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Abstract

Let & be the upper expectation of a weakly compact but possibly non-dominated family P of
probability measures. Assume that Y is a d-dimensional P-semimartingale under E. Given an open
set O C RY, the exit time of ¥ from Q is defined by

T =inf{r > 0:Y; € Q°}.

The main objective of this paper is to study the quasi-continuity properties of 7 under the nonlinear
expectation . Under some additional assumptions on the growth and regularity of Y, we prove that
To At is quasi-continuous if @ satisfies the exterior ball condition. We also give the characterization
of quasi-continuous processes and related properties on stopped processes. In particular, we obtain the
quasi-continuity of exit times for multi-dimensional G-martingales, which nontrivially generalizes the
previous one-dimensional result of Song (2011).
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1. Introduction

On the space {2 of continuous paths, equipped with the topology of uniform convergence
on compact sets and filtration generated by the canonical process, let P be a weakly compact
but possibly non-dominated family of probability measures. We define the corresponding upper
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expectation and upper capacity by

IAE[E] = sup Ep[&], c(A) := sup P(A), for random variable £ and measurable set A.
PeP PeP
Assume that the process Y is a d-dimensional (nonlinear) P-semimartingale, i.e., ¥ is a
semimartingale under each P € P. A typical case of such kind of nonlinear expectation
and nonlinear semimartingales is the notion of G-expectation and G-martingales proposed by
Peng [15,18]. Given an open set Q C RY, we define the exit time of ¥ from Q by

t9(w) = inf{r > 0: Y(w) € Q°}, for w € £2.

The aim of this paper is to study the quasi-continuity problem of exit times 7, under the
nonlinear expectation E.

We say that a random variable is quasi-continuous, if it is continuous outside an open set
with any given small capacity, see Denis, Hu and Peng [1]. As is well-known, according to
Lusin’s theorem, all the Borel measurable random variables defined on a Polish space are
quasi-continuous under the linear probability. This is the case that P is reduced to a single
measure. But it is no longer obvious for the general case since the elements in the family P
can be infinite, mutually singular and non-dominated. Roughly speaking, the quasi-continuous
random variables are those that can be regarded as the limit of elements in C,({2) in some
proper sense, where C,((2) is the set of bounded continuous functions on {2. Many important
properties in the nonlinear expectation theory, for example, monotone convergence theorem for
decreasing sequence (monotone convergence theorem for increasing sequence is trivial since
E is an upper expectation) and (forward and backward) stochastic differential equations driven
by G-Brownian motion, only hold for random variables with such kind of regularity, see [1],
Gao [4], Hu, Ji, Peng and Song [7] and Hu, Lin and Hima [8].

So one of the most important problems in the nonlinear expectation theory is to verify that
whether a random variable is quasi-continuous, especially for stopping times in the form of
7o since such kind of problems keep occurring when we stop a process as we often do in
the classical analysis. The first breakthrough on this direction was due to Song [22, 2011]
(see also Song [24, 2014]) who solved the quasi-continuity problem of exit times when Y is
a one-dimensional G-martingale and Q = (—o0, a). But the method of Song relies on a very
important observation that YTQ At > YTE“’ which holds only when d = 1 and Q = (—00, a),
and hence cannot be applied to the more general situation. So it remains a fascinating and
challenging open problem to establish the quasi-continuity of exit times for general dimension
d and domain Q.

The main purpose of this paper is to provide a general theory on the quasi-continuity
properties of exit times 7, which allows us to maintain the regularity of random variables
or processes when we employ the localization techniques. Under some additional assumptions
on the growth and regularity for the process Y, we prove that 7y A ¢ is quasi-continuous if
Q satisfies the exterior ball condition (see Section 3 for the definition). Furthermore, we show
that 7y itself is quasi-continuous if Q is also bounded.

Our approach consists two key ingredients. One is to prove that 7o = 75 ¢.s. (We say that
a property holds “quasi-surely” (q.s.) if it holds P-a.s. for each P € P) in Proposition 3.11,
where

15(®) =inf{t > 0: Y,(w) € 0}, forw € 2.

This is done by extending the auxiliary function argument in Lions and Menaldi [13] to the
case that the quadratic variation of Y has possibly unbounded rate of change and utilizing the
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tool of regular conditional probability distributions of Stroock and Varadhan [25]. The other key
ingredient is to investigate the semi-continuities of 7y and 75 when the process Y is continuous
in (w, t) and apply a downward monotone convergence theorem for sets, see Lemma 3.13 and
Proposition 3.14. First from the semi-continuities of exit times, take in to account the regularity
assumption on Y, we deduce that Ty At is g.s. continuous on nearly all the domain 2. Then
the semi-continuities of 7y and 75 allow us to use the downward convergence theorem for
upper capacity (see Song [22]) to obtain an open set, on the complement of which 7y A ¢ is
continuous in w.

The rest of the paper is devoted to the study of the regularity for processes needed for
the above quasi-continuity of exit times. We give a characterization theorem on the regularity
of processes, thus generalized the one for random variables in [1]. We also investigate the
quasi-continuity of stopped processes when the stopping rule is a quasi-continuous stopping
time. Via the characterization theorem, we obtain some typical examples of multi-dimensional
nonlinear semimartingales satisfying our assumptions, including G-martingales, solutions of
stochastic differential equations driven by G-Brownian motion and the canonical processes
under a family of so-called semimartingale measures. We present at the end of the paper several
counterexamples to show that the exit times may not be quasi-continuous when our assumptions
are violated.

The paper is organized as follows. In Section 2, we recall the probabilistic framework of
nonlinear expectation and nonlinear semimartingales. The main results on quasi-continuity of
exit times for nonlinear semimartingales are stated in Section 3. Section 4 is devoted to the
research on the regularity of processes. Finally, in Section 5, we give some examples and
counterexamples.

2. Nonlinear expectation on the path space

We present the basic setting and notations of the nonlinear expectation and nonlinear
semimartingales. More relevant results can be found in [16-18,21].

Let 2 := C([0, c0); R¥) be the space of all R¥-valued continuous paths (w¢)r>0, equipped
with the distance

o0
p@', ) =Y 27V[( sup |o — ) A1l
Nl t€[0,N]
Let B;(w) := w; for w € {2, t > 0 be the canonical process and F; := o{B; : s <t} fort >0
be the natural filtration of B. We denote F := (F;);>0. A mapping 7 : {2 — [0, oo] is called
a stopping time if {r <t} € F; for each r > 0. Let P be a family of probability measures on
(£2, B({2)), where B({2) is the o-algebra of all Borel sets. We set

L(2) :={X € B(f2) : Ep[X] exists for each P € P}.
We define the corresponding upper expectation by

E[X] = sup Ep[X] € [—00,00], for X € L(2). 2.1
PeP
Then it is easy to check that the triple (2, L({2), I@) forms a sublinear expectation space
(see [18] for the definition).
For this P, we define the corresponding upper capacity

c¢(A) .= sup P(A), for A € B({2).
PeP
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A set A € B(f2) is said to be polar if ¢c(A) = 0. We say a property holds q.s. (quasi-surely)
if it holds outside a polar set. In the following, we do not distinguish two random variables if
they coincide q.s.

We define the L”-norm of random variables as || X||, := (IAE[|X|”])% for p > 1 and set
LP(2) ={X € B2 : |X|l, < o0}

Then L”(f2) is a Banach space under the norm || - ||,. Let C;(§2) be the space of all bounded,
continuous functions on {2. We denote the corresponding completion under the norm || - ||, by
LZ(2).

Definition 2.1. A real function X on {2 is said to be quasi-continuous if for each ¢ > 0, there
exists an open set O C {2 with ¢(O) < ¢ such that X|oc is continuous.

Definition 2.2. We say that X : {2 — R has a quasi-continuous version if there exists a
quasi-continuous function Y : 2 — R such that X =Y qzs.

