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Abstract

We consider the large deviation principle for the empirical measure of a diffusion in Euclidean space,
which was first established by Donsker and Varadhan. We employ a weak convergence approach and obtain
a characterization for the rate function that is dual to the one obtained by Donsker and Varadhan, and
which allows us to evaluate the variational form of the rate function for both reversible and nonreversible
diffusions.
© 2017 Elsevier B.V. All rights reserved.
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1. Introduction

In this work we employ a weak convergence approach to prove the large deviation principle
(LDP) for the empirical measure of a diffusion in Euclidean space. Given a positive integer d,
let R? denote d-dimensional Euclidean space, B(R?) be the o-algebra of Borel subsets of RY
and P(RY) be the space of probability measures on (R, B(R“)) equipped with the topology of
weak convergence. Let M¢*¢ denote the set of real-valued d x d nonnegative definite symmetric
matrices. Suppose a and b are continuous functions on R? taking values in M“*¢ and R?,
respectively, and for each x in R? let o(x) € M¢*“ be the unique nonnegative definite square
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root of a(x). Consider the stochastic differential equation (SDE)

dX () =b(X(t)dt + o(X(@)dW(t), (1.1

where X = {X(¢),t > 0} is a d-dimensional continuous process, W = {W(¢),t > 0} is a
d-dimensional Brownian motion and the integral with respect to dW is the It6 integral. Given a
solution X of the SDE (1.1), define the associated empirical measure process L = {L;,t > 0}
taking values in P(R?), for t > 0, by

L.(A) = ; / 8x(s)(A)ds, A € B(RY). (1.2)
0

Here 8, € P(RY) is the Dirac delta measure at x € R?. In this work we establish the LDP for the
family {L,, ¢ > 0} on P(R?) as t — 0.

The LDP for the empirical measure process {L,, t > 0} is a classical result that follows from
the works of Donsker and Varadhan [5—7], which established the LDP for the empirical measure
process associated with a large class of discrete and continuous time Markov processes. Let
(L, D) denote the infinitesimal generator associated with a diffusion X satisfying the SDE (1.1).
Then C3(R?), the space of twice continuously differentiable real-valued functions on R? whose
first and second partial derivatives are bounded, lies in D and for ¢ € C ,f(Rd),

e P, 99
Lo = 2gga’fax,»axj +§b’ ox; (-

Let D" denote the subset of functions ¢ € D that are uniformly bounded below by a positive
constant on R, Donsker and Varadhan [7] showed that under certain stability and regularity
conditions, {L,,t > 0} satisfies the LDP on P(R¢) with rate function J : P(RY) — [0, oo]
defined, for u € P(R?), by

R e
T = s e

w(dx). (1.4)

Other approaches have been developed by Girtner [12] and Fleming, Sheu and Soner [11] for
the empirical measure of Markov processes taking values in compact manifolds; and by Feng
and Kurtz [10, Chapter 12] for the empirical measure of Markov processes taking values in more
general metric spaces.

We use weak convergence methods to prove the LDP for the empirical measure of a diffusion
in Euclidean space. These techniques have been developed more generally for large deviation
problems in the book by Dupuis and Ellis [8], and for empirical measures associated with
specific classes of continuous time Markov processes in [3,4,9]. There are a couple advantages
of our approach that we highlight here. First, we use standard techniques in the theory of weak
convergence and SDEs, which are applied directly to the continuous time diffusion process.
We find this probabilistic approach to the classical problem appealing. Second, we obtain a
variational formulation of the rate function (see (3.3)) that is dual to the one defined in (1.4),
and we evaluate the variational form of the rate function for the large class of both reversible
and nonreversible diffusions in Euclidean space that are strong solutions of the SDE (1.1) (see
Proposition 6.5). In particular, the rate function evaluated at a probability measure w is the
u-weighted L%-cost of a feedback control u that is reversible with respect to x and such that s
is formally invariant under the infinitesimal generator associated with the u-controlled diffusion.

In summary, the main contributions of this work are as follows:
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e A weak convergence approach to establish the LDP for the empirical measure of a
diffusion.

e A variational form of the rate function that is the dual of the Donsker-Varadhan variational
form of the rate function.

e Evaluation of the variational form of the rate function for reversible and nonreversible
diffusions in Euclidean space.

To our knowledge the variational form of the rate function associated with a general diffusion
in Euclidean space has not been evaluated on its domain of finiteness. Some prior results along
these lines include [5, Theorem 5] which evaluates the variational form of rate function defined
in (1.4) when the diffusion is reversible and takes values in a compact manifold; [16, Theorem
1.4] which provides a more tractable form of the rate function defined in (1.4) and [17, Theorem
1.4] which uses the results in [16] to evaluate the rate function defined in (1.4) for diffusions in
compact regions in R? with reflection along the boundary of the region; and [12, Theorem 3.2]
which expresses the rate function associated with diffusions on compact manifolds evaluated at
measures with sufficiently smooth densities in terms of the solution to a certain partial differential
equation (PDE), and the solution can be explicitly identified when the diffusion is reversible.
More recently, [18] considers a diffusion in a compact manifold whose drift can a priori be
decomposed into sufficiently smooth reversible and nonreversible (with respect to the invariant
measure of the diffusion) components. The authors use the results in [12] to explicitly express
the rate function in terms of the rate function associated with a related reversible diffusion and
the solution to a certain elliptic PDE (see [18, Theorem 2.2]).

The remainder of the paper is organized as follows. In Section 2 we present the assumptions
for our main result, which is stated in Section 3. We prove the empirical measure process satisfies
the Laplace principle, which is equivalent to the LDP (see the remark following Theorem 3.3).
In Section 4 we state a variational representation for exponential functionals of the empirical
measure that is used in Section 5 to prove the Laplace principle upper bound and in Section 7 to
prove the Laplace principle lower bound. In Section 6 we state and prove properties of the rate
function.

2. Preliminaries

In this section we provide conditions on the drift and diffusion coefficients that ensure
existence, uniqueness and stability of solutions to the SDE (1.1). We first introduce some
commonly used notation. Let C (R%) denote the set of continuous functions on R?. For k = 1, 2,
let CK(R?) denote the subset of functions in C(R?) whose partial derivatives up to order k exist
and are continuous, let C5(R¢) denote the subset of functions in C*(R?) that are bounded and
whose partial derivatives up to order k are bounded, and given @ € (0, 1), let Ck(R4) denote the
subset of functions in C*(R?) whose kth partial derivatives are Holder continuous with exponent
a. Given f € C'(R?) we let V f denote the gradient of f. Let C;°(R?) denote the subset of
functions in C(RY) that are bounded and have bounded continuous derivatives of all order and
let C>°(RY) denote the subset of function in C;°(RY) that are compactly supported.

The following local Lipschitz continuity condition ensures pathwise uniqueness of solutions.
Let || - || denote a fixed norm on the set of d x d matrices.

Condition 2.1. For each R < oo, there exists Kr < 00 such that for all x,y € R? satisfying
IxI, Iyl = R,

|b(x) — bV + llo(x) — oWl < Krlx —y|.
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The next condition imposes a strong stability condition on the diffusion that will be used to
prove the Laplace principle upper bound. As we explain below, the first part of the condition is a
version of the stability condition imposed by Donsker and Varadhan [7]. The second part of the
condition is a mild technical on the growth rate of the drift b(-) that is imposed to ensure that the
rate function (defined in (3.3)) can be explicitly evaluated.

