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Abstract

This article is concerned with the study of fractal properties of thick points for a 4-dimensional Gaussian
Free Field. We adopt the definition of Gaussian Free Field on R* introduced by Chen and Jakobson
(2012) viewed as an abstract Wiener space with underlying Hilbert space H 2(R%). We can prove that for
0 < a < 4, the Hausdorff dimension of the set of a-high points is 4 — a. We also show that the thick points
give full mass to the Liouville Quantum Gravity measure on R*.
© 2015 Elsevier B.V. All rights reserved.
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1. Introduction

Random measures defined by means of log-correlated Gaussian fields X and that can be
formally written as “m(dw) = e?X@dw” arise in conformal field theory and in the theory
of Gaussian multiplicative Chaos (GMC). When X is an instance of the Gaussian Free Field
(GFF) these measures are referred to as Liouville quantum gravity (LQG) measures. The interest
around such objects comes from physics and in particular from the understanding and proving
the KPZ relation, formulated by Knizhnik, Polyakov and Zamolodchikov [17], which gives the
relation between volume exponents derived using the quantum metric induced by m (dw) and the
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Euclidean metric. Several interesting papers have been written to show this relation, and the first
result is given by Duplantier and Sheffield [10] proving the formula for the planar case. For a
clear explanation of this and other aspects of the KPZ we refer to Garban [11]. To construct such
measures one has to rely on an approximation (cut-off) of the field and there are various methods
to construct this approximation. While on the one hand a more geometric approach (which
explicitly relies on the structure of the field) is present in the work Duplantier and Sheffield
[10], the perspective of Robert and Vargas [26,27,24] dates back to the definition of Mandelbrot
[21], Kahane [16] of multiplicative chaos, which deals with properties of the covariance kernel.
These works extended the concept of multiplicative chaos of Kahane to a more general class of
covariance kernels.

In this paper we focus our attention on the multifractal formalism of the underpinned Gaussian
field, or with an equivalent terminology on its so-called thick points. To our knowledge the first
rigorous study in this direction was made by Mandelbrot [22] in the context of one-dimensional
log-correlated Gaussian fields. Hu et al. [13] showed that the Hausdorff dimension of the set of
a-thick points is 2 — a for 0 < a < 2 for the planar GFF (case of sphere average process). In
Kahane [16], Rhodes and Vargas [24] such a result is shown for certain covariance kernels leading
to multiplicative chaos. In this article we extend the results of Hu et al. [13] to 4 dimensions
using the sphere average process introduced by Chen and Jakobson [3]. The set of thick points
is relevant in understanding the support of the LQG. In fact it was shown in Duplantier and
Sheffield [10] that the LQG measure is almost surely supported on the thick points, in analogy
to Kahane’s similar results [16] on 1D Gaussian multiplicative chaos and to Rhodes and Vargas
[24, Theorem 4.1] in higher dimensions.

To give an analogy in Z¢, one might look at the discrete Gaussian free field. It undergoes a
phase transition at d = 2 in terms of the existence of an infinite-volume limit measure. Similarly
the discrete membrane model (whose covariance is the inverse of the discrete Bilaplacian) shows
the same change of phase in d = 4 (further results about it can be found for instance in Kurt
[18,20]). In the critical dimension both fields possess logarithmically growing variances, and
moreover the results contained in Daviaud [5] and Cipriani [4] show a similar fractal behavior of
the thick points. In the continuum case, a natural analogue of the membrane model would be the
Gaussian field arising from the inverse (in the sense of distributions) of the Bilaplacian operator.
However, it is still an open problem to derive for it an appropriate sphere average in the sense
of Duplantier and Sheffield [10]. In this direction, Chen and Jakobson [3] first constructed the
sphere average process for the massive Bilaplacian Gaussian free field.

The construction of the set of thick points relies on the choice of cut-offs. One of them is the
sphere average process X (x), which can be taken as the average of the field over a ball of radius
€ around x (in the rest of the paper we will assume the parameters denoted by €, €] etc. to be
small). The main advantage of such cut-offs is that they enjoy the spatial Markov property, that
is, informally, the processes (X;45(x) — Xs(x))r>0 and (X;45(y) — Xs(¥))s>0 are independent
whenever ||x — y|| is large enough. Cut-offs can also be created by truncating appropriately the
covariance function [24], or using the orthonormal basis representation for generalized Gaussian
fields [14]. We prefer to stick to the more geometrical construction of the Gaussian free field, as
in Chen and Jakobson [3] rather than handling it as an instance of multiplicative chaos, in the
framework of Rhodes and Vargas [24, Theorem 4.2] although both approaches prove to be fruitful
to investigate thick points. Differences between the two approaches are discussed in Section 2.1.

Main results and structure of the article: In Section 2 we recall the model introduced by Chen
and Jakobson [3] and state our main result more precisely. We show in Theorem 2.1 that the set of
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thick points gives full mass to the LQG measure. Moreover, we show in Theorem 2.2 that the set
of a-thick points has Hausdorff dimension 4 — a when 0 < a < 4. When a > 4, the set of thick
points is almost surely empty. In Section 3 we list some basic properties of the sphere average
process and also provide a proof of Theorem 2.1 using a so-called rooted or Peyriére measure.
The proof of Theorem 2.2 is given in Sections 4 and 5 and relies on proving two different bounds.
For the upper bound we use the version of the Kolmogorov—Chentsov theorem derived by Hu
et al. [13]. For the lower bound we use a standard finite-energy method and the spatial Markov
property of the field. We discuss some comparison and open issues in Section 2.1.

2. GFF model and statement of the main results

To keep the paper self contained we review in this section some definitions of the GFF on R*
from Chen and Jakobson [3] and state some properties of the sphere average process which will
be useful in deriving our main result. In order to do so we begin with the definition of abstract
Wiener space.

Definition 2.1 (Abstract Wiener Space, Stroock [30]). An abstract Wiener space is a triple
(O, H, W), where

e O is a separable Banach space,

e H is a Hilbert space which is continuously embedded as a dense subspace of ©, equipped
with the scalar product (-, -) g,

e W is a Gaussian probability measure on © defined as follows.

Let ©* be the dual space of ©. Given any x* € ©* there exists a unique h,+ € H such that for
all h € H, (h,x*) = (h, hy=) g where (-, x*) denotes the action of x* on @. The sigma algebra
B(©) on O is such that all the maps 6 +— (6, x*) are measurable. JV is a probability measure
such that for all x* € O*,

v [exp (i 5] = exp (— ””;*“31). e

Although the introduction of the set O is evidently important for the definition of the GFF, its
choice is not unique; moreover YW(H) = 0 as explained in Stroock [30, Corollary 8.3.2 and Page
311]. In our setting, we consider the underlying Hilbert space to be H := H? (R“) which is the

completion of the Schwartz space S (R4) equipped with the inner product

(G fon= [ U= fi@ preds forall fi, fre s (RY).

