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Abstract

Given a stochastic differential equation with path-dependent coefficients driven by a multidimensional
Wiener process, we show that the support of the law of the solution is given by the image of
the Cameron—Martin space under the flow of mild solutions to a system of path-dependent ordinary
differential equations. Our result extends the Stroock—Varadhan support theorem for diffusion processes
to the case of SDEs with path-dependent coefficients. The proof is based on functional It6 calculus.
© 2019 Elsevier B.V. Allrights reserved.
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1. Overview

1.1. Support theorems for stochastic differential equations

A stochastic process may be viewed as a random variable taking values in a space of paths.
The (topological) support of this random variable then describes the closure of the set of all
attainable paths and provides insight into the structure of sample paths of the process. The
nature of the support has been investigated for various classes of stochastic processes under
different function space topologies, with a focus on stochastic differential equations.
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For diffusion processes the support with respect to the supremum norm was first described
by Stroock and Varadhan [19,20], a result known as the ‘Stroock—Varadhan support theorem’.
An extension to unbounded coefficients was given by Gyongy [13]. The support of more
general Wiener functionals and extensions to SDEs in Hilbert spaces are discussed in Aida
et al. [1,2]. These results were extended to the Holder topology by Ben Arous et al. [4] and,
using different techniques, by Millet and Sanz-Solé [16]. Bally et al. [3] use similar methods to
derive a support theorem in Holder norm for parabolic SPDEs. Support theorems in p-variation
topology are discussed by Ledoux et al. [14], using rough path techniques. Support theorems
in Holder and p-variation topologies are discussed in [12] and Pakkanen [17] gives conditions
for a stochastic integral to have full support. In this work we extend some of these results to
stochastic differential equations with path-dependent coefficients.

Let r,7 > 0 with r < T and d,m € N and suppose that ({2, #, (% )01, P) is a
filtered probability space satisfying the usual conditions and on which there is a standard
d-dimensional (.%,),¢[0,7)-Brownian motion W. We consider the following path-dependent
stochastic differential equation:

dX, = b(t, X)dt + o(t, X)dW, fortelr,T] (1.1)

with initial condition X, = x(s) for s € [0, r], where x € C([0, T], R™) and the coefficients
b :[r,T] x C(0,T],R") — R" and ¢ : [r,T] x C([0, T],R") — R"™*4 are product
measurable and non-anticipative in the sense that b(z, x) and o(t,x) depend on the path
x € C([0, T],R™) up to time t € [r, T] only.

Under Lipschitz continuity and affine growth conditions on b and o, this SDE ad-
mits a unique strong solution for which a.e. sample path lies in the delayed Holder space
Cx([0, T],R™) for every « € [0, 1/2). Our main result is a description of the support of the
solution in the Holder topology: we show that the support of its law is given by the image of
the Cameron—Martin space under the flow associated with a system of functional differential
equations.

1.2. Statement of the main result

Denote by | - | the Euclidean norm in R and the Hilbert-Schmidt norms in R¢*¢, R"*¢
and R™*"_ We let I; be the d x d identity matrix and for a matrix A € R”*¢ we denote by
A’ its transpose. For a path x : [0, 7] — R™ we let x" be the path stopped at ¢t € [0, T]:
x'(s) = x(s At) for s € [0, T]. Throughout, C([0, T], R™) is the separable Banach space
of all R™-valued continuous maps on [0, T'], endowed with the supremum norm given by
1% lloc = SUP,cpo. 7 1 (1)),

For o € (0, 1] we introduce the non-separable Banach space C*([0, T],R™) of all x €
C([0, T],R™) that are «-Holder continuous on [r, T], equipped with the ‘delayed «o-Holder
norm’ defined via

r |x(s) — x(@)|
Ixlle, == Ix"loo + sUp ————. (1.2)
s,te[r,T]: s#t |S - t|
We set C([0, T],R™) := C(0,T],R™) and || - llo, = | - lloo» by convention, and let

H,l([O, T1,R™) be the separable Banach space of all x € C([0, T], R™) that are absolutely
continuous on [r, T'] and whose weak derivative x is square-integrable with respect to the
Lebesgue measure, endowed with the ‘delayed Cameron—Martin norm’ given by

T 172
lxlar = 1% oo + </ |)'c(s)|2ds> . (L.3)
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Then it holds that H'([0, T],R™) C C*([0, T],R™) and |x|[ijo, < lx|lg, for all x €
H'([0, T], R™). In the case of no delay the Cameron—Martin space is a Hilbert space. Further,
we allow infinite values and extend the definitions of || - || and || - ||o, at (1.2) to any map
x :[0,T] — R™ and the definition of || - ||, at (1.3) to any map x : [0, T] — R™ that is
absolutely continuous on [r, T].

We assume the diffusion coefficient o to be of class C'? on [r, T) x C([0, T], R™) in the
sense of horizontal and vertical differentiability [7,11], as discussed in Section 2.1, and consider

the map p : [r, T] x C([0, T], R™) — R™ with components

d
pilt, x) =Y 00y (1, X)o (1, X)e, (1.4)
=1

if t < T, and p(t, x) := 0, otherwise. Here, {ey, ..., e;} denotes the canonical basis of R4
and dyor; : [, T) x C([0, T],R™) — R"™™ is the vertical derivative of the (k, [)-coordinate
of o for every k € {1,...,m} and [ € {l,...,d}. Note that p = 9,00 form = d = 1.
Moreover, the horizontal and the second-order vertical derivative of o are denoted by 9,0 and
0,0, respectively.

We characterize the support of the unique strong solution to (1.1) in terms of the following
path-dependent ordinary differential equation driven by an element 2 € H!([0, T], R?):

xn(t) = (b — (1/2)p)(t, xp) + o (t, xp) h(t) fort e [r, T]. (1.5)

Based on these preliminaries, our main result may be stated as follows:

Theorem 1 (Support Theorem for Path-dependent SDEs). Let o be of class C2 on [r, T) x
C([0, T], R™). Assume that o and 0,0 are bounded and there are c,n, . > 0 and k € [0, 1)
such that

b(t, )| < c(1+ Ixl1%),  1b(t, x) = b(t, Y)| < Allx — Ylloos
18,01.1(2, X)| + |8ex 0% (t, X)| < c(1+ |Ix|7) and
lo(t, x) — o (s, V)| + 18:01.0(t, x) — 3,014, V| < A(s — ]2 4+ X" — ¥*lloo)

for all s,t € [r,T), x,y € C(I0, T],R™), k € {1,...,m} andl € {1,...,d}. Then the
following three assertions are valid:

(i) Pathwise uniqueness holds for (1.1) and there is a unique strong solution X to (1.1)
satisfying Xy = x(s) for all s € [0, r] a.s. Further, E[||X||§,r] < oo foreacha € [0,1/2)
and p > 1.

(ii) For h € Hrl([O, T1, RY) there is a unique mild solution xj to (1.5) such that x;(s) =
X(s) for all s € [0,r] and we have x, € Hr'([O, T1,R™). In addition, the map
Hrl([O, T1,RY) — H,.l([O, T1,R™), h — xy, is Lipschitz continuous on bounded sets.

(iii) For a € [0, 1/2) the support of the image measure P o X~ in the delayed Holder
space CX([0, T], R™) is the closure of the set of all mild solutions x; to (1.5), where
h € HY([0, T], RY). That is,

supp(P o X1 = {x, | h € H([0, T], R9)} in C*([0, T],R™). (1.6)

This theorem extends previous results [2,4,16,19] on the support of diffusion processes to
the case of path-dependent coefficients. Moreover, in the diffusion case we retrieve the results
of [4,16] under weaker regularity conditions.
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Our proof uses the functional Itd calculus [5,7,8,11] to generalize the approach used by
Millet and Sanz-Solé [16] to the path-dependent case, providing the correct Girsanov changes
of measures to deduce (2.7). Based on adapted linear interpolations of Brownian motion, we
construct Holder continuous approximations of solutions to (1.1) and (1.5) and show that these
approximations converge in Holder norm in probability to the respective solutions. A key
ingredient is the functional 1t6 formula in [7,9,11], combined with interpolation error estimates
in supremum norm for stochastic processes.

Outline. The remainder of this paper is devoted to the proof of Theorem 1. Section 2
discusses the various building blocks of the proof. Section 2.1 recalls several functional calculus
concepts from [5,7,8,11] that are useful in our setting. Section 2.2 gives conditions for the
existence and uniqueness of a mild solution to the path-dependent ODE (1.5); Section 2.3
gives conditions for the existence of a unique strong solution to the path-dependent SDE (1.1).
Section 2.4 discusses the interpolation method used to characterize the support in the Holder
topology.

Section 3.1 deals with Holder spaces for stochastic processes and the notion of convergence
in Holder norm in probability in more depth. Section 3.2 derives a quantitative version of the
Kolmogorov—Chentsov Theorem with an explicit estimate of the Holder norm (Proposition 12).
Section 3.3 provides a sufficient criterion, based on a sequence of partitions, for convergence
in Holder norm in probability (Lemma 13). While Section 3.4 discusses adapted linear inter-
polations of Brownian motion, Section 3.5 deduces interpolation error estimates for stochastic
processes and several required moment estimates, improving in particular a convergence result
from [16][Lemma 3.2].

Section 4 proves the existence and uniqueness of mild solutions to path-dependent ODEs
(Section 4.1) and strong solutions to path-dependent SDEs (Section 4.2). Finally, Section 5
combines these ingredients to give a proof of the main result.

2. Preliminaries

2.1. Non-anticipative functional calculus

Let D([0, T], R™) denote the Banach space of all R™-valued cadlag maps on [0, T],
equipped with the supremum norm | - ||, and recall the following notions from [5,8]. A
functional G : [r, T] x D([0, T], R™) — R is non-anticipative if

vVt € [r,T], Vx € D([0, T],R™), G(t,x) = G(t,x"),

where x' = x(¢ A .) is the path x stopped at r. G is called boundedness-preserving if it is
bounded on bounded sets: for each n € N there is ¢, > 0 such that

Vie[r,T], Vx € D(0,T],R"), |xleo=n = |G x)|=cy

We notice that the following pseudometric on [r, T] x D([0, T], R™) given by
doo((1, %), (5, y)) =11 = 5] + &' = ¥ [loo

is complete and if G is d..-continuous, then it is non-anticipative. As observed in [10],
Lipschitz continuity with respect to d, allows for a Holder smoothness of degree 1/2 in the
time variable.

Let us recall the definitions of the horizontal and vertical derivative from [7,11]. A non-
anticipative functional G on [r, T) x D([0, T], R™) is horizontally differentiable if for each
t €[r,T)and x € D([0, T], R™), the function

[0,T —t) > R, hr> G(t+h,x")
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is differentiable at 0. In this case, its derivative there is denoted by 9,G(¢, x). We say that G
is vertically differentiable if for all t € [r, T) and x € D([0, T], R™), the function

R" > R, h+> G(t,x +hlyr)

is differentiable at 0. If this is the case, then we denote its derivative there by d,G(¢, x). G is
partially vertically differentiable if for every k € {1,...,m}, t € [r, T) and x € D([0, T], R™),
the function

R—->R, h— G, x +hEk1[t.T])

is differentiable at 0, where {e1, ..., e,} is the canonical basis of R™. In this case, its derivative
there is denoted by 9y, G(¢, x). If G is vertically differentiable, then it is partially vertically
differentiable and 9,G = (0y,G, ..., 9, G).

