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Let X, be the process obtained by linear interpolation from discrete observations of a diffusion X. In
the first part of this paper we study the statistical properties of the observation sgn X,. In the second
part we prove that the number of zero-crossings of X, suitably normalized, converges in (L?-norm) to
the zero local time of X.

diffusion * local time * crossings * estimation

1. Introduction

Let X be a diffusion on R which is a solution of the stochastic differential equation
dX,=b(X, 6)dt+dW, X,=x,

where 6 is an unknown parameter.

Let X, be the process obtained from X by linear interpolation from the sequence
{Xia, k=0}.

We are interested in the observation {Z, = sgn X,,, k= 0}. From a statistical point
of view, this observation is convenient and has some robustness, but it is not easy
to compute its likelihood. In what follows, marginal likelihood functions are con-
sidered (working as if Z, were independent or a Markov chain), giving asymptotically
normal estimators. The variances of these estimators are functions of 4 and go to
infinity when 4 goes to zero, as usual for discrete observations. The asymptotic is,
of course, linked to stationarity and to positive recurrent models.

Let us now consider a finite interval of observation, for instance [0, 1]. The
observations are Z\" =sgn X,,,. If we are able to prove that the number N,,, of
zero-crossings of the process X,,, goes to the local time L, we have an interesting
statistical interpretation of L.

Thus, the last part of this paper is dedicated to proving that \/%—Trx/z Ny(t)—» L(1)
as 40 (in L*-norm).

In Azais and Florens-Zmirou (1987) we prove a similar result for Gaussian
processes and the two parts of this work are related to our work (Florens-Zmirou,
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1988) where we studied the random discretization obtained from the excursions of
X longer than A.

2. Statistical model

We consider the statistical model
dX,=b(X,, 0)di+dW,, X,=x, 60,

where @ is a compact subset of R.

For each 8, ((X,),cr*,Ps) is supposed to be a recurrent positive diffusion. The
density of the transition probability I, is denoted by =,(x, y)} and that of the invariant
probability is denoted by ue(x) (we abuse the notation by setting u,(f)=
§ f(x)po(x) dx).

The true value of the parameter is denoted by 6,. We denote by a comma the
derivative with respect to x and by a dot the one with respect to 6.

The following regularity hypotheses are used:

(H.1) (x,0)~>b(x,0)eC.

(H.2) There exist p and K such that for all 6,

b(x, 0
lim inf (x, )>

|x]->c0 X

inf [b3(x, 0)+b'(x, 0)]> - K, K>0,

P

b*(x, )+ b'(x, 0) =0(x?), x-c0.

(H.3) (x, )= uy(x) is uniformly bounded.
(H.4) There exists A such that for all (6, x),

|b(x, 8)] <A exp Alx]|, |b'(x, 8)| <A exp A|x|.
Let

{ 1 if X4 =0,
Zk: .
~1 if X4 <0.

We set

x

Me(x):J me(y) dy, o= My(0), pg=—M(—00),

0
Poa=P*[X=0, X4 <0], Goa=P*[Xo=0, X;,>0].

From now, we choose u,(x)dx as the initial distribution. Then the process is
stationary, and therefore p, = g4. Let us remark that from the exponential conver-
gence of the transition probability to u, proved in Florens-Zmirou (1984), it is not
too difficult to derive the case of any initial distribution.
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We shall omit & when there is no ambiguity and we denote in an evident way

n—1
+ -+
n" =3 1z _), n=n—n",
k=0
n—1 n—1
+— ++
nt=3 Lz z,--0s n =3 lz-z.,-0
k=0 k=0

and n~" and n~~ by an evident analogy.

We shall use as contrast functions the marginal likelihoods of Z,. The first one,
denoted by #,(8), is the binomial distribution b(n, x*(8)) and the second one,
denoted by J,(9), is the multinomial distribution M[n, ps(8), s —pa(6), o —
pa(0)]. The two contrasts are respectively,

LP(6)=n"log u*(8)+n" log u™(6),
LP(8)=n""log ps(6)+n""log pa(6)
+n"" log(u"(8) —pa(6))
+n"" log(u(6) —ps(6)).
The law of large numbers proves that as n > o,

%[Li”(ﬂo) —LY(6)) > K[M,(6,), M,(0)]= K,(6,, 0)
and

% [L7(80) = Li7(8)]= K[ Mx(8o), Mo(6)]= Ko(6y, 6),

where K is the Kullback distance.
A, is a marginal model of .4, and therefore

K1(009 0) = K2(00’ 0)

Let 6" = arg max L’(8). (If there are several maxima, 6 is the argument of one
of them.) We make now the additional assumptions:

(H.5) 0->u7(8),6>u(6)eC.

