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Abstract

We study the rate of convergence of an explicit and an implicit—explicit finite difference scheme for linear
stochastic integro-differential equations of parabolic type arising in non-linear filtering of jump—diffusion
processes. We show that the rate is of order one in space and order one-half in time.
© 2016 Elsevier B.V. All rights reserved.

1. Introduction

Let (2, F,F, P), F = (F;):>0, be a complete filtered probability space such that the
filtration is right continuous and g contains all P-null sets of F. Let {w?® }go:] be a sequence of
independent real-valued F-adapted Wiener processes. Let 771(dz) and 2(dz) be a Borel sigma-
finite measures on R? satisfying

/ |z|2 Al m.(dz) < oo, rell,2}
R4

Let g(dt, dz) = p(dt,dz) — m2(dz)dt be a compensated F-adapted Poisson random measure on
Ry x R?. Let T > Obean arbitrary fixed constant. On [0, T'] x R4, we consider finite difference
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approximations for the following stochastic integro-differential equation (SIDE)

duy = (Lo + Dug + fyde + Y (Nfug + gf) dwf + / ,C@ui—+01(2)) g1, d2),
o=1 R

(1.1

with initial condition
uo(x) = p(x), x eR?,

where the operators are given by

d ..
Lip(x) =Y a ()i (x),

i,j=0

d
1(x) = fRd (¢(X +2)—¢kx) — 1[—1,1](|Z|)sz8j¢(x)> m1(dz), (1.2)
i=1

d .
Nep(x) =) 0’ 0aip(x), T()$(x) =(x +2) — p(x).
i=0

Here, we denote the identity operator by dj.

Eq. (1.1) arises naturally in non-linear filtering of jump—diffusion processes. We refer the
reader to [4,5] for more information about non-linear filtering of jump-diffusions and the
derivation of the Zakai equation. Various methods have been proposed to solve stochastic partial
differential equations (SPDEs) numerically. For SPDEs driven by continuous martingale noise
see, for example, [3,7,8,13,21,16,23] and for SPDEs driven by discontinuous martingale noise,
see [15,14,20,1]. Among the various methods considered in the literature is the method of finite
differences. For second order linear SPDEs driven by continuous martingale noise it is well-
known that the L” ({2)-pointwise error of approximation in space is proportional to the parameter
h of the finite difference (see, e.g., [24]). In [13], I. Gydngy and A. Millet consider abstract
discretization schemes for stochastic evolution equations driven by continuous martingale noise
in the variational framework and, as a particular example, show that the L?(£2)-pointwise rate of
convergence of an Euler-Maruyama (explicit and implicit) finite difference scheme is of order
one in space and one-half in time. More recently, it was shown by I. Gyongy and N.V. Krylov that
under certain regularity conditions, the rate of convergence in space of a semi-discretized finite
difference approximation of a linear second order SPDE driven by continuous martingale noise
can be accelerated to any order by Richardson’s extrapolation method. For the non-degenerate
case, we refer to [10,11], and for the degenerate case, we refer to [9]. In [17,18], E. Hall proved
that the same method of acceleration can be applied to implicit time-discretized SPDEs driven
by continuous martingale noise.

In the literature, finite element, spectral, and, more generally, Galerkin schemes have been
studied for SPDEs driven by discontinuous martingale noise. One of the earliest works in this
direction is a paper [15] by E. Hausenblas and I. Marchis concerning LP? ({2)-convergence of
Galerkin approximation schemes for abstract stochastic evolution equations in Banach spaces
driven by Poisson noise of impulsive-type. As an application of their result, they study a
spectral approximation of a linear SPDE in L?([0, 1]) with Neumann boundary conditions driven
by Poisson noise of impulsive-type and derive L”({2)-error estimates in the L?([0, 1])-norm.
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In [14], E. Hausenblas considers finite element approximations of linear SPDEs in polyhedral
domains D driven by Poisson noise of impulsive-type and derives L? ({2) error estimates in the
L?(D)-norm. In a more recent work [20], A. Lang studied semi-discrete Galerkin approximation
schemes for SPDEs of advection diffusion type in bounded domains D driven by cadlag square
integrable martingales in a Hilbert space. A. Lang showed that the rate of convergence in the
LP(£2) and almost-sure sense in the LZ(D)-norm is of order two for a finite-element Galerkin
scheme. In [1], A. Lang and A. Barth derive L?(£2) and almost-sure estimates in the L2(D)-norm
for the error of a Milstein—Galerkin approximation scheme for the same equation considered
in [20] and obtain convergence of order two in space and order one in time.

In the articles [20,1,15,14], the authors make use of the semigroup theory of stochastic
evolution equations (mild solution) and only consider stochastic evolution equations in which the
principal part of the operator in the drift is non-random. In this paper, since we use the variational
framework (L?-theory) of SPDEs, we are easily able to treat the case of random-coefficients.

The principal part of the operator in the drift of the Zakai equation is, in general, random,
and hence numerical schemes that approximate SPDEs or SIDEs with adapted principal part
are of importance. The coefficients of the Zakai equation are random if the coefficients of the
SDE governing the signal depend on the observation or some observation measurable process-
perhaps a control. In this case, the diffusion coefficient a;] (x, w) in (1.1) will be of the form
a;] (x, ) = & (x, Yt (@) (x, vt (w)), where y; (w) is an adapted random process and &i(x, y)is
a diffusion coefficient in an SDE. Due to the form of the random coefficient in this case, to impose
uniform boundedness of at] (x, ®) in 7, x and w, we need only impose uniform boundedness of
o (x,y) inx and y, and to impose uniformly ellipticity of at] (x, w) in ¢, x and w, we need only
impose that standard uniform ellipticity of &% (x, )&/ (x, y) in x and y. These assumptions are
not uncommon in the SDE literature. Furthermore, since any numerical scheme for (1.1) will be
implemented pathwise-note also that in filtering, one only gets to see one path of the observation-
the additional computational complexity involved in 1mplementmg a numerical scheme for (1.1)
with random coefficients of the form a,] (x,0) = &l(x, y,(a)))crf(x vt(w)) compared with

al(x) =& (x)67( y) is simply the time dependence of the coefficient. In the case of an implicit
scheme, this does mean that one has to invert an operator at each time step, but this is the case
for deterministic PDEs with time-dependent coefficients as well.

The articles [20,1,15,14] do not address the approximation of equations with non-local
operators in the drift and noise. There is, however, some work in the literature on deterministic
non-local differential equations. In dimension one, a finite difference scheme for degenerate
integro-differential equations (deterministic) has been studied by R. Cont and E. Voltchkova
in [2]. The authors in [2] first approximate the integral operator near the origin with a second
derivative operator. The resulting PDE is then non-degenerate and has an integral operator of
order zero. The error of this approximation is studied by means of the probabilistic representation
of the solution of both the original equation and the non-degenerate equation. In the second step
of their approximation, R. Cont and E. Voltchkova consider an implicit—explicit finite difference
scheme and obtain pointwise error estimates of order one in space. As a consequence of the two-
step approximation scheme, there are two separate errors for the approximation. We are able to
avoid the two-step approximation in our work, when restricted to the non-degenerate diffusion
case.

In this paper, we consider the non-degenerate stochastic integro-differential equation (1.1)
with random coefficients and apply the method of finite differences in the time and space
variables. To the best of our knowledge, this article is the first to use the finite difference method
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to approximate stochastic integro-differential equations. The approximations of the non-local
integral operators in the drift and in the noise of (1.1) we choose are natural. In particular, we
are able to treat the singularity of the integral operators near the origin directly. We consider
a fully-explicit time-discretization scheme and an implicit—explicit time-discretization scheme,
where we treat part of the approximation of the integral operator in the drift explicitly. We also
provide a numerical verification of our theoretical convergence rates for an equation that has an
“analytic” solution.

To obtain error estimates for our approximations, we use the approach in [24], where the
discretized equations are first solved as time-discretized SDEs in Sobolev spaces over R¢ and an
error estimate is obtained in Sobolev norms. After obtaining L2(f2) error estimates in Sobolev
norms, the Sobolev embedding theorem is used to obtain LZ(Q)—pointwise error estimates. So, in
sum, we obtain two types of error estimates: in Sobolev norms and on the grid. Naturally, when
using the Sobolev embedding to obtain the pointwise estimates, we do not need the equation
to be differentiable to obtain pointwise error estimates, only continuous. Using the approach
of first obtaining estimates in Sobolev spaces, we are also easily able to deduce that the more
regularity on the coefficients and data we have, the stronger the error estimates we can obtain
(see Corollaries 5.3 and 5.4).

The paper is organized as follows. In the next section (Section 2), we introduce the notation
that will be used throughout the paper and state the main results. In Section 3, we give a numerical
verification of the convergence rates for a simple test problem. In Section 4, we prove auxiliary
results that will be used in the proof of the main theorems. In Section 4, we prove the main
theorems of the paper.

