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Abstract

By applying a Fourier analytic argument, we prove that, for every a € (0, 2), the N-parameter har-
monizable fractional «-stable field (HF«SF) is locally nondeterministic. When 0 < « < 1, this solves an
open problem in Nolan (1989). Also, it allows us to establish the joint continuity of the local times of an
(N, d)-HFaSF for an arbitrary o € (0, 2), and to obtain new results concerning its sample paths.
© 2015 Elsevier B.V. All rights reserved.
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1. Introduction

For any given @« € (0,2) and H € (0,1), let X = {X(),t € RN} be the real-valued
harmonizable fractional «-stable field (HF«SF or HESF, for brevity) with Hurst index H, defined
by:

et 1 ~
X([) =k Re /I‘%N WT/O!MQ(dé)’ (11)
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where, ¢ - £ denotes the usual inner product of ¢ and &, || the Euclidean norm of £, « is the
positive normalizing constant given by

1— o/2 —1/a
P 21/2</RN (|sf+iv)d§> , (12)

and My a complex-valued rotationally invariant «-stable random measure with Lebesgue control
measure. We refer to [ 18, Chapter 6] for a detailed presentation on such random measures as well
as the corresponding stochastic integrals.

For any real-valued «-stable random variable Y, denote by || Y| its scale parameter. By the
choice of « in (1.2) we have

IX(O)lle = 1t17, VieRV. (1.3)

By using (1.1), (2.3) and (2.5) in Section 2, one can verify that the stable field X is H-self-
similar and has stationary and isotropic increments. Hence X is an «-stable analogue of fractional
Brownian motion (another one is the linear fractional stable field whose properties are different
from HFSF).

Several authors have studied various sample path properties of HFSF and its local times,
as well as those of stable stochastic fields/processes related to it. We mention the pioneering
work of Nolan [15] who established, for 1 < o < 2, the joint continuity of the local times of a
d-dimensional harmonizable fractional «-stable field (its components are i.i.d. real-valued HFSF,
see (4.1)). Kéno and Shieh [12] and Shieh [19] studied existence and joint continuity of the in-
tersection local times of stable processes including the harmonizable fractional one. Recently,
Xiao [24] studied several classes of anisotropic stable random fields connected with HFSF, and
further extended the results in [15]. The keystone of the aforementioned articles is the concept of
local nondeterminism (LND) of Nolan [15], which is an extension, to the frame of stable fields,
of the local nondeterminism of Berman [4] for Gaussian processes and Pitt [17] for Gaussian
random fields. Roughly speaking, the concept of LND provides a way to characterize the depen-
dence structure of the stable random variables X (s1), ..., X (s"), provided sho. ., s" e RN are
close enough. See Section 2 for the definition of LND.

When 1 < o < 2, Nolan [15] proved that the HFSF X in (1.1) has the property of local
nondeterminism and pointed [15, p. 406] that his method cannot be extended to the case of
0 < o < 1. One of the main difficulties in this latter case is that the classical Holder inequality:
|/ £gl < (J1A19) Y ( 1819) V™, e+ 10 = 1. fails,

The problem of proving that HFSF X is locally nondeterministic for the case of 0 < o < 1
had remained open. The main objective of the present article is to resolve this problem. Our
method is based on Fourier analytic arguments.

The rest of the paper is organized as follows. In Section 2, we recall the definition of the
local nondeterminism of Nolan [15] and state our main results, Theorems 2.2 and 2.4. Section 3
is devoted to the proof of Theorem 2.2. The new idea is to bound the L*(R") (quasi) norm
related to LND from below by the L2(R") norm of another function that is constructed by using
an appropriate Fourier transform (see (3.14) and (3.18) for details). In Section 4, we apply the
property of local nondeterminism to prove the joint continuity of the local times of an (N, d)-
HFSF X and to study its fractal properties.

We end the introduction with some notation. For any integer p > 1, a point (or vector)
t € RP is written in terms of its coordinates as (t1,...,1,), oras (c),ifty = --- =, = c.
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For any s, t € R? such thats; <¢; (j =1,..., p), we define the closed interval (or rectangle)
[s, t] = ]_[5.;1 [s;, t;]. The Lebesgue measure in R” is often denoted by A ,,.