(H.6) 8->p,s(08)e C”.

We need these assumptions for the proof of the consistency and normality of
6% . Of course the hypotheses (H1)-(H6) are not independent. It follows from (H.5)
and (H.6) that 8> (u"(8), u™(8), pa(0)) are continuous and Theorem 3.2.8 of
Dacunha-Castelle and Duflo (1986) can be applied to models ;(8) in order to
prove the consistency of 6%".

The main result gives the expansion of the asymptotic variance with respect to 4.
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Theorem 1. Under hypothesis (H):
(1) Let I,(8,) be the Fisher information of M,(8,). If 1,(8,) # 0 then
Vnd (61— 6,) — N(0, 03(80))
where o3(8,) = V°(8,)/ I1(8,) +0(4),

() ()]
m "
N [+'s) Mz(x) B J“O 2(x)
A = —_— =
L w0 AT e ¢
and M(x)={; u(u) du.
(2) If I,(8,) =0 (" and u~ do not depend on 8), then

A F(P, )
Vi A48 — 0,) — N(0, 03)

with, for every € >0, 05(8y, A)<(1+e)vV27/Io(8,)s (as soon as A< A(g)), where
1,(6,) = [,LL(.;O(O)]z/,U.gn(O), and s is the lower strictly positive bound of the spectrum of
the diffusion.

Proof. By the law of large numbers, we have
1 (n*)? N )
—= £,(6) > 1,(6,) =[ £ LB g,
n n' o

In order to prove a central limit theorem for gy , we need to know the behaviour of

o (8 () ]
\/HL" (90) \/;li " 1§: l(X,A>0)+ w Z l(XA<O)

We apply our theorem (Florens-Zmirou, 1984) for functionals of the chain X, :
1 . #(P, ) vy
—= L6 < N(O, - )
o= L) — =

with VY= Au(f)+2u(fII,F,) and Fy =AY, _,IT,4f, where

+ —

n
f(x) £ T lmoyt—= e ~ 10y

In Florens-Zmirou (1984), we also proved that
Vv'=v°+0(4)

with

%f f(u)u(u)du]

) )]

V°=4f+wu<x)<dx)[

—0
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Then, if I,(6,)#0,

Li(60)
L(8,)
with o3(8,) = V%(8,)/ I3(6,) +O(4).

In order to prove that

Vnd (8 - 8,) > N(0, 53(6,)),

NEYY > N(0, o3(6,))

143

we apply Theorem 3.3.15 of Dacunha-Castelle and Duflo (1986). We have to check

that
1 . ..
fim lim sup —|L(8)—L{"(6")]=0;
h->0 n-x lo—6'|<h n

this is a consequence of hypothesis (H.5) and of the law of large numbers.
Let us study the case of .#,(8). We have

1 . ] nt” ntt n~* n -
el ()
n Pas MK —Pa Pa MK —Pa

and we suppose that 8 > u*(68) and 6~ x (8) are constant.
First,

1.
—’_L(nz)(oo)—)lz(oo) a.s.
n
where I,(6,) is the Fisher information of .#,(6,), given by

Pa pt o
I(8)) === — - o).
A6o) Ps [(u —pA)+(/~L -p_‘)](a)

In the same way as for the first result, Theorem 1 of Florens-Zmirou (1984) proves

that
with V§' = (I, ®u)[Af’+2fFs] and Fy=4 Y, _, IT,,f, where
f(x, ) =ij—j 1, -0x=0) “/}%; Lm0x>0)
+& 1, <0x>0 ‘;LTP_A‘E Icox<0)-

Then, using 3.3.15 of Dacunha-Castelle and Duflo (1986) and (H6), we obtain

A #(p,) VP(6,)
Vnd (62 —9,) —2 N(o,——“ g )
¢ [1(80)7

It remains to get 4-estimates of V@2 and I,.
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Lemma 1. Under hypothesis (H), if #™(0) and 1™ (8) are constant:
(a) go.0 = Poa=vA/2m ue(0)+0(4) uniformly in 6,
() Go.s = Poa = VA2 i(0)+O(4) uniformly in 6.

