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Abstract

We show that the convergence rate of asymptotic expansions for solutions of SDEs is higher in the case
of degenerate diffusion compared to the elliptic case, i.e. it is higher when the Brownian motion directly acts
only along some directions. In the scalar case, this phenomenon was already observed in Gobet and Miri
2014 using Malliavin calculus techniques. Here, we provide a general and detailed analysis by employing
the recent study of intrinsic functional spaces related to hypoelliptic Kolmogorov operators in Pagliarani
et al. 2016. Applications to finance are discussed, in the study of path-dependent derivatives (e.g. Asian
options) and in models incorporating dependence on past information.
© 2016 Elsevier B.V. All rights reserved.
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1. Introduction

We consider a continuous R¢-valued Feller process X = (X;)ef0,7] defined, according
to [16], on the space (Q, F, (}—;)OSISSST’ (Pt,x)(z,x)e[o,T]xD) where D is a domain of R? and
T > 0 is fixed. We assume that the infinitesimal generator of X coincides on [0, T] x D with a
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second order differential operator of the form

1 Po Po
A= Y @it )i + ) ailt, )3 + (Bx, Vo), (1,x) €R xR, (1.1
i,j=1 i=1

where pg < d and A verifies the following

Assumption 1.1. Ag == (a;;(t, X)),

_ satisfies the non-degeneracy condition
i,j=1,....po

Po
RMIER < > aij(t, 0)EE) < MIEP, (1, x) e Rx R, & e RP, (12)
i,j=I

for some positive constants M and u;

Assumption 1.2. B is a (d x d)-matrix with constant entries satisfying the following structural
condition

o O --- 0 O
Bp 0 ... 0 O
=0 B --- 0 0 (1.3)
O 0 --- B 0
where each B is a (pj x p;_1)-matrix of rank p; and
r
pozpizozp=l. Y pi=d.
Jj=0
Example 1.3. Let X = (S, A) where
dS[ = US[dW[, dA[ = Stdt, (]4)

are the price and average processes in the Black & Scholes model for the pricing of arithmetic
Asian options. In this case, we have d = 2, pp = 1 and

)

The infinitesimal generator of X is

o222
—
2
and clearly coincides, on any domain D compactly contained in R~ x R., with an operator
of the form (1.1), that satisfies Assumptions 1.1 and 1.2. Clearly, more sophisticated multi-
dimensional models, including stochastic and local volatility, as well as non-null interest rates,
fall within the general framework above.

X1x1 +xlax27 (x1,x2) € Rog x R.p,

Assumption 1.2 implies that vector fields dy,, ..., dy, and

'XPO

Y := (Bx, Vi) + 8 (1.5)
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satisfy the Hormander condition (cf. [27]). Under suitable regularity conditions that will be
specified later, the ultra-parabolic operator

K=A+09 (1.6)

admits a fundamental solution (see [38,8]). In the case pg < d, which is the focus of this work,
this is a remarkable fact as the second order part of A is fully degenerate at any point. Operators
X of this kind are often referred to as Kolmogorov operators.

In this paper, we study the asymptotic expansion of the conditional expectation

u(t,x) =E; x[p(X7)], (t,x)€[0,T] x D. 1.7

Our analysis takes advantage of the intrinsic geometry and the related regularity structures
induced by the Kolmogorov operator K. These features bring a number of benefits that are
explained here below, and distinguish our approach from others in the literature. It is worth to
emphasize further that our results are carried out under strictly local assumptions on the generator
of the Feller diffusion X, which coincides with a Kolmogorov operator on a domain D, not
necessarily equal to R?. The proof of our main result, Theorem 3.5, will be split in two separate
steps: first, in Theorem 3.8, we consider the case D = R? for which we employ some Gaussian
upper bounds for the transition density of X; second, we adapt a localization procedure originally
introduced in [40] and lately extended in [4]. The latter localization procedure is coherent with
what is known in the theory of diffusions as the principle of not feeling the boundary (cf.
[23,18]). This allows to include in our analysis degenerate models such as the well-known CEV
model (that is when o in (1.4) is not a constant but a function of § of the form o (§) = S? for
some y € R) and the Heston stochastic volatility model as very particular cases.

1.1. Intrinsic Taylor-based asymptotic expansions

Intrinsic Holder and Sobolev spaces for Kolmogorov operators were studied by several
authors, among others [9,2,31,30,34,32]. In Section 2 we recall some results on the homogeneous
Lie group and the related intrinsic Holder spaces, hereafter denoted by Cg’“, induced by the
vector fields 9y, .. ., BXPO and Y in (1.5): in this framework, in [37] the authors proved a Taylor
formula with reminder expressed in terms of the homogeneous norm of the group. Deferring
precise definitions and statements until Section 2, the nth order intrinsic Taylor polynomial,
centered at £ = (s, &) € R x R?, of a function f € Clp“ reads as

1
T, (f, O)(z) = Z k_(ykagf(s, £)(t — ) (x — e(t—s)B&.)ﬁ’

2k+|Blp=n 'A!
z=(t,x) e R xR?, (1.8)

where |B|p, given in (2.4), is a suitable weight for the multi-index' g € Ng. Such Taylor
expansion forms the cornerstone of the perturbation technique that we study in this paper. Here
below we summarize the intuitive idea behind it and its primary features.

We recall that, under mild assumptions that will be specified in Section 3, the function u in
(1.7) satisfies

{fKu =0, on [0, T[xD, (1.9)

u(T,) =¢, onD.

1 We denote by N the set of natural numbers and Ny = N U {0}.
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Notice that (1.9) is not a standard Cauchy—Dirichlet problem since no lateral boundary conditions
are imposed. In a series of papers, two of the authors propose a perturbative method to carry out
a closed-from approximation of solutions to (1.9) under the assumption that X in (1.1)—(1.6) is
locally parabolic, i.e. po = d and B = 0 in (1.3) (for a recent and thorough description the
reader can refer to [29,35]). The basic idea is to approximate the generator by Taylor expanding
its coefficients, and take advantage of some symmetry properties of Gaussian kernels. Sharp
short-time/small-noise asymptotic estimates for the remainder of the expansion are then proved.
In order to generalize the aforementioned technique to the case py < d, we perform an expansion
that is compatible with the sub-elliptic geometry induced by Kolmogorov operators. Assuming

ajj,a; € C g’ ' we expand the operator X through the sequence (fKE,Z))Oq< y defined as

B 1 Po _ Po ~
)G =3 _Zl Ty (aij. 2) (2)3xx; + Zl T (a1, 2) ()3, + Y,
i,j= i=

z=(t,x) € R x R, (1.10)
where T}, (a;j, Z) is the Taylor polynomial of a;;, defined as in (1.8), centered at a fixed point

7eRxRY and T_; (a;,27) = 0.

Remark 1.4. When pg < d, the intrinsic space Clg® is strictly contained into the corresponding
Euclidean Holder space C™“: for this reason, the regularity assumptions on the coefficients are
weaker than in the parabolic case.