2. Property of local nondeterminism

Nolan [15] defined the concept of local nondeterminism for stable random fields in a much
more general setting than that of HFSF. Namely he considers an arbitrary real-valued stable
random field Y = {Y(r), + € RV} having a stochastic integral representation of the form:

Y(1) =Re fR 8.8 Sa(dE), @1

where Ea is a complex-valued rotationally invariant a-stable random measure on R" with control
measure A, and g(¢,-) : RY — C (t+ € R") is a family of deterministic complex-valued
measurable functions on RY belonging to the space L* (RY, A), that is:

/ lg(t, &)|* AdE) < oo, VieRN. (2.2)
RN

It follows from [ 18, Proposition 6.2.1] that, under condition (2.2), the stochastic integral in (2.1)
is well-defined and, moreover, for any integer m > 0 and 0,..., " € RV, the characteristic
function of the joint distribution of ¥ (¢°), ..., ¥ (™) is given by:

m m o
. n _ _ n o,
Eexp(tr;)bnY(t )) —exp< ‘r;)bng(t ) LQ(RN’A)), 2.3)

where the real numbers b, (0 < n < m) are arbitrary, and || - || LYRN, A is the usual (quasi) norm
on L*(RY | A), defined by

11 a) = /R @ AWE), Y feL®Y,A). (2.4)

A straightforward consequence of (2.3) is that the scale parameter of the real-valued symmetric
a-stable random variable > ", b, Y (") is given by

m m
> baY (") > bagt". )
n=0 n=0

Now let us turn to the definition of local nondeterminism of the field Y. To this end we need to
introduce some additional notations. For any integer m > 1 and O, e RV let M =
M(tl, ..., ™) be the subspace of LYRN, A) spanned by the set of functions {g(t], S
g(t™, )}, and denote by [ g(:%, )|M™| , the L*(R", A)-distance from g(z°, ) to M™. That is,

o

= [ > tew o[ 2@ es
a RV 20

Le(RN,A)

:Vby,...,by € RE. 2.6
LY@V A) 1 m } ( )

e, i), = inf{ .9 = > b, )
n=1

Since M™ has finite dimension, the infimum in (2.6) is attained. In order to draw analogy with
the Gaussian case, we abuse the notation and, from now on, write that for all ¢!, ..., /" € RV
[yaiyah,....ya™m|, = [ea® Hm"|,. 2.7

It can be viewed as the L% -error of predicting ¥ (¢°), given Y (t1), ..., Y (t'™).
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For any integer r > 2 and points st ..., s" € RV, the notation s' < 52 < --- < s means
that:

Is/ —s/7 Y <|s/ —s'| foralll <i<j<r (2.8)

Note that the partial order defined by (2.8) is not unique. For any r points in R" (including the

case N = 1), there are at least r different ways to order them using (2.8). For example, one can

pick any point and label it as s”, then label the one which is the closest to s” as s” !, and so on.
The following definition of local nondeterminism is from Nolan [15].

Definition 2.1. Let Y = {Y(¢), ¢ € RV} be a real-valued a-stable random field with representa-
tion (2.1) and let I € RY be a closed interval. Then Y is said to be locally nondeterministic on /
if

ly@®|,>0 Yrel and |Y(s)—Y(®)|, >0 (2.9)
forall s,t € I, s # t with |s — ¢ sufficiently small, and for every integer r > 2
[Y MY (sh,....Ys" ],

lim inf 1
1Y) =Y (™ )l

> 0, (2.10)

where the liminf is taken over all the r points st ....s" e I that satisfy slgs? g g8
with |s" — 5”1 — 0.

Notice that the HFSF X = {X(#),t € RV} defined in (1.1) is a special case of (2.1) with
g(t, &) = k(¥ — 1) and AdE) = |&|7“H~N gk, where d& is the Lebesgue measure on
R¥ . For the sake of simplicity, we let I = [e, 11V, where ¢ € (0, 1) is an arbitrary constant,
throughout the rest of this article. The following theorem is our main result.

Theorem 2.2. For any a € (0,2) and H € (0, 1), let X = {X(t), t € RN} be a harmonizable
fractional «-stable field with values in R defined by (1.1). For any integer m > 1, there

exists a constant ¢ = c1(m) > 0, depending on o, H, N, m and I only, such that for all
O ¢l "M e I, we have
X)X Y, ..., X@™)|, = ¢ min {|t" O 1 <p< m} . 2.11)

The proof of Theorem 2.2 is based on a Fourier analytic argument and will be given in
Section 3. The key new ingredient is to bound the L*(RY) (quasi) norm in (3.14) from below
by the L2(RY) norm of a suitably constructed function [see (3.18)]. This allows us to overcome
the difficulty in the case of 0 < o < 1 that is caused by the unavailability of the ordinary Holder
inequality.

