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Abstract

In this paper, we first use PDE techniques and probabilistic methods to identify a kind of quasi-
continuous random variables. Then we give a characterization of the G-integrable processes and get a
kind of quasi-continuous processes by Krylov’s estimates. This result is useful for the development of
G-stochastic analysis theory. Moreover, it also provides a tool for the study of the non-Markovian It6
processes.
© 2016 Elsevier B.V. All rights reserved.
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1. Introduction

Motivated by model uncertainty in finance, Peng [11,12] firstly constructed a kind of
dynamically consistent fully nonlinear expectations through PDE approach. An important case
is the G-expectation E[-] and the corresponding canonical process (B;);>0 is called G-Brownian
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motion analogous to the classical Wiener process. Under the G-expectation framework, the
corresponding stochastic calculus of Itd’s type was also established in Peng [13,14].

The G-expectation can be also seen as a upper expectation. Indeed, Denis et al. [1] obtained
a representation theorem of G-expectation E[-] by stochastic control method:

R[X]= sup Ep[X] for X € L;p(£2),
PeP
where P is a family of weakly compact probability measures on ({2, B({2)). Moreover, they
gave a characterization of the space LZ(Q) and proved that every random variable in Lé (£2) is
quasi-continuous. The representation theorem was also obtained in [6] by a simple probabilistic
method.

The present article is devoted to the study of integrable random variables and stochastic
processes in the G-expectation framework. The classical Lusin’s theorem indicates each random
variable is “quasi-continuous” in a probability space. However, it is difficult to verify a random
variable is quasi-continuous in the G-expectation framework, since the measures in P may be
mutually singular. This problem has restricted the development of the G-stochastic analysis
theory. For example, it is difficult to construct the approximation of an admissible control to
get the dynamic programming principle for G-stochastic control problems and we cannot use the
approximation theory of measurable function to prove the Markov property of the G-stochastic
differential equations.

To overcome this difficult, we use PDE techniques and stochastic control methods to ob-
tain some polar sets associated to X, which is a multi-dimensional G-Itd process. Based on
these polar sets, we prove some “irregular” Borel measurable functions on ({2, B({2)) are quasi-
continuous, which implies the space L,.(£2) contains enough elements such as I{x,e[q,5);- Thus
the approximation of quasi-continuous random variables through simple functions is possible.
Indeed, Hu and Ji [2] studied the G-stochastic control problems with the help of this result.
In I-dimensional case, Martini [10] also got some polar sets by a pure probabilistic approach.
By our arguments, we also obtain the convergence rate, which enables us to study the sam-
ple path properties of the non-Markovian Itd processes, such as the differentiability and the
maxima.

The similar questions arise for the G-integrable processes, and the rest of this paper is
devoted to studying the space Mg (0, T). First, we give a characterization of M g (0, T), which
non-trivially generalizes the result of [1]. Moreover, we establish a monotone convergence
theorem for quasi-continuous processes. Next we apply Krylov’s estimates to get a kind of
quasi-continuous processes. In particular, these estimates induce a weak dominated convergence
theorem for G-1t6 processes, which is useful for the study of G-stochastic analysis. For example,
this result can be used to deal with the well-posedness of G-backward stochastic differential
equations under non-Lipschitz condition.

This paper is organized as follows. In Section 2, we recall some necessary notations and
results of G-expectation theory. In Section 3, we study the polar sets and give some useful quasi-
continuous random variables. In Section 4, we obtain the characterization of M g (0, T) and get
some useful quasi-continuous progressively measurable processes by Krylov’s estimates.

2. Preliminaries

The main purpose of this section is to recall some basic notions and results of G-expectation,
which are needed in the sequel. The readers may refer to [13—16] for more details.
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Let 2 = Cg (RT) be the space of all R4-valued continuous paths (w;)r=0, With wg = 0,
equipped with the distance

o0
pl' ) =) 27 [(max. o} — ?]) A 11
i=1 ’

For each ¢ € [0, 0c0), we denote

B;(w) := w; for each w € §2;

B({2): the Borel o-algebra of (2, {2 = {w.n; : w € 2}, F; = B({%);

LO(£2): the space of all B({2)-measurable real functions;

LO(2,): the space of all 5({2;)-measurable real functions;

By (£2): all bounded elements in L2(£2); By (£2;) := Byp(2) N LO(2));

Cp(12): all continuous elements in By(£2); Cp(£2,) = Cp(2) N LO(12));

Lip(2) = {9(By,....By) : k € Njtj,....,tx € [0,00),¢9 € Cprip(R¥*9)}, where
Cp.1ip(R**?) denotes the space of bounded and Lipschitz functions on R¥*?; L;,(2;) =
Lip(2) N LO(2).

For each given monotonic and sublinear function G : S(d) — R, let the canonical
process B; = (Bt’)fl:1 be the d-dimensional G-Brownian motion in the G-expectation space
(12, Lip(12), I@[-], (I@t[~]),zo), where S(d) denotes the space of all d x d symmetric matrices. For
each p > 1, the completion of L;,({2) under the norm IIXIILg = (]]:3[|X|1’])1/1’ is denoted by

LZ (£2). Similarly, we can define LZ(QT) for each fixed T > 0. In this paper, we always assume
that G is non-degenerate, i.e., there exist two constants 0 < o2 2 < oo such that

<&
1, 1,
5o tlA — Bl < G(A) = G(B) < -5°u{A — B, forA>B.

Then we deduce that |G(A)| < 162v/d/tr[ AAT] for any A € S(d).
Denis et al. [1] proved that the completions of Cp,(§2) and L;,({2) under || - || Ly, are the same.

Theorem 2.1 ([1,6]). There exists a weakly compact set of probability measures P on
(12, B(£2)), such that

E[£] = sup Ep[], forallE € LL(92).
PeP

P is called a set that represents E.