Condition 2.2. There is a nonnegative function V. C*(R?) and constants c|,c; < 00 such
that

lim inf{g(x):x € R’ |x| > R} = oo, 2.1)
R— o0

and
Ib(x)* < c1 4+ cg(x),  xeRY, (2.2)

where g : RY — R is defined by

g(x) = —(LV)(x) — %|a(x)VV(x)|2, x e R4, (2.3)

Remark 2.3. Under Condition 2.1, g is a continuous function and therefore, by (2.1), has
compact level sets.

Remark 2.4. Condition 2.2 is a stronger stability condition than the one needed to ensure
positive recurrence of X. For instance, a sufficient condition for X to be positive recurrent is
the existence of V € C*(R?) and a constant k > 0 such that LV (x) < —k for all |x| sufficiently
large (see [14, Theorem 3.9]). In [3] the authors demonstrated that without a stronger stability
condition, the empirical measure process may charge points at infinity (in the large deviations
limit).

Remark 2.5. The first part of Condition 2.2 (i.e., (2.1)) is a slightly stronger stability condition
than the one imposed by Donsker and Varadhan [7]. The condition in [7] requires the existence
of a real-valued function g on RY and a sequence {u,,n € N} in the domain of the generator
L such that g has compact level sets, the sequence {u,,n € N} satisfies certain boundedness
conditions and g = —lim,_, oo (Lu,)/u, holds pointwise. Under Condition 2.2, setting u,, = e"
for each n € N, and g as in (2.3), we see from the definition of £ given in (1.3) and the stability
condition (2.1) that the condition in [7] holds.

The third and final condition imposes regularity and uniform ellipticity conditions which are
used in the proof of the Laplace principle lower bound.

Condition 2.6. The diffusion coefficient a is bounded, uniformly Lipschitz continuous and
uniformly elliptic. In addition, there exists 0 < « < 1 such that b; belongs to C"*(R?) for
1 <i <d and a;; belongs to Cz'a(Rd)for 1 <i,j<d.

Throughout this work we let ({2, F, P) denote a complete probability space, X, be a d-
dimensional random vector on ({2, F, P) and W = {W(¢), t > 0} be a d-dimensional Brownian
motion on ({2, F, P) that is independent of X,. We define the right-continuous filtration {F;} by

Fr=0({W(s),0 =s =1}, Xo, N), 1 =0, 24
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where N is the set of all P-null sets in {2. Under Conditions 2.1 and 2.2, there exists a pathwise
unique strong solution X of the SDE (1.1) with initial condition X(0) = Xj, and X is a
time-homogeneous Feller Markov process (see, e.g., [14, Theorem 3.5]). We let P, denote the
probability measure P on ({2, F) conditioned on X, = x and E, denote expectation under
P,. Furthermore, if Condition 2.6 also holds, X is positive recurrent, has a unique stationary
distribution 7 € P(R?), and for all x € R?, P, a.s. L, = 7 ast — oo, where we use the double
arrow “="" to denote weak convergence (see, e.g., [ 14, Chapter 4]).

3. A large deviation principle

In order to define the rate function, we define, for y € R?, the operator £” on C#(R?) by

L¢=Lh+ 0y, V),  ¢e CHRY), (3.1)

where £ is defined as in (1.3) and (-, -) denotes the usual inner product on R¥. Let P(R¢ x R?)
denote the set of probability measures on R x R? equipped with the product topology.

Remark 3.1. Throughout this work, given 8 € P(RY x R?), let [#]; € P(R?) denote the ith
marginal of 0, fori = 1, 2.

Given p € P(R?), let

[Vl = wandV ¢ € CE(R?)
- d dy .
S, =1qvePR xR : (L 6wz dy) =0 3.2)
R4 x R4

The rate function I : P(R?) — [0, co] evaluated at . € P(R?) is given by

1
inf — 2vdx d ifbeL?and S, # 0,
I(p) = VIEIISH 2/]1{de(1 ylI"v(dx dy) ! w A0E Ou 7

00 otherwise.

(3.3)

Remark 3.2. The condition b € Li in (3.3) is a consequence of the mild growth condition
on the drift (2.2) that we impose in Condition 2.2. The condition ensures regularity properties of
measures u € P(RY) satisfying I () < oo (see Lemma 6.4), which are used to obtain an explicit
form for the variational form of the rate function in Proposition 6.5.

The rate function 7(u) evaluated at u € P(R?) can equivalently be defined as the infimum
over the p-weighted L2-cost over all feedback controls u under which g is formally invariant
under the infinitesimal generator of the associated controlled diffusion (see Lemma 6.3). The
minimizing control u is identified in Proposition 6.5.

We now state our main result.

Theorem 3.3. Suppose Conditions 2.1, 2.2 and 2.6 hold. Let I be defined in (3.3) and the
empirical measure process {L;,t > 0} be defined as in (1.2). Then I has compact level sets
and the following uniform Laplace principle holds: for any compact set K in R? and bounded
continuous function h mapping P(R?) into R, we have

lim su
l—)OOXEK

l1og E, [exp{—th(Lt)}] + inf {I(y)+h(y)}| =0. (3.4
t yeP[RY)
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Proof. The fact that / has compact level sets follows from Lemma 6.1. The uniform Laplace
principle (3.4) follows from the uniform upper and lower bounds shown in Proposition 5.1 and
Proposition 7.1, respectively. W

Due to the equivalence between the Laplace principle and the LDP (see, e.g., [8, Theo-
rem 1.2.3]), it follows that {L,, 7 > 0} satisfies the LDP on P(R?) with rate I, and the LDP
is uniform for initial conditions in compact sets.

Remark 3.4. Since the rate function is unique (see, e.g., [8, Theorem 1.3.1]), it follows that our
rate function / defined in (3.3) coincides with the Donsker-Varadhan rate function J defined in
(1.4).

4. Variational representation

In this section we establish a variational representation for exponential functions of L,, which
will be used to prove both the Laplace principle upper and lower bounds. For ¢t < oo let V;
denote the set of processes v = {v(s), 0 < s < ¢} that are progressively measurable with respect
to the filtration {;} defined in (2.4) and satisfy

E U |v(s)|2dsi| < 0.
0

The following representation was shown in [2, Theorem 4.1].

Proposition 4.1. Fort < oo let X = {X(s),0 < s < t} be the pathwise unique solution to the
SDE (1.1) on [0, t]. Then for any bounded Borel measurable function G mapping C([0, t], R%)
into R the following representation holds:

log E [exp (—G(X))] = — 335, E [% /0, lv(s)|*ds + G (X”)] ,
where X' = {X"(s), 0 < s <t} denotes the pathwise unique solution to the SDE

dXV(s) = b(X'($))ds + (X' (s)dW(s) + o (X (s))v(s)ds, 4.1)
for 0 < s <t, with initial condition X*(0) = X,.

Using Proposition 4.1, we obtain a variational representation for functionals of the empirical
measure process.