We also mention that, in the case where 1 < o < 2, Xiao [24, Theorem 3.2] proved a stronger
conclusion: the constant ¢ is independent of m. The method in [24] is different and it is not
applicable when 0 < o < 1.

Remark 2.3. The conclusion of Theorem 2.2 can be extended. A careful inspection of the proof
of Theorem 2.2, shows that it can be extended to any arbitrary stable field ¥ of the form (2.1)
with g(¢, &) = /" —1 and A(d€) = §(€) d&; where S is a nonnegative continuous even function
on RV \ {0}, satisfying the following two properties.

(i) There exists a constant ¢ > 0, such that, for all £ € R \ {0}, one has, §(£) < c |g|7*H~N,
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(i) There are two constants ¢’ > 0 and R > 0, such that, the inequality §(£) > ¢ |g|7*H N,
holds for any £ € RV with |£] > R.

Further extensions can be achieved by applying the methods in Luan and Xiao [13] and the
comparison theorems of Nolan and Sinkala [16].

As a consequence of Theorem 2.2, we show that, for every o € (0, 2), the harmonizable
fractional a-stable field X has the property of local nondeterminism in Definition 2.1. This solves
an open problem in Nolan [15, pages 406—407], and allows us to study, in Section 4, some fine
properties of the sample functions of X.

Theorem 2.4. For any @ € (0,2) and H € (0, 1), the harmonizable fractional a-stable field
X = {X(), t € RN} is locally nondeterministic on I. Consequently, for any integer r > 2,
there exists a constant c; = c2(r) > 0, depending on «, H, N, r and I only, such that for all
st ..., s" € I which are close enough and satisfy sl gs?2 <. x5 (i.e. satisfy (2.8)), the

following inequality

”le(sl) n Xr:bj (X(s) — X(s771))
=2

o

> e (JorxH], + Yobi (X6 - X )], ) 2.12)

j=2
holds forallb; e R (j =1,...,r).

Proof. Since X has stationary increments, using (1.3), we have || X (s) — X (t)|lo¢ = |s — t|¥ for

all 5, # € RY. Thus condition (2.9) is satisfied. For any integer » > 2 and points sho.., s el
which satisfy (2.8), Theorem 2.2 (in which one takes m = r — 1 and 0 = 5", ¢ =
s"h T =) gives

[XGDIXED. XD, z el =T

1

Hence, for all sequence s', ..., s" € I which satisfy (2.8) and |s" — s"~!| — 0, we have

IXNIX Y, . XD,
X () — X ("Dl

This proves that X is locally nondeterministic on /. This and Theorem 3.2 of Nolan [15] imply
the second conclusion (2.12). [

lim inf

>c; > 0.

3. Proof of Theorem 2.2

In order to prove Theorem 2.2, by (2.5)—(2.7), it is sufficient to show that there exists a
constant ¢ (m) > 0 such that the inequality:

”X(to) _ ian(t")
n=1

o 0yaH
azcﬁ‘(m) min[lt"—t |« :1§n§m} 3.1

holds forall 0, ¢1,....,t" e ] = (e, I]N and all real numbers by, ..., by,.
As an intermediate step, we first prove (3.1) under an extra condition (3.2). For clarity of
presentation, we replace by, ..., by, in (3.1) by ay, ..., an.
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Proposition 3.1. For any integer m > 1, there is a constant c3 = c3(m) > 0, depending on

o, H, N, m and I only, such that for all 0 ¢l ... " e I and all real numbers ai, ..., ay
verifying
max{la,|:1 <n <m} <2, 3.2)
one has
m o
HX(tO) ~ 3 ax @] = e3(m) min {|z" — Ot 1 <p< m} . (3.3)
o

n=1
For proving Proposition 3.1, we will make use of the following two lemmas.

Lemma 3.2. We denote by h the step function from R to R defined by
h = 4_1(]]_[0)1] — :H-[fl,()))- 3.4
Let (t4)4>1 be the sequence of the functions defined through the convolution products
11:=—(hx*xh) and t4p1=14%711, Vgq=1 3.5
Then, for every q > 1, the following statements hold.

