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Abstract

In this paper, LP convergence and almost sure convergence of the Milstein approximation of a partial
differential equation of advection—diffusion type driven by a multiplicative continuous martingale is proven.
The (semidiscrete) approximation in space is a projection onto a finite dimensional function space. The
considered space approximation has to have an order of convergence fitting to the order of convergence
of the Milstein approximation and the regularity of the solution. The approximation of the driving noise
process is realized by the truncation of the Karhunen—Loe¢ve expansion of the driving noise according to
the overall order of convergence. Convergence results in L” and almost sure convergence bounds for the
semidiscrete approximation as well as for the fully discrete approximation are provided.
© 2013 Elsevier B.V. All rights reserved.
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1. Introduction

The numerical study of stochastic partial differential equations is a relatively recent topic.
This is in contrast with the abundance of research (see e.g. [24]) that has been conducted for
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real-valued stochastic differential equations or partial differential equations (e.g. [5,13,36]). In
contrast to partial differential equations, for stochastic partial differential equations we have
different notions of convergence. Pathwise convergence plays a central role in filtering theory
and other phenomena in physics. For instance, the strong convergence of the second moment
gives a bound for the expected error. The strong convergence of higher moments, and not only
of the variance, is for pathwise approximations essential.

For a numerical treatment of stochastic partial differential equations, approximation has to
be done in space, in time, and possibly of the driving noise process. In this paper, we study a
Milstein scheme for the time approximation of the solution of a stochastic partial differential
equation of the form

dX(@t)=(A+B)X(@)dt + G(X(t))dM(1), X(0) = Xo. (1.D

Here, M is a continuous, square integrable martingale with values in a separable Hilbert space
U. Probably the most popular example of such stochastic processes are Wiener processes. The
linear operators A and B act on a dense subset of a separable Hilbert space H and the linear
operator G is a mapping from H into the linear operators from U to H (detailed definitions and
properties of A, B, and G are given in the next section).

Approximation schemes, like the Euler-Maruyama or Milstein scheme, are approximations of
the stochastic integral of a stochastic differential equation which are derived from the It6—Taylor
expansion (see [24]). The Euler—-Maruyama scheme has strong convergence of order O(+/k;,),
where k, denotes the time discretization step size, while the corresponding Milstein scheme
converges with order O(k,). In [28,29], a Milstein scheme was derived for a stochastic partial
differential equation as introduced here, but driven by a Q-Wiener process W. The authors
showed that the approximation, which was obtained by recursive insertion of the mild form
of the stochastic partial differential equation, converges in L? and almost surely of order O(k,,).
They derive a Milstein scheme which has two more terms than the Euler—Maruyama scheme.
Here, we show that only one additional term is needed to derive the Milstein scheme from the
Euler-Maruyama scheme. The same estimates apply to the calculations in [28,29] as remarked
in [20]. Like in the case of a real-valued stochastic differential equation, a term treating the
iterated stochastic integrals has to be added. In this paper, we use a similar scheme for the time
discretization, where the driving noise is a continuous, square integrable martingale.

For the approximation in space, we project the solution on a finite dimensional subspace
of the infinite dimensional solution space H. This approach can be numerically realized by a
Galerkin projection. These approximations are typically implemented as Finite Element methods.
So far Galerkin methods are mainly used for partial differential equations (cf. [36,13,35])
but first applications to stochastic partial differential equations have been done e.g. in [2,6,
8,9,26] and references therein. The approximation of mild solutions with colored noise has
been treated e.g. in [2,14,17,18,25,27,28,30,38] and references therein. First approaches to
higher order approximation schemes using Taylor expansions were done e.g. in [19] with
additive space—time white noise. Galerkin methods lead to pathwise approximations, also called
strong approximations. Here, we combine this type of discretization with a higher order time
discretization. Those approximations exhibit high order of convergence of the fully discrete
Milstein approximation, while the regularity assumptions are minimal.

In most of these references, parabolic equations with (possibly) nonlinear terms are studied.
Here we study an advection—diffusion type equation. An additive nonlinearity would not give rise
to any additional difficulty in the approximation, as long as certain linear growth and Lipschitz
conditions are fulfilled and the driving noise process is a continuous martingale.
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The main result in this paper is: assume that Eq. (1.1) is approximated by a scheme which
converges for the corresponding homogeneous, parabolic, deterministic problem with accuracy
O((h —}—k,ll/ 2)"‘), for o € N, to the solution of the homogeneous problem. Here, i denotes the space
discretization step size and « is a regularity parameter. Then, the approximated stochastic partial
differential equation converges with order O(h“ +k,rznin(a/ 2’1)) in L?. Further, it converges almost
surely to the mild solution of Eq. (1.1) with order O((h? +ky)'—¢) for any € > 0 and the optimal
choice @ = 2. Namely, we prove convergence results with minimal regularity assumptions on
the initial condition. Higher regularity leads to higher order of convergence up to a convergence
of order O(k,) in time, which is the maximal convergence of a Milstein approximation.

The advection—diffusion type of the equation studied in this paper appears, among various
phenomena in physics, in the study of Zakai’s equation (cf. [39]). The stochastic partial
differential equation of Zakai type, which was introduced by Zakai for a nonlinear filtering
problem, reads, extended to continuous square integrable martingales,

du;(x) = L*u; (x) dt + G(u;(x)) d M; (x). (1.2)

In the framework of this paper, the equation is considered on a bounded domain D C R?,
with zero Dirichlet boundary conditions on the Lipschitz boundary dD and initial condition
uo(x) = v(x). L* is a second order elliptic differential operator of the form

1 d d
L*u = 2 Z 0;0ja;ju — Za,-fl-u,
i=1

i,j=1

foru € CLZ.(D) and it can be split into the operators A and B in Eq. (1.1) for convenience of
possible simulations. Originally, the operator G in Eq. (1.2) denotes a pointwise multiplication
with a suitable function g € H. This setting is included in the more general assumptions on G in
Eq. (1.1), which we introduce in detail in the next section.

This work is organized as follows: Section 2 sets up the framework of this paper and contains
a detailed analysis of Eq. (1.1). The introduction of the used discretization schemes for the space,
time, and noise approximation is given in Section 3. In Section 4, a proof that the semidiscrete
approximation (discretized in space) converges in L” of order O(h“) and almost surely of order
O(h“~¢) is provided. To have a more general result, we derive convergence rates in dependence
of a regularity parameter «. Finally, L? convergence of order O(h% + k' in(e/2,1) ) of the fully
discrete Milstein type scheme including the noise approximation is proven in Section 5, as well
as almost sure convergence of order O((h? + kp)'—9).