Remark 2.2. Denis et al. [1] constructed a concrete set Py that represents I&. For simplicity’s
sake, we consider the 1-dimensional case, thus G(a) = %(&zcﬁ — gza’) for each a € R.

Suppose B is a Brownian motion defined on ({2, LO($2), P), then
t
Pu = {Pe :Pp=PoX ' X, =/ 0,dBy, 0 € L%(0, T1; [o?, &2])}
0
represents I@, where LZ}-([O, TI; [gz, 62]) is the collection of all adapted measurable processes
with o2 < |6, < 52.
Let P be a weakly compact set that represents I&. For this P, we define capacity

c(A) .= sup P(A), A e B().
PeP
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An important property of this capacity is that c(F,) | c(F) for any closed sets F,, | F.
Aset A C B({?2) is polarif c(A) = 0. A property holds “quasi-surely” (q.s.) if it holds outside
a polar set. In the following, we do not distinguish between random variables X and Y if X =Y

q.s.

Definition 2.3. A real function X on {2 is said to be quasi-continuous if for each ¢ > 0, there
exists an open set O with ¢(O) < ¢ such that X|pe is continuous.

Definition 2.4. We say that X : {2 — R has a quasi-continuous version if there exists a quasi-
continuous function Y : {2 — R such that X =Y, q.s.
Theorem 2.5 ([1,6]). We have
L) =1{X e L°2): Jim E[X|? Ijx)=n] = 0 and
—> 00

X has a quasi-continuous version}.

Theorem 2.6 (/1,6]). Let (Xi)i=1 C LL(2), be such that Xy | X q.s. Then B[X] | E[X]. In
particular, if X € L5(82), then B[|X; — X[ . 0.

Definition 2.7 (/5]). Assume Xy € Lé;(Qz) for each & € O. Then the essential supremum of
{Xp | 6 € O}, denoted by esssupg g Xo, is a random variable ¢ € LIG(.QI) satisfying:

(i) VO € O, ¢ > Xp q.s.;
(ii) if & is a random variable satisfying & > Xy q.s. forany 8 € O, then ¢ < & q.s.

Definition 2.8. Let Mg (0, T') be the collection of processes of the following form: for a given
partition {rg, ..., ty} = 7 of [0, T],

N—1
(@) = & (@) g, (1),
i=0
where & € L;p(f2,),i =0,1,2,..., N—1.Foreach p > 1, denote by Mg(O, T) the completion
of M2 (0, T) under the norm || gz = (E[fOT In:|Pde)V/P.

For each n € Mé (0, T'), the G-Itd integral {fot ﬁsdBé}te[O,T] is well defined, see Peng [16]
and Li—Peng [9].

3. Quasi-continuous random variables

In this section, we shall prove some “irregular” Borel measurable functions on {2 are quasi-
continuous by virtue of a PDE approach. We consider the following G-It6 processes (in this
paper we always use Einstein’s summation convention): for each given x = (x1, ..., x,)| € R”
and1 <i <n,

. 1 to. . t
X7 =xi + f ai(s)ds + / B/*(s)d(B/, BY), + / 0;(s)d By,
0 0 0

where /¥ (1) = B¥ (1) and o; is the ith row of o Denote by X* = (X', ... X™"T o(r) =
@ (), ..., a,()) T and ¥ty = (B{*@), ..., BI*(1))T. Then the above G-Itd processes can

Please cite this article in press as: M. Hu, etal, Quasi-continuous random variables and pro-
cesses under the G-expectation framework, Stochastic Processes and their Applications (2016),
http://dx.doi.org/10.1016/j.spa.2016.02.003




M. Hu et al. / Stochastic Processes and their Applications 1 (1111) II1-111 5

be written as

t r ) t
X =x—|—/ (xsds—i—/ ,BS’kd(B-’,Bk)mL/ oydB;. (1)
0 0 0

In this paper, we shall use the following assumptions:

(H1) For each s > 0, (o/)o<s<s and (ﬂ[jk)()gtfs are in Mé(O,s;R”), (01)0<t<s are in
ML, s; R4,
(H2) There exists a constant L > O such that for each 7 € [0, 00),

lai ()] < L, |ﬁl.jk(t)| <L, loi(t)| < L, forj,k<dandi <n.
(H3) There exist two constants 0 < A < A < oo such that for each t € [0, 00),

Mouxn < 01007 < Aluxn, ifn <d,

Mixg < (G,)To, < Aljxq, ifn>d.
(H4) There exist two constants 0 < y < I' < 0o such that for each (¢, x) € [0, co) x R",

y <loi®* = o;(1)(0i(0)T < T, for i <n.

Remark 3.1. If n < d, then (H3) is stronger than (H4).

In order to state the main results of this section, we shall use the stochastic representation for
the HJB equation. For this purpose, we denote the following sets:

V={v= (o, B,0)| a, B and o satisfy assumptions (H1), (H2) and (H3)}
and
Vo = {v € V| v is a constant process, i.e., v(¢) = v(0) foreach ¢ > 0 }.
Now for each fixed t+ > 0, v € V and for each given & € LZG(Q,; R"™), consider the following

G-Ito process:

K s . ) s
XLEY =g +f aydr +/ gl*a(B’, BX), +f o,dBy. (2)
t ' t
Then for each fixed T > O and & € Cp, 1;p(R"), we define

Ytt’s = esssupr,[@(XtT’g’v)], tel0,T].
veV

Next, for each x € R", we set
u(t,x) = Y)*.
It is important to note that u (0, x) = sup, ¢y IAE[@(X(;’X’U)].

Theorem 3.2 ([5]). For each fixed T > 0, we have

(1) u(t, x) is a deterministic continuous function of (t, x);
(2) Foreach & € L%(2: R™), Y15 = u(t, &);
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(3) u is the unique viscosity solution of the following PDE:

du 4 sup {G(o " D*uc +2(B’*, Dyu)) + (a, Dyu)} =0,
vEV() 3
(t,x) €[0,T) x R", 3)
u(T,x) = d(x).

