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Abstract

We prove the hydrostatics of boundary driven gradient exclusion processes, Fick’s law and we present a
simple proof of the dynamical large deviations principle which holds in any dimension.
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1. Introduction

Statical and dynamical large deviations principles of boundary driven interacting particle
systems have attracted attention recently as a first step in the understanding of nonequilibrium
thermodynamics (cf. [5,7,8] and references therein).

This article has two purposes. First, inspired by the dynamical approach to stationary large
deviations, introduced by Bertini et al. in the context of boundary driven interacting particle
systems [3], we present a proof of the hydrostatics based on the hydrodynamic behavior of
the system and on the fact that the stationary profile is a global attractor of the hydrodynamic
equation.
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More precisely, if 5 represents the stationary density profile and 7V the empirical measure,
to prove that 7V converges to p under the stationary state /L!,VS, we first prove the hydrodynamic
limit stated as follows. If we start from an initial configuration which has a density profile y,
on the diffusive scale the empirical measure converges to an absolutely continuous measure,
7 (t,du) = p(t, u)du, whose density p is the solution of the parabolic equation

dp=V-D(p)Vp,

p0,) =v(), (1.1)
p(t,-)=>b() onl,

where D is the diffusivity of the system, V the gradient, b the boundary condition imposed by
the stochastic dynamics and I" the boundary of the macroscopic domain {2 in which the particles
evolve. Since for all initial profile 0 < y < 1, the solution p; is bounded above (resp. below)
by the solution with initial condition equal to 1 (resp. 0), and since these solutions converge, as
t 1 00, to the stationary profile p, the hydrostatics follows from the hydrodynamics and the weak
compactness of the space of measures.

The second contribution of this article is an important simplification of the proof of the
dynamical large deviations principle of the empirical measure around the hydrodynamic limit.
The original proof [15,9,13] relies on the convexity of the rate functional, a very special property
only fulfilled by very few interacting particle systems as the symmetric simple exclusion process.
The extension to general processes [19,20,6] is relatively technical. The main difficulty appears
in the proof of the lower bound where one needs to show that any trajectory A;, 0 <t < T,
with finite rate function, /7 (X) < oo, can be approximated by a sequence of smooth trajectories
{A" : n > 1} such that

A — 2 and Ir(\Y) — Ir(h). (1.2)

This property is proved by approximating in several steps a general trajectory A by a sequence
of profiles, smoother at each step, the main ingredient being the regularizing effect of the
hydrodynamic equation. This part of the proof is quite elaborate and relies on properties of the
Green kernel associated with the second-order differential operator.

We propose here a simpler proof. It is well known that a path A with finite rate function may be
obtained from the hydrodynamical path through an external field. More precisely, if I7(X) < oo,
there exists H such that

T
() = % fo d / o () [V H, Pdx, (13)

where o is the mobility of the system and H is related to A by the equation

{atx —V-DAMVA=-V-[c(A)VH]

H(t,-) =0 at the boundary. (1.4

This is an elliptic equation for the unknown function H for each # > 0. Note that the left hand side
of the first equation is the hydrodynamical equation. Instead of approximating A by a sequence
of smooth trajectories, we show that on approximating H by a sequence of smooth functions, the
corresponding smooth solutions of (1.4) converge in the sense (1.2) to A.

This approach, closer to the original one in the convex case, simplifies considerably the
proof of the large deviations of the empirical measure from the hydrodynamic limit. Indeed,
the previous approach (cf. Lemma 5.6 and the proof of Theorem 5.1 in [6], as well as the proof
of Theorem 6.4 in [20]) requires the selection of an appropriate space and time mollifier to
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smooth the trajectory through a convolution and relies on sharp estimate of the mollifiers. This
is not easy in the case of systems in contact with reservoirs where the boundary prevents the use
of Gaussian mollifiers, which have to be replaced by the resolvents of Brownian motions killed
at the boundary. This step becomes much simpler here on approximating, as we said above, the
function H appearing in (1.3) with a sequence of smooth functions.

Finally, the approach presented here to prove the hydrostatics of the empirical measure has
an important advantage with respect to the original one [11,12,14]. In these articles, to derive
the hydrostatics one proves first that all weak limits of the empirical measure are concentrated
on weak solutions of a coupled differential equation on the product space {2 x {2, and then that
there exists at most one weak solution of the coupled equation (cf. Theorem 1 of [11]). Since
uniqueness of weak solutions of the coupled equation has been proven only in dimension 1, all
results hold only in this dimension.

In this article we present a method which holds in all dimensions provided that the
hydrodynamic equation has a unique fixed point and that the solutions are monotone in the sense
that p(t, ) < A(t,-) a.s. for all ¢+ > s if this inequality holds for + = s a.s. In particular, the
approach proposed here extends the hydrostatics to higher dimension for several different kinds
of dynamics.

2. Notation and results

Fix a positive integer d > 2. Denote by 2 the open set (—1, 1) x T¢~!, where T is the
k-dimensional torus [0, 1)k, and by I" the boundary of 2: I' = {(uy, ..., ug) € [—1, 1] x Td-1.
uy = :I:l}.

For an open subset A of R x Td_l, C™(A), 1 < m < +o0, stands for the space of real
functions that are m times continuously differentiable, defined on A. Let Cj'(A) (resp. C"(A)),
1 < m < 400, be the subset of functions in C™(A) which vanish at the boundary of A (resp.
with compact support in A).

Fix a positive function b : I' — R,. Assume that there exists a neighborhood V of (2 and
a smooth function 8 : V — (0, 1) in C2(V) such that B is bounded below by a strictly positive
constant, bounded above by a constant smaller than 1 and such that the restriction of g to I" is
equal to b.

For an integer N > 1, denote by va_l ={0,...,N— l}d_l, the discrete (d — 1)-dimensional
torus of length N. Let 2y = {~N+1,..., N — 1} x T%"" be the cylinder in Z¢ of length 2N — 1
and basis T4 " and let I'y = {(x1,...,xa) € Z x T% ' | x1 = £(N — 1)} be the boundary of
£2y. The elements of {2y are denoted by letters x, y and the elements of {2 by the letters u, v.

We consider boundary driven symmetric exclusion processes on {2y. A configuration is
described as an element n in Xy = {0, I}QN, where n(x) = 1 (resp. n(x) = 0) if site x
is occupied (resp. vacant) for the configuration 7. At the boundary, particles are created and
removed in order for the local density to agree with the given density profile b.

The infinitesimal generator of this Markov process can be decomposed into two pieces:

Ly =Lno+ Lnp, 2.1

where Ly o corresponds to the bulk dynamics and Ly ; to the boundary dynamics. The action
of the generator Ly o on functions f : Xy — R is given by

d
(Lnof)m) =)D rete ) [FOrT) = f@)],

i=1 x
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where (eq, ..., eq) stands for the canonical basis of RY and where the second sum is performed
over all x € Z4 such that x, x +¢; € 2y. For x, y € 2y, n"7 is the configuration obtained from
n by exchanging the occupation variables n(x) and n(y):

ny) ifz=ux,
(@) =3{nkx) ifz=y,
n(z) ifz#x,y.

For a > —1/2, the rate functions ry 4, (1) are given by

Feate (M) =1+ a{n(x — ) + n(x +2¢;)}
if x — ¢; and x + 2¢; belong to 2y. At the boundary, the rates are defined as follows. Let
X=(x2,...,%xq9) € T?V_l. Then,

FN+1.0,(-N+2.5 M) = 1+ a{n(=N +3,%) + b(—1,X/N)},

F(v—2.5).(N—1.5 (M) = 1+ a{n(N —3,%) + b(1,X/N)}.

The non-conservative boundary dynamics can be described as follows. For any function
f: Xy —> R,

(Lnsf) =Y CP@mlfom® - fm].

XEFN

where 1" is the configuration obtained from n by flipping the occupation variable at site x:

Xy _ |n@) if z # x
(@) = {1 —nx) ifz=x
and the rates C?(x, -) are chosen in order for the Bernoulli measure with density b(-) to be
reversible for the flipping dynamics restricted to this site:

C’'((=N+1,%),1) = n(=N + 1,H)[1 = b(=1,%/N)]
+[1=n(=N+1,%)]b(=1,¥/N),
C*'((N = 1,%),n) = n(N — L, H[1 = b(1,/N)] + [1 = n(N — 1, H)]b(1, /N),

where X = (x2,...,xq) € ’H‘j’v_l, as above.

Denote by {n; : t > 0} the Markov process associated with the generator Ly speeded up by
NZ. For a smooth function p : 2 — (0, 1), let vév(_) be the Bernoulli product measure on Xy
with marginals given by

V@) =1) = p(x/N).

It is easy to see that the Bernoulli product measure associated with any constant function is
invariant for the process with generator Ly . Moreover, if b(-) = b for some constant b then
the Bernoulli product measure associated with the constant density b is reversible for the full
dynamics Ly .

2.1. Hydrostatics

Denote by ,ué\g the unique stationary state of the irreducible Markov process {n; : ¢t > 0}. We
examine in Section 3 the asymptotic behavior of the empirical measure under the stationary state

N
Hgs -
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Let M = M(f2) be the space of positive measures on {2 with total mass bounded by 2
endowed with the weak topology. For each configuration 7, denote by 7" = 7V () the positive
measure obtained by assigning mass N ¢ to each particle of 7:

V=N n)sywN,
erN

where §,, is the Dirac measure concentrated on u.