2. Notation and the main results

For x € RY, denote by |x| the Euclidean norm of x. Let Ng = {0, 1, 2, ...}.Fori € {1, ...,d},
let 0_; = —9;, and let dp be the identity. For a multi-index y = (y1, ..., Y4) € Np of length
Yl =y1+---+ya,setd? = 8%’1 e 8;,’”’. Let ¢, be the space of all square-summable real-valued
sequences b = (b® )go: |- For an £>-valued function f on R?, the derivative of f with respect to
x' is denoted by 9; f.

Let C° (R) be the space of all smooth real-valued functions on R? with compact support.
We write (-, -)g for the inner product and || - ||o for the norm in L,(RY) =: H°. For m € N,
denote by H™ the Sobolev space of all functions u € L>(R?) having distributional derivatives
up to order m in Ly(RY). We denote by

Gy ) = Z @7, 9”0

lyl<m
the inner product in H™ and by || - ||, the corresponding norm. Define H~! to be the completion
of CX° (RY) with respect to the norm || - || _; = |[|(1—A)~!/2.]|o, where A is the Laplace operator.

It is easy to see that for all u € H"and v € H°, (u,v)o < |lull1|lv]l—1. Since H' is dense in
H~!, we may define the pairing [-,]op : H' x H™' — R by [v, v']gp = lim,_ (v, v,)o for
allv e H' and v/ € H™!, where ()2, C H' is such that ||v, — V|- — Oasn — oo.
The mapping from H~! to (H')* given by v - [, v']y is an isometric isomorphism. For more
details, see [22]. For an integer m > 0, we write H" (£2) for the space of all £5-valued functions
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glx) = (gQ(x))\(‘SO=1 on R? such that for each o, g2 € H" and
o0
gl ¢, =Y 1g°l5, < oo
o=1

On [0, T] x R, we consider the stochastic integro-differential equation

)
s = (Lo D+ f e+ 30 (N +60) dof + [ T +0,2) g, do)
- (2.3)
with initial condition
uo(x) = ¢(x), xR
Denote the predictable sigma-algebra on {2 x [0, T'] relative to F by Pr. Let m > 0 be an integer.
Assumption 2.1. For i, j € {0,...,d}, afj = afj (x) are real-valued functions defined on

2 %[0, T] x R? that are Pr ® B(RY)-measurable and ati = (ati e ()C))ZO= | are £2-valued functions
that are 27 @ B(R?)-measurable. Moreover,

(i) for each (w,t) € {2 x [0,T], the functions afj are max(m, 1)-times continuously

differentiable in x for all i, j € {l,....d}, al® and a¥ are m-times continuously
differentiable in x for alli € {0, 1, ..., d}, and o/ are m-times continuously differentiable in
x as {-valued functions for all i € {0, ..., d}. Furthermore, there is a constant K > 0 such

that for all (w, f, x) € 2 x [0, T] x RY,

10Va’| < K, Vi, jefl,....d}, ¥ |yl <max(m, 1),
197 al®| + 187 a¥ | + 870/ 1ey < K, Yiel0,....d}, Yly| <m;

(ii) there exists a positive constant » > 0 such that for all (w,,x) € 2 x [0, T] x R? and
neR?

d 00
> 2a = 0% | ninj = xinl*.
=1 o=1

We define the following spaces:

H" == Ly(2 x [0, T], Pr; H™), H" (£2) :== Ly(£2 x [0, T, Pr; H" (£2))
H” (712) = L2(2 x [0, T] x RY, Pr ® BRY), dP x dt x m2(dz); H™).

Assumption 2.2. The initial condition ¢ is Fo-measurable with values in H™* such that E|g0|fn <
00. Moreover, f € H" !, g € H"™({»), and 0 € H" (1r»). Set

2 =Elgl2 +E fo (nﬁuﬁ,_1 Fllgrl2g, + /R | ||o,<z>||,%1nz<dz>) dr.
10,T] S
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For a real-valued twice continuous differentiable function ¢ on RY, it is easy to see that for
all x,z € RY,

d 1 d
Plr+2)—px)— Y 20;p(x) = / > 0o (x +02)(1 — 0)do. .4)
=1 0 =1

For each § € (0, 1], let

G5 = / LPrids). ) = / ePradz). and <(3) = €1(8) + 62(5).
|z|<é |z]<é
Fix § € (0, 1] such that
c(8) < . 2.5)
and notice that

2
> m({lzl > 8)) < oo. (2.6)

r=I1

We write I = I5 + Isc, where
1 4
Isp(x) = / / Z z’zfa,-,-¢>(x +02)(1 —0)dOm(dz)
lz|<8 JO ij=1
and I;sc is defined as in (1.2) with integration over {|z| > 3} instead of RY.

Definition 2.1. An H-valued cadlag adapted process u is called a solution of (2.3) if

(i) u; € H fordP x dt-almost-every (w, t) € 2 x [0, T];
(i) E [ 7y llucll3de < 003 )
(iii) there exists a set {2 C {2 of probability one such that for all (w,t) € [0, T] x {2 and
¢ € CRY),

d
(ur. $)0 = (9. o + f (Z (25 -1 @ 9)) [¢,fs]o) ds

i,j=1

a’
/ / f fajus(-+9z),z"a_,»¢) (1 — 0)dOm, (dz)ds
0.0 J1z1=8 Jo 5 0
d .
+f f (”s("‘l‘z)_us_l[1,1](|Z|)ZZ‘/8jusa¢> w1 (dz)ds
10.11 J1z]>5 = 0
+ Zf

Usgfiiuy +g§’,¢> dwy
OtJl 0 0

+ / (s— (- +2) —us— +0:(2), P)gq(dz, ds).
10,z] JR4

Remark 2.1. In the above definition, instead of § we may choose any other positive constant.
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The following existence theorem is a consequence of Theorems 2.9, 2.10, and 4.1 in [6] and
will be verified in Section 4. The notation N = N(-, ..., -) is used to denote a positive constant
depending only on the quantities appearing in the parentheses. In a given context, the same letter
is repeatedly used to denote different constants depending on the same parameter.

Theorem 2.1. If Assumptions 2.1 and 2.2 hold with m > 0, then there exist a unique solution
u of (2.3). Furthermore, u is a cddldg H™-valued process with probability one and there is a
constant N = N(d, m, »x, K, T) such that

Esupllu[)% +E f gl ds < NicZ. @7
t<T 10,7

Remark 2.2. We have used the standard definition of solution for the variational (or L2) theory
of stochastic partial differential equations. In what follows below, we will always assume m > 2
(though for our schemes, we assume m > 3), and so we have enough regularity to formulate the
solution in the weak sense in (H', H°, H~!) without integrating by parts.

The following proposition is needed to establish the rate of convergence in time of our
approximation scheme and is proved in Section 4.

Proposition 2.2. Let Assumptions 2.1 and 2.2 hold with m > 1 and u be the solution of (2.3).
Moreover, assume that

Sup B8l -1, +Sup B /R oy (@)l 72(d2) < K.
t< a

t<T
Then there is a constant A = AM(d, m, K, T, x, /(31) such that for all s, t € [0, T],

2
Elluy — usly—y < At —sl.

Assumption 2.3. For m > 3, in addition to Assumption 2.2, there exists a random variable &
with E§ < K such that forall w € 2, t,s € [0, T,

lgellZ_1e, + /R o @15, ima(d) < €

1y = fol2s + Nlgr = 8512 _0g, + /R lo:(2) = 05 (DI _ym2(d2) < &l — s,

Assumption 2.4. For m > 3, in addition to Assumption 2.1(i), there is a constant C > 0 such
that for all (w,x) € 2 x R?, 5,1 €[0,T1, i,j €{0,1,...,d},

N L\ |12 , A 2
o=t 4o o).

We turn our attention to the discretization of Eq. (2.3). For each 4 € R — {0} and standard

=Clt—sl, Vlyl=m-=2.
2

basis vectore;, i € {1,...,d}, of R? we define the first-order difference operator 8y, ; by
¢ (x + he)) — p(x)
Op,ip(x) = ;l ,
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for all real-valued functions ¢ on R?. We define 81,0 to be the identity operator. Notice that for
all Y, ¢ € HO, we have

(@,8-n,iv)o = —(nid, ¥)o. (2.8)

Set
i 1
8 = 5 (n,i +8-n.i)
2
and observe that for all ¢ € H°,

(¢, 88p)0 = 0. (2.9)

For each h # 0, we introduce the grid Gy, = {hzy : zx € Zd, k € No, zo = 0} with step size |h|.
Let €>(Gy,) be the Hilbert space of real-valued functions ¢ on Gy, such that

1¢17,,) = 1119 D" 16()|* < oo.