2. Framework

Let H denote the Hilbert space L2(D), where D C Rd,d € IN, is a bounded domain
with piecewise smooth boundary d D and let the subspaces H® be the corresponding Sobolev
spaces for « € N and H those with elements that satisfy zero Dirichlet boundary conditions,
respectively. To simplify the notation we set for o = 0, H® = H. We are interested in developing
a numerical algorithm to estimate the solution of the stochastic partial differential equation

dX(@)=(A+B)X(@)dt + G(X(t))dM(t) 2.1

on the time interval T := [0, T], where T < 400, with initial condition X(0) = X and
zero Dirichlet boundary conditions on dD. M is a continuous, square integrable martingale
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on a filtered probability space ({2, F, (F;);>0, IP), which satisfies the “usual conditions”, with
values in a separable Hilbert space (U, (-, -)y). The space of all continuous, square integrable
martingales on U with respect to (F;);>¢ is denoted by M%(U ). We restrict ourselves to the
following class of square integrable martingales

Mi,=(MeMU):3Q e LTU)s.t.Vt>5 >0,
(M, M), — (M, M) <(t—s)0},

where LT(U ) denotes the space of all linear, nuclear, symmetric, nonnegative-definite operators
acting on U. The operator angle bracket process (M, M), is defined as

(M, M), 1=f0 Qsd(M, M),

where (M, M); denotes the unique angle bracket process from the Doob—Meyer decomposition.
The process (Qg, s > 0) is called the martingale covariance.

Since Q € L'I"(U ), there exists an orthonormal basis (e,, n € N) of U consisting of eigen-
vectors of Q. Therefore we have the representation Qe,, = y, ey, where y, > 0 is the eigenvalue
corresponding to e,,. The square root of Q is defined as

02y = "W enu v en,

for ¥ € U, and Q72 is the pseudo inverse of Q2. Let us denote by (H, (-, )n)
the Hilbert space defined by H := Q!?(U) endowed with the inner product given by
W, Py = (Q7 V2, Q71 2¢)y, for ¥, ¢ € H. Let Lys(H, H) refer to the space of all
Hilbert—Schmidt operators from H to H and | - ||, §S(H’ ) denote the corresponding norm. The
canonical example of a process that belongs to M b.c 18 @ Q-Wiener process, but, in general, a
stochastic covariance process would be possible.

In what follows, we introduce a Burkholder—Davis—Gundy type inequality as a generalization
of the Itd isometry for square integrable martingales of class MIZLC. Let ]L%tr(H ) == L2 x
7; Lys(H, H)) be the space of integrands, defined over the measure space ({2 x 7, Py, PQdA),
where P; denotes the o -field of predictable sets in {2 x T and dA is the Lebesgue measure. Then,
by Eq. (1.6) in [16], we have as a generalization of Proposition 8.16 in [33], for p > 0 and for
every ¥ € ]L%-l, . (H), a Burkholder-Davis—Gundy type inequality

P T p/2
E(fgg )5C,,E(<fo ||W(s)||iHS(HYH)ds> ) (2.2)

H
For a full introduction to Hilbert-space-valued stochastic differential equations, we refer the
reader to [33,11,7,34].
The operators A and B in Eq. (2.1) are defined as follows. We assume that the functions a;;,
fori, j =1,...,d, are twice continuously differentiable on D with continuous extension to the
closure D. The operator A is the unique self-adjoint extension of the differential operator

t
/ W (s)dM(s)
0

N =

d
> di(aijdju), u e CHD).
ij=1
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B is a first order differential operator given by
d
Bu:=Y d(bu). ueClD),
i=1

with elements b; that are defined as

1 d
b; = Egajaij - fi,

where the functions f;, i = 1,...,d, are continuously differentiable on D with continuous
extension to D. Defined this way, we also include the differential operator L* in Eq. (1.2).

With the following assumptions, the right hand side of Eq. (2.1) is well defined and its
solution has certain regularity properties which are shown later. From here on, let the smoothness
parameter o € N be fixed.

Assumption 2.1. The coefficients of A and B, the operator G, and the initial condition X satisfy
the following conditions:

(a) fori, j = 1,...,d, the elements a;; belong to CZ“(D) and f; to C} (D) with continuous

extensions to D,
(b) there exists 8 > 0 such that for all x € D and & € R?

d
> aij(0EE; = 81817
ij=1
(c) Xg is Fo-measurable and IE(||X0||I;,,1) < 400 for chosen p > 0,
(d) G is a linear mapping from H into L(U, H) that satisfies for C > 0 that for 0 < 8 < « and
¢ € HP

1G D  Lyscr.upy = C Pl s

Assumption 2.1(b) implies that the operator A is dissipative; see e.g. [23]. Then, by the Lumer—
Phillips theorem, e.g. [12], A generates a strongly continuous contraction semigroup on H which
we denote by S = (S(¢), t > 0). Furthermore, by Corollary 2 in [22], S is analytic in the right
half-plane. Therefore, fractional powers of —A are well defined, cf. [12], and we denote for
simplicity A_g = (—A)~# and Ag = A:,ls for g > 0.

In this context we shall make use of the following lemma — whose statement is also known as
Kato’s conjecture — which was proven in [1].

Lemma 2.2. The domain of A1z is D(A1)2) = H& and the norm ||A1,2 - |5 is equivalent to
Il - | g1, i.e., there exists C > O such that

IA120la = Cli¢llg and ¢l = CllA12¢lH,
forallp € H'.