To define rigorously the quasi-linear elliptic problem that the empirical measure is expected
to solve, we need to introduce some Sobolev spaces. Let L2(£2) be the Hilbert space of functions
G : 2 — Csuch that [, |G (u)|>du < oo equipped with the inner product

(G, J), =/ G(u)J (u)du,
7

where, for z € C, 7 is the complex conjugate of z and |z|> = zZ. The norm of L?({2) is denoted
by || - [|2.

Let H!(£2) be the Sobolev space of functions G with generalized derivatives d,, G, ..., 9,,G
in L2(£2). H'(£2) endowed with the scalar product (-, ‘)1,2, defined by
d

(G, I)12=(G. T2+ Y (0,;G. du; )2,
j=1

is a Hilbert space. The corresponding norm is denoted by || - ||1,2.

Let ¢ : [0,1] — R, be given by ¢(r) = r(1 + ar), let Vp represent the gradient of
some function p in H'(2): Vp = (00, ..., 0uyp), and let || - || be the Euclidean norm:
(v, ..., vd)||2 =) |<i<d viz. A function p : {2 — [0, 1] is said to be a weak solution of

the elliptic boundary value problem

Ap(p) =0 on {2,
{p =b onl, 22)
if:

(S1) p belongs to H'(£2):
/ IVo@)*du < oo.
N

(S2) For every function G € Cg (1),

/Q(AG)(M)fp(p(u))du=/F<p(b(u))n1(u)(aulG)(u)dS,

where n = (ny, ..., ng) stands for the outward unit vector normal to the boundary surface
I" and dS for an element of surface on I'.

We prove in Section 7 existence and uniqueness of weak solutions of (2.2). The first main
result of this article establishes a law of large numbers for the empirical measure under L. Let
2 =[—1,1] x T?! and denote by E* the expectation with respect to a probability measure 1.
Moreover, for a measure m in M and a continuous function G : {2 — R, denote by (m, G) the
integral of G with respect to m:

(m,G):/ Gu)m(du).
£
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Theorem 2.1. For any continuous function G : 2 — R,

]:0,

where p(u) is the unique weak solution of (2.2).

lim Eﬂﬁ[

N—o0

(V. Gy — /7G(u),5(u)du
2

Denote by I'_, I'; the left and right boundaries of {2:
I'y ={(u1,...,uq) € 2u = %1}

and denote by Wy r4.,, x, x +e; € {2y, the instantaneous current over the bond (x, x 4 ¢;). This
is the rate at which a particle jumps from x to x + ¢; minus the rate at which a particle jumps
from x + e; to x. A simple computation shows that

Wx,x+e,' = {hi,x(n) - hi,x+e,- (m}+ {gi,x(n) — &i,x+2e; (m} (2.3)

provided x — e; and x + 2¢; belongs to 2y. Here, h; »(n) = n(x) —an(x + ¢;)n(x — ¢;) and
gix () = an(x — e;)n(x).

Theorem 2.2 (Fick’s Law). Fix —1 < u < 1. Then,
2N
N D WuNny), @1+

d—1
yeTy

_ f o(bV)S(dv) — f o(b(v)S(dv).
r r,

N
lim EHss

Remark 2.3. We could have considered different bulk dynamics. The important feature used
here to avoid serious technical problems is that the process is gradient, which means that the
currents can be written as a sum of differences of a local function and its translation, as in (2.3).

The gradient assumption is restrictive, with consequences on the hydrodynamic equations.
The jump rates of the known gradient dynamics are of the form

Ty xte (M) =1+ a1@nx —e) +nx + 2¢)] + az(i){n(x —2ej)n(x —e;)
F1(x — en(x + 2¢1) + n(x + 2e)n(x + 3e,~)} T
+am(i){77(x —me;)---nx —e)+ - +nx+2)--nx+[m+ l]ei)},

where the constants a1 (i), ..., a5, (i) are chosen such that r 1, (7) > 0 for all configurations
n. The associated hydrodynamic equation is given by

d
aip ="y 3 [Di(p)y;pl, (24)

i=1

where Di(p) =1+ > 4o ar(@(k + 1) p. In particular, the gradient condition restricts the
hydrodynamic equations to parabolic equations of type (1.1) with diagonal matrices D whose
entries are strictly positive polynomials. All results stated in this article hold in this context with
exactly the same proofs.
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2.2. Dynamical large deviations

Fix T > 0. Let MO be the subset of M of all absolutely continuous measures with respect to
the Lebesgue measure with positive density bounded by 1:

M =1{mr e M:n(du) = p(u)du and 0 < p(u) < 1 ae.},

and let D([0, T'], M) be the set of right continuous with left limit trajectories  : [0, T] — M,
endowed with the Skorohod topology. MO is a closed subset of M and D([0, T], M) is a
closed subset of D([0, T'], M).

Let 2r = (0,T) x {2 and Or =[0,T] x 2.For 1 < m,n < 400, denote by Cm’"(.Q_T)
the space of functions G = G;(u) : Or — R with m continuous derivatives in time and n
continuous derivatives in space. We also denote by CS" 027 (resp. C2°({27)) the set of functions
in C"™"(02r) (resp. €% (7)) which vanish at [0, T'] x I’ (resp. with compact support in {27).

Let the energy Q : D([0, T1, /\/lo) — [0, oo] be given by

d T T
o) = Z sup {2/ dt (s, 84, Gy) —f dt/ G(t,u)zdu}.
i—1 GeCx®(2r) 0 0 2

For each G € Cé’z(Q_T) and each measurable function y : N - [0, 1], let fG = JAG,),,T :
D([0, T1, M — R be the functional given by

T
J6() = (21, Gr) = (, Go) —/0 (1, 8, G1)di
T T
—/ <¢(pt),AGt>dt+f dt/ 0(b)d,, GdS
0 0 r+

T T
_ /0 ar / (b2, Gas - /0 (@ (o). IVG,|2)dr,

where o (r) = r(1 — r)(1 + 2ar) is the mobility and 7, (du) = p,(u)du. Define Jg = Jg .1 :
D([0,T], M) — R by

_|Jg(r) ifm e D0, T], M°),
Jotm) = {—l—oo otherwise. 25
We define the rate functional I7(-|y) : D([0, T], M) — [0, +00] as
sup {Jg(n)} if Q(r) < oo,
It (m|y) = GEC&‘Z(ﬁT) (2.6)

400 otherwise.

Theorem 2.4. Fix T > 0 and a measurable function py : 2 — [0, 1]. Consider a sequence n™
of configurations in Xy associated with pg in the sense that

tim (¥ (), G) = / G (u)po(u)du
N—oo 0N

for every continuous function G : 2 — R. Then, the measure Q,’N = IP’,]N (™)~ on D([0, T,
M) satisfies a large deviation principle with speed N¢ and rate function It (-|po). Namely, for
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each closed set C C D([0, T], M),
— 1 .
ngnoo N log Qv (C) = — ;Ielg It (| po)
and for each open set O C D([0, T], M),

1
lim Wlog 0N (0) = —nlg(fg I7 (7| po0).

N—o00

Moreover, the rate function It (-|pg) is lower semicontinuous and has compact level sets.
3. Hydrodynamics, hydrostatics and Fick’s law

We prove in this section Theorem 2.1. The idea is to couple three copies of the process,
the first one starting from the configuration with all sites empty, the second one starting from
the stationary state and the third one from the configuration with all sites occupied. The
hydrodynamic limit states that the empirical measures of the first and third copies converge to
the solution of the initial boundary value problem (3.2) with initial condition equal to 0 and 1.
Denote these solutions by ,0,9, ,otl, respectively. In turn, the empirical measure of the second copy
converges to the solution of the same boundary value problem, denoted by p;, with an unknown
initial condition. Since all solutions are bounded below by p° and bounded above by p', and since
p’ converges to a profile p as ¢ 1 0o, p; also converges to this profile. However, since the second
copy starts from the stationary state, the distribution of its empirical measure is independent of
time. Hence, as p; converges to p, p9 = p. As we shall see in the proof, this argument does
not require attractiveness of the underlying interacting particle system. This approach has been
followed in [18] to prove hydrostatics for interacting particle systems with Kac interaction and
random external field.

We first describe the hydrodynamic behavior. Consider a symmetric diffusion matrix D(p) =
{Dj j(p) : 1 <1i,j <d}such that:

(a) D, : [0, 1] — Ris a Lipschitz continuous function, 1 < i, j < d. There exists M > 0 such
that |D; j(p) — D; j(M)| < M|p — | forall p, A € [0, 1].

(b) The matrix D is strictly elliptic. There exists a > 0 such that A - D(p)A > a|)\|2 for all
reRYL0<p<l.

Observe that there exists @ < oo such that A - D(p)A < a|r|? forall A € R, 0 < p < 1,
because the entries are continuous.

Denote by x(p) the static compressibility and by o(p) the mobility. We shall assume
throughout this article that the static compressibility x (o) is the scalar function p(1 — p) of
exclusion processes. By the Einstein relation and since the compressibility is a scalar, o (p) =
x(p)D(p). Denote by d; ; the primitive of D; ; such that d; ;(0) = 0, so dlf’j =D, ;.

For a Banach space (B, | - ||g) and T > 0 we denote by L>([0, T'], B) the Banach space of
measurable functions U : [0, T] — B for which

T
2 _ 2
10120 713 = /0 1V B dr < 0o

holds.
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Fix T > 0 and a profile pg: 2 — [0, 1]. A measurable function p:[0,T] x 2 — [0,1]1is
said to be a weak solution of the initial boundary value problem

dp=V-D(p)Vp,
p,)p=>b() for0<t<T,

in the layer [0, T] x 2 if:
(H1) p belongs to L? ([0, T, H'(2)):

T
/ ds(/ ||V,0(s,u)||2du> < .
0 02

(H2) For every function G = G;(u) in Cé’z(!?_T),

T
fg du{Gr@)p(T, u) — Go(u)po(u)} —/0 dS/Qdu(asGs)(u)p(S,u)

d T
= Z/ ds/ du(dy, . Gs)w)d; j(p(s, u))
0 o} !