XEGh

We approximate the operators £ and M@ by

Li¢(x) = Z ay ()86 j¢(x) and N (x) —Zo,’g(xmh,qs(x)

i,j=0 =0

respectively. In order to approximate /, we approximate /5 and Isc separately. For each k €
N U {0} and & # 0, define the rectangles in R?

|| 4 7] 4
Al ::(k|h|——, R P e TR
where z};, i €{l,...,d}, are the coordinates of z; € 74, and set
Bl = Al N{lzl <8}, ~ Bl =Aln{zl>é).

We approximate Isc by
00 d
Lp(x) =) ((¢<x +hz) — (X)) Tk — Zé;;,ka%(x)) :
k=0 i=1

where
Gk =m(BY) and & = / Zmi(dz).
Bln{lzl<1}

We continue with the approximation of the operator Is. By (2.4), for all x € Gy,

Isgp(x) = Z/ / Z 223 (x +62)(1 — 6)dom (d2),

i,j=1

where there are only a finite number of non-zero terms in the infinite sum over k. The closest
point in Gy, to any point z € Bli’ is clearly hzj. This simple observation leads us to the following
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(intermediate) approximation of Isp(x):

P

However, in order to ensure that our approximation is well-defined for functions ¢ € £,(Gy,), we
need to approximate the integral over 6 € [0, 1]. Fix k € Np and & # 0. Consider the directed
line segment {6hz; : 6 € [0, 1]} extending from the origin to the point hz; € R%. It is clear
that this line segment intersects a unique finite sequence of rectangles from the set {A’]g} Ny
Denote the number of rectangles by x (k, k). Since the line’s start point is the origin, the first
rectangle it intersects is Ag, and since the line’s endpoint is &z, the last rectangle it intersects is
Aﬁ, the center of which is the point hzg. If x(h, k) > 2, then in between these two rectangles,
the line segment intersects x (&, k) — 2 additional rectangles from the set {Alé‘} FeNy — (Al A,C‘}.

/ Z zjm(dz)al]¢(x + 6hzi)(1 —0)do.
i,j=1

Denote the indices of these rectangles by rlh’k le{2,...,x(h,k) — 1}, and set rf’k = 0 and

i'(];l o = = k; that is, {6hzx; 6 € [0, 1]} € UX(h k) Ahhk Corresponding to the set of rectangles

{Ahh’k}lx_(l’ )is a partition 0 = Gg’k < ... < 9;(1,‘1 o =1 of the interval [0, 1] such that for
r = ’

each I € {I,...,x(h,k)} and 6 € (6%, 6""), Ohzi e A”,,. Since the diagonal of a d-
U

dimensional hypercube with side length || has length +/dh, for each k € No, z € B!, and
Lefl,..., x(h, k)},

102 — hz il < 102 = Ohzel + 0hz — hz,pil < Vdhl, (2.10)

forall 0 € (6%, 6"%). Set
lh,k
g,i’sz 7w (d2), é,’”‘:/ (1—6)do
© B o

and define the operator

oo x(h,k) d
o) =>4 Z (S0 j(x +hz, ),
k=0 [=1 j=1

where there are only a finite number of non-zero terms in the infinite sum over k. Set I = I 5h +1 (Shc
and introduce the martingales

plt f /zq(dtdz) ik = q(BI 10, 1]).
10,11 /B!

Moreover, set
9h < G;;kl elh’k
Let 7 > 1 be an integer and set t = T/7 and t, = nt fori € {0,1,...,7}. For any
F-martingale (p;);<7, we use the notation Ap,, 1| := py,,, — ps,. Define recursively the £>(Gp)-

valued random variables (Ah T)

a0 = 70+ (€ + T 0+ f ) T
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o0
h ~
+Z< e () 4+ g2 (x) Aw

oo d [x(hk) )
+y > < > 0 ST (x + hz hk)> ol
k=0 i=1 =1
+ [ o g2
R4
o0
+ 3 (i bz — T 0) APt ne (1. T, 2.11)
k=0

with initial condition

ﬁg Tx) =), xe€Gy.

It is clear that ﬁn’r is F;,-measurable for every n € {0, 1, ..., 7}. Define the operators
Eo =3 alsiisong—millzl = 00— > [ dmaanle
i,j=0 i—1 Jdo<lz|=1

and
~ OO —
L= ¢ +hzu)l),
k=0

and note that £ + I 5’2 +1Is = L 4+ I". On Gy, we also consider the following implicit-explicit
discretization scheme of (2.3):

800 = 607,00 + ((2h + Bk o+ T, 00 + £, () T

h A
+ 1,,>1Z< 2RO () + g () Awy

k=0 i=1 =1

oo d X (h,k) . )
+1">IZZ<Z Q[l’k8hZAhr(X+hth)) hk’l
+f 01, (X, 2)q(Jty—1, tn], dz)

R4

o
+ L > (07 G hz) = 8 ) ApE ne(l ) @12)
k=0

with initial condition

0T =), x € Gy,

where 1,-1 =0ifn =1and 1,1 = 1 if n > 2. A solution (Ah T)M o of (2.12) is understood
as a sequence of £,(Gy)-valued random variables such that vn T s Fi,-measurable for every
n €{0,1,..., M} and satisfies (2.3).

Remark 2.3. Under Assumptions 2.2 and 2.3, for m > 2 4 d/2, by virtue of the embedding
H" 2 < Zz(Gh), the free-terms f, g, and o(z) are continuous Eg(Gh) valued processes, and
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consequently the above schemes make sense. Moreover, for 0 < || < 1, there is a constant N
independent of & such that—

olley6ny = Nlipllm—2- (2.13)

Assumption 2.5. The parameters & # 0 and 7 are such that

T x—c(d)
d— < ——=>— 2.14
12" QL+ )2 219

d . 1/2
where I' := (supt’x’w Zi,j:l la'/ (x)|2)
The following are our main theorems.

Theorem 2.3. Let Assumptions 2.1 through 2.4 hold withm > 2—}—% and let Assumption 2.5 hold.

Let u be the solution of (2.3) and let (ﬁﬁ T) o be defined by (2.11). Then there is a constant
N=Nd,m,»,K,T,C, A, /c , 8) such thatfor any real number h with 0 < |h| < 1,

E max_sup lu, (x) — i (x)? +E max_ i, — A2 G < N (|h|2 n r).

0<n<T xeGy,

Theorem 2.4. Let Assumptions 2.1 through 2.4 hold with m > 2 + % and let u be a solution
of (2.3). There exists a constant R = R(d,m, x, K, 8) such that if T > R, then there exists a
unique solution (ﬁ,’:”) o of (2.12) and a constant N = N(d,m,x, K, T, C, A, K , 8) such that
for any real number h wnh 0<|hl <1,

E max_ sup |u;, (x) — "7 (x)|? -|-E Jmax_ug, — 17,6, < <|h|2+r).

0=n=T xcG,

3. Numerical simulation

Let us consider finite difference approximations of the following SIDE on [0, T] x R:

=2 =2
duy (x) = ((%‘ + %) 0%u, (x) + /R (1 (x + 2) — 10y (x) — 31Mt(X)Z)7T(dZ)) dt

¥ G201, (x)dw, + / W(x +2) — u(x)) q(dt. d2),
R
! ex _x_2 (3.15)
N 6262 )’ '

where 1 (dz) = c_exp (—f-2) #1("”’0) (z) + cyexp (—B+2) ﬁl(o,oo) (z). It is easily
verified that for (z, x) € [0, T] x R,

) L. p( o )
Vr(X) = X —5
Jraz+an  \FP@ +20
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solves
avio) = 2L oty coar () = — v
v (x) = —07v (x)dt, V(X)) = ——exp| ——— | -
2 NOE T 6267

Moreover, applying 1t6’s formula, we find that

u(x) = v, (x + oow; + f zq(dt, dz)) (3.16)
R

solves (3.15). Thus, we can compare our finite difference approximations with (3.16).
In our numerical simulations, we used MATLAB 2013a and made the following parameter
specification:

1 1
52227 5025, c_=cy =1, B-=pB+=1,

_ 1
o1 = 5,
a_ =ay = 1.1, T=1.

We also made a few practical simplifications. Both the explicit and implicit—explicit
approximations were assumed to take the value zero on (—oo, 8] U [8, 0c0). We also restricted
the support of w(dz) to [—3, 3]. We would like to investigate the associated error with these
reductions in the future. We also mention that a good heuristic is to choose the size of domain
and terminal time 7 according to the exit time of the diffusion associated with the drift of the
SIDE. In fact, it is more than a heuristic and we aim to address this in a future work.