To simplify the notation in the preceding, we introduce the following norm for an H-valued
random variable @ with finite p-th moment

1/
190 = (BO1215)) .
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Furthermore, we abbreviate for p > 0 the norm in C(t; L? (£2; H)) with

|l Lr 0o, == sup | ¥(@)lln,Lr

teT
and the one in L?({2; C(t; H)) with
. p\1/p
| Pl H, 00, Lr = E(igp ey,
T

for a stochastic process ¥ = (¥ (¢), t € t) with finite p-th moment forallt € t.For¢ : v — H,
we set

o1l #.00. = sup @@l #,
ret

accordingly. We refer to subintervals of 7 by 75 := [0, s] fors < T.
Assumption 2.1 also implies by results in Chapter 9 in [33], that Eq. (2.1) has a unique mild
solution in H?, i.e.,

1X e, 12,000, < 00

forall T € (0, +00), and the stochastic partial differential equation can be rewritten for all # > 0
in mild form

t

t
X)) =S1)Xo +/ St —s)BX(s)ds +/ St —5)G(X(s))dM(s). 2.3)
0 0

Those assumptions even ensure that Eq. (2.1) has a unique strong solution in H? by Theorem 2.3
in [31]. Furthermore, we have similarly to [15,37,16] that Eq. (2.2) implies for all ¥ € ]L%-l L(H)

p T r/2
< CPE<</ | W (s)1I% ds> ) (2.4)
H, 0o ,LP 0

Before we introduce the approximation schemes, we provide two lemmas on the properties of
the solution of Eq. (2.1) that are needed in later proofs. The first gives some insight on the space
regularity of the mild solution. Under certain regularity assumptions on the initial condition of
the stochastic partial differential equation, we have regularity of the mild solution. The second
lemma gives a regularity result for the mild solution in time, i.e., Holder continuity of order 1/2
is shown. This result is necessary for the convergence proof of the approximation schemes.

t
H/ St —s)U(s)dM(s)
0

Lemma 2.3. Under Assumption 2.1, the mild solution satisfies for p > 0 and < o

XM g8, Lr 0o, < N1 XN 8 00,0 < +00.

Proof. From here on, C denotes varying constants depending on p and 7. We consider p > 2,
for p < 2 the result follows by Holder’s inequality. We estimate
t
||X||1;Iﬂ’oohu, = HS(t)XO + /O S(t —s)BX(s)ds

p

t
+ / S(t — $)G(X(s)) dM (s)
0

HP 00;,LP
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p

t
f S(t — $)BX (s)ds
0

< C<||Xo||’,’,ﬂ,u, +
HP ooy, LP

p
H,o00.,LP

' p
C<||Xo||’,;,g,”+ﬂz(§gg</o 1S —$)BX (5 s ds> )

T p/2

+E<</0 ||Aﬁ/zG(X(s)>||iHS(H,H)ds) ))

' p
C<||Xo||’,}ﬁ,L,,+E<§gg</o =) 2IX ) e ds) )

+E<(/°T”X<S>H%,ﬂ d)/>>

T
c <||Xo||7;ﬁ,” +2 /O X0 o 0 ds),

where we used the boundedness of the contraction semigroup in the first and Eq. (2.4) in the
second step, Lemma 2.2, Theorem 6.13 in [32], and the definition of the Bochner integral in the
third one, and Holder’s inequality in the fourth. Finally, we apply Gronwall’s inequality which
yields

t
+ HAﬁ/z'/ St —s5)G(X(s))dM(s)
0

IA

A

IA

IXI5 o s = ClIXollhy ,, expCT) < +oo,

since || Xo|l g# r is finite by Assumption 2.1(c). [J

Lemma 2.4. If X is the mild solution of Eq. (2.1), then for p >2and 0 <r < R<T

IX(R) — X ("l » < CIX] (R —r)P2.

P
H',LP oo,
Proof. We employ Assumption 2.1, Theorem 6.13 in [32], Eq. (2.4), and Lemma 2.2 to estimate

IX(R) — XI5 . < 37! (n(S(R 1 =DXOIY L,

p

R
+ / S(R—s)BX(s)ds

H,LP

R
+ / S(R —s5)G(X(s))dM(s)

p )
H,LP

< C (1A 2X Oy p + 21X 15 oo, ) (R = )P/
<c|x|” (R—nr)P?. O

H,LP, 0o
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3. Approximation schemes

In this section, we derive a semidiscrete and a fully discrete approximation scheme for
Eq. (2.1). The convergence properties of these schemes are proven in Sections 4 and 5.

To derive a semidiscrete form of Eq. (2.1) first, we project H onto a finite dimensional
subspace Vj, of H, for instance a Finite Element space. This can for example be done by first
discretizing D by a triangulation defined over a finite number of points. Then, let (S,, & > 0)
denote a family of Finite Element spaces, consisting of piecewise linear, continuous polynomials
with respect to the family of triangulations (7;, & > 0) of D, with mesh width &, such that
S, — H for h — 0 and furthermore S;, C HO1 (D) for h > 0. In the general framework, let
V = (V, h > 0) be a family of finite dimensional subspaces of HO1 with refinement sizes i, H-
orthogonal projection P, and norm derived from H. For i — 0 the sequence V is supposed to
be dense in H in the following sense: for all ¢ € H it holds that

li Pro — =0.
Jim | Prep — &l
The semidiscrete problem is to find X (t) € V;, such thatforz € t
dXp(t) = (Ap + PpB)Xp (1) dt + PG (Xp(2)) dM(2), Xn(0) = Py Xo.

Here, we define the approximate operator Ay, : Vj, — V}, through the bilinear form

d
(—Ann. Y = Balon, ¥n) = Y _ (aijdjon. 0i¥n)u.
i,j=1

for all ¢y, Y, € V). The operator Ay, is the generator of an analytic semigroup S, = (S;,(¢), t >
0) defined formally by S,(#) = exp(tAy), for t > 0. The semidiscrete mild solution is then
given by

t
Xn(t) = Sp(t)PrXo + / Sp(t —s)P,BXy(s)ds
0

t
+ / Sp(t — ) PG (X (s)) dM(s). 3.1
0

By Assumption 2.1, Sy, is self-adjoint, positive-semidefinite on H and positive-definite on Vj,.
We prove in Section 4 that Eq. (3.1) converges in L? and almost surely to the mild solution of
Eq. (2.3) with order O(h*) resp. O(h“~€), for any € > 0.