=1
d T

=3 [ as [ da@umw, ..
i=170 r

The hydrodynamic equation of the boundary driven gradient symmetric exclusion process on
{2 is the parabolic equation (3.1) with D(p) = ¢’(p)I, where I is the identity:

dp = Ap(p),
pt,)r=0b() forO0<r<T.

We prove in Section 7 the existence of weak solutions of (3.2) and the uniqueness of weak
solutions of (3.1).
For a measure 4 on Xy, denote by P, = ]P’ﬁ’ the probability measure on the path space

DR, Xy) corresponding to the Markov process {n; : ¢ > 0} with generator N>Ly starting
from p, and by E,, the expectation with respect to IP,. Recall the definition of the empirical
measure 77V and let ntN = nN(n,):

2l =N nx)dyn.

XEQN

Theorem 3.1. Fix a profile py : 2 — (0,1). Let u" be a sequence of measures on Xy
associated with pg in the sense that

lim p
N—>oou {

for every continuous function G : {2 — R and every § > 0. Then, for everyt > 0,

<nN,G>—/ G () po(u)du >5} =0, (3.3)
7

lim P {

N—o0

(nlN,G)—/ Gu)p(t, u)du >8}=0,
(2

where p(t, u) is the unique weak solution of (3.2).
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The proof of this result can be found in [12]. Denote by QY the probability measure on
the Skorohod space D([0, T], M) induced by the stationary measure ué\s' and the process
{nN (n:) : 0 <t < T}. Note that, in contrast with the case for the usual set-up of hydrodynamics,
we do not know that the empirical measure at time O converges. We cannot prove, in particular,
that the sequence QY converges, but only that this sequence is tight and that all limit points are
concentrated on a weak solution of the hydrodynamic equation for some unknown initial profile.

We first show that the sequence of probability measures {QY : N > 1} is weakly relatively
compact:

Proposition 3.2. The sequence {Qfg, N > 1} is tight and all its limit points Q}, are concentrated

on absolutely continuous paths n(t,du) = p(t, u)du whose density p is positive and bounded
above by 1:

Q:s{” s w(t,du) = p(t, u)du, for 0 <t < T} =1,
Q:s{” 0= p(t,u) < 1,for (t,u) € Q_T} =1.

The proof of this statement is similar to that of Proposition 3.2 in [16] and is thus omitted.
Actually, the proof is even simpler because the model considered here is gradient.

The next two propositions show that all limit points of the sequence {Qé\g : N > 1} are
concentrated on absolutely continuous measures 7 (¢, du) = p(¢, u)du whose densities p are
weak solutions of (3.2) in the layer [0, T] x {2. Denote by Ar C D([O, T1, MO) the set of
trajectories {p(¢t, u)du : 0 < t < T} whose density p satisfies condition (H2) for some initial
profile py.

N

> N > 1} are concentrated on paths

Proposition 3.3. All limit points Q¥ of the sequence {Q
w(t,du) = p(t, u)du in Ar:

Qi {Ar} =L

The proof of this proposition is similar to that of Proposition 3.3 in [16]. The next result states
that every limit point Q; of the sequence {Qé\é, N > 1} is concentrated on paths whose density
p belongs to L2([0, T, H'(12)):

Proposition 3.4. Let Q¥ be a limit point of the sequence {QN, N > 1}. Then,

T
Eq:, [/ ds (/ ||Vp(s,u>||2du>]<oo.
- 0 N

The proof of this proposition is similar to that of Lemma A.1.1 in [14]. We are now ready to
prove the first main result of this article.

Proof of Theorem 2.1. Fix a continuous function G : 2 — R. We claim that

im Eﬂﬁ[ i, GY — (5(u)du, G)H —0.

N—o00

Note that the expectations are bounded. Consider a subsequence Nj along which the left hand
side converges. It is enough to prove that the limit vanishes. Fix 7 > 0. Since L is stationary,

by definition of QL,

4 {|tr, 6) = paan, 6)|] = Q[

(77, G) = (p(wdu, G |
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Let Qf; stand for a limit point of {Qé\gk : k > 1}. Since the expression inside the expectation is
bounded, by Proposition 3.3,

lim Qﬁ!k[
k—oo 7

(e, G) — (pdu, 6)|| = Qi

= G 1Qi[I9(T, ) = SO 1A},

(n1, G) — (p(wydu, G)| 1 Ar} |

where || - ||; stands for the L'(£2) norm. Denote by p°(-,-) (resp. p'(-, -)) the weak solution
of the boundary value problem (3.2) with initial condition p(0, -) = 0 (resp. p(0, ) = 1). By
Lemma 7.4, each profile p in A7, including the stationary profile p, is bounded below by p° and
above by p!. Therefore

= Ll —
im £ |7, G) = (360w, G)| | = 1G1Ioe| 02T, ) = o' (T )
k— 00

Note that the left hand side does not depend on 7'. To conclude the proof it remains to let 7 1 oo
and to apply Lemma 7.6. O

Fick’s law, announced in Theorem 2.2, follows from the hydrostatics and elementary
computations presented in the Proof of Theorem 2.2 in [14]. The arguments here are even simpler
and more explicit since the process is gradient.

4. The rate function It (-|y)

We examine in this section the rate function I7(:|y). The main result, presented in
Theorem 4.6 below, states that I7(-|y) has compact level sets. The proof relies on two
ingredients. The first one, stated in Lemma 4.2, is an estimate of the energy and of the H_;
norm of the time derivative of a trajectory in terms of the rate function. The second one, stated
in Lemma 4.5, establishes that sequences of trajectories with rate function uniformly bounded
which converges weakly in L? in fact converge strongly.

For each G € 05’2(!2_T) and each measurable function y : N - [0, 1], let fG = JAG,),,T :
D([0, T], M%) — R be the functional given by

T
Jo(m) = (w1, G1) — (v, Go) —/0 {7y, 0, Gy )dt

d T d T
_ Z/ (d,-,,-(p,),agmuic;,>dt+2/ dt/ d; 1 (b)d, GAS
0 ’ i=1 0 r+

=1
T T

- / d / d; 1(6)3,, GdS — / (VG, -0 (pIVGdL,
0 - 0

where 7;(du) = p;(u)du. Define the functionals J¢ = Jg 1 : D([0,T], M) — R and
It (-ly) : D([0, T], M) — [0, 400] by Egs. (2.5) and (2.6).

Some Sobolev spaces play an important role in this section. Recall that we denote by C2°({2)
the set of infinitely differentiable functions G : {2 — R, with compact support in (2. Recall
from Section 2.1 the definition of the Sobolev space H!(2) and of the norm || - l1,2- Denote
by HO1 (£2) the closure of C°({2) in H 1(12). Since {2 is bounded, by Poincaré’s inequality, there
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exists a finite constant C; such that for all G € H, L),
d
IGI3 < C1l194,G3 =< € Z 8, G, 8,G)2.

This implies that, in H} (£2),

d 1/2
1Gll1.2.0 = {Z 3u,G. 3, G2 }

is a norm equivalent to the norm || - || 2. Moreover, HO1 ({£2) is a Hilbert space with inner product
given by

d
(G.J)1.2.0 =Y (3u;G. 0u; )2
j=l1

To assign boundary values along the boundary I" of 2 to any function G in H'(2), recall,
from the trace theorem [22, Theorem 21.A.(e)], that there exists a continuous linear operator
B : H'(2) — L?(I'), called the trace, such that BG = G| if G € H'(£2) N C(2). Moreover,
the space H(} (1) is the space of functions G in H'(£2) with zero trace [22, Appendix (48b)]:

HI(Q) = {G c H'(): BG =0}.

Since C*®(£2) is dense in H'!(12) [22, Corollary 21.15.(a)], for functions F, G in H'(2), the
product F'G has generalized derivatives 9, (FG) = F9,,G + G9,, F in LY($2) and

/F(u)aulG(u)du+/ G(u)0y, F (u)du
[0} 2

= / BF(u)BG (u)du — / BF (u)BG (u)du. 4.1
Iy r
Moreover, if G € H'(2), f € C'(R) is such that f’ is bounded, then f o G belongs to H'(£2)
with generalized derivatives 9, (f o G) = (f’ o G),,G and trace B(f o G) = f o (BG).

Denote by H~!(£2) the dual of H(} (2). H~1(£) is a Banach space with norm || - ||_; given
by

o>, = sup {2<v,G>_1,1—/QHVG(u)nzdu},

GeCX(§2)

where (v, G)_1,1 stands for the values of the linear form v at G.
For each G € C2°(f2r) and each integer 1 < i < d, let QiG : D([0, T], M%) — R be the
functional given by

T T
Q,-G(n)=2/ dt(pt,au,.G»—f dr/ WG, w2,
0 0 2

where 7 (¢, du) = p(t, u)du, and recall, from Section 2.2, that the energy Q(r) was defined as

d
Q(m) =) Qi(m) with Qi(r) = sup QO (m).

i=1 GeCr(£2r)
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The functional Ql.G is convex and continuous in the Skorohod topology. Therefore Q; and Q
are convex and lower semicontinuous. Furthermore, it is well known that a measure 7 (¢, du) =
p(t,u)du in D([0, T], M) has finite energy, Q() < o0, if and only if its density p belongs to
L?([0, T, H'(£2)), in which case

T
Q) = / d / dul[ Vo, )]* < o0
0 02
and Q() = Q(m).