H™? (R4) is the Hilbert space consisting of tempered distributions p such that

1 -2
Il = W/R (14167) i @ <oo

where /i is the Fourier transform. It is possible to identify H with H 2 through the linear
isometry (I — A)™% : H=%2 — H. By abuse of notation we will call /, the image of v € H~2
under (I — A)_z, that is, A, is the unique element in H such that (h,v) = (h, h,)y for
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all h € H. At this point we have to introduce another fundamental object for our work, the
Paley—Wiener integral T (h)). T is viewed as a mapping

I:x* € 0> I(hyw) e L*(W)
6 € 6 [I(h)]0) =0, x*).

By (2.1), we have that {I (hy) :v e H‘z} is also a Gaussian family whose covariance is given
by

Ew [Z (7)) T (hvy)] = (o B )y = (visv2) g2 -

Therefore 7 is an isometry from {A+ : x* € @*} — L?>(W), and since its domain is dense in H,
it admits a unique extension to the whole of H.
For every x € R* and € > 0 denote as ofeH =2 the tempered distribution given by

1
( ’GX)ZW/D( o), foraufeS(R“),

where do is the surface area measure on D(x, €), the sphere of radius € around x. Interestingly,
Chen and Jakobson [3] noted that {Z (hsx) : € > 0} fails to possess the Markov property and
considered instead another Gaussian family:

[7(hes) T (hao) : x e RE € > 0],

with do* the tempered distribution given by (f, do) := & (f, o) for all f € S(R*). Itis
important to point out at this juncture that such a collection is reminiscent of the double boundary
conditions needed for the membrane model in the discrete case [19]. Let ¢ = (1, DT and

_(hOVr 1o
B = <Iz(r)/r 1{1/<r>>’

where i are the modified Bessel functions of the first kind of order k € N (for definitions of the
Bessel functions that appear throughout the article a good reference is for example Abramowitz
and Stegun [ 1, Chapter 9]). Define

€

X o +sTp—1 Ue)C
e =& B (e) <dax> . (2.2)

It was shown in Chen and Jakobson [3] that u} € H_Z(R4) and {I (hﬂ)éc) cxeRY e > 0}
forms a Gaussian family with the correct Markovian properties and is the suitable candidate for
the sphere average process in four dimensions.

Definition 2.2 (Thick Points of the Sphere Average). For the sphere average process the set of
a-thick points is defined as

T ()
T(a) = R*: lim ——<  — /2a}. 23
(a) x e lim NGr=reT a} (2.3)

Here G(¢) = Varyy (I (h M?)) and an explicit expression using Bessel functions is given in (3.1).
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We would also need the definition of a set quite similar to the above:

Ts(a) =4x € R* : lim sup M > Za} . 2.4)
- >0 V272G (e)
It is easy to see that

T(a) C T>(a).

One of the main results of Chen and Jakobson [3, Theorem 5] was to show the existence of
the Liouville quantum gravity measure and the validity of the KPZ relation in R*. Define to this
purpose a random measure on R* by

m? (dx) := E? (x)dx,

where

2
E? =exp (yI (hux) — %G(€)> . v >0

If €, = € with ¢ € (0, 1) and 0 < y? < 272, then there exists a non-negative measure m? on
R* such that the following convergence holds for every f € C.(R*):
lim / Fm? (dx) = / Fx)m? (dx) (2.5)
n—>+00 Jp4 n R4

W-almost surely and also in L?(WV). It is also known that this measure is almost surely positive.
In the following theorem we show that the set of thick points gives full measure to the LQG
measure in R*.

Theorem 2.1. Let 0 < y? < 212, then for a = y?/4w* we have
m’(T(@)°)=0 W—a.s.
That is, the set T (a) gives full mass to the measure m®(-).

For the proof of Theorem 2.1 we construct an auxiliary tool, the rooted or Peyriére measure.
For the use of rooted measures see [10,24].

Before we state our main result on fractal properties of thick points, we recall the definition
of Hausdorff dimension and Hausdorff measure.

Definition 2.3 (Hausdorff Dimension). Let X be a metric space and S C X. For every d > 0 and
8 > 0 define the Hausdorff-d-measure in the following way:

Cgl(S) = inf Zdiam(Ei)d 1 Ey, Ep, E3, ..., cover Sanddiam(E;) < 5} ,
i

i.e. we are considering coverings of S by sets of diameter no more than §. Then
C4,(S) = sup C§ () = lim C{ (S)
8>0 810
is the Hausdorff-d-measure of the set S. The Hausdorff dimension of S is defined by
dimy(S) = inf{d = 0: C4,(S) = 0}.
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Theorem 2.2. For 0 < a < 4, the Hausdorff dimension of T (a) is 4 — a. For a > 4, we have
that T (a) is empty.

Remark 2.1. The above result shows similarity with the membrane model. In Cipriani [4] it was
shown that discrete fractal dimension of the a-high points is 4 — 4a?.

To prove Theorem 2.2 we apply some of the techniques implemented in Dembo et al. [7,6] to
show similar results for occupation measures of planar or spatial Brownian motion.

2.1. Some comments and remarks

In this subsection we point out some open questions and comments on the existing literature
on different cut-offs for Gaussian free fields.

1. Different cut-offs can be considered for the whole plane massive GFF. For example, note that
the Green’s function G (x, y) for the Bessel operator (I— A2 onR9 is given by Ko(||lx —y])
where K (r) denotes the modified Bessel function of second kind of order zero and is given
by

du

OO _u/z _ HX—."HZ
G(x,y) = Ko(llx —yl) = e e —,
0

see Stein [28, Page 133]. This falls in the category of o -positive kernels [16] and star-scale
invariant kernels [2]. Now as in Garban et al. [12] one can consider an increasing sequence
(cn)n>1 with ¢y = 1 and an independent (in n) Gaussian sequence (Y, (x)) with covariance
given by

Cn

d
E[Y, (1) Ys ()] = / Kl =y 2.6)