The following result characterizes the space LY.(§2) in the measurable and integrable sense,
which can be seen as a counterpart of Lusin’s theorem in the nonlinear expectation theory.

Theorem 2.3 ([/]). For each p > 1, we have
Lg(()) ={XeB{) : Nlim IAE[|X|”1{|X‘2N}] =0 and X has a quasi-continuous version}.
—>00

Moreover, we have the following monotone convergence results. It worthy noting that
different from the linear case, the downward convergence is quite restrictive.

Proposition 2.4 ([1,22]). Suppose X,, n > 1 and X are B(§2)-measurable.

(1) Assume X, * X g.s. on {2 and Ep[X|] < oo for all P € P. Then E[X,,] 0 I@[X].
(2) Assume P is weakly compact.

(a) If (X}, in LL(92) satisfies that X, | X q.s., then B[X,] | E[X].
(b) For each closed set F € B(S2), c(F) = inf{c(0) : O open in B({2), F C O}.

Definition 2.5. An JF-adapted process ¥ = (¥;);>0 is called a P-martingale (P-
supermartingale, P-submartingale, P- semimartingale resp.) if it is a martingale (supermartin-
gale, submartingale, semimartingale resp.) under each P € P.

The following is the quasi-continuity concept for processes, which is slightly different from
the one for random variables.

Definition 2.6 (/22,23]). We say that a process F' = (F;),>0 is quasi-continuous (on {2 x [0, 00))
if for each ¢ > 0, there exists an open set G C {2 with ¢(G) < ¢ such that F.(-) is continuous
on G¢ x [0, 00).

Remark 2.7. From the definition, it is easy to see that, if the process F = (F;);>0 is quasi-
continuous (in the process setting), then for each ¢, the random variable F; is quasi-continuous
(in the random variable setting).
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Definition 2.8. Let X, Y : 2 x [0, 0c0) — R be two processes. We say X is a modification of
Y if for each ¢ € [0, 00), X; = Y; q.s. We say X is indistinguishable from (or a version of) Y
if X, =Y, for all ¢ € [0, 00), q.s.

3. Exit times for multi-dimensional nonlinear semimartingales

Let Y be a d-dimensional continuous P-semimartingale under a given weakly compact
family P of probability measures. Assume that, under each P € P, we have the decomposition
Y, = MP + AP, where M is a d-dimensional continuous local martingale and A’ is a
d-dimensional finite-variation process. We also denote by (¥Y)¥ = (MP)P the quadratic
variation under P, and shall often omit the superscript P on (- ) when there is no danger
of ambiguity.

3.1. Quasi-continuity of exit times

For each set D C R?, we define the exit times of ¥ from D by

p(w) :=inf{r > 0: Y,(w) € D}, forw € .

Definition 3.1. Let E be a metric space. We say that a function f : E — [—00, oo] is upper
(lower resp.) semi-continuous if for each xg € E,

limsup f(x) < f(xo) (liminf f(x) > f(xo) resp.).
—>X0

X—X( x

Definition 3.2. An open set O is said to satisfy the exterior ball condition at x € 9O if there
exists an open ball U(z, r) with center z and radius r such that U(z, r) C O¢ and x € dU(z, r).
If every boundary point x € dO satisfies the exterior ball condition, then O is said to satisfy
the exterior ball condition.

Given an open set Q in R4, we denote
02° ={w € N:w, =w onl0, g(w)]}, foreachw e . (3.1)

In this section, we shall mainly deal with nonlinear semimartingales ¥ possessing a local
growth condition at the boundary:

(H) Given each P € P. For P-as. w such that 7o(w) < oo, there exist some stopping
time 0“ and constants A”, ¢” > 0 (these three quantities may depend on P, w but are
supposed to be uniform for all @’ € 2°) so that for o' € 2¢,

(i) o“@) > 0;
(ii) On the interval of ¢ € [0, % (@) A (ta(a)/) — 7o(@))], it holds that
(a) Non-degeneracy: d{M"),w)1i(@) > )»‘“tr[d(MP)rQ(wW (@)]lgxa and
P ’
tld(M7), 4 (@D] > 0,
(b) Controllability: tr[d (M ")

(@)] = EwIdAPQ ().

To(@)+t 70 (w)+t

The following theorem is the main result of this section concerning the regularity of exit
times.
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Theorem 3.3. Let Q be an open set satisfying the exterior ball condition and let 2° be
defined as in (3.1). Suppose that Y is quasi-continuous and satisfies the local growth condition
(H). Then for any 8 > 0, there exists an open set O C {2 such that ¢(O) < § and on OF, it
holds that:

(1) g is lower semi-continuous and Tg is upper semi-continuous;
(i) 7p = 15

Remark 3.4. Let us explain the meaning of the three inequalities in (ii) of the condition (H).

(a) We first give a general discussion. For two (signed) measures w; and @y, on some sub-
interval I of R, by du; > du, we mean that pu1(A) > uy(A) for each A € B(I). If
wi,i = 1,2, are Lebesgue—Stieltjes measures corresponding to finite-variation functions
fi respectively, du; > du, is equivalent to the assertion that f; — f> is non-decreasing.
Such a discussion obviously also holds for the more general case that the two measures
w1 and w, take S(d)-values, where S(d) is the set of d x d symmetric matrices endowed
with the usual order, i.e., for y, y» € S(d) we write y; > y, if y; — y» is nonnegative
definite.

(b) On the interval of 1 € [0, 0“(w) A (tg(0) — To(w'))], the Lebesgue-Stieltjes mea-
sures d(M”)1 ) w)1i(), trld(M*) (@] and dAPQ (') are generated by finite-

TQ((HH’I 70 (w)+t
o : j2 2 P
variation functions t — (M )fg(w)+,(w’), t — tr[(M >1Q(w) L (@)] and t — ATQ(w)H (o)

respectively.
The first inequality in (a) of (H) means that the measure d (M " )IQ(w)_H(w/) is no smaller
than A®tr[d (M )rQ @)t (@) xa, and the one in (b) of (H) has a similar meaning that the

P NT 3 w P ’ P /
measure tr[d (M )TQ (it (@")] is no smaller than &®|d A1Q(w)+t (w")|, where |dArQ(w)+t ()]
is the total variation measure of dA” (o). Moreover, the second inequality in (a)

rQ(w)+r
of (H) means that the function t — tr[(M? )TQ (@) ()] that generates the measure

tr[d (M T >1Q(a)) ., (@")] is strictly increasing.

Remark 3.5.

(i) A simple and sufficient condition of (H) is the case that A, & are independent of @ and
the growth condition is global, i.e.,

(H') for each P, there exist constants A, ¢ > 0 (may depend on P) such that d(M7F), >
Mr[d(MP) 1 gxa, t[d(MP);] > 0 and t[d(M*);] = e|dA[’| on [0, T5], P-as.

Indeed, we can take 0 = ¢ for any given ¢ > 0 in this situation, and then (H) holds.

3
(@i1) If for each P, it holds that Al ;s < % < Al g and |djl’ | < C on [0, 75], for

some constants 0 < A < A, C > 0 (may depend on P), P-a.s., then (H') is satisfied.

Remark 3.6. We discuss two special situations mainly based on the condition (H’). Similar
results hold for (H) by a straightforward modification. Since the symbol for the latter is more
complicated and so is omitted.

(i) If Y is a P-martingale, i.e., A” = 0 for each P € P, then the inequality tr[d(MF),] >
e|dAF| in (H') holds trivially by taking & = 1.
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(i) When d = 1, the inequality d(M"), > Atrf[d(MF) 11454 in (H') is just d(MF), >
Ad{M?P),, and thus holds for A = 1. If moreover A" = 0, then (H’) reduces to
d(M*); >0 on [0, T5].

Before presenting the proof, we shall state a direct consequence of Theorem 3.3 concerning
the quasi-continuity of exit times. Note that 7o and Tz may take the value +o0. The fact that
Tg 1s lower semi-continuous, 7y is upper semi-continuous and 7o = 7 does not imply that 7¢
and 7 are continuous. In general, we can get the quasi-continuity by a truncation manipulation
as follows.

