus,
Y| < 400 P*-a.s. (see (9)).

Fix i € Z. If the random environment /7* is fixed, the random sequence {a VA e J € Ni}
is a martingale. Therefore

E*(a},Z}; | IT*) = ujy, (55)
for j € N;. By (8), (55) using Fatou’s lemma we obtain that
B (5 | 1) < lminf B (af, 27, | 11%) = i
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and, consequently,

B (e | %) =B (¢ | 1) < e (56)
We have proved that the series ) ; ., u’, e =5 converges P*-a.s. This fact combined with (56)
implies convergence of the series ) ., E* ( ¢; He’s ‘ I *) P*-a.s. Since the random variables

tre” 57" are non-negative, it follows that the series Dz i Si converges a.s. if the random
environment I7* is fixed. Hence, Y, < +o00 P*-a.s. (see (9)).
The lemma is proved.

Set
P Z/’Lerle "= Zﬂfﬂe_s"*v (57)
ieNp
2(2) Z,ul eSi = Z /L;"He_sf. (58)
i€Z\Ny
Clearly,
5 =20 4+5® (59)

and by virtue of Lemma 4 P*-a.s.

2V <400, 2P < +oo. (60)

Lemma 5. If the conditions of Theorem 1 are satisfied, then P*-a.s., as n — 00,

n—1

{Zmﬂes L, 20} 250, (61)
i=0
n—1

{Z,uies M, < o} 25 (62)
i=1

Proof. Let f : R — R be a bounded and continuous function. By virtue of (3) for fixed k € N
k R k )
{ / (Z s ) L = 0} Ly (Z i )
i=0 i=0
as n — oo. Recalling (60) we conclude that
k
. .
Jim f (Z e ) =7 (")
i=0
P*-a.s. From these two facts, in view of Lemma 2.5 of [8], it follows that
n—1
{f (Z ,bLl'_He*Si ) L, > 0} —D> f (21(1)> .
i=0

Thus, relation (61) is true. Relation (62) can be proved by similar arguments.
The lemma is proved.
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Remark 4. It is not difficult to verify that if we combine the left-hand sides of relations (3) and
(61) (or (4) and (62)), then the respective statements concerning convergence in distribution
of the four dimensional tuples of the random elements given L, > 0 (or M,, < 0) are still in
force.

Set forn € N
1) Myt i€ N(ff,,),
Mi,n - { O’ l € Z \ N(_Tn)' (63)
Let
n—1-1, n
2y =Y e By =)l e (64)

Lemma 6. If the conditions of Theorem 1 are satisfied, then P*-a.s., as n — 00,
(1 51,) . i ezh, 2 @, 52 ) 3 ({(ur.57) i ez}, 20, 5).

Proof. Fix i € N. Let f : R%*! _5 R be a bounded and continuous function. Similarly to (12),
one can show that for n € N;

E(f (Mln,Sin,...,uﬁ,n, (e 20 (n)) T +i < n)

=Y E(f (1. St s Sibai) | Lo = O)P (5, =), (65)
k=0

where, recall, b, = Z:’:ol wir1e”Si for n € N. Repeating the arguments of Lemma | and using
Lemma 5 and Remark 4, we can deduce from (65) (see also (6), (7), (57)) that

lim E f (u’, Sir s 1 8]y BV (n))

— + ot + ot + =St
=E*f M1a51»~--’/‘i’si’zllj+1€ J

J€Ng
=E*f (u’l‘, RS 7AYo E(D>

Thus, as n — o0,
(P PTIR LN) E (T AR S B (66)

Fix i € Ny. Let f : R%*3 — R be a bounded and continuous function. It is easy to show
(see the proof of relation (18)) that for any n € N;

E(f (s Shs - ot S 52 )3 7 =12 0)
n k
:ZE f Mlv_SOv-~~1Mi+ls_Shzl’l/jeSj Mk <0 P(tn:k)
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and therefore (see Lemma 5, Remark 4 and (6), (7), (58)).

. 2
lim E f (MO Shr ooty S B2 (n))

n—o00
oo
— — — — — ST
:E*f :u’ls_SOa"'vlu/,'+1v_Sl’12“]’6]
j=1

= E°f (15, S5 oot 87, 50).
Thus, as n — o0,
/ 2 D 2
(ué),,,, s ooty S B2 (n)) 2 (,Lg, S5ty 8%, 8 )> . (67)

Since the left-hand sides of (66) and (67) are asymptotically independent and their right-hand
sides are independent, these two relations can be combined into one.
The lemma is proved.