The leading term of the expansion, JC@, is the Kolmogorov operator with constant coeffi-
cients

_ 1 Po B
%KD = 3 Z aij (D)d,x, + Y, (1.11)
ij=1

defined on R x R?. It is well-known that fK(()Z) admits a Gaussian fundamental solution that sat-
isfies some remarkable symmetry properties written in terms of the increments appearing in the
intrinsic Taylor polynomials in (1.8). The main result of this paper, Theorem 3.5, provides an ex-
plicit approximating expansion for u (¢, x) in (1.7), equipped with sharp short-time error bounds,
and can be roughly summarized as:

N+1+k

N
u(t,x)=u0(t,x)+ZL,,(I,T,x)uo(t,x)—i-O((T—t) > ) ast — T—, (1.12)

n=1

uniformly with respect to x € D, where:

— the leading term u is the solution of the Cauchy problem for UC(()Z) with final datum ¢;

— (Ln)1<n<n is a family of differential operators, acting on x, that can be explicitly computed
in terms of the intrinsic Taylor polynomials T, (ai iz Z) and T, (a;, ) (see Theorem A.2);

— the positive exponent k, contributing to the asymptotic rate of convergence, is the intrinsic
Holder exponent of ¢. Precisely, ¢ € C 5‘3 according to Definition 2.4.

Such approximation turns out to be optimal to several extents. In particular, the benefit in exploit-
ing the intrinsic regularity is threefold: first, since the intrinsic Taylor polynomial is typically a
projection of the Euclidean one, we avoid taking up terms in the expansion that do not improve
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the quality of the approximation; secondly, the fact that the increments of the intrinsic Taylor
polynomial appear in the symmetries of the fundamental solution of JC(()Z) allows to get compact
approximation formulas; finally, the asymptotic rate of convergence of the expansion also de-
pends on the intrinsic regularity of the datum ¢, which is typically higher than the Euclidean
regularity. This is particularly relevant in the financial applications (see Remark 1.5).

1.2. Applications to finance and comparison with the existing literature

The application of Kolmogorov operators in mathematical finance is particularly relevant in
the pricing of Asian-style derivatives. These are financial claims whose payoff is a function not
only of the terminal value of an underlying asset, but also of its average over a certain time-period.
In most cases of interest, the problem of computing the conditional expectation (1.7), which
defines the no-arbitrage price of such financial claims, is not known to have an explicit solution,
and thus a considerably large amount of literature has been developed in the last decades in order
to find accurate and quickly computable approximate solutions. Some of these approaches make
use of asymptotic techniques that lead to semi-closed approximation formulas. In this section we
aim at firming our results within the existing literature on analytical approximations of Asian-
style derivatives. Before to proceed we recall that other financial applications, where averaged-
diffusion processes are employed, include volatility models with path-dependent coefficients,
e.g. the Hobson—Rogers model [22].

Let us resume Example 1.3 and now assume that S follows the more general dynamics

dS[ =0 (t, S[, At)th

In this case, aj1(f, x1, x2) = o2(t, x1, x2) and its nth order intrinsic Taylor polynomial centered
at & = (s, &1, §) reads as

Bo 481
(35 + £105,)% 05 0L ar1 (s, €1, &2)
Ty (@i, 0) (tx1.x) = Y - = kfl ,52 '
2k-+fo+3p1<n Hho' B!
x (1= ) 1 — 8P (12 — &2 — (1 — 9)81)".
More explicitly, up to order 3 we have
To (a11, &) (1, x1, x2) = an(¢),

Ty (a11, ¢) (¢, x1, x2) = To (a11, ¢) (¢, x1, x2) + (x1 — &1)0,a11 (%),
T; (a11, ¢) (¢, x1, x2) = Ty (a11, ¢) (¢, x1, x2)

_ 2
+ 20 001 4 - )05 + B @),
T3 (a“’ {) (l,xl,x2) = T2 (6111, C) (t, XI»XZ)
£
+ I s 100) + (2 — & — (¢ — 98D dyann ©)

3!
+ (¢ —5)(x1 — &) (05 + £105,)0¢,a11(0),

which shows that the increment in the time variable appears only from the 2nd order on, whereas
the increment along the average variable appears from the 3rd order on. As it was mentioned

above, the operators Lff) appearing in the asymptotic expansion in (1.12) can be explicitly
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computed by applying (A.6)—(A.7)—(A.4)—(3.2). In this case they read as

1 T
LO@ T, x) = 5/ (Tu(air, ©) — Tu—i(air, )
t

x (5, MO (s — 1, x1, ¥2)) (3, — (5 — 1)dy,) ds,
2
t
MO, x1,x2) = (X1 + a1 (§)1dy, —011(4“)53@,
12 13
tx1 +x2 —an (C)Eaxl + all(é“)gaxz)-
In order to show an even more explicit sample, at order 1 we have:

a11(¢)
2

9 T
0. T.x) = %1(4)/ (1 =80 +an@)s = 0oy, — =522 =0, )
x (B, — (s — D)3y, ) ds.

Two typical arithmetic Asian options are the so-called floating strike and fixed strike Call
options, whose payoffs are given respectively by

Pried (X1, 12) = (x2/T — K) ",

where T is the maturity and K is the strike price.

Piloat (X1, x2) = (x1 —XZ/T)+,

Remark 1.5. The payoff ¢gxeq is Lipschitz continuous in the standard Euclidean sense but has
higher intrinsic regularity (namely, C% according to Definition 2.4, see also Example 2.5): this
property reflects a higher rate of convergence of the asymptotic expansion (1.12) compared with
other expansions based on standard Taylor polynomials.

Even in the simplest case of constant volatility, i.e. in the Black & Scholes model, both the
marginal distribution of A; and the joint distribution of (S;, A;) are difficult to characterize
analytically. The distribution of A; was given an integral representation in the pioneering
work [44], though that result is of limited practical use in the valuation of Asian options.
The approximation formulas that we propose in this paper were applied heuristically in [15],
where intensive numerical tests were performed to confirm their accuracy. However, the general
hypoelliptic framework that we consider here clearly allows for several generalization, including
more general dynamics and more sophisticated Asian style-derivatives including stochastic local
volatility models such as the CEV and the Heston models [21]. An interesting example is also
given by a generalized type of Asian option, where the average is weighted w.r.t. the volume
of traded assets: these options are written on the Volume Weighted Average Price (VWAP), a
trading benchmark used especially in pension plans (see, for instance, [33]). The dynamics of
the traded volume V are lead by an additional stochastic factor that has to be chosen as to reflect
the corresponding volume statistics, and the average process A is then given by

_Jo SeVedt

At _— t—c
Jo Vedr

As it was previously argued, our technique makes use of the intrinsic Taylor polynomials in
(1.8) in order to be consistent with the subelliptic geometry induced by Kolmogorov operators.
This differentiates our approach from others appearing in the literature that are based on classical
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Euclidean expansions. In the relevant paper [20], Malliavin calculus techniques were employed to
derive analytical approximations for the law of a general averaged diffusion. When applied to the
pricing of arithmetic Asian options, the approach in [20] returns an expansion whose leading term
is the price of a geometric Asian option. Correcting terms are computed by Taylor expanding the
coefficients of the diffusion and error estimates depend on standard Euclidean regularity assump-
tions on the coefficients and on the payoff function. In [42,3], the authors followed a different ap-
proach and carried out a Taylor based-expansion of the joint distribution (S;, A;) to analytically
approximate the price of an Asian option (possibly, forward-starting); this technique seems to
be limited to the Black & Scholes dynamics. Other approximations, based on Taylor expansions
and on Watanabe’s theory, can be found in [26], though no rigorous error bounds are provided.