Cn—1

2
where k(r) = % fooo e~ eV 2dy. Formally, the field can be represented as X (x) = anl
Y, (x) and hence one can consider integral cut-offs of the form X,(x) = > ;_, Yx(x). The
main advantage of working with such cut-offs is that the exponential of the field becomes
a positive martingale and logarithmic bounds due to the covariance structure give uniform
integrability of the martingale, with the goal of proving the existence/uniqueness of the
limiting quantum gravity measure. One can exploit the methods developed in Kahane [16]
to conclude about the lower bound of thick points in such cases. However not all known cut-
offs can be written in such fashion (as also pointed out in some examples in Robert and Vargas
[26]). For instance, we could not show that the sphere average process can be related to any
integral cut-off.
2. We also note that for (X;(x)) a Gaussian process with covariance kernel given by

o0 d
IE[Xt(x)X,(y)]=/l k(u||x—y||)7y

there is no long range independence, but still exponential decay for correlations. It would
be interesting to see whether a modification of the proof for the lower bound presented in
Section 5 could be adapted to these fields. Indeed, the present proof crucially depends on
Lemma 3.1 and thus the independence of the Brownian motions becomes the most important
aspect of it. The use of the exponential decay of the cut-off was recently exploited in the works
of Duplantier et al. [8,9] and Rhodes and Vargas [25].
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3. On R?, the Bilaplacian model on domains is still an open area of research and especially the
construction of the associated sphere average process and its thick points. It would be inter-
esting to derive any geometrical property which is analogous to the conformal invariance of
thick points derived by Hu et al. [13]. We believe the methods used in Chen and Jakobson [3]
and here can act as a starting point of such a study. The sphere average process in fact appears
as a combination of two measures and clearly indicates the role of boundary conditions in a
Bilaplacian boundary value problem.

4. Although not directly related to the present article, the problem of the choice of cut-offs is not
irrelevant. In general the almost sure uniqueness of the limiting quantum gravity measure is
an open problem. Such universality results date back to Kahane [16] who showed uniqueness
in law of GMC under certain conditions. The conditions were relaxed in Robert and Vargas
[26]. The almost sure question in the case of the planar GFF was partially dealt with in Du-
plantier and Sheffield [10] where it was shown that the LQG measures arising out of sphere
averages and orthonormal basis truncations are almost surely equal. It remains to be investi-
gated whether there are sufficient conditions on cut-offs which lead to the same LQG measure
or GMC almost surely. Also we note that the proof of Duplantier and Sheffield [10] uses
conformal properties and hence it is not clear how one could extend such results in higher di-
mensions. Similarly, one may inquire if these uniqueness results are also true for thick points.

We are looking at some of the issues pointed out here and we intend to address them in a
future paper.

3. GFF model and some estimates

This section is devoted to providing some details about the behavior of the sphere average
process, such as the covariance structure. We then use them to derive a proof of Theorem 2.1.

3.1. Some more properties of the sphere average process: covariance structure

Let us denote as D(0, R) the sphere centered at 0 with radius R > 0. Let I, K, be the
modified Bessel functions of order r € N U {0}. Define the positive function G : (0, 00) +—
(0, 00) by

G(r) = (_L) 211 (r) Ky (r) + 2L (r) Ko (r) — 1
4 1) = Io (r) L (r)
It can be shown that G is strictly decreasing and smooth, with lim,_,o G(r) = +oo and

lim,, {5 G(r) = 0. It also follows from the properties of the Bessel functions that as r decreases
to 0, G (r) asymptotically behaves like — # log r. Then, we have that

3.1

1. given x € R*ande; > e, > 0,

Epy [I (hugl ) 7 (huz)] — Eyy [12 (hugl )] =G (e)). (3.2)

2. Givenx, y € R, x # y,and €1, € > 0 with D(x, €1) N D(y, €) =0,

En [ (kg ) 7 (2,)] = 5 Ko e = 1. (3:3)
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3. Givenx, y € R* x # y,and €1, € > 0 with D(y, €2) € D(x, €1),

1 L (llx =yl
472 17 (€1) — Iy (€1) > (€1)

Ew [Z (g, ) T (e, )] = 1o Ul = ¥1D G (en) - (3.4)

2
We would like to point out that Ko(x) = fooo eV d;”. Now using the saddle point method it is
easy to show that this integral is bounded and in fact decays exponentially to O as || x —y| — 4-o00.
On the other hand for ||x — y|| bounded it can be shown, using Abramowitz and Stegun
[1, Equation 9. 6. 54], that

fex) _ ﬁ +H®), (3.5)

Ko() = = (log 3 + ) Io(x) + 22

with H uniformly bounded and y the Euler—Mascheroni constant, using the expansion (see
Abramowitz and Stegun [1, Equation 9. 6. 10])

k
+00 1.2
1@ = (%3) )9 (=) (3.6)

£ kI (v +k + 1)

Hence (3.3) shows that sphere average processes indexed by disjoint spheres have logarithmic
decay of correlations. The independence of €] and €; on the right-hand side of (3.3) is also crucial
to prove Lemma 3.1.

The next lemma states one of the most useful and important properties of the spherical average
process and is analogous to the properties of the two dimensional circle average studied in
Duplantier and Sheffield [10], Hu et al. [13]. It shows that for fixed x € R*, the spherical
average after a time change is a Brownian motion and in disjoint annuli two such motions are
independent. We briefly sketch the proof of the following lemma as it is an easy consequence
after one compares the covariance structure.

Lemma 3.1. (a) Let G(-) be as in (3.1) and for x € R, let B(x,1) = I(h . ) Then
Ke—10)
B(x,t) — B(x, t1) has the same distribution as a standard Brownian motion for t > t|.

(b) Given x,y € R* and h <t < tand sy < s < sy be such that D(x, G_l(sl)) \
D(x,G Y(s2)) and D(y,G '(t1)) \ D(y,G Y (tr)) are disjoint, then {B(x,s) —
B(X, sl)}s1§s§s2 is independent Of {B(y’ t) - B(y’ tl)}t]ftfl‘z-

Proof. (a) It follows from (3.2) that for #{ < s < t one has
Covy(B(x,t) — B(x, t1), B(x,s) — B(x, 1))
=G(G () -GG 1) -GG )+ GG ) =5 —1.

Here we have used the fact that G(-) and G~!(-) are decreasing functions and hence, as
t1 <s <twehave G~ l(t;)) > G (s) > G (v).

(b) As the annuli are disjoint it follows that [ x—y|| > G~ (1)) +G ' (s1) = G~ ()+G 1 (s) =
G~ (1) + G™!(s1) and hence using (3.3) we obtain

Covyy (B(y,t) — B(y,t1), B(x,s) — B(x,s1)) =0. U
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3.2. Proof of Theorem 2.1
Let I" be a compact subset of R*. Let B(I") be the Borel sigma algebra of I". We define a
rooted measure on B(6) ® B(I') as
m? (dx)W(dO)
|1l '

Here |I'| denotes the volume of the set I" with respect to the Lebesgue measure. Note that
MO x I') = Epy [m(’([')] |I'|~! = 1 and as such M is a probability measure on the space
I' x 6.

Letr(t) :== G~ 1t + G(R)), R > 0 fixed and define

Bx,0)(0) = (M())(e)) (Mﬁ)(e).

