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Abstract

We discuss the existence and characterization of quasi-stationary distributions and Yaglom limits of
self-similar Markov processes that reach O in finite time. By Yaglom limit, we mean the existence of a
deterministic function g and a non-trivial probability measure v such that the process rescaled by g and
conditioned on non-extinction converges in distribution towards v. We will see that a Yaglom limit exists if
and only if the extinction time at O of the process is in the domain of attraction of an extreme law and we
will then treat separately three cases, according to whether the extinction time is in the domain of attraction
of a Gumbel, Weibull or Fréchet law. In each of these cases, necessary and sufficient conditions on the
parameters of the underlying Lévy process are given for the extinction time to be in the required domain of
attraction. The limit of the process conditioned to be positive is then characterized by a multiplicative
equation which is connected to a factorization of the exponential distribution in the Gumbel case, a
factorization of a Beta distribution in the Weibull case and a factorization of a Pareto distribution in the
Fréchet case.

This approach relies partly on results on the tail distribution of the extinction time, which is known to be
distributed as the exponential functional of a Lévy process. In that aim, new results on such tail distributions
are given, which may be of independent interest.
© 2012 Elsevier B.V. All rights reserved.
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1. Introduction and main results

Let X be a continuous time strong Markov process with values in [0, co). We will denote
by P, its distribution started at x and P, its distribution when Xy is distributed according to
a probability measure v. It is supposed that there exists some o > 0 such that this process is
self-similar with index 1/a > 0, that is for ¢ > 0,

the distribution of {c¢X;.-«, t > 0} under P, is P, for all x > 0.

This defines a 1/a-positive self-similar Markov process (1/a-pssMp). We will assume
furthermore that

To=influ >0: X, =0} <oo Py-as.forall x >0,
and that O is a cemetery state for X. Let ¢ denote the supremum of the support of this extinction
time under [P, that is

tpo=sup{t >0:P(Tp <1) <1}. (1)
The goal of the paper is then twofold:

e to investigate the quasi-stationary (QS) distributions of X, that is to study the existence and to
characterize the probability measures p on (0, 0o) such that for all ¢ € [0, tF),

P (X, € B |1 < Tp) = u(B)

for all Borel sets B;

e to study the asymptotic behavior of X; conditioned on non-extinction. More precisely, our
goal is to determine under which conditions there exists a function g : [0, co) — (0, o0) and
a non-degenerate probability measure v on (0, 0o) such that

X akl
P2 et <Ty) =22y, 2)
g(t) t—>tp

We will then say that v is a limit in the Yaglom sense of X . Itis not hard to see that the function
g and the measure v are then uniquely determined up to a scaling constant, in the sense that
if a convergence of type (2) holds for two pairs (g, v) and (g’, v'), then g(¢)/g'(t) — c as
t — tp forsome ¢ > O and v/ = v o (cid) L.

Throughout the paper, convergences of probability measures are weak convergences. This is
implicit from now on and will not be mentioned further. In related literature, the terminology
Yaglom limit is often used for convergences of the type (2) with g(#) = 1, > 0. As we will see,
for self-similar Markov processes, the limiting distribution of X; conditioned on non-extinction is
often trivial, converging either to the Dirac measure at 0 or to the Dirac measure at co. To evaluate
the asymptotic behavior of X; conditioned on non-extinction more accurately, we therefore have
to normalize the process appropriately.

The problem of existence of QS distributions and Yaglom limits of certain classes of pssMp
has already been considered by some authors. For instance, Kyprianou and Pardo [27] studied
the case of a stable continuous state branching processes (see also Lambert [28] for similar
results on non-stable continuous state branching processes). In [23], the first author considered
the case of non-increasing pssMp (with some additional hypotheses) in order to describe the
asymptotic behavior of solutions to some fragmentation equations. Our main purpose here is
to provide a unified and general approach for QS distributions and Yaglom limits of pssMp
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that die at their first hitting time at 0. Specific applications will then be discussed, for instance
to stable processes killed at (—oo, 0], Bessel processes killed at their first passage at 0, stable
continuous state branching processes, etc. Our main results can also be used to study the existence
of quasi-stationary distributions and Yaglom limits for processes of the Ornstein—Uhlenbeck type
associated to pssMp, particular cases of which are here studied. In particular in Example 3 we
obtain a result closely related to Mandl’s [30] seminal result about Yaglom limits for the classical
Ornstein—Uhlenbeck process.

In order to state our main results we recall first a few facts about self-similar Markov pro-
cesses, Lévy processes and exponential functionals of Lévy processes. Further details will be
given in Section 2.1. It is well known (see Lamperti [29]) that for any 1/a-pssMp, X = (X;, 1 >
0), there exists a R U {—oo} valued Lévy process & (with —oo as a cemetery state) independent
of the starting point X, such that

X; = Xoexp (Er(zx(j“)) , t>0, 3)

where 7 is the time-change

N
() = inf{s >0: / exp(a&,)du > t} , t>0,
0

with the usual convention inf{})} = oo. The lifetime or first hitting time of —oo for the Lévy
process & will be denoted by ¢. Lamperti proved that, for any x > 0, Ty is finite P,-a.s. if and
only if either { < oo a.s., or ¢ = oo a.s. and lim;_, & = —o0 a.s., which are the cases we
will generally consider in this paper. Conversely, Lamperti proved that given a Lévy process &,
the transformation just described gives rise to a 1/a-pssMp. We will refer to this transformation
as Lamperti’s transformation. Throughout this paper P will be the reference measure, and under
P, X will be a pssMp and & the Lévy process associated to it via Lamperti’s transformation; as
already mentioned, [P, then denotes the law of X issued from Xy = x.

It follows from Lamperti’s transformation that under P, the first hitting time of O for X, Tp,
has the same law as x* f(f exp(a&s)ds. The random variable I defined by

¢
1 :=/ exp(aé;)ds, 4
0

is usually named exponential functional of the Lévy process &. Lamperti’s above mentioned result
implies that / is a.s. finite if and only if { < oo a.s. or { = oo and lim,_, oc & = —00, a.s. Using
this it is easy to see that 7r, as defined in (1), is finite if and only if —£ is a subordinator with a
strictly positive drift and that necessarily the drift is then equal to 1/(«tr) (see Lemma 2.1).

In the theory of self-similar Markov processes it is well known that exponential functionals
of Lévy processes are keystone, for instance they are used to describe entrance laws and allow
to determine the local and asymptotic behavior of pssMp; see for instance [5,7,15,38,39]. So, it
should not be surprising that they also play a central role in our development. Nevertheless it is
rather unexpected that the study of the maximal domain of attraction of exponential functionals
of Lévy processes allows to determine the existence of Yaglom limits, as it will be seen below.
In Section 2.1 we will provide further details about exponential functionals of Lévy processes.

For notational convenience we assume from now on that the self-similarity index is =1 (when
X is a 1/a-pssMp, the process X¢ is a 1-pssMp and hence the transitions from 1-pssMp to 1/a-
pssMp are straightforward: when & is the Lévy process related to X via Lamperti’s transformation
(3), a& is the one related to X%).
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We recall that in the case where —£ is a subordinator, that is it has nondecreasing paths, its
distribution is characterized by its Laplace exponent, ¢, which is given by

— In (E[exp(A€)]) = 19 (1)

=t<q+dk+/ (1—e—“)n(dx)), A >0, (5)
0

where g > 0 is called the killing rate, d > 0 is called the drift and /7 is a sigma-finite measure
on (0, co0) such that fooo( 1 Ax)II(dx) < oo, called the Lévy measure.

It turns out that the existence and description of QS distributions of pssMp is easy to settle.
It mainly relies on results by Bertoin and Yor [6] who proved that when —& is a possibly killed
subordinator, there exists a random variable R independent of / such that

Law

RI ='e, (6)

where e has an exponential distribution with parameter 1. The distribution of R is then uniquely
determined by this equation and is a QS distribution of X. Its entire moments can be expressed
in terms of the Laplace exponent ¢ of —§:

ER"]=]]¢G). VneN. (7)
i=1

Let ,uge) denote the distribution of this random variable R. The results of Bertoin and Yor can be
completed as follows.
Theorem 1.1. X admits a QS law if and only if X has non-increasing paths. More precisely,
(i) if X has non-increasing paths, the set of QS distributions of X is exactly
(1o id)y™!, 1 > 0);
(ii) conversely, if X admits QS distributions, there exists a random variable R independent of 1
such that RI™2 e, which then implies that —& is a subordinator.

The proof of this result will be given in Section 2.2.
Studying the large times behavior of X; conditioned on non-extinction is more challenging.
A simple but key result for our analysis is the following equality of measures: for all ¢+ > 0,

IP’(I—te-|I>t)=P1(Xri€'|f<T0)v ®)

where I has the same law as 7 and is independent of (X, 0 < s < t). This identity is proved in
Lemma 2.2. Existence of a Yaglom limit for X is therefore connected to the behavior ast — ¢r of
the residual lifetime at ¢ of the random variable /, more precisely it is equivalent to the existence
of a function g such that the weak limit

I—t
lim P e-|I>t exists and is non-trivial.
=t \ g(0)

According to the Pickands—Balkema—de Haan Theorem [1,36], this, in turn, holds if and only if /
is in the domain of attraction of an extreme value distribution, the three families of extreme value
distributions being the Gumbel family (we then write that I/ € MDAgGumbel), Weibull family
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(I € MDAweibun) and Fréchet family (I € MDAFchet). Some background and references
on extreme value theory are given in Section 2.3, where the above assertions are also settled
properly. See in particular Proposition 2.7.

Let us now state our main results, which are split into four theorems, the two first ones
being two sub-cases of the Gumbel case, the third one being the Weibull case and the last one
the Fréchet case. In order to state these results, in particular to build some of the normalizing
functions g, we need to introduce the following function: for II a measure on (0, co) integrating
x = 1 A x and for ¢ > 0, we denote by @ 1 , the inverse function of the mapping

> — ! :
Jo A —e ™) II(dx) +¢

©))

this inverse function being well-defined on [0, c0) if ¢ > O and [( fooox]] (d)c))_l oo)
otherwise. We also denote by I (x) = II([x, 00)), x > 0, the tail of the measure .

Theorem 1.2. Assume that —& is a subordinator with killing rate g > 0, no drift and a Lévy
measure Il such that

.. xII(x)
limin

f———— 10
x—0 f(;c I (u)du g (10)

Then I € MDAGumpel, tr = 00 and
HX
P, <¢H,q() t €'|t<To> M;e).
t t—>00

Reciprocally, if I € MDAGumper and tp = 00, then necessarily —& is a subordinator without
drift.

Note that when I is infinite, the normalizing function ¢ +— /@7 ,(¢) converges to 0 as
t — oo and is asymptotically independent of g. But when II is finite, it converges towards
1/(11(0, 00) + g). In those cases, the above theorem states that Py (X; € - | ¢+ < Tp) has a non-
trivial limit. More precisely, we have the following equivalence.

Corollary 1.3. The conditional laws Py (X; € - | t < Ty) have a non-trivial limit as t — 00
if and only if —& is a subordinator with no drift and a finite Lévy measure. This limit is then

,u,(le) o (id/(I1(0, 00) + q)) ™', where IT denotes the Lévy measure of —& and q its killing rate.

The cases were —& is a subordinator without drift were partly studied in [23] under the
assumptions that ¢ = 0 and the tail distribution of II is regularly varying at 0 with some index in
[0, 1). The above assumption (10) on 7 is clearly far more general than regular variation. When
(10) holds the function x fox ﬁ(y)dy is then said to be of positive increase near 0 since this
assumption is equivalent to the condition

2x 77
T (y)d
liminr 0L
x=0 [y I (y)dy

We refer to chapter I1I in Bertoin’s book [3] for further equivalent ways of expressing this positive
increase condition (in particular, see Exercise II1.7 therein).
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In [23], Yaglom limits of non-increasing pssMp were used to describe the asymptotic behavior
of solutions to a class of fragmentation equations. Theorem 1.2 thus enables us to enlarge
significantly this class of equations.

We now turn to the cases of subordinators with a strictly positive drift. The type of the Yaglom
limit differs significantly according to whether the Lévy measure is finite or not (however,
in some sense, the infinite case is the limit of the finite cases as I7(0, c0) — o0, since the
exponential distribution is the limit of normalized Beta distribution as considered below). We
start with the infinite Lévy measure cases. Note that the normalizing function in front of X does
not depend on the killing rate g.