Let D, = D, j be the subset of C([0, T1], M) consisting of all paths 7 (¢, du) = p(¢, u)du
with initial profile p(0, -) = y(-), finite energy Q(rr) (in which case p; belongs to H L(02) for
almost all 0 <t < T and so B(py) is well defined for those ¢) and such that B(p;) = b for almost
all +in [0, T].

Lemma 4.1. Let 7w be a trajectory in D([0, T'], M) such that I7(r|y) < co. Then w belongs to
D,.

Proof. Fix a path 7 in D([0, T'], M) with finite rate function, I7(r|y) < oo. By definition of
It,  belongs to D([0, T, M?9). Denote its density by p: m (¢, du) = p(t, u)du.

The proof that p (0, -) = y(-) is similar to that of Lemma 3.5 in [4]. To prove that B(p;) = b
for almost all + € [0, T'], since the function d; 1 : [0, 1] — R, belongs to C'([0, 1]) and
is strictly increasing, and since B(d1,1 o p;) = di1,1(Bp;) (for those ¢ such that p; belongs to
HY(2)),itis enough to show that B(d;.1 o p;) = dj,1(b) for almost all ¢+ € [0, T']. To this end,
we just need to show that, for any function Hy € C ]’2([0, Tl x I1),

T
/0 di fp du| B(dy.1(pr)) () — di.y (b))} Hi (1, ) = 0. @2)
+

Fix a function H € Cl'z([O, Tl1xI'_).ForeachO <6 < 1,lethg : [—1, 1] — R be the function
given by

r+1 if —1<r<-1+486,

iy
ho(r) = ﬁ if —146<r<o,

0 ifo<r<l,

and define the function Gg : 27 — Ras G(t, (u1, i) = he(u1)H(t, (=1, it)) forall it € T¢!.
Of course, Gy can be approximated by functions in C(l)‘z(.QT). From the integration by parts
formula (4.1) and the definition of Jg,, since 7 has finite energy,

T
tim g, () = [ ar [ dul B0 @)~ i@} 0,
0—0 0 I

which proves (4.2) because I7(7|y) < oo.

We deal now with the continuity of 7. We claim that there exists a positive constant Cp such
that, forany g € C2°(f2),andany 0 <s <r < T,

(7, &) — (75, g)| < Co(r — S)I/Z{IT(JTH/) +llglT 1.0

d
-9y ||agi,u_,.g||1}. 4.3)

i,j=1
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Indeed, for each § > O, let W‘S : [0, T] — R be the function given by

0 if0<t<sorr+86<t<T,

i ifs <t <s+3,
=)y = ° ifs+8<r<r

l—t;r ifr<t<r+s,

and let G®(¢, u) = ¥°(r)g(u). Of course, G® can be approximated by functions in Cé’z(Q_T) and
then

d r
(r = )2 1im Jgs (1) = (7, g) = (ms 8) = ) f de{d; j (pr), B, 8)
i,j=1Y%

1 r
_m/ dt(Vg-o(p)Ve).

To conclude the proof, it remains to observe that the left hand side is absolutely bounded by
r —)Y21p (7r|y), and to note that d; ;, o; ; are absolutely bounded on [0, 1]. [

Denote by L?([0, T, H, (£2))* the dual of L*([0, T, Hj ({2)). By Proposition 23.7 in [22],
L2([0, T1, Hy (£2))* corresponds to L*([0, T1, H~!(£2)) and for v in L2([0, T1, Hj (2))*, G in
L%([0, T], H} (%)),

T
(v, Gh-11 :/0 (v, Gr)—1,1dr, 4.4

where the left hand side stands for the value of the linear functional v at G. Moreover, if we
denote by [Jv]|—1 the norm of v,

2 ! 2
ol =/ o1 .
0

Fix a path (¢, du) = p(¢, u)du in D, and suppose that

T T
sup {2/ dt{py, 9 H,) —/ dt/ du||VH,||2} < oo. (4.5)
Hece2r) L Jo 0 0

In this case 9,0 : C2°({27) — R defined by

T
p(H) = —/ (pr, 0y Hy)dt
0

can be extended to a bounded linear operator d;p : L%([0, T, HOI(Q)) — R. It belongs
therefore to L2([0, T, H(}(.Q))* = L?([0, T], H~'(£2)). In particular, there exists v = {v; :
0<rtr<T}in Lz([O, T1, H’I(Q)), which we denote by v; = 9;p;, such that for any H in
L*([0, T], Hy (1)),

T
{00, HY) _1 1 2/0 (0r 01, H)—1,1dt.
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Moreover,

T
Iaoll2, = / 1,il1?
0

T T
= sup {2/ dr<p,,a,H,>—/ dt[ du||VH,||2}.
HeCX(02r) 0 0 0

Let W be the set of paths 7 (¢, du) = p(z, u)du in D, such that (4.5) holds, i.e., such that
3 p belongs to L* ([0, T1, H~'(£2)). For G in L* ([0, T], Hy (1)), let J¢ : W — R be the
functional given by

T
Jo (@) = (3:p, G)-1.1 +/0 dr /Q duV G (u) - D(p: W)V p; ()

T
—/ dt/ duvVG,(u) - o(p;m)VG ().
0 N

Note that Jg () = Jg(w) for every G in C2°(f2r). Moreover, since J.(;r) is continuous in
L? ([O, T], HO1 (_Q)) and since C2°({2r) is dense in Cé’z(Q_T) and in L2([0, T'], H& ({2)), for every
Tin W,

Irly)= s Jom = sup g, 4-6)
GeC®(0r) GeL2([0,T1,H})

Lemma 4.2. There exists a constant Cy > 0 such that if the density p of some path w(t,du) =
p(t,u)du in D([0, T], MO) has a generalized gradient, V p, then

T
/ dt 10,112, < CotlrGxly) + Qo)) @.7)
2
/ dz/ \Z0l < ColIr(wly) +1}. (4.8)
x(pr( )

Proof. Fix a path (¢, du) = p(¢, u)du in D([O, T, MYy, By Lemma 4.1, we may assume that
7(t, du) belongs to D,,. In view of the discussion presented before the lemma, we need to show
that the left hand side of (4.5) is bounded by the right hand side of (4.7). Such an estimate
follows from the definition of the rate function I7(:|y) and from the elementary inequality
2ab < Aa* + A7'b%

We turn now to the proof of (4.8). We may of course assume that I7(7|y) < oo, in which
case Q(mr) < oo. Fix a function 8 as at the beginning of Section 2. For each § > 0, let
h® : [0, 11> — R be the function given by

x+46 1—x+4+94
" (x,y) = 8 log | —— l—x+8log| ——— ).
(x,y) = (x + )og<y+6)+( x+ )0g<1_y+8)

By (4.7), 9; p belongs to Lz([O, T1, H~'(2)). We claim that

T
/O dr (3, o1, 3 (o1, B))—1.1 = fg he (o, (u), B(u))du — /Q R (oo (u), B(w))du,  (4.9)

where 9, 4% stands for the derivative of 7° with respect to the first coordinate.
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Indeed, by Lemma 4.1 and (4.7), p — B belongs to L? ([O T] H! (!2)) and 0;(p — B) = 9;p
belongs to L2([0, T], H™ 1(Q)) Then, there exists a sequence {G" tn> 1} of smooth functions
G" : Qr - ]R such that G" belongs to C2°({2) for every ¢ in [0, T], G" converges to p — § in
L2([0 T], H (£2)) and 8tG" converges to 9, (p— ,3) in Lz([O T1, H~ (1)) (cf. [22], Proposition
23.23(ii)). For each positive integer n, let G" = G"+ B and for each § > 0, fix a smooth function
R : R? - R with compact support and such that its restriction to [0, 1]> is k%, It is clear
that

T
/ dt(B,G?,axﬁ‘S(G?,ﬂ))z/ RS (G (), ﬂ(u))du—/ R (G (u), B(u))du. (4.10)
0 02

On the one hand, 3,/4% : [0, 1]> — R is given by

x+46 y+94
ENA =1 — -1 — ).
i =toe (125 ) (245

Hence, 9.h%(p, B) and 9.4°(G", B) belongs to L? ([0, T1, H}(£2)). Moreover, since d,h° is
smooth with compact support and G" converges to p in L*([0, T], H'(2)), axﬁa(G",,B)
converges to A h? (p, B) in Lz([O, T], HOI(Q)). From this fact and since 9, G" converges to d;p
in LZ([O, T1, H-1(02)), if we let n — oo, the left hand side in (4.10) converges to

T
f dt (3, pr, 31 (o1, B))—1.1
0

On the other hand, by Proposition 23.23(ii) in [22], G” (resp. G T) converges to po (resp. o7)
in L2(£2). Then, if we let n — oo, the right hand side in (4.10) goes to

/Q 1 (p, (). Bu))du — /Q 1 (pou), BGuw))du,

which proves claim (4.9).
Notice that, since § is bounded away from 0 and 1, there exists a positive constant C = C(B)
such that for § small enough,

W (p(t,u), B(u)) < C forall (r, u) in 2. (4.11)
For each § > 0, let H® : 27 — R be the function given by

ach®(p(t, u), B(u))
20 +28)

A simple computation shows that

He(t,u) =

JHa(ﬂ)Z/O dt fpr, ), | + = / / Xa(pt( V) Dl ) Vi)