M(dxdf) =

The following lemma allows us to view the random measure m? in a different way. We show

that the joint distribution of (x, B(x t)) under M(dxd#) is nothing but the distribution of
(x, B(x t) + yt) under W(d@)dx (where y € (0, 272) as in the statement of the theorem)
and in the latter case the marginal on © does not depend on x.

Lemma 3.2. Let 0 < y? < 272, For any compact set I and any F € C.(R* x R) we have

//F(x,E(x,t)(e))M(dxde):i[/ F(x, B(x,)(0) + y)W(d0)dx. (3.7)
elJr 'l JrJe

Proof. Note that for almost every 6, the map I' 5 x — F(x, E(x, t)(#)) is continuous by
Corollary 3 of [3]. So from the vague convergence in (2.5) we have WW-a.s.

lim F(x,E(x,t))mfn(dx)zf F(x, B(x, t))m? (dx).
I

n—oo I

Since the function in the integral is bounded we have for some constant C and for all n

/fF(x,E(x,t))mZn(dx)W(dO)§C|F|.
eJr

So by dominated convergence

1 ~ ~
lim —/ / F(x,B(x,t))mf (dx)W(db) :/ / F(x, B(x,t))M(dxd9). (3.8)
n—>oo [I'l Jo Jr " eJr
Note that for small enough € > 0
Cov(B(x, 1), hux) = G(r(t) —G(R) =t
holds, so

/ / F(x. B(x, )M (dxdg) =’
eJr

lim //F(x B(x t))m (dx)W(dQ)

n—-+00 |F|

ninfoo m /@ /F F(x, B(x, t))Ee,, (x)dxW(do)

= L// F(x, B(x,1)(0) + yt)V(d0)dx
I\'l JrJe

where in the third equality we have employed the Cameron—Martin theorem. [



2392 A. Cipriani, R.S. Hazra / Stochastic Processes and their Applications 125 (2015) 23832404

Proof of Theorem 2.1. Using the fact that Eyy [m‘9 (A)] = | A| for any bounded set A it follows
that the marginal of M on I is nothing but the normalized Lebesgue measure on I'. Hence by
Theorem 9.2.2. of [30] there exists a Borel measurable map

I' s x — Ly() € M1(O),
where M (0) is the set of probability measures on © for which the following holds:
dx
m.

Note that £, (d9) is nothing but a regular conditional probability. Now using the above
decomposition we have that

M(dxdd) = L£,(d9)

//F(x, E(x,x))M(dxd@):L/f F(x, B(x, 1)Ly (d6)dx.
elJr 'l JrJe

So from Lemma 3.2 we have for any compact set I" and F € C.(R* x R)

i// F(x,ﬁ(x,z))cx(de)dx=i/ / F(x, B(x,t) + yOW(d0)dx.  (3.9)
'l JrJe I'lJrJe

If we denote by u, the law of §(x, t) under L, (df) and by v the law of E(x, t) 4+ yt under
W(dO) on R, it is easy to show that for almost every x € R, Uy = v, since (3.9) holds for any
compact set I'. It is also possible to see that v is the law of a standard Brownian motion with a
drift. If we take @ = y2/47? and use the fact that the sphere average process is a time inversion
of a Brownian motion (due to Lemma 3.1), then the set of thick points can also be written as

T(a):{xeR“: limmzy}.

t—00 t

Now from the discussion above we have that

! / L, (T(a))dx.
r

M(T (@) = —
(T (@)) 7

Since the law of B (x, t) under L, is the same as the law of Brownian motion with a drift, the
condition for the thick points gets satisfied with probability 1. So we have M(T (a)¢) = 0,
which, together with the fact that m?(-) is a. s. a positive measure, proves the result. ]

4. Upper bound of Theorem 2.2

In this section we prove the upper bound. By the countable stability property, viz.
o

dimy (U Ei> = sup dimy(E;)
i=1

i 1<i<oo

it is enough to show that for R > 1

T (hpx)
dimy 7> (a, R) = dimy yx € D(O, R) : limsup ——— > +V2a; <4 —a “.1)
- e=0 V212G (e)

almost surely. The next proposition gives the local Holder continuity of the process and through
it we can determine a modification of the process which has some uniform estimates on the
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increments. It is similar to Proposition 2.1 of Hu et al. [13] and uses Lemma C.1 of Hu et al.
[13]. The proof also uses some finer estimates on the covariance functions and some bounds on
Bessel functions which are provided in the Appendix.

Proposition 4.1. There exists a modification X of the process {I (h Mf) :z€ DWO,R), t €

(0, 1)} such that for every 0 < y < % and €,¢ > 0 there exists M > 0 such that the following
holds:

N 1) = w, 9

|X(Z7 r) - X(w7 S)| = M (log r) r(l+€)y ’ (4'2)

forallz,w e DO, R)andr,s € (0, 1]with1/2 <r/s <2.

Proof. Consider x, y € D(0, R), €1, €2 € (0, 1) and we abbreviate

He, o, (x, y) == Covyy (Z (/’l“?l> s (hﬂzz» .

We distinguish between three cases:
Case 1. Letx = y.By Lemma A.1, we have
|H€1,€1 (x,x) — H62,61(x1 x)|
=< |H€1,€1(xvx) - Hel,ez(x»x)l + |H€2,€1(xax) - Hel,ez(xvx)l
(3.2)
< |G(e1) — G(e1 vV &)+ |G(e2) — G(e1 V €2)]
- C|€1 —€2|.
NS W )

Here we have used that |log(z/w)| < ”Zz;—:ﬁ” forall z, w € (0, +00).
Case 2. Let D(x, €1) N D(y, €3) = . Inthis case ||x — y|| > €| + €3 > €. Then

1
|H€1,€1 (xa X) - H€1,€2(X7 y)| = G(Gl) - FKO(HX - Y||)

@5 llx — yl

< —C(loge; +log(|lx — yI) < B
Note that in applying (3.5) a bounded constant does not affect the statement of the
theorem. Similarly one can show that |H, ¢, (¥, ¥) — He, e, (X, y)| < @

Case 3. For D(y, €2) C D(x, €1) one obtains

|Hel,el (x,x) — Hé],éz(-xs I

< |G = LI(lx —yINI+C = L(llx — yl)
I (e1) — Io(er) Iz (€1)
2 B
< —Cloge v -y + X220 < 2

€] €1
Here we have used the series expansion (3.6).
Note that in Cases 1 and 3 we can choose €] and € small so that the asymptotics of the Bessel

functions are justified. Combining these three cases yields

| lx = vl + le1 — e
s (£ 1) -2 (1)) =l
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Since 7 (hl‘?l ) -7 (huiz) is Gaussian,

o[ ()7 (1) [] 2 ¢ (M=)

We can find « and B large enough such that |— — —| < 8, and consequently by Hu et al.
[13, Lemma C.1] there exists a modification X(x, €) = Z(h 2-) a.s. on LZ(W) satisfying
4.2). O