Theorem 1.4. Assume that —& is a subordinator with killing rate g > 0, a drift d > 0 and an
infinite Lévy measure Il satisfying
0<1iminf&<limsup&<l. (11
x=0 [0" T (u)du x>0 fo T (u)du

Thentr = 1/d, I € MDAGumper and

t
P, (d¢H70(1 y )Xle-|t<T0)—>M§e).
—at t%%

Reciprocally, if tr < 00 and 1 € MDAGumpei, then —& is a subordinator with a strictly positive
drift and an infinite Lévy measure.

The assumption (11) on the Lévy measure I/ is slightly more restrictive than the assumption
(10) in the O-drift case. However it still contains a large class of Lévy measures, including those
with a tail that varies regularly at O with some index in (0, 1) (note that we had to exclude the
index 0).

In the case of a subordinator with a strictly positive drift and a finite Lévy measure, the limiting
distribution of the re-scaled self-similar process conditioned on non-extinction is no more related
to ,u(le). Let B, denote a Beta distribution with density y (1 — y)l’_1 10,1)(y), y > 0, and consider
the factorization in terms of / of this Beta distribution, that is, for R, independent of /,

Law

R,I =B,. (12)

In Section 4 we provide necessary and sufficient conditions in terms of the subordinator —&
for the existence of this factor R, . Its distribution is then supported by [0, d] and is uniquely
determined by its entire moments

)= v

=1

where as before ¢ denotes the Laplace exponent of the subordinator —&. We denote this factor

distribution by p\>"”.

Theorem 1.5. The process —& is a subordinator with a strictly positive drift and a finite Lévy
measure if and only if 1 € MDAweipuy- In such cases,

X B(17(0.00

E_I t—5

where as usual q denotes the killing rate, d the drift and II the Lévy measure.
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Remark. This Yaglom limit does not belong to the set of QS distributions of the process X.

We stress that the proofs of Theorems 1.2, 1.4 and 1.5 are based on new results obtained in
Sections 3 and 4 below, some of them being extensions of known results, on the behavior of the
tail distribution P(/ > t) as t — ¢, which are established by using recursively the integral
equation on the density of I settled by Carmona et al. [13] and extended by [31]. This equation is
recalled in formula (16), Section 2.1. In order to be highlighted, these results on the tail of  are
summarized in Appendix A at the end of this paper. We believe these results are interesting in
themselves and could stimulate the study of exponential functionals of subordinators in extreme
value theory.

Last, we focus on the non-monotone cases. We observe that these include the case where
the underlying Lévy process is a killed subordinator. For that end we will need factorizations
of the Pareto distribution. Let P, denote a Pareto distribution with density on [0, c0)x +>
y(l+ x)_V_l, y > 0, and consider the factorization

12, (13)
for some random variable J,, independent of /. As for the Beta distribution, we will provide
in Section 5 a necessary and sufficient condition for the existence of such a factorization and

characterize the distribution of the factor J,,, which is uniquely determined and denoted by ugpy).

Theorem 1.6. The process X is not monotone and admits a Yaglom limit if and only if 1 €
MDAFyécher, that is if and only if t — P(I > t) is regularly varying at oo, say with index —y
with y > 0. In such a case,

X
P, <—t e |t< TO> — M(IPV). (14)
t t—00
Moreover, sufficient conditions for t — P(I > t) to vary regularly with index —y < 0ast — 00
are:
(i) either that &) is not lattice and satisfies the so-called Cramér’s condition:
Elexp(yén] =1 and E[§ exp(y&1)] < oo;

(i) or ¢ = o0 a.s., and

P >t +5s) —ys P& > 1)
im ———=¢ 7", sekR, im —= =
t—oo  P(& > 1) 1= P(§; > 1)

and E[e¥%1] < 1. If 0 < y <1, it is furthermore assumed that E[§1] € (—o00, 0).

Reciprocally, a necessary condition for I € MDApyécher is that E[e?51] < 1 and E[eVT9%1] > 1
forall § > 0, for some y > 0.

ZE[EVEI]

The two sufficient conditions (i) and (ii) are proved in [39,42], respectively. We point out that
in the latter paper the condition in (ii) is stated in an equivalent way for the Lévy measure of the
underlying Lévy process. This allows us to ensure that the sufficient conditions for the regular
variation of t + P(/ > ¢) do not seem far from being necessary as they are the conjunction of
the necessary condition on the moments of £ and a rather mild condition on the tail behavior of
the right tail distribution of the underlying Lévy process, equivalently of the Lévy measure II.

Note in passing that the necessary condition on the moments of &; gives some examples of
pssMp for which there is no Yaglom limit: e.g. any non-monotone Lévy process for which the



B. Haas, V. Rivero / Stochastic Processes and their Applications 122 (2012) 4054—4095 4061

Lévy measure on (1, 0co) does not have any exponential moments. Conversely, if £ is a non-
monotone Lévy process with no positive jumps such that either { < oo a.s. or { = oo a.s. and
lim;_, o & = —o0, then & has exponential moments of all positive orders, see e.g. [3, Chapter
VII], and hence the conditions (i) in Theorem 1.6 are satisfied. Some specific examples of this
family of pssMp are studied in Section 6, where other examples are developed.

Contrary to the monotone cases, the Yaglom limit in the Fréchet cases cannot be QS since
there is no QS distribution in the non-monotone cases. However it is a QS distribution for another
Markov process, the Ornstein—Uhlenbeck type process

U=e"'Xy_;, t>0,

which is of interest in itself. Indeed, the above result gives necessary and sufficient conditions
for the convergence

P
IPX<U,e~|t<TOU>—>M§V),
—00
where TOU denotes the first hitting time of O for U. Furthermore, it is well-known that such
“standard” Yaglom convergence of a Markov process implies that the limiting distribution is
QS for the corresponding Markov process. In fact we will prove that the existence of a factor

Jy, in (13) is equivalent to the existence of a quasi-stationary distribution for U and we will

use this Ornstein—Uhlenbeck point of view to describe the distribution /L(,P”). The details of this

connection and characterization are given in Section 5.

Last, note that the normalizing function g in the Fréchet cases is independent of the non-
monotone process X and is increasing. This linear normalization implies that the limiting
distribution, when it exists, of

P, (r‘IX, e-|t< To>

does not depend on x, since t~1X, under P, is distributed as t~'x X x—1 under P;. In general,
this is not true in the monotone cases, as we can see in Theorem 1.2. On that note, we would like
to mention that when tr = oo, if one replaces the definition (2) of Yaglom limit by asking that
there exists a function g : [0, c0) — (0, co) such that for all x > 0

X
Pl e |t<Ty) — vy (15)
g([) t—00

with v, a non-degenerate probability measure on (0, c0), then, by the self-similarity of X (we
still assume that « = 1), the random variable x X;/g(¢x) conditioned on non-extinction has
a non-trivial limit in distribution under P, and therefore, g(tx)/(xg(¢)) — cx for some ¢,y >
0, Vx > 0. This implies that g is regularly varying at co. But, by Theorem 1.2, convergence in the
sense (2) may hold for some functions g that are not regularly varying. Hence the definition (15)
is more restrictive than (2) in general and thus throughout this paper we focus on definition (2).

2. Background and preliminary results

This section is divided in two main parts. First some background on exponential functionals
of Lévy processes and a proof of Theorem 1.1 are given (Sections 2.1 and 2.2). Then background
on extreme value theory are recalled (Section 2.3) and applied to set up a “key result” relating
the existence and characterization of a Yaglom limit of a pssMp X to some asymptotic properties
of the tail of the associated exponential functional / (Section 2.4).
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2.1. Background on exponential functionals of Lévy processes

As we have seen in the Introduction most of our study about existence of Yaglom limits for
pssMp can be resumed to the study of the residual lifetime of exponential functionals of Lévy
processes, that is why in this section we gather some known distributional results about these r.v.
We recall that £ denotes a real valued Lévy process, possibly killed (in —oo) at time ¢ and

¢
I:/ exp(&s)ds.
0

Assume for the moment that —£ is a subordinator with Laplace exponent ¢, and that its killing
term is ¢ > 0, its drift is @, and its Lévy measure is I7. We recall that I7 (x) denotes the right tail
of II, x > 0. Carmona, Petit and Yor [13] established that if ¢ = 0 and the mean of —§ is finite
then [ has a density, say &, and it is the unique density that solves the integral equation

k(x) = dxk(x) —I—/ I (In(y/x))k(y)dy, x € (0,1/d).

Recently in [31], it has been proved that both hypotheses above can be removed, in the sense that
when —£ is a subordinator, the exponential functional 7 has a density, that we still denote by k,
and that it solves the integral equation

k(x) = dxk(x) +/ ﬁ(ln(y/x))k(y)dy +q/ k(y)dy x € (0,1/d). (16)

Conversely, if a density on (0, 1/d) satisfies this equation then it is a density of /. Carmona et al.
also obtained the following useful identity about the positive moments of /

E[1"] = g [IH] . A0 (17)
¢(A)

We now leave aside the assumption that —& is a subordinator. As we have seen in the

Introduction, Yaglom limits are qualitatively different depending on whether the support of

the law of 7y under Py is bounded or unbounded, so it is important to determine under which

conditions the support of the law of Ty under [P is bounded. The purpose of the following result

is to provide necessary and sufficient conditions for

tp =sup{t > 0:P(Th <t) <1} < o0.

Lemma 2.1. Let & be a possibly killed real valued Lévy process and such that I = fO{ efsds < 0o
a.s. We have that the law of I has a bounded support if and only if —§& is a subordinator with a
strictly positive drift, say d. In this case the support of I is given by [0,d™'].

Proof. Assume o0 = —£ is a possibly killed subordinator with a drift d > 0. The bounded
variation of o implies that it can be represented as o; = dt + ) 4_,., As.t < ¢, where
Ay = o5 —os_ > 0, fors < ¢ as.; see e.g. [3, Chapter III]. Using this representation it is
easily verified that

¢ 1—e 9% 1
I =f e ds < ——— < a.s. (18)
0
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Now assume that / has a bounded support that is contained in [0, c’l], for some ¢ > 0. This
implies that / has moments of all orders, and hence using the independence and homogeneity of
the increments of £ it follows that for any ¢ > 0O fixed and all » > 0,

;‘ A.
00 > E|:</ e‘i'ds> ]
0
t—t »
> E |:e)»§z (/ e$x+t_$rds) < ;-:|
0
¢ A
= E[e)‘s’,t <(¢]E |:(/ es‘ds) :| .
0

Therefore, 1 > E[e)‘él ,t <C],YA > 0, and hence P(& > 0,7 < ¢) = 0. In other case we would
have that

1> Ah&ﬂa [ 1520t <¢]=E tho Milg o), t < ;} = o0,

which is a contradiction. It follows that P(&; < 0,7 < ¢) = 1, for all ¢+ > 0, which is equivalent
to say that —£ is a subordinator.

Let us assume that the drift is equal to zero and establish a contradiction. By Carmona et al.’s
moment formula (17) and an elementary upper bound it follows that

n .
1

1
— =E[I"
[T5G =Bum=

ey I’lZl
C

Taking logarithms in both sides of the inequality and using that for A > O, @ = % +
Jo~ eI (x)dx, with g the killing rate, we get that

In(c) < %Zln |:/Ooe_ix (ﬁ(x) +q)dx:|, n>0.
i=1 0

Hence using that % + fooo e M IT (x)dx A—) 0 and that the right most term in the latter display
—00
is a Cesaro mean, we get by making n — oo, that
In(c) = —o0,

which is a contradiction to the assumption that ¢ > 0. It is therefore impossible to have a zero
drift whenever the support of I is bounded. Let us now check that the support is given by [0, d~'].
Eq. (18) implies that the support of the law of I, say [0, ¢~ '], is contained in [0, d~']. Repeating
the latter argument with qj(kﬁ = % +d+ fooo e_)‘xﬁ(x)dx, we infer that In ¢ < Ind, and therefore
d~! < ¢7!, from where the result follows. [J

To finish this subsection we prove the key identity (8).