Corollary 3.7. Assume that the conclusion of Theorem 3.3 is true for tg and tg.

() If X is a quasi-continuous random variable, then t9 N X and tg AN X are both
quasi-continuous.
() If X € LIC(Q), then tg A X and T4 A X both belong to LIC(Q).

Proof. (i) By assumption, we can find an open set O; C {2 such that ¢(0O;) < ¢ and X is
continuous on (O1)°. Moreover, from Theorem 3.3, we can choose an open set O, C {2 such
that ¢(0;) < € and on (0>)°, T¢ and Tg are lower and upper semi-continuous respectively, and
Tg = Tg- Denote O = O; U O,. Then ¢(0) < 2¢ and on O°¢, it holds that 1o A X : 2 — R
is lower semi-continuous, g A X : 2 — R is upper semi-continuous, and

170) ANX = ‘L'@ A X.
From this, we deduce that Ty A X and oA X are continuous on OF€.
(ii) From (i), 9 A X is quasi-continuous. Noting that |9 A X| < |X|, then
Ellrg A X jjrgaxi=0] < ENX I xj=] — 0, as k — oo.

Now the desired result follows from Theorem 2.3. O

Remark 3.8. Typically, we shall often take X = ¢, for any fixed ¢, in the above corollary.

Assume that d = 1 and Y is a one-dimensional 7P-martingale. Then from Corollary 3.7, we
deduce that Ty A ¢ is quasi-continuous if d{M?), > 0 P-as., for each P € P, and Q satisfies
the exterior ball condition. In particular, if we take Q = (—o0, a) for a € R, then

To(w) =inf{t > 0: Y(w) > a}
and we get the result in [22].

Now we proceed to the proof of Theorem 3.3. We first present a result which shows that ¥
originating at the boundary point of Q with exterior ball will exit Q immediately.

Proposition 3.9. Let Q be an open set satisfying the exterior ball condition at some x € 0Q.
Assume P is a probability measure such that Y = M + A" is a continuous semimartingale
satisfying Yy = x P-a.s and the following local growth assumption at x:

(A) There exist some stopping time o > 0 P-a.s. and constants A, > 0 such that
d(M"), = rrld(M*) 1 gxa, tr{d(M");] > 0 and tr{d(M*),] = e|d A]| on [0, 0 A 5],
P-a.s.

Then we have g = 0 P-a.s., i.e., P-a.s. for each § > 0, there exists a point t € (0, 8] such
that Y, € EC.
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Proof. Let U(z, r) be the exterior ball of Q at x. We set h(y) = e’k‘»‘”dz, where the constant
k will be determined in the sequel. Then

Dyh(y) = —2k(y — z)e ="
_ _2
D}zyh(y) = (4k2(yl - Zi)(yj - Zj) - 2k(3,'j)€ kly—z|
= (@K2(y — D)y — )T = 2klyeq)e
Let (-, -) be the Euclidian scalar product for vectors and matrices. Let any R > 2r be given.
By the assumption, for P-a.s. w, on [0, o], we have for all y € U(x, R)N Q,
(D2 h(y), d(MP);) + 2(Dyh(y), dAF)
= (K3 — D0 — T dMP)) — (2klga, d(MT),) — 4k{(y — 2), dAF yye ="
> ((4k2(y - Z)(y - Z)T’ )Ltr[d<MP>t]Id><d> _ <2kld><d’ d(MP)I) _ 4/<((y _ Z), dAtP>)€_k‘y_Z|2
> (@K y — 2Puld(MP),] = 4kly — 2lld AL | — 2kuld (M), e =<F
> ((4rk*r? = 2k)teld (M ")) — 4k(R + r)étr[d(MP)z])e_“Y‘Z'z
= (M7 = 2K) — AK(R + ) Dyl (M), e

3.2)

Here we have used the well-known matrix inequality that (A, B) > (A, B) if A|, A2, B €

S(d) such that A} > A, and B > 0 (recall that S(d) is the set of d X d symmetric matrices
with the usual order).

Since M" is a local martingale, we can find a stopping times o, > 0 such that M-}/)\m is a

square-integrable martingale. For symbol simplicity, we still denote o Ao} by o. For any given
t > 0, applying It6’s formula, we obtain

IQATU(X, R)NONL P
h(YTE/\Tu(X’R)/\O'/\Z) - h(x) = / (Dyh(ys)v dMs >
0

TEATU(X,R)AG/\Z
+ / (Dyh(Y,), dAY)
0

1 TG/\TU(X,R)/\U/\f ) p
+5 fo (D2 h(Y,), d(MP),).

Taking expectation on both sides, we get

TE/\TU()(,R)/\UAI 1
Bl (5(D
0 2

= EP[h(YTE/\‘EU(va)/\U/\[) - h('x)] = 01

2 h(Yy), d(MP)5) + (Dyh(Yy), dAF))]

yy

since h(y) — h(x) < 0 for each y € (U(z, r))°. Combining this with inequality (3.2), we get
T@/\TU(XYR)/\UAI l 5
Epl / (A1 = k) = 2k(R + r))uld (M ") he =] < 0.
0 &
This can be rewritten as

TCATU(X,R)/\”AZ 5 5
Ep[ / ((2rkr? = De — 2(R + r)te[d (M) ek R =1¥s=2191 < o,
0
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If P(rg > 0) > 0, then P(tg A Tye,ry Ao At > 0)> 0. In view of

(@rkr? — 1)e — 2(R + r))ek((RJ”’)z_'YS_Z'Z) 1 oo, asky <k — oo, for some ky > 0,

we can apply the classical monotone convergence theorem to obtain

TEATU(X,R)/\”/\I

Jim Epf (@1kr? = D)e = 2(R + r)teld (M 7) DM R =2 — oo,
— 00 0

which is a contradiction. So we must have 5 = 0. The proof is complete. [

Remark 3.10.

(i) Surely the assumption (A) is satisfied by the global growth condition that (A) holds with
o = oo.

(i1) The presence of o should be understood by the observation that the phenomenon of
immediate exit from Q is a local behavior which is determined by the path property of
Y near time 0, i.e., the behavior of Y on [0, o].

The immediate leaving property also holds for Y with general initial points.

Proposition 3.11. Let Y, Q be assumed as in Theorem 3.3. Then

9 =7Tg ¢S (3.3)

Proof. Given any P € P. Observe that if ¥y = x P-as. for some x € 9Q, from
Proposition 3.9, we obviously have that 75 = 79 = 0, P-a.s. If not, we will use the method
of regular conditional expectations to restart Y at the boundary as follows.

For J—',Q, from Theorem 1.3.4 in [25], there exists a regular conditional expectation { P“},cq
such that

Pe(2°)=1 and Ep[|Fryl(@) = Epo[-], for P-as. w.

If Tp(w) = oo, it is obvious that rg(w) = 1p(w).

For P-a.s. w, we have 0“ > 0 P®-a.s. Moreover, for any given w, by Galmarino’s test (see
[20], Chap. I, Exercise 4.21 (3)), we have for o’ € 29, Y;(w) = Y;(®'), t < to(w). This implies
that 7g(w) = to('). Thus, for w such that P(2*) = 1, under P, o' — 15(@') — To(@') is
also the exit time of o' — (YfQ(w)H(a)’)),zo from Q.

Applying the following Lemma 3.12, we deduce that for P-a.s. w such that 7p(w) < o0,
under P%, o' — (Y,Q(w)ﬂ(a)’)),zo is a semimartingale starting from Yoy € dQ and satisfying
the assumption (A) in Proposition 3.9. Therefore, by applying Proposition 3.9, we obtain

Ep[(f@ — TQ)I{rQ<oo}|]:zQ](w) = Epw[fé — ‘CQ]I{fQ(w)<oo} = 0, for P-a.s. w.