We call G twice vertically differentiable if it is vertically differentiable and the same holds
for 9,G. In this case, we set 0,,G = 9,(9,G) and

Oy G =0y, (0,G) forall k,l €{l,...,m}

It follows from Schwarz’s Lemma that if G is twice vertically differentiable and 0,,G is doo-
continuous, then d,,G is symmetric: 0y, ;G = 0y, G for all k,[ € {1, ..., m}. Finally, G is
of class C'? if it is once horizontally and twice vertically differentiable such that G and its
derivatives 9,G, 9,G and 9d,,G are boundedness-preserving and dy-continuous.

While horizontal differentiability can be readily extended to functionals that are merely
defined on [r, T') x C([0, T'], R™), vertical differentiability is based on cadlag perturbations, as
it involves indicator functions. A functional F on [r, T) x C([0, T], R™) is said to be of class
C"2 if it admits an extension G : [r, T) x D([0, T], R") — R that satisfies this property. Then
it follows from Theorems 5.4.1 and 5.4.2 in [5] that the definitions

0 F =0,G and 0 F =0,xG on|[r,T)x C(0, T],R™)

are independent of the choice of the extension G. Based on this uniqueness result, we can
apply the functional It6 formula [9] to characterize the support in the proof of Proposition 31.

Examples 2. (i) Let « € (0, 1] and ¢ : R — R, be a-Holder continuous. Then the running
supremum functional G : [r, T) x D([0, T], R™) — R given by

G(t,x) = sup @(x(s))
s€[0,7]

is boundedness-preserving and «-Holder continuous with respect to d,. To be more precise,
there exists A > 0 such that

IG(t,x) — G(s, Y| < Allx" = y*lI%

for all s,t € [r,T) and x, y € D([0, T], R™). Further, we have ;G = 0. However, if ¢ fails
to be differentiable at some x € R” such that ¢(x + h) > ¢(x) for all &~ € R™\{0}, then G is
not vertically differentiable. For instance, take ¢ = | - |*.

(1) Let ¢ € (0,1], ¢ : R" — R? be a-Holder continuous and B : [r, T) — [0, T] be
right-continuous and satisfy B(z) < ¢ for all t € (r, T). Then the non-anticipative delayed map
G :[r,T) x D(0, T],R™) — R? given by

G(z, x) = ¢((x o B)(1))
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is boundedness-preserving and «-Holder continuous in x € D([0, T], R™), uniformly in
t € [r,T). Unless ¢ is constant, G fails to be horizontally differentiable, yet it is vertically
differentiable on (r, T) x D([0, T], R™) and 0,G = O there.

(iii) Assume that ¢ : [0,T) x R" — R”*“ is a Borel measurable bounded map that is
Lipschitz continuous in x € R™, uniformly in ¢ € [0, T). Then the non-anticipative integral
map G :[r,T) x D([0,T], R") —» Rmxd given by

G(t, x) :=/ (s, x(s))ds
0

is bounded and d..-Lipschitz continuous. Moreover, if ¢ is continuous, then G is of class ch?,
In fact, it holds that 9,G(t,x) = ¢(¢,x(¢t)) for any ¢t € [r,T) and x € D([0, T], R™) and
0,G =0.

2.2. Mild solutions to path-dependent ODEs

In this section we show that the ODE (1.5) admits a unique mild solution which belongs
to the delayed Cameron—Martin space Hrl([O, T1,R™). To this end, let us consider the
path-dependent ordinary differential equation:

xX(t)=F(t,x) fortelr,T], 2.1

where F : [r, T] x C([0, T], R™) — R™ denotes a non-anticipative product measurable map.
Then for each h € H,l([O, T1,R?) the choice F = b — (1/2)p + oh yields (1.5) with the
correction term p given by (1.4).

In general the map [r, T] — R™, t — F(¢, x) may fail to be continuous, so one may not
expect solutions in the classical sense. A mild solution to (2.1) is a path x € C([0, T], R™)
satisfying

T ‘
/ |F(s,x)|ds < oo and x(t):x(r)+/ F(s,x)ds

for all ¢+ € [r, T]. By definition, a mild solution x is absolutely continuous on [r, T] and it
becomes a classical solution if and only if the measurable map [r, T] — R", t — F(t,x) is
continuous.

Let us introduce the following regularity conditions, which are satisfied under the assump-
tions of Theorem 1 for the choice of F mentioned before.

(C.1) There is a measurable function ¢y : [r, T] — R, satisfying frT co(s)? ds < oo and

T
F(t, )] < co(r>(1 X oo + / |x<s>|ds)

for all r € [r, T] and x € C([0, T'], R™) that is absolutely continuous on [r, T'].
(C.2) For each n € N there is a measurable function %, : [r,T] — R, such that
frT An($)?ds < oo and

|F(t,x) — F(t, )| < @lx — yla.,
for every 1 € [r, T] and x, y € H!([0, T], R™) with x|z, V |yl a.r < n.

Under the above affine growth condition and Lipschitz smoothness on bounded sets, we
obtain a unique mild solution that can be approximated by a Picard iteration in the complete
norm || - ||z defined in (1.3).
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Proposition 3. Let (C.1) and (C.2) hold. Then (2.1) admits a unique mild solution x satisfying
x(s) = x(s) forall s €[0,r].

Moreover x € H}([O, T1, R™) and the sequence (x,)nen, in Hrl([O, T1, R™), recursively defined

by

xo(t) = x(r A D), Xne1(t) == xo(2) + /r F(s,x,)ds

converges to x in the delayed Cameron—Martin norm || - || g,
2.3. Strong solutions to path-dependent SDEs

We turn to the derivation of a unique strong solution to the SDE (1.1) whose paths lie in
C([0, T], R™) for every a € [0, 1/2). By a solution to (1.1) we mean an (.%);cj0,7;-adapted
continuous process X : [0, T] x 2 — R™ satisfying

T T
f |b(s,X)|ds+/ lo(s, X)|>ds < oo as.

t t
and X,:X,+/ b(s,X)ds—l—/ o(s, X)dW;

-
for every ¢ € [r, T] a.s. A solution is said to be strong if it is adapted to the augmented natural
filtration of the underlying Brownian motion W.

We now state the required conditions on the coefficients b and o, which are valid in the
setting of Theorem 1.

(C.3) There are a measurable function ¢y : [r, T] — Ry and ¢y > 0 such that fr r co(s)?ds <
Oo’
[b(z, )| < co(®)(1 + [lxlleo) and [o(z, x)| < Co(1 + [Ix]leo)
for all t € [r, T] and x € C([0, T], R™). ~
(C.4) There are oy € [0, 1/2), a measurable function ¢ : [r, T] — R, and Ay > 0 such that
frT ro(s)? ds < oo,
b(t, x) = b(t, )| < Ao@lx = Yllag,r and |o(t,x) — o (t, Y| < Aollx — Yllag.r
for each ¢ € [r, T] and x, y € C/°([0, T], R™).

Remark 4. If (C.4) holds, then it is also true if & is replaced by any « € (g, 1]. Thus, it is
strongest in the case that oy = 0, since || - |jo = || - ||oo, by convention.

Let @ € [0, 1] and p > 1. By Proposition 11, the space %;?p([o, T1,R™) of all (F)ie0.7)-
adapted continuous processes X : [0, T] x 2 — R™ for which E[| X||7,,] is finite, equipped
with the seminorm

o m 1
(0. TLR™) — Ry, X+ (E[IX)2,])"" 2.2)
is complete. Note that if a sequence (,X),cn in this seminormed space converges, then it also
converges in the norm || - ||, in probability. We define
©oo([0. T1.R™) == () %°,(10. TL.R")  and
p=1
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G0 TR == (] %%(0.T].R™),
ael0,1/2), p=1
which are completely pseudometrizable topological spaces.

Proposition 5. Let (C.3) and (C.4) hold. Then, up to indistinguishability, there is a unique
strong solution X € %,Téi‘([o, T1,R™) to (1.1) such that
Xy =x(s) forall s €[0,r] a.s.

and the sequence (,X),en, in %{é?;([o, T1, R™), recursively given by

rvt rvit
oX; = X(r A1), n+1X; =()Xt+/ b(S,nX)dS+f o (s, nX)dW;
r r

converges to X in the norm || - |4, in p-th moment for p > 1:

Vo €[0.1/2) Vpz 1. lim E[L,X ~ X|Z,1=0.

Remark 6. Pathwise uniqueness for (1.1) is shown in Lemma 27, requiring only the following
Lipschitz condition on bounded sets, which follows from (C.4) in the strongest case oy = 0:

(C.5) For each n € N there is a measurable function A, : [r,T] — R, satisfying
frT An($)?ds < oo and

|b(t, x) = b(t, y)| + |o(t, x) — o (2, )| < Au(@®)llx — Yoo
for every t € [r, T] and x, y € C([0, T], R™) with ||x|lec V [[¥]lco < 1.

2.4. Characterization of the support in Holder topology

Sections 2.2 and 2.3 provide the main arguments to prove the first two assertions of
Theorem 1. Let us now describe how we will prove the characterization (1.6) of the support.
For n € N let T, be a partition of [r, T] that we write in the form

Tn = {IO,na ey tkn,n}

for some k, € Nand #,,, ..., %, , € [r,T]suchthatr =#,, <--- <t,, =T and we denote
its mesh by |T,| = max;co,... k,~1}(i+1,» — ti,n). We assume that lim, 4o |T,| = 0 and that the
sequence (T,),cn of partitions is balanced in the sense of [6]. That is, there is ¢y > 1 such
that

T, <cr min (tiy;, —t,) forallneN. 2.3)

i€f0,... ky—1} ’ ’

For k,n € N and every path x : [0, T] — R* we let L,(x) : [0, T] — R* denote the unique
map satisfying L, (x)(t) = x(r A t) for t € [0, 1, ,] and

r—1t
Ly()®) = x(ti—1,0) + ————(x(ti,n) — x(ti-1,0)) 2.4
ti+1,n - ti,n
fori e{l,...,k,—1}and t € [t; », t;i11,,]. Then L,(x) is piecewise continuously differentiable

on [r, T] and can be regarded as delayed linear interpolation of x along T, on this interval.
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Hence, we may define an adapted process ,W : [0, T] x £2 — R?, whose paths belong to
Hrl([O, T1, R, by setting

nWi = Ly(W)(®). (2.5)

Let us for the moment suppose that the assumptions and the first two claims of Theorem 1
hold. To establish that supp(P o X~!) is included in the closure of {x; | h € H!([0, T], R%)}
in CX([0, T],R™) for o € [0, 1/2), we will justify in Section 5.4 that it suffices to check that

liTm P(|lx,w — X|lo.r- =€) =0 forall e >0. 2.6)
nToo

We remark that, by the definition of mild solution to (2.1), for each n € N the adapted process
x,w, whose paths lie in Hrl([O, T1,R™), is a strong solution to the degenerate SDE

d,Y, = ((b— (1/2)p)t, ,Y) + o (1, ,Y),W,)dt fort €[r, T]

with initial condition ,Y" = x". Next, we will show that the converse inclusion in (1.6) follows
if for every h € Hrl([O, T1, R%) we can find a sequence (Pj ,)qen Of probability measures on
(£2, F) that are absolutely continuous to P such that

fim Py n(1X = xpllar = £) =0 for any £ > 0. 2.7)
nToo

We emphasize that for each n € N the measure P, , will be constructed by means of Girsanov’s
theorem such that X is a strong solution to the SDE

dpY: = (b(t, nY) + o (t, yY)h — Ly W))D) dt + o (t, ,Y)dp W, (2.8)

for t € [r, T] under P,, with initial condition ,Y”" = X", where ,,W is some standard d-
dimensional (.%;);co,7)-Brownian motion under P, ,. Hence, to prove (2.6) and (2.7) at the
same time, we consider the following general framework.