For the time approximation, we introduce a combination of a first order time stepping method,
e.g., a backward Euler approximation, and a Milstein scheme. To this end, we consider, forn € N,

equidistant partitions 0 = 75 < --- < t;/ = T of the interval T with step size k, := T/n. We
set T" = {t;‘, j = 0,...,n} and refer to the norm C(7T"; H) with the subscript cor». For
i < n, the subset {t;?, Jj =0,...,i} of T" is denoted by T". For n € N, we define the map
Ty i T —> {t;’, j=0,...,n}by m,(s) = t;’, ift;’ <s < t;’+]. Furthermore, we set ¢, (j) = t.;?
for j =0, ..., n. Then,, is a bijective map and «,, = L;] o, is well defined and gives forr € ©

the index of the next smaller grid point in 7”. The approximations introduced in the following
and its convergence results also apply to nonequidistant partitions as used in [3], but for the sake
of simplicity, we present here an equidistant time stepping. Inserting Eq. (2.3) recursively into
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itself yields

"

X(") = Sy — X +/"+1 S, —s)B(S(s — X (")

n
b

+ /S S(s —r)BX(r)dr + /S Sis—r)G(X@)) dM(r)) ds
t;.’ t;.’
t’.’+1 K

+ /l S(t;’+1 —s)G(S(s—t;’)X(t;-’)—i—f S(s —r)BX(r)dr
t;’ t}l

N
+ / S(s — r)G(X(r))dM(r)) dM(s). 3.2)
t
J
To provide some intuition regarding the structure of the approximation, we analyze the following
deterministic partial differential equation with source term following [36]. We demonstrate the
method for a backward Euler time stepping scheme. We remark that we are not restricted to
this time stepping scheme; any scheme fulfilling certain approximation properties, as specified
in Egs. (4.1), resp. (5.1) could be used. For simplicity, we omit details on the boundary or initial
conditions, since the following are just heuristics. Consider
dX()
dt
The time derivative is approximated by
dxX@) _ Xj —Xj
dt ky,
and AX (¢) on the right hand side by

AX () ~ AX7+1,

=AX(@) + f(X ().

where X ;’ =X (t]’.‘), for j =0, ..., n. The source term is approximated by

FX@) ~ FXD),

which is called linearization. Overall the scheme takes the following form:
n n

! — X"
+1
= AXL X,
n

which can be transformed into

X7 = r(kn A) X + ke r(kn A) £ (XT).

Here, r denotes the rational approximation of the semigroup which is given by r(1) :== (1—1)~!,
for A # 1. If we apply this approximation scheme in projected form to Eq. (3.2), we may write

t" "

1
Xn, = r(k,,Ah)X;‘+f]+ r(k,,Ah)PhBXyds+/”

n n
tj tj

t','+1 s
+/" (r(knAh)PhG</ G(X?)dM(r)))dM(s). (3.3)
t;? t;?

P (ka An) PG (X' dM(s)
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The three terms from Eq. (3.2)
t)l

[ s -9 [ s6-nooxenameas
1 1

J

" K
/J+1 S(t;?_H —s)B/ S(s —r)BX(r)drds,
t’l t"

" K
/ﬁl S(t;'+1 — s)G(/ S(s —r)BX(r) dr) dM (s)
r;’ zj’.’

have been omitted since they for themselves converge as fast as the overall achieved convergence
rate of the approximation scheme, which is shown in Section 5. There, we prove that this
approximation converges in L? and almost surely to the mild solution of Eq. (2.1) with order
O(h* + k,r,mn{a/z’l}) resp. O((h? + k,)'—€), for all € > 0 and the optimal choice « = 2. Eq. (3.3)
can be rewritten with respect to the functions x,, and «,, which were introduced with the time
discretization, by

7Tn (1)
Xewy = 1 knAn)Xig 1 +/ Ok r(kn An) P BX g, 1)1 ds
Tn (1) —kn

75 (1)
+ / Pl AN PAG(X? ) dM(5)
75 (1) —kp

7T (1) K
7Tn (1) —kn 70 (1) —kn

T (0)
= r(knAp) " Py X0 + / r(ky Ap)r =) p, px" ds
0

Kn(s

7Tn (1)
4 /0 kAR OO P GXE ) dM(5)

7T, (1) K
+ / (r(knAh)K"“W‘”PhG( / G<Xﬁn<s>>dM<r)>> dM(s),
0 75 (8)

forall r € [k,, T].

Note that all random variables involved in Eq. (3.3) can be simulated in the following way.
If U = H and V), contains a finite subset of the eigenbasis of M, the noise is automatically
finite dimensional. Otherwise this approximation might not be suitable for simulations. In [4],
it is shown for a class of Lévy processes which choices of noise approximations imply that the
overall order of convergence is preserved. We follow this approach here. Therefore, let

(M, M), — (M, M), = —s)0Q,

i.e., M is a Q-Wiener process (see [33,21]). Let us denote the 1t6 integral to be simulated by
b
/ PrW(s)dM(s)
a

witha < b,a,be tand ¥ e IL%{ t(H ). This expression can be rewritten using the Karhunen—
Loeve representation of M, to
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=S b
> ﬁ/ Py, W (s)e; dM;(s).
i=1 a

Here, the elements y; denote the eigenvalues of the covariance operator Q and e; the correspond-
ing eigenfunctions. To evaluate this expression, we might have to simulate an infinite number
of continuous one-dimensional martingales M;. One possibility to overcome this problem is to
approximate the infinite dimensional process by a truncation of the series expansion, i.e., set

M (t) =Y /7 Mi(t) e;.
i=1

Let (M*, k € N) be the sequence of truncated series expansions with covariance Q“ that con-
verges almost surely to the martingale M with covariance Q. We set

o0

M*(t) =M@ — M) = Y /% Mi(t)e;

i=k+1

with covariance Q := Q — Q*, which converges almost surely to zero. This implies for the 1td
integral of ¥ € ]L%_[ (H ) that

b b b
/!P(s)dM(s)—/ W(s)dM"(s):/ W (s)dM™ (s). (3.4)

This difference converges to zero depending on the decay of the eigenvalues (y;, i € N), which
is shown in the following lemma. We omit the proof, since it is equivalent to Lemma 3.1 in [4].

Lemma 3.1. If || W||L(U,H),OOMM,L:: < 400 and there exist constants C,, C,u > 0and v > 1
such that the eigenvalues satisfy y; < C,i~" and k > C h™", then

p
(C))
E( sup < Cphu 7",
tela,b] H

for a constant C .

t t
/!P(s)dM(s)—/ U(s)dM*(s)

We use Lemma 3.1 to derive an error bound for the approximation of the Milstein term in
Eq. 3.3)

o s
f” <r(knAh)PhG</ PhG(X;?)dM(r))>dM(s). (3.5)
1" 1"

J J

To simplify the notation we introduce the separable Hilbert spaces H and U. The Hilbert space
H is for example L?(D) or some approximation space Vj. Further, we consider a linear map
I' : H — L(U, H) satisfying Assumption 2.1(d) for 8 = 0 and the norm in L(U, H). In
addition, we have a bounded map o : t — L(H, H).For0 < a < b < T and an H-valued
adapted stochastic process ¥ = (¥ (¢), t € t), we rewrite Eq. (3.5) more generally as

b K
/a(a)F(/ F(yﬁ(a))dM(r))dM(s).