Proof. (a) We have

(y—x)? [u_(y_)
exp

1 1/2
WA(xay):m - 24 /.L(X)] E[eXP—AH(x,J’)]

where
H(x,y)= J (B>+ b)Y ((1~v)x+vy++4 B,) dv

and B is a standard Brownian bridge (Dacunha-Castelie and Florens-Zmirou, 198«
Let u=(y—x)/v4 and
—uva

%(u)=;}—j J [ () + uv/E) ]

0

x E[exp —AH (x, x+ uvA)] dx;

then

Pa =J p(x) dx Jg wa(x, y) dy

0
0

=VA/ 2w J‘ ue g, (u)du.

e If u<0, set J(u, A) ={x; |x]< —uvA};, we have
sup  {(u(x)u(x+vVAu))"?-p(0)f< sup l#(x) u(0)].

o<x=—uva xeJ(n,4
One has
xes}ffml“(x) u(0|<|ul~/—x€5}(1§> ()]
]ulfx:]l:& 2]b(x)p(x)]

<2ulVA |ul|o(C+plulVA) by (H2)
< C,|ulVE + Cou’ A,

where here (and later) C; denote constants independent of 4 (and of 6).
® On the other hand, by hypothesis (H2), H = —K, and hence one has

|E e™*" —1|< AE|H| e**.

Since

[H(x, x+uvA4)| =J‘ b2+ b'[(x+vuvA+vVA B,) dv
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and from (H2) it is clear that

sup E|H(x,x+uVA|<C;+Ca’4,
xeJ(u,A)
then @4(u) = u(0)+ S,(u, 4) with S,(u, A)< CsJu|v'A+ Cqu*4, v’ is integrable with
respect to e "> du and therefore the first statement of lemma is proved.
(b) We need an analogous result for p,. Now ¢, is sum of two terms,

e e L
- E[exp— AH(x, x+ uv4)] dx,
and
¢f)=u—\l/-z L - (p(x)p(x+va4 u))'?

- E[—AH(x, x + uvA) exp— AH(x, x + uv/A4)] dx.
Let us study the first term:

) _AO)f
I'L(x) #‘(0) xeJ(u,A4)

<2AVA |u| V3™ by (H4).

JXB(v)dv

0

xeJ(u,Ad)

Using (a) we get
|¢@ — 2(0)| < const. VA |u] e*¥21",
Next, ¢‘* has an expression analogous to ¢4 and then using (H4) and (a) we get
P (u)<const. A e*V3,
Because of the integrability with respect to e*”/2 du, we get p, =vA/27 1i(0)+0(4)
and the lemma is proved.

Now, we are able to compute VY. Using Lemma 1 one has

L= \ﬁﬂwﬂ,(ﬂ): \[3 I +o(WA).
™ ©(0) ™

It is not possible to get an equivalent of V'

VP = u @I (f?A+2F,f)

=4 sz(x, y)ma(x, y)u(x) dx dy

+2 Jf(x, VIFs(y)ma(x, y)u(x) dx dy.
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If | || is the norm in L*(w®I1,), one has [[f|>=1, and |Fs]|<A|f]/(1-e™**)
where s> 0 is the lower strictly positive bound of the spectrum of the diffusion.
Then for A< A(e),

2
V< |7+ Als I

We get finally
V(AZ) < 3
™

2
I,=vVA+R(A) with R(4)=0(4)
s
and the asymptotic variance of vn(8®—8,) is equal to o2(8,,4)/A%? and if
A< A(e),
V2w

Iys

03(80, 4)<[(1+¢)]

We studied in this first part the behaviour of the number of crossings of X,, when
the interval of observation goes to infinity and A4 is fixed. In order to study, in a
subsequent paper, the same problem for a discretization (X,,) with k=1,...,n,
A4,-0, nd, - o, we study now the convergence of the number of crossings when
A goes to zero and the interval of observation is fixed.