Assume B is an R”-valued and By, B and X are R”*?-valued non-anticipative product
measurable maps on [r, T] x C([0, T], R™). Then for each n € N we introduce the SDE

d,Y, = (B(t,,Y) + Bu(t, ,Y)h(t) + B(t, ,Y),W,) dt + 2(t, ,Y)dW, (2.9)

for ¢t € [r, T]. Under the hypothesis that B is of class C2 on [r, T) x C([0, T, R™), we also
consider the SDE

dY, = ((B+ R)t,Y)+ By(t, V)h(t)) dt + (B + X)(t,Y)dW, (2.10)
for t € [r, T], where the R™-valued non-anticipative product measurable map R on [r, T] X
C([0, T],R™) is given coordinatewise by

d

Ri(t,x) =Y 3 Brs(t.x)(1/2)B + D)1, x)er, 2.11)
=1

if t < T, and Ri(t, x) := 0, otherwise. In Theorem 7 we show that whenever ,Y and Y are
respectively solutions to (2.9) and (2.10) such that ,¥" = ¥Y”" = X" a.s. for all n € N, then

liTm P([,Y = Y|lar =€)=0 foreache > 0. (2.12)
Then the choice B =b—(1/2)p, By =0, B=cand ¥ =0 yields (2.6), since R = (1/2)p in

this case. Moreover, by choosing B = b, By = o, B = —0 and ¥ = o instead, (2.7) follows.
Since these are the two desired results, let us consider the following required conditions:
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(C.6) B is of class C"2 on [r, T) x C([0, T], R™) and there are ¢, n > 0 and « € [0, 1) such
that |B(z, x)| + |Br(t, x)| < c(1 + [Ix[I5)s

m d 1/2
|B<t,x>|+(ZwaBk,l(r,x)f) +1Z(. ) <c and

k=1 I=1

m

d 1/2
18,B(1, )| + (ZZ |ax£k,l<t,x>|2) < e(1 + [Ix]1%)
k=1 I=1
forallt € [r,T) and x € C([0, T], R™).
(C.7) B is Lipschitz continuous in x € C([0, T], R™), uniformly in ¢t € [r,T), and By, B,
8, B and X are d..-Lipschitz continuous.
(C.8) There are by € R and a measurable function  : [r, T] — R such that fr r |E(s)|2ds
< oo and byB(t,x) = b(t)X(t,x) for all t € [r, T) and x € C([0, T], R™).

Theorem 7. Let (C.6)—(C.8) be satisfied and h € Hrl([O, T1, R?) and(x,)nen be a bounded
sequence in C([0, T], R™). Then the following assertions hold:

(i) For any n € N there is a unique strong solution ,Y to (2.9) such that ,Y" = x, a.s.
Moreover; sup, .y E[||.Y |41 < 0o for all a € [0,1/2) and p > 1.
(ii) There is a unique strong solution Y to (2.10) such that Y™ = x" a.s. and we have
E[|Y %] < oo for every a € [0,1/2) and p > 1.
(iii) Let a € [0, 1/2) satisfy lim,,_, o, |’]I’n|*2°‘||x; — )E’||§O = 0. Then
lim |T,|*E[ max |[,Y,, =Y, ] =0. (2.13)

n—0o0 JE0,....kn}

In particular, (2.12) holds: (,Y),en converges in the norm || - ||o., in probability to Y.

Remark 8. Condition (C.8) allows us to perform a change of measure and obtain a unique
strong solution to (2.9). However, when deriving (2.13) in Sections 5.1-5.3 we merely assume
(C.6) and (C.7).

3. Convergence in Holder norm in probability

3.1. Holder spaces for stochastic processes

For o € [0, 1] we let €*([0, T],R™) denote the linear space of all adapted continuous
processes X : [0,T] x 2 — R™ satisfying X € C¥([0, T],R™) a.s., endowed with the
pseudometric

¢, ([0, TL,R™) x €([0, T], R") — Ry,

3.1
(X, Y) =~ E[|X = Ylar A1l

Then a sequence (, X),en in this space converges to some X € ([0, T], R™) if and only if it
converges in the norm || - ||, in probability to this process. Put differently, (|, X — X|la.rJneN
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converges in probability to zero. Further, (, X),cn is Cauchy if and only if

lim sup P([,X —iX|ler =€)=0 forall e>0.

k100 yeN: n>k

To abbreviate notation, we set ([0, T], R™) = %0([0, T1, R™), which represents the linear
space of all R"-valued adapted continuous processes. The fact that €’ ([0, T'], R™) is complete
can be extended, as the following result shows.

Lemma 9. The linear space € ([0, T1, R"™) endowed with the pseudometric (3.1) is complete.

Proof. Let (,X),en be a Cauchy sequence in ([0, T], R”). By Lemma 4.3.3 in [20] for
instance, there is X € €([0, T], R™) to which (, X),cn converges uniformly in probability. For
given &, n > 0 there is nyp € N such that

nXs_XS_nX_X
P( sup I( K Xs) — Xy kt)|>£><g

for all k,n € N with k An > ng. We fix [ € N and set §; := (T —r)/[, then there exists k; € N
such that k; > no and P(|l, X — X« > (/4)3]') < n/2. Hence,

( |(nXs _Xs)_(nXt _Xt)l )
p sup >¢e)<n

s.elnTT: |s—1]26; |s —t]*

s, t€lr, T]: s#t |S - tla -2

for each n € N with n > n. By the continuity of measures, (||, X — X|l4./)Jnen converges in
probability to zero. In particular, || X|,,, < co a.s. [

For p > 1 we recall the linear space %,‘j‘p([O, T],R™) of all X € €*([0, T], R™) for which
E[|X ||{§,,] is finite, endowed with the seminorm (2.2). We say that a sequence (, X),cn in this
space is p-fold uniformly integrable if (||, X ||o.r)nen satisfies this property in the usual sense.

Lemma 10. Any Cauchy sequence (,X),en in %,f*p([o, T1, R™) with respect to the semi-
norm (2.2) is p-fold uniformly integrable.

Proof. Let ¢ > 0, then there is ny € N such that E[||,X — kX||§,,] < ¢/27 for all k,n € N
with £ An > ng. As the random variable Y := max,e(1,.. ng} ln X llo,r is p-fold integrable, we
obtain that

sup(E[Lall, XI1Z, 1) "7 < (ETL Y77 +¢'/7 /2
neN

.....

for each A € .Z. First, by choosing A = (2, this gives sup,y E[|l,X[|5,] < 0o. Secondly,
by setting § := ¢/2”, it follows that sup,.y E[14ll,X|5,] < & for every A € Z with
E[1,Y?P] <4$. O

We conclude with the following convergence characterization.
Proposition 11. A sequence (,X)nen in ‘fr‘f‘p([(), T1,R™) converges with respect to the

seminorm (2.2) if and only if it is p-fold uniformly integrable and there is X € €*([0, T], R™)
such that

li¢m P(|nX = X|la =€) =0 forall e >0.
nToo

In the latter case, E[||X||§,,] < 00 and lim, 4 E[||nX—X||§,,] = 0. Moreover, %;?p([o, T], R™)
equipped with (2.2) is complete.
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Proof. By Lemmas 9 and 10, it suffices to show the if-direction of the first claim. We let (v,,),en
be a strictly increasing sequence in N such that (||, X — X||«.r)nen converges almost-surely to
zero, then

E[I1X15,] < liminf E[|l,, XII}, ] < sup E[Il. X1}, ] < oo,
ntoo neN

by Fatou’s Lemma. For ¢ > 0 there are § > 0 and ny € N such that E[IIA||,1X||5,,] < (g/3)?
and P()|,X — Xl > €/3) < & for every A € F and n € N with P(A) < § and n > n,.
Thus,

1 1

(B[ X = X012, < (E[Lgx—x1a zemlnX = X12,])"" +e/3 < e
for any such n € N, because similar reasoning as before gives us that E[14]|X|5,] <
SUp, N E[14]l,X15,] < oo for all A € #. This completes the proof. [J
3.2. A general kolmogorov—chentsov estimate

We revisit the proof of the Kolmogorov—Chentsov Theorem (see e.g. Theorem 2.1 in [18])

to obtain a quantitative estimate of the Holder norm. Let

Ko p.g = 20T924/P~% — )P (3.2)

for p > 1,9 > 0and o € [0, g/p) and note that the function [0, g/p) — (27, 00), a > kg 4
is strictly increasing with limg4g/p ke, p,q = 00. Then the following result holds, in which the
process in question and not necessarily a modification appears.

Proposition 12. Assume that X is an R™-valued right-continuous process for which there are
co >0, p>1andq > 0 such that

E[1X, = X,|"] < cols —1]'* (3.3)
forall s,t € [r, T]. Then for each a € [0, q/p) it holds that
X, — Xi|?
E|: sup %] < kg p.qgco(T — rylta—er,
s,te[r,T]:s#t |S - ll

In particular if g < p, then the sample paths of X are a.s. a-Holder continuous on [r, T] for
all « € [0,q/p).

Proof. For given n € Ny let D, be the nth dyadic partition of [r, T] whose points are
dipy =r+i27(T —r), where i € {0,...,2"}. We define
Ay =A{0s, 1) €Dy xDy | |s — 1] <27(T — )},

then it is readily seen that there are 2" tuples (s,t) € A, satisfying s < t. For ¥, =
SUp(s nea, | Xs — X;| condition (3.3) gives

E[Y/1< ) ElX,—X/|"1 <2"co(T —r)'*. (34
(s,)EA,:s<t
We set D := UneNO D, and let s, ¢ € D satisfy 0 < t —s < 27%(T — r) for some n € Ny.

Then for each k € Ny there are unique iy, ji € {1, ..., 2%} such that diy—1x <5 <dj 1, and

di_1x <t<djy ift<T, and dj =T, otherwise.

Please cite this article as: R. Cont and A. Kalinin, On the support of solutions to stochastic differential equations with path-dependent coefficients,
Stochastic Processes and their Applications (2019), https://doi.org/10.1016/j.spa.2019.07.015.




R. Cont and A. Kalinin / Stochastic Processes and their Applications xxx (xxxx) xxx 13

As (di; 1)ken, and (d, i)ren, are two decreasing sequences converging to s and 7, respectively,
two telescoping sums yield that

Xy — X, = Xdiy,,n - de,,,n + Z(XdikH,Hl - Xdik.k) + Z(dek+1,k+l - dek,k)'
k=n k=n

We notice that either i, = j, orinsteadn > 1, j, > 2 and i, = j,—1,since 0 < t—s < 27"(T —
r). In both cases, we have (d;, n,d}, ) € A,. Moreover, (it dig g k1) ([ ks djyy kv1) €
Agyq for all k € Ny, by construction. So,

X, =X <2) Y.
k=n

Clearly, for each s, € D with 0 < t —s < T — r there is a unique n € Ny satisfying
27T —r) <t—s < 27"(T —r). This entails that

X, — X,| 3
sup s at < 21+a(T _ r)fa ZzakYk» 3.5
s,te[r,T]: s#t |S - t| k=0

as D is a countable dense set in [r, T] containing 7 and X is right-continuous. Hence, (3.5),
the triangle inequality, monotone convergence and (3.4) yield that

[e.¢]

X = X" N vea p (14+9)/ p—a (a—q/p)k
E| sip —— < oM /(T — )t/ Zz a/pk.
s,te[r,T]:s#t |S - t| k=0

Since the power series on the right-hand side converges absolutely to the inverse of 1 —2%74/7,
the proposition follows. [

3.3. Convergence along a sequence of partitions

We state a sufficient criterion for a sequence of processes to converge in the norm || - |4,
in probability, where o € [0, 1]. For this purpose, condition (2.3) on the sequence of partitions
is crucial.