(i) The function t, is function on R with a compact support included in [-2q, 2q].
(i) Let ’t} be the Fourier transform of t,, defined, for every v € R, as T,(v) =
Jr e " T (x) dx; then, it satisfies,

7,00 =0 and T,(v) =v *sin*(27'v), YveR\{0}. (3.6)
(iii) One has 74(0) > 0.

The following straightforward consequence of Lemma 3.2 is crucial for establishing
Proposition 3.1.

Lemma 3.3. Let
qo=|H+N/a+N/2]+1 3.7

and Ly = 2qoN'/?, where | x| denotes the largest integer that is at most x. Let G be the
continuous and compactly supported function from RN to R, defined as the following tensor
product:

N
G(s) =[] rgo(Losa), Vs =(s1,....5n) €RY, (3.8)

n=1
where the function ty, is defined in Lemma 3.2. Then, the following statements hold.
(i) The support of G is included in the interval [—N_l/z, N_1/2]N and G(0) > 0.

(ii) The Fourier transform of G, denoted by 5 takes its values in [0, 1]. Moreover, there exists
a finite positive constant cj, only depending on N, H, and «, such that

G(n) < ¢, min{[n*©, [n| 720}, VvneRV. (3.9)
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Proof of Lemma 3.2. Let us first show that part (i) holds. We proceed by induction. By using
(3.4) and the definition of 71, we can verify that for all x € R,

2 2
71(x) = 167! kg(—nk“ <k> max{0, 1 — |x — 1 +k|},

where (i)s are the usual binomial coefficients. Therefore 71 is a continuous function on R,

supported by [—2, 2]. Next we assume that for some ¢ > 1, 7, is a continuous function on R and
supp(zy) € [—2¢g, 2g]. Then, it follows from the second equality in (3.5) that

Tgr1(x) = (g x 1)) (x) = /th(y)rl(x —y)dx, VxeR. (3.10)

By the Dominated Convergence Theorem, we see that 7, is a continuous function on R.
Moreover the information on the supports of 7 and 7, implies supp(zy+1) € [—2(g + 1), 2(g +
D]
To prove part (ii), we observe that (3.5) can be expressed in the Fourier domain as
71(v) = —(ﬁ(v))2 and T,41(v) =7,(vTiI(v), YveRandg > 1. (3.11)

It follows from (3.4) that, for all v € R \ {0},

. ] 1
h(v) = / e "hx)dx = —%/ sin(vx)dx = —iv~! sin2(2_1v). (3.12)
R 0

Combining (3.11) and (3.12) we get (3.6); notice that the equality 'ﬁI(O) = ( follows from the
continuity of the function 7. Finally, part (iii) follows directly from the Fourier inversion formula
and (3.6). O

Now, we are ready to go into the heart of the proof of Proposition 3.1.

Proof of Proposition 3.1. For any arbitrary m + 1 vectors sO sl .. s"m ¢ RV, wesets =

(s, 51, ..., s™) e R"DN Forall (5, a, &) € ROV « R™ RN define

m
F@E.a.8) = e 5 (e 1Y a6 1))
n=1

m

m
= 1= aef e (1 - Za,,)e—”of, (3.13)
n=1

n=1

where ay, ..., a, are the coordinates of the vector a € R™. Then we derive from (1.1), (2.5),
and (3.13) that, for any 7 € 1"+ and g € R™, the left-hand side of (3.3) can be written as

”X(to) - éanxa")”z e /RNQF(?, a, s)\|g|—H—N/“)a dE. (3.14)

For proving (3.3), there is no loss of generality to assume min {|t” —O:1<n< m} > 0.
Otherwise the inequality holds automatically. Let 17 , be the positive number defined by

ﬁ”:smmhﬂ—ﬂklgngm}. (3.15)

I,e
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Making the change of variable n = T;glé in (3.14), we see that it is enough to show that there
exists a constant ¢4 > 0, depending on «, H, N, m and ¢ only, such that the inequality

[ (1Pt ceami V) an = e (3.16)
RN

holds for all a € K :=[-2, 2]™.
Let G be the function defined in Lemma 3.3. Since its Fourier transform G takes values in

[0, 1], we have

_ g o _ g o~ o
L (i amlin =) an = [ (|#td.a o= Ga)