Summarizing the above, we get

g = Tg, P-as.,

which implies

g =70, qs.

This completes the proof. [
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Lemma 3.12. Let 7 : 2 — [0, 00] be a stopping time. Given a local martingale (MtP, Fi)i0
under some probability measure P. Let {P“},cn be the corresponding regular conditional
expectation of P for F,. Then for P-a.s. w,

(i) Under P°, ' — (Mtp(a)/) — Mﬁww(a)/), Fihi=o is a local martingale, which can also
be restated as that ' — (Mrp(w)ﬂ(a)/), Frwy+ti=0 18 a local martingale for t(w) < oo.
({1) If 1(w) < oo, then (MTP(wH,),Pw = (Mp)f(wH, for each t > 0, P®-a.s. (recall that
when necessary, we use the superscript Q on the quadratic variation ( - ) to indicate

the dependence on a probability Q).

Proof. (i) Step 1. If MP isa martingale under P, then by Theorem 1.2.10 in [25], for P-a.s. w,
o = (M (@) = M, (@)= is a F;-martingale under P.

Step 2. Now suppose that M” is a local martingale under P. Let T, be localization
sequence of stopping times for M” such that T, 1 oo P-a.s. and (M[’;Tn )i>0 1s a martingale
under P. For any given n, since Mtlj\Tn is a martingale under P, applying Step 1 yields
that o’ — M&Tn(w/)(w’) — lezw)/\t/\Tn(w/)(w/) is a martingale under P¢, for P-a.s. w. Since
T, + oo P“-as., for P-as. w, we can find a set N C {2 such that P(N) = 0 and for
w € N¢, o — M[PATn(w,)(w’) - Mf(wwﬂn(w,)(w’) is a martingale under P® for each n and

T, 1 oo P®-a.s. Let any w € N° be given such that t(w) < oo and ' — M(Ii(w)+z)/\Tn(w’)(w/)
is a Fr(w)-martingale under P for each n. We define

On(@) = inf{t = 01 [Meyir (@) = m),  m = 1,

P

which is a Fi(e)4,-stopping time. We claim that o), is a localization sequence for M, .

Indeed, note that

P

T(w)+tAom | =m,

sup |[M.
t>0
then we can apply the dominated convergence theorem to derive that, for s < ¢,
P . P
Epo [Mf(w)ergm |fr(w)+s] = Epo [nlirgo M('[(w)+[/\gl")/\7"” |fr(w)+s]

= nlingo Epo [M(I;(w)ﬂ/\gm)/\nl |fr(w)+s]

. P
= llm M(T(a))+s/\l7m AV

n—00
P
= Mr(w)Jrs/\am ’
where the third equality is due to the fact that M(};(w) tiromnT, 18 @ Frw)-martingale by
the classical optional sampling theorem. Therefore, (MTP(w) 41+ Fr@)+)i=0 18 a local martingale
under P®.

(ii) Note that (MF)*> — (M*)F is a local martingale under P. Then from Step 2 in (i), we
obtain that for P-a.s. w, if T(w) < 00, then (Mfzw)ﬂ)2 — (MP)f(w)H is also a local martingale
under P®. This implies that

(MﬁwH,)fpw = (Mp)f(w)Jrl for each t > 0, P®-as.,

as desired. [

The following lemma concerns the semi-continuities of exit times when the process is
bi-continuous.
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Lemma 3.13. Let E be a metric space and (w,t) — F(w) be a continuous mapping from
E x [0, 0) to R?. Define, for each set D C RY, the exit times of F from D by

op(w) :=inf{t > 0: F;(w) € D}, for w € 2.

Assume Q is an open set. Then o¢ is lower semi-continuous and og is upper semi-continuous.

Proof. We first show that o7 is upper semi-continuous. For any given w € E, set 1y := og(w).
Noting that the case fp = oo is trivial, we may assume that #y < oco. Then we can find an
arbitrarily small & > 0 such that Fy ,.(w) € Q . Since Q' is open, there exists an open ball
U(Fy4e(®), r) with center F; ,.(w) and radius r such that U(F4.(w),7r) C EC. For each o’
whose distance with w is sufficiently small, we will have

Fyre(@) € U(Fypse(@),1) C 0
by the continuity of F. That is,
og(@) <t +e,

as desired.
Now we consider the second part. Given any w € E, we first prove the assertion that for
any given ¢ € [0, 00), if og(w) > ¢, then
liminfog(w') > 1. (3.4)

w —>w

If not, we can find a sequence w" € E and #, € [0, t — ¢] for some ¢ > 0 such that
0" - o and F, (0") € O°.

We can extract a subsequence of {t,}, which is still denoted by {¢,}, such that #, — ' for some
t' € [0, 7 — €]. Then by the continuity assumption on F,

Fy(@) = lim F, (") € 0,
n—0oQ

which is a contradiction. Thus we have proved the assertion. Now set fy := og(w). If #5 < oo,
the conclusion follows from taking t = ¢ in (3.4). If ) = oo, we can apply (3.4) to each
t < oo to show that

liminfog(w') > ¢, for every r > 0,

o' —w
which implies

liminfog(w') = oco.
o' —w

The proof is now complete. [l

Now we can complete the proof of Theorem 3.3. For this purpose, it suffice to prove the
following proposition which is stated in a slightly more general form, without the specific
assumptions on Q and Y as in Theorem 3.3. It can be useful in the future work.

Proposition 3.14. Let Q be an open set. Suppose that Y is quasi-continuous with exit times
satisfying t9 = tg q.s. Then the conclusion in Theorem 3.3 holds: for any § > 0, there
exists an open set O C {2 such that ¢(O) < & and on O¢, Tg and tg are lower and upper
semi-continuous respectively, and tg = 4.
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Proof. Set I' = {rgp = 75}. Then ¢(I) = 0 by the assumption. Since the process Y is
quasi-continuous, for any § > 0, we can find an open set G C {2 such that ¢(G) < % and Y is
continuous on G x [0, 00). From Lemma 3.13, 7o and 75 are lower and upper semi-continuous
respectively on G¢. Moreover, we can write the polar set

I'nG={rg<pinG'= |J rg=sinfrg=rhnae.
s<r;s,reQ

For every s, r, from the semi-continuities of 7y and Tg on G°, we deduce that ({tgp < s}ﬂ{r§ >
r}) N G¢ is closed. Then according to Proposition 2.4(2) (b), there exists an open set with any
given small capacity such that

Oxr D) ({tQ = S} N {Ta = V}) NnG°.

From this, we can find an open set O; D I'“ N G° such that c¢(0;) < % Denote the open set
O = 0,UG. Then on O¢, 19 is lower semi-continuous and 7y is upper semi-continuous, and
9 =715 U

Remark 3.15. In Proposition 3.9, the condition in (A) that there exist some constant ¢ > 0
such that

ald(M"),] = eld Al (3.5)
can be relaxed in two one-dimensional cases. Note that we use inequality (3.5) to guarantee
that, in (3.2) in the proof of Proposition 3.9,
y—2z
ly —zl
Assume that d = 1 and Q = (—o0, a) for some a € R. We take the exterior ball U(a+1, 1) =
(a,a + 2). Then the inequality (3.6) reduces to

tr[d(M"),] > &(

,dAY), foreachye Q. (3.6)

—a—1
dM"), > S(L,dA,P), for each y < a,
ly —a—1]
which is just
d{M"), > —edA]. (3.7)

Similar analysis shows that when d = 1 and Q = (a, +00) for some a € R, the inequality
(3.6) reduces to

d{M"), > edAf. (3.8)

In these two situations respectively, we can use (3.7) and (3.8) to replace (3.5) and get the
conclusion of Proposition 3.9. We can also similarly modify the assumption (H) in Theorem 3.3
and repeat the proofs as before, to recover all the corresponding results in this subsection.

3.2. Integrability of exit times

When a certain integrability condition imposed, 7o and 75 themselves can be quasi-
continuous.