Lemma 13. Let (,X),en be a sequence of R™-valued right-continuous processes for which
there are p,q > 0 with g < p such that for each B € (0, g/p) there is cg > 0 satisfying

X, — . X
P( max sup w > A) <cgr? 3.6)
J€l0,... k"il}»VJE[fj,natj+1‘n]:35‘£l |S - tl

for every n € N and & > 0. If (. X" lloo)nen and (maxjeq1.. k) lnXi;,|/ITn|*Inen converge in
probability to zero, then so does (|| X |lq.rnen for any a € [0, g/ p).

Proof. Let 8 € (a,q/p) and n € N. First, a case distinction shows that

|nXs _nXt| |nXs _nXI|
sup ————— <2 max sup _—
sielrTls#t |5 —1] JEOkn =1 s 1€t} .11 0157t |s — 1]
|nXt- - nXt- |
+ max R L

il kn)ii]  |tig — 10"
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By using the facts that |s — 7|f~® < T, and tin —tjnl = |Tal/cr foralli, j € {0,..., k,}
withi # j and 5,1 € [t} ,, tj+1,,], We see that

Xy — X
P( sup w > 8) < cﬁ(4/£)p|']I‘,l|(ﬁ_a)p
s,telr,T]:s#t |S - t|

for any ¢ > 0. As the terms on the right-hand side converge to zero as n 1 oo, the assertion is
shown. [J

Remark 14. Let p > 1 and ¢y > 0 be such that E[|, X, — ,X;|”] < cols —t|'*? for all n € N,
Jj€{0,...,k, — 1} and 5,1 € [tj, tj+1,,]. Then Chebyshev’s inequality in combination with
Proposition 12 ensures that condition (3.6) is satisfied.

3.4. Adapted linear interpolations of brownian motion

We study the sequence (, W), of adapted linear interpolations of W that are given by (2.5)
and whose paths lie in H}([O, T1, R9). To this end, we introduce the following notation. For
givenneNandt e[r,T), leti €{0,...,k, — 1} be such that ¢t € [, ti+1.,), then we set

ty = ti-tvons I =tin and 1y = tigi,.

That is, z,, is the predecessor of 7, with respect to T,, unless i = 0, and 1, is the successor
of t,. We also set T, = T, := T and T, = T. In addition, we use the following
abbreviations:

n—1,n°

Ati,n =tin — Li-1)vo,n and AW,‘.J‘ = Wli,n — Wf(i—l)\/o,n
for each i € {0,...,k,}. After these preparations, let us begin with a general integral

representation.

Lemma 15. Letn € N and s,t € [r, T] be such that s < t. Then each R"*-valued
progressively measurable process X satisfies

t t—s tin
/ Xg,, dn Wu = - / XMn qu a.s.,
s t

Atiy1n i
whenever i € {1, ..., k, — 1} is such that s, t € [t; 5, ti+1,,], and
t t; ti_
t; 1 — 5 in Jj—Lln
/ Xy, dyW, = —"— / X, dW, + f X, dW,
s Ati-H,n ti1n tin
t—tj, [lin
—_— X, dW, a.s.,
Atj-HJl ti—1.n
ifi,jefl,....ky— 1} are such that i < j, s € [t; n, tix1,n]l and t € [t} ,, tjy1nl

Proof. The first identity follows immediately from the definition of , W. To obtain the second,
we simply use the decomposition

J-l lk+1,n t
> / Xy, du W, + f Xy, duW,
t

k=i+1"kn jon

t fit1,n
/ Xﬂn anu = / Xﬂn anu +
s s

together with the first identity. [J
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Let us recall an explicit moment estimate for stochastic integrals driven by W from [15]
[Theorem 7.2]. For p > 2 we set w, = ((p?/2)/(p — 1)P/2, then for any R"*“-valued
progressively measurable process X with fr "E [1X,71du < oo,

| xuaw,

for all s,¢ € [r, T] with s < t. We derive a corresponding result for the sequence (, W),cn of
adapted linear interpolations of W.

p t
]s wy(t — 5)P/! / E[1X,|"]du 3.7

N

E|: sup

veEls,t]

Proposition 16. For each p > 2 there is W, > 0 such that each R™*4_yalued progressively
measurable process X satisfies

[ am

for each n e N and s,t € [r, T] with s <t.

E|:max

veEls,t]

P
<, —s)*? max E[X,, "]
JEO,.cokn): 1) n€lsy 1] -

Proof. We assume that E[X;, |”] < ooforall j €{0,...,k,} witht;, € [s,, t,], as otherwise
there is nothing to show. First, if ¢t < #; ,,, then fsu Xy, d,W, =0foreachv € [s,t]. Fors < 1],
and t > t; , we have

/ X, d, W, = X, d,W, forallvelt,,t]

.n
Thus, let us use Lemma 15 and assume at first that s, ¢ € [t; ,, #;+1,,] for some i € {1, ..., k, —
1}. Then (3.7) yields that

v
/ Xﬂn dn WL{

where c is the constant appearing in (2.3). Let now i, j € {1, ..., k, — 1} be such that i < j,
s € [tin, tizin] and t € [t} ,,1j11,], then
fi,n
[ K am,
li

v
/ Xgn drl Wll
s —1n
tin
/ Xu,, qu
t

j—1ln

E|:max

veEls, 1]

V4
} < wpcf?t — )"PE[1X,_, 17,

- litin— S

max <
AtiJrl,n

veE(s,t]

t—tjn

+
Atji1n

a.s.

.....

This is due to Lemma 15, which asserts that the adapted process [s, t] x 2 — R", (v, w)
j;v Xy, (@)d,W,(w) is piecewise linear. Hence, from (3.7) we obtain that

v
/ X, d,W,

for i, := 37w,ck/?, which yields the claim. [J

E[max

veEls,1]

p
< W, — s)P? max E{|X, |7
j| = p( ) kel ) i—1) [| Tk,n| ]

Finally, we derive an explicit integral moment estimate for (, W),en.

Lemma 17. For each p,q > 1 there exists li),,,q > 0 satisfying

t
E[( f |an|qdu)P} < Wy | Tul P12t — 5)P (3.8)

foralln e Nand s,t € [r, T] with s <t.
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Proof. Since ,W is constant on [r, t; ,], we let at first s, € [t;,,ti+1,,] for some i €
{1,...,k, — 1} and Z be an R¢-valued random vector such that Z ~ A/(0, I;). Then

o p At; ,)P4/?
E|:(/ |an|q d”) i| = E[|Z|pq]¥(t — S)p < ﬁ)p’qr]rnl*pqﬂ(t —S)p

(At 1,0)P4
for W,, = E[|Z|"]ck?, where cr is the constant in (2.3). Next, assume instead i, j €
{1,...,k, — 1} are such that i < j, s € [ti s, tit1,n] and t € [t} 4, tj41,4]. In this case,

o P\ /P
(E[( / |an|qdu) D < WP, - 9),

by the triangle inequality. Therefore, the assertion holds. [
3.5. Auxiliary convergence results

In this section we provide interpolation error estimates in the supremum norm for stochastic
processes and several moment estimates, required to prove (2.13).

Lemma 18. Letn € Nand x : [0,T] — R™. Then the map L,(x) : [0,T] — R™ given
at (2.4) satisfies | Ln(x)' lloo < 1" lloo V MaXjeq1, .. ky—1):1;, <t 1X(j,0)| and

IL,(x) —x'llc <  max sup  |x(f—1yvo.n) — X' ()| V [x(j,) — x'(s)]
je{o,...,knfl}:tj_,lft SE[’j,n,t_j+1,nJ

foreacht €[t ,, T]

Proof. Fix s € [t;,,t] and leti € {1, ..., k, — 1} be such that s € [#; ,, t;41.,], then |L,(x)(s)|
< |x(ti—1.2)| V |x(t; )|, since L,(x) is linear on [¢ ,, t;+1.,]. In addition,
Livin— S S —1in
[Ln(x)(s) — x(s)| < ———[x(ti—1.0) — x(s)| + [x (i n) — x(s5)]

AtiJrl,n i+1,n

sup X (ti—1,0) — X" ()| V |x(t;,0) — X" ()],
u€lt n,tit1,nl

IA

which is readily seen, and the assertions follow. [
In combination with Proposition 12, this directly gives the following result.
Lemma 19. Let (,X)uen be a sequence of R™-valued right-continuous processes for which
there are co > 0, p > 1 and q > 0 such that
E[1nX; —uXi|?] < cols — 1]
forallneN, je{0,...,k, —1} and s,t € [tj,, tjy1,.n]. Then there is cp , > 0 such that

E[”Ln(nx) - nX”go] = Cp,qC0|Tn|q for any n € N.
Proof. For o € [0, 1] Lemma 18 entails that

X, —.X
122G X) = i Xlloo < T max sup  nXeZaXil

o
**** k”_l}S,tE[tj’n,lj_*_]yn]fS;ét |S - tl

+ max |, X; —.Xr, |
Jelldg—1y B =L
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Let additionally o < g/p. Since we have Zﬁ’;’ol (tjs1,0 —tjn) = T —r, it follows by virtue of
Proposition 12 that

|nXs - nthp q—ap
E| max sup — a5 | = kapqco(T —1)|T,| )
JEO ok =1} s telt; y.tj1 0] st |s — 1]

where the constant k, , , is given by (3.2). Moreover,

E[_max Xy, =Xy, 7] < eoT = IT, ).

As the function [0, g/p) — (27, 00), B +> kg p 4 is strictly increasing, we choose o = 0 and
set cpq = 2011 + ko,p,¢)(T — r), which completes the proof. [l

A consequence of Lemma 17 is the following moment bound.

Lemma 20. Let (,X),en be a sequence of R -valued measurable processes for which there
are p > 2 and c, > 0 such that E[,XP] < cp|Tn|? for each s € [r, T) and n € N. Then there
is ¢y > 0 satisfying

T 2
E|:</ nXS|,,WS|ds>]§cz|T,,| forall n € N.

Proof. Let g > 1 satisfy 2/p 4+ 1/g = 1, then it follows from the inequalities of
Cauchy—Schwarz and Holder that

T . 2 T p/2\ 2/p
E[(f nxs|nws|ds)]s<E[(/ nxfds) D et Ta ™ < 2T,

where we have set ¢;,; = w;{g(T —r)and ¢, = c?,/p(T — r)ca,1, by using the constant 12),],2

constructed in Lemma 17. O

To shorten the notation for the next and several other estimates in Section 5, we introduce
for each n € N the function y, : [r, T] — [0, cr] defined via
As,

As,’
So, y, vanishes on [r, 1 ,) and agrees with the constant At; ,/At; 11, on [t 4, ti+1.,) for each
iell,...,k, — 1} and we have y,(T) = 1.