3. Zero-crossings of X and zero local time of X

Let L(1) be the zero local time of the diffusion (see Rice (1944) for references on
local time), that we define here by

t

o1
L(t)= Ll_r)% % J 1 545/(X;) ds.

0

If I=[a,b],0<a<b, L(I)=L(b)—L(a).
Let N,(I) be the number of zero-crossings of X, between I.

Theorem 2. If hypotheses (H.1) to (H.4) are satisfied (for a fixed 8), we have
T 2
\[2—¢Z Na(D) 25 ().

We shall use the framework of Azema and Yor (1978) and Azais (1990).

We need the following Lemma 2. First let us denote by fx y . a continuous
version of the density of random variables X, Y, Z, ... with respect to Lebesgue
measure (when its exits) and let

ﬁl,tzzfx(tl),X(Iz)
andif t;,7 k4, i=1,2,
AA

A _ o
n,tz_f&«(r.)JQ(rz),\/Z(XA)'m).ﬁ(&)'(zz) and f:..rz—fxm),XA(rz),m(xA)'(r;)-
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Lemma 2. Under hypotheses (H.1) to (H.4) (for a fixed 6), we have

C
D fonl0,0)<S==, n<n,
2 1

G, Z%+Z§
2a 22 (%, X, 2y, 25) S ————exp — , h<t,
( ) tl,tz( 1 2 1 2) \/tz—‘t—l P 2 1 2
1 zf+z§
lim £2+4(0,0 = fi,.,(0,0) =—— exp ————.
(2b) Alir(l)fll,rz( > 921522) f;l,tz( )211_ p 2
C3 2
3a 4 (X, x,, 7)< e 77 n<t,,
( ) frl,rz( 1 2 ) ‘/tz__l_l i 2

—z2/2

Y = ¢
(3b) lAl_r)r(l)fll,tz(O, O, Z) '—j;l,tz(O, O) \/2—7_‘_ s
with C,, C,, C; suitable constants.

Suppose that we have proved Lemma 2. To prove Theorem 2 from Lemma 2, we
proceed as follows. Let

fA(I)ZV”TA/ZNA(I) and n5(1)=2i8I1]a,5[(Xs)dS-

It is known (Rice, 1944) that n°(1) goes to L(I) (in L*-norm) when 8 goes to zero.
Then we have to prove that
. a R 2 _
Aim E[Z (I —n°(I)] =0.

Let n=|I[/A+1 and (1I,,..., I,) be a partition of I in » intervals of length A
(except the last one).

Let (F=¢%(I) and p7=n°(L). Set Jy={(ij)lj—il>1} and J5=
{G, ) 1j—il =1}

First note that since the diffusion is stationary, if (i, j) € J§,

Y E[Li1<3nE[LLT

(ij)eJa
with E[{?)V =3mA(ps+qa)=0(A>?) from Lemma 1. Hence
Y E[LP1-0 asA-o.

(ij)edi
It remains only to prove that if (i, j) € J,,

lim E[ ¥ {?‘{f‘] =lim E[7°(DT

(i,j)ets

= lim E[ ¥ {fn?].

(4,8)-0 (ij)edy
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Let us remark that the trajectories of X, are absolutely continuous and its
derivative X(t) is defined except at the points kA. The process X, has finitely
many local extrema on each bounded interval then we can apply Kac’s version of
Rice’s formulas (Azais, 1990; see also Rice, 1944).

So, for any (i, j) € Ja4,

E[é‘lAng] :%ﬂ J dtl dt2 J 'le2l.ffA|’,lIAz(Os 07 Zy, Z2) dZl dZ2’
3 r?

Ixl;

where (from Lemma 2),

C 224732
fae(o,0, zl,zz)s@l_tlexp_ 12 2
and
llmf,l ,2(0 0,2z,,2,)= ,(0,0).