Proposition 4.2. Let h be a bounded Borel measurable function mapping P(R?) into R. Then
forallt < oo,

1 1 [
—log E [exp{—th(L,)}] = — inf E [—/ lv(s)|>ds + h(L;’):| , 4.2)
t veV, 2t Jo

where L} denotes the empirical measure of X" on the interval [0, t] defined by

1 t
LY(A) = - f Sxvs(A)ds, A € BRY).
0
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Proof. Lett < oo. Let g be the continuous function mapping C([0, t], R?) into P(R?) defined
by

1 t
GO = f Sue (s, w e C([0, 1], RY).
0

Then L; = G(X) and the composite function 4 o G mapping C([0, ], R?) into R is bounded and
Borel measurable. Thus, by Proposition 4.1 and the fact that L} = G(X"), (4.2) holds. W

5. Laplace principle upper bound

In this section we prove the uniform Laplace principle upper bound, which is stated in the
following proposition.

Proposition 5.1. Suppose b and o satisfy Conditions 2.1 and 2.2. Define I as in (3.3). Then for
each compact subset K of R? and any bounded continuous function h mapping P(R?) into R,
we have

1
lim sup sup " log E, [exp {—th(L,)}] < -

t—00 xek

infd){l(y)+h(y)}. 6.1

yeP(R
The remainder of this section is devoted to the proof of Proposition 5.1. Throughout this
section we assume b and o satisfy Conditions 2.1 and 2.2. We fix a compact subset K of R?
and a bounded continuous function 2 mapping P(R¢) into R. Let {t,,n € N} be an increasing
sequence in (0, oo) and {x,, n € N} be a sequence in K such that 7, — oo asn — oo and
1
lim —log Ej, [exp {—tnh(L,n)}] 5.2)

n—o00 tn
1
= limsup sup — log E, [exp {—th(L,)}].
t—o00 xeK I

Due to the representation stated in Proposition 4.2, for each n € N, there is a progressively
measurable process v” in V,, such that

tllog E,, [exp {—tnh(L,n)}] (5.3)

L[ n 1
< —E, [—/ 0" (5)*ds + h(L )} T
2lﬂ 0 " n

Let ||l = sup{|a(y)| : ¥ € P(R?)} < oo. Rearranging the last display, we see that for each
neN,

1 [
E,, [—/ |v”(s)|2dsi| <2||hlle + 1. (5.4)
2tn 0
For each n € N, define v, € P(RY x R) by
1
va(A x B) =~ /O 8ixv (.o (s (A X B)ds (5.5)
for Borel subsets A and B of R?.
Since X"* and v" are {F;}-adapted and the mappings (X”", v") — v, and X" [v,]
are continuous, it follows that v, and [v,]; are J; -measurable random variables taking values

in P(R? x R?%) and P(R?), respectively. Our next step is to establish tightness of the family
{v,, n € N}. Before doing so, we recall a useful result (see, e.g., [8, Theorem A.3.12]).
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Lemma 5.2. Let ¢ : R? x RY — (—o00, 00] be bounded below and lower semicontinuous.
Suppose {6,, n € N} is a sequence in P(R? x R?) converging weakly to 6 in P(R? x R?). Then

lim inf/ c(x, y)0,(dx dy) > / c(x, y)0(dx dy).
R4 x R4

nee RY xR4
Given V e C*(R?) as in Condition 2.2, let g € C(R?) be defined as in (2.3) so that g has
compact level sets and by a completion of squares argument, for each x € RY,

g(x) = inf{—(D‘V)(x) + %|y|2 ty € Rd} ) (5.6)

Lemma 5.3. The sequence {v,,n € N} of P(R? x RY)-valued random elements is tight.

Proof. Let ¢ > 0. We claim there exist compact sets I'; and I in P(R?) such that for each
neN,

Py, (vali€el)=1—¢ (5.7)
Py, (vl € I3) =1 —¢. (5.8)

Then I' = {v € P(R? x RY) : [v]; € I},i = 1,2} is a compact subset of P(R? x R?) and
P, (v, € I') > 1 — 2¢ for each n € N, which will complete the proof.
We first define the compact set I, C P(R?) satisfying (5.7). Let

& Supeg V) + 2]l + 1

M, = . < 00 (5.9)
and set
I = {)/ e P(RY) : /d g(X)y(dx) < Ml} ) (5.10)
R

An application of Chebyshev’s inequality and the fact that g is continuous shows that I} is tight,
and hence compact, in P(R?). Let n € N. By (5.6), (4.1), Itd’s formula, the martingale property
of the stochastic integral and the nonnegativity of V,

In n 1 ™ n
Vi) - E, [ [ eoxonas+ 5 |v”(s)|2ds} > E,, [VOX" )]
0 0
> 0.
Then, by the definition of [v,];, the last display and (5.4), we have

Ey, [/d g(x)[vnh(dx)] = th(xn) +2|Allo + 1. (5.11)
R

n

Thus, due to (5.10), Chebyshev’s inequality, (5.11) and the definition of M, in (5.9), we have
P., ([v,]1 & I'1) < e. This proves (5.7).
Next we construct the compact set I, C P(R?) satisfying (5.8). Let

4 2
M, > Hlhllo +2 (5.12)
&
and set
D= {y e PRY): / IylPy(dy) < Mz} : (5.13)
R
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It follows from Lemma 5.2 that the function mapping y to fRd |y[>¥(dy) has closed level sets
and so I is a closed set. An application of Chebyshev’s inequality shows that the family I7 is
tight, and hence compact, in PRY). Letn € N. By (5.13), the definition (5.5) of v,, Chebyshev’s
inequality, (5.4) and (5.12), Py, ([vs]2 & I%) < €. This proves (5.8). W

In light of Lemma 5.3, we can take a weakly convergent subsequence of {v,, n € N}, which we
also denote by {v,, n € N}, and let v denote its limit point. For the remainder of this section we
fix such a convergent subsequence with limit point v in P(R? x R?). According to the Skorokhod
representation theorem, there is a probability space (!_Z F, 13) and random elements {v,, n € N}
and v on (12, F, P) taking values in P(R? x R9) such that v, is equal in distribution to v, for
each n € N, v is equal in distribution to v and P as.

v, =V asn — oQ. (5.14)

Let E denote expectation under P. The following decomposition of ¥ was shown to hold in
[8, Theorem A.5.6].

Lemma 5.4. For each A € B(RY), the mapping from (2, F) to ([0, 1], B([0, 1])) given by
@ — [V(®)]i1(A) is measurable. Furthermore, there exists a family of probability measures
[v(®)]1(dylx) on R4 parameterlzed by (w, x) € 2 x RY such that for each A € B(RY), the
mapping from (2 x RY, F @ B(RY)) 1o ([0, 1], B([0, 1])) given by (@, x) — [V(®)]1(Alx) is

measurable, and P-a.s.
V(A x B) = /[ﬁ]zu(BIX)[ﬁ]l(dX), A, B € BRY). (5.15)
A
In preparation for proving Proposition 5.1, we have the following lemma.

Lemma 5.5. The following limit holds:

liminf £ [1 / Iy Poa(dx dy)] > E[I(01)],
2 R4 x R4

n—oo

where I is defined in (3.3).