(3.17)
Next, we set
¢s = sup{|[FG, a, I~/ /G : Goam) e ROV ko RV |,

with the convention that |0]~7~N/*\/G(0) := 0. It follows from (3.13) and Lemma 3.3 that the
constant ¢s depends on o, H, N, m and ¢ only, and satisfies 0 < ¢5 < +00. Thus,

0<c;'|FG,a, n>||n|‘”—N/“@ <1

for all (s,a,n) € R™+DN o 1 x RY which, in turn, entails that

/R N(\F(T,,J,a, n)!InI_H_N/”‘\/a(n)) dn
2
> §7? /RN <|F(Tz,g?,a,n)!InI‘H‘N/“\/?nO dn. (3.18)

By using the Cauchy—Schwarz inequality, we get that

2
c6 /R N(!F(T,,J,a, n)!lnl_H_N/“\/G(n)> dn >

where cg is the positive and finite constant (thanks to Lemma 3.3) defined by

2
coi= [ (e an

On the other hand, in view of (3.13) and the Fourier inversion formula, we have,

1
Qm)N

N m
=GO =Y anG(T; (" — %) - (1 . Zan>G(— 75 ,1%). (3.20)
n=1

n=1

2
/ F(X5et,a,m)G@)dn| , (3.19)
RN

/ F(T;5,7,a,mGn)dn
RN

Observe that (3.15) implies that

|15, =) >e'>1, Vn=1,...,m and |77 > L (3.21)
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Thus, in view of (3.21) and Part (i) of Lemma 3.3, Eq. (3.20) reduces to

1

L /R (T3 da, Gy dn = G0). (3.22)

By taking cs = ¢ 2¢c;'(27)2N|G(0)[?, we see that (3.16) follows from (3.17)~(3.19) and

(322). O

Finally we can finish the proof of Theorem 2.2.
Proof of (3.1). In view of Proposition 3.1, we may and will assume that
max{|b,|: 1 <n <m} > 2. (3.23)

In order to show that (3.1) holds for all {b,} which satisfy (3.23), we will argue by induction.
First we suppose m = 1, then using the inequality |b;| > 2 (see (3.23)) and Proposition 3.1, in
the case where m = 1 and r” and ¢! are interchanged, one gets

1

X0 = b X5 = 1617 X (D = X O] > e =11,

Hence, form = 1, (3.1) is valid with ¢§ (1) = c3(1). Next we suppose that (3.1) holds when m is
replaced by m — 1 and the corresponding constant ¢ (m — 1). In order to prove (3.1), we let ¢7
be the constant defined as

c7:=2""cY(m—1) (3.24)
and let ng be an element of {1, ..., m} such that
|yl = max{|b,| : 1 <n <m}. (3.25)
In the sequel, we will distinguish the following two cases:
bu|®  min " — %7 > ¢; min " —0)H (3.26)
0<n<m, n#ng I<n<m
or
bl  min  [" —"01%H < ¢ min " —O)7H, (3.27)
0<n<m, n#ny 1<n<m
First, we assume that (3.26) holds. Let ap = b, ' and @, = —b,b, ! foralln € {1, ..., m}\ {no}.
In view of (3.23) and (3.25), one has
la,| <1 foreveryn €{0,...,m}\ {no}; (3.28)

also observe that
m o

X (") — XM .
@)= D @XM

n=0,n#nq

” X (%) — i b X (") (3.29)
n=1

o o
= |bno|
a

Thanks to (3.28) we can apply Proposition 3.1 to HX(I"O) — Z;"zo,n#() a, X (")

o
(notice that
o

in this case r° and "0 are interchanged) to obtain

m
”X(I”O) - Z anX(t”)Ha > c3(m) min{[t" — """ 10 < n < mand n # no}.
n=0,n#ng «

(3.30)
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Putting together (3.29), (3.30) and (3.26), one gets

m o
HX(IO) ~ " bax @] = ere30m) minfje" — 1% ;1 < n < m). 3.31)
n=1 o
Next we consider the case when (3.27) holds. Let ny € {0, ..., m} \ {ng} be such that
[t — "0 |“" = min{|¢" — """ : 0 <n <mandn # ne}. (3.32)

From now on we restrict to « € (0, 1], the case where « € (1, 2) can be treated in the same way,
but one has to replace || - ||% by || - |l in order to be able to use the triangle inequality. Using the
latter inequality, the fact that {X (¢), ¢ € RN } has stationary increments, and X (0) = 0, one gets