In this section for the proof of the upper bound we work with this modification which we also
denote by 7 (h ) Recall that B(x,t) =7 (h X )
®

Proof of the upper bound. Let e>0andy € (0,1/2),¢ € (0,1) and denote y := (1 + ¢)y.
AlsoletK .= ¢\, r, :=n"
Define the set

U DO, R) : li I<h“f") = V2
r={xe , R) : limsup ——— > +/2a
nﬁ+o£ V272G (ry)

We first show that
Ts(a, R) C Ug. (4.4)

Forx € T>(a, R) andfort € (G(ry), G(ry+1)) we write B(x, G(rp)) = B(x, G(ry))—B(x, t)+
B(x,t). By Proposition 4.1 we have

1 (G0 —ra)”
M (log (G“(t)» Gy

M(log(n + 1)* U*‘V—_r)y = 0((logn)?). (4.5)

r

|B(x,1) = B(x, G(rn))|

IA

IA

n+1
Hence using the fact that G(r,,) ~ Clogn forn — +o00 and { < 1 we have
B, G(r) = Bx.0)| _ ((bgn)f) o,
V272G (ry) G(ry)

Now (4.4) follows as we have

B G
lim su (x (ra)) > limsu (x D @
n—>+oo V2 G(rn) t—>+oo V272t
The next step is to determine a cover for the set Ug. In view of that, let {x,,; : j =1, ..., IE,,},

be a maximal collection of points in D (0, R) such thatinfy; [x,; — x|l > r,{ T¢_ Note that there
exists a constant ¢’ such that k, < ¢’r, 4119 Denote

. _ 1 B, Gra))l }
Ay =31<j<k,: ———>+v2a -4
{ J A2 a—45(n)

with §(n) = C(log n)¢~1 (the constant C will be tuned later according to (4.6)).
We now show that for any N > 1, {J,>n U/E.AN (xnj, r,}"’g) covers Ug with sets having

maximal diameter 2r1+8 First note that for any x € D(0, R), there exists j € {1, R E,,}
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such that x € D (xn s r,}“ ) Otherwise, this would contradict the maximality of the set {x,; :
j=1,..., Izn}. For any x € Ug we have that for N > 1, there exists n > N such that by
Proposition 4.1 the follows holds:

| B(xnj, G(rp)) — B(x, G(rp))| llx _xnj”y
C(logn)é L2 il
Vam2G () = Clogmy G 7
— 5(n) (l;o(gr ”) < Cs(n) (4.6)

which implies, renaming possibly & (1),

B(xpj, G(ry))

Hence we have x € D(xy;, r,i*’f) with j € A,. Let us assume for the moment that, for any

a € (0, 4], there exists a constant C’ (the constant may vary later) such that

Ew [1A4,[] < C'(logn)~!/2pa—40Fertun (4.7)

where v, - 0asn — oo. If we choose o :=4 —a + 8% we have, setting N large,

EW Z Z dlam(D(an’ rr}"l‘é‘))a < Z EW [|An|] (2’»’%4_6)&
n>N jeA, =
= Z(logn)_l/zrr§1+£)a+a—4(1+5)+vn
n>N
< Y (ogm)~'/2reton. 4.8)
n>N

Now as v, — 0 one can choose n large enough, so that v, < &/2. Using r,, = n~ /¢ it follows
that the RHS of (4.8) is finite. Hence we have anN ZjeAn diam(D (x,;, r,ll“))"‘ < 400
almost surely. Therefore, using notation from Definition 2.3 we get,

CoUR) < ) Y diam(D(xnj, 1y FN)*,
N n=N jeA,

Now taking N — o0, since the right hand side is finite, we have C (Ug) = 0 almost surely. So
we have that,
4+a

di Ur) <4 -— .
imy (UgR) < a+81+8

Now letting ¢ | O implies dimy/ (7= (a, r)) < 4 — a a.s. This completes the proof of the upper
bound provided we show (4.7). We first estimate W (j € A,) as follows:

WG eA) =W (“’”’G—\/(ir(;))' > (v2a - 8<n))¢2n2\/G<rn)>

C'(a+ )~ 2G (ry) 1 exp (—a (1 + vy) 2712G(rn)>

A

IA

C'(logn)~1/2paton,
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since G (ry) ~ —'%2% a5 n — +00 and v, = ¢ (logn)2¢=D — ¢r(logn)¢~! for some constants

c1 and cp. Since ¢ € (O, 1), we have v, — 0. Furthermore

Ew [14u]] < C'(logn) ™" Phyr\*T) < € (logn)~"/2pgton=40159),

This proves (4.7) and hence the upper bound.
Now we show that for every R > 1, T> (a, R) is empty for a > 4 using the above estimates.
Note that

DS WAAL > D <Y Ew A <)t <07 Tt < oo

n>1 n>1 n>1 n>1

and hence by the Borel-Cantelli lemma we can conclude that, if ¢ becomes arbitrarily small,
|A,| = 0 eventually and so T (a, R) is empty for a > 4 with probability one. [

5. Lower bound of Theorem 2.2

To derive the lower bound we use the energy method, for whose details we refer to Section
4.3 of Morters et al. [23]. The a-th energy of a measure u is given by

// du(x)du(y)
-yl

Given a set A, the method allows to say that if we can find a measure p such that Zx(p) < 00,
then dimy (A) > «. For this, partition the hypercube J := [0, 1]* into Sy 4 smaller hypercubes
of radius s, = % Let x,,; be the centers of these hypercubes and C,, be the set of these centers.
Define t,, :== G(sy,) for all m < n. Note that since G is decreasing we have that t,, is increasing
and also using the asymptotic expansion of G we have r,, = — l(;isz'” (140 (1)).Let A, (x), By (x)
be the events

Ap(x) = { sup  |B(x,t) — B(x, ty) — V dam?(t — )| <Vt =t s

Iy <t=<tjp+1

B, (x) = {sup |[B(x,t) — B(x,ty)| —t <1— tm}.