Proof. We have the following inequalities, which are explained below:

_[1 _[1
E|= / |y[*D(dx dy)| < liminf E —/ [y >V, (dx dy) (5.16)
2 R4 xR4 n—oo 2 R4 x R4
< 2[lAlloo + 1.
The first inequality is due to (5.14), Lemma 5.2 and Fatou’s lemma. The second inequality is a

consequence of the Skorokhod representatlon theorem, the definition of v, in (5.5) and the bound
(5.4). Tt follows that for P-a.e. @ € {2,

1
liminf—/ |y|21_),1(d>; dx dy) < oo.
R4 x R4

n—oo

By taking a subsequence {n;(®), k € N}, we can assume that

1
sup = f |y| Unp@)(@; dx dy) < oo.
k 2 R4 x R4
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Along this subsequence we have

lim SUP/ |¥1L{y1>C)Vna)(@; dx dy)
R xR

C—o00 k

1
< I - 2_n (?) _;d d
_Clﬁrrgocsgp/wxwlyl U@ @; dx dy)
=0.

By the uniform integrability shown in the last display,
f (L29)(x)v(w; dx dy) = lim f (L7 P) X)) (@; dx dy).
RI xRE k=00 JRd xrd

Since v, and v, are equal in distribution for each n € N, in order to show that the left hand side
of the last display is equal to zero for P-a.e. @ € {2, it suffices to show that

/R . Rd(ﬁ)w)(x)vn(dx dy) (5.17)

converges to zero in probability as n — 00. By (5.5), (4.1) and It&’s formula, the last display is
equal to

1 n 1 1 [ n n
t—d)(X” (t)) — t—¢(x) - l_/o (Vo(XY (), o (X" (s))dW(s)).

Since ¢ is bounded, the first two terms converge to zero a.s. as n — o00. For the third term,
Chebyshev’s inequality and the Itd isometry imply that forall 1 <i, j <dand ¢ > O,

Pxn< : 0¢ 25>
1,

1 / Y o (" ) 22 X (s)d W ()
n JO Xi
1 tn g
f IE?EX /(; dS .

0
¢
Since f—f’ and o;; are bounded for 1 < i, j < d, the right hand side converges to zero as n — 0.

a1 (X" (5))

89 v
8_x,»( (s))

Thus, P as. ¥ lies in Sy, - .
According to the definition of [ in (3.3), we are left to show that P a.s. b lies in L[za]l- Let
V € C*(R%) be as in Condition 2.2 and define g € C(R?) as in (2.3). By Condition 2.2,

/ b))’ [V]1(dx) < ¢ +c2/ gx)[vli(dx).
R4 RY

Using (5.14), Lemma 5.2, the Skorokhod representation theorem and following the exact
argument carried out in the proof of Lemma 5.3 to obtain (5.11), we see that

E [/ g(X)[T)]l(dx)] < liminf E,, [f g(x)[vnll(dX)}
R n—00 R

1
< liminf —V(x,) + 2||h]le0 + 1.

n—oo f

Since {x,, n € N} take values in the compact set K and V is continuous, the last two displays
together prove that P a.s. b lies in leﬁll' |

Proof of Proposition 5.1. Fix a compact set K in RY and a bounded continuous function /
mapping P(R?) into R. Let {x,,n € N} be a sequence in K and {t,,n € N} be an increasing
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sequence in (0, co0) such that t, — oo as n — oo and (5.2) holds. By (5.3), (5.5) and the
Skorokhod representation theorem, for each n € N,

1 1 In n 1
—log Ey, [exp (—t,h(Ly,))] < —Ey, [—/ [v"(s)|*ds + h(L? )} + -
tl’l 2tn 0 " n

1 1
—_F [5/ lyRin(dx dy) + h([anh)} +-.
R4 x R4 n

Then by the last display, Lemma 5.5 and (5.14), we have

1 _
lllirrgo t_ IOg Exn [eXp (_t”h(Ltn))] = —E [1([‘_}]1) + h([‘_}]l)]
<— inf {I(y)+h(y)}.
yeP(RY)

Along with (5.2), this proves (5.1). H

6. Properties of the rate function

In this section we study properties of the function / defined in (3.3). In the following two
lemmas we show that / has compact level sets and is convex. Let R = [0, 00). Foreachn € N,
let o, : Ry — R be a smooth (i.e., o, is continuous and its restriction to (0, co) has continuous
derivatives of all orders) nondecreasing function such that

oa(r)=r, 0<r=<n,
o,(r) =2n, r>3n, 6.1)
a)(r) <0, r>0.

Lemma 6.1. Suppose Conditions 2.1 and 2.2 hold. Then the function I defined in (3.3) has
compact level sets.

Proof. As is typical in the weak convergence approach, the following proof that the rate function
I has compact level sets uses arguments that are similar to those used to prove the Laplace
principle upper bound in Section 5.

Fix M < oo. We first show that the family {y € P[RY) : I(y) < M} is tight in PRY). Let
e>0.Let V e C*(RY) and g € C(RY) be as in Condition 2.2. Set

K,ﬁ{xeRd:g(x)§M+8}. (6.2)

By (2.1), K| is compact. Suppose u € P(R?) satisfies 1(i) < M. Then there exists v € S, such
that

1
— / ly[Pv(dx dy) < M + ¢. (6.3)
2 Jpd ywa

For eachn € N, define V,, € C,f(]R{d) by V, = a, o V. Then
1
(L7V)(x) = (a, o V)L V)(x) + 5(04[ o V)(W)|o (x)VV (x)[?

and (£”V,)(x) converges to (L£L”V)(x) uniformly for (x, y) in compact subsets of RY x RY as
n — oo. Since, for eachn € N, 0 < «,(r) < 1 and & (r) < O for all r > 0, the last display
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implies that (LY V,,)(x) < max{(L”V)(x), 0}. Then by (5.6),
r . ! r . I 5
= (LV,)(x) + Elyl > min{—(L"V)(x), 0} + Elyl > min § g(x), Elyl ,

which is bounded below by Condition 2.2. Therefore, by (5.6), (2.1), Fatou’s lemma, the facts
thatv e §,and V, € Cg(]Rd), and (6.3),

X 1
/ g)u(dx) < —f (L7V)(x)v(dx dy) + —f ly[*v(dx dy) (6.4)
RA RA R 2 Jpdyra

< liminf[— / (EyV,,)(x)u(dx)—i-l / ly|?v(dx dy)i|
R R 2 Jrdxprd

n—oo

<M +e.

Thus, by (6.2), Chebyshev’s inequality and the last display, i(K{) < e. This proves that the level
set {y € P(RY): I(y) < M} is tight in P(R).

We are left to show that I is lower semicontinuous. Let {u,,n € N} be a sequence in
P(RY) that converges weakly to p and satisfies liminf,_,.,/(i,) < oo. By choosing an
appropriate subsequence, also denoted {u,,n € N}, we can assume R = sup,I(u,) < o0
and lim,,_, oI (t,,) = liminf, o I(x,). By the definition of I given in (3.3), for each n € N we
can choose v, € S, such that

1 1
—/ IyPPva(dx dy) < I(ua) + — < R+ 1. 6.5)
2 JRrd xrd n

We show that {v,, n € N} is tight in P(R? x R?). Since [v,]; = u, foreachn € Nand i, = u
asn — 00, {[v,]1,n € N} is tight in P(R?). Next, let & > 0 and define the compact set K, by

R+1}
< .

Kzi{yeRd:wF .

Then by Chebyshev’s inequality and (6.5), for each n € N,
wl2 (K w(dx dy) <2
[vnla( 2)_R+1/]Rdxm yPvadx dy) < 2.