HX(IO)—Zb,,X(t") Z
n=l1
“xa® = S BaX @) by + ) X — by (X ™) — X)) |
n=1,n#ngy,n| «
=[x - 3 X = Guy + b X = g (@) = x|
n=1,n#ng,n| o o
=X = D BaX U = Guy +ba) XA o X @0 =,
n=1,n#ng,n| «
(3.33)

m

n=1,nno,n, On X (") = 0 when m = 2. Next notice that the induction

with the convention that
hypothesis entails

[X@ = 3 bXE) b X

o
o
n=1,n#ng,n|

> c%m — 1) min{|® —"|*" ;1 <n <mandn # no)

> %m — 1) min{|/® —"*" 1 <n < m}. (3.34)

Recall from (1.3) that | X (1"0 — "1)[|% = [¢"0 — ¢"1|*H Putting together (3.33), (3.34), (3.32),
(3.24) and (3.27) yields

o
> c7minf[t —"*7 1 <n < m}. (3.35)
o

HX(tO) - ib,,X(t”)
n=1

Finally, setting ¢§ (m) = min{C3 (m), cyc3(m), C7}, in view of (3.31) and (3.35), it follows that
(3.1) holds. [

4. Joint continuity of the local times

qIn this section we consider an RY-valued harmonizable fractional a-stable field X =
{X(1),t € RV} defined by

X(1) = (X1(0), ..., Xa(0)), teRY, “.1)
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where X1, ..., X4 are independent copies of a real-valued HFaSF X defined in (1.1). The i.i.d.
assumption on the coordinate processes X1, ..., X4 can be relaxed. For example, the results
in this section can be extended to the case where X1, ..., X are assumed to be independent,
but may have different stability and self-similarity indices («;, H;) for j =1, ..., d. However,
removing the independence assumption on X1, ..., Xy would require more work. In particular,
one needs to develop an appropriate notion of local nondeterminism for vector-valued stable
random fields.

We apply the property of the local nondeterminism to establish the joint continuity and Holder
conditions for the local times of HFSF X, and to prove a uniform Hausdorff dimension result for
the inverse image of X.

For any fixed closed interval (or rectangle) T C RY, the occupation measure of X onT,
denoted by w7, is the Borel measure on R4 defined by ur(e) = kN{t eT: X)) e o}. If wr is
almost surely absolutely continuous with respect to the Lebesgue measure A4, then X is said to
have local times on T, and its local time L(-, T') is defined as the Radon—Nikodym derivative of
wr with respect to A4, i.e.,

d
Lx.T) = d%;(x), Vx € RY.

In the above, x is the space variable, and T is the time variable. Sometimes, we write L(x, 1) in
place of L(x, [0, ¢]).

Express the interval 7 as T = ]—LN:I[ai, a; + hi] where a; € Rand h; € Ry, foralli =
1,..., N.Then X is said to have a jointly continuous local time on 7 if we can choose a version
of the local time, still denoted by L(x, ]_[lNZ] [ai,a; + t,-]), such that it is a continuous function
of (x,t1,...,ty) € RY x ]_LN=1 [0, h;]. We refer to Geman and Horowitz [9] and Dozzi [7] for
further information on local times of multivariate random fields.

It is shown in Adler [1] that, when a local time is Jomtl_y contmuous L(x, o) can be extended
to be a finite Borel measure supported on the level set X, (x) {teT: X(t) = x}. This
makes local times useful in studying the fractal properties of level sets and inverse images of the
random field X. See Berman [3], Ehm [8], Monrad and Pitt [14], and Xiao [21,22] for previous
results.

By using a Fourier analytic argument (cf. [9, Theorem 21.9]), it is easy to prove the following
existence result. Note that the condition is exactly the same as for fractional Brownian motion.

Proposition 4.1. Let X = {)_f (1),t € RN} be the R -valued harmonizable fractional a-stable
field defined above, and let PP be the probability measure on the underlying probability space.
Then X has a local time L(x, T) € L2(P x Ag) ifand only if N > Hd.

The main purpose of this section is to establish the joint continuity of local times of X. The
following theorem extends the results of Pitt [17] for fractional Brownian motion (i.e., ¢ = 2)
and Nolan [15] for 1 < o < 2.