Remark 3.3. In the definition of V), we can also assume «, 8 and o satisfy assumptions (H1),
(H2) and (H4). In this case, the set Vj, value function u# and Eq. (3) have to be redefined
accordingly.

3.1. Polar sets associated to G-It6 processes
In the following, we first prove that c({X; = a}) = O forany r > O and a € R", i.e. the
G-It6 process X; does not weight single point. The proof is based on an estimate of the solution

to PDE (3).

Lemma34. Let T > 0, p = (n Ad)Aa?(8d52A)~1, 0 = 2da?A) !, e = Bk) ' AT, m > 8k

and u,, be the solution of PDE (3) with the terminal condition u,,(T,x) = exp(—%ﬂllz),
wherea = (ay, ..., Lln)T e R", n Ad = min{n, d},

k= L2(%dd + D*((n Ad)ra®) L.
Then for any (t,x) € [T — e, T) x R"?, we have

0<um(t,x) <A +mT—1))"". 4)

Proof. It is easy to check that u,, (¢, x) = 0 is a viscosity subsolution of PDE (3). Thus by
comparison theorem we get u,, (¢, x) > 0 for each (¢, x) € [0, T] x R". Set

mé|x — al? )

21+ m(T —1) ®)

m(t,x) = (1 +m(T — 1)) "exp <

2
It is obvious that i, (T, x) = exp(—w). In the following, we shall show that ii,, is a
viscosity supersolution of PDE (3) if t > T — ¢. It is easy to verify that

Byiiy = pm P m29|x — a|2 i
14+m(T —1) 20 4+m(T —1)2 ™
Dy = — 0 — ) o
: 1+m(T—1) "™
92 i mo p m202|x; — a;|? p
i 1+m(T -0 " (A+m@T—0)2"
G2 i = T DI )y

(1 +m(T —1))?
For each v € V), by the assumptions (H1)—(H3), we obtain that

o2

1
G(—O’TO) < —_Ttr[a—ra] < —E(n A d)kgz,
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2
1
Go'x—a)x—a)o) < %|x —al*trfo o] < 5d/1c‘72|x —al?,
‘ 1
G (" x —aDfpy) = JLE%dVdIx —al,  —(a,x —a) < LIx —a].

Note that L(62d+/d + )|x — a| < L*(&%dvd + D)*x —a*((n Ad)raH) ™! + ;(n A d)ra?.
Then for (¢, x) € [T — &, T) x R", we have

At + sup{G (o " D3itmo + (BN (1, %), Daitm))§ 1)) + (@, Dyiim)}

vel)y
< Qliym + _ mBim sup G(—o o)
L+m(T —1) yey,
m202i,,

. mTum T, _\T
+(1+m(T—t))2 vs;l)lj)oG(o x—a)(x —a) o)

2méu Ou
i O sup {—{a, x — a)}

ok _ mOin
sup G x —a)jue) + "V

4+
L+m(T —1) yey,

mOiiy, 2( m )
S———————al"\ /= —«
1+m(T —1) 41 4+ m(T — 1))

mOu,, 2 m
<— |x—a|"| — —«
14+m(T —1) 4(1 + me)

moiu,, 2 m — 8k
= |x—a|* X ———
1+m(T —1) 8(1 + me)

SO’

which implies that #,, is a viscosity supersolution of PDE (3) if r > T — ¢. Thus by comparison
theorem we obtain for (¢, x) € [T — ¢, T] x R",

U (t,X) < tp(t,x) < (1 +m(T — l))7p~

The proof is complete. W

Remark 3.5. If « = /¥ = 0. From the above proof, we can take p = (n A d)ro?(2d&52N)7 1,
0 =(d52A)~ !, e =T (k =0), m > 0 and the results also hold true.

Remark 3.6. We remark that there is a potential to extend our results to a much more general
nonlinear expectation setting. In particular, by slightly more involved estimates, our results still
hold for the following PDE (see [3-5]):

du + sup {G(o " D2uo + 2(B'*, Dyu) + fi(t, Dyu, v))
vely
+ (o, Dyu) + fo(t, Dxu,v)} =0,
u(T,x) = d(x),

where f; (i = 1,2)1is a Lipschitz continuous function satisfying f; (¢, 0, v) = 0. The proof is the
same without any difficulty.
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Theorem 3.7. Assume (H1)—(H3) hold. Then we have for each T > 0

X _ 2
fa[exp (—W)} < (1 +mT ne)?, ©)

where X is the G-It6 process (1) and 0, p, € are given in Lemma 3.4. In particular, we have

c({Xy =a}) =0. @)
~ X _ 12
Proof. If T < ¢, it follows from Lemma 3.4 and E[exp(—w)] < u,(0,x) that

) [exp(
that

X _ 12
—M)] < (1 +mT)°. If T > ¢, by Theorem 3.2(2) and Lemma 3.4, we get

T—e, X%
_mf| Xy T~ al?

2

. mo| X% — al?
Elexp(——————

< Blup(T — &, X3_,)]
< B[(1 4 me)™"]
= (1 +me)~".

mO| X% —al?

Thus we obtain Eq. (6). Note that exp(— = ) > I X3=a}> then

mo| X% — al?

c({XF =a)) < E [exp (— 7

)} <(1+m(T rne)~".

Thus we can get c({X7 = a}) = 0 by lettingm — co. W

We remark that Martini [10] proved a similar result in the one dimensional case. By a
probabilistic method, he obtained that the It process does not weight single point under strict
ellipticity condition. In Theorem 3.7, we also obtain the convergence rate (6), which can be used
to estimate the quality of the G-It6 processes staying in a ball.

Corollary 3.8. Assume (H1)—(H3) hold and « = B’* = 0. Then for eacht > 0, y € R" and
€ > 0, we have

N 0\ €2
X —yl < < — ) —,
c({IX; -yl _e})_exp(2> v

where p = (n A d)Aa?(2da*A)~", 0 = (da*A)~". In particular,
lim sup c({|X; —y| <€}) =0.