This proves that {[v,],, n € N} is tight in P(R?) and hence {v,, n € N} is tight in P(RY x R?).
By possibly taking a further subsequence, also denoted {v,, n € N}, we can assume there exists
v e P(RY x RY) such that [v]; = u and v, = v in P(R? x RY) as n — oo. By (6.5),

C—o0 n

1
lim sup Liy=cylylva(dx dy) < lim — sup 1y|?va(dx dy)
d Rd C—oo C RA xRA
=0.

Let ¢ € C,%(]Rd). Due to the uniform integrability shown in the last display and the weak
convergence v, = v, we have

/ (0(x)y, Vo(x))v(dx dy) = lim / (0(X)y, Vo(x)va(dx dy).
RY xRY =00 JRd x R4

Consequently,

/ (L2 ¢)(x)v(dx dy) = lim (L7 ¢)(x)vn(dx dy) = 0.
RY R4 n—>0

R4 xRd
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It follows that v € S,,. In addition, by (2.2) of Condition 2.2 and (6.4), b € Li holds. Therefore,
we have the following relations, which are explained below:

1
liminf 7(1t,) > —liminf/ IyPva(dx dy)
2 n—oo R4 xRd

n—oo n

1

5 / yPudx dy)
R4 x R4

> I(w).

The first inequality follows from (6.5). The second inequality is due to Lemma 5.2. The final
inequality is due to the facts that v € S, and b € Li, and the definition of / in (3.3). This
completes the proof that / is lower semicontinuous. W

v

\%

Lemma 6.2. The function I defined in (3.3) is convex.

Proof. Suppose i1, o € P(R?) are such that I(u;) and I(u,) are finite and Ay, A, € (0, 1)
satisfy A} + A, = 1. Let ¢ > 0. For each k = 1, 2, by the definition of / in (3.3) we can choose
Ve € Sy, such that

1
5/ IyPPok(dx dy) < T(ui) + 6. (6.6)
R4 xRd

Define u € P(RY) by = Ajpy + Aapp and v € P(R? x RY) by v = Ajv; + Ayv; so that
[vli =u.Letgp € C ;(Rd ). By the definition of £ in (3.1), the definition of v, and the fact that
v €S, fork =1,2, we have

/ (L'G)x)(dx dy) = Y Iy / (L) (x)i(dx dy) = 0.
R4 xR4 i=1.2 R4 xR4

Hence, v € S,,. The fact that b L2 N Liz and the definition of p imply that b € Li. Then, by

M1
the definition of 7, the fact that v = A;v; 4+ AV, and (6.6),

1
160 = 5 / Y Pu(dx dy) < TG + Al(us) + 26,
R‘IX]RG’

Since ¢ > 0 was arbitrary, this completes the proof that 7 is convex. H

We now show that the rate function /(u) can be expressed as the infimum over feedback
controls u in LIZL such that p is formally invariant under the controlled infinitesimal generator.
For 1 € P(R?), define

1
f -/ lu()*u(dx)  ifbe L) and R, # 0,
R4 xR

in
IT(w) = {uer, 2 6.7)

00 otherwise,

where

Ry = { well: /R (LA + (o (ulx), Vo) u(dx) =0V ¢ € c:%Rd)} . (6.8

Lemma 6.3. 1(1) = IT(w) for all n € PRY).
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Proof. Let ;1 € P(R?). We first show that 7T() < I(u). We can assume that I(u) < oo. Let
& > 0. By (3.3), we can choose v € S, such that

/ Iy[Pvdx dy) < I(n) +&.
R4 xR4
Define
u(x) = /d ylvla(dylx), x e RY,
R

where [v]y)1(dy|x) denotes the stochastic kernel on R4 given R? (see [8, Theorem A.5.4]). Since
x > [v]yi(dy|x) is a measurable function from (RY, B(R?)) to P(RY) (equipped with the weak
topology), the function u : RY — R¢ is Borel measurable. By Jensen’s inequality,

/ GO paldx) < f yPu(dx dy) < TG1) + .
R4 R4 xRd
In addition, by (3.2), for all ¢ € C®(R?),

/Rd((£¢)(X) + (o (u(x), Ve(x)))u(dx) = / (L7¢)(x)v(dx dy) = 0.

R4 xR4

Thus, u € R, and so IT() < I(1) + e. Since & > 0 was arbitrary, 7T (1) < I(w).
Next, we show that I(n) < [ T(u), which will complete the proof. We can assume that
If(n) < 0o. Let & > 0 and choose u € ‘R, such that

/ [P pdx) < I'(w) +e.
R
Define v € P(R? x R?) by
V(A x B) = / Suto)(B)u(dx), A, B € B(RY).
A
Then
/ ly|?v(dx dy) =f lu()Pv(dx) < IT(x) + ¢.
R4 xR R4
In addition, by (3.1) and (6.8), for all ¢ € C(?O(]Rd),
/ (L2P)(x)v(dx dy) = / (L(x) + (u(x)o(x), Vo(x))u(dx) = 0.
R‘IXR"' ]Rd

Thus, v € S, and so I(u) < IT(w)+e. Since & > 0 was arbitrary, this proves 7 () < IT(x). W
Next we obtain an explicit characterization of the rate function. Given u € P(RY) we equip
L3, with the inner product

(f.8)2 = /Rd (a(x) f(x), g(x))u(dx). (6.9)

Then LIZL is a separable Hilbert space. Let G, be the linear subspace of Li defined as the
L7 -closure of the set

G=1{Vp:peCPRN,

where Cf.’o(]Rd) denotes the space of real-valued functions on RY with compact support and
continuous derivatives of all orders. We let II,, denote the orthogonal projection of Li onto
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G,. Suppose b € Li and Condition 2.6 holds. Define the continuous function g : RY — R¢ by
. 1 3Cl,'j .
ﬂ,-:b,-—EZ—, 1<i<d. (6.10)

Since b € Li and Condition 2.6 holds, a~!8 € Li. For the following lemma, let H'(R?) denote
the Sobolev space of real-valued functions f on R? that are weakly differentiable and such that
f and its weak first partial derivatives are L2-integrable with respect to Lebesgue measure.

Lemma 6.4. Suppose Condition 2.6 holds and u € P(R?) satisfies 1(;n) < oo. Then u
is absolutely continuous with respect to Lebesgue measure, ¢ = ./p lies in H (R and
(Vp/p)lip=0) coincides j-a.e. with Hﬂ(a’l,B + o u).

Proof. Suppose /() < co. By Lemma 6.3 and (6.8), we can choose u € Li such that, for all
¢ € CORY,

/Rd((ﬁfﬁ)(X) + (o ()u(x), Vo)) u(dx) = 0. (6.11)

Since ¢ is bounded and b € Li by (3.3), it follows that b + ou € Li. The conclusion of the
lemma then follows from (6.11) and [1, Theorem 1.1] (with A =aand B=b+ou). R

Proposition 6.5. Suppose Conditions 2.2 and 2.6 hold and 11 € P(RY) satisfies () < 0o. Then
1
1w =5 / )] uid), (6.12)
R4
where u : RY — R? is the Borel measurable function given by
1Vp 1
w=0 15 N0~ @ ')y (6.13)

where p = du/dx is the density of w with respect to Lebesgue measure. Moreover, if p €
Cbz(]Rd) and is strictly positive on RY, then u; lies in C*(RY) for 1 <i <d.