(3.9)

Vn (S) =

Lemma 21. Let F : [r, T]x C([0, T], R™) — R™ be d.-Lipschitz continuous and (,Y),en be
a sequence in € ([0, T1, R™) for which there are cy, c3,0 > 0 such that |F(t, x)| < co(1+|x|l00)
and

E[IYIZ]+ E[IlY* =Y 1%]/1s — 1] < cao(1 + E[Il.Y"1%])
foralln eN, s, t €[r,T] with s #t and x € C([0, T], R™). Then there is c; > 0 satisfying

2] <l Tul(1+ E[1.Y"1%,])

/ " F(s, nV)0a(s) — Dds

for each n e N.
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Proof. We may assume that E[||,Y"||2,] < oo and, by decomposing the integral, we can
rewrite that

jin ti—1.n
/ F(ina nY)Vn(s)dS :/ F(Snv nY)dS

for each j € {1, ..., k,}. Thus, let Ao > 0 be a Lipschitz constant for F, then

ti—in 2
E| max / F(sp,nY) = F(s,,nY)ds } < et Tul(1+ E[ll.Y"11%.])

with ¢y == 2(T — r)ZA (1 + c2,0). In addition, we estimate that

tin 2
E| max / F(s,,,Y)ds ]scz,2|11‘n|2(1+E[||,1Y’||§o]),

tj—l,n

where ¢, == 2c(2)(1 + ¢2.0). So, the constant ¢, := 2(cp1 + (T —r)ca2) yields the claim. [

The last moment estimate involves integrals with respect to , W and W, where n € N, and
it extends Lemma 3.2 in [16]:

Proposition 22. Let F : [r,T] x C([0, T],R™) — R™*4 be dy.-Lipschitz continuous and
(W Y)nen be a sequence in € ([0, T1, R™). Suppose there are co > 0, p > 2 and cp o > 0 such
that |F(t, x)| < co(1 + [ x]leo) and

E[L Y21+ E[I.Y* — oY 12])/Is — 1% < cpo(1 + ETILYIZ])

foreachn e N, s, t € [r, Tl withs #t and x € C([0, T1, R™). Then there is c,, > 0 such that

tj,n
f F(s,.a¥)d(W, — W,)
Jel0ka) | ),

p
} < cp| TP (1 + ELllLYTI12,0)
for any n € N.

Proof. We let E[||,Y"||5%] < oo and apply Lemma 15 to get that

Ljn tji—1,n
/ F(inanY)anv:/ F(SnvnY)dWY a.s.
r r

for all j € {1,...,k,}. Let Ag > O denote a Lipschitz constant for F, then
ti—1n p
E[,E{}laxk } / Fsn, nY) — F(s,, nY)dW; } < ol TulP2(1+ E[.Y"112])
J seeofln r

with ¢, 1 := 27w, (T — r)??A5 (1 + ¢p0), where w), satisfies (3.7). Moreover,
14 kn
x| [ Foamaw]
t

j—Lln
< cp,zmr,,v“ "1+ E[llLY"IZ,])

for ¢,2 = 2P w (T — r)cf (1 + ¢, 0). So, we set ¢, == 27"'(T — r)cp,1 + ¢,2) and obtain

the asserted estimate. [

fj,n
E|: max F(s,, nY)dW,
JE{l,....kn}

tjfl,n
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4. Path-dependent ODEs and SDEs: proofs

We give existence and uniqueness proofs for mild solutions to path-dependent ODEs in
Section 2.2 and strong solutions to path-dependent SDEs in Section 2.3.

4.1. Proof of Proposition 3
Let us first derive a global estimate for mild solutions to the ODE (2.1).
Lemma 23. Under (C.1), any mild solution x to (2.1) satisfies
I3, < et C°<S>2d5(||x’||io + / oo ds) @1
for each t € [r, T] with cy = 22 max{l, 7T —r}.

Proof. We readily estimate that

t K 2
12, < 2012, + 2 / co<s>2<1+||x’||oo+ f |x<u>|du) ds

for all ¢ € [r, T], which shows that ||x|| g, is finite. Hence, the claim follows from Gronwall’s
inequality. [J

Now we check the uniqueness of mild solutions, which implies uniqueness for classical
solutions.

Lemma 24. Assume that (C.1) and (C.2) hold. Then any two mild solutions x and x to (2.1)
that satisfy x" = X" must coincide.

Proof. By Lemma 23, there is n € N such that || x|z, V |[X]|g, < n. Thus,

t
~t2 2 K ~s112
I =%, = [ RO -1, ds
r

for every ¢ € [r, T] and Gronwall’s inequality implies that x = x. [

Proof of Proposition 3. Since uniqueness follows from Lemma 24, we directly turn to the
existence assertion and define 5% to be the (bounded) set of all x € H!([0, T'], R™) satisfying
x" = x" and the estimate (4.1).

According to Lemma 23, a path x € C([0, T], R™) is a mild solution to (2.1) such that
x" = x" if and only if x € S and it is a fixed-point of the operator v : 77 — Hrl([O, T1,R™)
given by

VOND) = xolt) + / Fs. y)ds.

We remark that ¢ maps 7 into itself. Indeed, this follows by inserting (4.1) into the inequality
||w(x)t||§” < CH||)60||<2><> +cH f: co(s)*(1 + ||xs||%“)ds, valid for every x € 5 and t € [r, T].
Because x, = ¥ (x,—1) for each n € N, we now know that (x,),en, is a sequence in .
Next, let us choose I € N such that ||x||p, < [ for all x € 5Z. Then we get that
I (x) — w(i)’H%,J < f: M) xS — )?Hl%,yr ds for any x,x € J¢ and t € [r, T], which
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shows that v is || - || g -Lipschitz continuous. It follows inductively that
32 t n
lxh g — xi M3, < ;(/ A(s)? dS>
for every n € Ny and ¢ € [r, T], where we have set § := ||{(xo) — xo|| .. Hence, the triangle

inequality gives us that

n—1 1 1/2 T i/2
%0 = Xl < 52(5) ( / s’ ds)
i=k r

for all k,n € Ny with k < n. The ratio test yields that the series Y ,(1/i)"/?u’/? converges
absolutely for all u > 0. So, limg4eo SUP, e p=k 1% — Xklla,- = 0.

Since . is closed with respect to the complete norm || - | H.r» there is a unique x € JZ such
that lim, o0 ||X, —X || ,» = 0. Lipschitz continuity of ¥ implies that lim oo [ X541 =¥ ()|, =
0. For this reason, x = 1(x) and the proposition is established. [J

4.2. Proof of Proposition 5

At first, let us deduce a global estimate for any solution to the SDE (1.1). For this purpose,
whenever p > 4 and (C.3) holds, we set ¢, = (frT co(s)? ds)P? + ngp, where w), is the
constant appearing in (3.7).

Lemma 25. Let (C.3) be valid. Then for each p > 4 and o € [0, 1/2 — 2/p), any solution
X to (1.1) satisfies

ENX"NE,1 < coper D (ENX 5]+ cpt = 1)) 4.2)

]l”)or all t € [r,T] with cq,), = 87 'max{l,T — r}p/z_'ka,p,p/g,z, where ky p pj2—2 is given
vy (3.2) for the choice ¢ = p/2 — 2.

Proof. We assume that E[||X"||5] < oo and let n € N. Then the stopping time 7, := inf{t €
[0, T] | |X:| = n}Vr satisfies || X7 |loo < [|X"|loo V 1 and we get that

t
E[X™ — X™|P] < 47 e (v — w)P/*! / 14 E[|X*"™ || ]ds

for every t € [r,T] and u,v € [r,t] with u < v, by the inequalities of Jensen and
Cauchy-Schwarz and (3.7). Therefore, it follows from Proposition 12 that

EQIX"™ (2,1 < 2" E[IX" (2]

t
+ 87 kg . pjracp(t — ryP/2me=1 / 1+ E[|X*"™ |2, 1ds,

r

showing in particular that E[|| X ||} ,] is finite. Thus, Gronwall’s inequality and Fatou’s lemma
lead to the claimed estimate. [

Remark 26. If instead o € [0, 1/2) and p > 1 satisfy « > 1/2 —2/p, then we still have that
E[IX|E,.1 < (E[IX)L, P4 < oo for any ¢ > max{p, 4} with « < 1/2 —2/q, by Holder’s

inequality.

Lemma 27. Under (C.5), pathwise uniqueness holds for (1.1).
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Proof. Let X and X be two weak solutions to (1.1) defined on a common filtered probability
space (f), Z, (ﬁ,),elo,n, P) that satisfies the usual conditions and on which there is a standard
d-dimensional (ﬁ,),e[o,T]—Brownian motion W such that X" = X’ a.s.

For fixed n € N we set t, := inf{t € [0,T] | |X;| = n or |)~(,| > n} V r, ensuring that
X% oo V IX7 loo < 1X" loc V7 and | X™ — X™ s < 21 a.s. Then with ¢ := 2(T —r 4+ w,)
we obtain that

t
E[Ix" = 0] < 2 [ hGPE[X - X ] ds
r

for any ¢t € [r, T]. So, X™ = X™ as., by Gronwall’s inequali}y. As Tn < T+l for all n € N
and sup, oy T, = 00, we get that X, = limyjeo X;" = limypeo X;" = X, as. for all 7 € [r, T].

Right-continuity of paths implies that X = Xas. O

Proof of Proposition 5. Let us define J# to be the closed and bounded set of all X €
% ([0, T], R™) satisfying X" = X" a.s. and the estimate (4.2) for any p > 4 and o €
[0, 1/2 — 2/p). Then Remark 26 entails that 7 C %52 ([0, T1, R™).

By Lemma 25, a process X € ([0, T], R™) is a solution to (1.1) satisfying X" = X" a.s. if
and only if X € J# and it is an a.s. fixed-point of the operator ¥ : 5 — %}éﬁ‘([o, T1,R™)
specified by requiring that

rvi rvi
T(Y) =oX; +/ b(s, Y)ds +/ o(s,Y)dW,

for all t € [0, T] a.s. We stress the fact that, due to Proposition 12, for every X € JZ, p > 4
and o € [0, 1/2 — 2/ p) it follows that

t
E[NZX)NE,] < capElloXIIZ] + Cut,pcp/ 1+ ENIX*NG,ds

for each ¢ € [r, T]. Thus, ¥(s7) C S follows from plugging (4.2) into the above inequality.
Since ,X = ¥(,—1X) as. for all n € N, we have shown that (,X),en, is a sequence in .

Next, we choose a € [0, 1/2) and p > 4 such that oy < o < 1/2 —2/p, where « is the
constant in (C.4). We set ¢, := (frT o(s)> ds)P/? + igw,,, then it follows from Proposition 12
that any X, X € JZ satisfy

t
E[¥(X) — w(X)' 5,1 < ca,pEp/ E[IX* — X*||},1ds

for all + € [r,T], since we can use that |x|lo,,, < max{l,T — r}*"*| x|, for every
x € CX([0, T], R™). Hence, Gronwall’s inequality entails that there is at most a unique solution
X to (1.1) such that X" = &” a.s.

We infer from the above inequality that ¥ is Lipschitz continuous with respect to the
seminorm (2.2). In addition,

v =\ n
Elllp1 X" = XI5 ,1 < ;(Cut,pcp) (t—r)

for each n € Ny and ¢ € [r, T], by induction with § := (E[|| ¥ (o X) — ¢X||5,1)!/?. Hence, the
triangle inequality gives

n—1 1/p
1 . )
(E[I.X —X12,])"" <8 j(;) (CapCp)/P(T — )P
i=k :
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for all k, n € Ny with k < n. The ratio test shows that the series Zio(l/i!)l/pui/p converges
absolutely for any u > 0. So, limgyoo SUP, e p Ellln X — XNE1=0.

Due to Proposition 11, there exists, up to indistinguishability, a unique process X € 7
such that

liTm E[l.X — X|12,1=0. (4.3)

Lipschitz continuity of ¥ implies that lim, 40 E[|l141X — ¥(X)||5,1 = 0. For this reason,
X = ¥U(X) a.s. As @ and p have been arbitrarily chosen, (4.3) must hold for any « € [0, 1/2)
and p > 4 such that ¢y < < 1/2—-2/p.