€30y cpa

Proof. By Remark 3.5 and Theorem 3.7, we obtain for each y € R"” and m > 0,

o [exp (- MOIXE BN
2 (1 4+mHr’

Please cite this article in press as: M. Hu, etal, Quasi-continuous random variables and pro-
cesses under the G-expectation framework, Stochastic Processes and their Applications (2016),
http://dx.doi.org/10.1016/j.spa.2016.02.003




M. Hu et al. / Stochastic Processes and their Applications 1 (1111) II1-111 9

Thus we get for each m and € > 0,

. moe2\ mo| X — y|? moe? 1
E[lyxs—y<ey] < exp 5 E [exp R S— < exp 2 dEmne

In particular, taking m = eiz, we get for each y € R”,

({| X | - }) - % 62/0
X — € €X -] —
¢ t y — — p 2 [p ’

which completes the proof. W
Example 3.9. From Corollary 3.8, we can obtain that for each t > 0, y € R? and € > 0,
2p
€

0
c({|B; —y| < €}) <exp (—) —,

2] tP

where p = %22, 0 = (d5%)~!. This inequality provides a way to study the sample path properties

of non-Markovian It6 process in the Wiener space. Indeed by Remark 2.2, we have

0\ €2
PUIX, —y| < €}) <exp (§> <

and X; = fé 0sd By is non-differentiable almost everywhere (see [19]).

By Remark 3.3, we conclude also the value function u is the viscosity solution of PDE (3)
under the assumptions (H1), (H2) and (H4). Then we have the following result.

Lemma 3.10. Let T > 0, p = yo2(862I") "1, 0 = 26°I") !, e = 8k) ' AT, m > 8« and u,,

be the solution of PDE (3) with terminal condition u,,(T, x) = exp(—w), where a; € R,

k = L2(&2dNd + 1) (ya®) L. Then for any (t, x) € [T — e, T) x R", we have
0<upm(t,x) <A +m(T —1)"". (8)

Proof. The proof of u,, (¢, x) > 0 is the same as in Lemma 3.4. Set

(1, x) = (1+m(T —1)" moli — ol ©)
U (t, x) = m(T — expl —————M— ).
" P\ 205 m@ =y
It is obvious that i, (T, x) = exp(—w). In the following, we show that 7i,, is a viscosity
supersolution of PDE (3) if t > T — ¢. It is easy to verify that, for each v € V)
90 pm - m29|x,~ — lll'|2 ~
Uy = Um — U,
T e m(T -0 " 20+m(T —1)2 "
9 i mo(x; —a;) .
My = —————— Uy,
xiUm L+ m(T —1) m
. mb - m26%|x; —a;|* .
a)%xum:_ Up + b 1| SUms
it 1+m(T —1) (1 4+m(T —1))

8xjﬁm:O, a)%ixjﬁm:()’ .]7517

T2~ 2~ T
o Diuyo = (ax,-x,-“m)ai oj,
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2 =2
o o-I’
G(—0, o7) < —%; Go] o) < .

i ~ ~ ik
(B, Dxim))4 my = @il (B 4
Then for each (¢, x) € [T — ¢, T) x R", we have

Ot + sup{G (0" D3itmo + (2B, Delim))9 ) + (&, Dyii)}

UEV()
~ moit,, T m20%ii, |x; — a;|? T
< Oly + ————— G(—o;' 0;) + G(o; oj*
= Otlm 1 +m(T — t) vseu‘l})o ( Ul Ul) (1 +m(T _ t))2 US;\];O (Gl Oj )
2méu ik
R g sup G((— (i - a) B (1, ) ko))
mbi,,

+——————— sup (@ — xi)a;
[m(T — 1) oop (@ =Xt

mOiy, 5 m
S —al" | Y —«
14+m(T —1) 4(1 + me)

507

which implies that i,, is a viscosity supersolution of PDE (3) if # > T — . Thus by comparison
theorem we obtain for (¢, x) € [T — ¢, T) x R”,

U (t,x) <ty (t,x) < (1 +m(T —1))"".
The proof is complete. MW

Note that the above result still holds if assumption (H4) is valid only for some i. By a similar
analysis as in Theorem 3.7, we can show that c({X;""' = a;}) = O forany ¢t > O and ¢; € R.
We remark that one can also obtained this result by Martini’s approach and Girsanov’s theorem.
However, we can also get the convergence rate. Indeed,

Theorem 3.11. Under the assumptions (H1), (H2) and (H4), we obtain that for each T > 0

. mo| X3 — a;|? _
E [ exp S S— <0 +m(T re)~P, (10)
where 6, p and ¢ are given in Lemma 3.10.

By the above result, we can show that the maximal process does not weight a single point.

Corollary 3.12. Assume d = 1. Then we have c({B; = a}) = 0 for each a € R, where
B} = SUpg<s<; Bs-

Proof. Without loss of generality, assume ¢t = 1. For each m > 1, set ¢,(x) = exp
2(14p)

(—%), where 6, p are given in Lemma 3.10. Then applying Fatou’s lemma yields

that

c({B} = a) < liminfElg, (sup(Byy. By, ... B},
m—0o0

where " = - foreachi < m.
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By Remark 3.5 and Theorem 3.11, we conclude that
Elgn (sup{Byr, By D] < Elgn (B + sup{0, By — By )]
< Elgn (By)] + EIElgn (y + By — By)ly=5,p ]

e\ 2
<2(1+m » m <

m2te’

Iterating the procedure for m times implies that

Elgn (sup(Byr, By, ..., Bi)] <

mite

and this completes the proof. W

Example 3.13. By Remark 2.2, we have P({X; = y}) = 0, where X} is the maximal process
of X; = f(; 0sd B and this provides a way to study the maxima of non-Markovian Itd process.
Moreover, one can get that X; has a unique maxima in the interval [0, ¢].