Remark 6.6. This result can be compared to the characterization of the variational form of
the Donsker-Varadhan rate function for diffusions in compact regions (with reflection along the
boundary) that was obtained in equations (1.7) and (1.8) of [17]. When the reflection vector in
[17] is normal to the boundary of the region (i.e., when T = 0), the characterization of the
rate function in (1.7) and (1.8) of [17] takes a similar form as our characterization in (6.12) and
(6.13). The main difference being that in [17] the projection term H/,d(a‘1 B) is characterized as
Vh, where h is the solution to the variational problem (1.8) of [17].

Remark 6.7. A useful interpretation of the feedback control u in (6.13) is as the product of o
and the difference between half the logarithmic gradient of p and the component of =!8 that is
reversible with respect to w. This interpretation can be compared to [15, Corollary 1.5], which
provides a probabilistic interpretation of the Donsker-Varadhan rate function for diffusions in
compact regions (with reflection along the boundary of the region) in terms of invariant measures
for such diffusions.
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Proof. We first show that u € R,,. Due to the definition of u given in (6.13), the definition of
(-, '>L,3 given in (6.9), the fact that V¢ € G, and the definition of 8 given in (6.10), we have

(07'Vp. V)2 — (@' B. V)2
1 daijp), | 0¢
E;Z/M e oy, D

- / (b(x), V() u(d).
Rd

l\)l>—‘

/ (0 (u(x), Vé(x))uldx) =
R4

By the last display and integration by parts, we obtain

/Rd((&ﬁ)(x) + (o ()ux), Vo(x))u(dx)

1 3¢
=320 [ antg et

J

1 d(aijp), . 03¢
rryy [ Va0

This proves u € R,,.
Now suppose i also lies in R ,. Then by the definition of (-, -) 2>

/ |(x) > p(dx) — / lu(x)Pp(dx) > / lii(x) — u(x)|* (dx)
R4 R4 R4
+ 27N —uw), o_lu)Lz.

According to Lemma 6.3, once we show (o~ '(ii — u), 0~ ”>L2 = 0, the proof of (6.12) will
be complete By Lemma 6.4, (Vp/p)1l{p=0; € G,. Then (6.13) "and the definition of 11, imply
o lue G .. Therefore, there exists {¢,, n € N} in C ‘,’O(Rd ) such that

(07 @ —u), 07 u)yp = lim (071G — u), Vo) 2
For each n € N, since u, i € R, we have
(0@ —u), Vo) 5 = fR o (0@E() = u), Vo ())u(dx dy)
= /R (L)) + (0 (i), Ve()u(dx)

- /Rd(('cd’")(x) + (o ()u(x), Vo(x)))u(dx)
=0.

Thus, (6.13) holds.

Lastly, suppose p lies in Cﬁ(Rd) and is strictly positive on R?. Since o,(a'B) € G,
there exists a weakly differentiable function ¥ : R — R such that Vi = II,(a'B). Thus,
(Vy, qu)leL = (a8, V¢>L,€ for all ¢ € C;X’(Rd). Using the definition of (-, '>Lﬁ in (6.9),
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integrating by parts and dividing both sides by p, we see that ¢ is a weak solution to the PDE

V- (aVy)+ (Viegp, Vi) =V - (pp). (6.14)

Then according to [13, Theorem 9.19] and because Conditions 2.1 and 2.6 hold, i belongs to
C>*(R?). Since ¥ € C>*(RY), p € CZ(Rd) and p is strictly positive on R, it follows from
(6.13) thatu; € CH*(RY) for1 <i<d. W

Lemma 6.8. Suppose Condition 2.6 holds and . € P(R?) satisfies (i) < oc. Then there exists
a sequence {ji,,n € N} in P(R?) such that for each n € N, , is absolutely continuous with
respect to Lebesgue measure, its density p, = di,/dx belongsin C° (R?) and is strictly positive
onR?, w, = wasn — ooand I(w,) = I(u) as n — oo.

The proof of Lemma 6.8 is given in the Appendix.

7. Laplace principle lower bound

The following proposition is the main result of this section.

Proposition 7.1. Suppose Conditions 2.1, 2.2 and 2.6 hold. For each compact subset K of
RY and bounded continuous function h mapping P(R?) into R we have the following uniform
Laplace principle lower bound

lim inf inf llog E, [exp{—th(L,)}] >— inf {I(y)+h(y)}. (7.1)
yeP®RY)

t—o00 xeK t

Proof. Fix a bounded continuous function & mapping P(R¢) into R?. Let ¢ > 0 be arbitrary.
According to Lemma 6.8 and the continuity of /, there exists i € P(R?) such that 1 is absolutely
continuous with respect to Lebesgue measure, its density with respect to Lebesgue measure
p = du/dx lies in C3°(R?) and is strictly positive on R?, and

I(w)+h(p) = inf {I(y)+h(y)} +e. (7.2)
y€P(RY)

Define u € Li as in (6.13). Since p € Cboo(IR{d) it follows from Proposition 6.5 that u

is continuously differentiable and hence locally Lipschitz continuous. Therefore, along with

Conditions 2.1 and 2.2, this ensures there exists a pathwise unique solution X" = {X"(¢), t > 0}

of the controlled SDE

dX"(t) = b(X"(t))dt + o (X" (t)u(X"(1))dt + o (X" (t))dW(t), t >0,

with X“(0) = Xo. We let L} denote the associated empirical measure process. Since u and X*
are continuous, the process {u(X"(t)), t > 0} is continuous and hence progressively measurable
with respect to the filtration {F;}.

Let {z,, n € N} and {x,, n € N} be sequences in (0, co) and K, respectively, such that#, — oo
as n — 00. By Proposition 4.2, for each n € N, we have

1 1 " u 2 u
- log E,, [exp {—tnh(Ltn)}] > —FE,, [?/0 lu(X"(s))|"ds + h(Lln)i|

=_@{1/anwwm+muq.
2Rd n n
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We claim that

1 1
lim Ey, [—/ lu(x)PLY (dx) + h(L! )} = —f |u(x)* (dx) + h(w) (7.3)
n—00 2 Jrd " " 2 Jrd
= I(n) + h(p),

which along with (7.2) will complete the proof. Since the proof of the claim is analogous to a
portion of the proof of [8, Proposition 8.6.1], which establishes the uniform Laplace principle
lower bound for discrete time Markov chains, we provide a sketch of the argument here and refer
the reader to [8] for the details.