Lemma 2.2. Let X be a pssMp that hits O continuously, & be the underlying real valued Lévy
process, and I := fof esds. For0 <t < tr,

P(I—tedy|t<D) =P (X,] edy|t<Tp

where T has the same law as I and is independent of (X5,s <1t).
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Proof. Let t(r) = inf{s > O : f(; efudu > 1}, and observe that t(¢) is a stopping time.
Conditionally on the event {t < I} = {t(¢) < ¢}, we have

e T(t) =) -
I = / eéx ds = / egfds + eér(z) / e(éz(r)ﬂﬁér(r))du . esf(’)l,
0 0 0

where T is independent of (&;,s < 7(¢)) and has the same law as [ because the process
Ert)+s — 5r1)» 0 < s < ¢ — ©()) has the same law as & and is independent of (&, s < 7(1)),
by the strong Markov property of £. We conclude with Lamperti’s identity that

(X1, P) ' 2 (0, ). O

2.2. Quasi-stationary distributions

The main purpose of this subsection is to prove Theorem 1.1, this will be a direct consequence
of Lemmas 2.3 and 2.4 below. The existence of quasi-stationary distribution for pssMp with
decreasing paths has been incidentally studied by Bertoin and Yor. An extension of their results
is summarized in the following lemma.

Lemma 2.3 (The Case of Non-increasing Paths. Bertoin and Yor [6]). Assume that X has non-
increasing paths and hits zero in a finite time, that is the Lévy processes associated to X via
Lamperti’s transformation, say &, is such that —§& is a subordinator. Then for 6 > 0,

(i) there exists a QS-law for X,
/ o (@0)Pr (X, €dy | 1 < To) = no(dy), y =0,
(0,00)
and such that
/ no(oPy(t < To) = e, 1>0;
(0,00)

(i) g is characterized by its entire moments (¢ still denotes the Laplace exponent of & ):

/ x",ug(dx):Q_”l—[qﬁ(i), n>1.
(0,00) i

i=1
(iii) if Rg ~ ey and Ry is independent of &, then

¢
Ry f rds 2 e/0.
0

Proof. We assume first that & = 1. Bertoin and Yor [6] and Berg [2] established the existence of
a probability measure (1 such that the claims in (ii) and (iii) hold. The identity for r > 0,

/ pi1(dx0)Py (X, edy, t < To) = e 'pi(dy), y=>0,
(0,00)

has been established by Bertoin and Yor [6] in their Proposition 4 (including the cases when the
subordinator —§ is killed — this is not clearly specified in their statement, but is clear from their
“second proof of Proposition 47). Integrating the constant function 1 we get that

f pidx)Pe(t <To)=e™", t>0.
(0,00)
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From where the identity (i) when 6 = 1. We should now prove the results for any 6 > 0. Let
pe(dy) == w1 o (9~ 'id)~!(dy). It is plain that the claims in (ii) and (iii) hold. Let f : (0, c0) —

(0, 00) be any measurable and bounded test function. To prove the claim (i) observe that by the
self-similarity of X and the fact that the results are true for ;; we have the identities

/(0 Ha@YEL LS00 |1 < To) = /«) @Bl |1 < Tl

— /(O‘Oo)p,](dy)Ey [f (9—1Xﬂ,) 116 < To]

- f 1@y £ @)
(0,00)

- / Ho(@y) f3). O (19)
(0,00)

Knowing the results by Bertoin and Yor it is natural to ask if there are other pssMp, which
have non-monotone paths, that admit a quasi-stationary distribution and if we can obtain a similar
factorization of the exponential law. The answer to this question is No.

Lemma 2.4. X admits a quasi-stationary law if and only if X has non-increasing paths.

Proof. If 1 is a QS-law for X, the simple Markov property implies that there exists an index
6 > 0 such that

/ wdo)Pe(t <To) =e %, t>0.
(0,00)
The self-similarity of X implies

= [ paob <t = [ paobi <.
(0,00) [0,00)
Recall then that (Ty, P1) Léw(l ,P), where I = fog eds. Then if R ~ p and R is independent
of I, we have that

Law

RI 2 e/0.

This identity and the independence imply that / has moments of all orders, thus arguing as in the
proof of Lemma 2.1 we prove that necessarily —£ is a subordinator. This proves the necessity.
The sufficiency follows from Lemma 2.3. O

We have the following corollary to the proof of the latter result.

Corollary 2.5. Let & be a Lévy process such that I = fO{ eSds < oo a.s. There exists an
independent r.v. R such that

R/ Léwe,

if and only if —& is a possibly killed subordinator.
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2.3. Some background on extreme value theory

For details we refer to the books of de Haan and Ferreira [16] and Resnick [37]. Extremal
laws are the possible limits in distribution of sequences of the form (max{Zy, ..., Z,} — a,) /b,
where the random variables Z;,i > 1 are i.i.d. and the sequences (a,,n > 1) and (b,,n > 1)
deterministic, with b, > 0, n > 1. When such a limit holds, we say that the (distribution of the)
random variable Z is in the domain of attraction of an extremal law. There are three possible

types of limit distributions (we say that a r.v. Z is of the same type as Z’ if Z .z + b for
some deterministic constants a, b):

— Gumbel distribution : P(Z < x) = exp(—exp(—x)),x € R

— Weibull distribution : P(Z < x) = exp(—(—x)?),x <0 (y > 0)

— Fréchet distribution : P(Z < x) = exp(—x77),x >0 (y > 0).

For any random variable Z € R, we denote by

tz =inf{t > 0:P(Z > t) = 0}.

The following theorem gathers standard results in extreme values theory. See in particular the
papers by Balkema and de Haan [1], Pickands [36] and Theorems 1.1.2, 1.1.3, 1.1.6 and 1.2.5 of
the book of de Haan and Ferreira [16].

Theorem 2.6. For Z a real random variable, there exists a positive function g and a non-
degenerate probability measure v such that the limit

P(Z > xgt) +1)

A AN v(x, ©0)
holds for all x which is a continuity point of v(-, 00), (20)

if and only if Z is in the domain of attraction of an extremal law. Moreover,

(1) if Z is in the domain of attraction of a Gumbel law, then (20) holds with g(t) = ftoo P(Z >
u)du/P(Z > t),t <tz and v(x,o0) = exp(—x), x > 0.

(ii) Z is in the domain of attraction of a Weibull law with parameter y > O ifand onlyif t; < oo
and x — P(Z > tz — 1/x) is regularly varying at oo with index —y. Then (20) holds with
gty =tz —tandv(x,00) = (1 —x)",x € (0, 1).

(iii) Z is in the domain of attraction of a Fréchet law with parameter y > 0 if and only if
tz = oo and x — P(Z > x) is regularly varying at oo with index —y. Then (20) holds with
gt)y=tandv(x,00) =1 +x)"7, x>0.

Contrary to the Weibull and Fréchet cases, there is no simple condition that characterizes
random variables in the domain of attraction of a Gumbel distribution. For our purpose, we will
use the so-called von Mises’ condition recalled in the forthcoming Lemma 3.3. Other versions
of von Mises’ conditions are also available (see e.g. [37]). We also mention that the papers of
Balkema and de Haan [1] and Geluk [21] give conditions on conditional moments of the random
variables (Z — )™ for Z to be in the domain of attraction of a Gumbel distribution, but we will
not use this approach later.
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2.4. A key result

Recall the notation X, &, I from the Introduction, as well as notation e, B, and P,, with
y > 0, for an exponential r.v. with parameter 1, a Beta r.v. with density y (1 — x)V_l, x € (0,1),
and a Pareto r.v. with density y (1 +x)~7~!, x > 0. The following result links the Yaglom limits
of X we are interested into the asymptotic behavior of the residual life-time of /. It is available
for all Lévy processes & such that I < oo a.s.

Proposition 2.7. There exists a function g : [0,00) — (0, 00) and a non-trivial probability
measure |1 such that

Xy
Py ( o € |t To) —u 2n

—IF

if and only if I is in the domain of attraction of an extreme distribution. We then distinguish three
cases :

(1) I € MDAGumpel if and only if
P > xg(t)+1t)/PU >1) == exp(—x), x>0,
—00

for some function g. Then we have that
X; ©
IED1<() |f<T0)_)—[F>M1,

where u( © is the unique distribution such that for R ~ u zndependent of I,RI = v g
(ii) 1 € MDAweipuy if and only if tp < oo and there exists y > 0, such that

P >x(tp—1t)+1)/PU >1) - (1-x), xe(@1).
—IF
Then we have that

X
P1< ! E~|I<T()>—>/L(IBV),
tp —1t

B . . . . B
where /,L$ " s the unique distribution such that for R, ~ ug v

R,I™2'B,.
(i) 1 € MDAFécher if and only if tp = 0o and there exists a 'y > 0 such that
P > (x+ D) /PU > 1) == 1+x)77, x>0.
—00

independent of I,

Then we have that
X;
Py < it To> — g,
t —00

®y) ®y)

where wy; " is the unique distribution such that for J, ~ u,’" independent of I,

AL

This result is an obvious consequence of Theorem 2.6, combined with the factorization ob-

tained in Lemma 2.2 and the forthcoming Lemmas 2.8 and 2.9. Note that it implies the existence

. P . .. . .
of the factor distributions ,u(le), ,ug ) or 5 v) when, respectively, / is in the domain of attraction

of a Gumbel, Weibull or Fréchet distribution.
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Lemma 2.8. If [ is in the domain of attraction of an extreme distribution, there exists some
& > 0 such that E[1] < oo forall a € (—¢, ¢).

Proof. First note that a random variable in the domain of attraction of an extreme distribution
necessarily has some strictly positive moments, i.e. E[/¢] < oo for some & > 0. This is obvious
when I € MDAwgibun since its support is bounded. It is also obvious for I € MDAF¢chet, Since
t — P(I > t)is then regularly varying at oo with a strictly negative index. Last, it is well-known
that a random variable in the domain of attraction of a Gumbel distribution has positive moments
of all orders; see e.g. Proposition 1.10 of [37].

Under the assumption that the lifetime of the underlying Lévy process is infinite, in Lemma 3
in [42] it has been proved that if E[/Y] < oo, for some y > 0, then necessarily E[17"!] < oo.
But the result is true in general and the proof in [42] can be easily extended. In particular
E[7¢~!] < oo, which leads to the claimed result, taking & € (0, 1/2) if necessary. [

Lemma 2.9. Let U, Z,Y;,t > 0 be strictly positive random variables, with Z independent of
Yy, t > 0) and such that E[Z%] < oo for all a € (—¢, €) for some ¢ > 0. Then we have the
implication,

Y;Z ﬂ) U= 3arv.Y suchthat Y, ﬂ) Y
t—00 t—>00

where the distribution of Y is uniquely determined by the equation

Law

YZ=U
for Y independent of Z.

Proof. If E[Z?] < oo fora € (—¢, ¢) for some ¢ > 0, then z € C — E[¢/?"Z] is analytic on
{z € C:Im(z) € (—¢,¢)}. In particular, A = {t € R : E[¢/'"?] = 0} has no accumulation
point and there exists a neighborhood of 0 which it does not intersect. From the convergence

L
Y. Z —aXVU, we get that

E[eialnY,] ]E[eiaan]

PR W V(ZER\A

Since the limiting function is well-defined and continuous on a neighborhood of 0, we obtain,
exactly as in the proof of Paul Lévy’s continuity Theorem, that (InY;, # > 0) is tight. Let In Y
and In Y’ be two possible limits in distribution. Then E[¢/¢!"Y] = E[¢/¢!Y| for alla € R \ A.
Since A has no accumulation point and the characteristic functions are continuous on R, they
are identical. Hence In'Y is distributed as In Y’, and In ¥; converge in distribution. We denote by
InY the limiting random variable. Necessarily, there exists then a version of Y independent of

Z and such that Y Z is distributed as U. Moreover, if Y’ is a strictly positive random variable

independent of Z and such that Y'Z Law U, then the characteristic functions of InY and In Y’

coincide on R \ A. Hence they are identical and In Y’ is distributed as InY. [
3. Yaglom limits: Gumbel cases

The goal of the present section is to prove Theorem 1.2, Corollary 1.3 and Theorem 1.4. In
view of Proposition 2.7, our goal is to characterize the self-similar Markov processes whose
extinction time belongs to the domain of attraction of a Gumbel distribution, and then determine
the normalizing function g. Necessary conditions are easy to settle: it is well-known that if
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I € MDAGumbel, then it possesses positive moments of all orders, which implies that —£ is a
subordinator, as observed in Section 2.1. We will moreover see in the next section that when —&
is a subordinator with a drift d > 0 and a finite Lévy measure, [ is in the domain of attraction
of a Weibull distribution. From this we conclude that necessary conditions for I € MDAGumbel
are:

e cither that —£ is a subordinator without drift (then 1 = 00)
e or that —£ is a subordinator with a strictly positive drift and an infinite Lévy measure (then
tp < 00).