So, Lebesgue’s theorem implies that

lim 3 E[(?Z}‘]=J J.(0,0) dt, de.
IxI

A0 (i j)eds
On the other hand,
E[n*(DY ——J' dy dt, J. o olu 00150 52(u, v) du do,
Ix1 R

ft,.1, is continuous in (u, v) and by Lemma 2,

G
u,v)= .
f;l,tz( ) \/ﬁ

So by Lebesgue’s theorem

lim E[7°(I)} = J £0.(0,0) dt, dts.
- IxI

We now want to compute

Y E[{im7]1 and Y E[{inf).

(i.)eJd (Lj)els
First, note that if (i, j) J%, then
Y Elnj¢il= T [E[/PEY,

(i,j)eta (i,j)eJa

where

E < dt, dt,<2CA%?
["71] J’]Xl\/—— 20hL =
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and E[{]?=0(4%?%) by Lemma 1, so we get
lim E % (n7¢h)=0.

(4,8)>0 (i jyess

Next note that for (i, j) € J, we get by Rice’s formulae,
1
Erfet1=Vhros | anan |
28 Iixl;

By Lemma 2 we know that

+8

dx J |22|f;?,!z(x5 05 22) dz2'
R

—~8

—z2/2

C

A

x,0, z,)< € ,
f!,,tz( 2) m

and

1 J+5
A e de' ,Z |fIA| !2(x9 05 z )dZ
28 R 2 N 2 2

-5
>v2/7 f,,.,(0,0) as (8, 4)->0.
Finally, using Lebesgue’s theorem, this proves that as (5, 4) >0,
> E["I?QA]*J‘ frl,:z(os 0) dt, dt,.
(i,jyeJ, Ix1I

Our theorem is an immediate consequence of the equality

E[*()—n*(DF = E[{* (D -2E[{* (D0 (]+ E[n° ()]~

To complete this section it remains only to prove Lemma 2.

Proof of Lemma 2. We have

(y—x)°

1 1 _
Joo(x,y) i mexp T3—1) (X)) H(x, y, t,— )

with H(x, y,t)=E exp —tH(x, y) (H was defined in part 1).
So

1 1 ndK
< — -
ﬂl>t2(x’ y) /‘_2’” /_—tz_ t] < “l"l’ “
by (H.2), so (1) is proved with C, =v3w ™" ||t | .

149

Let us now prove (2). Let t,=hA+uA, i=1,2, with h;=[t,/A], 0<u,<1, and

suppose t, <t, such that h,—h, =k > 1. Then we have
X_A(ti) =(1- u) X (hA)+ wX ((h;+ 1)4).

Thus, the density f;% can be written as

e (x1,%,2,2,) = Ap(x, _141\/Z zy)malx, ~ u1\/Z zy, %+ (1 —ul)\/Z zy)

{1,

’ 7T(k—1)A(x1+(1 _ul)\/z Z1, xz_uz\/Z Z,)
c A — UV A z,, %+ (1— u)VA z,).
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and using the expression of #,(x, y), we obtain

—Lex _zf+z§ 1 ox _(xz—uzx/Zzz—xl—(l—ul)x/Zzl)2
2P T amk=na P 2k—1)4

(e —u VA z)u(x+ (1 — u)VA z,)]V?
cH( ~uWa z,, x,+(1-u WA z,, 4)
cH(x,+ (1= u)WVA 2y, x,—u/A z,, (k—1)4)
s H(xy~ uVA 25, x,+ (1 —uy)VA z,, A).
We can apply to H the dominated convergence theorem in order to prove that

lAirr(l) H(x,—uvaz, x,+(1—u)VAa z,,4) =1

Now exp —tH(x, y) <exp tK by hypothesis (H.2), and using the same trick for the

remaining two other terms in H one has

1 22423 w(x)]'?
lim £33 = —ex L2 [—2
Aaofll,tz 2 p 2 ,u“(xl) /-"(xl)

X3 =%1)2/2(t,— 1)) H(x,, X5, t,— 1).

1
Vit P
Further we have, for A <A,

2, .2
zZi+ 23 2 2[Ay+(1,—1,)1K

1
f;/_:’,?z(xlax29zlaZZ)sz—Tr_exp_ 5 ”l"“wm

The dominated convergence theorem implies the convergence (2b) of the lemma.
The third part can be proved, exactly in the same way as the second one. So Lemma
2 and Theorem 2 are proved.
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