The following error bound is proven similarly to Lemma 4.2 in [3].
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Lemma3.2. Forn € N, leto : T" — L(H,H),I" : H — Lys(H, H) be linear and
satisfy Assumption 2.1(d) for B = 0 and the norm in L(U, H) as well as

F((Yeiej = I'(I'(Y)ej)ei,

fori, j € N. Further, let = (Y (¢t), t € T") be an adapted H -valued stochastic process. If

T
E (/0 1% Gen ()l dS) < +oo

and there exist constants C,,, C > 0 such that the eigenvalues of the covariance operator Q of
M satisfy y; < C,i~", for somev > land alli € N, and k > C h™*, for some u > 0, then
there exists a constant C, such that

E(sup
tet

t s
- fo a(m(s»r( / F(w(nn(s»)dMK(r)) dM* (s)

n(8)

t s
fo a(nn(s»r( / ()F(w(nn(s»)dM(r)) dM(s)

)

To get optimal convergence rates, the noise approximation should have the same order of
convergence as the spacial and temporal approximations. We couple all error contributions in
Section 5. In the next section, we derive error bounds for the semidiscrete approximation.

< Cp (ky hli(vfl))P/z'

4. Convergence of the semidiscrete approximation

In this section, we present an L” and an almost sure convergence result for the semidiscrete
approximation. We assume that for « > 8 > 0 with ¢ € H* and ¢ € 7, we have that

1(S(t) — Sp(®)P)@llr < Ch P2l asp. (4.1)

This is for example satisfied by the Finite Element spaces (S, 2 > 0) as introduced before for
o = 2 (see Theorem 3.5 in [36]). In the more general setting of piecewise polynomials of degree
at most @ — 1, Theorem 5.7 in [13] as well as Proposition 11.2.2 in [35] imply Eq. (4.1). We
note that in the proofs of Theorems 4.1 and 4.2, Eq. (4.1) just has to be satisfied for § = 0
and B8 = 1. If it holds only for 8 = 0, the theorems stay true when the mild solution satisfies
||X||Ht>l-*—l,Lp,oQI < +4o00.

The proposed space discretized equation converges uniformly, almost surely with order
O(h*~€) and with order O(h*) in L” to the mild solution of Eq. (2.1), which is stated in the
following two theorems.

Theorem 4.1. The sequence of semidiscrete mild solutions (X, h > 0) defined in Eq. (3.1)
converges in L? to the mild solution X of Eq. (2.1) of order O(h?%), i.e., for all p > 0

I1X — XnllH,000,0 < Cph® I X o 00,10
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Proof. We first assume that p > 2. It holds that

1X = Xl o0, 10 <377 (n(s — S P X0l 0,10

t ¢ p
—HE(sup / S(t—s)BX(s)ds—/ Sp(t —s)Pr,BX,(s)ds )
tet 0 0 H
t
~|—]E<sup / St —s)G(X(s))dM(s)
tet 0

t
- /O St — )Py G (Xa(s)) dM(s)

)

where we applied Holder’s inequality. The first term satisfies for 8 = 0 by Eq. (4.1)

(S — S P Xollsy oo 1r < CHP 1 X0l e 10

The second one is split into

t t 14
”/ St —s)BX(s)ds —/ Sp(t —s)P,BXy(s)ds
0 0 H,o0;,LP
¢ p
< 21’—1(‘] (S(t —5) — Sp(t — s)Py)BX (s)ds
0 H,oo;,LP

+

t
/ Sp(t —s)PRB(X(s) — Xn(s))ds
0

p )
H,00¢,LP

1575

4.2)

The first of these expressions is bounded by the properties of the Bochner integral, Eq. (4.1) for

B = 1, Holder’s inequality, Fubini’s theorem, and Lemma 2.2 by

p

t
”/ (S(t — $) — Sp(t — ) P)BX (s) ds
0

H,00¢,LP

t p—1
< Ch”* sup ( / (r — s)‘f’/2<"—”ds> IBXIY s o < CHPIX a1 o,
0 T T

tet
Furthermore, the second term satisfies

! p
”/ Sp(t — s)P,B(X(s) — Xp(s))ds
0

H,o00.,LP

t P
§CE<sup (/ (t—s)_1/2||X(S)—Xh(s)”HdS) )
tet 0

by the properties of the Bochner integral and Theorem 6.13 in [32]. Holder’s inequality for p > 2

leads to
p

t
‘/ Sn(t — ) PhB(X(s) — Xn(s)) ds
0

H,o00.,LP

T
< c/ X — Xh||’,;mmu, ds.
0
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So overall, we have for the second term on the right hand side in Eq. (4.2)

‘ p
t
<C <h”°‘ IX 15 Lr oo, +/0 1X = Xnll oo, 10 ds) :

The third expression on the right hand side of Eq. (4.2) is split into the two following terms

t '
/ S(t—s)BX(s)ds—/ Sp(t —s)P,BX(s)ds
0 0

H,00.,LP

t t p
/ S(t—s)G(X(s))dM(s)—f Sp(t — $)PyG(Xn(s)) dM(s)
0 0 H,00;,LP
t p
<2r! (H[ (S —s) = Sp(t —s)Pr)G(X(s)) dM(s)
0 H,oo.,LP

t
+ ”/O Sn(t — ) Pr(G(X(s5)) — G(Xn(s))) dM(s)

p
H,007,LP

The first of these expressions satisfies by Lemma 4.3, which is proven afterwards, and the
properties of G

P
< chP|x|%

H%,00¢,LP*
H,o0.,LP

t
/O (St —s5) = Sn(t =) Pp)G(X(s)) dM(s)

Eq. (2.4) yields with Holder’s inequality and Fubini’s theorem for the other term
p

t
/0 Sn(t — ) Pr(G(X(5)) — G(Xn(s))) dM(s)

H,00.,LP
T

=€ [ IGO0 = G ), 145
0 £

and the properties of G imply that
1G(X) = GXINT g4, 1y,000, .10 = CIX = Xl oo, 10-

So overall, we have due to the finiteness of || X || g« o0, ,r With Gronwall’s inequality

T
1X = X5y oo 10 < CLAP + Cy /0 1X = X4l oo 1o ds < ChP,
for constants C1, C», and C depending on the regularity of the mild solution, 7', and p.
Finally, for p < 2, we have for any p’ > 2 by Holder’s inequality
1X = Xl o020 < I1X = Xl oo, 1y = Oh®). O

This theorem implies almost sure convergence as stated in the next theorem.