Finally, we shall study the capacity of the G-Ito process staying in a curve.

Theorem 3.14. Assume (H1), (H2) and (H4) hold. Suppose f satisfies 0y, f, 8%, X f €
Cp,Lip(R") and there exist two constants 0 < § < A < oo such that

n 2
Z axi fai
i=1
Then for each T > 0 we have

c({f(X7)=0}h =0.

5 <

< A.

Proof. Applying the G-1t6 formula yields that

t t . .
FOC) =f () + /O e fai(s)ds + /0 [axifﬂf"+%a§ix,faijaz;c] ()BT, BY),
t
+ [ ausoias.
0

Thus )?f = ((Xf)T, f(X;“))T can be seen as the G-It6 process (1) corresponding to
L o(t) ~on o(t)
v = ( d, fo (r)) - 0= ( oy, foi (r))

B (1)
o 1
|:8x,- 18" + zafix,fmjmk] (1)

Thus we have c¢({ f (X7) = 0}) = 0 and this completes the proof. W

and

Bl =

Example 3.15. The property required upon the gradient of the curve f is necessary. Indeed, we
taken =2,d = 1,x =0,b = 0, h/* = 0,0 = (I,-1)7T and f(x,y) = x — y. Then
f(Br, Br) =0, g.s. However 0, fo1 + 9y fo, =0.

Please cite this article in press as: M. Hu, etal., Quasi-continuous random variables and pro-
cesses under the G-expectation framework, Stochastic Processes and their Applications (2016),
http://dx.doi.org/10.1016/j.spa.2016.02.003




12 M. Hu et al. / Stochastic Processes and their Applications 1 (1111) III-111
3.2. Some applications

In this subsection, we shall identify some non-trivial quasi-continuous Borel measurable
functions on {2 and we always assume (H1), (H2) and (H4) hold.

Theorem 3.16. Let £ € LL(2;RY) and A € B(RY) with c({& € 3A}) = 0. Then Ijgeay €
LL(2).
G

Proof. For each € > 0, since £ € Llc(Q; R¥), we can find an open set O C 2 with c(0) < %
such that £|oc is continuous. Set D; = {x € RF : d(x,dA) < %} and A; = {x € Rk :
d(x,0A) < 3—.}, it is easy to check that {§ € D;} N O€ is closed, {§ € A;} C {§£ € D;} and
{£ e D;}NO° | {&§ € dA} N O€. Then we have

c{E e D;INO°) | c({E € 0A} N O°) = 0.

Thus we can find an ip such that c({§ € A;;} N O°) < % Set 01 = {§ € A;)} U O, itis easy
to verify that c(O1) < €, Of = {£ € Afo} N O°€ is closed and I{zc 4y is continuous on Of. Thus
I{zc A is quasi-continuous, which implies I{gea) € LlG(.Q). n

Now we consider the capacity of Xé’é hitting the boundary of cubes, where X*¢ is the G-Ito
process (1) starting at ¢ and from the random variable &£. Then, by the above theorem, we can get
a kind of quasi-continuous random variables associated to G-It processes.

Lemma 3.17. Let A = [a, b], where a, b € R" with a < b. Then for each given t > 0,
§ e LZG(Q,; R™), s > t, we have c({Xﬁ’g € 9A)) =0.

Proof. It suffices to prove that c({XE5 = ai)) = c({X55 = b;)) = 0. We shall only show
that c({Xﬁ’S“1 = a1}) = 0 and the other cases can be proved in a similar way. For each m, set
2

Om(x) = exp(—%). Applying Theorems 3.2 and 3.11, we conclude that

Elgn (X)) < (1 +m((s —1) Ae) ™"
Letting m — oo yields the desired result and this completes the proof. MW
Theorem 3.18. Let A; = [a', b’ witha', b' € R", a' < b’ fori > 1 and D € B(R") with
0D C UL, 0A;. Then for each givent > 0, & € Lé(Qt;R”), s > t, we have I €
L§(82). In particular, Iixsepy € L (5%).

{xy*eD)

Proof. This is a direct consequence of Lemma 3.17 and Theorem 3.16. W

In the following, we only consider the capacity of B; on the sphere. But the method can be
applied to deal with Xé’g.
Lemma 3.19. Let D be a d-dimensional sphere. Then we have for each t > 0,

c({B; € aD}) = 0.

Proof. Without loss of generality, we assume D is the unit sphere. Set x = (x1,...,x4—1) and
denote functions

J@) =1 = X zp<y-
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For each € > 0, there exists a nonnegative function J¢(x) € Cg° (R4=1) such that

_ 1, if |%] < 1 — 2¢;
€ _ s = 3
I (x)_{o, if 5] > 1 —e.

Then define function f€(x) = x4 —J(¥) f (x). Itis easy to check that J¢(x) f (x) € C3° (R4,
Moreover, |Z:~i:1 Ay, f€ (x)ei|? = Zfz_ll [0y, f€ (x)|? + 1. Then applying Theorem 3.14, we
obtain for each given t > 0,

c({B? — J¢(B,) f(B,) = 0}) =0,
where B, = (Bll, el Btd_l). Consequently,
c({B — f(B) =0y N{|B,> <1 —2¢}) =0.

Note that {BY — f(B;) = 0} N {|B,|> < 1 —2¢} 1 {BY — f(B;) = 0} N {|B;|> < 1}, then by
taking € | 0 we get that

c({B — f(B,) =0} N{|B* < 1}) =0.
From Theorem 3.11, we get c({Btd = 0}) = 0. Therefore, we deduce that

c({B{' — f(By) =0} < c({B — f(B) =0} N {|B;|* < 1}) + c({Bf = 0}) =0.
By a similar analysis, we also get c({Btd + f(ét) = 0}) = 0. Thus

c({B; € 3D}) < c({B{ — f(B,) = 0)) + c({B{ + f(B,) =0}) =0,
which is the desired result. W

The following result is a direct consequence of Theorem 3.16, Lemmas 3.17 and 3.19.