Theorem 3.16. Assume that the conclusion of Theorem 3.3 is true for to and tg, i.e., for
any 8§ > 0, we can find an open set O C (2 with ¢c(0) < 8§ such that on O, tp is lower
semi-continuous, Ty is upper semi-continuous and tTg = Tg.
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W Ir
c({r§ >k}) — 0, ask— oo, 3.9)

then tg and tg are quasi-continuous.
(ii) Assume that

Eltgliy-1] = 0, ask — oc. (3.10)

Then tg and Ty both belong to LIC(Q).

Proof. Since 7o = 75 q.s., we may mainly prove the conclusions for 7g.

(i) By the assumption, we can choose an open set O; such that ¢(O;) < € and on (O))°,
7o is lower semi-continuous, 5 is upper semi-continuous and Ty = 5 From (3.9), we can
also take k sufficiently large such that c({trgp > k}) < e. Utilizing the semi-continuity of 7y on
(01)°, we deduce that (O1)° N {rg < k} is a closed set, and thus, O := O; U {tgp > k} is an
open set. It is easy to see that ¢(O) < 2¢, and 7y and T are continuous on OF€.

(i1) Note that

c(tg > k) = E[1-1iry-n)] < Elrgliryiy] = 0, as 1 <k — oo.

Then 7y is quasi-continuous and the conclusion now follows directly from the characterization
theorem of LIC(Q) (Theorem 2.3). O

Obviously, (3.10) implies (3.9). Now we provide a sufficient condition for (3.10).

Proposition 3.17. Let Q be a bounded open set and Y be a ‘P-semimartingale. Assume that,
for some 1 <[ < d, there exist some constants ¢ > 0 and A # 0 such that

MAP' +d(M™), = edt on [0,75],  P-as., for each P € P,

where MY and AP are the Ith components of M¥ and AF, respectively. Then there exists
a constant C > 0 depending only on A, ¢ and the diameter of Q such that,

El(r5)*] < C. (3.11)

Proof. We mainly use an auxiliary function from [3, p. 145]. Without loss of generality, we
can assume 0 € Q and [ = 1.

V1

2
Step 1. Let P € P be given. Let h(y) == Be* , and take B > 0 large enough such that
P-a.s. for each y € Q,

2 1 2
Xh(y)(dA,”*1 + X"<MP'1>’) = ﬁh(yxm,”*1 +d(MP")) = dt on [0, 7g].
By It6’s formula, we have

TE/\t 2 P1 1 Z@Al 4 P1
Xh(Yx)dAs’ +5/0 )Tzh(Ys)dW s

Ta/\t 2 P
WYogn) = h(¥o) = | = ZhOAME + |
T§Af 2 Ta/\l 2
=/ Zh(Ys)dmP! +/ ShY)OdAP +d(mP ).
0 A 0 A

Taking expectation on both sides and using a standard localization argument when necessary,

Please cite this article as: G. Liu, Exit times for semimartingales under nonlinear expectation, Stochastic Processes and their Applications (2020),
https://doi.org/10.1016/j.spa.2020.07.017.




14 G. Liu / Stochastic Processes and their Applications xxx (xxxx) xxx

we get
2C, > Ep[‘[@ At].
where Cj, is the bound of / on @, which is independent of P € P and ¢.

Step 2. Consider th(y), where h with B is given as in Step 1. Applying Itd’s formula, we
have
A AL

(T A DA(Y, )—/rQMh(Y )ds+/rQM z—sh(Y YdmP! +/TQ Z_Sh(Y YdAP!
0 TNt = s A s K I S s
0 0 0
+ lfQN S hv)d (M

2Jo A *

o™ 2s Pl o™ 2s Pl Pl
> Th(YS)dMS’ + ﬁh(Ys)()»dAS’ +d{M"")y).
0 0

Taking expectation on both sides, we get

ChEplrg Atl > Epl(tg A DAY )] > Epl fo 7 sds) = S Erlirg A7)
which together with Step 1 implies

Epl(tg A 1)"] < 4(Ch)’.
Taking supremum over P € P and then letting ¢+ — 0o, we obtain

El(tg)’] < 4(Cy)*,
as desired. [

Remark 3.18. If E[(‘Ca)z] < o0, then by the Markov inequality, we obtain that (ii) in

. E[(r5))
Theorem 3.16 holds: E[t@l[f§>k}] < —

— 0, as k — oo.

4. Quasi-continuous processes

In the previous section, the regularity theorem for exit times (Theorem 3.3) was established
under the assumption that the P-semimartingale Y has some kind of regularity which is called
quasi-continuity in the process sense. In the present section, we shall give a characterization
theorem on the quasi-continuity of processes as well as some related properties of stopped
processes.

4.1. Characterization of quasi-continuous processes

Assume that P is a family of probability measures on (2, ¢ and & are the corresponding
upper capacity and expectation, respectively.

Now we give a general criterion (characterization) on the quasi-continuity of processes. It
is convenient to first introduce the notion of quasi-continuity on the finite interval. We say that
a process F' = (F});e[0,00) 1S quasi-continuous on {2 x [0, T'] if for each ¢ > 0, there exists an
open set G C {2 with ¢(G) < ¢ such that F.(-) is continuous on G¢ x [0, T]. Obviously, if F
is quasi-continuous on {2 x [0, c0), then F is quasi-continuous on (2 x [0, T], for each T > 0.
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Theorem 4.1. Let X : {2 x [0, 00) — R be a stochastic process, i.e., X, is B({2)-measurable
for each t > 0.

(i) X has a quasi-continuous version on 2 x [0, T] if and only if we can find a sequence
X" e C(f2 x [0, T]) such that, for each ¢ > 0,

c({sup |X] —X/|>¢e}) >0, asn— oo 4.1

0<t<T

Moreover, X and this version are q.s. continuous in t € [0,T], i.e., continuous in
t €[0,T] for g.s. w € (2.

(i1) X has a quasi-continuous version on {2 x [0, 0o0) if and only if for each T > 0, there
exists a sequence X" € C(£2 x [0, T]) such that (4.1) holds. Also, X and this version
are q.s. continuous in t € [0, 00).

Proof. (i) Note that

c({sup |X] —X]"| >¢}) >0, asn,m— oo.
0<t<T

We can find a sequence (X;*);>; such that

(s |X”k+‘—x"k|>i})<i Vi > 1
c({ sup t t w =50 Ea

0<t<T
Denote
1
Ap={sup X — XPH > — )
0<r<T 2
Then
oo oo 1
Sean=Y =t
k=1 k=1
As a consequence, by Borel-Cantelli Lemma, D7 := limsup,_, ., Ay is polar. Since X;* is
continuous on {2, for each ¢ and k > 1, then supy_, ., |X;*1 — X7*| is lower semi-continuous

on {2, and thus, the set A is open on {2. Therefore, Uiy, Ax D Dr is an open set and can
have any sufficient small capacity when k( large enough. We define the limit of X"* on [0, T']
by

17 (w) = lim sup X;*(w).
k— o0
As each X" is continuous in (w,t), for all k > 1, and X" converges uniformly on
(Uk=koAr)° x [0, T']. Therefore, I7(-) is continuous on (Uk=koAx) x [0, T]. Thus, the process
IT is quasi-continuous on {2 x [0, T].

Moreover, note that for each w € (D7), t — X;*(w) converges to t — I,T(a)) uniformly,
thus q.s.  — I () is continuous on [0, T]. So is X since they are versions of each other on
[0, T1.

To prove the reverse direction, we can assume that X itself is quasi-continuous on {2 x [0, T,
since if X' is the quasi-continuous version of X on {2 x [0, T], then supy_,.; |X; — X;| =0
q.s. For any & > 0, we can find an open set G C {2 with ¢(G) < & such that X.(-) is continuous
on G¢ x [0, T]. By the Tietze’s extension theorem, there exists a ¥ which is continuous on
2 x [0, T] such that X =Y on G° x [0, T]. Then

c(f sup 1Y, — Xi[ >¢e}) <c({ sup Y, — X[ >} NG) =c(G) <e.