Theorem 4.2. For every € > 0 and for h > 0 small enough such that h decays to zero with order
O(n_}‘), for n € N and fixed » > 0,

I1X = Xnllbco, <H*™€, TP-as.,

i.e., the family of approximations (X, h > 0) introduced in Eq. (3.1) converges uniformly,
almost surely to X of order O(h*~€), for h — 0.
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Proof. To show almost sure convergence, we use Theorem 4.2 and Chebyshev’s inequality in the
following way:

P(I1Xn — Xl H.00, = h*7€) <A@V |1X = X|1}) oo 1p < CphPe.

Since h = O(n~"), the corresponding series is convergent for any p > (eA)~! and therefore, by
the Borel-Cantelli lemma, we have asymptotically

X — XnllH 0o, <h*¢, P-as.,

which proves the theorem. [

The proof of Theorem 4.1 required a Burkholder—Davis—Gundy type result on the conver-
gence of the approximated semigroup in combination with a stochastic integral. In this case,
Eq. (2.4) cannot be applied, since this leads to a lower order of convergence.

Lemmad4.3. For p > 2and ¥ € ]L%1 (H)

< Cha “ W”LHS('H,HO‘),OOT,LP'
H,oo.,LP

t
H f (Sh(t — $)Py — S(t — ) U(s) dM(s)
0

Proof. We closely follow the proof of Theorem 5.12 in [11]. For 0 < v < 1, the following
identity holds:

t
/ t—r)""r—5)"Vdr =

It follows from Fubini’s theorem and the semigroup property that

t
/S(t—s)W(s)dM(s) Sm””/ (/ - )’ )”dr)
0

x S(t —s)W(s)dM(s)

sinvr

sin vt

= /(t—r)” '@t —r)

X /r(r —8)7'S(r —s)W(s)dM(s)dr
0

sin v

t
= f (t—r)"7 'S¢t —rY@r)dr,
T 0

where Y (r) = for (r—s)"VS(r—s)¥(s)dM(s). Similar calculations for the semidiscrete version
lead to

t
/ Sp(t —s)Pp W (s)dM(s) =
0

sin v

f (t = 1)t — r) Py Y, (r) dr.

Note that since Py, is a projection P, = th. We decompose the equation to be verified in the
following way

‘/ St —s)Pp, — St — ) ¥U(s) dM(s)

=

H,o00.,LP

P
sin vir

t—r)NSR(t — )Py — St — )Y (r)dr

H,00,,LP
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p )
H,oo:,LP

For ease of readability C and C,, , denote varying constants that are independent of /. We ap-
proximate the two expressions separately. By the definition of the Bochner integral and Holder’s

inequality, we obtain for term [and v > 1/p

+

t
f (t — )" St — r)Pu(Ya(r) — Y(r)) dr
0

sin v

14
=C d+1D).

t P
I<E (Sup (/O It =)'~ (St = r) P = St —r)Y (D)l dr) )

tet

t
=C,E <SUP/0 I(Sh(t = r)Pp = St —=r)Y ()} dV)

tet
T
< Cy p P /0 1Y)y 1,

where we used Eq. (4.1) in the third step. Moreover, considering v < 1/2, Eq. (2.4), Assump-
tion 2.1, the closed graph theorem, and the commutativity of the operator and the semigroup yield

)
)

t
1Y e pr < CE(‘ Aa/2/0 (t—s)7"St —s)¥(s)dM(s)

t
< CE(‘/ (t—5)""S({t —5) A2 ¥(s)dM(s)
0

t 5 5 p/2
<CE ( / (t =)™ ms)uLHS(H,Ha)ds)
0
b4
S Cv,p || W”LHS(H,HQ),OOI,LP'
Altogether, we obtain

po p
I S CV,[)h ”w”Lﬂs(H,H”),OO{,LP.

For term II, Holder’s inequality for v > 1/p and the fact that Sp,(¢) P, is bounded imply

t p
II < E( sup (/ (=) ISpt = ) PaYa(r) = Y ()l dr) )
0

0<t<T

IA

T
Co, /O 1) = YT, dr.

We further approximate

)

1Yh(r) =Y () p =E <”/o (r —5)""(Sn(r — )Py — S(r — 5) ¥(s) dM(s)

R p/?
< JE( /0 (r =) (Sh(r — )Py — S(r —5)) xv(s)ni,,s(H,H)ds)

p
< Cop WP NN 0 oy o 10
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where Eqgs. (2.2) and (4.1) are used. Altogether this gives for term II

1< Cop P NN 24, o) oo L
Choosing any 1/p < v < 1/2, we finally get
' p
” /O ($ut = )Py = SC=NTOAMG| < CH IV 4oy, 1

which concludes the proof. [
5. Convergence of the fully discrete approximation

In this section, we prove L? and almost sure convergence of the Milstein scheme introduced
in Section 3. With an Euler-Maruyama scheme, in general, only convergence of rate O(v/k,,) in
time can be achieved, whereas a Milstein scheme converges at a rate of order O(k).

We define the approximation X" = (X", j =0, ..., n) of Eq. (2.3) by the Milstein scheme
introduced in Eq. (3.3). For the convergence of the approximated semigroup r (k,, Aj,) we assume
that it is stable and there exists a constant C such that for all 0 < j < n and fixed @ € N and

B €10, 1}
1/2

ISy = rknAn) Pl < C (h+ ke P2l ya-s. (5.1)

This is especially met by a backward Euler scheme, which is shown similarly to Theorem 7.7
in [36] with Theorems 7.3 and 3.5 in the same book. Assumption (5.1) implies similarly to
Lemma 4.3 the convergence of the rational approximation of the semigroup in combination with
a stochastic integral.

Lemma 5.1. For p > 2, it holds that

t p
” /O (St — 7a(5)) = rtkn A" O~ PG (X (5)) dM (5)

H.,copn ,LP

< Ch+k/H X2,

,00¢,LP*

Proof. Except for the fact that one applies Eq. (5.1) instead of Eq. (4.1), this proof is identical to
that of Lemma 4.3 and therefore we omitit. [J

The order of convergence of the fully discrete approximation to the mild solution is stated in
the following theorem.

Theorem 5.2. For p > 0, the sequence of approximations (X", n € N) defined by Eq. (3.3)
converges in p-th moment to the mild solution X of Eq. (2.1) and satisfies for constants C1 and
C» that depend on T

1/2
1X = X2 o lt.00pn.Lr < C10 + ka1 X |1 00p, 20 + Coknll X 1L o,
Especially, for « = 2 and X € H?, it holds that

IX = X2 H.0opm.r = O + kn).
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Proof. The proof of the theorem involves numerous estimates, where the same techniques are
used many times. Therefore, we derive the terms to be estimated and choose one of each type to
show the techniques that are employed.