Remark 5. It is not difficult to verify, using Remark 1, that statement of Lemma 6 admits the
following generalization: for any ¢ < 0 and b > 0, as n — 00,

(160500 vezh sl sPw | Exa 22Ecp)2

(lrs0). iez) 5" o).

P

Lemma 7. If the conditions of Theorem | are satisfied, then, as n — 00,

o | Z5ini e (=5))

bn - br +i . .
_— e N , eNo¢,
bn l 0} — El 1 0
) [ERaen(s)
b,, s (S — 21 . [ARS] s
arn+i . D exp (_Sl+) .
_, e N _ eNoyg,
bn 1 0} — { El 1 0
o p fexp(S7)
—, €N —_—, eN?.
bn 1 } — { El 1 }

Proof. To simplify the presentation we check the first statement only. If j e Npand 7,4+ j <n
then (see (10), (63) and (64))

buti _ iy rrrexp (=80 _ 30 p exp (= (S~ Sy,))
by S0 i1 €Xp (—Sk) >0 i1 exp (— (S — Sr,))

Yo, exp (—S,) + 27 )
D)+ 2P () '
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Since the last expression is a bounded continuous function of the random element mentioned
in Lemma 6, it follows that

@ @, i-l
bu — buti) D (21 e +Zj=0“f+le"p<_sj+)>
> T
by by 504 5

as n — oo. Whence, taking into account (59) we obtain the required relation. The remaining
three statements may be proved by similar arguments.
The lemma is proved.

Remark 6. The random element constructed from the left-hand sides of all the relations
included in Lemmas 3 and 7 converges in distribution to the random element constructed
from the respective right-hand sides of the relations included in these lemmas. Moreover (see
Remarks 3 and 5), the random element constructed from the left-hand sides is asymptotically
independent, as n — oo, of the random event

{C;'Ly<a, C;'(Sy—Ly) <b}

for any a <0 and b > 0.

Remark 7. Lemma 7 (for i = 0) implies the following statement: if the conditions of
Theorem 1 are satisfied, then, as n — oo,

ay, exp(—L,) p 1

—_——=— > —,

by by 2
Note that this statement, first, substantially generalizes the main result of [15] and, secondly,
shows that one may choose for scaling of Z|,, in Theorem 1 a more simple coefficient
exp (— (Spur) — L)) instead of ajny)/byy). In view of (1) this leads to the hypothesis that,
as n — 0o,

(C'In(Zpy +1), 120} B{W@)—L@), 1>0).
A particular case of this result is established by Theorem 2 of [3].

3. Proof of the main result

First part. We establish convergence of one-dimensional distributions: if ¢+ > 0, then, as
n— 00,

Al D 2

blmJ Zl_ntj —> El . (68)
Set for r € N

T+i—1
v =" 7,

Jj=tr—i

Tr—i—1 r—1
VO = 3" Zj+ > Zj

j=0 j=t+i

It is clear that for i € N
lnt]—1

Ziy= Y Ziw = Ul + Vi) (69
=0
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Note that

E (a1 Zjiny | Quin)) = 141, (70)

if 0 < j < [nt]. Observing that a|,;) = ajaj ;) for 0 < j < |nt] we obtain by (70) that

Aint) (i) )
E ( V
by

Tlnr—i—1 lnt]—1
-1
=Eb, | D aiaimiZiw+ Y. i@ Zim)
j=0 J=Tne)
Tpe)—i—1 [nt]—1
= EbfnltJ Z Wj+1a; + Z MHj+14j
J=Tne)+i
_ Ebf\_mj—i + (blmJ - bTLn1J+i) ) (71)
b
Applying Lemma 7 to the right-hand side of (71), we conclude that
+ + - -
At ) 2% I exp (‘Sj ) + 2 i1 My eXP (Sj )
lim E VLntJ =E
n—00 bL /] 2
and, therefore (see (60)),
. . |nt] (i) _
tm o 2 (52243, ) =o @)
By Markov inequality for any ¢ > 0
Alnt] () -1 Ant] 1, ()
P Vii>e]|<e E V
(bLnJ = > (bL 1 WJ)
Hence, taking into account (72) we obtain that
. . a[ntj (i) _
zliglonll)n;op (b[ JV\_ntJ - ) =0 (73)

Observe that we may assume in the sequel that i < 7|, < [nt] — i (see the proof of
Lemma 1). Note that (see (23), (24))