Finally, if ¢ € [0,1/2) and p > 1 are such that oy < o < 1/2 — 2/p fails, then (4.3) is
still true. Indeed, when proving this fact, we may, if necessary, replace o by «g to ensure that
oo < « is valid, since we have

lxlla,r < max{l, T —r}*~*|lx|la, forall x € CF([0, T],R™)

whenever 9 > o«. Next, if o9 < o but « > 1/2 — 2/p, we take ¢ > max{p, 4} with
o < 1/2—2/q and use that E[||,X — X||5.,] < (E[|l,X — X||Z,1)?/? for all n € N to infer the
desired result, which completes the proof. [

5. Proof of the main result

5.1. Decomposition into remainder terms

Let us deduce a moment estimate for any solution to (2.9) that is independent of n € N,
which generalizes Proposition 3.1 in [16].

Proposition 28. Ler (C.6) be valid, h € Hrl([O, T1,R%) and B be deo-Lipschitz continuous.
Then for each p > 2 there is ¢, > 0 such that any n € N and each solution ,Y to (2.9) satisfy

EllY 121+ ELL Y =Y I51/1s — 117 < e, (14 ENlLY(12,1) (5.1)
forall s,t €[r, T] with s #t.
Proof. We may assume that E[||,Y" %] is finite and the constant « appearing in (C.6) is

positive. For [ € N the stopping time t;, = inf{r € [0,T] | |, Y| > [} Vv r satisfies
1Y% oo < 1nY"|loo VI and for s, ¢ € [, T] with s < ¢ we have

(EL oY "=,y 2]) /7
' 1/p
< <E,,(t —s)P/2*1/ 1+ E[llnY““”"llﬁé’]du)
s

PN /P
(el )
veEls,1]

where ¢, := 67~'((T — r)?/> + ||h|l};, + wp)c” and w, is the constant in (3.7). Lemma 17
provides the constant w1 such that (3.8) holds when p and g are replaced by p/« and 1,

(5.2)

vAr;y,, _
/ B(Ll,”Y)anM
s
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respectively. So,

UNT . p/KN K
(E[(f |B<v,nY>an|dv) D <cpi(u—u)l"?

“Zn

for any given u € [s, T] and ¢, | = 2P/?% | c”. By virtue of (5.2), we may define ¢, just
as ¢, above when p is replaced by p/« and obtain that

(E[llay "t — Yot |2/)S < ) n(u — u,)P* (1 + E[l, Y2, ])"

with ¢, » =27 71(5';, J« T ¢p,1)- Consequently, by letting 2 > 0 denote a Lipschitz constant for

B and using Holder’s inequality, we can estimate that

AT . P
E[(/ l |(§(u,nY)—§(gn,nY))an|du)i|
t o o t . p/2
< (t — sy / E[|B(u,nY”«">—B(zn,nY”’wV’( f W dv) }du

t
< cpalt — 5?2 f (1 + ELl,¥" " 12.1)" du
s

fEr cpy = 2301271 zi)(ll;/’;)/(l_K)’z(T —r)?2xP(14c} ). In addition, Proposition 16 directly yields
that

VAT p P
E|:sup / B, Y)d,W, ] SuAJpc”(t—s)”/z.

vels,z]

Hence, we set ¢, 4 = 3”_1(251, +cp3 + Wwye?), then from (5.2) we in total obtain that

t
E[, Y — Y NP ] < ¢ 4t — 5)P/27! f 1+ E[||, Y |2 1 du. (5.3)

s

Now Gronwall’s inequality and Fatou’s lemma entail that
E[ll.Y" 5] < lif?;nfE[llnY’”’-”llgo] < cps(L+ ELLYIZ]),

where ¢,5 = 2~ 'max{l,T — r}P/>max{l, c,4}e*” T4 Thus, if we set ¢, =
(I +cp.4)(1 +cp5), the claim follows from (5.3) and an application of Fatou’s lemma. [

Corollary 29. Let (C.6) hold and h € Hrl([O, T1, R%). Then for each p > 2 there is ¢, > 0
such that any solution Y to (2.10) satisfies

ENYIZ1+ ELNYS = Y'IZ)/|s — 117 < ep(1+ ELIY"12]) (5.4
for every s,t € [r, T] with s # t.
Proof. Since the map R defined via (2.11) is bounded, we may apply Proposition 28 in the

case that B is replaced by B + R, B is replaced by 0 and ¥ is replaced by B + X. From this
the claim follows immediately. [J

With the derived moment estimates we deduce a crucial decomposition estimate that involves
the linear operator L, and the function y, defined in (2.4) and (3.9), respectively.

Please cite this article as: R. Cont and A. Kalinin, On the support of solutions to stochastic differential equations with path-dependent coefficients,
Stochastic Processes and their Applications (2019), https://doi.org/10.1016/j.spa.2019.07.015.




24 R. Cont and A. Kalinin / Stochastic Processes and their Applications xxx (xxxx) xxx

Proposition 30. Let (C.6) and (C.7) be satisfied and h € Hrl([O, T1,RY). Then there is ¢c; > 0
such that for each n € N and any solutions ,Y and Y to (2.9) and (2.10), respectively,
E[,-ef(?a"k In¥iy, Y, Pl/er < 1Tl (U4 E[I Y15, + 1Y712,])
FE[ln Y =Y 5%+ ILaGY) = n Y13 + I1La(Y) = Y% ]

]
]

Lin _ .
+ E| max / (B(s, 2Y) — B(s,, ,,Y)),, Wy — R(s,,, nY)yu(s)ds

tjy,,
+ E| max [ R(s,, nY)(yu(s) — D) ds

Lin __
+E ) max / B(£,17;1Y)d(nWs _WS)

]
Proof. Let E[|,,Y" ||C2>O] and E[||Y" ||§O] be finite. We define an increasing function ¢, : [r, T] —
R+ by

o) = E[ _ max Y, ~Y, ]

JEAO ckn )it <

and seek to apply Gronwall’s inequality. For this purpose, we write the difference of ,Y and
Y in the form

Y=Y, =Y, — Y, +/ B(s, Y) — B(s, Y) + (B (s, ,Y) — Bu(s, Y))h(s)ds

t
vy +/ D5, n¥) = Z(s, ¥)dW,

for all ¢t € [r, T] a.s., where the process ,A € ([0, T], R™) is chosen such that
1 t
nd = / E(S’ nY)nWs — R(s,Y)ds _/ E(Sv Y)dW;

for each t € [r, T] a.s. Hence, let A > 0 denote a Lipschitz constant for B(s, -), By, B, R and
X for any s € [r, T'), then we obtain that

tn 1/2
(D' < 817+ 8,0 + (cz,l f St 4 80.2(5) + £a(s) + gon(s)ds) (5.5)

for every t € [r, T], where we have set ¢; = 15(T — r + ||hll3;, + w2)A* and 8, =
E[],Y" — Y’||§O] and the functions §,, 8,2, &, : [r, T] — R, which are readily seen to be
measurable, are defined via

&) =E| max A, 7]
JEO.kn}itj p<t -
8n2(s) = E[ILaGY) — oY 12, + | La(Y) — Y*|2] and
en(s) = E[[lnY* — oY (15, + 1Y* — Y*[3,].
In deriving (5.5), we used that E[||L,(,Y)% — Ln(Y)5n||§O] < 1+ @u(s) forall s € [r, T],
which follows from Lemma 18, since L, is linear.
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To estimate the function 8, we introduce three processes , 34, 44, nsA € €([0, T], R™)
by setting , 34, == [ R(s,, nY)(¥u(s) — 1)ds and

n,SAr = / (E(S, nY) _E(ﬁn’ nY))nWs - R(ﬁnv nY)Vn(S)dS

and requiring that , 44, = frt E(gn, 2Y)d(, Wy, — W) for each t € [r, T] a.s. Then ,A can be
rewritten in the following way:

t
nAl =n,3At+n,4Al+n,5At+/ R(gn,nY)—R(S, Y)ds

13
+/ Bs,, »¥) — BGs, V) dW,

for all t € [r, T] a.s. Thus, we set c2 = 10(T —r + w,)A2, then it follows readily that
a1 < 8,30 + 8,4(0)'7 + 8, 5(0)'
in 1/2 5.6)
+ <02,2 / But (5 — 5,) + u2(5) + £a5) + %(s)ds)
for each ¢ € [r, T], where the increasing function 8, ; : [r, T] — Ry is given by

8ni(t) = E[  max il ,I*], foralli e ({3,4,5}.
JELO, k)it p <t 7

Proposition 28 and Corollary 29 give two constants ¢,, ¢; > 0 satisfying (5.1) and (5.4) for
p = 2 when ¢, is replaced by ¢, and ¢,, respectively. Thus, putting (5.5) and (5.6) together,
we find that

ou(®) < sl Tl (1 + E[In Y712 + 1Y 12.]) + (5 + c5(T — r)on
1 5(803(0) + 80a(1) + 0.5(1)) + 23 / " 502(5) + on(s) ds

for given ¢ € [r, T], where we have at first set c23 := 10(c2.1 + ¢22) and then ¢4 =
2T —r)(1 + ¢, + ¢2)c2 3. Consequently,

5
on()/c2 < Tul(1+ E[InY" 12 + 1Y UZ]) + 801 + D 80i0)
i=2

with ¢; := eT="23(5 4 ¢, 4), by Gronwall’s inequality. This yields the claim. [

Thanks to Lemmas 19 and 21 and Proposition 22, only the last remainder in the estimation
of Proposition 30 requires further analysis, before we can prove (2.13). For this reason, we
define a map @, , : [r, T] x C([0, T], R™) x C([0, T], RY) — R” by

Bp(s, y, w) = By(s,, y)(h(s) — h(s,)) + B(s,. y)(La(w)(s) — Ly(w)(s,))
+ X(s,, y)(w(s) — w(s,))

for given h € H'([0, T],R?) and n € N. If now ,Y is a solution to (2.9), then the following
decomposition can be used to deal with the remainder in question:

(B(s,wY) = B(5,. nY))a Wy — R(,p, n Y )Vu(s)

= (B(s,nY) — B(5,,. nY) — 0 B(s,, V) Yy — u¥;,))n Wy
+ 0 B(5,, n Y0 Y5 — 0¥, — Ppnls, ¥, W), W,
+ 0 B(5,, nY) Phn(s, 0¥, W)Wy = R(s,p, n Y )¥a(s)

5.7
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for any s € [r, T'). In fact, in the next two sections we will consider each of these three terms
to ensure that (2.13) follows.

5.2. Convergence of the first two remainders

To handle the first remainder term in (5.7), we will use the following estimation in
combination with Lemma 20.

Proposition 31. Ler (C.6) be satisfied, h € Hrl([O, T1,R?) and F be a Sfunctional on
[r, T) x C([0, T1,R™) of class C'2. Assume that B and 8, F are du-Lipschitz continuous
and there are cy, n > 0 such that

10, F (2, )| + |05 F (2, X)| < co(1 + [Ix[1%)

forallt € [r,T) and x € C([0, T1, R™). Then for each p > 2 there exists ¢, > 0 such that
for each n € N and any solution ,,Y to (2.9) it holds that

sup E[|F(s,nY) = F(s,. nY)=0cF(s,, Y)W Ys — u¥s,)|"]
se[r,T)
< cp|Tul? (1 + E[[.Y"1L727]).

Proof. Let ,A : [s,,s] x 2 — R be defined by ,4, = 9, F(u, ,Y) — 3, F(s,, ,Y) for
s € [r, T). Then the functional Itd formula in [9] yields

F(Sv nY) - F(Ena nY) - 8xF(£n’ nY)(an _nYQ,,)

= f 8uF (U, nY) + n Ay (B, oY) + By, oY) + Bu, 1Y), W,) du

s

(5.8)

n

- 5 ] 5
+ / VBT, Y)W, + 3 / @ F s nY)(EE Yt V)it as.