Eq. (2.3) can be rewritten for ¢ € T as

t
X () = S®)Xo +/ St —s)BS(s — mp(s) X (7, (s)) ds
0

t N
+ / (S(t — S)B/ S(s —r)BX(r) dr) ds
0 7Tn (s)

t s
+ / (S(t—s)B/ S(s—r)G(X(r))dM(r)) ds
0 7T ()

t
+/ St —$)G(S(s — () X (7a(5))) dM (s)
0

t s
+ / (S(t—s)G(/ S(s—r)BX(r)dr))dM(s)
0 7Tn (5)
t s
+ / (S(t — S)G(/ S —r)G(X(r)) dM(r))) dM(s)
0 T, (8)

similarly to Eq. (3.2) as done in [28,29]. We remark that the third, the fourth, and the sixth
term on the right hand side are not approximated in scheme (3.3) because they (for themselves)
converge as fast as the overall approximation scheme.

For fixed n € N, the difference of the mild solution of Eq. (2.1) and the fully discrete approx-
imation (3.3) is split into the initial condition, the Bochner integral, and the It6 integral terms

X(t) = X = (SU]) = r(knAn) P) Xo + €" () + 1" ()).
The Bochner integral part £” is split again into three parts
=g 8+
with

t;‘ .
E1(j) = /0 (S(t;l — ) B S(s — mu () X (m(s)) — r(knAh)/_"”(S)PhBX,’jn(s)) ds,

t" Ky
& () i=fj (S(f}?_S)B/ S(s —r) BX(r)dr) ds,
0 75 (S)

t;‘ K
& () ::/0 (S(t}?—s)B/ ()S(s—r)G(X(r))dM(r)) ds.

Similarly, the stochastic integral is decomposed into

Nt =)+ s+
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with

n

) = /0 H(5¢ =) G(SG = T (5N X (ua(s)
— Pl AR T PG XD ())) dM(s),

" s
ny(j) = /'/ (S(t;’ — s)G(/ S(s —r)BX(r) dr)) dM(s),
0 5 (8)

t}‘ K
n3(J) 5=/0 (S(t;’—S)G</ ()S(S—V)G(X(r))dM(V)>

—r(knAhﬂ“"“)PhG(/s( : G<Xﬁn<s>>dM(r)>> dM (s).
We further split three of the terms. We rr:ay write
E() = /O S} = 9)B(S(s = ma(9)) = DX (a(s)) ds
+ fo ’ (St} = 5) = S} = ma () BX (7a(5)) ds
+ fo ’ (S(t} = (5)) = r(knAp) =) P) BX (4(5)) ds

1"
+ f., r(kn Ap)? =) Py B(X (71, (s)) — Xen(s) 45,
0

and we refer to the terms on the right hand side by &[',(j) fori = 1, ..., 4. Similarly, n}(j) is
split into the following four terms

g
O /0 St} — ) G((S(s — 7a () — DX ((5))) dM (s)
g
+ /0 (S} —5) = S} = 70a(5))) G(X (a(5))) dM(s)
t"
+ / T (S = 7n(9) = r(kn AR TS Py) G(X (1 (5))) dM (s)
0

4
4 / LU AT PG (X (0 (5)) — XI. () dM(s),
0

Kn (s

and 75 (j) into five terms

t;-’ s
ﬂg(j)=/0 S(l}'—S)G</()(S(S—V)—]l)G(X(V))dM(V))dM(S)

! s
+ /" NG s)G(/ G(X(r) — X(n,,(s)))dM(r)) dM(s)
0 T (8)

t;’ K
+ fo (S —s) - S(t" —rrn(s)))G</ ()G(X(nn(s)))dM(r)) dM(s)
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! s
+ / (S = () — 7k Ap) ) Ph)G< / G (X (ma(s))) dM(r)) dM(s)
0 T,

n(s)
t ) K
. /., r(knAh)J—Kmth(/ G (X (7 (s5)) — X,’jn(s))dM(r)> dM(s).
0 T (s)

For now, let p > 2. For better readability, we add ¢” resp. j in the terms to be estimated, although
it is not necessary in the norm. The initial condition is bounded by Eq. (5.1) for 8 =0

(S = rkn An) PR XollGy o 1o < €O+ ke P X0l e 1 -

For £ and n" we just give calculations for one term of each type of estimation to demonstrate
the technique. The other terms are treated in a similar way. The first term of &{' satisfies by the
properties of the Bochner integral, Lemma 2.2, and Theorem 6.13 in [32]

(P
[GRG]——

" P
< CJE< sup (fo @ =972 = m(9) — DX )l ds) )

0<j=n

t" p
< cm( sup (/O L@ = )72 (s — 7 ()X (0 () 1 ds) )

0<j=<n

1" P
kafZ“/zE( sup (f’(t}‘—s)‘”2||X<nn(s)>||Ha ds) )
0<j=<n\/0

Holder’s inequality and Fubini’s theorem imply that

T p—1
. 2 — —
IEL D oopn.zr < CHREY ( / (T —s)~ P/ ”2ds)
0

<C klll’o‘/2 T7(P=2)/2

T
/O 1X Gon Dy 1 ds

p
1X 10 11 o -
The property of the semigroup with similar estimates leads to
N4 P N N
UEL S D o020+ 11 O om0 102G e 20+ 1 DU s 10
N pa/2 p
183D copmzr < Co kB UX N 1 o,

where Eq. (2.4) is used for the terms labeled with 7.
The convergence properties of the rational approximation of the semigroup in Eq. (5.1) imply
for &1'5(j) for B = 1 with similar estimates as before concerning the operator B

T
. — 1/2
1SS D o1 < C TP (4 k2P /0 IBX Gt r ,, ds

1/2
Cp (h+ kP 1 X100 11 o, -

IA

These estimates are also applied to the following terms and give with Lemma 5.1

. . 2 1/2
178 3 om0+ T84 oz < CAA+KE Y+ k)P IX N e oo 1



A. Barth, A. Lang / Stochastic Processes and their Applications 123 (2013) 1563-1587 1583

In the end, the difference of the mild solution and the approximation is estimated by their
difference at previous time steps, which stems from the following calculation

" 14
IE7 4D 00pn.r < CE ( sup ( /0 @ = )TV () — Xl ds) )

O<j=n

j-1
-2)/2
< cr??/ Z(;knnxa;') - X?ngmrin’w,
1=
where we used Eq. (4.2) in [26]. The stability of the semigroup approximation for n} ,(j) and
13 5(j) leads to

P P
171 4D W oo Lo+ 113 5D 000 0

j—1
2
< Cp Y k(L + K IX D = XY o 10
i=0 '
j—1
< Cp(L+TP) Yk IX G = XN o,
i=0 ’

The remaining of the approximated terms cannot be estimated with respect to «. For those, con-
vergence is limited by the properties of the stochastic integral. We have with the regularity of the
solution from Lemma 2.4, Eq. (2.4), Holder’s inequality, combined with previous estimates

T K
173 25t 00 yw.1r < Co /0 (s — ma(s) P72/ / o IXO — X)) p drds
Ty (s

IA

CkyIxI?