Theorem 3.20. Suppose A; is a d-dimensional sphere or [al, b'] with a', b € RY, ai < bt for
i > 1.If D isin BRY) with 3D C U2, dA;, then Iip,epy € L (8) for anyt > 0.

Example 3.21. Assume d = 1. Given a function u € Cp ;,(R). Then for each given n € N, we

take

m2—1
Q) =i i (), i=0,...,2n%—1, W, =1- Z Al
i=0

We denote u” (B;) = Zfﬁ) u(—n + ;—)hf (Bt). Then by Theorem 3.20 and a direct calculation,
we conclude u" (B;) € LlG(.Q,) and

lim E[Ju"(B,) — u(B)[] =0,

n—oo
which can be seen as a counterpart of the approximation of function in the nonlinear expectation

theory. In particular, it provides a method to construct the approximation of an admissible control
under the G-expectation framework, more details can be founded in [2].
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4. Quasi-continuous processes

In this section, we shall study the integrable processes under the G-expectation framework.
First, we consider the characterization of M g (0, T). Then we apply Krylov’s estimates to get
some quasi-continuous processes.

4.1. Characterization of Mg 0,T)

We shall give a characterization of the space M, g (0,T) foreach T > 0 and p > 1, which
generalizes the results in [1].
Set F; = B({%) fort € [0, T] and the distance

p((t, w), (', @) = |t —1'| + max |ws — wil,  for (1, ), (', ') € [0, T] x Or.
s€(o,
Define, for each p > 1,
R T
M?(0,T) = {n : progressively measurable on [0, T] x {27 and E [/ |n,|pdt:| < oo}
0
and the corresponding capacity

1. T
Cc(A) = TE |:/ I4(2, a))dt] , for each progressively measurable set A C [0, T] x {27.
0

Proposition 4.1. Let A be a progressively measurable set in [0, T] x 7. Then I = 0 ¢-q.s. if
and only if fOT Iao(t, )dt =0 c-g.s.

Proof. It is obvious fOT IA(t, )dt > 0. Thus we can easily get IAE[fOT I4(t, w)dt] = 0 if and only
if c({f, 1a(z,)dt > 0}) = 0, which completes the proof.

In the following, we do not distinguish the progressively measurable process n from n’ if
cn#n') =0.
Proposition 4.2. For each p > 1, M?(0, T) is a Banach space under the norm ||n|yr =
ELfy InlPdi)'/P.
Proof. The proof is the same as the classical case and we omitit. W

It is clear that Mg (0, T) c MP(0, T) for any p > 1. Thus Mg (0, T) is a closed subspace of
MP (0, T). Also we set

M_.(0, T) = {all adapted processes 1 in Cp ([0, T] x £27)}.

Proposition 4.3. For each p > 1, the completion of M.(0,T) under the norm || - |\mr is
ML, T).
Proof. We first prove that the completion of M.(0, T) under the norm | - ||pe is included in

ME(0, T). For each fixed n € M. (0, T), we set

k—1
() = Zo naryk Ol asor ) 0).
1=l
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By Theorem 2.5, it is easy to verify that n* Mg (0, T). For each ¢ > 0, since P is weakly
compact, there exists a compact set K C {27 such that ]I:Z[I kec] < e. Thus

T T T
E[/O Im—nfl”dt}fﬂ*l[leo Im—nfl”dt}jLE[lxc/O Int—nfl”dt}

< sup  Tlg(®) —nf (@) + QD Te,
(t,w)€l0,T]xK

where [ is the upper bound of 7. Noting that [0, T] x K is compact and n € Cp([0, T] x §27),
thus

T
lim sup & [/ [ — nf|1’dz} < 2DPTe.
0

k— 00

Since ¢ is arbitrary, we get ||nk —nllmr — 0ask — oo. Thus n € Mg (0, T'), which implies the
desired result.

Now we prove the converse part. For each given 1, = ZINZBI §illy 1) (0) € Mg(O, T),
we can find {¢,i k> 1} € C(0,00)),i < N,k > 1 so that supp(¢,’;) C (4, t+1) and
fOT |¢,’;(t) — i ®1Pdt — 0 as k — oo. Set ﬁf = ZZV:B] é,-q&,i(t), it is easy to check that
i € M.(0, T) and ||i* — 7j|jm» — 0 as k — oo. Thus each element of Mg (0, T) belongs to the
completion of M, (0, T') under the norm || - |2, which completes the proof. W

Definition 4.4. A progressively measurable process n : [0,T] x 27 — R is called quasi-
continuous (q.c.), if for each ¢ > 0, there exists a progressively measurable open set G in
[0, T x {27 such that ¢(G) < ¢ and n|ge is continuous.

Remark 4.5. Our definition of quasi-continuous process is different from the ones in [17,18].

Definition 4.6. We say that a progressively measurable process 1 : [0, T] X 2r — R has a
quasi-continuous version if there exists a quasi-continuous process i’ such that ¢({n # n'}) = 0.

Theorem 4.7. For each p > 1,
T
Mg(O, T) = {n e MP(0,T) : ngnooE [/0 |n,|”1{,7,|>N}dt] = 0and
n has a quasi-continuous version} .

Proof. We denote
T
Jp = {r) e MP(0,T): lim E |:/ |77,|p1{|n[|>1v}dti| =0and
N—oo 0 -
n has a quasi-continuous Version} .

Noting that the completion of M. (0, T)) under the norm || - ||pp i Mg (0, T), then, by the same
analysis as in Propositions 18 and 24 in [1], we can get Mg 0,T) C Jp.