By Proposition 28, for 7 := n Vv 2 there is a constant ¢;;, > 0 such that (5.1) holds when c),
and p are replaced by ¢;, and 77p, respectively. So,

EH / 0, F(u, ,Y)du

with ¢, 1 == 2?Pcf(1 + gﬁp)”/ 7, Next, let Lo > 0 denote a Lipschitz constant for 9, F, then we
obtain that

(E[L AP )" < 6T P2(1 + E[L,y"72])

p _ _
} < cpa|Tal?(1+ E[IlL, Y 1172])""

for all u € [s,, s] with ¢, == 2’7200 (1 + gﬁp)”ﬁ. Hence, for the second term in (5.8) the
Cauchy—Schwarz inequality gives

E f L AB(u, oY) du

2n

V4 —
} < cpalTul?(s — 5,07 (1 + E[ I, Y 127])*

with ¢, 5 1= 2°72¢P(1 4 ¢, )!/7c,,. Similarly, it follows that

E f J A B, oY) dh(u)

2n

4 -~ —
] < ¢psITal?(1+ E[Il,Y"172]) "
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for ¢, 3 := 23p/2||h||1;1qrcp(1 + gﬁp)l/ﬁEp. Lemma 17 yields the constant W, » such that (3.8) is

valid when ¢ is replaced by 2. Then

|
s i s, \PT\'2

Ec”(s—;,,)p_l/ (E[1nAu>])" (E[(/ | Wy dv> ]) du

Sn

EH/ 2 A B, Y)d, W,

< cpal TP (1 + E[I, Y 172]) ",

by the Cauchy—Schwarz inequality, where c), 4 = 27 fu;{ §c!’5,,. Next, as X' cannot exceed the
constant ¢, we directly get that

d

for c¢,5 = 2P*w,cP¢,, where w), satisfies (3.7). For the last term in (5.8) we define

S
f VAu S, 1Y) dW,

p B _
] < ¢psITal?(1+ E[Il, Y 122]) "

Cp.6 = 2"Pc*Pcf(1 + ¢; )" and readily compute that

K] P —
EH f (A F(u, n YY) ZE ) u, nY)) du ]sc,,,mrm(l+E[||nY’||z§])”/”.

Thus, by setting ¢, := 67" (c, 1 +(T —r)"/*cpr+cp3+cpa+cps+277c,e), we obtain the
asserted estimate. [

We come to the second remainder term arising in (5.7). As before, we derive an estimation
that is necessary to apply Lemma 20.

Lemma 32. Let (C.6) and (C.7) hold and h € Hr'([O, T1,RY). Then for each p > 2 there is
¢p > 0 such that for any n € N and every solution ,Y to (2.9) we have

SUp [1nYy — ¥y, = Byn(s, u¥, WIP] < e, TP (1 + E[1¥"122])".

se[r,T]

Proof. We apply Proposition 28 to get a constant ¢,, > 0 such that (5.1) is satisfied when c,,
and p are replaced by ¢,, and 2p, respectively. Then

g

for given s € [r, T] and ¢, = 2?PcP(1 + gzp)'/z. Let A > 0 denote a Lipschitz constant for
By, B and X, then the Cauchy—Schwarz inequality allows us to estimate that

d

172

/ B(u,,Y)du

=n

V4
} < ol T2 (1 + E[I,Y7122])

P
] < cpal Tl (1 + E[I Y I2]) "

f B, 1Y) — Bu(s, . nY) dh(u)

2n
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with ¢, 5 = 22p||h||€1,r)»p(1 + gzp)l/z. We recall the constant @, > constructed in Lemma 17
such that (3.8) holds when ¢ is replaced by 2 and compute that

|

s p/2
sxp(s—gn>P/2E[((s—gn>1/2+||an—nY£n||oo)”(f |an|2dv) }

EH / B(u,,Y) = B(s,, 1Y) d, W,

Sn

< epalTul?(1+ E[IL,Y122]) 2,

by the Cauchy—Schwarz inequality, where c,, 3 := 2°7/%)"/ 2)J’(l +¢,,)"/?. Finally, let us also
recall the constant w, in (3.7), then

172

EH/ X, Y)— (s, Y)dW,

p
} < cpalTal? (1 + E[1.Y"122])

for ¢, 4 = 22Pwpkp(l +£2p)1/2. So, the definition ¢, := 4p’1(c,,,1 + -+ cp.4) concludes the
proof. [

5.3. Convergence of the third remainder

As preparation, we infer an estimate from Doob’s L?-maximal inequality. To this end, let
for the moment d € N and T be a partition of [r, T'] that is of the form T = {r, ..., #} with
keNandt,...,ty e[r,T]suchthatr =ty <--- <ty =T.

Lemma 33. For every | € {1, ...,J} let GUpieqi,...y and (1Vi)ieq,...xy be two sequences of
R™4 _yalued and R¢-valued random vectors, respectively, such that U; is J’i—l -measurable,
1 Vi is F-measurable,

E[LUI* +Vil'] <00 and ELVilF, 1=0 as.
foralli e{l,...,k}. Then

jlod

0| 2o 21UV

i=1 I=1

.....

k—ip d
]542 Z Ui, Vi, ViU
i=11

for every ip € {0, ...,k —1}.

Proof. We set Y; = Zle Ui 1 Vi for each iefl,.. — 1o}, then the sequence (S;)efiy,...k)

of random variables given by §; =>" 7f° Yisa square mtegrable martingale with respect to

j—=io d
max U; 1V max $?] < 4E[S
L,O ..... >3] | = ol g, 51 < 4£15)
by Doob’s L?-maximal inequality. Moreover, let i, j € {1, ...,k —ip} be such thati < j, then
d
E[Y:Y;1=144()) Y El,U; E, Vi, ViIF, 1,U}l.
I1,l=1

Please cite this article as: R. Cont and A. Kalinin, On the support of solutions to stochastic differential equations with path-dependent coefficients,
Stochastic Processes and their Applications (2019), https://doi.org/10.1016/j.spa.2019.07.015.




R. Cont and A. Kalinin / Stochastic Processes and their Applications xxx (xxxx) xxx 29

In particular, ¥; and Y; are uncorrelated for i < j. By Bienaymé’s identity, E [S7] =
Y ¥ E[Y?], which yields the claim. [J

Proposition 34. Let (C.6) and (C.7) hold and h € H!([0, T1, R?). Then there is c; > 0 such
that for each n € N and any solution ,Y to (2.9),
]

Prgof. First, let us recall ] the definition of R in (2.11) to write the kth coordinate of
8XB(S”1 nY)¢h ,,(S, nY W)nWS - R(£n7 nY)yn(s) in the form

Tjm .
f 8xB(£na nY)¢l1,n(Sa nYa W)nWs - R(in’ nY)Vn(s)dS

< | Tl (1 + E[1.Y"1%])-

Za Bii(s,, Y ) (s, Y, W W = (1/2)B + £)(s,,, n Y )¥als)er)

for all k € {1,...,m} and s € [r, T), where the /th coordinate of any R9-valued stochastic
process X is denoted by X for every [ € {1, ..., d}. Moreover, we decompose that

D5, Y, Wi WD — (1/2)B + X)(s,,. Y )¥a(9)ey

= By (s, nY)h(s2) = h(s, Du WP + B(s,, Y)Wy, — u Wy, )u WP
+ 208, n V) (AWy,a W — yi(8)er) + B (s, nY)(A(5) — hi(s,)) W (5.9)
+ B(s,. n Y)Wy — n Wy, )W = (1/2)y(s)er)
+ 2(s, Y IW; — W,,), WO

for any / € {1, ..., d}. We begin with the first term in this decomposition and use Lemma 15
to obtain that

f " @ BesBun)(s, oV )h(sn) — (s, WO ds

Ti—tm
- / 8 Be1Bi)sn. oV )(G,) — h(s,) dWD  as.
foreach j e {1,...,k,}, k € {1,...,m} and [ € {1,...,d}. Proposition 28 provides ¢, > 0

such that (5.1) is satisfied for p = 2 when the appearing constant ¢, is replaced by ¢,. Hence,
condition (C.6) gives
]

(a BriBu)(s,, nY)(h(sy) — h(s, ), W ds

< 2wy / (1 + E[lln Y 125 ]) A Sn) — hisn)I* ds

< e |Tal(1+ E[.Y"15]),

where ¢51 = 22wy (T — r)||hll% ,c*(1+¢,) and w, satisfies (3.7) for p = 2. Similarly, another
application of Lemma 15 gives us that

t
f (0 BiiB) (S, V)W, — u Wy )a W ds

Li—1n .
Z/ (8 By B)(sp, n Y)AW,, dW?P  as.
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forall j € {1,...,k,}, k € {1,...,m} and | € {1,...,d}. Thus, with the constant ¢, =
wo(T — r)dc* we can estimate that
]

E|: max

/ Z(a BiB)sy V) Wy, — oW W ds

T
- w204/ E[|AW, P]ds < caaIT, .

Let us move on to the third expression in (5.9). First we define an R¢-valued Fi -
measurable random vector by

Vi = AW, AW — Aty e (5.10)

forevery i € {1,...,k,} and [ € {1, ...,d}, then ;,V; is independent of %i_lyn and satisfies
E[|1,,,Vi|4] < oo and E[;,V;] = 0. Moreover, a case distinction shows that

Ely Vi 1 Vi1 = L)AL ) (La + 1,00, (5.11)

for eachi € {1,...,k,} and [y, [, € {1,...,d}, where I, ;, € R?*¢ denotes the matrix whose
(I, I)-entry is 1 and whose all other entries are zero. We compute that

1‘3,, _ .
f ' (3 Bii 2)(s,, n V(AW s W — y(5)er) ds

j-1
=Y @ Bis )t n¥ i Vi
i=1
forall j e {l,...,k,},ke{l,...,m}and! € {1,...,d}, since y,(s) = 0 for each s € [r, t; »).
Consequently, Lemma 33 and the representation (5.11) imply that

m tin d . . 2
E[ max / > @ Bii D)5, n V) (AW, W = yu(s)e)) ds }
Jel0...okn) .

k=1 I=1
kn—1

<2° > (At ZZE 13 Brs E) i1, V)1 < 23] T
i=1 k=1 I=1

for ¢33 = 23(T — r)c*, since we can use that X', .,y (1/2)()6,2 + y[ ) for all 1,1, €

{1,...,d} and X,y € R?, by Young’s inequality. To deal w1th the fourth term in (5.9), let us
note that

/ j’"<ax§k,lBH>(gn, ZY)h(s) = h(s,), WO ds

J-l o AW,(.I) litin
=Z<ax3k,zBH)<ri_l,n,nY) / h(s) = h(t;0) ds (5.12)
AtiJrln tin
)(Sn - )

t n
=/ (3 BriBr)(s,, nY)AW! dh(s)

Sn A_
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foreach j e {1,...,k,}, ke {l,...,m}and [ € {1,...,d}, as integration by parts yields that
j;f‘:l’" h(s) — h(t,n)ds = fl“"t,ﬂ,, sdh(s) forall i € {0, ..., k, — 1}. So,

]
< ||h||HrZ/ [

2
:|ds
< 24| T,l(1 +E[||nY’||oo])

with ¢34 == 2%(T — r)||h||3,,c*(1 + ¢,), by the Cauchy—Schwarz inequality and the fact that
AW, ..., AW are pairwise independent and independent from .7 for all s € [r, T].