H,LP 0o;"
The convergence for two of the remaining terms that were not approximated in Eq. (3.3) results
from the upper and lower limits of the inner integral, i.e., we have

1P (P p p
V&S G oy o+ ITE Do 0 < CokE XU,
Finally, to give estimates on &5/ (j), we set II,(r) = ¢ for t]' | <r <t and write
1P
||E§L(‘1)||H,OOTH,LI)

p

5o
/0 /0 L) <r<s <1, S; —$)BS(s —r)G(X (r)) dM(r) ds

H,OOTn,Lp
p

t}’ t;’
/0 /0 Lim, 5)<r<s <M, (St} — $)BS(s —r)G(X(r)) ds dM(r)

H ,00Tn, Lr

with a stochastic Fubini theorem (see Theorem 8.14 in [33]). Next, we apply Eq. (2.4), the prop-
erties of the Bochner integral, Holder’s inequality, and similar estimates as before to derive

P

17 ()
185 DN 0pm.20 = /0 f S} —s)BS(s —r)G(X(r))dsdM(r)

H,OOTn ,Lp
P

t}-l 11, (r)
= H/ S(l‘;l — Un(l’))/ SUL,(r) —s)BS(s —r)G(X(r))dsdM(r)
0 r

H,OOTVI ,Lp
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IA

T I, (r)
S [ ey =nr [Ty, dsdr

p p
Cokb XD, 1y -

IA

This concludes the estimates of the terms, and overall we have

1/2
1X = X2 01 oopn v = cl(<h+k PYPNX N, 0 +REIX e 1 )

+C anllx X0l 1,00, L

A discrete version of Gronwall’s inequality (cf. [10]) implies

I1X = X¢, 015 00pm 10

12
<C1((h+k/)pa”X”H°‘oo L1’+kp”X”H‘LP ) H (1+Cak)

1/2
= CL 0+ kP UX W 10 + R IX NG, ) - exP(C2 T,
which concludes the proof for p > 2. Finally, for p < 2, Holder’s inequality leads for p’ > 2 to

2
IX = X2 ltoopn.zr < I1X — X O((h + k> + k). O

Kn()”H,ooTn,Lp’ =

Theorem 5.3. For everye > 0
IX = X2 o li.cop < (B> + k) 7€, P-as.,

asymptotically for h and k, small enough such that there exists A > 0 with h> = O(k,);), ie.,
the series of approximations (X", n € N) defined in Eq. (3.3) converges almost surely to X with
order O((h% + kn)' =€) for h, k, — 0.

Proof. Let € > 0, then Chebyshev’s inequality implies with Theorem 5.2 for all 0 < j < n that
P(I1X — X7 I Hoopn = (h* +ka)' ™€)

IA

(/’l2 +ky)” (I-e)p X — Xn ()”H g L7
Cp (h* + k).

A

Since k, = O(n~!) and A% = O(kﬁ) for some A > 0, the series
0 o
S TP(IX = X2l Hoom = (B2 + k) ™) <€ pmre0nd
n=1 n=1
converges for any p > ¢~ '(1 A A)~! and therefore, by the Borel-Cantelli lemma
IX = X2 oo < (B> +ky)' 7€, P-as.,
which concludes the proof. [

As a final step we combine the approximation of the noise from Lemmas 3.1 and 3.2 with
Theorem 5.2.
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The fully approximated scheme reads then (see [3])

- - " _ "
X, = r(knAh)X;?+/"+ r(k,,Ah)Pthyars+/’+

n n
1 1

P (ka AR) PG (X AM* (5)

" s
+/”1 r(knAp) Py G / G(f(j.)dMﬁ(r) dMVE (s).

" "

J J

To preserve the order of convergence for given v > 1, we require k1 > Co h~*/ =D for the
Euler-Maruyama term and x> > C» h~%/ "D for the Milstein term. For an equilibrated error we
use the first « terms of the Karhunen—Logve expansion for the Euler-Maruyama term and +/k
terms for the Milstein term. In this sense the simulation of the Milstein term is computationally
not more expensive than the Euler term. For the Milstein term we have to sum over all mixed
stochastic processes, i.e., K22 resp. /c22 /2 terms, if we use the symmetry of . If the simulation of
the Euler—Maruyama term needs computational effort O(x) and k| = K22, the overall work for
the Milstein term is also O(k1). By adding the Milstein term, we increase the order of conver-
gence, but with the correct truncation of the Karhunen—Logve expansion the overall work does
not increase. Then, the next corollary is a consequence of Theorem 5.2 and Lemmas 3.1 and 3.2.

Corollary 5.4. The sequence of fully discrete approximations (X", n € N) converges in L?
and almost surely to the mild solution X of Eq. (2.1) and satisfies for constants Cy and C, that
depend on T and for k > C[h—2™@2/0v=D7 6r fixed C > 0, where v > 1 with y; < C,i ™",
fori e Nand C, > 0,

S 1/2
IX = X2 loommir < Ci(h+ k™ IX o oo 0 + Cokal X g1 10 oo,
Especially for « = 2 and X € H?, the error is bounded by
I1X = X2 ol t.00m.0 = Oh? + ky).

Furthermore, with the same prerequisites as in Theorem 5.3 it holds asymptotically for any ¢ > 0
that

IX = X2 lHooms < (B2 +k)' 7€, Peas.

Similar results also hold in the semidiscrete case. In conclusion, we see that the approximation
of the noise by an appropriate truncation of the Karhunen—-Logve expansion does not affect the
overall order of convergence of the approximation scheme. Otherwise the convergence of the
noise approximation will dominate the errors (see [4]).
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