0<t<T 0=i<T
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(ii) For each k > 1, from (i), we get a quasi-continuous version [ k of X on [0, k]. Then
I[k = Itk/, 0 <t <kAk gs. for each k, k" > 1. Denote the polar sets

FRK = {we 2: I,k(a)) = I,k/(a)), 0 <t < kAk' does not hold} and F := Uk,krlek’kl.
Then we can define

IMw), t <k; F¢,
(@) = i (o=l ee
0; wekF.

For any given ¢ > 0 and for each k > 1, from (i), we can find an open set O; such that
c(Op) < 2% and 7* is continuous on (O;)¢ x [0, k]. Denoting the open set O’ = Uy> Oy, then
¢(0") < &. We also denote O = O’ U F and obviously that ¢(O) < . It is easy to see that [ is
continuous on O¢ x [0, co). Now it remains to prove that O is open. To that end, it suffices to
show that O¢ is closed. Given any k, k' > 1. For every ¢ € [0, k Ak'], since Ilk, It’" is continuous
on (0'), then {w € 2 : I¥(w) = I¥ (@)} N(0') = {we 2: IKw) — [N (@) =0}N(0') is a
closed set. Thus,

(FEFY 0 (0') = (Nicpoaninfo € 21 IHw) = IF (@)) N (0
= Nicpornn)(f@ € 2 : IKw) = IF (@)} N (0))
is closed. This implies
0°¢ = (0" N F* = (0" N (Mg =1 (FFY) = M1 ((FF)e 01(0)°)

is closed, as desired.

The q.s. continuity of / in ¢ on [0, co) follows from the above definition of I and the q.s.
continuity of / kin ¢ on [0, k] for each k > 1. Moreover, X is also g.s. continuous since it is
a version of I on [0, c0).

Now we prove the reverse direction. If X is quasi-continuous on {2 x [0, c0), then X is
quasi-continuous on {2 x [0, T'], for each T > 0, and the conclusion follows from (i). [

Remark 4.2. From the proof of the above theorem, we know that the direction of obtaining
the approximation property in the form of (4.1) from the quasi-continuity is always trivial. In
fact, we can get a better approximation property in (ii): If X is quasi-continuous on {2 x [0, 00),
then there exists a sequence X" € C({2 x [0, 00)) such that, for each ¢ > 0,

c({ sup |X] —X;|>¢e})—0, asn— oo. “4.2)

0<t<oo

Indeed, for any ¢ > 0, by a similar analysis as in the proof of (i), we can find an open set
G C 2 with ¢(G) < ¢ and a function Y which is continuous on {2 x [0, c0) such that X =Y
on G¢ x [0, co). Then

c({ sup ¥y —Xi| >¢}) <c({ sup |V, = X;|>¢e}NG) =c(G) <e.
0<t<oo 0<t<oo
So we can see that the weak form of approximation condition in (ii) of Theorem 4.1 that for
each T > 0, (4.1) holds for some sequence X", is equivalent to the stronger form (4.2), which
does not seem obvious. For Theorem 4.1, we mainly use its nontrivial direction of obtaining
the quasi-continuity from the approximation property in the concrete problems. So in (ii), we
prefer the weak form condition since, by the observation that it is verified on finite time interval
with approximation sequence X" that can depend on 7, it is more convenient to apply.
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In particular, taking 7 = 0 in Theorem 4.1(i), we get the corresponding quasi-continuity
characterization theorem for random variables, which also generalizes Theorem 2.3 a bit.

Corollary 4.3. Let X : {2 — R be a random variable. Then X is quasi-continuous if and only
if there exists a sequence X" € C({2) such that, for each ¢ > 0,

c{| X" —X|>¢€e}) >0, asn— oo. 4.3)

The following two results concern the quasi-continuity of stopped processes.

Proposition 4.4. Let X = (X;):¢[0.00) be a process. The random variable X is quasi-continuous
if X is a quasi-continuous process on 2 x[0, T] (£2 %[0, co) resp.) and t : 2 — [0, T] ([0, 00)
resp.) is a quasi-continuous stopping time.

Proof. We just prove the conclusion on [0, T'], and the proof for the other part is similar. For
any ¢ > 0, we can find an open set G C {2 such that ¢(G°) < ¢ and on G° x [0, T], X is
continuous. Moreover, we can also find an open set O C {2 such that 7 is continuous on O°.
Then on G° N O° = (G U O), it is easy to see that X, is continuous. [

Proposition 4.5. Let X = (X,);¢[0,00) be a process. Then the process (X )iefo,11 ((Xea)ie[0,00)
resp.) is quasi-continuous on {2 x [0, T] ({2 x [0, 00) resp.) if X is and t is a quasi-continuous
stopping time.

Proof. The proof is similar to that of Proposition 4.4, so we omit it. [

Remark 4.6. We remark that Proposition 4.4 is a special case of Proposition 4.5 from
Remark 2.7. But it should be beneficial to give Proposition 4.4 explicitly as above due to
its potential broader use.

4.2. Application to G-expectation space

For any given family of probability measures, the canonical process B is continuous in
(w, t), and thus is trivially quasi-continuous. Now we shall use Theorem 4.1 to obtain some
non-trivial quasi-continuous processes in the case that P is the G-expectation family, i.e., the
upper expectation of P is a G-expectation. Let us first briefly review the construction of
G-expectation, and more details can be found in [1,18].

Let I" be a bounded and closed subset of S (k), where S, (k) is the collection of nonnegative
k x k symmetric matrices. The G-expectation [ is the upper expectation of the probability
family

el;,

P
P = {P : P is a probability measure on {2 such that B is a martingale and d(ft)’
under which the canonical process B is called G-Brownian motion. In the G-expectation case,
LIC(Q) is usually denoted by L};(Q) and the conditional G-expectation [E;[-] is well-defined
on L};(.Q).

An adapted process (M;),>o is called a G-martingale if for each s < ¢, M, € L16(Q,)
and IAES[M,] = M, where & = {w.n : @ € 2} and L};(Q,) is defined similar to LIG(.Q)
with {2 replaced by (2. Furthermore, a G-martingale M is called symmetric if —M is also a
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G-martingale. We remark that, if M is a symmetric G-martingale, then it is a 7P-martingale,
i.e., it is a martingale under each P € P. In general, a G-martingale is a P-supermartingale,
see [12,19] for more discussions.

Let Mg(O, T) be the collection of processes in the form: for a given partition {ty, - - - , tx}
of [0, T],
N—1
(@) =Y Ej (@i, ().
j=0
where &; € Cb(Q,) j=20,12,- N —1.For p > 1and n € Mg(O T), let ||n||Mp =
(B[ fo [ns|7ds1}V/?, Il = {I[-Z[(f0 |173 |2ds)P/?1}/P, and denote by M£(0, T) and HP(O T)
the completions of M2 (0 T) under the norms | - || M and || - || HD> respectively. For each

1 <i,j <k, we denote by (B', B’} the cross-variation process of B. Then for two processes
n € HEO,T)and § € ME(0, T), the G-Itd integrals fo nsd B! and fo £d(B', Bl);, fo £.ds
are well-defined, and fo nsd B! is a symmetric G-martingale.

In the following of this subsection, we always assume that P is a family of probability
measures corresponding to G-expectation as above.

Theorem 4.1 contains the following three typical processes in the G-expectation space.

Proposition 4.7. We have:

1) G- martingale M has a quasi-continuous modification on {2 x [0, 00).
() If n € M} ¢0,T) (ﬂT>0MG(O T) resp.), then the process A, = fof nsds has a
quasi-continuous modification on {2 x [0, T] ({2 x [0, c0) resp.).
(i) If n € M50, T) (Nr=oM (0, T) resp.), then the process A, = fol nsd(B', B)s has a
quasi-continuous modification on 2 x [0, T] ({2 x [0, o0) resp.).