To handle the fifth expression in (5.9), we define ;, U, := (, Wy — , W, ), W — (1/2)y(s)e;
for all s € [r, T] and note that

m
E|: max

f Da B Bia)(s, nY)(h(s) = (s, )y W ds

=1

Z(a BriBu)(s,. nY)AWD

lim 12 _
/, (0B B)s, n¥ ) nUsds = 5 ;(aka,le_l,n, WY Vi

forevery j € {l,...,k,}, k € {1,...,m} and [ € {1,...,d}, where ;,V; is given by (5.10)
and we have used the fact that f;":"” s —tinds = (1/2)(Ati11.,)* foreachi € {0, ..., k, —1}.
Consequently, ’

E|:j€{r(r)1’?§ /r 2(8 Ble)(sn,,,Y)an ds :|
k,,—l
<2 Z(At,nVZZEn(a BiuB)(ti-tnen¥)I'] < 25T

= k=1 I=1

for cp 5 :=2(T — r)c*. We turn to the last term in (5.9) and proceed just as in (5.12) to get that

tin _ .
/ @Bt )5, a¥ YWy — Wy, ), WO ds

i — (Sn —)
:/ (8ka,lZ)(£nv ”Y)AWSZ)A—— dWX a.s.
for each j € {1,...,k,}, k € {l,...,m} and I € {l,...,d}, as It&’s formula gives

S Wy — W, ds = f'“" tiyin—sdW;s as. forall i € {0, ...k, — 1}. Therefore,
]

i| ds < C2,6|Tn|

»»»»» kn}

/ Z@ BiiE)s,. n Y)Wy — W, ), W ds

[

with ¢p.6 := wy(T —r)c*. As before, we used that AWS), cees AW_Y(;” are pairwise independent
and independent of 9’% for every s € [r, T]. Therefore, by setting ¢, = 6(c2,1 + -+ + c26),
the assertion follows. [

S0 nY)AWY
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5.4. Proofs of Theorems 7 and 1

At first, we consider a sufficient condition for a Doléans-Dade exponential to be a true
martingale and let for the moment T be a partition of [r, T'] of the form T = {r, ..., #} with
keNandt,...,t; € [r, T] satisfyingr =ty <---<t;, =T.

Lemma 35. Let f : [r,T] — R"™*¢ be measurable such that f [ f(s)*ds < oo and
(Yiieo,...k—1y be an (F)icqo, .. k—1y-adapted sequence of R™*4 _yalued random matrices. Define

the process X : [r, T] x 2 — R4 coordinatewise via
k—1 m

X7 =30 Fa@Y I 0,

i=0 j=I

then the continuous local martingale Z € € ([0, T], R) given by Z" = 1 and

t 1 t
Zl:eXp</ Xdev_E/ |X‘y|2ds>

forallt € [r, T] a.s. is a martingale.

Proof. Since Z is a positive supermartingale, it suffices to show that E[Z;] = 1. This in turn
follows inductively if we can verify that E[Z,, 4] |#;1=Z,, as. foreachi € {0,...,k—1}.

In this regard, note that ["*' X,dW, = PP Y(’Z) g (s)dW”) a.s. Because

f:“ Fin()dwih, . ft:’“ f,d(s)dWs(") are 1ndependent of %, forany j € {l1,...,m}, we
have

fit1 1 lit1
E|:exp</ X, dW, — 5/ |XS|2ds)’%i] =y(Y;) as.,
t; t

where the Borel measurable function ¥ : R”*¢ — R is given by

d tip1 M 1 [li+ 2
Y(A) = E[l_[ exp(/ > Ajfis)dwl — 5/ ds>].
=1 li j=1 4

Moreover, as fri"“ Y Ay fia(s)dW? is normally distributed with zero mean and variance

given by jz"“ 120 Aj,,fj,l(s)|2ds for any A € R"*? and I € {1, ...,d}, independence of
the coordinates of W entails that Y =1, as desired. [

i fia(s)

Proof of Theorem 7. (i) If in condition (C.8) we have b, = 0, then existence and uniqueness
can be inferred from Proposition 3. Otherw1se we may let by = 1 and, by using Lemma 35,
define a martingale ,Z € €([0, T],R) via ,Z =1 and

Z =exp<— f By WL W, — 5 / |E(s>nW.f|2ds)

for all + € [r, T] a.s. Due to Girsanov’s theorem, the process W € €(0, T], R given
by W, = W, + f ™D b(s)d,W; is a d-dimensional (%)<, T]-Browman motion under the
probability measure P, on (£2,.%) defined by P,(A) := E[14,Z7].

As this yields an equivalent probability measure, a process ¥ € 4([0, T], R™) solves (2.9)
under P if and only if it is a solution to the SDE

dY, = (B(t,Y) + By(t, Y)h(1)) dt + 2(t,Y)d,W, fort €[r,T]
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under P,. For this reason, existence and uniqueness follow from Proposition 5 when b =
B + Byh and o = X. Further, independently of this case distinction, Propositions 28 and 12
imply the second claim.

(i) This assertion is an immediate application of Proposition 5 in the case that b =
B+R+Byhando =B+ X.

(iii) By Propositions 30, 28 and 22 and Lemmas 19 and 21, to establish (2.13), it suffices
to show that there is ¢, > 0 such that

|: max
j€{o0,...,
for each n € N. As 9, B is bounded, the existence of such a constant ¢, follows immediately
from the decomposition (5.7), a combination of Proposition 31 and Lemma 32 with Lemma 20

and an application of Proposition 34. Moreover, since sup,,.y E[||,,Y||§Yr] + E[||Y||g’r] < 00
for all B € [0, 1/2) and p > 1, the second assertion can now be inferred from Lemma 13. [J

2
:| < |T,|

/ (B(s. oY) — Bls, n¥))aWs — R(s, . V)ya(s) ds

To prove Theorem | we require the following basic result on the support of image probability
measures.

Lemma 36. Let (2,.%, P) be a probablllty space, (S,v) be a metric space, D C S and
Y : 2 — S be measurable such that P o Y~ is inner regular.

(i) Let (Y, )nen be a sequence of S-valued measurable maps on Q that converges in
probability to Y. If Y, € D a.s. for all n € N, then supp(I5 oY hcD.

(ii) Suppose that for each Y€ D there exists a sequence (PV neN of probability measures
on (.Q ) such that P) . L P for all n € N and

ir11£I Py’n(v(Y, y)=>e¢) <1 (5.13)
ne
for each ¢ > 0. Then D C supp(l6 oY h.

Proof. (i) Lf:t y € supp(l5 oY1) and k € N, then there exists n; € N such that P(v(Y,, Y) >
1/(2k)) < P(v(Y, y) < 1/(2k)) for all n € N with n > ny. By the triangle inequality,

Pw(Y,,y) > 1/k) < Pu(Y,,Y) > 1/(2k)) + P(u(Y, y) > 1/(2k)) < 1

for any such n € N. So, there is @ € 2 such that Vi =Yy (@) € D and vy, y) < 1/k. As
k € N has been arbitrarily chosen, the resulting sequence (yi)ren converges to y, which gives
the claim.

(i1) By way of contradiction, assume that there are y € D and ¢ > 0 such that Is(v(Y ,y) >
g) = 1. Let (yu)nen be a sequence in D that converges to y and choose n, € N such that
V(Yn,, y) < &/2. Then from

PO(Y,y) = &) < PO(Y, y,) > £/2) + P((yy,. y) = £/2)
and Isyng,n &« P it follows that ﬁ},ng,n(v(Y, Yn.) = €/2) =1 for each n € N. This, however, is
a contradiction to (5.13). O

Proof of Theorem 1. (i) Pathwise uniqueness follows from Lemma 27 and the other two
assertions are direct consequences of Proposition 5.
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@ii) For h € Hrl([O, T1,RY) we set F, = b — (1/2)p + oh and first check that F,
satisfies conditions (C.1) and (C.2). Since ¢ and d,0 are bounded, there is ¢y > 0 such that
lo| V |p| < co. Then

|Fu(t, 0] < cr(1 + [N + [1x]l0)

forallt € [r,T) and x € C([0, T], R™) with ¢; := 3max{c, ¢o}. Moreover, since ¢ and 0,0
are d,-Lipschitz continuous, so is the map p. Let Ao > 0 be a Lipschitz constant for p, then

| Fu(t, x) — Fy(t, )| < 2 (14 [R@ODIX = Yoo

forall t € [r,T) and x,y € C([0, T], R™) with A; := 2max{A, A¢}. Hence, an application of
Proposition 3 yields the first assertion.

Regarding the second claim, let us also choose g € Hr'([O, T1,R?) and define ¢, =
22 max{c(z), )»%} max{l, T — r}. Then the above estimation shows that

t
. . 2 . 2 s s
by = xill7, < e2 / 18(5) = R+ L+ [R&)Dxg = 21, ds

for given ¢ € [r, T]. By Gronwall’s inequality, |lx, — x4[7,, < C3ec3”h”%’vr||g — hll,, with
c3 = cpexp((T — r)cy), and the verification is complete.

(iii) Let N, be the P-null set of all @ € 2 such that X(w) ¢ CX([0, T],R™), then
(NS, -Z N N§, P.zang) is a probability space and the probability measure

PB(CH([0,T],R")) - [0,1], B+ P({X € B}NNY) (5.14)

is inner regular and its support agrees with the support of P o X~! in C%([0, T], R™). We note
that the inner regularity can be inferred by using that X belongs a.s. to the separable closed
linear subspace of all x € CZ([0, T], R™) such that

. |x(s) — x()]
lim sup —— =0
80 g re[r Tl 0<ls—1]<s |8 — 1]

Since (2.6) follows from Theorem 7 by the choice B = b — (1/2)p, By = 0, B = o
and ¥ = 0, Lemma 36 entails that the support of (5.14) is included in the closure of
{xn | h € H([0, T1,RY)} with respect to || - [|.-

Next, let h € H'([0, T], R?) and for any n € N we note that the non-anticipative product
measurable map [r, T] x C([O, T1,RY — R4, (t,x) — Ln(x)(t) satisfies |Ln(x)(t)| <
2¢r|Ty| x|l for all £ € [r, TI\T, and x € C([0, T], R?) and the map C([0, T], RY) — R4,
x > L,(x)(r) is linear for each 7 € [r, TI\T,.

From these facts it follows that for every x € C([0, T], R?) there is a unique mild solution
Viax € C([0, T1, RY) to the following ordinary integral equation with running value condition:

Yh,n,x(t) =x(1) — [r h(s) - Ln(yh,n,x)(s) ds fortel0,T]

Moreover, the map C([0, T],RY) — C([0, T],RY), x +— .. is Lipschitz continuous on
bounded sets and in particular, Borel measurable. These considerations allow us to define a
process ;. W € ([0, T, RY) by 4u Wi = ypnw(?).

Given this constructed process, it follows from Lemma 35 that we obtain a martingale
wnZ € €([0, T1, R) by requiring that , ,Z" = 1 and

. . 1 [t .
hnls = exp<f h(s) = Ly(haW)(s) dWs — 5/ 1(s) = LG W) dS>
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for every t € [r,T] a.s. and we may define a probability measure P, on ({2, %) that is
equivalent to P by Pj ,(A) := E[1a4 ,Z7]. According to the second part of Lemma 36, if

ing Pyn({IX — xpller = €} NNy) <1 foreach e > 0, (5.15)
ne

then the closure of {x, | g € H'([0,7T],RY)} with respect to | - ||o, is included in the
support of (5.14). Now Girsanov’s theorem implies that for each n € N the process , ,W is a
d-dimensional (.%;);c[o,r1-Brownian motion under P, , and X is a strong solution to (2.8) under
Py,

Hence, by using uniqueness in law, an application of Theorem 7 in the case that B = b,
By =0,B=-cand X = o gives (2.7). As this readily implies (5.15), the proof is
complete. [
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