In our simulation, we took § = ﬁ). It follows that k = 612 = % and

5 5
s =c- / exp(—B_2)z' "%dz + ¢, / exp(—fB42)z' "% dz + 2
0 0

=c B Y@=, B8 + e BTy (2 —ay, Bi8) ~ 0.0082,

where y (1, z) denotes the lower incomplete gamma function. Thus, the right-hand-side of (2.14)
is approximately 1.0559, and hence we can always set 7 = h%. The quantities g}lk Ch ok, and E;:’ !
can all be calculated using MATLAB’s built-in upper and lower incomplete gamma functions, or
by implementing an appropriate numerical integration procedure. The calculation of th ok Q_Zh ok

and élh’k are all straightforward in one-dimension. Some more thought would need to spent on
how to calculate these quantities in higher dimensions. Of course as an alternative, one could
set§ = %, but then the schemes are not guaranteed to converge as & tends to zero. This is the
drawback of taking § = % and not including the additional terms in I (see the paragraph at the
bottom of page 1620 in [2]). It does seem that the method we propose to discretize /s is novel
in this respect. In our error analysis, we have considered i € {2’2, 273 274 275 276 2’7} and
T = h2.
The term

/ (y(x +2) —us(x)) w(dz)
|z|>8

in the drift of (3.15) can be canceled with the compensator of the compensated Poisson random
measure term. We get a similar cancellation in the corresponding finite difference equations, and
thus we can replace ﬁth’k = q(é,f, Itn, th+1]) with ﬁth’k = p(B,i‘, 1t4, ta+1]) in the explicit (2.11)
and implicit—explicit (2.12) scheme.
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In order to simulate

~hk n
Apyt =/ fhzq(dt,dz), B = p(BY Ttu, tas1)),
Itn,tn411 Bk

for the finest time step size T = 274, we used the algorithm discussed in Section 4 of [19]. In
this algorithm, a parameter € is chosen for which the process Ap,}f’o = -/iO,t] fl 2l<e 24 (dt,dz)
z27(dz). We chose the
parameter € = 278, which is one-half times the smallest step size 4 under consideration in
our error analysis. The process f.]o”] flzl>e zq(dt, c.lz) = f]O,t] flzl?e z.p(dt,.dz) (yve have used
symmetry of the measure 7 (dz)) is a compound Poisson process with jump intensity

is approximated by a Wiener process with infinitesimal variance fl 2l<e

3
A= 2/ w(dz) ~ 68.9676
€

and jump-size density

dz dz

- 1
f) = 5 <c exp (—B-2) |Z|1ﬁl(_lfg)(z) + crexp(—B+2) |Z|1—Jm+1(278’3) (z)) .

The underlying Poisson process was simulated using MATLAB’s built-in Poisson random
variable generator; of course there are other simple methods that one can use as an alternative
(e.g. exponential times or uniform times for fixed number of jumps). We sampled random
variables from the density f by sampling the positive and negative parts separately and using
an acceptance—rejection algorithm with a Pareto random variable. We refer to [19] for more
details. Once we simulated the point process on [0, T'] x [—3, —€] U [€, 3], we then computed
f](m f\z|>e zp(dt, dz). In order to compute ﬁth’k = p(B,’g, 1, tas1]), we ran a histogram with
the intervals B,’(’.

The quantity Ap,* = f],n’,nmeg zq(dt,dz) is zero for k # O when h < 5 (for

hoe{272,273,274,27%)) since B} = @ fork # O when h < 3. For h € {270,277}, App*
is non-zero for k € {—1,0, 1}. A similar analysis holds for the quantity Chllk. As mentioned
above, we set ﬁﬁ”o equal to the Wiener process approximating the small jumps. To compute
f]tnst)H»l] fB/i' zq(dt, dz) fork € {—1, 1} in the case h € {27°, 277}, we summed the jump sizes in
their respective bins and compensated. To obtain the above quantities for coarser time step sizes,
we cumulatively summed the finer increments and took the union of jump sizes.

Lastly, we made use of the Fast Fourier Transform to compute terms of the form

o
> ¢+ hz) At
k=0

which would be quite computationally expensive otherwise. In our error analysis, we ran 3000
simulations of the explicit and implicit—explicit schemes on 30 CPUs and computed the following
errors:

1 3000 P 3000 ,
— max  sup |u; (x) — it (x)|2, - max . — 672
3000 mz—l Of"foeé)h' " w0l 3000,,;05n§7 s, = it Wy
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Rate of convergence (3000 simulations)

1 T T T T T T T T T T T T T
0.5 -
ol
-0.5
St
-1.5F
—_ 2+
E
5 =25
e
R
=35
—4 I <
[ O kg S maxoser sup.cg, e, (9 — 7 OP
sl & 300 Zm=1 MAX0=n=T SUPxeG, s,
. —+ 3000 _ 2
- T Lot MaXosasr [l G
51 ¥ =ae >k \/W Z"’”{' MAX o<y SUP gy, 11, (X) = (DR
5| & : L
5.5 —Lins of slupﬂ 1
-6 | | | | | | | | | | | | |

7 6 5 4 3 2

log,(h = 1%)

Fig. 1. Simulated errors with respect to the space discretization and a line as reference slope on a log, scale.

3000 3000 i
AN, T 2
max_ sup |u; (x) — 007 (x max Uy, — 0 .
2000 ZM%E P i, () T, 3000 2 o2 e = 7 Vi
By our main theorems and the relation © = A2, these errors should proportional to A

(i.e. O(h)). This is precisely what we observe in Fig. 1. The slight bump down at the finest
two spatial step-sizes & € {27°, 277} is most likely due to the increase in the number of terms in
the approximation of / Sh (three to be precise) and the analogous small jump term in the noise.

4. Auxiliary results

In this section, we present some results that will be needed for the proof of Theorems 2.3 and
2.4. Introduce the operators

x(h.k) d

I (2)¢(x) —Zlgm) Z 202600 (5 + hz i),

=1 i=l1

T2 (x) = % 151 (2)(@(x + hzi) — ¢ (X)),

T")p () =T ()¢ (x) + %" () (x).

Consider the following explicit and implicit-explicit schemes in H°:

MZ’T=qu1+<(£h +1 )”h Tl+ftn 1)T+Z( ziii " T1+gtn 1)Aw5

+ /Rd (Ih(z)qul+o,n_,(z))q(dz,]t,,_l,tn]), nefl,.... T} 4.17)
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and

h
T = o (B I T, 4 £) T Lt NPT, 8 A
o=1

+ 1,51 /l;d (Ih(z)vi"_rl +0z,,,1(2)) q(dz, ty—1,t,]), nefl,....,7}, (4.18)
with initial condition
upT(x) =)t (x) = p(x), x eR7

We now prove some lemmas that will help us to establish the consistency of our approximations.
The following lemma is well-known and we omit the proof (see, e.g., [10]).

Lemma 4.1. For each integer m > 0, there is a constant N = N(d,m) such that for all
ue H"? and v e H™3,

1
18n.iw = Bjtallm = S 1A llatllm-+2.

184,i6—n,jv — 0ijvllm < NIl |V]lm43-
Lemma 4.2. For each integer m > 0, there is a constant N = N(d, m, ) such that for all
u € H" 3, we have

1T — 1"ullm < NIR| t]lmss. (4.19)

Proof. It suffices to show (4.19) for u € C° (RY). We begin with m = 0. A simple calculation
shows that

lseu(x) — Lhu(x) = Z f [ Z(z — hz)0hux + hzy + 0 — hz))dom (d2)
B
d

_ Z/ 3 @) — 8 uo)m (d2).
k=07 B;MlzI=1} ;=1

By Minkowski’s inequality, we get

d
s — Ieullo < Z/ > 12" = hzi ] 19:ullom (dz)

kll

d
+ Z / D 12 19i(x) — 8!u(x) [lom (dz)
k=0 Bin{lzl<1

Vizl

d
< Nl ulls + N Y 18u(x) = 8fu) o,
i=1

since |z = hzx| < |h|~/d/2 and (2.6) holds. Thus, by Lemma 4.1, we have

[ Iscu — Ifullo < NIh| |lulls. (4.20)
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1 We also have

> Isu(x) — Ifu(x) = Z/ 5 k)/hk Xd: z zf a,,u(x+9z) — 8pi8—p, ju(x + hz hk))
B =1 Yo, i,j=1

s x (1 — 0)d07; (dz). @21
4+ Note that
5 Ojju(x +0z) — 8p,id_p julx + thlh.k)
6 = aiju(x +6z) — Biju(x + th[h,k) + 8,-ju(x + /’erlh,k) — 5;,,,‘5_]1’1‘1/!()6 + hzrlh,k)

1 d g
7 = /(‘) I; <9Z‘1 — th[h,k> 040;ju (x + /’erlh,k + p(Oz — thlh.k)) dp
8 + 0;u(x + thlh.k) — 8p,ib_p, ju(x + /’erlh,k).

s By (2.10), we have |6z9 — hzqhykl < N|h|. Hence, substituting the above relation in (4.21), using
T

10 Minkowski’s inequality, (2.5), and Lemma 4.1, we obtain

i I Isu — Ifullo < [hIN||ul3. (4.22)

12 Combining (4.20) and (4.22), we have (4.19) for m = 0. The case m > 0 follows from the case
13 m = 0, since for a multi-index y, we have

4 Y Uu—1"u)=10"u—1"9"u. O

15 Lemma 4.3. For each integer m > 0, there is a constant N = N(d,m, 8), such that for all
6 u€ H™2 we have

v /R T @u = Z@ully,ma(d2) < NIhPllully, . (4.23)

18 Proof. It suffices to prove the lemma for u € Cfo(Rd) and m = 0. We have

1 T (Du(x) — I (Du(x)
x (h,k) h ko d

2 _ZlBh(@ Z/ Zz(alu(x+92)—8h,u(x+hzhk))d@

21 Notice that

1
22 oiu(x +6z) — épiu(x + thlh,k) = / Z Ojju(x + p(0z — hz hk))(@Z] — h7’ hk)d,o
i,j=1
23 + oju(x + thlh,k) — Opiulx + thlh.k).