Reciprocally, the two following propositions give sufficient conditions for / € MDAGumbel-
We recall that g7 , is defined from a Lévy measure /I and a real number g > 0 via (9).

Proposition 3.1. Assume that —& is a subordinator with killing rate g > 0, no drift and a Lévy
measure II satisfying (10). Then,
Xt
P (I >t + —wn,q(t)>
P > 1) 1—>00

exp(—x), Vx>0.

Proposition 3.2. Assume that —& is a subordinator with killing rate ¢ > 0, drift d > 0 and an
infinite Lévy measure 11 satisfying (11). Then,

- X
) (' T dwn,ow)

P >1) t—1

d

exp(—x), Vx=>0.

More precisely, together with Proposition 2.7, these two propositions and the above discussion
prove Theorems 1.2 and 1.4. It remains therefore to prove these propositions, and for this we will
use the so-called von Mises’ condition, which is reminded in the following lemma.

Lemma 3.3 (Resnick [37, Proposition 1.17]). Let U be a non-negative random variable with
density f such that the von Mises’ condition is satisfied

f@) [FPWU > w)du
(PU > 1))? =00
Then, ast — sup{r > 0: P(U > r) > 0},
PU>t+x [ PU > udu/PU > 1))
PWU >t)

1, ast—sup{r >0:PU >r) > 0}.

exp(_-x)v X = 01
e ¢]

and a similar convergence holds when replacing ftoo P(U > w)du/P(U > t) by any
asymptotically equivalent function.

We recall that under the assumptions of Propositions 3.1 and 3.2, the random variable [
possesses a density k which satisfies Eq. (16). By using recursively a variant of this equation,
we will obtain the same estimates in terms of ¢z , for both quotients k(z)/P(I > t) and
P > t)/ftoo P(I > u)du as t — tF. This will prove von Mises’ condition for /, hence
Propositions 3.1 and 3.2. For the proofs of these estimates, we separate the drift-free cases
(Section 3.1) from the strictly positive drift cases (Section 3.2). In all cases, ¢ denotes the Laplace
exponent of the subordinator —&. Last, Corollary 1.3 is proved in Section 3.3.
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3.1. Drift-free case: proof of Proposition 3.1

In this section it is assumed that —£ is a subordinator with killing rate ¢ > 0, no drift and a
Lévy measure denoted by II. The random variable / then possesses a density k which satisfies
Eq. (16) by Carmona, Petit and Yor with d = 0. Integrating by parts, this becomes

k(x) = /ooﬁ(ln(u/x))k(u)du + gP(I > x)

= /oo (]P’(I >x)—PU > xe“)) I (dv) 4+ gP(I > x), (22)
0
which, setting f(x) := —In(P(/ > x)), leads to the equation
pon k&) _ v
fx)= PU >0 —/O (I —exp(f(x) — f(xe'))) I (dv) +q. (23)
Next, set

?,m:/ P(I > u)du, and g(x) = —InF(x).

Note that ?1 (x) < oo since E[/] < oco. Then integrate Eq. (22), together with Fubini’s theorem,
to get

P(I > x) = [ (?, (x) — e VF, (xe")) 1(dv) + g F1(x)
0
and therefore
. P(I > x)
~[ZPU > w)du
x >0. (24

g'(x) ='/0 (1 —exp(—v+gx) — gxe"))) I (dv) + ¢,

Note that Egs. (23) and (24) are different, but look similar. This similarity allows us to show the
following common estimate for f/ and g’.

Lemma 3.4. Assume (10). Then, as x — o0

wﬂ,q(x) N g,(x).

()~

Together with Lemma 3.3, this result clearly leads to the statement of Proposition 3.1. The

purpose of this section is therefore to prove Lemma 3.4. For this we start with the following easy
observation.

Lemma 3.5. The function x — P(I > x) is rapidly varying at oo, which means that for any
c>1,
P(I > cx)
P > x)

— 0 asx — oo.

Proof. Note first that for ¢ > 1 and all x > 0,
P >cx) _ [o PU >wdu [ PU > u)ydu 1

P(I >x) ~ x(c—DPU >x) ~ x(c— DPU >x) x(c—Dg'(x)’
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But (24) implies that g’(x) > ¢ (1) > 0 for all x. Hence,
P(I > cx) - 1
P >x) — x(c— Do(l)

and letting x — o0, rapid variation is proved. [

Proof of Lemma 3.4. This proof is easy when the Lévy measure I/ is finite, but requires more
work when I7 is infinite.

(1) II is finite. The rapid variation of x > P(/ > x) at oo implies that exp(f(x) — f(xe’)) — 0
as x — oo for all v > 0. Using (23) and dominated convergence, we therefore get that
f(x) = II(0,00)+¢q asx — oo.
Consequently, k(x) ~co (I1(0, 00) + q)P({ > x), which, integrating, leads to
8'(x) ~oo I1(0, 00) + g ~o0 f'(x).
Finally, we immediately get from the definition of @7 4, that ¢ 7 ,(x) ~0o x(II (0, 00) + q).
(2) 11 is infinite. We start with a key remark. Let

@0+ = lim x/¢ (x) < oo.

Since x — x/¢(x) is continuous strictly increasing from (0, 00) to ((¢’ (0+)~L, 00), the
function @7 , is well-defined on ((¢’(O+))_l, oo) and for x > (¢’(O+))_l, @11,4(x)/x is then
the unique non-zero solution to the equation (in u)

u = ¢(xu). (25)
The main idea of the proof is to use this characterization of @7 ,(x)/x to compare it with f’(x)
and g’(x) when x is large, this will be done below in parts (2a) and (2b), respectively.

(2a) We start with the comparison with f’. For this we construct by induction a sequence of
non-negative continuous functions 4,, defined on [0, 0o) by ho(x) = 1,Vx > 0 and forn > 0,

hyg(x) = /oo (1 — exp (— /xe hn(u)du>) II(dv)+¢q, x=0. (26)
0 X

Note the connection with Eq. (23) involving f’. Note then the following points:

e for each n > 0, h, is non-decreasing on (0, 0o): this is proved by induction on n, using that
when #,, is non-decreasing, so is x > fxxev hy (w)du;

e foreachn > 0, and all x > 0, h+1(x) > ¢(xh,(x)). To see this we use that h,, is non-
decreasing, hence x +— f;ev hy,(w)du > h,(x)x(e’ — 1) > xh, (x)v. The conclusion follows
from the definition of the Laplace exponent ¢;

e for all x > xq for some x( large enough, the sequence (4, (x), n > 0) is non-decreasing and
its limit, denoted by hoo(x), satisfies

hoo(x) = @1 4(x)/x.
Indeed: since /1 (x) > ¢ (x) and since ¢ (x) has an infinite limit as x — oo when I is infinite,
we have that i1 (x) > ho(x) for all x > xq for some xy < o0, that is moreover assumed larger
than (¢>’(0+))_1. By an obvious induction, we then have that /4,41 (x) > h,(x) for all x > xo
and all n > 0. Hence the existence of s (x). Last, if 1o (x) = 00, it is obviously larger than
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®11,4(x)/x. Otherwise, use the fact that ¢ is continuous and s, +1(x) > ¢ (xh,(x)) for all n,
to get that oo (x) > @ (xhoo(x)) for x > x¢. Note then that i (x) > ho(x) = 1 (hence is non
null), to get that xhoo(x)(qﬁ(xhoo(x)))_l > x, hence that xheo(x) > @7,4(x) on [xg, 00),
using for this conclusion the few lines preceding Eq. (25).

Next,
f/(x) > o0 asx — oo, (27)

which can be seen by combining Eq. (23) with the rapid variation at co of the tail P(I > x)
(Lemma 3.5) and Fatou’s Lemma. Hence there exists x| such that f'(x) > 1 = ho(x) on
[x1, 00). By induction on n, since f’ satisfies Eq. (23), we easily get that f'(x) > h,(x) on
[x1, 00) for all n > 1. Hence

F'(0) = hoo(x) = @g1,4(x)/x  on [max(xg, x1), 00),

and therefore
liminf(f/(x)x/tpn,q(x)) > 1.
X—>0Q

It remains to show that

lim sup (f'(x)x/@rr,4(x)) < 1,

X—>00
which turns out to be more tricky. We split its proof into two steps.

Step 1: f'(x) = hoo(x) for x € [xg, 00). This is due to the following observation: f is the unique
differentiable function defined on [0, o) which is non-decreasing, null at 0, converging to oo as
x — oo and satisfying (23). Indeed, let /& be a function satisfying to all these properties. Then
x € [0, 00) = 1 — exp(—h(x)) is the cumulative distribution function of some random variable
possessing a density satisfying Eq. (22). But, as already mentioned, this equation has a unique
solution which is a density. Hence i = f.

Next, consider an extension of i, defined on [0, co0): for this set ho(x) = hoo(x) on [x0, 00)
and ho(x) = 0on [0, xg). Then construct a sequence (hn, n > 0) by induction, constructing hn+ 1
from hn as hy,1 was constructed from #4,, via (26). Clearly, hn (x) = hoo(x) on [xg, 00) for all n.
Besides, for all x € [0, xg), h1 x)=0= ho(x) and of course, this also holds for x > xg. Hence
hl(x) > ho(x) on [0, 0o) and this 1mp}les, by an obvious induction, that (h (x),n > 0)is an
increasing sequence for all x > 0. Call &4, (x) its limit for all x > 0 and let Hy, be its primitive
on [0, co) null at 0. Clearly: Ho is non-decreasing, differentiable, converges to 0o as x — 00

and satisfies (23). Hence Hyo and K are uniquely determined and ho = f/.

Step 2: limsup, _, o (hoo(X)x/@17,4(x)) < 1. A key point to prove this is that (10) implies the
existence of real numbers 0 < 8 < 1 and x; > 0 such that for x > x,

¢(ax) <al¢(x), foralla > 1. (28)
To see this, the first step is the equivalence between (10) and
i ¢'(1)
im sup <1
t—00 1)

(see e.g. Exercise 7 of [3] — and note that it is still true when ¢ > 0). Hence the existence of
some B € (0, 1) such that for all @ > 1, and all x large enough,

$ax)\ [ D) wy
(¢<x>> / ¢<r)dr5’3/x (4 =Fh@,
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which indeed gives ¢ (ax) < aP¢(x). Take then B’ € (B, 1). We have in particular that

o(x) < xP forall x > x, (29)

taking x| larger if necessary.
Next, we will need the following fact. Consider ¢ € (0, 1) and use that for x large enough and

all n,
In(1+¢) xe?
¢(x) < hpp1(x) < / <1 — exp (—/ hn(u)du)> II(dv)
0 X

+1I(In(1 +¢)) + 4.

together with the fact that T (In(l + &) < ¢ (x) < ehpp1(x) for large x (since II is infinite)
and all n, to get that

In(1+4-¢) xe?
Bps1(x) < (1 —g)7! (/ (1 — exp (—/ hn(u)st)) IT(dv) + q)
0 x

| In(1+¢) £
<({-g)" /0 (1 — exp (—xmvhn(x(l +8))>> I (dv) + ¢

where we have used for the second inequality that 1, (1) < h,(xe”) < h,(x(1+¢)) foru < xe’
and v < In(1 + ¢), since h;, is non-decreasing, and also that vl — 1) is increasing on
(0, In(1 + ¢)). Then for x large enough (depending on ¢), say x > x, (take x, > max(xy, 1) for
simplicity), one has

&

Bas1(x) < (1—e)7'¢ (m

xh,(x(1 + 8))) , foralln > 0. (30)

Now, consider the sequence of functions defined inductively by ¢o(x) = xP'/1=F) and for
n>1,
n(x) = ¢ (xPp—1(x)), x=0.