! X5 (1 ()
3 ar [ au P G0 b VB(u),
/0 ‘ /Q W a2 VB - Do) VB W)

where xs(r) = (r + §)(1 — r 4+ §). In view of the strict ellipticity of the diffusion matrix D,
this last inequality together with (4.6), (4.9) and (4.11) shows that there exists a positive constant
Co = Co(B) such that for § small enough
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T 2
Volt,
Collr(ly) + 1} > [ dt/ FRAZIGL) by
0 2 xs(p(t,u))
We conclude the proof by letting § | 0 and by using Fatou’s lemma. [
Corollary 4.3. The density p of a path w(t,du) = p(t,u)du in D([0, T], MO is the weak

solution of Eq. (3.1) with initial profile y if and only if the rate function It (w|y) vanishes.
Moreover, in that case

2
/' dt/ INpoi@l”
X (pe ()

Proof. On the one hand, if the density p of a path 7 (¢, du) = p(¢, u)du in D([0, T], MY is the
weak solution of Eq. (3.1), by assumption (H1), the energy Q () is finite. Moreover, since the
initial condition is y, in the formula of fG (), the linear part in G vanishes which proves that
the rate functional /7 (77|y) vanishes. On the other hand, if the rate functional vanishes, the path
p belongs to L2([0, T], H'(£2)) and the linear partin G of Jg (;r) has to vanish for all functions
G. In particular, p is a weak solution of (3.1). Moreover, in that case, by the previous lemma, the
bound claimed holds. [

For each g > 0, let E; be the level set of I7(r|y) defined by
E;={m € DI0, T, M) : It(wly) < q}.

By Lemma 4.1, E,; is a subset of C([0, T1], M. Thus, from the previous lemma, it is easy to
deduce the next result.

Corollary 4.4. For every q > 0, there exists a finite constant C(q) such that
IVo@, wI?
sup {/ e 12,12, / dr/ <C(g).
wek, LJo X(p(t,w)

The next result together with the previous estimates provides the compactness needed in the
proof of the lower semicontinuity of the rate function.

Lemma 4.5. Let {p" : n > 1} be a sequence of functions in L>(21) such that uniformly on n,

Calpr P+ [ ar o, < c
) tli2 ™ J Prll—y

for some positive constant C. Suppose that p € L*(£2r) and that p" — p weakly in L*>(27).
Then p" — p strongly in L*(07).

Proof. Since H'(£2) c L?*(£2) ¢ H~'(£) with compact embedding H'(£2) — L?*(f2), from
Corollary 8.4, [21], the sequence {p"} is relatively compact in Lz([O, T1, LZ(Q)). Therefore the
weak convergence implies the strong convergence in L2([0, T], L?()). O

Theorem 4.6. The functional I (-|y) is lower semicontinuous and has compact level sets.
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Proof. We have to show that, for all ¢ > 0, E, is compact in D([0, T'], M). Since E, C
C([0, T1, M) and C([0, T1, M?) is a closed subset of D([0, T'], M), we just need to show that
E, is compact in C([0, T, MO).

We will show first that E; is closed in C([0, T], M%) . Fixg e Randlet {#" : n > 1} bea
sequence in E, converging to some 7 in C ([0, T'], M?O). Then, for all G € C(27),

T T
lim de(n]', Gy) = / dt (m;, Gy).
0

n—oo 0

Notice that this means that 7 — 7 weakly in L>(£27), which together with Corollary 4.4 and
Lemma 4.5 implies that 7" — 7 strongly in L?(£27). From this fact and the definition of Jg it
is easy to see that, for all G in Cé’z(!?_r),

lim Jg(m,) = Jg ().
n— o0

This limit, Corollary 4.4 and the lower semicontinuity of Q permit us to conclude that Q() <
C(g) and that I7(T|y) <gq.
We prove now that E, is relatively compact. To this end, it is enough to prove that for every
continuous function G : 2 — R,
lim sup sup |(7,, G) — (7, G)| = 0. (4.12)

6=>0zek, 0ssr=T
|r—s|<8

Since E,; C C([0, T1, M?9), we may assume by approximations of G in L!(£2) that G € C(02).
In which case, (4.12) follows from (4.3). O

We conclude this section with an explicit formula for the rate function I7(-|y). For each
w(t,du) = p(t,u)du in D([O, T], M), denote by HO1 (o(p)) the Hilbert space induced by

C&’Z(Q_T) endowed with the inner product (-, -)4(,) defined by

T
(H.G)o() = /0 dt(VH, - (p)VGy).

Induced means that we first declare two functions F, G in CS’Z(Q_T) to be equivalent if
(F — G, F — G)o(p) = 0 and then we complete the quotient space with respect to the inner
product (-, -)¢ (). The norm of Hé (0 (p)) is denoted by || - llo(p)-

Fix a path p in D([O, T1, M%) and a function H in HOl (o(p)). A measurable function
A [0, T] x £2 — [0, 1] is said to be a weak solution of the nonlinear boundary value parabolic
equation

A=V -DAMVAL—V.-c(A)VH,
A0, =y, (4.13)
AMt,)|p=b forO<t<T,

if it satisfies the following two conditions:

(HY') 2 belongs to L* ([0, T1, H'(12)):

T
/ ds (/ ||V,\(s,u)||2du><oo.
0 7]
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(H2') For every function G(t, u) = G,(u) in Cy*(27),

T
/ du{ G (AT, 1) — Golu)y ()} — / ds / du(,G.) W) (s, )
2 0 7

d T
=Y [ o [, Gowd (s 0)
0 Q !

ij=1

d T
-3 [ as [ du@w@m@., G.anas
i=170 r

T
+/ ds/ duVG,(u) - o(A(s, u))VH(u).
0 0]

Note that in this definition we assumed that the solutions take values in the bounded set [0, 1].
In Section 7 we prove the uniqueness of weak solutions of Eq. (4.13) when H belongs to
L? ([0, T, H'(£2)), i.e., provided

T
/ dz/ du||VH,w)|> < oo.
0 2

Lemma 4.7. Assume that 7(t,du) = p(t,u)du in D([0, T1, M°) has finite rate function:
I7(w|y) < oo. Then, there exists a function H in H(} (o (p)) such that p is a weak solution
to (4.13). Moreover,

1
Ir(xly) = 71H 5. (4.14)

The proof of this lemma is similar to that of Lemma 5.3 in [13] and is therefore omitted.
5. It (-]y)-density

The main result of this section, stated in Theorem 5.3, asserts that any trajectory A;, 0 <
t < T, with finite rate function, I7(A]y) < oo, can be approximated by a sequence of smooth
trajectories {A" : n > 1} such that

A" — A and I7(\"|y) — Iz (Aly).

This is one of the main steps in the proof of the lower bound of the large deviations principle for
the empirical measure. The proof rests mainly on the regularizing effects of the hydrodynamic
equation and is one of the main contributions of this article, since it considerably simplifies the
existing methods.

A subset A of D([0, T'], M) is said to be I7(-|y)-dense if for every 7 in D([0, T'], M) such
that IT(r|y) < oo, there exists a sequence {r" : n > 1} in A such that 7" converges to = and
IT (7"|y) converges to IT (i |y).

Let II} be the subset of D([0, T], M consisting of paths w(¢,du) = p(¢, u)du whose
density p is a weak solution of the hydrodynamic equation (3.1) in the time interval [0, §] for
some 6 > 0.

Lemma 5.1. The set 11} is I7(-|y)-dense.
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Proof. Fix (¢, du) = p(¢, u)du in D([0, T], M) such that I (|y) < oco. By Lemma 4.1,
belongs to C ([0, T, M. For each § > 0, let ,o‘S be the path defined as

AL, u) if0 <t <3,
POt u)y= {028 —t,u) ifs <t <28,
p(t—28,u) if26<t<T,

where A is the weak solution of the hydrodynamic equation (3.1) with initial condition y. It is
clear that 7%(z, du) = p®(t, u)du belongs to D,, because so do 7 and A, and that ox%) <
Q) +29(A) < 00. Moreover, 8 converges to  as § | 0 because 7 belongs to C([0, T], M).
By the lower semicontinuity of I7(-|y), IT(rw|y) < limg_ o IT (%]y). Then, in order to prove the
lemma, it is enough to prove that I (7|y) > lims_,o I7(%|y). To this end, decompose the rate
function I (7t‘3 |y) as the sum of the contributions on each time interval [0, §], [§, 28] and [26, T'].
The first contribution vanishes because 7% solves the hydrodynamic equation in this interval. On
the time interval [8, 28], &0} = —dArxs—r = —V - D(A2s—)VAzs—r = —V - D(p?)Vp?. In
particular, the second contribution is equal to

8 8
sup {2/ ds/ duVG-D(,\)W—/ dsf duVG-U(A)VG}
GEC&’Z(E) 0 2 0 2

which, by the Schwarz inequality, is bounded above by

5
/ds/du L G DGV,
0 2 x@)

By Corollary 4.3, this last expression converges to zero as § | 0. Finally, the third contribution
is bounded by I7(r|y) because 7° in this interval is just a time translation of the path 7. [

Let 11, be the set of all paths 7 in II} with the property that for every § > 0 there exists € > 0
suchthate < m;(-) <1 —eforallt € [, T].

Lemma 5.2. The set 1] is I7(-|y)-dense.