Proof. (i). For each T, since My € Lé (f2r), according to [1], we can find £" € L;,({2r) such
that £ — My under the norm E[| - |], where

Lip(QT) ={¢(By,By,—By -+ ,By,—B;,_):neNO0<th<th---<t, <T,pe€ Cb.Lip(]kan)}-

From the definition of conditional G-expectation (c.f. Chapter III of [18]), we can see that
the process ]E, [£"] is continuous on {2 x [0, T']. By the following Lemma 4.9, we can take
the continuous modifications of G-martingales M, = ]E,[MT] and ]E,[|§” Mr|]. Since for
any given P € P, E, |E" — M7|] is a supermartingale, we can apply the Doob’s martingale
inequality (see, e.g., Theorem 2.42 of [5]) to obtain that for each ¢ > 0,

P({ sup |E,[["]— M| > ¢e}) = P({ sup [E[§"] —E,[Mr]| > ¢})

0<t<T 0<t<T

P({ sup E,[|&" — Mr|] > &)
0<t<T

IA

A

1.4

< -E[|§" — Mr[].
€

Taking supremum over P € P, we obtain

6({OSUP B, [£"] — M,| > €}) < E[E —Mr7|] >0, asn— oo.
<t<T

Now applying Theorem 4.1, we deduce that M is quasi-continuous.
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(ii)). We can find a sequence 1" € Mg(O T) such that n” — 7 in Mé(O T). Then
the conclusion follows from the observation that the process ( fo nids)=o is continuous on
2 x [0, T] and

t t T
E[ sup | neds —/ nsds|] < IE[|/ Iny — nslds] — 0, asn — oo.
0<t<T 0
(iii). Note that M, = fo nsd{B', B/); fo 2G(#,)ds is a G-martingale (see Chapter IV
of [18]), where 1 = (17””)" J=1 18 deﬁned by

N LF m=iand!l = j,
r 0;  otherwise.

Then we deduce the result from (i) and (ii). [

Remark 4.8. We remark that the result (i) on finite interval [0, T'] has already been obtained
in [23]. Compared with this, our proof is simple and different, and moreover, does not rely on
the non-degeneracy assumption on [

In the above proof, the following continuity modification theorem for G-martingales M is
needed. It corresponds to the classical fact in the linear stochastic analysis that every martingale
for Brownian motion filtration has a continuous modification, and partial result under the
additional assumption that M; € L7 ¢(§2) for T > 0, for some p > 1, on this direction has
already been proved as a byproduct in the G-martingale representation theorem (see [21,23]).

Lemma 4.9. Any G-martingale M has a continuous modification.

Proof. We employ the notation in the proof of Proposition 4.7(i). For any given T > 0 and
Mr € L1 (§27), there exists some &" € L;,({2r) such that £" — My under the norm E[| 1.
Then by the definition of conditional G-expectation, ¢t — E,[é"] and t — IE [IE" — &™|]
are continuous on [0, T'], for each w € {2, and by a similar calculation as in the proof of
Proposition 4.7(i), we have
c({ sup [E,([&"] — B[] > &}) > 0, asn,m — oo.
0<t<T

Now from a similar analysis as in the proof of Theorem 4.1(i), we can extract a q.s uniformly
convergent subsequence E, [£7%] such that + — limsup,_, E, [£7] is continuous and it is a
modification of M. [

A G-martingale stopped at a quasi-continuous stopping time is still a G-martingale.

Corollary 4.10. Let t be a quasi-continuous stopping time. If (M,);>o is a G-martingale (sym-
metric G-martingale resp.), then (M;n:)i>0 is still a G-martingale (symmetric G-martingale
resp.).

Proof. We just prove the G-martingale case, from which the symmetric case follows by
applying the conclusion to M and —M.

For any ¢ and stopping time o <, let E, be the conditional G-expectation at o as defined
in [6,14]. By the optional sampling theorem for G-martingales (see [14]), we have

B, (M= M,. (4.4)
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From Proposition 4.4, the random variable M,,, is quasi-continuous. Moreover, note that
from (4.4) and the properties of conditional G-expectation,

BlIM e BLE (M)

c({IMin:| > N}) =

N N
EIE M E[|M,

- [Esnc r|]]= [l z|]_)0’ as N — oo.
N N

Then applying Proposition 19 in [1] yields that

E[|MtAr|I{|M1/\I|>N}] = I,E[”Et/\‘f[l‘ll‘]|I{\1\’11/\r|>N}]
< BIE A 1M1 1012

ELM at,pp1-3y]
— 0, as N — oo.

Therefore, by the characterization Theorem 2.3, we deduce that M;,, € L }; £2).
Now it remains to show the martingale property. Indeed, from (4.4) and the properties of
conditional G-expectation, for each s > 7, we have
B/ [Myne] = BiMre ez ] + Bl M o<

= B\ [Mspeyville=e) + Be[Men e <
= EI[E(xAr)vr[MS]]]{SAIZT} + Mol <)
= B\ [M, s nezn) + Menidie<n
= M Iixnesny + M Ignr<ny
= M.

This completes the proof. [
We close this section with a regularity theorem for the stopping of stochastic integrals.

Proposition 4.11. Let t < T be a quasi-continuous stopping time. Then for each p > 1, we
have

I[Q,t] € MGP(O, T) (45)

Proof. Without loss of generality, we assume that T < 7. For each k € N, by the partition of
unit theorem, we can find a sequence of continuous functions {qbf‘}l'.'k , with ng = 2% 4+ 1 such

that:

(1) the diameter of support )»(supp(¢f‘)) <Zand0< PF <1,

(i) D7, ¢k(t) =1, for each t € [0, 1]; :
(iii) ¢f(r) > 0 for some 7 € [, &) but ¢f (1) =0 for 1 = &, for 1 <i <y + 1.
It is easy to check that

ng

> I[Oyz,;k]¢f(r) — o in MEO, T), as k — oo.

i=1
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Then it remains to show that Z?k h 1[0 ]¢k(r) e M? (0, T). A rewriting gives

ng

Zl[o l]¢ (r) = Z(Zl(j 1 /]+I{o )(f) (1)

i=1 j=1

— . .k k

= Z Z L 9@+ le Loyt (0)
n ng

D= BAGER
=

Noting that 1 > Z"" P > Ij1 y then
-

ni

Z¢> (r)—

<j2;k1]+l[r>j2;kl] E]:jz;kl.

Since ¢{‘ is continuous, thus Z" ¢k(r) is quasi-continuous. Then by applying Theorem 2.3,

we deduce that Z qbk(r) elL? (Q 2 1) This completes the proof. [

Remark 4.12.

(i) Similar argument shows that Ijo ;] € HE(0, T) under the same assumptions.

(i1) One of the referees provides an alternative short and novel proof to the above proposition.
Indeed, first from Proposition 4.4, the random variable B, is quasi-continuous. Then by

a similar analysis as in the proof of Corollary 4.10, we have

A~ A A +2 A
BB, |7*?] = BB, [Br1]"" 1 < B[|Br "] < 0.

Thus B, € L’(’;‘H(.QT). Now we can apply the G-martingale representation theorem

(see [21,23]) to obtain a process h € H(’;’(O, T) such that

T
B, = / hvdBv
0

21

This implies that ||1jo] — hlng(O,T) = 0, and thus o, € Hg(O, T). In particular,
I € Hé(O, T) = Mé(O, T). Combining this with the characterization theorem of
ME(0, T) (see [9]), we obtain that Ijo ;) € M5(0, T).

But we can still keep our original proof because it is more direct and constructive, and
since it does not rely on the G-martingale representation theorem which is from the
structure of the probability family for G-expectation, it is applicable to the more general
case that the G-expectation probability family is replaced by an arbitrary given family
of probability measures on {2.