Using (29), we see that ¢j(x) < xUHF/U=FNF" — @¢o(x),¥x > x;. Thus, for those
x, (pn(x),n > 1) is non-increasing (and non-negative). Its limit ¢oo(x) satisfies Poo(x) =
@ (x@Pso(x)). According to the lines above (25), this implies that either ¢oo(x) = 0 Or Poo(x) =
(pH’q(X)/X.
Besides, by induction, using (28) and that the functions ¢, are all non-decreasing on [0, c0),
we obtain,
on((1+e)x) < (L + o)X= P44, (1), x>0.n20, 31)

with y = B’/(1 — B’). Next, note that ho(x) = 1 < xB'/0=) for x > 1. Hence, using (30)
together with (28) and (31), we get by induction on n that for all x > x, and alln > 0

Yio B e Y B .
I — 1 Y i=Dp +ynp” )
) (ln(l +8)> (I+¢) n(x)
Then, for x > max(xg, x¢), letting n — oo,

1 Zizoﬂi & Zizl Bi . f
L & Y1 =D
hoo(x) = <1 ) <ln(1 +8)> (14 &)=i=! Poo(x).

1
hp(x) < <1

— &
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Among other things, this implies that ¢oo(x) > 0 (we remind that o, (x) > ho(x) = 1) hence
oo (x) = @74 (x)/x, and

Yiz0 B Yzt B . )
lim sup froo (OX < ( ! ) (L) (1 + &)Xiz1(=DF"
x—00 @II,4(X) 1—¢ In(1 +¢)

and the upper bound converges to 1 as € tends to 0.

(2b) We now turn to the proof of the fact that g’(x) ~ ¢ 17,4(x)/x as x — oo. The main lines of
the proof are similar to those concerning f” in part (2a) and we only detail the main differences.
First, by (27), for all A > 0, there exists x4 such that k(x) > AP(/ > x) for x > x4. Integrating
this inequality, we get that g’(x) > A for x > x4, hence

g(x) = 0o asx — oo.

Introduce next the sequence of functions %, n > 0 defined recursively by

Hpp1(x) = /OO (1 —exp <—v - /xe E,,(u)du)) I(dv) +¢q, x>0, (32)
0 X

starting from % constant, equal to 1. Noticing that /1,1 (x) > ¢ (1 + xh,(x)) > ¢(xh,(x)) for
x > 0,n > 0, we obtain, exactly as in part (2a) of this proof, using (24), that

g (x) = hoo(x) > @7 4(x)/x, for large enough x,
with obvious notations. It remains to prove conversely that

limsup (8'(x)x /¢ 4(x)) < 1.

X—>00

For this we split the proof into two parts. Recall the notation 8’ introduced just above inequal-
ity (29).

Step 1: g'(x) < 22x)F"10=F) for all x large enough. Indeed, note from (29) that for x large
enough, @7 4(x)/x < x#/0=F) Hence, by part (2a) of the proof, f'(x) < 3x#/U0=F) /2 and
then k(x) < 3xF/0-FVP(1 > x)/2 for large x. Integrating this inequality on [u, 2u] for large u,
we get

3 ! A OO
P > u) — P > 2u) < 5(2u)ﬂ /“—ﬁ)/ P(I > y)dy.

u
Besides, P(I > 2u)/P(I > u) — 0 as u — oo, by Lemma 3.5. Hence the conclusion.

Step 2. Introduce the sequence of functions ﬁn,n > 0 defined recursively by 71\()()6) =
2(2x)#/0=F) and forn > 1,

i1 (%) =/ (1 —exp (—v —/ ﬁn(u)du>> I(dv)+q, x>0. (33)
0 X

Trivially, using Step 1 just above and Eq. (24), we get that for all x large enough such that
g'(x) = 2020)P/0-F),

g < ﬁn(x), foralln > 1.
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The proof is then very similar to that of the second step of part (2a), except that we have to
replace inequality (30), by
I3
In(1 +¢)
The reason for this is that (33) leads first to

Ts1(x) < (1 —8)2¢ ( xhn (x(1 + e))) , foralln > 0. (34)

Tus1(x) < (1—g)"'¢ ( xhy(x(1+¢)) + 1) , foralln >0,

&

In(1 +¢)

for all x large enough, independent of n. But from (28), we have that
¢l +x) < (1-e) '),

for x sufficiently large (depending on ¢). Since, (¢/In(1 4+ €)) > 1 and iz\n(x(l + &) >
g (x(14+¢)) > 1 forall n and all x larger to some xg independent of n, we indeed get (34). As in
the proof of the second step of part (2a), keeping the notation g, y introduced therein, this leads to

2X5 e \Zf .
_° Y —DB +ynp" ;
) ()T et

g'(x) < Ta(x) < (11

&

for all x sufficiently large (depending on ¢ but not on n), where (pn,n > 0)isa non-increasing
sequence of functions defined recursively from the same induction relation as the one used to
construct the sequence (¢, n > 0), except that the initial function is here 430 = flo. The conclu-
sion follows similarly. [

3.2. Positive drift cases: proof of Proposition 3.2

We now assume that the subordinator —£ has a drift 4 > 0 and an infinite Lévy measure II.
In this case Carmona, Petit and Yor’s equation (16) for k becomes

(1 —dx)k(x) = fwﬁ(ln(u/x))k(u)du + gP(I > x)
= /Oo (P > x) —P(I > xe")) II(dv) + gP(I > x),
0

for x € [0,1/d) and k(x) = O otherwise. Setting, as in the previous section, f(x) =
—In(P(I > x)), we get that for x € [0, 1/d)

(1 —dx)f'(x) = fo (1 —exp(f(x) = f(xe"))) T(dv) +¢ (35)

and f(x) = oo on [1/d, 00). Note that for all v > 0, P(I > xe¥)/P(I > x) is equal to O for
x € (e7V/d, 1/d). Hence by Fatou’s Lemma, we see that since I is infinite

(1~ dx) /) = ST 1/d
— = — 00, as — .
V) P(I > x) *
Next, consider the function g(x) = —In (fxoo P > u)du), which is equal to oo on [1/d, 00),

and which, integrating Carmona, Petit and Yor’s equation, satisfies on [0, 1/d) the equation

g —dx)=d+ fo (1 —exp(—v + g(x) — g(xe"))) T(dv) +q. (36)
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Proposition 3.2 will be a direct consequence of Lemma 3.3 and of the following result.

Lemma 3.6. Assume that (11) holds. Then,

fl(x) ~demo ( ) ~g'(x), asx— 1/d.

X
1 —dx
Proof. We split the proof into two parts, in (1) we prove the equivalence involving f’ and @7 o
and then in (2) we prove the respective estimate for g.
(1) Again, our approach is similar to the part (2a) of the proof of Lemma 3.4. First, using that
(1 —dx)f'(x) - oo asx — 1/d, we easily obtain, mimicking this part (2a) of the proof of
Lemma 3.4, that for x large enough

, X X
ffx)>=don (1 —dx) x—1/d A9 0 (1 —dx) (37)

(recall @7 4 (x) ~c0 @7,0(x) When I is infinite). This is done by considering the sequence of
functions h, defined by ho(x) = 1/(1 —dx) on [0, 1/d), ho(x) = oo on [1/d, o0) and then by
induction

B () = (1 —dx)~! foo (1 —exp (— f hn(u)du)) I(dv) +q, xel0,1/d)
0 X

and h,41(x) = oo forx > 1/d. We claim that for x € [xg, 1/d) for some xg < 1/d large enough,
the sequence (h,(x), n > 0) is increasing, with finite limit s (x) < f’(x), and moreover,

1
1 —dx
where ¢(x) = ¢(x) —dx = [; (1 — exp(—xy))II (dy) + g. This leads to the expected lower
bound (37), details are left to the reader. It remains to prove that

. , X
e (7o (125:)) =4
We split the proof into two parts.
Step 1: f'(x) = hoo(x) for x € [xg, 1/d). This is proved as Step 1 of part (2a) of the proof of
Lemma 3.4, using the uniqueness of a density solution to Carmona, Petit and Yor’s equation.
Step 2: lim SUP, 174 (hoo(X) /@11 4( l—xdx )) < d. Our approach is similar to that of part (2a), Step
2, in the proof of Lemma 3.4, but cannot be directly adapted. For 0 < ¢ < 1, the correct way to

split the integral defining 4,11 from h,, is now

In((dx)~%) xe?
hpp1(x) < (1= dx)™! (/ <1 — exp (—/ hn(u)du>> II(dv)
0 X

+ I (n((dx)~%)) + q) ) (38)

d(xhy(x)), Vn >0,

hny1(x) =

We will use that ﬁ(ln((dx)’e)) is negligible compared to 4,41 (x) as x — 1/d. To see this, note
from the discussion above that forn > 1,

i () = ha(x) = — ‘( a ‘( al ))
net () 2 () 2 7= | T\ Ty
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for x € [xo, 1/d). Moreover, the right-hand (strict) inequality in the assumption (11) implies that
liminf;_, o ta/(t) /¢(t) > 0 (this is an easy exercise), which in turn leads to the existence of a
¥ > Osuch that ¢(ax) > a” ¢(x) for all a > 1 and all x large enough (this is proved similarly to
(28)). Hence for all A > 0, for x sufficiently close to 1/d (depending on A) and alln > 1,

s () = o) = — q‘b( - ) :
1 —dx 1 —dx
Besides, it is a classical result — that can easﬂy be checked — that IT(u) < C¢(1/u) for
some constant C when u is close to 0. Also, ¢(Au) < Ag(u) for A > 1, by concavity of ¢.
From all this we deduce that for x sufficiently close to 1/d (independently of n, but not on ¢),
(1 —dx) "I (In((dx)%)) < &(1 + &)~ 'h,41(x), and therefore, from (38),

l4¢ ( In((dx)~*) ( ( xe!
i () < / 1 —exp |- / ho()du ) | 7Tdv) + ¢
1 —dx 0 X

146 L (do)E -1
—ax? <h"(“d") )% <ln<(dx)—€> ))

where we have used in the second inequality that the function v € (0,00)
(e’ — 1)/v is increasing. Moreover, taking x closer to 1/d if necessary, we have that
((dx)~% = 1)/ In((dx)~%) < (1 + &), which finally leads to

(1+e)!+h
—dx
for some 0 < B < 1,and all x € [x, 1/d) for some x, < 1/d, and all n > 1, using that under
(11), inequality (28) is valid by replacing there the notation ¢ by ¢ (of course the same remark
holds for (29)). We also keep from there the notation 8’ (see (29)).
Next set Eo(x) = d‘ﬂ//(l_ﬂ/)(l — dx)_l/(l_ﬁ/) for x € [0, 1/d) and define recursively,

¢ (ha(x(dx)~*)x) (39)

hpr1(x) <

a,m(x):l $($n<x)x), x < 1/d. (40)

Using (29) for ¢, we see that ¢1(x) $O(x) for x sufficiently close to 1 /d hence the
sequence (d)n (x), n = 0) is non-increasing on this neighborhood of 1 /d Its limit ¢OO (x) satisfies
¢oo(x) = (1—-dx)~ 1¢ (¢Oo(x)x) hence is either equal to 0 or x~ gog,q(x/(l — dx)) (since
@114 is the inverse of x > x/¢(x)).
Last, note that
1 1+¢ 1
< X
l—(@dx)l=¢ " 1—¢ 1—dx

on a neighborhood of 1/d, as well as (dx)™% < 1 + ¢, still for x near 1/d. Combining this with
(39) and (40) we get, by induction on n, that on a left neighborhood of 1/d (depending on ¢)

12l i n" /(1=
ﬁn(x) < (1 +8)(1+ﬁ)zn gi +Zn S(i— 1)ﬂl (1 +8)Z_1 iB'+np"/ B
¢n(x) 1—¢

which, letting first » — oo, then x — 1/d and then ¢ — 0, leads indeed to

limsup (hoo(X)/911,4 (x/(1 = dx))) < d.

’
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(2) Last, we finish by proving that g’(x) ~ d¢y7.0 (FJ‘W) as x — 1/d. Again, the proof holds
in a way which is similar to the proofs of parts (2a) and (2b) of the proof of Lemma 3.4, and
part (2a) of the present proof, although some adjustments are necessary. We point out that the
drift d in the right-hand side of Eq. (36) plays a negligible role. We only detail precisely here the
starting (rough) bounds for g’ which are sufficient to initialize the inductions.

On the one hand, we easily get from Eq. (36) that g’(x)(1 — dx) — oo as x — 1/d. This
comes from the fact that for v > 0, g(x) — g(xe”) = —oo provided x < 1/d is sufficiently
close to 1/d and also from the fact that /7 is infinite. This is enough, using (36), to get without
difficulty that g'(x) > dor 4 (JW) for x large enough.