(=

We say that x is an n-perfect a-thick point if E"(x) = ﬂmﬁn Am(x) N Byy1(x) occurs.
Note that B,y (x) is independent of the other events. We introduce a random variable Y,; for
i=1, ..., |Cy| such that

Y. — 1 if x,,; is an n-perfect a-thick point,
" 0 otherwise.

Fix t,, <t < t,,+1 and on the event E” (x) we have, as m — oo,

|B(x,t) — B(x, 1) — Vdan?(t — t1)| = o(mlogm) = o(t). G.D

Define now the set of perfect a-thick points as

P=UJ U SGsw.

k>1n>k zeCy(a)
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where C,, (a) is the set of centers of which x,,; is a n-perfect thick point and S(z, r) is a hypercube
of radius r centered around z. Let

z (h“'tcfl(z))

T(a,J)=3x€J:lim ————~ =a; C T(a).
—>00 ‘/27.[2t
Lemma 5.1.
Pa) ZT(a,lJ). (5.2)

Proof. If z € P(a) there exists a sequence (z,,)keN of points such that z,, € C,(a) for all k and
lz — zn, | <su.Form suchthatt, <t <t

Bz 1) = Blan. 1) — Vadar2(t = 1)| =0 1)

follows as in (5.1). Since the Brownian motion is a.s. continuous taking the limit for k — +o00
B 1) = Bz 1) —VAar2( — )| =0 ()

and dividing by v/272¢

I (hlii;l(r)> _ m _ 0(1)

272t

which is an equivalent formulation of the set of thick points. [J

Next we make preparations to define a measure p supported on P (a) with positive probability.
For this purpose define a sequence of measures p,, on J supported on n-perfect thick points as
such:

|Cn]

fn () = ; mﬂ{nﬂ:l}k (- NV Sy $2)) 5 (5.3)

where A(-) is the Lebesgue measure.

In the following lemma we list down some important properties of this measure.
Lemma 5.2. Let u,(-) be as in (5.3). Then the following hold:
(@ Ew (D] =1;
(b) sup, Ew [ ())?] < 0o,
(©) sup, Eyy [1a(un)] < 00;
(d) there exist a, b € (0, 00) such that for all n we have

W (b = mn) < b7 Tou) <a) = 0

forany o <4 — a.

The proof of Lemma 5.2 requires a correlation inequality and a lower bound depends on the
following lemma.



2398 A. Cipriani, R.S. Hazra / Stochastic Processes and their Applications 125 (2015) 23832404

Lemma 5.3. Let A,,(x), By, (x) be as above with s, = % Let

E"(x) = ) Am(x) N Byp1(x).

m<n
Then for every y € S(x, s¢) \ S(x, s¢+1), £ > 2, we have

W (E"(x) NE"(y)) <€ W (E"(x0) W (E"(y)), 5.4

where 6y is defined by

%g_c]_[—

Jj<t+1
and Cj = exp (%V 4a7T24/tj+1 — 1t = 4aJT2(l‘j+1 — tj)>.
Proof of Lemma 5.3. Fix ¢ > 2 and y € S(x, s¢) \ S(x, s¢+1). First note that the collections
{Ai(x) : 1 <i <€+ 1}and {A;(x) : £ +2 < i < n} are independent as they depend on

disjoint annuli. Similarly, as S(x, sg42) N S(x, s;) \ S(x, sj41) = @ the collection {A;(y) : j #
£—1,¢,+ 1} and {A;(x) : £ +2 < i < n} are independent. Now note that by the assumption,

w( N Ai(x)>W< N A,»(y))
1<i<{+1 —1<j<t+1
£+1

[T waey [ w@im) = ]‘[%e (5.5)

1<i<t+1 —1<j<t+1

So we have,

W (E"(x) N E"(y)) = W[ ) Ai(x) N Bupr1(x) N (1) A;(») N BnH(y))

Jj=n

IA

i<n j<n

Ai(x)N N A,-(y))

{+2<i<n j<n,j#l—1,0,0+1

IA

w

0
W(ﬂA @n()4; (y))
.0

5W( N A,(x))W( N Aj(y)).

{+2<i<n j<n,j#l—1,0,0+1

If we now multiply and divide the last probability by

W( N A,-<x>>w< N Aj(y))
1<i<t+1 (—1<j<t+1
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W (_ﬂ Ai(x>) 1 (n A,»<y)>

W( N Ai(x)>W( N Aj(y))
I<i<t+1 I—1<j<t+1

Now using the bound in (5.5) and the fact that B, (x) is independent from {A;(x) : i < n} we
get

and use independence we get

W (E"(x) N E"(y)) <

W (E"(x) NE"(y)) <€ W (E"(x) W (E"(y)).
We can adjust appropriately the constant 4y when £ < 2 to complete the proof. [

Using the above Lemma the proof of Lemma 5.2 is almost immediate.

Proof of Lemma 5.2. Note the series Y, , S?(gg converges (absolutely) by the ratio test. By
means of the same criterion one shows also that Y -, s?‘fgsg_ 41 < oo under the assumption

o < 4. Keeping these facts in mind we proceed to the proof.

(a) As S(xp;, sp) forms a cover of J it is easy to show that Eyy [, (J)] = 1. In particular,
Cn]

; W (E" (xni))
|Cn]

=Y A N S(nirsn) = 1.

i=1

Ew [un(N] = W (Yui = D) A(J N S(xnis $n))

(b) Using Lemma 5.3 we have

Sl Wi = 1,1, =1)
21 ni s Inj ) )
Ew [1n(1)?] = ,~,§,,~:1 D BT () S i SMS i 50)

Cal Cnl W (E" (xn) 0 E" (7))

8
Sn Z Z Z W (E" (xpi)) W (E" (xn)))

i=1 (=1 j:l,wz“xn,‘—xm‘ ||>S[+1

IA

|Cn] n

SZZSZ%<ZSZ%<OO

tlél"

| /\

Above we have used the fact that the number of hypercubes with center at x,,; and radius s,
is proportional to g / s

(c) For the expected energy we follow the same procedure as above. Note that [|x,; —x,; 1| > s¢+1
then if we take x € S(xu;, s,) and y € S(xy;, s,) then ||x — y|| > s¢41.

culi)= B [
W =
B lW(En(xm»w (E" ) 50oism) IS 16 = ¥1%
ICul n
=S SZZ 4%““1 <D Gusisdy < +oo.

1181 =1
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(d) By Paley-Zygmund inequality and the fact that sup,-, Eyy [, (J)?] < oo, there exists
v>0
1 (1 —b)?
W (un(J) 2 b) = (1 = b)? > >v>0.
! Ew [a (D1~ sup Eyy [14n(J)?]

n>2

Also using Markov’s inequality we have that

W (1a (1) 2 ") = W [t ()] = b.
Hence choosing b > 0 and v > 0 appropriately we have
W (b= ma) <b7") =W a2 ) =W (1a()) 2 b7") 2 20 > 0.
Also note that since Eyy, [INQ(M,,)] is uniformly bounded in n, using Markov’s inequality we
have
W (I (n) > @) < v.
Hence (d) follows from the above observations and the fact that,
W (b =) b7 Tau) =a) =2 W (b < pua() =671 ) =W (Taua) > a)

>2v—v=v>0 [O

Proof of the lower bound. Now using Lemma 5.2 we continue with the proof of lower bound.
If we define

R = limsup |b < pn(J) < b=, To(un) < a} ,
n——+00

then by Lemma 5.2(d), W (R) is bounded away from zero. I~a being a lower semicontinuous

function, the set of measures pu for which b < u(J) < b~ ! and I,(1n) < a is compact in

the topology of weak convergence. Therefore the sequence (i,),en admits surely along a sub-

sequence (fn, )ken @ weak limit p, which is a finite measure supported on P(a) and whose

a-energy is finite. Hence, we have

w(ci (P@) > 0) > 0. (5.6)
Now by the monotonicity of the Hausdorff-«-measure, if we can show that

w(cl @ 1) =0)e0.1)

then by (5.6), the set {C;‘;“(T(a, J)) > O} will have probability one and hence the proof will
be complete.