24 Q6 Thus, by Remark (2.10) and Lemma 4.1, we get
25 175" (2)u — T ()ul§ < 1z1<s12* N1k lull3,

26 and hence by (2.5), we obtain

27 / ) IZ5" (2)u — I (2ul3ma(dz) < NIk [ull3. (4.24)
R
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We also have

17 (Dux) — I (u(x)| = Z 1B,’g @ u(x +2) —ulx + hzp)|
k=0

sZ Bh<z>f Z|alu(x+hzk+p(z—hz;c>)||z — hzjldp.

Consequently,
15" (2w — T @ull} < 1=s NP |ull,
which implies by (2.6) that
/Rd 17" @y = I @ull§ma(dz) < Nihull. (4.25)

Combining (4.25) and (4.24), we have (4.23) for m = 0. The case m > 0 follows from the case
m = 0, since for a multi-index y, we have

O (Tu —T"u) =70 u —1"9%u. O

Lemma 4.4. If Assumption 2.1 holds for some m > 0, then for any ¢ € (0, 1) there exist
constants N1 = Ni(d, m, x, K, §, €) and N» = N>(d, m, x, K, 8, €) such that for any u € H™,

G (u) = 20, LW + [Nl ) + 200, ") + /R I @ull}, ma(dz)

d
< —(c—5®) — &) Y I8nully + Nullull,, (4.26)
i=1
and
N d
W, Ly + (@, Iy < =0 = 61(8) — €) Y 118 iully, + Naflully. (4.27)

i=1

Proof. By virtue of Lemma 3.1 and Theorem 3.2 in [10], under Assumption 2.1, there is a
constant N = N(d, m, x) such that for any u € H™ and € > 0,

d
20u, LW + N ully, g, < —Ce =€) Y lISniulln, + Nllully,
i=1

Therefore, it suffices to show that there is a constant N = N (8) such that for all u € CZ° (Rd ),

d
20, 1" wym + /R T @ullpma(dz) < ¢®) Y I8n iully + Nlully, (4.28)
i=1
We start with m = 0. Since
0 x(hk) d '
(u, Mu)g = Z/ Z > ab Z//[ah,,-a,h,,-u(x+hzrlh,k)u(x)dxm(dz)
k=0 B =1 i,j=1 R¢
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and
/ Sn,id—n, ju(x + hz pux)dx = — / Sn,iu(x + hz ni)dp, ju(x)dx,
R4 ’ 1 R4 ' 1

by Holder’s inequality, we get
d d

2u, Ifu)o < f 2Pm(dz) > dniully = 61(8) Y I8n.iullg.

lz|<8 i=1 i=1

In addition, owing to Holder’s inequality and (2.9), we have

00 d
20u, Iy = ) /B /R (“(" +hzi) — u(x) — -1 ny(lzl) Zz"aﬁum) u(x)dxm (dz)
k=0"* Pk i=1

< 0.

By Minkowski’s inequality, we have

0 d 0
S3h 2 2 2 8¢5 h 2 2
17" @)u E;lBg(Z)m 2||8h,,-u||0 and |Z (z)u||0§4k2(:)1g£(z)llullo
=l 1= =l

and hence

d
/R T @uligmadz) < €2(8) Y I8n.iully + 4mi(flz] > 8D lullg,
i=l

which proves (4.28) for m = 0. The case m > 0 follows by replacing u with 8% u for |y| < m.

This proves (4.26), which implies (4.27). [

Remark 4.1. It follows that for m > 0, there is a constant Ns = N5(d, m, K, §) such that for

anyu € H™,

d
Nl 0, + /R T @uligma(dz) < Ns Y lniully
i=0
4d
< Ns (1 + ;Tz) el

Lemma 4.5. For anym > 0andu € H™,
ey, < midlz] > 8Hlully,.
Moreover, if Assumption 2.1 holds for some m > 0, then for any € > 0 and u € H™,
N3d & 1
ICE!+ Ml < (=5 > 18, iully + Na (1 + ﬁ) lull7,
i=1
where

J 1/2
N3 = 2<sup > Iaij(x)|2> + 6109

t’x’wi,j=l

2

and Ny is a constant depending only ond, m, K, 8, and €.

(4.29)

(4.30)

4.31)

(4.32)
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Proof. It suffices to prove the lemma for u € C, °°(Rd). It follows that
oo x(h,k)

Lh + hu(x) = Z Z o Z &k ()8ni8p julx +hz )

i,j=1

Z a! 8.8, ju(x)

i,j=0
ior j=0
where &, (x) = ¢/, for k # 0and ) ,(x) == ¢ + 2a) (x) (recall that §1"° = | and
x (h, 0) = 1). Moreover, for each multi-index y with 1 < |y| < m,

oo x(hk)

(LM + IHux) = Z Z a1 Z ¢/ (x)(sh,,-s_h,,-ayu(x+hzrlh,k)

i,j=1

LY Nen Y (7P ai’ () Shid-n. ;0P u )
(B: B<v} i,j=1

d P
+ > New Y (07 el 0) dnison 0P uo)
B B=y) =

=: (A1(y) + A2(y) + As(¥)u(x),

where N (B, y) are constants depending only on 8 and y. By Young’s inequality and Jensen’s
inequality, for any € € (0, 1), we have

L) + 1Ml < (A 4e) Y A ()ullg

lylsm

1

+3 (1 - ;) [ > (14200ul + 143 )ullf) + ||1§zu||,%1} :
lylsm

Applying Minkowski’s inequality and the Cauchy—Bunyakovsky—Schwarz inequality and noting

thal tZX(h k)th = ; and

80P ullo < }—l||3‘3ullo; Vief0,1...,d}, V|8l =m,

we obtain

A1(¥)ullo

S\ 12
m

) 12 4 4
) (Z Hah,ia,h,ju(&rhzrf,k)
k=0 ij=1
SIS 12 4 4 1/2
< kZ (sup > |§hk(x>|2> <Z} ||5h,iayu||é)
= -

txwl] 1

and
o 172

1/2
Z(sup > g, k(x>|2> = | sup Z

kotxwljl txa)ljl

/ 2zl mi(dz) + 24 (x)
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1/2
00 d o 2\ Y
(2 ]f deman
= B
k=1 \i,j=1 k
d 1/2
i 2
<2(sup Y o/ W] 450
t,x,w ij=1
Thus,

N3d d
> NAGuls < =5 D I iully,
i=1

lylsm

Another application of the Cauchy—Bunyakovsky—Schwarz inequality and Minkowski’s
inequality, combined with the inequalities

I18n.i0Pullo < 118:8Pullo Vi €{0,1...,d}, VIBl <m — 1,
I8n.:8—n,j0Pullo < 118;;0Pullo, Vii,jell,....d}, VIBl <m —2,

and
5 2 o
18n,i6—n, ;0 ullo < Z”(Sh,iu”m» Vii,jefl,....d}, YIBl=m—1,

yields

1
> (||Az<y>u||% + ||A3(y>||%) <N (1 + —2> luell, -

h
lylsm

By Minkowski’s integral inequality, we have

00 d
h is
et < fR ) glgﬁnu(. +hze) =1 =11 @) ;z On.ittlmm1(d2)

2d f6<\z|§1 |zlr1(dz) 167 ullo
p i

<3 (m({lzl >0} +

It is also easy to see that (4.31) holds. Combining above inequalities, we obtain (4.32). [

The following theorem establishes the stability of the explicit approximate scheme (4.17).