Remark 4.13. Let 7 < T be a stopping time and n € Hg(O, T). From [11], we have

[ = [ o,
0 0
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If t is quasi-continuous, then by the above Proposition 4.11 (see also Remark 4.12(i)), we
derive that nljp . € HE(O, T). Such kind of conclusions may be useful in the localization
argument for the stochastic integrals.

5. Examples and counterexamples

We first present some examples of nonlinear semimartingales Y satisfying the assumptions
in Theorem 3.3.

Example 5.1.

(i) Let P be the weakly compact family of probability measures corresponding to G-
expectation, under which canonical process B is a G-Brownian motion. Assume that
B satisfies diii;)’ > g2l for some o2 > 0. Then B is quasi-continuous and satisfies
the assumption (H').
More generally, let Q be the open set we concern. We take Y as the solution of a

d-dimensional SDEs driven by G-Brownian motion B:

t k t k t

X = x+/ b(s, Xf)ds+z / hij(s, XX)d (B, Bj)-v+2/ oi(s, XX )dB!, 1>0,
0 i,j=1"0 j=1"0

where x € RY, b(t, x), hij(t,x), 0, x) : [0,T] x RY — R? are deterministic

functions continuous in ¢ and Lipschitz in x, with coefficient L. We also assume that

o = (o1 ---,01) is non-degenerate, i.e., there exists a constant A > 0 such that

Maxa < o(t,y)o(t,y)', forall ye Q.

First from Proposition 4.7, the process X* is quasi-continuous. Then we show that the
assumption (H) holds. Indeed, we can fix any R > 0 and define, for w satisfying
7o(w) < oo, the stopping times

0”(w) = inf{t > () : X} (@) € (U(X} (@), R)Y,

where (U (XfQ(w)(a)), R)) is the open ball with center X fQ(w)(a)) and radius R. Fix any
8 > 0, then for o' € £2°, ¢(to(w) +1, XfQ(w)H(w/)), for ¢ = b, h;;, o, are bounded for
t €[0,0%w) A8l

[$(To(@) + 1. X2, @))]
< $(T0(@) + 1. X2 0y, (@) — (To(@) +1.0)| + [§(To(@) +1,0)|
< LIXE s (@)] + 9(T0(@) + 1, 0)].

Now by the non-degeneracy assumption on B and o, it is easy to check that the
assumption (H) is satisfied.

It worthy pointing out that whereas (H') in Remark 3.5 may not hold. This case is
one of the main motivation for our general condition (H). For the above G-SDE, if
moreover b, h;;, o; are bounded (globally on Q), then the stronger assumption (H’) is
also satisfied.

(ii) In the G-expectation space, we take a d-dimensional process ¥ = M + A, where M is a
symmetric G-martingale and A is a quasi-continuous finite variation process, such that
(H) or (H') is satisfied (in the one-dimensional case, this assumption can be weakened,
see Remark 3.15).
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(iii) Let Y = B and P be a weakly compact family of probability measures such that under
each P € P, Y = M? + A® is a semimartingale satisfying
P)[ P .
< Alixk, | dtt | <C on Q, P-as., for some constants 0 <A < A, C >0,

as a case considered in [2]. Then (H') is satisfied and obviously Y is quasi-continuous.

Mixkx <

We then consider several counterexamples which showing that the exit times may not
possess the quasi-continuity if the condition (H’) is violated. Here we mainly confine the
discussions to the condition (H’) for the sake of symbol simplicity, although the condition
(H) can also be checked.

The first example concerns on the case that the assumption tr[d(Y),] > 0, for each P, in
(H") does not hold.

Example 5.2.

(i) Let k = 1 and denote w* the path with constant value x € R, i.e., w; = x for each
t > 0. We consider the family P ={P, : x € [—1, 1]} of probability measures such that

P.({w*}) =1, foreachx e[—1,1].

Take Q = (—00,0) and Y = B. It is easy to see that P is weakly compact and (B),P =0
for each P € P. Note that

(to A)(@") =0 for x €[0,1], and (tp A 1)(@") =1 for x € [—1,0).

So @ is a discontinuity point of Ty A 1. Assume on the contrary that we can find a
set E such that ¢(E) < % and 7p A 1 is continuous on E°. For each x € [—1, 1], since
c({w*}) = 1, so it must hold that w* € E°. But this contradicts to the assumption that
7o A 1 is continuous on E€. Therefore, Tgp A 1 is not quasi-continuous

(i1) Let k = 1 and P be a weakly compact family of probability measures, under which B
is a one-dimensional G-Brownian motion with I = [0, 2] for some &> > 0. Assume
that under P, € P, B is a linear Brownian motion such that (B),P * = ¢?t, for each
o €[0,0]. Take Q = (—00,0) and Y = B. In this G-Brownian motion case, we need
to consider another kind of neighborhood for w°, where o is defined as in (i). Let us
denote

A={we 2:w)=0, (wr)>0 changes sign infinitely many times in [0, €], for each & > 0}.
Then
(tgAD@)=0forwe A, and (15 D(@°) = 1.

This means that 75 A 1 is not continuous at «". Now we show that 75 A 1 is not quasi-
continuous. Indeed, for any given T > 0 and ¢ > 0, since % is a standard Brownian
motion, then

B
P,({sup |Bl| <eh=Py({sup || <=h—1, as 0<o |0
0<t<T 0<t<T O o

Thus,

P.{we R:pwao’)<e) > 1, as 0<o | 0.
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Therefore, by the path property of linear Brownian motion (see Problem 2.7.18 of [10]),
P,{weA:pw, o’y <e}) > 1, as 0<o | 0.

This implies
c(A;) =1, foreach e >0, where A, . ={w e A : p(w, a)o) < e} 5.1

Assume on the contrary that we can find a set E such that ¢(E) < % and 75 A 1 s
continuous on E°. Since Py({w°}) = 1, so c({”}) = 1, and thus «® € E€. Note that
@® € E°€ is a limit point of A N E€, since if not, there exists some ¢ > 0 such that
A, C E, which is impossible by equality (5.1). Thus we have reached a contradiction.

So 75 A 1 is not quasi-continuous.

Now we give an example in which d(Y); > ¢ tr[d(Y);]l ;x4 for some & > 0, for each P, in
(H’) is not met.

Example 5.3. Let k =2 and P be the weakly compact family of probability measures such
that B is a two-dimensional G-Brownian motion with

SR

Then tr[(B) ZP ] =1t, for each P € P. Assume that under P, € P, B is a linear Brownian motion

. x a 0
with (B)/* =t 0 1
Y = B. We identify w = (', ), where v/, j = 1, 2 are the corresponding scalar components.

In this example, we need to consider the following set of points of discontinuity:

, for each 0 < @ < 1. Let us take Q = (—00, 00) x (0, 1) and

2 = {ow= (", o) e .Q:a)tZEO, t > 0}
We define
A={wel: w(z) =0, (wtz),zo changes sign infinitely many times in [0, ¢], for each ¢ > 0}.

Since (0);2):30 is a linear Brownian motion under P,, then P,(A) = 1 for o < 1. It is easy to
see that

(TE/\ )(w) =0 forw e A, and (‘L’E/\ )(w) =1 for w € (),

which means that each @ € (% is a discontinuity point of 75 A 1. Assume that we can find a
set E such that c(E) < % and o A 1 is continuous on E€. If w € () is a limit point A N E°,
since E€ is closed, we will have w € E°, which leads to the discontinuity of oA 1 on E°. So
any w € {2 should not be a limit point of A N E€, and thus there exists an open set O C {2
such that O D 2y and O N (AN E°) = . Now we claim that ¢(O N A) = 1. Indeed, since P,
converges to P, weakly, as « — 1, then

llimin]fPo,(O NA)= l]iminlfPa(O) > P1(0) = Pi(f) = 1.
This implies
c(ONA)=1,

which is a contradiction since O N A C E. Therefore, 79 A 1 is not quasi-continuous.
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