On the other hand, note that part (2a) of the present proof and assumption (11) imply that
f/(x) < (1 —dx)~/0=F) for somef/ € (0, 1) and all x sufficiently close to 1/d (since (11)
implies an inequality of type (29) for ¢). Hence, for those xs,

)r(xa')_l/2
P > x) —PU > x(xd)~'/?) = / k(u)du

o0
< (- (dx)l/z)—l/“—ﬂ’)/ P(I > u)du.

X

Moreover, P(I > x(xd)~'/?)/P(I > x) — 0asx — 1/d. Indeed, since (1 — dx)k(x)/P(I >
x) —> ooasx — 1/d, we get that for alla > 0,aP(I > x) < (1 — dx)k(x) for x sufficiently
close to 1/d. Then for x large enough, x < 1/d,

PU > x(ed)™'?) JHED7E B S ydu ) SR e u)du

P > x) T x((xd)"V2 = DPU > x) T ax((xd)"1?2 — DPU > x)
_a- dx) [ e ydu ) 1 —dx
~ax((xd)71?2 — DPU > x) ~ ax((xd)"V/2 -1)"

Letting x — 1/d, we get that

, P > x(xd)"'?)  2d
lim sup < —,
x—1/d P > x) a

for all @ > 0. Hence P(I > x(xd)~'/?)/P(I > x) — 0as x — 1/d. From all this we deduce
that

g'(x) < C(1 — (dx))"V/(1=F)

for x close to 1/d, with C > 1. But this is a sufficiently nice upper bound for g’ to use the usual
schemes to get that

limsup (¢'(x)/@r1,4 (x/(1 —dx))) <d.
x—1/d
The idea is to construct inductively a sequence of functions (hp,n > 0) with an induction

scheme bAased on Eq. (36), starting from hg(x) = C(1 — (dx))_l/(l_ﬂ/), x < 1/d. Then, clearly,
g’ (x) < hy(x) for all n. But also for n > 2 and x sufficiently close to 1/d,

. Lo x o x
hn(-x)zl_dxd)(l_dx(b(l—dx)),
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which can be proved inductively using that I}o(x) > (1 — dx)~!. This is sufficient to settle an
inequality similar to (39) for the sequence (h,,n > 1). Last, it is easy to adapt the end of part
(1), Step 2 of the present proof to get the expected upper equivalent function. [l

3.3. Proof of Corollary 1.3

Part of this corollary is a consequence of Theorem 1.2. The only remaining thing to prove is
that the convergence of P1(X; € - | t < Tp) to a non-trivial limit as ¢ — oo implies that —& is a
subordinator with O drift and a finite Lévy measure. From Proposition 2.7, we already know that
this convergence implies that I € MDAGumbel With 1 = 00, hence —£ is a subordinator with O
drift, and that there exists a constant ¢ > 0 such that for x > 0

P > cx +1)
P(I > 1) t—00

exp(—x).

Suppose now that the Lévy measure of —£ is infinite and recall from (27) that this implies that
foralla > 0, k(u) > alP(I > u) for all u large enough. Hence for ¢ large enough (x is fixed),

P(I > cx +1t) ICXH P > u)du [CXH k(u)du 1
< < <

P >t cxP(I > 1) ~ acxP( >t) ~ acx’

And therefore exp(—x) < (acx)~! for all @ > 0, which is absurd. Hence the Lévy measure of
—& is finite.

4. Yaglom limits: Weibull cases and factorizations of Beta distributions

In this section, we prove Theorem 1.5 and give a necessary and sufficient condition on the
distribution of the Lévy process & for I to be a factor of the random variable B,, .

4.1. Proof of Theorem 1.5

Recall from Lemma 2.1 that tp = 1/d when —£ is a subordinator with drift d > 0. We start
with the following result.

Lemma 4.1. When —§& is a subordinator with killing rate ¢ > 0, drift d > 0 and a finite Lévy
measure 11,

<1 ) k(t) 11(0,00) + ¢

d )PU>1) L1 d ’

where k denotes the density of 1.

Proof. Fort < 1/d, Carmona, Petit and Yor’s equation (16) becomes
1 k(t 1 [ P > te”
2y Lz_/ 1_w H(deZ
d P >t) dJy P > 1) d

Forall v > 0, P(I > te”)/P(I > t) is equal to O for ¢ sufficiently close to 1/d, hence

(l_z k(1) 110.00) +4
d P >1t) t—1/d d

by dominated convergence. [

)
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Proof of Theorem 1.5. e Assume that —£ is a subordinator with killing rate ¢ > 0, driftd > 0
and finite Lévy measure II. It is then a standard result of regular variation theory that the
convergence established in Lemma 4.1 implies that for x € (0, 1),

P(I >t+ (1/d —t)x) (0.00)+¢
(1—x)" 4
P > 1) —

1

d
and we conclude with Proposition 2.7 (ii).

e Reciprocally, assume that I € MDAweibu- Then, 7 has a bounded support, which implies by
Lemma 2.1 that —£ is a subordinator with a strictly positive drift d. Moreover, the function
u — P(I > 1/d — 1/u) is regularly varying with an index —y,y > 0, as u — oo. When
11(0, 0o) is infinite, this is incompatible with the fact (1/d — t)k(¢)/P(I > t) — oo as
t — 1/d, proved at the beginning of Section 3.2. Hence 11 (0, co) is finite. [

4.2. Factorization of Beta distributions

In the sequel Bg ,, will denote a Beta random variable with parameters 8, y > 0, and when
B = 1 we will simply denote it by B,,.

Proposition 4.2. Let y > 0. There exists a random variable R,, independent of I such that

Law
IR, =B,
if and only if —§ is a subordinator with a strictly positive drift d and a finite Lévy measure 11
such that 11(0,00) + g < dy. In such a case, sup{t > 0 : P(R, > t) > 0} = d and the
distribution of R, is characterized by its entire moments which are given by

)
E[R"] = 1 41
[R!] Eiﬂ’ n>1, (41)

with ¢ the Laplace exponent of —&.

Proof. e Assume that the factorization R, / taw B, holds. This implies that both I and R, have
bounded support. By Lemma 2.1 we have that —¢£ is a subordinator with a strictly positive
drift d. Since B,, is supported by [0, 1] and the support of / is given by [0, d~'] we have also
that sup{tr > 0 : P(R > t) > 0} = d. Besides, using the expression (17) for the moments of /
and that

I nr 1
Epr) = LY DI0ED e,
rn+y+1
it is also obvious that the entire moments of R, are then given by (41). These moments
characterize the distribution of R, since it has a bounded support.

Next, note that E[(R, /d)"“] < E[(Ry, /d)"], for n > 1, which leads to

¢p(n+1) -
n+14+y ~

and then ¢ + [y (1 — e~ ™*D¥)[I(dx) < dy forall n > 1. Letting n — oo, we get
11(0,00) +q <dy.
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e It remains to prove that the factorization holds when —£ is a subordinator with drift d > 0
and with a Lévy measure and killing rate such that I7(0,00) + ¢ < dy. In the proof of
Theorem 1.5 we proved the existence of a random variable, say R, independent of I such that

5 ¢ Law
RI'=B(110.00)+¢)/d-
To get a similar factorization of B,,, for y > M = Y0,

Beta random variable independent of B, then

note that if Byy41,,—y, is @

Law
BVO"‘LV‘VOBVO = BV'

So, take a version of By 11,,—y, which is independent of R and I and set R, = IQBVOH,V_),O.
We indeed have R, 1 haw B, with R, independent of /. []

To finish this section we mention that for brevity further details about the random variables
R, will be provided in [24].

5. Yaglom limits: Fréchet cases and factorization of Pareto distributions

We now turn to the Fréchet cases, when the pssMp X is not monotone.

Proof of Theorem 1.6. The assertion: I € MDAFchet if and only if # > P(1 > ¢) is regularly
varying at infinity with some index —y < 0, follows from the assertion (iii) in Theorem 2.6. The
convergence in (14) follows from (iii) in Proposition 2.7, where the factorization of the Pareto
distribution in terms of [ is also proved. The sufficient conditions (i) and (ii) in Theorem 1.6 are
proved respectively in [39,42].

We are just left to prove that a necessary condition for / € MDAFchet is that E[e?51] < 1
and E[eV+9%1] > | for all § > 0, where y > 0 is such that —y is the index of regular variation
for the right tail distribution of 7. If I € MDAFchet, the regular variation of the tail distribution
of I implies that I has positive moments of all orders 8 < y. From Lemma 3 in [42] it follows
that this happens if and only if

E[ef1] < 1, VB < y.

Then by taking limit as 8 1 y, and by a combination of the monotone and the dominated con-
vergence theorems we get that

1 > limE[ef5] = lim E[eﬂfll 0 ] + lim ]E[eﬂsll O]
= gy [ ] By {1 <0} Bty {£1=0}
= E[e71]. 42)
Also we have that E[17%] = oo, for all § > 0, and hence Lemma 3 in [42] implies that
E[e”+91] > 1, and actually E[eT9%1] > 1 by strict convexity, forall § > 0. O

As we did it in the other cases, we provide a necessary and sufficient condition for a fac-
torization of the Pareto distribution in terms of /, and a description of the law of J,, in the
factorization (13).

Proposition 5.1. For y > 0, there exists a unique in law random variable J, independent of I,
such that

17,"2'p,
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iff Elexp(y&1)] < 1. Furthermore,
() if E[e?81] < 1, then E[IV] < o0 and
Y © dx
]P)(Jy € dy) = W/O xl_-‘r)/]PX(Xl € dy, 1< T()), y > O,
(i) if E[e¥é1] = 1, then

P(J, € dy) = rp((1f) " edy). vy >0,

B[
where I* = fooo exp(—&;)ds, where £* is a Lévy process that drifts towards +oo with
distribution P* o £~ where P* is the probability measure defined by

P*lg, = ¢"Plg, Gi=0(@.s<1), 120
The proof of this result will be given below by first establishing a connection with quasi-
stationary measures for processes of the Ornstein—Uhlenbeck type, which is of interest in itself.
Throughout the rest of this section we stick to the assumptions: 7y < oo a.s. and that the paths

of X are non-monotone. We consider the process of the Ornstein—Uhlenbeck type associated to
X by

U=e"Xu_, t=>0.

Observe that U is a process that hits O in a finite time TOU. Lamperti’s transformation implies that

¢
(TOU, ]P’x) Law <ln (1 + x/ e‘s‘ds) ,]P’) )
0

We would like to know under which conditions there exists a quasi-stationary measure for U,
viz. a probability measure on (0, 00), say v, and an index 6 > 0, such that

/ V(d)E, [f(U,),t < TOU] =e*9f/ w(dx) f(x), >0,
(0,00)

(0,00)

for any f continuous and bounded. Observe that if there exists a quasi-stationary measure
associated to U, say v, with index 6, then we have that

e = f v(d0)P (T > 1)
(0,00)

= / v(dx)P(xI > e —1), t>0.
(0,00)

It follows that if we let Jg be a random variable independent of I and with distribution v, then
Pl >t) =1+ +t>0.
That is

L
Jol = Py.
So we see that there exists a random variable Jy independent of I such that I Jy follows a Pareto
distribution whenever there is a quasi-stationary measure for U. This justifies our approach to
the problem of finding NASC for the existence of a factorization of the Pareto law in terms of
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I by first establishing NASC for the existence of a quasi-stationary law for U. For that end we
point out a further connection with the so-called self-similar entrance laws for a pssMp.

We will say that a family of sigma-finite measures on (0, c0), {n;,t > 0}, is a self-similar
entrance law for the semigroup { PX, t > 0} of X if the following are satisfied

(EL-i) the identity between measures

s PX = nigs,

that is

/(o )ns(dX)Ex Lf(X0), 1 <To] = f M+ (dx) f (x)

(0,00)
V£ :(0,00) — R positive measurable, holds for any #, s > 0.

(EL-ii) there exists an index y > 0 such that

nsf =s"VmH;f,

where f denotes any positive and measurable function and for ¢ > 0, H, denotes the
dilation operator H, f (x) = f(cx).

(EL-iii) n; is a probability measure.

In that case, we say that {n, s > 0}, is a y-self-similar entrance law associated to X. We have
the following lemma that relates the QS-measures for U and the self-similar entrance laws for X.

Lemma 5.2. There is a bijection between the family of self-similar entrance laws associated to
X and the quasi-stationary laws associated to U. More precisely, let v be a y-quasi-stationary
measure for U, and define a family of measures {ng, s > 0} by

nsf =5 VVH, f.