Theorem 4.6. Let Assumption 2.1 hold with m > 0 and Assumption 2.5 hold. Let F' € H" for
i €{0,...,d}, G e H"(£3), and R € H" (;r3). Consider the following scheme in H™ :

d
uﬁ’r = MZL +/ <(£Z_1 + Ih)”Zfl + Z(Sh’iFfl> di
1th—1.tn] i=0
Ng;h h,t GQ d o
+ ] | a1 Un—1 + 6 Wy
h—1,In

+/ /(Ih(z)qul+Rz(z))q(dt,dz), nell,....T),
lta—1.ta] JRY
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for any H" -valued %y-measurable initial condition ¢. If E||<p||,2n < 09, then there is a constant
N=Nd,m,x, K, T,?38) such that

T d
E h,‘[ 2 E 8 . h,r 2
o2 Ml B 2 W
T ,d ‘
< NE|¢l; + NE / O IFZ +16.02 + / IR (@I 2(d2) )di. (4.33)
0 “ido R

Proof. If E||<p||r2n < 00, then proceeding by induction on n and using Young’s and Jensen’s
inequality, Itd’s isometry, (4.32), and (4.30), we get that for alln € {0, 1,...,7}, E||uZ’T ||,2n <
oo. Applying the identity [|y[2, — [[x]|2, = 2(x,y — X)m + |y — x|, x,y € H™, for each
ne{l,..., 7}, we obtain

6
[ P A PARE Sy ATSY (4.34)

i=1

where

I () =2t (u)” 1,(5” 1)) A

L(t,) = 2/ Z(u" 1» (Sh lF )mdl
Jtn—

ltn]l

d
T (ngfl + Ih) qul —i—/ Z«Sh’iFl"dz

Itn—1,tn] =0

IS(In) =

)

m

h_h,
G =2 (e A 67 aw
ltn—1,n] m

I5(tn) —2f f Wy T + Ri@) gl da),
1ta_1:tn] R4 m

To(ta) =2 (T (Ll 1Ml 0 ) +2<f] Zamdr n(tn)> ,
m f, m

1—150n] i=0

and where
n(ta) = / (MZhulr, + GF ) duf + f / (T @uly + Ri() g, do).
Jtn—1.tnl Jtn—1,tn] R4
By virtue of Assumption 2.5, we fix ¢ > 0 and € > 0 small enough such that
— ~ T ~
g=x—¢c0)—e—(14+e) +q)N3dﬁ —q >0,

where N3 is the constant in 4.5. Since the two stochastic integrals that define n are orthogonal
square-integrable martingales, by Young’s inequality and (4.29), for all q > 0,

d
h, h,
Elln(tn)l% < Er|IN]'_ ul" 12, + Bt f IZ" @ul™ 1% m2(d2) + BT Y 18ni1e " I,
i=0
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N
(1428 [ (16 [ IR@Em@ ) a @39
Jtn—1,1n]

in (4.35), we have

W

Thus, taking q =

~ d
q h
E() < ErGi" ) + TET ) i, I,

3N.
+ (1 + —5> E [ (nGt 2.0, / nR,(z)n%m(dz)) dr
q ]tﬂ*lslll] d

Using (2.8) and Young’s inequality, we obtain

~ d
q .
El(t,) < SE > N8n w112+ —E / § N\ F1l5dt
i=0 I

n—1tn] i=0

An application of Young’s inequality and (4.32) yields

d
- T
Eln) = (1401 + DNsd B ) 130", I (0N (x+ ) Exlug 07,
=

1
+<d+1><1+é)E/ <r||F°|| + ZnFln)
]fnfl’ln]

Making use of the estimate (4.30) and noting that E||uff’r||r2n < o0, G € H"({), and
R € H™(m,), we obtain El4(t,) = ElI5(t,) = 0. Moreover, as (Eﬁ’ + Ih)un s F,_ -
measurable and E(n(#,)|F;,_,) = 0, the expectation of first term in 16(tn) is zero, and hence by
Young’s inequality, for any q; > O,

2
1
Els(ta) < q1EIn() |2, + q_1E

d .
[ Z(Sh,iFtldt
ltn—1,t2] i=0

Moreover, by Jensen’s inequality, (4.35), and (4.29), for any q; > O and g > 0,

m

d
Elg(ty) < (q19+ qiNs)ET Y _ 185,507 112
i=0

A+t oo 4dd+DT K
+E/ — |+ I F/ 1y, | dt
It m]( a1 c qih? ; o

N
+ a1 (1 + —5> E/ (IIGrIIm A / IIRz(Z)Ilf,,ﬂz(dZ)) dt
q Ttn—1.tn] d

We choose q and q; such that q1q + q; N5 < g /3. Thus, owing to (4.26), we have

EGY, ™) + (7 + 1+ 01 +q)N3dh2)ErZ||5h, 2,

h,
< qEanahl wy "y 1 + NiEz " 17
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Taking the expectation of both sides of (4.34), summing-up, and combining the above inequalities
and identities, we find that there is a constant N = N(d,m, x, K, §) such that for all n €
{()? ]‘7 AR T}’

Eluy "I, < Ellglly, qEZ Zuahlul |

=1 i=1
+ (Nl +G+(1+G)Ns (r + ))EZTIIM A

+N<r+l%)/ ZIIF’H dt + NE

10.4] =5

x / (nanmh f ||Rt<z>||%,nz<dz>)dr.
10,2,1 R4

Therefore, by discrete Gronwall’s inequality, there is a constant N = N(d, m, x, K, T, §) such
that

E||u’”||2+EZ Znah, I,

< NE|¢ll, + NE / (Z 1E/ N7, 4 Gl ey + /R [ ||Rt<z>||3,,n2<dz>> dt. (4.36)
i=0 ¢

Now that we have proved (4.36), we will show (4.33). Estimating as we did above, we get that
there is a constant N such that

s

7T-1

n d
E max Y (1) + L) + B3(0) + Te@)) < NE Y 7> 18502,
051’!57—1:1 =0 i=0

+NE/; o (Z ||F’||2 + “Gt”m 0 /l;d ||R;(Z)||,2n772(dz)> dt

Applying the Burkholder—Davis—Gundy inequality and Young’s inequality, we obtain

n 1/2
E max Is(t)) < 6E / / LT ulT +R(z)) m(dz)dt
0<n<T Z ; . Rd Up_y n—1 t
7-1 7-1 A
< ZE max lul*)2 + N (E > i) I +E Y TE||u[’T||%1>
=0 =0

+NE / / IR: (2) 17,72 (dz)d1.
10,71 JR4
We can estimate E maxg<,<7 > ,_; 14(;) in similar way. Combining the above E maxo<,<7-
estimates and (4.36), we obtain (4.33). [

The following theorem establishes the existence and uniqueness of a solution to (4.18) and the
stability of the implicit—explicit approximation scheme.

Theorem 4.7. Let Assumption 2.1 hold with m > 0. Let Fi ¢ H" for i € {0,...,d},
G € H"(£,) and R € H™(mp). Then there exists a constant R = R(d, m, x, K, §) such that
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if T > R, then for any h # 0, there exists a unique H™ -valued solution (v,},’ ’T)nT:O of
d
ot =l +/ (L8 + IET + Il + > 8 Ff | dt
Ttn—1,ta] i=0
Q h h T Q
]tn ltn]

+ / / (1n>11’1(z)v,i’f1+Rt(z>)q(dr,dz), (4.37)
]tn 1>In Rd

1Q8 for n € {1,...,7T}, for any H"™-valued Fy-measurable initial condition ¢. Moreover, if
2 E||g0||,2n < 00, then there is a constant N = N(d, m, x, K, T, §) such that

T d

h,7 2 h,t2

3 E max |[v;°|; +E E T E 18m,ivy " Il
0=n=T n=0 i=0

T [ d )
< NE|g|; + NE /0 (Z IF{ I+ 1G I, + /R ; ||Rt(z)||51nz(dz)> dr.  (4.38)
i=0

I

5 Proof. Foreachn € {1, ..., 7T}, we write (4.37) as
6 Dnvgl = )’n—l»

7 where D, is the operator defined by
. Dy :=¢—z(/§?ﬂ+1§)¢>

Q9 and

h h,
In—1 = Unfl+/ (ahfv rl"‘za’” )
ltn—1,ta]

h
+-/l ( ">1M§ 1 ::”1 +G?) duf
tn—1,tn]

/ f n>IIh(Z)U,, 1+RZ(Z)>‘I(dt dz).
]tn ltn Rd

s  Fix €1 and €3 in (0, 1) such that

10 g1 =x—¢61(6) —€ >0
1 and
12 gy i=x—¢(8) —ex > 0.
13 Owing to Lemma 4.5, there is a constant N = N(d, m, K, §) such that for all p € H™,
1 1
1 1DapII2, < N<1+r (h2 ﬁ)) 1112, (4.39)

15 Assume 7 > T N,. By (4.27), for all ¢ € H™, we have

d
1o (@, Dud)n = (1= TND)Bl7, + 717 Y I8nidll5 = (1 = TN 7, (4.40)

i=1
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Using Jensen’s inequality and (4.31), we get