Let (h,,)m>1 be an orthonormal basis of H. Let us denote the sigma field generated by the ran-
dom variable Z (h,,) by Fp,. Let 7,,, = U(UjZm F}). Note that the sigma fields F,, are indepen-
dent since (Z (hy,))m>1 are i.i.d. Denote the tail sigma field by 7 = ) T.n. We now claim that

m>0

. I(hu")
1 — L 2 T.
Ilrenjgp V21 G(e) a} ©
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Now from the construction of w7, it holds from Equation 7.9 of Chen and Jakobson [3] that
T (hux) = f1(€)I(hes) + f2(€)I(hgoy), where

eli(e) —2I(¢) —elh(e€)
fi(e) = — : . he)=— .
I7(e) — Io(€) I2(€) I7(e) — Io(€)I2(€)
Since lime_¢ f1(€) = 2 and lim¢,¢ f2(e) = 0, u} — 28, as € — 0 in the sense of distribu-
tions. In fact, since do} (§) = —§J2(e|§|) exp (i (¢, x)R4) — Oforall §,do} — 0 in the sense

of distributions. Thus
lim sup 2 — f1©T )
0 VITGE@ o VaRGGe)

(L (h, x
% = \/Za} € 7. By Stroock [29, Section 2], when {/,, };neN

is an orthonormal basis of H, any 0 € © admits the series representation

‘We now show [lim sup._,o

0 V=Y S () 01

m>1

Hence

[Z(he))0) = (6. o) V= <Z[I(hm)(9)]hm, ol >

m>1

Indeed, for all m, (hy, 67) = hyu(x) and G(€) — +o0 as € — 0. Given any arbitrary mg > 0
large, one sees that

lim m < > [Tt O, © > =0,

m=<m
Wh-a. s. Hence
S1(€)Z(hsx)
1 =2a
{1 P amGe) a}
f1(6)< Yo [ Zhw) ()], Uex>
m=mg

=1l =2 7741 .
Py V271 G(e) Vaar e

Since my is arbitrary, this allows one to apply Kolmogorov’s 0-1 law to conclude. [
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Appendix

Here we will collect some of the bounds on the Bessel functions. These bounds are easy to
derive but for completeness we provide a short proof for them. In the paper we have extensively
used the Bessel function J,, and the modified Bessel functions 7, and K, of the first and second
kind. A closed alternative representation can be found in [1] and it is

L /n cos(z cos 0) (sin §)*"d6,
Jrr (v + %) 0

1 [+ ‘ sin(vzr) [T ,
I,(z) = —/ 2% cog(vh)do — 07) / emicosh—vige ), e R
7 Jo 7 0

Jy(z) =

and

K,(z) =

I'(v+ %)(2z)” f"‘oo cos(t)dt beR
0

JT (12 + 22)0+1/2)

We will prove here an auxiliary bound.

Lemma A.l. (a) For some constant C > 0 and x > 0
117 (x) = Iy(x) (x)| = Cx*.
(b) Let G(-) be as in (3.1), then G(x) < —Clog x for all x € [0, 1], with C > 0 uniform in x.

Proof. (a) Following [15] we have,

Iz(x) L@\ _ W nall
, - \n
IF@) = () L) = (h(x)) x ; 02 477,

where we used the equality (x ( G ) n>l (x;‘frjuzn = , jin being the n-th zero of J; (x)/x

[31]. Now using the identity /1 (x) = (x/C) [[,,>; (1 + ]T> [31, Page 498] we derive
- 1,n

2 ’ ’
Ilz(x) —_ Io(x)12(x) — Il ('x) ()C II(X)>

x I (x)

) 4xj 112<x>Z 4xj1,n
N () S S O L
41%(x)j
1( )Jl,] >C,X2.

S AW
24 ji )2

(b) By part (a) and the series expansion of Bessel functions [1] one can find a bound for G (-) as
follows (y is the Euler—Mascheroni constant):

C
Gx) = ;(211()6)1(1()6) + 2D (x)Ko(x) — 1)

= S((5+ 3 o)
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1 X 3
x| =+ 1 (=1+2y —2log2+2logx) +0O (x logx>
X

+ 2 (xg +0 (x4)) ((—=y +1log2—1logx) + O <x210gx>) — 1)

C x? 3\ —1+2y—2log2 , —1+2y—2log2 ,
_;<1+§+O<x)+ . X2+ 2 x
2 21
+O<x210gx)+%C—I—O(x“)—%—l):—Clogx—i—C’.

Here C, C’ denote positive constants that may vary from line to line. [

References

[1] M. Abramowitz, I.A. Stegun, Handbook of Mathematical Functions: with Formulas, Graphs, and Mathematical
Tables, first ed., in: Dover Books on Mathematics, Dover Publications, 1965.

[2] R. Allez, R. Rhodes, V. Vargas, Lognormal x-scale invariant random measures, Probab. Theory Related Fields 155
(3-4) (2013) 751-788.

[3] L. Chen, D. Jakobson, Gaussian free fields and KPZ relation in ]R4, Ann. Henri Poincaré 15 (7) (2014) 1245-1283.
http://dx.doi.org/10.1007/s00023-013-0277-1.

[4] A. Cipriani, High points for the membrane model in the critical dimension, Electron. J. Probab. 18 (86) (2013)
1-17.

[5] O. Daviaud, Extremes of the discrete two-dimensional Gaussian free field, Ann. Probab. 34 (3) (2006) 962-986.

[6] A. Dembo, Y. Peres, J. Rosen, O. Zeitouni, Thick points for spatial Brownian motion: multifractal analysis of
occupation measure, Ann. Probab. 28 (1) (2000) 1-35.

[71 A. Dembo, Y. Peres, J. Rosen, O. Zeitouni, Thick points for planar Brownian motion and the Erdds—Taylor
conjecture on random walk, Acta Math. 186 (2) (2001) 239-270.

[8] B. Duplantier, R. Rhodes, S. Sheffield, V. Vargas, Critical gaussian multiplicative chaos: convergence of the
derivative martingale, Ann. Probab. 42 (5) (2014) 1769-1808.