Proof. By the previous lemma, it is enough to show that each path 7 (¢, du) = p(¢, u)du in II;
can be approximated by paths in I. Fix  in I} and let A be as in the proof of the previous
lemma. For each 0 < ¢ < 1, let p® = (1 — &)p + €A, w°(t, du) = p°(t, u)du. Note that
Q(7®) < oo because Q is convex and both Q(r) and Q(A) are finite. Hence, 7° belongs to D,,
since both p and A satisfy the boundary conditions. Moreover, it is clear that ¢ converges to
as ¢ | 0. By the lower semicontinuity of I7(:|y), in order to conclude the proof, it is enough to
show that

Elizr})lr(ﬂgly) < Ir(zly). (.1

By Lemma 4.7, there exists H € H(} (0 (p)) such that p solves the Eq. (4.13). Let P =
o(p)VH — D(p)Vp and P = —D(3)VA. Foreach 0 < & < 1, let P = (1 — &)P + ¢P*. Since
o solves Eq. (4.13), for every G € Cé’z((ZT),

T T
/ dt(P;{ - VG;) = (n}, Gr) — (75, Go) — / dr(zf, 9,G,).
0 0
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Hence, by (4.6), IT(7¢|y) is equal to

{/ dt/ [P+ D(p*)Vp} - VGdu—/ dt/ VG -o(pf )VGdu}
Gec”(n )

This expression can be rewritten as

1 T
-/0 dt/ﬂdu[Pe + D(p*)Vpt] - o (p*)'[P* + D(p*)Vp°]
a<pf>}

1 T
I ly) = fo di fg du[P* + D(p)Vp*] - o)~ [P + Do) Vp°].

L. e—1[pe &
— S inf Ha(p) [P* + D(p*)Vp*] - VG

Hence,

In view of this inequality and (4.14), in order to prove (5.1), it is enough to show that

T
lim | dt /Q du[P* + D(0*)Vp*] - o (p*) '[P + D(p*)Vp*]

e—=0Jo
r 1
= /0 dt /Q du[P + D(p)Vp]-o(p)~' [P+ D(p)Vp].
By the continuity of D(-) and x (-), the strict ellipticity of D, and from the definition of P?,
lim [P* + D(o*)Vp©] - 0 (p) ™' [P* + D(p*)Vp*]
e—
=[P+ D(p)Vp]-0(p)"' [P+ D(0)Vp]

almost everywhere. Therefore, to prove (5.1), it remains to show the uniform integrability of

& (12 &2
{”P” 28>0} and {”V'O” 28>0}.
x (%) x (o)

Since I (w|y) < 0o, by (4.8), (4.14) and Corollary 4.3, the functions

1P [P, Vel

X0 x> x(p and

% belong to L' (£27). In particular, the function
e—m { P> [P0 Vel ||vx||2}
X)) x@) 7 x(e) T x®)
also belongs to L' (£27). By the convexity of || - % and the concavity of x (-),
y y y
P> _ (1 —e)|PI + &Py
x(®) T (A —e)x(p)+ex() —

which proves
1Vpell® Vps H

family follows from the same estimate with Vpg, V,o and VA in place of P,, P and
P;, respectlvely O

Let 11 be the subset of II, consisting of all those paths 7 which are solutions of the Eq. (4.13)
for some H € Cé’z(()_r).
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Theorem 5.3. The set II is It (-|y)-dense.

Proof. By the previous lemma, it is enough to show that each path  in II; can be approximated
by paths in II. Fix 7 (¢, du) = p (¢, u)du in Il,. By Lemma 4.7, there exists H € HO1 (o(p)) such
that p solves the Eq. (4.13). Since 7 belongs to Il, C II1, p is the weak solution of (3.1) in some
time interval [0, 28] for some § > 0. In particular, VH = 0 a.e. in [0, 28] x {2. On the other
hand, since 7 belongs to I, there exists € > O such thate < m;(-) <1 —eforé <t < T.
Therefore,

T
/ dt/ |V H, ()]*du < oo. (5.2)
0 0]

Since H belongs to Hé (o (p)), there exists a sequence of functions {H" : n > 1} in Cé’z(Q_T)

converging to H in H(} (0(p)). We may assume of course that VH;' = 0 in the time interval
[0, &]. In particular,

T
lim dt[ du||VH" (u) — VH,()|* = 0. (5.3)
n—oo 0 (9]

For each integer n > 0, let p" be the weak solution of (4.13) with H" in place of H and set
7 (t,du) = p"(t, u)du. By (4.14) and since o is bounded above in [0, 1] by a finite constant,

1 T T
Iy = /0 d1(VH] - o (s )VH]') < Co /0 di /Q du[V H )],

In particular, by (5.2) and (5.3), I7("|y) is uniformly bounded. Thus, by Theorem 4.6, the
sequence 7" is relatively compact in D([0, T'], M).

Let {"* : k > 1} be a subsequence of 7" converging to some 79 in D0, T], MO). For
every G in Cé‘z(.Q_T),

<7T;kaGT)_(V7GO>_/O dr(m*, 8,G,) = Z/ de(d; j(or")s 30, G1)

i,j=1
d a
- Z/ dt/ d,-,l(b)nl(au,.G)dSJr/ dt (o (p")VH'™ - VG,).

Letting k — oo in this equation, we obtain the same equation with 7% and H in place of 7"
and H", respectively, if

T T
lim | de(di j(p)"), 7, ., >=/ de(d; j(p). 5. 4 Go).
k—o0 Jo 0 J (5 4)
T T :
lim dt (o (p/*)VH™ - VG,) = / dt (o (p))VH, - VG,).
k—o0 Jo 0

We prove the second claim, the first one being simpler. Note first that we can replace H"* by
H in the previous limit, because o is bounded in [0, 1] by some positive constant and (5.3) holds.
Now, p"* converges to p° weakly in L2(27) because 7% converges to 7% in D([0, T, MY).
Since I7("|y) is uniformly bounded, by Corollary 4.4 and Lemma 4.5, p™ converges to p°
strongly in L%(£27) which implies (5.4). In particular, since (5.2) holds, by the uniqueness of
weak solutions of Eq. (4.13), 7% = 7 and we are done. [
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6. Large deviations

We prove in this section the dynamical large deviations principle for the empirical measure
of boundary driven symmetric exclusion processes in dimension d > 1. The proof relies on
the results presented in the previous section and is quite similar to the original one presented
in [15,9]. There are just three additional difficulties. On the one hand, the lack of explicitly
known stationary states hinders the derivation of the usual estimates of the entropy and the
Dirichlet form, so important in the proof of the hydrodynamic behavior. On the other hand, due
to the definition of the rate function, we have to show that trajectories with infinite energy can
be neglected in the large deviations regime. Finally, since we are working with the empirical
measure, instead of the empirical density, we need to show that trajectories which are not
absolutely continuous with respect to the Lebesgue measure and whose density is not bounded
by one can also be neglected. The first two problems have already been faced and solved, the first
one in [17,4] and the second in [19,6]. The approach here is quite similar; we thus only sketch
the main steps for the sake of completeness.

6.1. Superexponential estimates

It is well known that one of the main steps in the derivation of the upper bound is a
superexponential estimate which allows the replacement of local functions by functionals of the
empirical density in the large deviations regime. Essentially, the problem consists in bounding
expressions such as (V, f2>u€\§ in terms of the Dirichlet form (—N2Ly f, f>u€‘i' Here V is a

local function and (-, -) u indicates the inner product with respect to the invariant state /.
In our context, the fact that the invariant state is not known explicitly introduces a technical
difficulty.

Let B8 be as at the beginning of Section 2. Following [17,4], we use v/’gv(_) as the reference

measure and estimate everything with respect to vév(.). However, since v/]gv(.) is not the invariant
state, there are no reasons for (—N zﬁN f, f),n to be positive. The next statement shows that
BC)

this expression is almost positive.
For each function f : Xy — R, let

d
DrotH =YX [ resa £+ = Foi] v, o,

i=1 x

where the second sum is carried out over all x such that x, x + ¢; € {2y.

Lemma 6.1. There exists a finite constant C depending only on B such that
2 N2 d
(N“Lnof, [y = —=——Dno(f) +CNS, [y,
BC) 4 BC)
for every function f : Xy — R.

The proof of this lemma is elementary and is thus omitted. Further, we may choose B for
which there exists a constant 6 > 0 such that

Buy, i) =b(—1,0) if —1<u; <—1+8,
Buy, i) =b(1,0) ifl—0<u <1,
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for all i € T¢~!. In that case, for every N large enough, v/]gv(.) is reversible for the process with
generator Ly ; and then (—N2[,N,bf, f>ug’() is positive.

This lemma together with the computation presented in [2], p. 78, for nonreversible processes,
permits us to prove the superexponential estimate. For a cylinder function ¥, denote the
expectation of ¥ with respect to the Bernoulli product measure v’ by !P(a)

U(a) = E% [0].

For a positive integer [ and x € {2y, denote the empirical mean density on a box of size 2/ + 1
centered at x by nl (x):

1
1 _ § :
") = |47 (x)] ),GAI(X)"(”’

where
A(x)=Ay () ={y ey |y—x| <1}

For each G € C(f27), each cylinder function ¥ and each ¢ > 0, let
1 ~
Vgl o = <7 3 Gls.x/M) [m v = TN e .
X

where the sum is carried out over all x such that the support of 7, ¥ belongs to {2y .
For a continuous function H : [0, T] x I' — R, let

x*e
vE . = vE H ,
N.H /0 Nd 1 Z (x, ms) < N )

where I'y (resp. F;} ) stands for the left (resp. right) boundary of {2y:

IE={(x1,...,xg) € Ty 1 x1 = £(N — 1))

and where

v = oo (57 [ e e -0 (557
x,n) =|nx N n(x Fep N .