Theorem 4.2. Let X = {)2' (1), t € RN} be the R4-valued harmonizab_{e fractional a-stable field
defined in (4.1). If N > Hd, then for any closed interval T C RN, X has a jointly continuous
local time on T.

Proof. Similar to [4,17,9,15], the proof of Theorem 4.2 is based on a multiparameter version of
Kolmogorov continuity theorem (cf. [10]) and the following two estimates:
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(1) For all integers n > 1, there exists a finite constant cg, which depends on #n, such that for all
hypercubes B = [a, a + (r)] C T with side-length r € (0, 1) and all x € R4,

E[L(x, B)"] < cgr"NHD, 4.2)

(ii) For all even integers n > 2 and y € (0, 1 A %(Hld — 1)), there exists a finite constant
¢9, which depends on n and y, such that for all hypercubes B = [a,a + (r)] € T with
side-length r € (0, 1) and all x, y € R? with |x — y| < I,

E[(L(x, B) = L(y. B))"] < 9 x =y pW=HE), 4.3)

For proving (i) and (ii), let us recall the following identities from Geman and Horowitz [9] (see
also [17]): Forall x, y € RY, B C T and all integers n > 1,

E[L(x,B)”]:Qn)_”d/B /Rdexp(—izuf-x)JEexp<iZuf-f((zf))dad?
n n j:l

j=1
“4.4)
and for all even integers n > 2,
E[(L(x,B) —L(y,B))"] _ (Zn)—nd/ / n[e—iu./.x _e—zuf.y]
n Rnd j=1
n . - .
x ]Eexp(i > ul X(tf)> diu df, 4.5)
j=1
where 7 = (u!,...,u"), T = (1, ...,t”_), and each w e R4t/ e B C (0, 00)V. In the
coordinate notation we then write u/ = (u7, ..., u}).

In order to apply the property of local nondeterminism in Theorem 2.4 to bound the integrals
in (4.4) and (4.5), we observe that for any constant ¢ > 0 and 1% € (0, o)V,

Eexp(i > ul f((zf')) = ]Eexp(i et ul (X (@ +1%/0) - f((t%)))

Jj=1 J=1

thanks to the stationarity of increments and self-similarity of X. It can be seen that, given any
compact interval T C RY, we can choose a positive constant ¢ > 0 and = (0, oo)N such that
t9/¢ € I =[e, 11V and (t + 1°)/c € I for each ¢ € T. The change of variables

H ot

ul, s/ , j=1,...,n
c

only induces a constant factor to the right-hand sides of (4.4) and (4.5). Moreover, the extra term
X (t°/¢) does not cause any inconvenience for our estimation if we write s® = 1°/¢ and

v =c¢

n n
vl (X)) = X)) =) w - (X(sT) = X(s77h),
j=1 j=1
where w/ = Y i j v¥. Hence, without loss of generality, we may and will assume 7' = [, 1]V.
With the above reduction, the rest of the proof of (i) and (ii) is essentially the same as in
[17,15] (see also [24]), where the fact that the coordinate processes of X are independent copies
of X and Theorem 2.4 play important roles. We will not reproduce the details here. [
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The following theorem provides the uniform Holder condition for the local time L(x, ).

Theorem 4.3. Let X = {)_f (1), t € RN} be the R-valued harmonizable fractional a-stable field
defined in (4.1). If N > Hd, then for any compact interval T C RN and any n > 0, there is a
constant c1o such that with probability 1,

sup sup L(x, [a,a+ (r)]) < ciorN—H™n (4.6)
acT xeRd
for r > 0 sufficiently small.

Proof. The proof is standard; it is based on the moment estimates (4.2) and (4.3) and a chaining
argument as in Ehm [8] (see also [21]). We omiit the details. [

Observe that (4.6) remains valid when [a, a + (r)] is replaced by
Ur(a,r) ={seT:|s—al <r}.

It is known that the Holder condition for the local times of X is closely related to the irregularity
of the sample paths of X (cf. [3,8,21]). As a corollary of Theorem 4.3 we have the following
result for real-valued HFSF X.

Corollary 4.4. Let X = {X (1), t € RN} be a real-valued harmonizable fractional a-stable field
with Hurst index H € (0, 1) (see (1.1)). For any compact interval T € RN and any n > 0, there
is a finite constant c11 > 0 such that

IX(s) —XOI _ o

liminf inf su
p S HF7

r—0 teT seUr(t,r)

a.s. 4.7

In particular, the sample function (or sample path) t — X (t, w) is almost surely nowhere
differentiable in RN .