[9] B. Duplantier, R. Rhodes, S. Sheffield, V. Vargas, Renormalization of critical gaussian multiplicative chaos and
KPZ relation, Comm. Math. Phys. 330 (1) (2014) 283-330.

[10] B. Duplantier, S. Sheffield, Liouville quantum gravity and KPZ, Invent. Math. 185 (2) (2011) 333-393.

[11] C. Garban, Quantum gravity and the KPZ formula, in: Séminaire Bourbaki, Vol. 64, 2012.

[12] C. Garban, R. Rhodes, V. Vargas, 2013. Liouville brownian motion. arXiv preprint arXiv:1301.2876.

[13] X. Hu, J. Miller, Y. Peres, Thick points of the Gaussian free field, Ann. Probab. 38 (2) (2010) 896-926.

[14] S. Janson, Gaussian Hilbert Spaces, in: Cambridge Tracts in Mathematics, Cambridge University Press, 1997.

[15] C.Joshi, S. Bissu, Some inequalities of Bessel and modified Bessel functions, J. Aust. Math. Soc. A 50 (2) (1991)
333-342.

[16] J.-P. Kahane, Sur le chaos multiplicatif, Ann. Sci. Math. Québec 9 (2) (1985) 105-150.

[17] V.G. Knizhnik, A.M. Polyakov, A.B. Zamolodchikov, Fractal structure of 2D-quantum gravity, Modern Phys. Lett.
A 3(8) (1988) 819-826.

[18] N. Kurt, Entropic repulsion for a class of Gaussian interface models in high dimensions, Stochastic Process. Appl.
117 (1) (2007) 23-34.

[19] N. Kurt, Entropic repulsion for a Gaussian membrane model in the critical and supercritical dimension (Ph.D.
thesis), University of Zurich, 2008.

[20] N. Kurt, Maximum and entropic repulsion for a Gaussian membrane model in the critical dimension, Ann. Probab.
37 (2) (2009) 687-725.

[21] B. Mandelbrot, Possible refinement of the lognormal hypothesis concerning the distribution of energy dissipation
in intermittent turbulence, in: M. Rosenblatt, C. Atta (Eds.), Statistical Models and Turbulence, in: Lecture Notes
in Physics, vol. 12, Springer, Berlin Heidelberg, 1972, pp. 333-351.

[22] B. Mandelbrot, M. Lapidus, M. Van Frankenhuysen, Fractal Geometry and Applications: Multifractals, probability
and statistical mechanics, applications, in: Fractal Geometry and Applications: A Jubilee of Benoit Mandelbrot :
Analysis, Number Theory, and Dynamical Systems, American Mathematical Society, 2004.

[23] P. Morters, Y. Peres, O. Schramm, W. Werner, Brownian Motion, in: Cambridge Series in Statistical and
Probabilistic Mathematics, Cambridge University Press, 2010.


http://refhub.elsevier.com/S0304-4149(15)00015-0/sbref1
http://refhub.elsevier.com/S0304-4149(15)00015-0/sbref2
http://dx.doi.org/doi:10.1007/s00023-013-0277-1
http://refhub.elsevier.com/S0304-4149(15)00015-0/sbref4
http://refhub.elsevier.com/S0304-4149(15)00015-0/sbref5
http://refhub.elsevier.com/S0304-4149(15)00015-0/sbref6
http://refhub.elsevier.com/S0304-4149(15)00015-0/sbref7
http://refhub.elsevier.com/S0304-4149(15)00015-0/sbref8
http://refhub.elsevier.com/S0304-4149(15)00015-0/sbref9
http://refhub.elsevier.com/S0304-4149(15)00015-0/sbref10
http://refhub.elsevier.com/S0304-4149(15)00015-0/sbref11
http://arxiv.org/1301.2876
http://refhub.elsevier.com/S0304-4149(15)00015-0/sbref13
http://refhub.elsevier.com/S0304-4149(15)00015-0/sbref14
http://refhub.elsevier.com/S0304-4149(15)00015-0/sbref15
http://refhub.elsevier.com/S0304-4149(15)00015-0/sbref16
http://refhub.elsevier.com/S0304-4149(15)00015-0/sbref17
http://refhub.elsevier.com/S0304-4149(15)00015-0/sbref18
http://refhub.elsevier.com/S0304-4149(15)00015-0/sbref19
http://refhub.elsevier.com/S0304-4149(15)00015-0/sbref20
http://refhub.elsevier.com/S0304-4149(15)00015-0/sbref21
http://refhub.elsevier.com/S0304-4149(15)00015-0/sbref22
http://refhub.elsevier.com/S0304-4149(15)00015-0/sbref23

2404 A. Cipriani, R.S. Hazra / Stochastic Processes and their Applications 125 (2015) 2383-2404

[24] R. Rhodes, V. Vargas, Gaussian multiplicative chaos and applications: a review, Probab. Surv. 11 (2014) 315-392.

[25] R. Rhodes, V. Vargas, 2013. Liouville brownian motion at criticality. arXiv preprint arXiv:1311.5847.

[26] R. Robert, V. Vargas, Hydrodynamic turbulence and intermittent random fields, Comm. Math. Phys. 284 (3) (2008)
649-673.

[27] R. Robert, V. Vargas, Gaussian multiplicative chaos revisited, Ann. Probab. 38 (2) (2010) 605-631.

[28] E.M. Stein, Singular Integrals and Differentiability Properties of Functions, Princeton University Press, 1970.

[29] D. Stroock, Abstract Wiener space, revisited, Commun. Stoch. Anal. 2 (1) (2008) 145-151.

[30] D. Stroock, Probability Theory: An Analytic View, Cambridge University Press, 2010.

[31] G.N. Watson, A Treatise on the Theory of Bessel Functions, Cambridge University Press, 1944.


http://refhub.elsevier.com/S0304-4149(15)00015-0/sbref24
http://arxiv.org/1311.5847
http://refhub.elsevier.com/S0304-4149(15)00015-0/sbref26
http://refhub.elsevier.com/S0304-4149(15)00015-0/sbref27
http://refhub.elsevier.com/S0304-4149(15)00015-0/sbref28
http://refhub.elsevier.com/S0304-4149(15)00015-0/sbref29
http://refhub.elsevier.com/S0304-4149(15)00015-0/sbref30
http://refhub.elsevier.com/S0304-4149(15)00015-0/sbref31

	Thick points for a Gaussian Free Field in 4 dimensions
	Introduction
	GFF model and statement of the main results
	Some comments and remarks

	GFF model and some estimates
	Some more properties of the sphere average process: covariance structure
	Proof of Theorem 2.1

	Upper bound of Theorem 2.2
	Lower bound of Theorem 2.2
	Acknowledgments
	References