For sake of completeness, we also give a brief, and by no means exhaustive, overview of the
existing literature concerning other approaches to the pricing of Asian options. Within the Black
& Scholes framework, [19] derived an analytical expression for the Laplace transform of A;.
However, several authors pointed out some stability issues related to the numerical inversion of
the Laplace transform, which lacks accuracy and efficiency in regimes of small volatility or short
time-to-maturity. This is also a disadvantage of the Laguerre expansion proposed in [11]. [41]
used a contour integral approach based on Mellin transforms to improve the accuracy of the
results in the case of low volatilities, albeit at a higher computational cost. As opposed to
numerical inversion, [28] derived an eigenfunction expansion of the transition density of A;
(see also [10]) by employing spectral theory of singular Sturm—Liouville operators. Although it
returns in general very accurate results, Linetsky’s series formula may converge slowly in the case
of low volatility and become computationally expensive. Note that, by opposite, the analytical
pricing formulas we propose here do not suffer any lack of accuracy or efficiency in these limiting
cases. In actual fact, Theorem 3.5 and Remark 3.7 show that the accuracy improves as volatility
and/or time to maturity get smaller. Again in the particular case of the Black & Scholes model,
and for special homogeneous payoff functions, it is possible to reduce the pricing PDE in (1.9)
to a one state variable PDE. PDE reduction techniques were initiated in [24] and applied to
the problem of pricing Asian options by several authors, including [39,43,7]. Eventually, other
approaches include the parametrix expansion in [5] and the moment-matching techniques in
[12,6,17,14] among others.

2. Kolmogorov operators and intrinsic Holder spaces

In this section we collect some known facts about the intrinsic geometry of Kolmogorov
operators. We also recall the definition of intrinsic Holder spaces and the Taylor formula recently
proved in [37]. We consider the prototype Kolmogorov operator obtained by (1.1)—(1.6) with Ag

equal to a scalar (pg x pp)-matrix anda; =0,i =1,..., po,i.e.
A Po
xA :=§Zafi+(3x,vx)+8,, (t,x) eRx R A>0. 2.1

In this case we say that KA is a constant coefficients Kolmogorov operator. By Assumption 1.2,
the vector fields 9y, ..., dx " and Y in (1.5) satisfy the Hormander’s condition and therefore KA

is hypoelliptic. As it was first observed in [27], %4 has remarkable invariance properties with

respect to the homogeneous Lie group Gp = (R x RY, o, (D()‘))A>0) where “o” is the group
law defined as

(t,x) o (s, &) = (t+s,eSBx+§), (t, %), (s, ) € R x RY,
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and (D(1X)); ¢ are the dilations given by
: 2 3 2r 41
D) = diag(A*, A py, A Lp,, ..., A7),

where I, denote the (p; x pj)-identity matrices. Precisely, it was proved in [27] that KA is
invariant with respect to the left o-translations and homogeneous of degree two with respect to
the dilations (D(A)),.. Notice that Gp is completely determined by the matrix B; moreover,
the identity element in Gp is Id = (0, 0) and the inverse is (¢, )c)_1 = (—t, —e_’Bx). For
convenience, we also denote by

Do(x) = diag(Alpy, A1y, ..., 27T,

the “spatial part” of D(A). A homogeneous norm on Gp is defined as follows:

d
V24 ixl, [xlg =) Ix1Y7, (1,x) e R X RY, 22)

j=1

I, )Ml g =]

where (0)1<j<q are the integers such that
Do(A) = diag(A7", ..., 17%). (2.3)

In the general setting of homogeneous Lie groups, Holder spaces and intrinsic Taylor
polynomials can be defined as in [13,1]. For the particular case of homogeneous Lie groups
induced by Kolmogorov operators, [37] provides a deeper analysis of the intrinsic Taylor
polynomials under optimal regularity assumptions.

For any Lipschitz vector field Z on R x R?, we denote by § — %% (z) the integral curve of
Z starting from z: in particular, we have

A%t x) =@, x+8¢), i=1,...,po, Yt x) =@t +6,eBx),

where e; denotes the ith element of the natural Euclidean basis of R?. We say that a function u
is Z-differentiable at 7 if § > u (¢’% (z)) is differentiable at 0 and in that case 5u (¢*Z(2)) |;_,
is referred to as the Lie derivative of u at z along Z. Since the vector fields dy,, ..., 9y, and
Y are D(1)-homogeneous of degree one and two respectively, we associate to dy,, ..., Oy i~ and
Y the formal degrees one and two respectively. In general, if a Lipschitz vector field Z has
formal degree mz > 0 and u is a function on R x R4, then for any a €0, mz] we say that
ueCy=Co[Rx R?) if the norm

52y _
lulleg = sup ul+ sup [ (¢” @) —u@)

o
RxRd seR\{0 d |8|mz
zeRxR

is finite. Now we define the intrinsic Holder spaces on the homogeneous group Gp.

Definition 2.1. Let @ €]0, 1] and n € N with n > 2, then:

() u ng’“ ifueCyandu e C§ foranyi =1,..., po;
(i) u € Cg% ifu € CI** and 8,,u € CY forany i =1, ..., po;
(i) u € Cl* if Yu € Cly > and dy,u € Cly " foranyi = 1, ..., po.
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We also introduce the norms:

Po
il oo = Nulleg + D Nulleg,
i=1
Po
lull e = Nl gpe + 3 8] coa

i=1

Po
lull e = ¥l 20 + > oy ul
i=1

n—l,a «
CB

Remark 2.2. Notice that C ZH’“ C C“ forany n € Ny.

For any multi-index 8 = (B1, ..., B4) € Nd, we define the B-length of § as

d
Blz =Y _ojB;. (2.4)

i=1
with o as in (2.3). We are now in position to state the intrinsic Taylor theorem that was proved
in [37].

Theorem 2.3. Let o €10, 1] and n € No. If u € C® then the derivatives

Y¥oPu e i VIR for0 < 2k + 1815 <,

exist and therefore, for any point { = (s, &), the nthorder B-Taylorpolynomial T, (u, ¢)(:)
in (1.8) is well defined. Moreover, we have

-1 d
lu(z) = Tu(u, £)(2)] < cpllullcrellé ozl z.¢ €eRxRY,
where cp is a positive constant that only depends on B.

Definition 2.1 and Theorem 2.3 will be used in the next section, respectively, to specify
suitable regularity conditions on the coefficients of X in (1.1)—(1.6), and to expand them as
in (1.10). However, as anticipated in Section 1.1, the intrinsic regularity of the terminal datum ¢
plays as well a key role in the error analysis of the expansion (1.12). This motivates the following

Definition 2.4. Let k € ]0, 2r 4 1]. We denote by Cg (RY)Y the space of functions ¢ on R4 such
that

lp(x) — )| < Clx — yI%, x,y e RY,

for some positive constant C, where [-]p is the norm on R4 defined in (2.2). We also set

o) — eI

lollck gay = sup
GED TS =yl

Moreover, by convention, C% (Rd ) is the set of bounded and continuous functions on RY and
||</)||Cg(Rd) = ”(p”Lw(Rd)'
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Example 2.5. Consider the case of arithmetic Asian options with fixed strike discussed in
Section 1.2, i.e.