Let P, denote the probability measure on ({2, F) given by P,(A) = fRd P, (A)u(dx) for
all A € F, and let E,, denote expectation under p. Since p is a stationary distribution of the
controlled diffusion X*, an application of the L' ergodic theorem implies that

lim E, |:/d |u(x)|2Lr”n(dx)] =/ ) ()2 (dx).
n—oo R R

Then, using the definition of P,, Chebyshev’s inequality, the Borel-Cantelli lemma and by
possibly taking a subsequence, which we also denote by {#,,, n € N}, we have for u-a.e. x € R,

lim E, [ / |u<x>|2L¢;<dx>]= / () Pudy).
n—00 R4 Rd

Next, given a bounded, uniformly continuous function mapping R¢ to R, the pointwise ergodic
theorem implies that P,, a.s.

lim / gLy (dy) = / gu(dy). (7.4)
n—00 Jpd R4

Since there is a metric on R? under which the space of bounded, uniformly continuous functions
on R? is separable (see [8, Theorem A.6.1]), the definition of P, and last display implies that
for p-ae. x € R?, P, as. L;‘n = . Combining our results so far, we have (7.3) holds for
p-ae. x € RY. The extension to all x € R? then follows from an argument using the Feller
continuity of the diffusion X. This completes the proof of our claim. W
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Appendix A. Properties of weighted L2-projection operators

Let € P(R?) and {u,,, n € N} be a sequence in P(RY) satisfying the following condition.
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Condition A.1. The following hold:

° Li C Lin foreachn € N,
L4 limn—»oo(fv g>L;24n = (fr g)LIZLfOFClll frg € le;_

Let G, be an infinite-dimensional linear subspace of Li and let I, denote the orthogonal
projection from Li onto G,,. For each n € N, let G, denote the closure of G, in Lin and let
11, denote the orthogonal projection from Lin onto G . The following proposition is the main
result of this section.

Proposition A.2. Suppose Condition A.1 holds. Then for all f € L2, (I, f, I, 1) 2, =
(11, f, Hufhﬁ asn — oo.

The remainder of this section is devoted to proving Proposition A.2. Throughout the section
we assume Condition A.1 holds and, given y € P(RY) and f € L2, we let ||f||L% = /[, f)L%.

Since Li is separable, there is a sequence {g;,i € N} of linearly independent vector fields in
G, such that G, is equal to the closure of G = span{g;,i € N} in Li. For each m € N, define
the finite dimensional linear subspace G™ by

G™ =span{g;,i =1,...,m}.

Let II) denote the orthogonal projection of L2 onto G™. We can recursively construct these
prO_]CCthIlS via Gram—Schmidt as follows: Set

<f1 gl)L2
/‘l' = 2 Mglv (A])
el
and for m € N, set
m+1 . m <f’ m+1 — ngm+l)L2 m
H/,L f == HM f+ (gm+1 _ HM gm+1)- (A2)

gm+1 — L1 gm+1 ||

Here the linear independence of the vector ﬁelds G ensures that (A.1) and (A.2) are well defined.
For each n,m € N, let II;" denote the orthogonal projection from Lin onto G™. Givenn € N,
we can similarly recursively construct the projections I/ , m € N, via Gram-Schmidt. Since the
procedure is analogous to the one explained above, we omit the details.

Lemma A.3. Foreachm € Nandall f € L?,

lim || IT™ = || I .
Tim 2 flla, = I f

Proof. We proceed with a proof by induction. Let f € Li. By (A.1) and Condition A.1,
<f1g1)L2 <f’g1>[‘i

lim =
n=oo gl gl

1
Jlim 111, Sz, = = ML, Sl 2

This establishes the base case. Now let m > 1 and assume the following induction hypothesis:
limy, oo M7 fll 2 = I Sl forall f e Li. Since the orthogonal projection operators are
idempotent and self-adjoint,

(F L7 g) s = (L2 f T g) 2 — (I f. 110 g) o = (f. ITg), (A3)
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asn — ooforall f,g € L?, where the convergence follows from the identity
AL fI ) = I + )y, — ML = 9l 2

and the induction hypothesis. Then by orthogonality, the induction hypothesis, Condition A.1
and (A.3), given f € L%,

. ] . m . (f’ Em+1 — H;’Z;gm"‘l)lem
lim | II"7 fll,2 = lim | II" f]l,2 + lim

= Hn L, . n L, . —IIm
n—00 n—00 n—0oo ”gm+l I 8m+1 ”L%ln

(fs Em+1 — H;Tngrl)leL

lgm+1 — H/Lngm-‘rl ||L[21

L2 £l +

_ m+1
= 1 £l

This proves the induction step. The lemma now follows from the principle of mathematical
induction. W

Lemma A4. Forall f € L?,

liminf || 1T, 2 > L FII%, .
iminf | unflllem > MfIIleL

Proof. By Lemma A.3, for each m € N, we have
CR 2 CE m 2 _ m 2
liminf || 11, f 12, = liminf |17, f12, = |1 f 12,
Letting m — oo yields the conclusions of the lemma. W

Let G;; denote the orthogonal complement of G, in L7 and let II," denote the orthogonal
projection operator from Li onto Gj. Similarly, for each n > 1, let Gjn denote the orthogonal
complement of G, in Lin and let I ML” denote the orthogonal projection operator from Lin onto
Gtﬂ. The next lemma follows immediately from Lemma A.4, but with II Mln and II lf- in place of
I, and II,, respectively. (Lemma A.4 assumes that G, is infinite-dimensional; however, it is
readily checked that the result still holds if G, is finite-dimensional.)

Lemma A.5. Forall f € L?,

.. 1 2 1 2
hnrglorgfllnunf ||lem > |1, f”Lﬁ'

Proof of Proposition A.2. Let f € Li. By orthogonality, Condition A.1 and Lemma A.5,
limsup || 11,,, f |17, < limsup || f|I7, —liminf |1, f|?,
n—0o0 " Lin n—00 Litn n—0o0 Hon W Ly
< I —IME £,
= ML.f 13, .
"

Along with Lemma A.4, this completes the proof. H

Appendix B. Proof of Lemma 6.8

Throughout this section we fix u € P(R?) with I(11) < co. By Lemma 6.4, u is absolutely
continuous with respect to Lebesgue measure and if ¢ = /d/dx, then ¢ lies in H'(R%).
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For eachn € N, let o, : Ry — R, be a smooth function such that |« (r)] < 1 for all
r € R, and (6.1) holds. In addition, define ¢, : Ry — R, be a nonincreasing smooth function
that satisfies ,(r) = 1 forall r < n, g,(r) = Oforallr > n+2and —1 < ¢, (r) < O for all
n <r <n+2. Define ¢, € H'(RY) by

©n(x) = (a0 9(x))Ea(|x]), x € RY,

Then, for all n € N sufficiently large, ¢, (x) is positive on a set of positive measure. Without loss
of generality, we assume that for all n € N, ¢, is positive on a set of positive measure. Since
¢y(r) =1 and o, (r) = r for all ¥ < n and ¢ lies in H'(RY), we have

/R o) — g (P < 4 / lp(0)2dx — 0

max{|x].|p(x)[}zn

asn — 00, and
fR IVl — Vg (0)dx <2 /R V(PRI — (@) 0 (e dx

+2 / (e 0 9()E (XD dx
]Rd

<4 / V() Pdx
max{|x|,|g(x)[}>n
+2 / lp(0)l2dx
|x|>n

—0

asn — o0o. Thus, ¢, — ¢ in H'(RY) as n — oo.