Then {ns, s > 0} forms a y-self-similar entrance law for X. Reciprocally, if {ns,s > 0} is a
y -self-similar entrance law for X then v(dx) = n1(dx) is a y -quasi-stationary law for U.

Proof. Let {n;,s > 0}, be a y-self-similar entrance law associated to X. We claim that the
measure v(dx) := n;(dx),x > 0, is a y-quasi-stationary distribution for (the semigroup
{P,U, t > 0} of) the process U. Observe that for any function f bounded and measurable we
have that

PV f=Pf Hf.
Then by the hypotheses (EL) we have that
U, _ X _ _ =yt _ =yt
VP  f=mPy_(Het f =neHe—1 f ="' f=e"vf, (43)

which proves that v is a QS measure for U. Now, let v be a y-quasi-stationary measure for U,
and define a family of measures {n,, s > 0} by

nsf =sVVH, f.
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We claim that n forms an entrance law for X. Indeed, we have the following identities:

nsP,Xf = s_)’/

(0,00

: v(dy)Eys [f(X0)]

= s_y/ v(dy)Ey [f(SXt/s)]
(0,00)

s—V/ v(dy)E, [f((s+t)e_ln(1+l/s)Xeln(1+r/s)_1)]
(0,00)

s77 / V(dy)Plg(lJﬂ/s)H(tJrs)f
(0,00)

sV +t/s) " vHq45) f
Nevs fo O 44)

Therefore, in order to characterize the quasi-stationary laws for U we need to characterize
the self-similar entrance laws of X. This is a problem that has been studied by the second author
in [39,40], related to the existence of recurrent extensions of the process X, and by Vuolle-Apiala
in [45]. In those references the parameter y of self-similarity for the entrance laws is restricted
to be in (0, 1) because those are the only parameters which are relevant for the existence of
recurrent extensions. Disregarding that restriction we can deduce from those papers that there
are only two types of self-similar entrance laws, either n = (3, t > 0) is such that

t1—i>I(r)l+ Nil{@a,00) =0, a>0,
or

t1_1)r51+ {00y >0, a>0.
In the second case, Vuolle-Apiala [45] proved that there exists a measure u such that n,(dy) =
fooo pL(dx)PtX (x,dy),t > 0, and in fact there is a y > 0, and a constant 0 < ¢, < oo such that
u(dx) = cyx_(l+y)dx, for x > 0. A description for 7 in the first case and 6 € (0, 1) has been
given in [39,40].
We have now all the elements to prove Proposition 5.1.

Proof of Proposition 5.1. Let y > 0, and assume that there exists a random variable J, inde-
pendent of 7 such that
LI2P,.

Given that a Pareto random variable of index y has moments of order § € [0, y) it follows that
E[I?] < oo for all B € [0, y). According to Lemma 3 in [42] we have that the latter implies
that E[¢f1] < 1, for all B € (0, y). Arguing as in (42) we get E[e?51] < 1, which proves the
direct implication. In order to prove the converse implication we will first prove that the laws in
(i) and (ii) are well defined and indeed satisfy the property of being one of the factors in the
Pareto factorization. So, assume first that £ is such that E[e¥é] < 1, that X is the pssMp asso-
ciated to & via Lamperti’s transformation and that J, is a random variable independent of 7, and
whose law under IP is the one described in (i). From Lemma 3 in [42] we know that E[1Y] < oo.
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Using that under Py, Ty has the same law as 1, it is easily verified that

y du
Py (1/u < Tp) —— = 1.
EL7] /«),oo) V=10

It follows that the measure defined in (i) is a probability measure. From the discussion following
the proof of Lemma 5.2 we know that the family of measures (7;, ¢ > 0) defined by

du
n:(dy) = Py (X; € dy,t < To) T

14
E[17] J0,00)
form a y-self-similar entrance law for X, and therefore 7; is a QS-measure for U. Hence, using
that J,, ~ 71, and it is independent of /, we get that

17,'2p,,.

We next assume that y is such that the Cramér’s condition E[e¥8] = 1 is satisfied. We con-
sider the Lévy process &* whose law is P* o £~ ! and P* is as defined in the statement of
Proposition 5.1. We denote by X* the pssMp associated to £* via Lamperti’s transformation. By
the optimal sampling theorem it follows that the absolute continuity property between P* and PP.
is preserved under Lamperti’s transformation, in the sense that

L _ X
Pl = x—yIP’x, overo(Xg,s <t), fort >0,x > 0.

It has been proved in [41] that the measures defined by

t\ 1
uif =E [f (F) F] , for f bounded measurable,

form an entrance law for the semigroup of X*. It follows from the absolute continuity between
the semigroups of X and X* that the family of measures (1;, t > 0)

/ n:(dx) f(x) = ¢yt VE |:f (%) (I*)V_1i| ,  f bounded and measurable, (45)
(0,00)

with ¢, a normalizing constant, form an entrance law for X, viz.
/ n:(d0)Ex [f(Xs), s < To]l = / Ne+s(dx) f(x),
(0,00) [0,00)

for any f bounded and measurable function. We choose ¢, = 1/E [(I *)7”1], so that n; is a
probability measure, this is indeed possible because if y > 1 then

E[e~ D5 = B[51] < 1,

and then Lemma 3 in [42] implies that E [(I*)”_l] < 00; when y < 1, Lemma 2 in [40]
ensures that £ [(I *)V_l] < 00. Furthermore, by construction it is plain that {n;,¢ > 0} is a
y-self-similar entrance law. It follows from Lemma 5.2 that 1 is y-quasi-stationary law for the

Ornstein—Uhlenbeck process associated to X, and thus, from the discussion before Lemma 5.2,

that taking J,, as a random variable independent of / and with law 7y, we have 1J, Law P, It

is worth mentioning that the latter constructed entrance law coincides with the one constructed
in [40] under the assumption y € (0, 1), but the method of proof used there cannot be directly
extended to deal with the case y > 1.

Finally, the uniqueness in law of J,, follows as in the proof of Lemma 2.9. [
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From the latter theorem and its proof we infer the following corollaries.

Corollary 5.3. For y > 0, there exists a y-quasi-stationary distribution for the Ornstein—
Uhlenbeck type process U associated to X if and only if Elexp(y&1)] < 1. In that case the
y -quasi-stationary distribution is the measure described in Proposition 5.1.

Corollary 5.4. Let the pssMp X be not monotone and U = (U; = e~ "X 1,1 > 0) the process
of the Ornstein—Uhlenbeck type associated to X. We have that U admits a Yaglom limit if and
only if 1 € MDAFyscher, that is if and only if t +— P(I > t) is regularly varying at 0o, say with
index —y,y > 0. In such a case, for x > 0
P. (U, v ®)
x(,e-|t<TO>—>M1 , (46)

t—0o0

P,) . ; ) o ) .
where pL(I V) is as described in Proposition 5.1. Necessary and sufficient conditions for I €

MDAFyécher are given in Theorem 1.6.
6. Examples

In this section, some examples illustrating our results on Yaglom limits of pssMp are detailed.
In some cases, they also lead to new (to our knowledge) factorizations of the Beta and Pareto
distributions.

Throughout the section X will denote a pssMp with self-similarity index 1/a > 0, and & the
Lévy process associated to it via Lamperti’s transformation. Recall that in this case X¢ is the
1-pssMp associated to the Lévy process o€, and hence our results can be easily translated to deal
with the general case.

6.1. Gumbel cases and factorizations of the exponential law

In [23] some examples have been provided under the assumption that the underlying Lévy
process is the negative of a subordinator with infinite lifetime and a regularly varying tail Lévy
measure. Further examples can be deduced from recent papers where the law of the exponential
functional of a subordinator and that of its factor R are determined; see for instance [6,31,33,22].
Instead of listing those examples we will restrict ourselves to provide an example where the
underlying subordinator has a finite lifetime.

Example 1. Assume that under P, X is the negative of an «-stable subordinator issued from
x > 0, and killed at its first passage time below 0; for 0 < o < 1. This is a 1/a-pssMp with
infinitesimal generator given by

} d
Lf(x) = /0 (f(x —y)— f(x)) ;JLLi’ _ ;%f(x)
—a o —z c+e_ZdZ cy
=x (/0 (f(xe )-f(ﬂ)m—;f(x)), x>0,

for f : [0, 00) — R measurable, f(0) = 0, smooth enough and that vanishes at infinity. The
second equality follows from the first by a change of variables, while the first one is obtained
from the known expression of the infinitesimal generator of X. The underlying Lévy process &
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is the negative of a subordinator killed at an exponential time with parameter %’, and its Laplace
exponent is given by

c_+F(A+1)F(1—a)

o) = 1 >0.
o

rd+1—-a)y =~

For notational convenience we chose ¢, = «o/I'(1 — «). It can be deduced from a classical
result by Bingham [9, Proposition 1], that under P; the first passage time below O for X has a
Mittag-Leffler distribution with parameter «, and hence that

¢
I =/ e“EJ'dsL%Wt_“,
0

o

where 7, follows a strictly stable law of parameter «. It has been proved by Shanbhag and
Sreehari [43] that the equality in law

Ta,o, o Léw )
holds, with e an exponential random variable independent of 7. See [6] for other extensions of
this factorization. We have the following corollary to Theorem 1.2.

Corollary 6.1. Assume that under P, X is the negative of an «-stable subordinator issued from
x > 0, and killed at its first passage time below 0, 0 < o < 1. Then the tail distribution of
the Lévy measure of —& is regularly varying at 0 with index —a and hence (10) is satisfied.
Therefore:

1 1
P, ((cma)ai(l—w—w X, e-|1< To) s Plec)
11— 00

6.2. Weibull cases and factorizations of the Beta (1, y) rv.

We just provide an explicit example of a factorization of the Beta random variable with
parameters (1, ), y > 0. This example is a natural one from the point of view of subordinators,
and the pssMp that appears here may be seen, with a particular choice of parameters, as the mass
of a tagged fragment in a binary self-similar fragmentation with erosion and uniform splitting;
see e.g. [4].

Example 2. Assume that under P, —£ is a subordinator with Laplace exponent

q)‘ *© —AX —px
¢(A)=ﬂ+cA+F=ﬁ+cA+ (1 —e"Mgpe *dx, A1>0, 47
P 0

where ¢, ¢ > 0 and B, p > 0 (the second equality having sense only when p > 0). When p > 0,
the Lévy measure is gpe ™", x > 0, and has total mass ¢, while when p = 0, —£ has no jumps
and is killed at rate ¢ + B. For @ > 0, we will denote ¢y = ca, py = p/a, q = q/cq, and
B = B/cy. After some elementary algebraic operations it is easily seen that the Laplace exponent
of —a& is given by ¢ (aA), A > 0, and it can be expressed as

ca(X+a)( +a2)

= 4
¢ (ah) Ot o) . A=0, (48)
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where
21 = (o + T+ B) =/ (0o + T+ B — 4B pa,

27 = (o + T+ B+ (0u + T + B — 4B pa.

An easy calculation allows to verify 0 < a; < p, < ap and thata; < g + ,E . By an identification
of moments it can be verified that the law of [ is given by

JLaw {calBlm,az_pa, if Bpu =0,
c(;lBl,ulB1+,Oa,a27pas lf /31001 # O

See e.g. [13] where this law is obtained in the case where § = 0 and p > 0. According to
Proposition 4.2 for any y > g + B, there exists ar.v. R,, such that

Law

IR, 2'B,,

and the moments of R,, are given by

L j 1 1
() "E[RY] = (e ] 2 = LA C 0D, (49)
i vti (4 pa)n (14 ¥)n
where (a); = r I(q“(:;) , denotes the Pochhammer symbol. We assume for the moment that p > 0.

From the above comments it is easily seen that these parameters satisfy that 1 + py, 1 +y >
0, po —a1 +y —az > 0, and that min{1 4+ay, 1 +az} < min{l 4y, 1 + p,}. This simple remark
allows to ensure that the expression of the rightmost term in (49) corresponds to the moments of
a BetaProd random variable with parameters (1 +aj, y —ay, 14+az, py —az), that we will denote
by Bita;,y—a,1+a, pu—ar- BetaProd random variables were introduced by Dufresne in [19] and
he proved that these random variables are determined by their entire moments, calculated its
Mellin’s transform and calculated explicitly its density in terms of the Gauss hypergeometric

function, which we do not reproduce here. It follows that R, faw caBiiar,y—ay,14az, py—ay - In the
case where p = 0,and y > ¢ + 8, _the moments in (49) correspond to those of a Beta random
variable with parameters (1 +¢ + B,y — ¢ — f), and hence R, = ¢,B, Vit By—G-F Finally,
in the case where p = 0, and y = g + E, the moments in (49) are all equal to 1, and hence
R, = cq.