207 G
ol =5 (1+milzl > 8h*e?) 115, + =5 /IO 2N
Il =0

2 2
+5 H/ G2dw? / / R:(2)q(dt, dz)
10,11] 10,11 JR? m

Since ¢ € H™, Fi e H",i € {0,1,...,d}, G € H"(£y), and R € H" (), it follows that
yo € H™. By (4.39), and (4.40), owing to Proposition 3.4 in [12] (p = 2), there exists a unique
vf”r in H™ such that Dlv{l’r = yp, and moreover

(4.41)

+5|

1yollz,
" + < 4.42
oI = 1+ s (4.42)
Proceeding by induction on n € {1, ..., 7}, one can show that there exists a unique vn Tin H™
such that D,v"" = y,_1, and moreover
R < 1 4 Im o 4.43)
o (1 —TNy)? ' '

Assume that E||<p||,2n < 00. By (4.41) and (4.42) and the fact that fi e H",i € {0, 1,...,d},

g € H"(¢y), and r € H™(v), it follows that E||vi"r ||,2n < 00. By Jensen’s inequality, (4.31), and
(4.30), we have

1
Elly,—1ll% < 7N (1 +m{lzl > )30 + 1ymq7 (1 + ﬁ)) E[lv!" 12,

28t
+?E/]0t Z||Fl|| dt+7E/ G113, ¢, dt
1]

10,411

+7E / / IR (2)|2,m2(dz)dt. (4.44)
10,61 JRE
Proceeding by induction on n and combining (4.43) and (4.44), we obtain
E|[v" 7|2, <00, Vne{0,1,...,T}. (4.45)

Applying the identity ||ly|2, — l|x|2, = 2(x,y — X)m + |y — x|2,, x,y € H™, for any
ne{l,..., 7}, we have

T2 = oy 1, +Zl(rn>

where

1) =2t (uh" (z:h +17) ’”) 20T T I 112,

Dy(ty) =2 Z(u  Sni F )mdt,
Itn—1,tn] i=0
d 2 )
B =— | (2 + 1)) ’”+Z/ SniFidt| + th .
i=0 [tn—1,tn]
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h
I4(ty) = 2/ (Un 1’ n>1NQ B, Tl + GQ> dw,g,
1tn—1,tn]
I5(ty) = 2/ / (Uflzfl’ 1n>lIh(Z)U::f1 + RZ(Z)> q(dt,dz),
Itn—1,tn] R? m

lo(tn) = (TI " na)

and where

n(t) :=f (L NZH 0T, 4 G dwf
]tn 1 tn]

+ / / (1orT" @V, + R()) a(t. d).
]tn 1-In Rd

As in the proof Theorem 4.6, by Young’s inequality, (4.26), and (4.31), we have

n d
— h
ElvlTl7 < (A +2m({lzl > S Ellgln —7EY 1y 180",

+ EY v (Na+2mlzl > op+ rmizl > 89 I,
=1

d
+NE [ (Z VF s # 0G0+ [ ||Rt(z>||zln2(dz>> dt
10,2,]

i=0

7 Q10 Set

Z = No +2m1({|z| > 6}),

2
R := max ( 2m({lzl > oD ,Nz) T.
VZ2 +4mi({Iz] > 812 —

Assume 7 > R. Making use of (4.45) and applying discrete Gronwall’s lemma, we get that there
exists a constant N(d, m, K, x, T, §) such that

Ellv) 77, +EZ Znsh, 17,

< NElgl;, + NE /]O . (Z 1F{ W + 161, 0, / , ||Rt(Z)||r2n7T2(dZ)> di. (4.46)

Using (4.31) instead of (4.32), we obtain (4.38) from (4.46) in the same manner as Theorem 4.6.
Note that no bound on 7/ h? is needed in this case. [

5. Proof of the main results

Proof of Theorem 2.1. By virtue of Theorems 2.9, 2.10, and 4.1 in [6], in order to obtain the
existence, uniqueness, regularity, and the estimate (2.7), we only need to show that (2.3) may
be realized as an abstract stochastic evolution equation in a Gelfand triple and that the growth
condition and coercivity condition are satisfied. Indeed, since (2.3) is a linear equation, the
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hemicontinuity condition is immediate and monotonicity follows directly from the coercivity
condition. By Holder’s inequality and Assumption 2.1(i), foru, v € H ! we have

d
> (9ju, woia! +ao_iv))

i,j=0

d
+ / (u(-+z)—u—l[_l,l](|z|)sz8ju,v) m1(dz)
|z|>8 .
0

0

j=1

1 d
[0 (o +00.F00) (1 - 0)dom ) = Nlulalvlh
lz<8 Jo 0

i,j=1

Therefore, since the pairing [-, -]Jo brings (H 1)* and H~! into isomorphism, for each (w, 1) €
[0, T] x {2, there exists a linear operator Al . H' — H7! such that [v, A,u]o agrees
with the left-hand-side of the above inequality and for u,v € H', lAwull—1 < Nlul;. By
Assumption 2.2, the operator A defined by A(u) = Au + f, maps H' to H~" and foru € H',
IA: @)1 = N(llulls + 11£11=1)-

For an integer m > 1, with abuse of notation, we write

G = (1= A2 (1 — A2,

and | - ||, for the corresponding norm in H™. It is well known that the above inner product and
norm are equivalent to the ones introduced in Section 1. For each m > 1 and for all u € H™*!
and v € H™, we have (u, v);, < |ullm+1/lv]lm—1. Since H™H is dense in H™ 1, we may define
the pairing [, -], : HmHL o gm=1 R by [v, V'] = limy— o0 (v, V), for all v € H"H and
v € H"!, where (Vo C H™*! is such that Jv, — v/ |lm—1 — 0asn — oco. It can be shown
that the mapping from H™~! to (H™*!)* given by v/ +> [-, v'],, is an isometric isomorphism.
For more details, see [22]. Therefore, for all m > 0, (H m+l pgm g m’l) forms a Gelfand triple
with the pairing [-, -];,.

Form > landallu € H"tLand v € H™, using integration by parts, we get [v, A;(u)]p =
(L +1u+ f,v)yg = [v,(Lr + INu + flo. Since this is true for all v € H™, which
is dense in H!, the restriction of A to H™*! coincides with L + I + f. Moreover, it can
easily be shown under Assumptions 2.1(i) and 2.2 that for all m > 1 and u,v € H"tL
lA: @) lm—1 < Nllullms+1 + | fllm—1, where N is a constant depending only on m,d, K,
and v, which shows that A satisfies the growth condition. For u € H™, m > 1, define
B%(u) = b,°d;u + g°, B, = (B? o and Co(u) = u-+2) —u+0,(2), 2 € R?. Owing to
Assumption 2.1(i), B; is an operator from H™*! to H™(¢). Furthermore, C is an operator from
H™ to Ly(R?, 2 (dz); H™) (see (5.48)). It is also clear that A, B, and C are appropriately
measurable. Thus, (2.3) may be realized as the following stochastic evolution equation in the
Gelfand triple (H™*!, H™, H™1):

U =uo+/ As(us)ds+/ Bf’(us)dwar/ C:(us-)q(dz, ds), (5.:47)
10,1] 10,1] 10,1]

fort € [0,T]. Letu € CX*° (RY). A simple calculation shows that there is a constant N = N ()
such that

/Rd luC+2) = ullzm2(dz) < 2@)llully, oy + Nlully,- (5.48)
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Applying Holder’s inequality and the identity (u, d;u) = 0, we obtain

d
/ (“('+Z)_“_1[—1,1](|Z|)szaju»’4> m1(dz) < 0.
l2]>8'
m

j=1

By Holder’s inequality and the Cauchy—Bunyakovsky—Schwarz inequality, we have

z/ / 3 (zfa,u(-+ez),z’a_,-u) (1 — 0)dom1(d2) < c1®)llull? ;-
lzl<8” JO ;52 m

There exists a constant € = €(x, §) such that

g =x—¢(6)—€>0.

As in Theorem 4.1.2 in [22] and Lemma 4.4, using Holder’s and Young’s inequalities, the
above estimates, and Assumption 2.1, we find that for each € > 0, there is a constant N =

N(d,m,«k, K, T, §) such that for all (w, t) € £2 x [0, T],

20w, A @)l + 1B @7 0 + /R €@, m2(d2) + Gllully,

=N <|Ibt||,%1 + 1 fellm—1 + gt llm,e, + /Rd |I0z(Z)|I,2n7T2(dZ)> -

Using the self-adjointness of (1 — A)!/2, the properties of the CBF [-, -], and Assumption 2.2,

forallv € C°(RY) andu € H"*!, m > 1, we have

[v, A@lm = (L + Du, (1 = A)"v)o + (f, (1 = A)"v)o.