On the other hand, for each n € J,, we need to prove that n € M g (0, T'). Without loss of gen-
erality, we assume that 7 is quasi-continuous. For each N > 0, set nN = (M AN)V(—N),since
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]E[fOT Ine — nN|Pdt] < I@I[fOT 0|7 I{jn,;=nydt] — 0as N — oo, it suffices to show that n"v
M g (0, T') for each fixed N > 0. For each ¢ > 0, there exists a compact set K, C {21 such that
]E[Ikg] < ¢ and a progressively measurable open set G, C [0, T] x {27 such that ¢(G,) < ¢ and
N |e is continuous. By Tietze’s extension theorem, there exists a function F;N e Cp([0,T] x
(ZT) such that |7iV¢| < N and iV:|Ge = n"|ge. Foreach k > 1, we set F'** = GN([tf, tl+]]x
r) fori < k — 1, where tik = sz fori =0,..., k. Since G{ is progressively measurable, we
can get FX e B([0, t l+1]) X B(Qf,-kﬂ)' Since F* is closed, again by Tietze’s extension theorem,

there exists a function V4% e €, ([0, tik+1] x £2r) such that V7% e B([0, tl.k+1]) X B2k 1),
i+
¢ < N and VK| i = 0| i We denote 77 () = Y052 ¢ MR o) T g (1) and
i+

T T
-N.k ~ k ~
nl{\l (CL)) — nN,k (t _ E, (L)> I[t{\"T)(t), N &, (CL)) N € <1‘ — E, a)) I[[f,T)(t)'

A similar analysis as in Proposition 4.3 implies that 7V € M g (0, T'). Moreover, we obtain that

T
E[/ Infv—ﬁfv’kl”dt]
0
A T A
= (5] [ |n£v—ﬁ,’v*8|l’dr}+E[/ e = i ar
0 0
R T
+E[/ A ‘§V~"|Pdt])
0
R T R T
<3 (E[/ |n,N—ﬁ£V’g|"dr}+E[/ |ﬁf”—ﬁt’v'8*k|f’dr}
0 0
U |ﬁ?“’€—ﬁ,N”‘|"er
0
<3 1(2(2N)PT5+IEU |~N€—ﬁ,N’5’k|pdt:|>
0
53”1(2(2N)”T8+(2N)p +]E[/ A N“‘v’dt])
tl

T
2Q2N)PTe + (2N)P +E |:IKg/ |7e — ﬁ,N"s’klpdt:|
t

1

T
+E[1KS/ i~ ‘N”v’dzD
*

1

T
<3P [3Q2N)PTe + QNP = + sup
(t,w)eltf, T1x K,

T p
x T |V, w) — gNe (t—;,a)) )
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Noting that [0, T] x K, is compact and 7™-¢ € C,([0, T] x £27), thus

T
limsupE [/ |7][N — ﬁtN’k|pdt] < (6N)PTe,
0

k— 00

which implies nV € Mg (0, T'). The proof is complete. W

Remark 4.8. Note that the Tietze’s extension theorem cannot ensure the extension of a
progressively measurable process is also progressively measurable. Then we provide an
alternative way to prove the characterization of M, (p; (0, T), which is different from that of [1].

By Theorem 4.7, we immediately have the following result.

Corollary 4.9. Let n € M(l; (0,T)and f € Cp([0, T] x R). Then (f(t, n:))i<T € Mg(O, T) for
any p > 1.

Theorem 4.10. Let 1 be in M(l; 0,7), k > 1, such that n* | n é-q.s. Then IAE[fOT n{‘dt] 4
I@[fOT nedt]. Moreover, if n € M5(0, T), then IE[[OT Ik — neldt] | 0.

Proof. Since n* € M(l;(O, T), we can choose n*N e Mg(O, T) such that@[fOT |n{‘—nf’N|dt] —
0as N — oo. It is easy to check that fOT nf’th € LL(9r) and [ fOT nkNar — fOT nkdt|] <
I@[fOT Ik — nEN|dt]. Then we get fOT nkdt € LL({r) for k > 1. By Proposition 4.1 and
Theorem 4.7, it is easy to verify that fOT r/fdt s fOT nydt c-q.s. Thus, applying Theorem 2.6 yields
that B[ [ nkan)  BLf) ned). 1 n € ML(O, T), then [n* — n| € ML(0, T) and [n* — 5] | 0¢é-
g.s., which implies that I@[[OT |nf —neldt] L 0. W

The following example shows that M (p; (0, T) is strictly contained in M” (0, T').

2 2

Example 4.11. Suppose 0 < 0° < 6° < 00, T > 0. We consider 1-dimensional G-Brownian
motion (B;);>0. ({B))r>0 is the quadratic process of (B;);>0. Let

"= 1{(3),=M} fort <T.

Then we claim that n & M(l;(O, T). Indeed we can choose fk(t, x) € Cp(0, T x R), k > 1,
such that

2 =2
fk(t,x)zl for x_w SZ;
2 k
2, =2
i x)=0 for x—w ZZTT.

. 2,22
Set gk = Af.‘zl f', itis easy to check that gk e Cp([0, T x R), gk(z, x) = 1 for |x — W| <
T and gk | 1{ IS Since gX(t, (B);) | mn;, we have gk(z, (B);) € M\(0, T) by Corol-
X=="F—"

lary4.9.1f n € M(l; (0, T), then it follows from Theorem 4.10 that I@[fOT |gk(t, (B)r)—n¢ldt] | 0.
On the other hand, by the representation of E[-] in [1], there exists a probability measure P € P
such that (B), = (‘422 — L) v ¢?)r P-as. Therefore we have B[ [T |gk(z, (B)) — n;d1] >
Epl fOT |g¥(t, (B);) — n;|dt] = T and this contradiction implies that n ¢ M (0, T).
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4.2. G-integrable processes

In the above subsection, we give the characterization of M (p; (0, T). However, it is also difficult
to check that a progressively measurable process is quasi-continuous. Then the present section
is devoted to finding some Borel measurable functions on [0, T'] x {21 are quasi-continuous
processes.