0 0
B = (1 ()> ’ Ofixed (X1, X2) = (x2/ T — K)+ )

According to Definition 2.4, ¢fxed € C ;; (R2) even if it is only Lipschitz continuous in the
Euclidean sense.

3. Approximate solutions and error bounds

Let X be a Feller process as defined in the introduction: in particular, we assume that the
infinitesimal generator of X coincides with operator A in (1.1) on a fixed domain D of R?.
Moreover, A satisfies Assumptions 1.1 and 1.2. Throughout this section N € Ny and 7 > 0 are
fixed and we also require the following assumptions to be in force:

Assumption 3.1. The coefficients g;;, a; of A belong to € C g’l and
|aij ||Cg,1 ; ||aillcg,1 <M,

with M asin (1.2).

Assumption 3.2. The final datum ¢ is a continuous function with sub-exponential growth such
that u = u(z, x) in (1.7) is well defined and belongs to L*°([0, T'] x D). Moreover, there exists
¥ € CK(RY), with k € [0, 2r + 1], such that ¢ = ¥ on D.

The following preliminary result can be proved as in [25] or [36], using the Schauder estimates
and the results on Green functions proved in [9].

Proposition 3.3. Let Assumptions 1.1, 1.2, 3.1 and 3.2 be in force. Then, u € C([0,T] x D) N

Cgi?;%’l and satisfies (1.9).

As was mentioned in the introduction, the idea behind our approximation of u = u(z, x) in
(1.7) is to expand the generator of X by approximating the coefficients a;; and a; in (1.1) by
means of their intrinsic Taylor polynomials in (1.8). Thus we fix 7 = (7,x) € R x R? and
consider the sequence (ﬂCff>)0<n< y in (1.10). We recall that, by Assumptions 1.1 and 1.2, K

in (1.11) has a fundamental solution I| éz) that is the d-dimensional Gaussian density

o x;T,y)

— 1 l -1 (T-1)B (T-1)B
= JECT D) exp (_2(Cz (T-t)(y—e x),(y—e x)) | GB.1)

with covariance matrix C;(¢) given by

t -
C(t) = / SBAGS B ds,  AG) = (0 Ao(2) . Opox(@=po) ) (3.2)
0 (d—po) X po (d—po) x(d—po) -

Next we formally expand the expected value u in (1.7) as

— N _
u~ Uy =Y uf. 3.3)
n=0
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Inserting (1 -10), (3.3) into (1.9) and formally collecting terms of the same order, we find that the

functions u ﬁ,Z) satisfy the following sequence of nested Cauchy problems

KPug) =0, on[0, T[xRY, 3.4)
u$ (T, ) =¢, onR?, '
and
— _ n — — _
KPuD = =3 (% — K2 )ul?,. on [0, T[xRY,
= 3.5)
u,(f)(T, ) =0, onR?.

The explicit representation of the terms uﬁf) of the expansion is given in Theorem A.2.

Remark 3.4. In the above construction, the approximation in (3.3) is defined in terms of a
sequence of Cauchy problems that admit a unique non-rapidly increasing solution. Conversely,
Egs. (1.9) do not have a unique solution unless additional lateral boundary conditions are posed.
Nevertheless, Theorem 3.5 states that the above expansion is asymptotically convergent in the
limit of short-time, uniformly on compact subsets of D. This is in line with the so-called principle
of not feeling the boundary (cf. [23,18]). Basically, the same asymptotic result would hold for
any bounded solution of equations (1.9), with error bounds depending on the L°°-norm of the
solution. Of course, knowing the boundary conditions would allow to construct an approximate
sequence that is also accurate near the boundary; this is the case of barrier options in the financial
applications.

The choice of the basis point z is somewhat arbitrary, but only some particular choices
allow for performing a rigorous error analysis. For instance, here below we consider the case
z = z = (t, x). However, although we omit to write separate proofs, the same results hold by
setting 7 = (7, x). In the following statement, we put

Un@ =U{ @, zel0,T]xD, (3.6)
with U defined by (3.3)~(3.5).

Theorem 3.5. Let Assumptions 1.1, 1.2, 3.1 and 3.2 be in force. Then for any compact subset K
of D, we have

N+k+1

lu(t,x) —Un(t,x)| <C(T —1t) 2, (t,x)e[0,T] xK, 3.7

where C is a positive constant that depends only on M,u,B,T,N, K, ||W||C11§(Rd) and
llell 2o (0, T1x D)-

Theorem 3.5 will be proved in Section 3.2.

Remark 3.6. As shown in Example 2.5, for a fixed-strike Asian option we have ¢ € C% (R?) and
therefore we get (T — 1) = in the error estimate (3.7). This is coherent with the previous results
proved in [20] in the scalar case for N < 2, and sheds some light on why the order of convergence
of Asian call options is improved w.r.t. their European counterparts, for which the error is of order
(T — t)w. When placed within our framework, this improvement of convergence can be seen
as part of a wider phenomenon related to the intrinsic geometry of Kolmogorov operators.
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Remark 3.7. If the coefficients g;;, a; only depend on the first pg variables, then it is possible to
prove the error bounds in (3.7) to be also asymptotic in the limit of small M. Precisely,
N+k+1
|M(t,x)_UN(t,X)|SC(M(T_I)) 2 5 (tax)e[ov T]XKv

with C independent of M as M — 0. This is the case, for instance, of classical volatility
models for Asian options where the volatility coefficient depends at most on the underlying asset
St (local volatility) and on some exogenous factors (stochastic volatility), but not on the average
process A;.

In the global case, when D = R4 , we have some stronger results. Aside from the error
bounds in (3.7) becoming global in space, we are also able to obtain analogous asymptotic error
bounds for the transition density of X. We start by observing that when D = R? our assumptions
imply that X has a transition density I" that coincides with the fundamental solution of X as in
(1.1)—(1.6) (see, for instance, [38]). We denote by [’y the Nth order approximation of I'
defined as

N
I'y@,x;T,y)= Zun(t,x; T,y) 0<t<T, x,ye€ Rd,
n=0

where ug(t, x; T,y) = Fé”x)(t, x;T,y) in (3.1), and the correcting terms u, (¢, x; T, y) are
defined recursively by (3.5) with z = (¢, x). We have the following

Theorem 3.8. Let Assumptions 1.1, 1.2, 3.1 and 3.2 be in force with D = R4. Then, we have

N+k+1

lu(t,x) —Un(t,x)| <C(T —1)" 2, (t,x)€[0,T] xR?, (3.8)

where C depends only on M, u, B, T, N and ”‘/’Hcg(Rd)' Moreover, for any ¢ > 1, we have
NEL em d
[, x;T,y) —InG@tx; T, <CT —t)y 2 I'" (@, x;T,y), (t,x) €[0, T[xR,
3.9

where, for any A > 0, I’ A denotes the fundamental solution of the constant-coefficient
Kolmogorov operator KA as defined in (2.1), and C is a positive constant that depends only
onM,u, B, T, N and c.