(@)
ULntJ = Z ZT\_ntH‘J lnt] = Z Z, |nt)

j=—i j=—i
and, therefore,
i—1

Ant) ) Qo +i /
bVl = 22 == Z: (74)
[nt] j=—i |nt]
Applying Lemmas 3, 7 and the first part of Remark 6 to (74), we obtain that, as n — oo,
A|nt) Y -
Uy = Z e 5)

by =
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Hence, for any fixed i € N and for all but a countable set of x > 0

i—1
n i 1 —5%
lim P(aL du®), §x> =P+ > e S <x . (76)
1

n—00 bLntJ i
In view of Lemma 4 (see (9))

i—1
. 1 _gr Py
lim P El E é‘i*e 5; <x|=P <— < x) . amn

i—0o0 et T
Jj=—i
We obtain by (76) and (77) that

n i X
lim lim P (‘” Lyl < x) =P (Ez < x) : (78)

i — 00 n—>00 bI_ntJ 1

It follows from (69), (73) and (78) that for all but a countable set of x > 0

. 5
lim P (‘” S Z i) < x) —_p (—2 < x) .
n—00 bLan El

This proves (68).

Remark 8. It is not difficult to verify (see Remark 6) that relation (75) admits the following
generalization: for any a <0 and b > 0, as n — oo,

i+1

At} 6y | L) Sint) — Line p 1 . —S*

U <a, ——<b}—> — fe .

{ bLntJ ] G — Ca - 2 j;i Cj
Second part. Now we establish convergence of two-dimensional distributions. Select 0 <

t| < B, fix an ¢ > 0 and introduce the following random events:

Ape ={Linn) > Linn ) inrn) + €Cn}
Bue = {Linn) < Liny). i) — €Ca}s
Dye = {|Linty) = Linty 1) | < €Ca} -

‘We show that, as n — o0,

a a D
{ btnilj ZLntIJv ﬁzmtﬂ ‘ An,s} - (Vlv V2) s (79)
nty nty
a a D
{ 0 Z iy by 2 Z ‘ BM} 2 n), (80)
bl binty)

where y1, v, are independent random variables and y, < V2 < 2h/ 3.
First we establish (79). With this aim we prove that, for any fixed i € N and for all but a
countable set of (xq, x») € Ri,
An,a)

. a ; a <
lim P(—W” v < x, o) 7 <

n—00 bLnnJ ] = bLnlzj 2] =
1 i+1 1 i+1
_ - x —S* - x —S%
=P T, j_Eii {fe T <xi | P T, j_Eii {je T <x|. 81)
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By virtue of Remark 7, as n — oo,

b D
—nd 3, (82)
exp (_LLntlJ)

bin) = by b binty)—1ny) D

L 2 %, (83)
exp (= (Liny1innt))  exp (= (Linni-1nn1)) ’

where x; and x, are positive identically distributed random variables. The left-hand sides of
relations (82) and (83) are independent. Set L (11, ;) = inf,c[, ,,] W (). Taking into account
the estimate (see (1))

lim P (A, ) =P(L(1)>L(t,0)+e) >0,

n—oo
we obtain by (82) and (83) that, as n — oo,
bin
{$ ’ AM} Zo. (84)
binty) = binry)

Therefore, if the event A, . occurred, we can replace the coefficient a,,| /b, for v lnry) At
the left-hand part of (81) by the coefficient

Ann)  _ exp (= (Siy = Sinn)) _ in)—tnn)
Diug) = by R 1 exp (= (S = i) Blan)—tnn)

where the values Q\nty|—\nr,) and EWZ |—n,) are constructed from the random environment
Qi = OQuuy+i- I = 1,..., [nta] — |nt1], just as the values a sy |—|nr) and by |- (s ) are
constructed from the random environment Q1 ns,|—|ns, |-

Further, given A, ., the inequality t|,;,] > T|as,) s true. We may assume that |nf| —i >
Tlary] > Tiany) + i Thus, if the random environment {Q,, n € N} is fixed, the distribution
of the random variable U, L(:;)r | is completely determined by the random environment Qj ||

and the distribution of the random variable U ") int,) 18 completely determined by the random

environment Q |, |+1,nr,]- Moreover, UL(,’Z), J = UL(rlziz |-ty j» Where UW2 I-ton) has the same
meaning for the environment Q;, i = , Int| — |nt1], as UW2 =ty has for the

environment Q1 |uz, |- (nr]-
Summarizing the arguments above, we see that to prove (81) it is sufficient to show that

a ; Qnty |-
hmP( )@ Aenlmlnl o) - AM>

n—00 b\_mlj lnt1] — blﬂ’zl*lﬂ’]] lnty]—nty | —
| it i+1
J— - * _S*':
=P T, Z'g’je I <x Z;e f<x2 . (85)
j=—i Uj—i
Note that
Alnt] 4,3) LntzJ Lnt1] 770)
P< Ly <x;, =~——U <x Ay
bLn 0l L] blntzJ Lty [nip]—nty ]