Owing to (5.49) and the denseness of (1 — A)™"CZ° (R?) in H', from Theorems 2.9, 2.10, and
4.1 in [6], we obtain the existence and uniqueness of a solution u of (2.3), such that u is a cadlag

H"™-valued process satisfying (2.7). [

Proof of Proposition 2.2. Let A, B, and C be as in (5.47). Owing to Assumption 2.1, the
boundedness of the m — 1-norm of g in expectation, and estimate (2.7), using Jensen’s inequality

and Itd’s isometry, for s, ¢ € [0, T'], we get
2

EH [ Atunas s|t—s|<NE | ek ||fr||,%1_1dr>
Is,t] m—1 10,T] 10,T]
SNlt_S|,
2
EH / Bf (u)dwf =E / 1B @)y, 1. ¢,dr
Is,1] m—1 Is,1]
<

t<T

and
2
EH / f@(urf)q(dr,dz) _E / /||Cz(ur)||,%l_17fz(d1)ds
Is,1] JRE m—1 Is,1] JRY

<Nt — s (supEnutu%, + supE/d ||ot(z>||,%1_1nz<dz))
R

t<T t<T

N|t —s] (SUPE||ur||51 + SupEllgtIIm—l,zz) < Nl —sl,
t<T
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< Nl —s],

which completes the proof of the proposition. [

Theorem 5.1. Let Amtmplmm 2.1 through 2.5 hold for some m > 2. Let u be the
solution of (2.3) and (un )n _o be defined by (4.17). Then there is a constant N =
Nd,m,»,K,T,C, A, K2 8) such that

m?

T d
h,
E max ey, —u ||m 2+EZ ZHShz”t,, Spiu T”m 2ds
n=0 =0

< N(|h|2 +1). (5.50)

Proof. Fort € [0, T], let k;(¢) := t,_1 for t €]t,_1, t,], and set eZ’ < uZ T us,. One can

easily verify that e/'* satisfies in H™ 2,

d
ARTURY NN (CRETOIERS SN P
n—1sln .

+ / (N,fj et +G@) dwf + / f Ih(z)eh i +R,(z)>q(dt dz),
]tn lvtll] tn ltn] Rd

where
F) = (L} ) = Ly + (Liyry — Lo + I = Du,
- (fm fo) + 1 ey ) — 1)

+ 2; K](t)(s h /(”/q(t) —u) + X(; /q(t)(sh l(u/q(t) — Uy)
=
d

Z ey 1) = UG+ W)dnia ),

oo x(hk)

Z%M i Gy = )+ > GG 8 ey — )+ hzpe)

k=0 [=1
Gf = (Nmo) N + NGy = N s+ NG iy = ) + (85, = 89)
Rl = (T = T ) i + T @ ey = i) + (0610 () — 01(2))

By Theorem 4.6, we have

T d

h, h
E [ max, llefT) 2 2+EZ ZIIBhZe”IIm 2
n=0 i=0

i 2
< NE /m (Z AR A A /R IR, yma(d2) )dr.

Using Lemmas 4.1, 4.2, and 4.3 and Assumptions 2.1(i) and 2.4, the right-hand-side of the above
relation can be estimated by

NEf (1Rl 12,1+ ber () = el + gy — a2, ) i
10,71
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+ NE/ (”f/q (1) — ft ”1211—2 + ”g/q (t)y — gt”m—Z,Ez
10,T]

+ / lok, 1) (2) — o (Z)Ilm—zﬂz(dZ)> dt
Rd

where N depends only on d, m, x, K, C, A, T, 6 and v. By virtue of (2.7), Proposition 2.2, and
Assumption 2.3, we obtain (5.50), which completes the proof. [J

Theorem 5.2. Let Assumptions 2.1 through 2.4 hold with m > 2 and let u be the solution
of (2.3). There exists a constant R = R(d,m, x, K,8) such that if T > R, then there
exists a unique solution (vh T)T of (4.18) in H™2. Moreover, there is a constant N =
Nd,m,»,K,T,C, A, K2 8) such that

m>

h
E max g, — 07115, 2+EZ Znsh,utn Snivm I, _ods
n=0 i=0

< N(h]* + 7). (5.51)

Proof. The existence and uniqueness follow directly from Theorem 4.7. Let k1 (¢) be as in the

previous proof and set k2(t) = t, for t €]t,—1, t,]. Let G and R be defined as in Theorem 5.1

and define F' to be F! with «;(¢) replaced with «;(¢). Set eﬁ’ = v,},' g uy,. As in the proof of

Theorem 5.1, we have

d
eht =t +/ (L} + Iew™ + Ieey™ + > i Fl | dt
Jtn—1.ta] i=0
+ / ( n>1./\/,i'}i Zrl+éf)dwtg
]tn 1 ln]

w [ (T @+ Ri@) atar.as,
ti—1,tn] JRE 4

where

F' = F', fori # 0, FO=F0+I~§’(-(MK1(,)—ukz(,)),

GY = Liey Wuy +80) + 124G, Ri(2) = Lisy T@ur— + L=y Ry (2).
By Theorem 4.7, we have

E max_ ue’”nm 2+EZ Znah,e 15,2 < N(A1 + A2 + Ag),
n=0 =0

where

d
Al =E f SOIF I i+ f (nG,niz,m / IIRr(Z)Ilfnzﬂz(dz)) dr
10.T] ;=9 10,71 R?

Ay —E / VT Gty 1y — sty odt
]

s

Ay =E / (nM,m il + / TG + o,<z)||,%1_2m(dz)> dr.
10,#1] R¢
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As in the proof of Theorem 5.1, we have A} < N(|h|> + 7). By Proposition 2.2, we get

T
As < NE / ity — s Iyt < N.
0

Owing to 2.3, we have

3]
A3 < NE / (nutui_l + gl s, + f ) ||ot(z>||3n_2nz<dz)> dt
0 R

n
< NrE/ sup [lu||?,_, + &) dt < Nz
0 t<T

Combining the above estimates yields (5.51). O

By virtue of Sobolev’s embedding theorem and (2.13), as in [10], we obtain the following
corollaries of Theorems 5.1 and 5.2.

Corollary 5.3. Let | > 0 be an integer. Suppose the assumptions of Theorem 5.1 hold with
m>14+24d/2 Thenforallr ="', ..., "y e (1...,d} and &), = 3p, 51+ 8y 31, there is
aconstant N =N(d,m,l,x,K, T, C, A K , 8) such that

E max_sup |8 us, (x) — dp, Auhf(x)| +E max [8p,1s, — n, )\u ”Zz(Gh)
0=n=T ,cpa

< N(lh|* + 7).

Corollary 5.4. Let [ > 0 be an integer. Suppose the assumptions of Theorem 5.2 hold with
m>1+2+d/2 Thenforall = (', ..., A1) e (1...,d} and 8y, = 8, ;1 -8, 1. there is
aconstant N=N(d,m,l,»,K,T,C, A, K , 8) such that

h, 2
E max _sup |8p 1, (X) — 8p vyt (x)] +E max 18, 5.us, — On, Av ||22(G/)
0=n=T ycRd

< N(h?+1).

Proof of Theorems 2.3 and 2.4. Let (ﬁfz’ r) o be defined by (2.11). Denote by (-, -)¢,(G,) the
inner product of ¢>(Gy,). There exists a constant € = €(x, §) such that

qg:=x—¢1(8) —e > 0.
As in (4.27), there is a constant Ng = N¢(d, %, K, §) such that for all ¢ € £>(Gy),

d
@ LI ®) sy + (0. LD sy < =7 Y 18ni817, ) + Nelll, -
i=1
Following the arguments in the beginning of the proof of Theorem 4.7, we conclude that if
T > NgT, then there exists a unique solution (Ah r)M —o in £2(Gy) of (2.12). It is easy to see that
Ng < N (for the same choice of €) for all m > 0, where N is the constant appearlng on the
right-hand-side of (4.27), and hence Ng < R, where R is as in Theorem 4.7. Let (un )M be
defined by (4.17). By Theorem 5.2, there exists a unique solution (vn )2’1:1 of (4.18). It suffices
to show that almost surely,

ul T (x) = a7 (x) (5.52)
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and
h,t _ aht
vn (x) - vn (X), (5.53)

foralln € {0,..., M} and x € G" Let.¥ : H" 2 — £,(G") denote the embedding from
Remark 2.3. Applying . to both sides of (4.17), one can see that .”u"-* and 4’7 satisfy the
same recursive relation in £; (Gh) with common initial condition ¢, and hence (5.52) follows.
Similarly, .7v"7 and 97 satisfy the same equation in £,(G") and (5.53) follows from the
uniqueness of the £,(G") solution of (2.12). O

Remark 5.1. It follows from Corollaries 5.3, 5.4, and relations (5.52) and (5.53) that if more
regularity is assumed of the coefficients and the data of Eq. (2.3), then better estimates can be
obtained than the ones presented in Theorems 2.3 and 2.4.
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