3.1. Proof of Theorem 3.8

The proof of Theorem 3.8 is based on the following two propositions. The first one provides
some Gaussian estimates for the fundamental solution I" = I'(¢, x; T, y) of the operator X in
(1.6)—(1.1): for the proof see [38,8]. Throughout this section we suppose the assumptions of
Theorem 3.8 to be in force.

Proposition 3.9. Forany k € R>o, ¢ > l and B € Nd, with |B|p < N + 2, we have

k=1Bl
[y — T8y [ DEr x: T.y)| < C(T =) = TM (1, x: T, y),

0<t<T, x,yeRd,

where I'M is the fundamental solution of the operator in (2.1) and C is a positive constant, only
dependent on M, u, B, T, N, k and c.

The following result is proved in Appendix B.
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Proposition 3.10. Let ¢ € C]é (Rd) withk € [0,2r + 1] and n € N withn < N. Then we have

|DEu@ t,x)| < C(T

—IBl n =
Tt ((T -0 +[x— e(’fl)B)_c]’;), 0<i<T, xR,
where C is a constant that depends only on M, u, B, T, N, |B|p and ”‘p”C’é(Rd)'

Proof of Theorem 3.8. To keep formulas at a reasonable size we suppose that the functions a;,
i =1,...,po,in (1.1) are identically zero. We first remark that a straightforward computation
(see Lemma 6.3 in [29]) shows that

N
u(t,x) —Upn(t,x) = E(Z)tx 3.10
()zv()?(j)()z(m (3.10)
where
— T —
EQ (1, x) = / / It x: s, €) (fK—fof)) ) (s.8)déds
Po
/ / It x5.8) (a5 (5. &) — T (aif. 3) (5. )
l/ 1
X g uly (5. &)dEds. (3.11)
Now, if k > 0, by Theorem 2.3 and Proposition 3.10 we have
T 1 n+1
Ervanl=c [ ressofenoso|
x (T —s)'7 ((T—s) R P A )dsds
(by Proposition 3.9)
r ntl k=2 N—n N—n
gcf (s =0T (T -5 ((T—s) L (s—n' )ds
t
< C(T _ t) N+£C+1
where we have used the identity
T Tetk+ DI 1
f (T —5)"(s —)¥ds = gk + DIE(n + )(T—t)k+”+1, n k> —1,
I'gtk+n+2)
with I'r denoting the Euler Gamma function. The case £ = O can be handled similarly

performing first an integration by parts in (3.11).
Finally, estimate (3.9) can be proved by a straightforward modification of the proof of (3.8),
using also the Chapman—Kolmogorov equation. We omit the details for brevity. [

Remark 3.11. Under the assumptions of Theorem 3.8, we have also error bounds for the
approximation of the derivatives of u; precisely, we have

N+k+1—|a|p

|D%u(t, x) = DU (1, 0)lzm| <CT =) 7, lalp < N. (3.12)

The proof of this formula is analogous to the proof of Theorem 3.8, once DY is applied to the
representation formulas (3.10) and (3.11). When u(¢, x) represents the price of an arithmetic
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Asian option, formula (3.12) provides error bounds on the approximate sensitivities or, as they
are usually called in finance, the Greeks. For instance, in the case of a fixed-strike Asian option
(see Example 2.5), we have k = 3 and thus

) N+3

|Delta — 0y, Uy lz=(1,x1.00)| < C(T —1)" 2,
) N+2
|Gamma— O Uy |Z:(M1Jf2)| <C(T —-1t)y 72,

Delta := 9,,u and Gamma := 0y, x,u.
3.2. Proof of Theorem 3.5

Throughout this section we suppose the assumptions of Theorem 3.5 to be in force. The proof
of Theorem 3.5 is based on some estimates on short cylinders initially introduced in [40] for
uniformly parabolic operators and later generalized to Kolmogorov operators in [4].

First, we introduce the “cylinder” of radius R and height / centered in (s, £) € R x RY and
its lateral and parabolic boundaries, respectively:

Hpp(s,6) ={(t,x) e RxRis —h <t <s,[x —e"™Bg)p < R},
Shr@, &) ={(t,x) eRxRYs—h <t <s,[x—e"DBE]5 =R},
dp Hy g (5, €) = Sp r(s, &) U{(s,x) € R x RY|[x — £]p < R).

We explicitly observe that the cylinders are invariant with respect to the left translations in Gp,
meaning that z o Hy gr(¢) = Hp r(z o ¢) forany z, ¢ € R x R¥., We also recall the following
inequality (see Proposition 2.1 in [31]):

lzo¢lls <ca(lzlla +lI¢l8), z.¢ € RxRY, (3.13)

where cp > 1 is a constant that depends only on the matrix B. In particular, taking z = (0, x)
and ¢ = (¢, 0), (3.13) implies that

1
(P15 < It e Pl = lzo¢lls < cp(il? +[x1s), 1eR xeR. (314)

Lemma 3.12. There exist C > 0, ¢ €]0, 1[, only dependent on M, i, B, and a nonnegative
function v € C([0, T] x RHN c! . such that, for every R > 0 we have

B,lo
Kv(,x) =0 (t,x) € Hyga g(T,0), (3.15)
v(t,x) > 1, (t,x) € Xp2 g(T,0), (3.16)
R2
v(t,x) < Cexp (—m) (t,x) e HERZ’é(T’ 0), (3.17)

where cp is the constant in (3.13).

Proof. Let I" denote the fundamental solution of XK. The proof is based on the Gaussian upper
bound for I' in Proposition 3.9, which we recall here for greater convenience: there exists a
positive constant ¢, only depending on M, u and B, such that

I(t,x;5,6) <c TN, x;5,6), 0<t<s<T, x,§ R, (3.18)

where I’/ is the fundamental solution of the constant coefficients Kolmogorov operator in (2.1)
and A is strictly greater that M, say A = 2M.
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Next, we set
v =2 [ Pax Ty, <. x R,
R4

where xg € C®(RY,[0,1]) is a cut-off function such that xgz(y) = 0 if [ylp < % and
xr(y) =1if[y]lp > %R. By definition, it is clear that v satisfies (3.15). Moreover, we have

lim v(t,x) =2xr(x) =2, (3.19)

t—>T-

uniformly w.r.t. x € R? such that [x]g = R: this follows by noting that

(t, %) — 2xR ()] < 2le [ T, ) IR () — xg(0)] dy

<2c* /Rd I, x: T.y) Ixr(y) — xr(®)| dy. (by (3.18))

Now, by (3.19) there exists ¢ > 0, which we can safely assume to be less than 1 apg !

16¢% 64c3,°
such that (3.16) holds.
The proof of (3.17) depends on the reverse triangle inequality for the norm [-]p:

__ IB L _ 1 d
[y—e X]Bzc [vIp —cpllt]Z +[x]p), teR, x,y e R,
B

whose proof is an easy consequence of (3.14). In particular, if [y]p > § and (t,x) €
H_p» B (T, 0), then in light of the first bound for ¢ we get

&
8c B

R
e TDB 1, > 1 (3.20)

Ly = - SCB.