Proposition 6.2. Fix G € C(£27), H in C([0, T] x I'), a cylinder function ¥ and a sequence
(nN : N > 1} of configurations with n"¥ in X y. For every § > 0,

lim lim — logP, v [‘/ Na 7 (s, m)ds‘ > 8:| —00,

e>0N—>oco N

— 1 n
ngnoo WIPnN[IVN’Hl >8] = —o0.

For each ¢ > 0 and 7w in M, denote by = (1) = 7% the absolutely continuous measure
obtained by smoothing the measure 7:
1 (A (x))

Se(m)(dx) = 7°(dx) = == s d
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where A.(x) = {y € 2 : |y — x| < &}, |A| stands for the Lebesgue measure of the set A, and
{Ue : € > 0} is a strictly decreasing sequence converging to 1: U, > 1, U, > U, for e > &/, and
lim, o Us = 1. Let

ahe = =5.xV).

A simple computation shows that 7V-¢ belongs to MO for N sufficiently large because U, > 1,
and that for each continuous function H : 2 — R,

1
(e H) =~ 3 Ha /Nt ) + OV, ),

xE.QN

where O(N, ¢) is absolutely bounded by Co{N~! + ¢} for some finite constant Cy depending
only on H.
For each H in Cé’2(Q_T) consider the exponential martingale M defined by
M = exp{Nd[(ntN, H,) — (n{’, Ho)

1

Recall from Section 2.2 the definition of the functional Jz. An elementary computation shows
that

MY = exp {Nd [jH(nN’E) +VH e+ (N’l)]} . (6.1)

In this formula,

7 (0u H)?.g;
Vie = Z / M s, myds — —Z / U 5 e ds
i=1

+aVN,8u1H —aVN,auly + (', Ho) — (v, Ho);
the cylinder functions A;, g; are given by
hi () = 00 + afn O (=€) + nen - n(—emien |,
gi(n) = ro.e, (e — nO)

and ch : Ry — R, j = 1,2, are functions depending only on H such that ch (8) converges
to 0 as § | 0. In particular, the martingale Mﬁ is bounded by exp{C (H, T)Nd} for some
finite constant C(H, T)) depending only on H and 7. Therefore, Proposition 6.2 holds for
]PHHN =P~ Mﬁ in place of PP, v.

6.2. Energy estimates

To exclude paths with infinite energy in the large deviations regime, we need an energy
estimate. We state first the following technical result.

Lemma 6.3. There exists a finite constant Co, depending on T, such that for every G in C2°({27),
every integer 1 < i < d and every sequence {n"¥ : N > 1} of configurations with nN in Xy,
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| T T
lim — logE, v [exp{N [ dr(m).9,G)}|<Cofl+ [ [G/ll3dr{.
N—oco N 0 0

The proof of this proposition is similar to that of Lemma A.1.1 in [14].

Fix throughout the rest of the subsection a constant Cy satisfying the statement of Lemma 6.3.
For each G in C2°({2r) and each integer 1 <i < d, let Ql.G : D([0, T], M) — R be the function
given by

T T
Q% (m) :/ d (7r;, 84, G1) —Co/ dt/ duG(t, u)’.
0 0 2

Notice that

~ Qi (m)
Q%) | = . 6.2
Gecsglil()m) { (n)} 4Co ©2)

Fix a sequence {G; : k > 1} of smooth functions dense in L2([0, T], H'(£2)). For any
positive integers r, [, let

By = {71 € D([0,T], M) : max Qin(n) <[t

I<i<d

Since, for fixed G in C2°(f27) and 1 < i < d integer, the function QlG is continuous, B, is a
closed subset of D([0, T'], M).

Lemma 6.4. There exists a finite constant Cy, depending on T, such that for any positive integers
r, 1 and any sequence {n" : N > 1} of configurations with ™ in Xy,

— 1 X
Nh_r)nOo i log O~ [(Br)¢] = =1+ Co.

Proof. For integers 1 <k <r and 1 <i < d, by the Chebyshev inequality and by Lemma 6.3,
—_— 1 ~G
Jim 7 logPy [ O > 1] = —1+ €.

Hence, from
1'_]1(+b)< 1'_11 l'_llb (6.3)
N1—r>noo Nd oglan N) = max Ngnoo N4 OgaN’Nl—{noo Nd OBONT- '
we obtain the desired inequality. [

6.3. The upper bound

Fix a sequence {F : k > 1} of smooth nonnegative functions dense in C(12) for the uniform
topology. For k > 1 and § > 0, let

Dy s = {JT e D(0, T, M) : 0 < (m;, F) < f Fr(x)dx +Ci8,0 <t < T} ,
7]
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where Cr = ||V Filloo and VF is the gradient of F. Clearly, the set Dy s, k > 1,6 > 0,is a
closed subset of D([0, T'], M). Moreover, if

m
Ens = ﬂ Dy.s,
k=1

we have that D([0, T], MO) = Np=1 Niw=1 Em, 1/ Note, finally, that forallm > 1, > 0,
e belongs to E;, s for N sufficiently large. (6.4)
Fix a sequence of configurations {#¥ : N > 1} with " in Xy and such that 7V (»")
converges to y (u)du in M. Let A be a subset of D([0, T'], M):
1 1 _
~710g P, [nN c A] = 7108, [M}’(M;’) 1z e A}].
Maximizing over 7V in A, we get from (6.1) that the last term is bounded above by
—inf Fy(f) + — tog B x [MEe N VI — el ey — 2 (N1
Ted H Na, g T]N T e ’ CH CH .

Since 7V (n™) converges to y (u)du in M and since Proposition 6.2 holds for P, = P,v MH in

place of IP’,?N, the second term of the previous expression is bounded above by some Cg (e, N)
such that

lim lim Cg(e, N) = 0.

e—>0N—o00

Hence, for every ¢ > 0, and every H in Cé’z(.Q_T),
lim L10 P ~[A] < — inf Ju(x®) + C} () (6.5)
N—oo N4 g5V T meA H HAED '

where lim,_,o C},(¢) = 0.
For each H € Cé’z(Q_T), eache > Oand any r,[,m,n € Z,, let Jlr{’{"gm’" : D([0, T], M) —
R U {oo} be the functional given by

Ju(®) if 7w € Bry N Ep i/n,

l,m,n
Jobmt () = .
e () {—}—oo otherwise.

This functional is lower semicontinuous because J. H © 5 is too and because B, Ep 1/, are
closed subsets of D([0, T], M).
Let O be an open subset of D([0, T], M). By Lemma 6.4 and (6.3)—(6.5),

Jim 7 log 0,v[0] < max{Nh_r)noo 2108 Q[0 N By N En iyl
1 .
ngnoo Na log QnN[(Br,l)L]}
< max{— inf Ju () + Cly(e), -1 + co}
ﬂEOﬁBr,lﬂEmJ/,,

— inf L7 (),
7e® ’
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where
Ly (r) = min [Jgf;’"’”(n) — (o)l — Co} ,
In particular,
— 1
lim — lo O]<— su inf L7 (7).
N—oo N4 g QnN[ 1= H,g,r,ll,)m,nﬂeo He ()
Note that, for each H € 65’2(!2_7), eache > Oandr,[,m,n € Z,, the functional L?II’S’"’"

is lower semicontinuous. Then, by Lemma A2.3.3 in [13], for each compact subset K of
D([0,T], M),

— 1 .
lim i log Q,v[K] < — inf  sup Lobmn oy,

N—00 nek H.e.rl,m,n H.e
By (6.2) and since D([0, T1, M®) = Ny>1 Nus1 Em.1/ns

fim fm fm fm fm L)

£—0[—00 '—>00 m—>00 n—> 00 ’

_[Ju@r) if Q(r) < coand w € D([0, T, M),
I otherwise.

This result and the last inequality imply the upper bound for compact sets because Jy and
Jy coincide on D([0, T], MY). To pass from compact sets to closed sets, we have to obtain
exponential tightness for the sequence {Q, v }. This means that there exists a sequence of compact
sets {/C,, : n > 1}in D([0, T'], M) such that

— 1 .
Nh_r)n00 v log Qv (K,€) < —n.

The proof presented in [1] for the non-interacting zero-range process is easily adapted to our
context.

6.4. The lower bound

The proof of the lower bound is similar to that in the convex periodic case. We just sketch
it and refer the reader to [13], Section 10.5. Fix a path 7 in II and let H € Cé’Z(Q_T) be
such that 7 is the weak solution of Eq. (4.13). Recall from the previous section the definition
of the martingale M,H and denote by IP”HN the probability measure on D([0, T'], Xy) given by
IP’:N [A] = EnN[Mﬁl{A}]. Under ]P’;IN and for each 0 < t < T, the empirical measure ntN
converges in probability to ;. Further,

. 1
e (P ) =

where H (u|v) stands for the relative entropy of u with respect to v. From these two results we
can obtain that for every open set O C D([0, T], M) which contains 7,

. 1
lim -7 log v (0] = —Ir(xly).

N—o0

The lower bound follows from this and the /7 (-|y)-density of I established in Theorem 5.3.
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7. Existence and uniqueness of weak solutions

We examine in this section the existence and uniqueness of weak solutions of the boundary
value problems (2.2), (3.2) and (4.13), as well as some properties of the solutions.

Proposition 7.1. Let pg : 2 — [0, 1] be a measurable function. There exists a unique weak
solution of (3.2).

Proof. Existence of weak solutions of (3.2) is guaranteed by the tightness of the sequence QY
proved in Section 3. Indeed, fix a profile po : £2 — [0, 1] and consider a sequence {u" : N > 1}
of probability measures in M associated with pg in the sense (3.3). Fix 7 > 0 and denote by

QY the probability measure on D([0, 7], M) induced by the measure 1" and the process JT,N .