We have all the elements to state the following corollary which is an easy consequence of
Theorem 1.5.

Corollary 6.2. Let X be the a-pssMp associated to &, whose Laplace exponent is given by ¢ as
in Eq. (47) with p > 0. We have that X has the following Yaglom limit

X

. 1/a
tilfl/lca Py | o € lt<To) =P ((C“Bl+a|,§+g—ﬂ|,1+a2,pa—a2) € )
ot
6.3. Fréchet cases and factorizations of Pareto distributions

Here we include just a few examples of pssMp that have found applications in other areas
and/or for which it is possible to determine explicitly the law of the first hitting time of zero
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and of its Yaglom limit law, and hence that give place to an explicit factorization of Pareto r.v.
Other examples will be given in [24]. Further examples can be extracted from recent literature
where an important effort has been made to obtain explicit distributional properties of exponential
functionals of Lévy processes; see for instance [8,26,34,35] and the reference therein.

Example 3. Let £ = (6 B; — bt,t > 0) with B a Brownian motion, ¢ # 0,5 > 0, and for
o > 0, X the 1/a-pssMp associated to £ via Lamperti’s transformation. i.e. a [0, co) diffusion
process with infinitesimal generator:

o? o?
LY f(x) = 7JCZ*'J’JC’/()c) + (7 - b) T, x>0, (50)
for f : [0, 00) — R smooth enough, f(0) = 0. It is well known thatif 0 < b < 1,0 =1
and ¢ = 2, X is a 2(1 — b)-dimensional Bessel process, and in particular when b = 1/2, X
is a Brownian motion killed at 0. Besides, in the case where @« = 1,02 = 4, and b = 2, the
process X corresponds to the Feller diffusion. The associated Ornstein—Uhlenbeck type process
U, == e""/*X i_; has an infinitesimal generator

2 2
LY f(x) = %xz_“f”(x) n ((% - b) Xl 2) '), x>0 (51)

We have that the conditions in Theorem 1.6 (i) are satisfied by a& with y = 2b/ (o ?), and
hence £* = (a(oB; + bt),t > 0) (see Proposition 5.1 for the definition of notation &*, I*).
Dufresne [18] established that the exponential functionals

o o0
1= f exp(a(o By — bt))dt, I* = / exp(—a(o B; + bt))dt,
0 0

both have the same distribution as , With 1, (452) that follows a Gamma distribution

(aG)ZVZb/(aGQ)
with parameters (2b/ (¢o?), 1). The random variable b/ (@o?) defined in Proposition 5.1 is then
such that

(ao)?

Dob o) ™ e

and we have the identity in law

1 Law
—e = P2h/(0t0'2)'
Y2b/(ac?)

Corollary 6.3. Let X be the diffusion process killed at its first hitting time of 0, whose infinites-
imal generator is given by (50). We have that for any x > 0,

X LA 2
P\ €dylt <Ty) —— uldy) :=—y"""e 1ysqdy, c=(ao)"/2.
/e t—00 c

The law w defined above is a quasi-stationary law for the Ornstein—Uhlenbeck type process U
with infinitesimal generator (51) and for any x > 0,

]P’X<U,€-|I<TOU>—>,u.

—>00
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Observe that this result applies to the totality of self-similar diffusions that hit O in a finite time
because the only Lévy processes with continuous paths are Brownian motion with drift. In the
particular case where X is a Feller diffusion we recover the result in [20], see also [28]. The result
in the second part of the above Corollary is closely related to a seminal result by Mandl [30] for
the classical Ornstein—Uhlenbeck process.

Example 4 (Stable Continuous State Branching Processes). Let X be an «-stable continuous
state branching process, with o € (1, 2), that is a strong Markov process with values in [0, co)
having the branching property and hence with Laplace transform

E, [e_}‘X’] =exp(—xu; (1)), A >0,

and u,; (A) determined by the equation

» 1
f du=t¢t, t>0,
u (n) C+u”

where c4 > 0, is a constant. Kyprianou and Pardo [27] and Patie [32] showed that X is a positive
self-similar Markov process with self-similarity index 1/(o — 1), and that its underlying Lévy
process & has no negative jumps and a Laplace transform given by

E[e ] = exp <th
II'(e)

where E[—&] = m = ¢4 I'(¢)['(—a) > 0 and by convention 1/I'(0) = 1/I'(—1) = 0. Observe
that in this case the Lévy process £* of Proposition 5.1 is also spectrally positive and its Laplace
transform is given by

), —1 <X <o0,

I'(x -1
E [exp(—)»é‘t*)] =F [exp(—()» - 1)5,)] = exp <tmw)

T'(.— DI ()
IF'h4+a—1)

= exp (tm(k —1) T @

>, A>0,1t>0. (52)

Law

In [27, Lemma 1] and in [32] it has been proved that the first hitting time of O for X, Ty = [ =
fooo exp((a — 1)&;)ds is such that (c4 (o — 1))I follows a Fréchet distribution with parameter
1/(a —1).1In [46,44,27,32] it has been proved that X admits a Yaglom limit, more precisely they
obtained that for x > 0,
- AX’I/( 0 1
i leg (@—D)/@= =1
z]groloEx [e + |t < T0:| 1 (1 +A7(a71))1/(a7]), A > 0.

In [25] it has been proved that the rightmost term in the above display is the Laplace transform
of ar.v. Xiy_1), whose tail distribution is given by

0o, (_gla=Dyk r (ﬁ + k)

P (Ja-1) > ) = ]; K I(@—-Dk+DI(/@—1) ° -

An alternative deduction of this limiting distribution is given in [24]. Theorem 1.6 gives another
way to obtain this Yaglom limit, observing that X*~! is the 1-pssMp associated to the Lévy
process (o — 1)&, and that from the expression of the Laplace exponent of &, Cramér’s condition
and the integrability condition in Theorem 1.6-(i) are satisfied by & with index y = 1, and
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hence by (o — 1)¢ with index y’ = 1/(a — 1). With this approach, the weak limit of the law of

X ! /t | t < Ty is that denoted by u( 1/@=D) . A side consequence of this approach is the fact
that the Yaglom limit admits the representation in Proposition 5.1 (ii), as a size biased law of an
exponential functional of Lévy process.

Therefrom we can deduce the following factorization of the Pareto random variable. Since

( V=) ; is the law of cy (o — )E"; 11), we have that when Wy, 1) follows a Fréchet distri-

butlon with parameter 1/(o — 1) and it is independent of X, _1), then

This is actually a particular case of the result in Proposition 2.9-(i) in [25].

Example 5 (Stable Process Killed at (—oo, 0)). Let Y be a non-monotone «-stable Lévy process,
0 < a < 2, with positivity parameter p := P(Y; > 0), hence the Lévy measure of Y is

dx dx

1+a1{x>0}+c x |1+a1{x<0},

withci,c— > 0, cq4 +c— > 0. Let X be the process obtained by killing Y at its first hitting time
of (=00, 0), say T(—0,0). X inherits the scaling property and strong Markov property from Y and
hence is a pssMp with self-similarity index 1/«. Chaumont and Caballero [11] established that
the Lévy process & associated to X via Lamperti’s transformation has Lévy measure

e)C X
ml{x>0}d)€ +c_

and killing rate c_ /«. It can be deduced from the results by Caballero et al. [12], who introduced
the so called Lamperti-stable class and of which this process is an element, that the characteristic
exponent of & takes the form

H(dx) =C4 1{x<0}dx,

(1 _ ex)1+a

E[e/*$1] = exp <c+F(—a)% + cF(—a)%) , reR. (53)
A similar expression of the exponent can be read in the paper [26], where a particular choice of
the constants ¢4 and c_ is made. Our results can be applied to the 1-pssMp X“. Indeed, in [11]
it has been proved that the hypotheses (i) in Theorem 1.6 are satisfied by £ with y = «(1 — p),
and hence by a& with ¥’ = (1 — p). We obtain from Theorem 1.6 that X% admits a Yaglom limit,
and from Proposition 5.1 that the limit law #; is given by

m(f) = WE[]‘(I/I*)U*)_”], f >0, measurable.
From [39, Example 3], we know that the measure 7] defined by
M) = mmf(l/(l*)l/“)(l*)_p], f =0, measurable, (54)

is the law of the excursion process, associated to the excursions of ¥ from its past infimum, at
time one conditioned to have a lifetime larger than 1. Said otherwise, the law 7 is the law of
the stable meander of length one at time one; see e.g. [14] for further details about the meander
process. Since the processes Y and X coincide before Ty, the above discussion establishes the
following corollary.
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Corollary 6.4. Let Y be a non-monotone «-stable Lévy process, with 0 < a < 2 and positivity
parameter p = P(Y1 > 0), T(—sc,0) the first passage time below 0 for Y, and Z be the a-stable
meander process of length one at time one. We have the following convergence, for x > 0

Y,
Py ( —e-lt< T(—oo,O)) — P(Z, € ). (55)

tl/e t—00
Furthermore, the following factorization of the Pareto distribution holds

La )
T(I_OO’O)Z(IX < Pl—pv (56)

where T(l_ 00,0 denotes the first passage time below 0 for Y issued from 1 and the factors on the

left-hand side of the equality are assumed independent.

The result in (55) is a particular case of Lemma 15 in [17]. In the case where Y has no
negative or no positive jumps it is possible to obtain further information about the law of the
«-stable meander of length one at time one. For brevity we omit the details and refer to [24].
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Appendix. Tail distributions of exponential functionals of subordinators

We highlight here some results, settled in Section 3 during the proofs of Theorems 1.2 and
1.4, on the tail behavior of the exponential functional

I= f " exp(&ds
0

when —§ is a subordinator with Lévy measure I/, drift d > 0 and killing rate ¢ > 0. These
results extend previously known results on the behavior of P(/ > x) as x tends to the right most
extreme of the support of /. We recall that k denotes the density of I and that the function ¢ 7 4
has been defined in (9). The following estimate follows from Lemma 3.4.

Proposition A.1. When d = 0 and II satisfies (10), one has

k(x) —  emq(x)
P > x) X

and consequently

, asx — o0

X
®11,q)
Ldu, as x — 00,
u

—In(P(I > x)) Nf

X0

xo being any real number such that ¢z 4 is defined on [x¢, 00).

In particular, when 1T is regularly varying at O with index —8 € (—1, 0], the assumption (10)
on T is satisfied and standard Abelian—Tauberian theorems [10] imply that 7 , varies regularly
at oo with index 1/(1 — B). We therefore recover the second author estimates for — InP(/ > x)
in [38], with a different approach:
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Corollary A.2. When 1T is regularly varying at 0 with index —B € (—1, 0], then

—In(PU > x)) ~ (1 - Berg qex), asx — oo.

Remark. The assumption (10) on /7 is only needed to get that

k(x) X

lim su X <
o P> ) @)

Moreover, as seen in the proof of Lemma 3.4, when I7 is infinite, without any further assump-
tions,

k@) eng®)

> for all x large enough.
P(I > x) X

Now, when the drift d is strictly positive, the support of I is bounded on the right by 1/d, in
which case we obtained in Lemmas 3.6 and 4.1 the following result.
Proposition A.3. Assume that d > 0.
@) If 11 is finite,

(1 ) k(x) 110, 00) +¢q
- —x —
P(I > x) d

asx — 1/d,
d

(1) If I is infinite and (11) holds, then,
k(x)
—— ~d
P >x) 1 *°<
and consequently

—In(P(I > x)) ~ d/x OI1.0 (

X0

, asx — 1/d,
1—dx

u
1 —du

where xo € (0, 1/d) is taken large enough so that ¢ o(u/(1 — du)) is well-defined on
(x0, 1/d).

)du, asx — 1/d,

Corollary A.4. Assume that d > 0. If 1T is regularly varying at O with index g € (0, 1),

B L 1
dTF(1-d .
( x)ﬁﬂﬂ,o(l_dx)

1_
—In(P(I > x)) ~x-1/4
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