0 +o0

_ Anny) () Liny) Sinty) — Liny)

—/ f P(b Uy S0, =5 = €da, ————=¢db
—o0 J0O |nty] n n

Alniy)—Inty] 1,3) Linty)—(nty )
XP(b—UI."fZJ Lm”_xz, C—<b—a—8 .
[nty]—|nty] n
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Hence, taking into account Remark 8 we deduce that, as n — oo,

p (aerJ y®

aLm‘ 1—Inty]
= X1, ,\,Z—IUL(ZZJ = X2, An,s)

bty ) =
by M binty)—1n1y)
i+1 i+1
SICTRERT LI E-D SRR
]__l J__l

X/ /+°°P Ly c da. Sty = Linnt 4y
—o0 JO Cn Cn

Ln —|n
xp(iﬁLuu<b_a_Q.
C

n

Since the last integral is equal to P (A,,,S), we obtain (85) and, as a result, the required relation
i—00 n—>00 lnti ) = lnr2) =

(81).
It follows from (81) that (see (78))
)
lnt] A\ nty |
_p(2<x)p(2< (86)
= 21 = X El =X2].
Applying now the same arguments which we have used in First part of the proof to establish
(68) from (78), we obtain (79) from (86).

We now prove (80). To this aim we check that, for any fixed i € N and for all but a countable
set of (x1,x,) € R,

b
lim lim P( il @ <y, Rl

Ant) 773) Anty] 41 G)
lim P U , U <x B
1 00 (bLntJ WM =41 bL e lnt] = 2 ne
1 i+1
= Z { e S < min (x1, x2) | . (87

]_—l
Set
Z;,(m) = Ze im,

i+1

U (my= Y2, m).

j=i
Similarly to relation (84), it can be shown that, as n — oo,

{ binty) = binry
bLnﬂJ

BM} Zo.

Therefore, if the event B, . occurred, we can replace the coefficient ay,,| /b, for v nty) AL the
left-hand part of (87) by the coefficient a|,;,|/b|ns, |- Given that the random event B, , occurred,
Tlary] = TlaryJ» and hence,

i+1
(i) (i)
Uty = Z Z ryy (Intn ) = Uy, (a1
]——l
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i+1
Upr = Y Zi iy (nt2]) = U (Lnta]) -

j=—i
Thus, to prove (87) it is sufficient to show that

Alnny| 4G
5 2yl () < x
L]

n—0o0

. a [
Jim P( 1l y® () < 1,
bLnHJ

Bn,a)
1 i+1

=P 5 Z ¢re”l < min(x,x) | . ®

j=—i

Applying the arguments similar to those used to establish relation (26), we can show that

{d, Zl, m), ieZ} 3¢, iel},

im“i,n i

as m > n — 00. Moreover,
a2z, ), a2, m), ieZ}B{(¢r.¢r), ieZ) (89)

and (see Remark 3) the left-hand side of this relation is asymptotically independent from the
random event {C,'L, <a, C,'(S,—L,) <b} foranya <0 and b > 0. It follows from
(89) that (see the proof of (75))
a 4 o 1 [ i+1
n ) Gm 1) R « —S* . —S*
(bn U o, U (m)) > /':Zi Lre J’,; gre 5 |, (90)
as m > n — oo. From (90) we obtain the desired relation (88) and, as a result, (87). Now

statement (80) follows from (87) in a standard way.
Finally, according to (1)

lir%nlig.loP(An,e) =P(L ) >L(t,0)=P(L{#H)>L{®), 1)
lim lim P (B,.) =P (L (1)) < L (t1,1) =P (L 1) =L (1)) (92)

e—~>0n—o00

and

lim Tim P (D,..) = 0. 93)

e—>0n—o0

By the total probability formula

Alny | A1)
+P< M Z ) < X1, "2 Z i) < X2 Bn,s>P(an)
by binny)
Alny | A1)
+P( Y Z ) < X1 "2 Z i) < X2 Dn,8>P(Dn,s)» %94)
bUll‘lJ bLm‘zj
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where (x, xp) € Ri. Combining (79), (80) and (91)—-(94) we deduce that

A\nt, |

. At |
lim P( M Z iy < X1, Zinty) < xz)
=00 Lnty] Lnty ]

=Pri=xi, »n=x)PL@#n)>L{®)
+P(i=x1, ni=x)P(L (@) =L({®n)

for all but a countable set of (x1,x;) € R%r. This gives the desired convergence of two-
dimensional distributions.

Third part. The proof of convergence of multidimensional distributions (for dimensions
exceeding two) is carried out by induction using the reasonings of Second part of the proof.
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