Repeating the arguments of Section 3, one can prove that the sequence {Q" : N > 1} is tight
and that any limit point of {Q” : N > 1} is concentrated on weak solutions of (3.2). This proves

the existence. The uniqueness follows from Lemma 7.2 below. [

Denote by || - ||1 the L!(£2) norm. The next lemma states that the L' (£2)-norm of the difference
of two weak solutions of the boundary value problem (3.1) decreases in time:

Lemma 7.2. Fix two profiles ,oé, pg : 2 — [0,1]. Let p/, j = 1,2, be weak solutions

of (3.1) with initial condition ,oé . Then, || le — :Oz2||1 decreases in time. In particular, there is
at most one weak solution of (3.1).

Proof. Fix two profiles pé, pg 1 2 — [0, 1]. Let pj, Jj =1, 2, be weak solutions of (3.1) with
initial condition ,o(]). Fix 0 <s < t. For 6 > 0 small, denote by R; the function defined by

Rs(u) = ;—zl{w <8} + (lul — 8/2)1{Jul > 5).
Let ¢ : RY — R, be a smooth approximation of the identity:
Yu) >0, suppy C[—1,1]1% /1//(u)du =1.
For each positive €, define Y as

Yew) = e Iy (ue™).

Taking the time derivative of the convolution of ,otj with ., after some elementary
computations based on properties (H1"), (H2') of weak solutions of (3.2), one can show that

/duRa(pla,u)—pz(t,u))—/ duRs(p' (s, u) = p*(s, u))
0 2
t
=57 [Car [ vl = ) (D) - DY,
s As

where A stands for the subset of [0, T] x {2 where |,01(t, u) — ,oz(t, u)| < 6. We may rewrite
the previous expression as

t
—s—lf dr/A duv(p' = p%) - D(p"YV(p' — p?)
K} 5

t
—8*‘/ dr/A duv(p' = p*) - {D(p") — D(p*)}Vp?.
s )
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By the strict ellipticity of the diffusion coefficient D, the first line is bounded above by

t
a5 / dr /A AV (o' — p?)I2.
s 5

On the other hand, since D; ; is Lipschitz continuous, on the set As, |D,~,j(,01) - Di’j(p2)| <
M|p' — p?| < MS. In particular, by the Schwarz inequality, the second line of the previous
formula is bounded by

MdA [! SMd !
—/ dr/ du||V(p1—p2>||2+—/ dr/ |V
26 s As 2A K As

for every A > 0. Choose A = (2a/Md) to obtain that

fduRa(pl(r,w—pz(r,u))—/ duRs(p' (s, u) = p*(s, w))
N N
2 t
< dM) / dr/du||Vp2||2.
4a 0

Letting 6 | 0, we conclude the proof of the lemma because Rs(-) converges to the absolute value
functionas$§ | 0. [

Lemma 7.3. Fix two profiles ,0(1), ,03 : 2 — [0,1). Let p/, j = 1, 2, be weak solutions

of (4.13) for the same H satisfying (5.2) and with initial condition pé. Then, ||,ot1 — pt2||1
decreases in time. In particular, there is at most one weak solution of (4.13) when H
satisfies (5.2).

Proof. Following the same procedure of the proof of the previous lemma, we get first

/duRa(pl(r,u)—pz(r,u))—/ duRs(p' (s, u) = p*(s, )
0 i)
t
=—8*‘f dr/ duv(p' = p*) - {D("HVp' = D(p*)Vp?}
s As

t
+a—1/ drf V(o' = pA){o(p) — s (o))} - VH,
) A,;
and then

/duRa(pl(t,u)—pz(t,u))—/ duRs(p" (s, u) — p*(s, u))
0 0

t t
§3C1f dt/du||V,02||2+8C2/ dr/du||VH||2,
0 0

for some positive constants C; and C». Hence, letting § | O we conclude the proof of the
lemma. [

The same ideas permit to show the monotonicity of weak solutions of (3.2). This is the content
of the next result which plays a fundamental role in proving the existence and uniqueness of weak
solutions of (2.2).

Lemma 7.4. Fix two profiles ,06, ,03 : 2 — [0,1]. Let p/, j = 1, 2, be the weak solutions

of (4.13) for some H satisfying (5.2) and with initial condition pé . Assume that there exists
s > 0 such that
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Mue2:plts,w) < PP w) =1,
where ) is the Lebesgue measure on (2. Then, for allt > s

A{u e f: ,ol(t,u) < ,oz(t,u)} =1.

Proof. We just need to repeat the same proof as for Lemma 7.2 but considering the function
Ry (u) = Rs(u)1{u > 0} instead of Rs. [

Corollary 7.5. Denote by ,00 (resp. pl ) the weak solution of (3.1) with initial condition equal
to O (resp. 1). Then, for 0 < s <'t, ,otl(~) < ,os1 (-) and ,OA?(-) < ,oto(-) a.e.

Proof. Fix s > 0. Note that 5(r, u) defined by 5(r, u) = p'(s + r, u) is a weak solution of (3.1)
with initial condition ,01 (s, u). Since ,ol(s, u) <1= ,01(0, u), by the previous lemma, for all
r zO,pl(r—i—s,u) < ,ol(r, u) for almost allu. [

We now turn to the existence and uniqueness of the boundary value problem (2.2). Recall
the notation introduced at the beginning of Section 4. Consider the following classical boundary
eigenvalue problem for the Laplacian:

{—AU:aU, 1)

U € Hy ().
By the Sturm—Liouville theorem (cf. [10], Section 9.12.3), problem (7.1) has a countable system
{U,, ay : n > 1} of eigensolutions which contains all possible eigenvalues. The set {U, : n > 1}

of eigenfunctions forms a complete orthonormal system in the Hilbert space L2({2), each U,
belongs to HO1 (£2), all the eigenvalues, «,,, have finite multiplicity and

O<oi<pp<---<a,<---— 0Q.

The set {U,,/ ot,ll/ Zin > 1} is a complete orthonormal system in the Hilbert space Hé (£2). Hence,
a function V belongs to L?(£2) if and only if

n
V= nlglgo I;(V, Ui )2Ux

in L2(£2). In this case,

00

(V, W) =Y (V, U2 (W, Ur)a
k=1

for all W in L?(£2). Moreover, a function V belongs to HO1 (£2) if and only if

n

V= nlggolgw, Uk)2Uy

in Hj (£2). In this case,

(V, W)i20=Y_ a(V,Us)2(W, Ur)a (72)
k=1

for all W in H(} ().
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Lemma 7.6. Fix two profiles pl, p5 : 2 — [0, 1]. Let p/, j = 1,2, be the weak solutions
of (3.2) with initial condition pé. Then,

OO 1 22
/O ”pz — Py ||1dt < o0.

In particular,

. 12y
tgrgollpt o;llh =0.

Proof. Fix two profiles p}, o3 : £2 — [0, 1] and let p/, j = 1, 2, be the weak solutions of (3.2)
with initial condition p. Let p/ (-) = p/(t,"). Forn > 11let F, : Ry — R be the function
defined by
nq )
Fu) =Y —|(p/ — 7. Un)a|".
oy
k=1
Since p', p? are weak solutions, F, is time differentiable. Since AU, = —oy Ux and since
ar > 0, fort > 0,

n

d
a&m=—§$d—&ﬂmww»wmhwn

+(p(0}) = 9(p]). U2} = p7. Us2]. (7.3)

Fix t9 > 0. Integrating (7.3) over time, applying identity (7.2), and letting n 1 oo, we get

T 1
/iw£mem—m&Mde—&wmm=g&ﬁnm»4wn]
fo

IA

1 1 292
27“1 ”'0[0 - )010”2

for all T > ty. Since ,0,10 - ptzo belongs to L2(0),

/‘WLW@WDWM%WMﬂWﬂﬁMW<W
fo

There exists a positive constant C; such that, for all a, b € [0, 1],
Ca(b — a)* < (p(b) — 9(a))(b — a).
On the other hand, by the Schwarz inequality, for all r > 1y,

ol = P13 < 2l — 2113
Therefore

o0 1 212
f|m—mmm<w
fo

and the first statement of the lemma is proved because the integral in [0, 7] is bounded by 4#.
The second statement of the lemma follows from the first one and from Lemma 7.2. [

Proposition 7.7. There exists a unique weak solution of the boundary value problem (2.2).
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Proof. We start with existence. Let p! (¢, u) (resp. p°(t, u)) be the weak solution of the boundary
value problem (3.2) with initial profile constant equal to 1 (resp. 0). By Lemma 7.4, the
sequence of profiles {,ol(n, ) 1 n > 1} (resp. {po(n, ) : n > 1}) decreases (resp. increases)
to a limit denoted by p*(-) (resp. p~(-)). In view of Lemma 7.6, p™ = p~ almost surely.
Denote this profile by p and by p(z, -) the solution of (3.2) with initial condition p. Since
%, ) < p() < pl(z,) forall t > 0, by Lemma 7.4, p°(t +5,-) < p(s,-) < p'(t +s, ) ae.
for all s, > 0. Letting # 1 0o, we obtain that p(s, -) = p(-) a.e. for all 5. In particular, p is a
solution of (2.2).

Uniqueness is simpler. Assume that pl, p2 . 2 — [0, 1] are two weak solutions of (2.2).
Then, p/(t,u) = p’(u), j = 1, 2, are two stationary weak solutions of (3.2). By Lemma 7.6,
p! = p? almost surely. [

Lemma 7.6 holds for weak solutions of Eq. (2.4) and Proposition 7.7 for the associated elliptic
boundary value problem.
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