Hence, for such (¢, x) we get
v 2267 [ P Ty <260 [ P Ty
R4 [ylz=75

2et(2m)~2
VIC(T —1)]

1
x / exp (—5<C—I<T — Dy —eT8x), (v - e“—’)Bx») dy
s>%

(by (3.20) and denoting by C the matrix in (3.2) with Ag = Al,, and I, being the (po x po)
identity matrix)

_ 2et(2m)"%
 VICT = 1))
1
x f exp <—7<C‘1<T -0y =" ), (v - e<T—’>Bx)>) dy
[y_e(T—t)BxJBzﬁ 2
(by the change of variables n = Dg( ﬁ)(y — eT=DBxy and the homogeneity relation (B.1))
d
2cT(2m)"2 ( 1 1
= exp | —5(C™ (Dn, n) ) dn. (3.21)
|C(1)| szvﬁﬁ 2
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Since we are assuming 7 —t < & R?, thanks to the second bound on & we have [nlp > ” 5; >
AT =
1 and thus, there exists Co > 0 only dependent on w, M, B, such that

d 2
Il

2(7 |7}] 1/0’ ! g
201 ' =Co Z( [n]BJ

el I [l

5 d |1/ 2Q2r+1)
zco[n]BZ<f—>

1/0; )2(2r+])

(C Y (Dn, ) = Colnl* = Co

Setting C; := df;% we get

.
[, (=5t amm)dn
[n]BZ& T

1
< / GXP(——Cl[n]%)dn
_ R 2
[n]stcBm

1 1
< maxR exp(—ch[y]zg>/ . CXP(—ZCI[TI]%;)C{TI
[y]BZ&,Bm [U]BZW

which, combined with (3.21), proves (3.17). U

Proof of Theorem 3.5. Since the statement is a short-time estimate on a compact subset, it is
enough to prove (3.7) for (t,x) € Hyp2 g(T,§) <0, T[xD for sultably small ¢, R > 0.
Secondly, we can suppose § = 0. In fact, if u is a solution to Ku = 0 in H g2 p(T,§)
then w(t,x) = u(t,x — e_TBS) solves on H g2 g(T, 0) the operator obtained through X by
translating its coefficients.

Let us denote by u¥ the unique solution (with polynomial growth) to the Cauchy problem

Kf =0, on [0, T[xRY,
f(T. )=+, onRY

with ¢ as in Assumption 3.2, and by Ux its N'th order approximation as defined in Section 3.
By triangular inequality we have

lu— Uyl < lu—u?|+u¥ — UL+ |UY — Uyl (3.22)

We now aim at estimating each of the terms in the sum above.
We start with [u — u¥|. Let v be the function appearing in Lemma 3.12. By Proposition 3.3
and (3.15), u — u¥ and v solve Xw = 0 in H, g2 g(T, 0) and are continuous on H, g2 (7', 0).
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Moreover, (u — u?)(T, x) = 0 if [x]z < R. Therefore, by setting

Ci:= max |u —u‘/’l,
22 p(T.0)
we get [u — u¥| < Cyv on dp H g2 (T, 0) and, by the maximum principle combined with
estimate (3.17) of Lemma 3.12, we have

R2
—uv - =
| —u?)(t, x)| < C1Crexp ( s t)) - X € Hopa g (T.0) (3.23)
with C> > 0 depending only on M, i, B.
We continue by estimating |u¥ — Uﬁ |. By Theorem 3.8 there exists C3 > 0, only dependent
onM,u, B, T, N and ||1//||CJI§(Rd), such that

N+k+1

(e, ) —UY (e, 0| <C3(T =)~ 2, (t,x) €[0, T] x RY. (3.24)

We conclude by estimating |U % — Uy/|. First observe that, by (A.1), for any multi-index
o € Ng we have

D% (u? — ") (t, x) = D" /R TR T (e = ve)dy
- fR DAL T (e — W ())dy,

with F(gz) as in (3.1). Now, FéZ) is the fundamental solution of the constant-coefficients
Kolmogorov operator IK(()Z) in (1.11), for which Assumptions 1.1, 1.2 and 3.1 are trivially
satisfied. Therefore, the bounds in Proposition 3.9 also apply to FéZ) and yield

o|

7 : \
D2 (Y —ul) @, 0| < CoT =" w(t,x), ZeRxRY, (,x) € [0, T[xR?,
(3.25)

with

w(t, x) = /Rd ™M@, x; T, 9| (e() — v ()|dy,

where I"'*M is the fundamental solution of the Kolmogorov operator X** asin (2.1), and C4 > 0

only depends on M, u, B, T, |a| g. Now note that, by (3.6) and (A.5), we have

- _ N _ - -
UY —Un) . x) = (@ = ul) @0+ 3L (ug™ —u) @, x)
n=1

7=(t,x)

Thus by Lemma B.7 with (3.25) we get
(U} = Un) . 0)| < Cslw(t,x)l, (1, x) € [0, T[XRY,

where Cs > 0 only depends on M, u, B, T and N. By repeating step by step the same proof of
(3.23) it is straightforward to obtain an estimate for |w(, x)| analogous to (3.23), which finally
yields

RZ

’(Uﬁ — UN)([,.X)| < C5C6C7 exXp (—m

> » (tx) €Hypo & (T,0), (3.26)
8¢'B

Please cite this article in press as: S. Pagliarani, et al., Intrinsic expansions for averaged diffusion processes, Stochastic
Processes and their Applications (2017), http://dx.doi.org/10.1016/j.spa.2016.12.002




18 S. Pagliarani et al. / Stochastic Processes and their Applications 1 (1111) IIE-111

with C7 > 0 depending only on M, u, B, T, N, and

Ce:= max |w|
5.2 (T:0)

€

Plugging (3.23)(3.24)~(3.26) into (3.22) yields (3.7) for (1, x) € H,

R (T, 0) and concludes
SCB

the proof. [
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Appendix A. Analytical approximation formulas

We show that the functions uflz) in (3.4)—(3.5) can be explicitly computed at any order. It is
clear that the leading term u(()Z) is given by

ul? (1, x) = /d I, x; T, y)e(dy, (t,x) € [0, T[xRY, (A.1)
R
where [ éZ) is the Gaussian density in (3.1). For n € N with n < N, the explicit representation

for the correcting terms uf,Z) can be derived using the following notable symmetry properties of

o,
Lemma A.l. Foranyx,y e R, t <sandz = (f,xX) € R x R, we have
VXFSZ)(t, X;8,y) = —e(s_’)B*VyF(gz)(t, x;8,y), (A.2)
y FgZ)(t, x;5,y) =M —1, x)FéZ)(t, X358, ), (A3)
where MO (¢, x) is the operator defined as

MO, x) =B (x + M:())Vy), M:(t) = e 'BC:(t)e B, (A.4)

Proof. Using the explicit expression of [ (Z), the proof is a direct computation. [
The following result provides an explicit representation of uf,Z) in (3.3): remarkably, it can be
written as a finite sum of spatial derivatives acting on uE)Z).