Proof. In view of the definition of local time of X, we have, forallt € T and r > 0,

f L(x, Ur(t, r)) dx
XUr(t,r))

max L(x, Ur(t,r))- sup |X(s") — X))
xeR

s',s"eUr (t,r)

ANWUr(t, 1))

IA

Then applying Theorem 4.3 with d = 1, we see that (4.7) follows from (4.6), in which [a, a+ (r)]
is replaced by Ur(a,r). O

Remark 4.5. Compared with the exact uniform modulus of continuity and laws of the iterated
logarithm for the local times of fractional Brownian motion in [2,6,21], (4.6) is not sharp. It is
an open problem to establish the results in [2,6,21] for HFSF X. Similarly, (4.7) is not sharp
either. Both Chung-type law of the iterated logarithm and its uniform analogue have not been
established for HFSE. We believe that, besides the strong local nondeterminism in [24], other
significantly new tools will be needed for solving these problems.

We end this section with some fractal properties of X. The Hausdorff dimensions of the image
and graph of stable random fields have been studied in Xiao [20]. Applying the uniform modulus
of continuity of HFSF in [11,5,23] and Theorem 3.1 in Xiao [20], we have that for any Borel set
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E CRV,
.z . I .

dimgX(E) = min {d, ﬁdlmHE , a.s.

and for GrX (E) = {(t, X(t)) : t € E},
- 1

dimygGrX (E) = min {dimHE + (1 — H)d, EdimHE} , as.
By applying Theorem 4.3 and Frostman’s theorem (cf. [10]), one can show that for any Borel set
F C R4,

dimyX ' (F) = N — Hd + HdimyF  with positive probability. (4.8)

In the following, we prove a uniform version of (4.8) for X ; namely, under a general condition
on F, (4.8) holds except on a null probability event which does not depend on F. This extends a
result of Monrad and Pitt [14] for fractional Brownian motion.

Theorem 4.6. Let X = {)? (1), t € RN} be the R -valued harmonizable fractional a-stable field
defined in (4.1). If N > Hd, then with probability 1,

dimyX~'(F) = N — Hd + Hdimy F (4.9)
for all Borel sets F C O = Ua,be@ﬂ\::a<b{x eR4: L(x,[a,b]) > 0}.

Proof. For any compact interval T C RY, it follows from Theorem 4.2 that the local time of X
onT, L(x, T), is continuous and bounded in x. Moreover, by [5,23], X (¢) satisfies a.s. a uniform
Holder condition of any order < H on T. Hence, by the proof of Lemma 3.1 in Monrad and
Pitt [14], we have

P{dimy(X~'(F)NT) < N — Hd + HdimpF for all Borel sets F C R} = 1.

Since T is arbitrary, this proves the uniform upper bound in (4.9).
In order to prove that, for any Borel set F C O,

dimyX~'(F) > N — Hd + HdimyF, (4.10)

we assume dimyg F' > O (the case dimyg F = 0 is trivial, we take an x € F, (4.10) follows from
Theorem 4.3 and Frostman’s theorem). For any y € (0, dimygF), by Frostman’s lemma, there
is a probability measure o on (a compact subset of) F such that o (Ug(x,r)) < cipr? for all
x € RY, where ¢12 > 0 is a constant. As in [14], we define a random measure p on RN by

M(B):/ L(x, B)o(dx), V Borelset B C RV.
Rd

Since F C O, we can verify that 1 is a positive random measure and is carried by X ! (F). (Here

we use the facts that o is supported on a compact subset of F' and L(x, B) =0ifx & f((B).)

Now, let n > 0 be an arbitrarily small constant. For any a € RY, we take B = [a,a + (r)].
Since L(x, B) = 0 when x ¢ )}(B), and diam(f((B)) = O(rH~1), we apply Theorem 4.3 to
obtain

wla, a + (r)]) < cior¥N=Hd=n fﬂio(dm < ¢z rNHATHY =4y
X(B)
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for r small enough. This, together with Frostman’s theorem, implies that dimpgX _I(F ) >
N — Hd 4+ Hy — (1 4 y)n; thus one gets (4.10), which completes the proof. [
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