In this section, we always assume n < d and (H1)-(H3) hold. For some fixed xo € R",
consider the G-It6 process X0 given by (1). For convenience, we set X = X*0.

Theorem 4.12 (Krylov’s Estimates). For each § > 0 and p > n, there exists a constant N de-
pending on p, A, A, L, G and 8§ such that for each Borel measurable function f(t, x) and g(x),

0
E [/() exp(—=81)| f(, Xt)|dt:| =< N”f”LPH([o,oo)X]Rn),

o
E [fo eXp(—St)lg(Xr)Idt} = Nllglizr@n).

Proof. Let P be the weakly compact set that represents . By Corollary 5.71in Chapter 3 of [16],
we obtain that d(B/, Bk) = yt dt q.s. anda tlyxg < Yy = (y, ) k=1 = 52t1;.4. Note that
B is a martingale on the probability space ({2, (F;);=0, P) for each ‘P € P. Then it is easy to
check that

ro_1
WIP :=/ 7s 2dBg, P-as.
0

is a Brownian motion on ({2, (F;);>0, P). Thus we have

t t 1
X, _x0+/ a, ds+[ ﬁ]k Ajkds+/ O’S);SdeYP, P-as.
0

Applying Theorem 3.4 in Chapter 2 of Krylov [7] (see also [8]), we can find a constant N
depending on p, A, A, L, G and § such that for each Borel measurable function f (¢, x),

o
Ep [ /O exp(—51)| £ (1, Xt)|dt} < NI llost o, 1peny-

Therefore, we have

1) [/OO exp(—41)| f (¢, Xt)|dt] = sup Ep |:/ooexp(—8t)|f(t, X,)|dti|
0 PeP 0
= N||f||Lp+1([0,T]x]R")
and the second inequality can be proved in a similar way. W
The following estimates are from Theorem 4.12.

Corollary 4.13. For each T > 0 and p > n, there exists a constant Nt depending on
p, A, A, L, G and T such that for each Borel measurable function f(t, x) and g(x),

T
E [/(; [ f(z, Xt)|dt:| = NT“f”LPJrl([o,T]XRn),

T
E [/O Ig(Xt)Idt} < NrligllLr@n-
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From now on, we shall use Krylov’s estimates to generate some quasi-continuous processes.

Lemmad4.14. () If ¢ isin LP([0, T] x R*) with p > n + 1, then for each T > 0, we have
(W (t, Xp))<r € Mé(O, T). Moreover, for each ' = v, a.e., we have ¥'(-, X.) = ¥ (-, X.).

(ii) If ¢ is in LP(R") with p > n, then for each T > 0, we have (¢(X;))i<T € M(l;(O, T).
Moreover, for each ¢’ = ¢, a.e., we have ¢'(X.) = p(X.).

Proof. We only prove (ii), since (i) can be proved in a similar way. Note that there exists a
sequence of bounded continuous functions ((pk)kzl, which converges to ¢ in L? (R"). Then by
Corollary 4.13, we can find a constant C’ so that

T
lim & [ / - ¢|<xf)dt] < ' lim [l¢* —gllLr@n =0.
0 —

k—o00

By Theorem 4.7, we can get (¢*(X;));<r € ML(0,T) for each k > 1. Thus we obtain
(@(XD))i<r € MG, T).
Assume ¢ = ¢’, a.e. Applying Corollary 4.13 again, we conclude that

T
E U " — sol(Xz)dt} <C'll¢" = eliLr@n =0,
0
which completes the proof. W
Theorem 4.15. Let ((pk)kzl be a sequence of R"-valued Borel measurable functions and

lpk(x)] < CA + |x|"), k > 1 for some constants C and 1. If o — ¢, a.e., then for each
T >0andp > 1,

T
lim E [/ lo (X)) — ¢(X,)|sz} =0.
k—o00 0

Proof. By Lemma 4.14, we may assume that |¢(x)| < C(1 + |x|"). For each fixed N > 0, we
have

T T
E [/o " (X1) — w(Xz)I”dt} <E [/o o (X)) — (P(Xt)|p1{x,<N}dti|

T
+ E [/0 o (X) — §0(Xz)|pI{Xf|ZN}dti| ~

By Corollary 4.13, there exists a constant C” independent of k such that

n

T
E f 105 (X)) — o(XDIP [x,1<mydt | < C’
0

f ¥ (x) — p(x)|"Pdx
{lx|<N}

Then applying Lebesgue’s dominated convergence theorem yields that

T -
E / |‘Pk(Xt) — (X)) Iyx,1<mdt | > 0 ask — oo.

Noting that |¢* (X:) — o(X)I” [yx,1=n) < E25(1 41X, D)P| X, then we get

T (7 2007 (T .
lim sup [/ lo" (X1) — w(Xr)I”dt} =< ( ]C\;) / EL(1+ 1X:1)7 (X, |1dr.
0 0

k— 00
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Since N can be arbitrarily large, we obtain
T
lim K [/ " (X1) — ¢(Xz)|”dt} =0,
k—o00 0

which is the desired result. W

Theorem 4.15 can be seen as a weak dominated convergence theorem for the G-It processes.
By this result, we obtain

Theorem 4.16. If ¢ is a R"-valued Borel measurable function of polynomial growth, then we
have (9(X,))i<r € M2(0, T) for each T > 0.

Proof. We can find a sequence of continuous functions (@) k>1 with compact support, such that
ok converges to ¢ a.e. and lp¥(x)] < C( + |x|"), where C, [ are constants independent of k.
Then by Theorem 4.15, for each T > 0, we conclude that

T
lim E [/ |k — (p|2(X,)dt:| =0.
k—o00 0

Since (gok(X,))IST € Mé(O, T) for each k by Theorem 4.7, we derive that (¢(X;)):<r €
M é (0, T) and this completes the proof. MW
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