Theorem A.2. Let Assumptions 1.1, 1.2 and 3.1 be in force. Then, for anyn € N withn < N,
and for any 7 € R x R4, we have

uP (e, x) = L@, T, 0)u (t.x),  (t,x) € [0, T[xR?, (A.5)

In (A.S5), Lg) (t, T, x) denotes the differential operator

B n T T T _ _
L, T, x) = Z/ dS1/ dsz~~/ dsp Y G2 s1.x) - G2 (¢, s, ),
h=1"Y1 S1 Sh—1

i€l
(A.6)
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where
Lip={i=G1,....in) eN" iy +---+ip=n}), 1<h<n,

and
_ 1 & _
9, s, x) = 3 > (Tul@ij. 2) = Taoi(aij. ) (5. MO (s — 1, 1))
i,j=1
(I (),
2o ) .
+ 3 (To1(ai. ) = Tua(ai. D) (s. MO (s — £,.0)) (e E 7w,
i=l
(A7)
with M@ (¢, x) as in (A.4) and, by convention, T_1 f = 0.

Next, we sketch the proof of Theorem A.2 that is based on the symmetry properties of the
Gaussian density [ in (3.1), combined with an extensive use of other very general relations
such as the Duhamel’s principle and the Chapman—Kolmogorov equation. Since the choice of
Z is unimportant throughout this section, we drop the explicit dependence on z in the following
formulas. First, we generalize formula (A.3) to polynomial functions p with time-dependent
coefficients, that is p = p(¢, -) is a polynomial for every fixed ¢t € R: this will be used to deal
with the operators K, in (1.10) that have coefficients of this form.

Proposition A.3. Foranyt,s,s; € [0, T], witht < s, x,y € R4, we have

p(st, M Io, x;s,y) = p(s1, M(s —1,x) To(t, x3 5, y). (A.8)

Proof. Let us recall that operator M(z, x) acts only on the variable x. First, we prove that the
components M;(t,x), i = 1,...,d, commute when applied to Iy = Ip(, x; s, y) and to its
derivatives (notice however that this is not true in general when they are applied to a generic
function). Notice also that formula (A.2) expresses an x-derivative as a linear combination of
y-derivatives with coefficients that depend only on ¢ and s. This is obviously true also for higher

orders and we express it through the differential operator Sf (s — t), acting on y, defined by
DETo(t, x:5.y) = 8P (s — ) Io(t, x;5, y).
Now we have

Mi(s —t, x)M;(s —t,x)DE I

=Mi(s — . 0)M;(s — 1, x)S0 (s — )1 (by the definition above)

= SP(s =M (s — £, )M (s — £, x)T) (P and M; commute)

= SP(s = HMi(s — £, x)y,T0) (by (A.3))

= S§(s = D Mi(s = 1.0)10)

= S0(s — ) (yjyiTo) (again, by (A.3))

=M;(s —t,x)M;(s — ¢, x)DfFo. (by reversing the steps above)
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Since p(si, -) is a polynomial by definition, we therefore have that the operators p(sy, M(s —
t, x)) are defined unambiguously when applied to I'y(z, x; s, y) and to its derivatives. Moreover,
clearly (A.8) is now a straightforward consequence of (A.3). [

Remark A.4. By Proposition A.3, the operators G, (¢, s, x) are defined unambiguously when
applied to Iy = Ip(t,x;s,y), to its derivatives and, more generally, by the representation
formula (A.1), to solutions of the Cauchy problem (3.4).

The next proposition, essentially based on the symmetries of Lemma A.1, is the key of the
proof of Theorem A.2.

Proposition A.5. Forany x,y € RY, t < sandn € Nwithn < N, we have

/Rd Io(t, x5 5,8) (K — K1) f) (5, 8)dE = G, (2, 5, x) /Rd Io(t, x; 5, 8) f(5)dS,
(A9)
forany f € Cg(]Rd).

Proof. To keep formulas at a reasonable size we suppose that the functions a;,i = 1, ..., pog, in
(1.1) are identically zero. By the definition (1.10) we have

/R Foa,x;s,@((ﬂcn—ﬂcnfl)f)cs,s)ds

/ al]v Tn—l(aij, Z))
l j=1 R4
< G OI8Ok €
== Z a,],_ Tn_l(aij,Z)) (s,M(s—t,x))

t/l

x [ Lot x, v 5. &, ), £ (§)dE (by (A.8)

=3 Z at]’ — Th-1(aij, Z)) (sa M(s — tax))

ljl

X A@d Oz To(t, x5 5, 8) f(§)dE (by parts)

=G,(,s,x) /Rd Io(t, x;8,8) f(E)E. (by (A.2) and (A.7)). O

The proof of Theorem A.2 consists of mostly formal and tedious computations that are totally
analogous to those given for the parabolic case in Section 5 in [29]. This may not be surprising
since our framework contains the parabolic one as a special case. Therefore, we only give a proof
for n = 1, which still sheds light on the origin of the operators L,,.

By definition, u; is the solution of the Cauchy problem (3.5) with n = 1. By Duhamel’s
principle we have

T
ul(t,X)=/ [ Io(t, x;5,8)
t R4

x (K1 —Ko)uo) (s, §)dEds
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T
=/ Sl(t,s,x)/ To(t, x;8, &) uo(s, £)déds  (by (A9) withn = 1)
Rd

t

T
=/ Sl(t,s,x)/ TIo(t, x;5,8)
t R4

< /R To(s, & T, g ()dydeds (by (A.1)

T
=/ sl(t,s,x)/ o(y)
t R4

x/ To(t,x;s,8)I0(s,&; T, y)dédyds (Fubini’s theorem)
R4

T
= / Si(t, s, x)ds up(t, x) (Chapman—Kolmogorov and (A.1))
t

=L4(t, T, x)uo(t, x). (by (A.6)) O

Appendix B. Proof of Proposition 3.10

In this section we prove some preliminary estimates on the spatial derivatives of solutions of
constant coefficient-Kolmogorov operators: in particular, we prove estimates for the derivatives
of u,(f) defined by (3.4)—(3.5). Throughout this section 7 € R x R is fixed.

Proposition B.1. Let k € [0,2r + 11, B € N& with |Blg > 0. If ¥ € Ch(RY) then the solution
u(()Z) of the Cauchy problem (3.4) satisfies

> k=8|
D2 @, 0| <C(T—n"2", 0<t<T, xR,

where C is a positive constant that depends only on M, u, B, T,  and ||1/f||cll§ ®R)-

Proof. We prove the case k €0, 2r + 1] since the case k = 0 is straightforward. We first note
that, since F(gZ) is a density and |8|p > 0, we have

fo P, x; T, y)dy =0,
R4
and therefore

Diu 1.0 = [ vOIDETE ¢ T vy
R

= [, (400 = w(T2) DET . T .
R

d

Since ¢y € C ’1§ (R%), we obtain

] o ]
|Dfu 0| < ||w||cg(Rd>/R,[y—e<T OBy | DELE @ x: T, )| dy
k—IBlp

< ClW et gy (T = 1) 2

fR M Ty,
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where the second inequality follows from a direct estimate on the derivatives of FéZ) (see, for

example, Section 2 in [38]) and M is the fundamental solution of the Kolmogorov operator
KM a5 defined in (2.1). O

In the next lemmas we will use the following result proved in [27].

Lemma B.2. The following homogeneity relations hold

C:(t) =Do(v/1)Cz (1) Do(V/1), (B.1)

M: (1) =Do(v/1)Mz(1) Do(v/1), (B.2)
1

e'® =Dy(v/1)e® Dy (ﬁ) : (B.3)

foranyt > 0.