Let n € Cg’o(Rd) be given by n(x) = cexp(—(1 — Ix|»)~") for |x| < 1 and nx) =0
for all |x| > 1, where the normalization constant ¢ > 0 is chosen so that fRd nx)dx = 1.
For each m e N, define n,,(x) = m?n(mx) for all x € RY. Given n,m € N, define
O € CX(RY) N H'(RY) by

@nm(X) = (an 0 (@ * 0u)(X))Ea(lx]), xeR? (B.1)

where ¢ * 1, denotes the convolution of ¢ and 7,,. Since ¢ and n,, both take values in R, their
convolution also takes values in R, so the above expression is well defined. It is well known
that ¢ * ,, — ¢ in H'(R?) and a.e. as m — oo. Since |a/(r)| < 1, |¢,(r)] < L and |¢/(r)| < 1
for all » > 0, we have, for eachn € N,

/ (G (6) = gu(r)Pelx < / (@ % 1)) — @) Pdx
R4 R4
-0

as m — oo. In addition, because ¢ * 1,, — ¢ in H'(R?) and a.e. as m — oo, and due to the
bounds [£,(r)] < 1, [£,(r)] < 1 and |er),(r)] < 1 for all r € Ry, we also have

/ IV @um(x) — Vo (x)|*dx
Rd
=2 /Rd (e, © (@ % 1)V # 1) (6) = (@, 0 9(x) V(o) dlx

42 / a0 (@ % 1)) — @ 0 90 dx
R
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2
< 2/1 |ty 0 (@ % 1)) (Ve s 1) (x) — Vo) P x
Rl
2
+ Z/d |y, © (¢ % N )(x) — @y, 0 ()| | Vp(x)|*dx
R

+2 f (¢ % nw)(x) — o(x)|*dx
Rd
-0

as m — oo. Hence, ¢, ,, — ¢, in H'(R?) as m — oo. Forn, m € N, set
Znm = /  Pan(0)dx € (0, 00), (B.2)
R

and define y,, € P(R?) to be absolutely continuous with respect to Lebesgue measure with
density
dyam . 1

2
= . B.3
dx Znm O (B.3)

Lemma B.1. Suppose that on each compact set K in R, ¢ is strictly bounded from below by a
positive constant. Then there exists a subsequence {m,,n € N} such that m, — oo asn — 00
and, upon setting [y, = Vu.m, for each n € N, Condition A.l holds, n, = @ asn — oo and
Jdw, Jdx — Jdpjdx in H'(R?) as n — oo.

Proof. Let f, g € Li. Given n,m € N, due to (B.1) and the facts that ¢, is bounded above by
2n, the support of ¢, is contained in K, = {x € R? : |x| < n + 2} and ¢ is bounded below by a
positive constant on K,,, we have

1
/ [{a(x) f(x), OO Vnm(dx) = f l{a(x) f(x), g(x))]
R4 Zn,m R4

- 4n? (f’g>L,2L

- Zn,m infoKn (02(x)
< Q.

O (%)
?(x)

p(dx)

Thus, f,g € L2 . By dominated convergence, given n € N,

Yn,m

[ a0 5002 x> [ a7 gwieinds
as m — 00. Now foreachn € N,

[ s sonigieods = [t e, sletdx < .
Therefore, again by dominated convergence,

[ a0 sneieds > [ areo. gcongnx

as n — o0o. Hence, we can choose a subsequence {m,,n € N} such that m, — oo asn — oo
and

fRd (@) f(x), ()@, (X)dx — /Rd (a(x) f(x), g(x))p*(x)dx
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as n — oo. Since @, — @, in H'(RY) as m — oo and ¢, — ¢ in H'(R?) as n — oo, by
possibly selecting m, € N larger for each n € N, we can assume that ¢, ,,, — ¢ in H'(R?)
as n — oo, and thus Z, ,, — fRd |<p(x)|2dx = 1asn — oo. It follows that Condition A.1
holds and \/duw, /dx — /du/dx in H'(R?) as n — oo, which implies the weak convergence
Uy = p asn — oo. This completes the proof. H

Proposition B.2. Suppose u € PR?) is such that () < oo and w admits a density with
respect to Lebesgue measure, denoted p = du/dx, such that on each compact set K its density
p is bounded below by a positive constant. Then there is a sequence {ji,, n € N} in P(RY) such
that for eachn € N, w, is absolutely continuous with respect to Lebesgue measure and its density
on = du, /dx lies in C?(Rd), Up = pasn — oo and I(u,) — () asn — oo.

Proof. Define the sequence {i,,n € N} in P(R?) as in Lemma B.1. Then we are left to show
that I(u,) — I(n) asn — oo. Set p = du/dx and, for eachn € N, set p, = du,/dx. By
Proposition 6.5, in order to show that 7(u,) — I(1) as n — o0, it suffices to show that

Tim (0, ' Vou. £, 'Vou) 2, = (07 V. p" V) 2 (B.4)
and
lim (11,,, (@™ B). I, (@™ B)) 12 = (u(a™' B). Iu(a™" B)) 3. (B.5)

By Lemma B.1, \/p, — /p in H'(R?) and Condition A.1 holds. Since o is bounded, we have

n—00

im (0, .05 '), =4 lim [ 1o (9P
n— R

— 44{{ o (X)(V./p)(x)|*dx
= (p—IVp,p_IVp)L%L.

This proves (B.4). Since a™ '8 € Li due to the facts that b € Li, a~! is bounded and a has
bounded derivatives, it follows from Proposition A.2 that

Jim (17, (@™ B). Ty, (@™ B)) 3 = (ITu(a™' B). Iu(a™"B)) 3.
This establishes (B.5), thus completing the proof. W

Proof of Lemma 6.8. Suppose u € P(R?) satisfies I(i1) < o0o. Choose u* € P(RY) such
that I(u*) < oo, u* is absolutely continuous with respect to Lebesgue measure with density
dw*/dx that lies in C;° (R9) and is strictly positive on R?. (One is tempted to use the stationary
distribution = here for u*; however, in this way we avoid having to verify that 7 satisfies
the desired regularity properties. The existence of p* with the stated regularity and satisfying
I(n*) < oo can be readily inferred from (6.12) and (6.13).) For each 6 € (0, 1), define
1’ € P(R?) by

p = (1= 8) pu+8u*. (B.6)

By the convexity of the rate function shown in Lemma 6.2, I(u®) < (1 — 8)1(n) +81(u*) < oo.
Then by Lemma 6.4 and the fact that d u* /dx is continuous and strictly positive on R?, x® admits
a density with respect to Lebesgue measure such that for each compact subset K of R, du® /dx
is bounded below by a positive constant on K. Thus, by Proposition B.2, there is a sequence
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{«®,m € N} in P(R?) such that for each m € N, u® is absolutely continuous with respect

)
to Lebesgue measure and its density p, = %o lies in C2(RY), ul, = u’ as m — oo and
1 (ufn) — I(u?) as m — oo. For each § > 0, choose m; € N sufficiently large so that

11(u®) = 1y, )l < 8, (B.7)

and d,,(14°, 113,,) < 8, where d,, (-, -) is a metric on P(R?) compatible with the topology of weak
convergence. For eachn € N, set §, = % and define

Mn = (1 - 8n)Mfr75n + 3}'1“*' (BS)

Then p,, admits a strictly positive continuous density with respect to Lebesgue measure and

du(Bns W) < (s By ) + (g, 1) + du (™, ).

By (B.6)—(B.8), each term on the right converges to zero as n — 00, and so u,, = @ asn — 0o.
By (B.6)—(B.8) and the convexity of the rate function,

I(un) = 1) + 8u(1 + 21 (1").

This, along with the fact thats 7(u*) < 0o, u, = @ as n — oo and the lower semicontinuity of
the rate function shown in Lemma 5.2, implies that /(u,) - I(u) asn — co. N
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