Notation B.3. From now to the end of this section, we use the Greek letters «, 8, y, 8, v to
denote multi-indexes in Ng, and |o| = Zflzl «; is the standard Euclidean height of «. To simplify
notations, if / is any family of indexes, we use the unconventional notation

L]
> = Y

tel lel

for a sum where the constants ¢, depend only on z, B, N, T, a;;, a; and are uniformly bounded
by a constant that depends only on M, i, B, T, N and B.

Lemma B.4. Let
W) =e BV, 1eR,
denote the differential operators appearing in (A.7) and by W (t) the composition”
W(t) = Wf” () - W3 (1). (B.4)

The following representation holds true:

° el g — 18l
Whny= > ¢ 'z "D
lel=1B|
|a\gz|§IB

Proof. It suffices to prove the statement for a single W, (¢). Using the relations in Lemma B.2,
we have

d 1 .
Wi(t) = ZD() <$) 6,»;3 Do(x/;)jjax_,-

2 Operator W (¢) in (B.4) is well defined since the components of YW (¢) commute.

Please cite this article in press as: S. Pagliarani, et al., Intrinsic expansions for averaged diffusion processes, Stochastic
Processes and their Applications (2017), http://dx.doi.org/10.1016/j.spa.2016.12.002




S. Pagliarani et al. / Stochastic Processes and their Applications 1 (1111) IIE-111 23

with 0; as in (2.3). The result follows noting that the intrinsic order of 9, i is exactly o;. Moreover,
as the matrix e =" is upper triangular the sum actually ranges over j =i, ..., d and thus 0; —o;

is always a nonnegative integer. [

Next step is the study of the operator M@ (t, x): we recall that, by Proposition A.3, the
components of M@ (¢, x) commute when applied to FéZ) and more generally to uf,Z) and its
derivatives.

Lemma B.5. Forany B € Ng, we have

(MO =1, - e@*ﬂBx)ﬁ N (x- e(fﬂ%f De.

8]+l <IBl
18 p—lelp=IBlp

(B.5)
Proof. First of all, let us note that
MO (s —1,x) — O DBx = 618 (x — e DB% 4 Ms(s — t)Vx) ,

and it is not restrictive to take x = 0 and = 0. We proceed now by induction on |S]. If |B] = 1
then B = e; where e; is the ith element of the canonical basis of R?. A direct computation shows

- . lej | p—18]
MOs,0) = > 5T (2 Mz(5)V)) (by (B.3))
\B\I‘gélﬁz\el,-\g
S~ leilgBls (5 Bla o~ e
= Y s 7 (L4572 ) s7DY), (by (B.2))
8]=1 [v|=1
15gp=le;lp

which proves (B.5) with 8 = e;. We now assume the statement to hold for || < n, and prove it
true for B + e;. By inductive hypothesis applied to both 8 and e; we get

(M(z) (s, x))ﬁJrei

o [ 1 1 2 2
lejlgtle’g=10"Igp IBlp+la“lp—I3“Ip 1 1 2 1
= E E s ) s 2 %0 D¢ <x5 D¢ )
81 ++er <1 62|+1e2|<IBl

18V gl |p<le;1p 1821p—Ie2|p<IBlp
L ]
= s
18]+Her|<|B+e; |
181 —lalp<|B+e;|p

|B+e;|g+lalp—1dlp 5
1P+eiiptidip—IolB a
2 x°DY,

(settingd =8' + 82 and o = ! +?). O

Lemma B.6. For any n € N, withn < N, we have the following representation

_ hd || g —18| g+n—2 -
5Pt s, x) =Y (s—1t T2 (x—ePBg)p (B.6)
(@.8)el,

where

Li={(@38 eNIxNd |1 <|a|<n+2, |8|p<n, |alp—[8|p+n—2>0}
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Proof. Using the definition of 9,(12) (t,s,x) in (A.7), the proof is a straightforward application of
Lemmas B.4 and B.5. [

Lemma B.7. For any n € N, withn < N, we have the following representation

- ° la| g =131 g +n -
LT = > (T- T (x— DB DY (B.7)
(a,8)ed,
where
Jo=1(@,8) e Nd x Nd | 1 < Ja| <3n, |85 <n, |alg —6lp +n >0} (B.8)

Proof. For greater convenience we recall the expression of L,(f) (t, T, x) as given in (A.6):

LOWT, x) = Z > Lpit. T.x),

=liel,

where
r ’ ! @ @
Lpi(t,T,x) 1=f dSl/ d52~--/ dspG;” (t, s1,%) -~ G (2, s, X),
t S1 Sh—1

and Iy p = {i = (i1,...,ip) € N | iy + - 4i, =n}, for 1 <h < n. We prove that, for fixed
hef{l,...,n}andi € I it holds

° lel g —13] g +n -
Lpit.T.x)= Y (T—1 2 (x—el85’De,
(a,8)ed,

the result will then readily follow. We only consider the case x = 0. Plugging equation (B.6) into
the definition of L; ; we obtain

L. T,.xy= Y - Y x‘SIDjfl(xazD?2(~-~(x‘3hD§‘h>>)

(! 8hel;, (ot”,r?h)elih

\a]\B |8/|B+t i—2

/ / ]_[(s, -t 2z dsy---dsp.
Sh—

Lj=

Now, setting o« = al+.. +al,§ =8 +...+ 68" and recalling that iy + - - - + i, = n, the
integral above can be easily computed to be equal to

le| p—18| p+n

T—n""=2,

times a constant. The statement follows applying Leibniz rule and noticing that («, 8) € J, if
(@, 8y el forj=1,....,h. [

Proof of Proposition 3.10. By (A.5)—(B.7), we get

- hd o g =181 g +n . -
DfuP (1, x) = DP Z (T—1) 2 (x - e('_")B)E)SD;’u(()Z) (t, x)
(@,8)ey

Please cite this article in press as: S. Pagliarani, et al., Intrinsic expansions for averaged diffusion processes, Stochastic
Processes and their Applications (2017), http://dx.doi.org/10.1016/j.spa.2016.12.002




S. Pagliarani et al. / Stochastic Processes and their Applications 1 (1111) 111111 25

(by applying Leibniz rule and reordering the indexes of J,, in (B.8))

° la| g =8| g+n . _ .
= Z (T—z‘)%(x—e(t_mgi)(s 1)Djf'Hg_”u(()Z)(t,Jc),

(a,8)edn
v<min{pB,8}

where v < min{8, §} means that v; < min{g;, d;} for any i = 1,...,d. Now, by applying
Proposition B.1 and the property

d d
) =TTl <015 = 1s®. v eRrY
i=1 i=1

we obtain
]
z Il p+ntk—|flp+ivip AR 18l n—
|Dfu,(f)(t,x)| < E (T —1) 7 [x—e(’ l)Bx]|B|B [vig
(a,8)edn
v<min{B,8}
° —m+n+k—|Blp -
= o N———E1,. _ t—DBZ]m
= E (T -1 2 [x e x]B,
0<m=<n

and the statement follows by the elementary inequality

a" """ <a"+b", a,beR.g, 0<m<n. O
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