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Abstract

Let (X;);>1 be a stationary sequence. Denote m = [n%],0 < a < 1, and k = |n/m], where |a]
stands for the integer part of a. Set S;? = 2?;1 Xn(j—1)+i» 1 < j <k, and (Vk")2 = Z’;zl(s;?)? We
prove a Cramér type moderate deviation expansion for IP’(ZI;-ZI S]°. / V¢ = x) as n — oo. Applications
to mixing type sequences, contracting Markov chains, expanding maps and confidence intervals are
discussed.
© 2020 Elsevier B.V. Allrights reserved.
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1. Introduction

Let (X;);>1 be a sequence of independent and identically distributed (i.i.d.) centered real
random variables, that is EX; = 0. Denote S, = Z?:l X; the partial sums of (X;);>; and
o’ =EX 12 the variance of X ;. Cramér [6] has established the following asymptotic moderate
deviation expansion for the standardized sums: if E exp{cy|X|} < oo for some constant ¢y > 0,
termed Cramér’s condition, then for all 0 < x = o(n'/?),

P(S, > x0/n) (1 +x)?

lnl——di(x) :O(I)T as n — oQ, (11)
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where &(x) = \/%7 fjoo exp{—t2 /2}dt is the standard normal distribution. Inequality (1.1)
implies that

P(S, > xo/n)
1— & (x)

uniformly in the normal range 0 < x = o(n'/%). Notice that Cramér’s condition is sufficient but
not necessary for (1.2) to hold. Indeed, Linnik [20] proved that for @ € (0, é], formula (1.2)

X |4oz/(2a+l)

=1+o(1) (1.2)

holds uniformly for 0 < x = o(n*) as n — oo if and only if Ee < 00. Following the
seminal work of Cramér, various moderate deviation expansions for standardized sums have
been obtained by many authors, see, for instance, Petrov [26], Saulis and Statulevicius [31]
and [11]. See also Rackauskas [28,29], Grama [16], Grama and Haeusler [17] and [12] for
martingales, and Wu and Zhao [36] and Cuny and Merlevede [8] for stationary processes.

For establishing moderate deviation expansions of type (1.2) with a range 0 < x = o(n%),
o« > 0, Linnik’s condition is necessary. However, Linnik’s condition becomes too restrictive
if we only have finite moments of order 2 + p, p € (0, 1]. Although we still can establish
(1.2) via (non-uniform) Berry—Esseen estimations (see Bikelis [2]), the range cannot be wider
than 0 < x = O(M), which is much more narrow than 0 < x = o(n*). To overcome this
limitation, instead of considering the standardized sums, one may consider the self-normalized
sums, defined as follows:

n
W, = S,/ Va, where Vn2 = ZXLZ
i=1
One of the motivations to consider self-normalized sums is due to Student’s ¢-statistic:
T, = \/ﬁyn /3,
where
~ Sn ~ . (Xi - 7n)2
X, =— and 2= EE—
" n Z n—1

i=1
The Student’s ¢-statistic 7,, is linked to the self-normalized sum W, by the following formula:
for all x > 0,

IP’(T,, > x) = IP’(W,, > x(ﬁ)l/z),

see Chung [5]. So, an asymptotic bound on the tail probabilities for self-normalized sums im-
plies an asymptotic bound on the tail probabilities for 7,,. Shao [27] established self-normalized
large and moderate deviation principles without any moment assumptions, and Shao [32]
proved the following self-normalized Cramér type moderate deviations: if E|X;|*™ < oo for
some p € (0, 1], then

P(W, > x)

— =1 1 1.3

—om +o(1) (1.3)
uniformly for 0 < x = om”/“*?”)) as n — oo. The later result indicates that the

normal range of x for (1.3) on self-normalized sums can be much wider than that for
classical moderate deviation expansion (1.2) on sums of i.i.d. r.v.’s. The expansion (1.3) was
further extended to independent but not necessarily identically distributed random variables by
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Jing, Shao and Wang [19]. Their result implies the following precise asymptotic normality
under finite (2 4+ p)-th moments:

P(W, > x) (14 x)**°
1— &) - exp{O(l) ne/2 }’

uniformly for 0 < x = o(4/n) as n — oo. Moderate deviation results of types (1.3) and
(1.4) play an important role in statistical inference of means since in practice one usually does
not know the variance o2. Even when the later can be estimated, it is still advisable to use
self-normalized sums to obtain more precise results. Due to these significant advantages,
the limit theory for self-normalized sums attracts more and more attention. Giné, Gotze and
Mason [15] gave a necessary and sufficient condition for the asymptotic normality of self-
normalized partial sums. Csorgd, Szyszkowicz and Wang [7] established Donsker’s theorem.
For various moderate and large deviations results for self-normalized sums, we refer to, for
instance, Jing, Shao and Wang [19], Liu, Shao and Wang [22], de la Pefia, Lai and Shao [24],
Shao and Wang [34] and Shao [33]. Dembo and Shao [10] and Liu and Shao [21] studied
Hotelling’s T2-statistic.

The moderate deviation theory for self-normalized sums of independent random variables
has been studied in depth. However, there are only a few results for dependent random variables.
Chen, Shao, Wu and Xu [4] established self-normalized Cramér type moderate deviations for
B-mixing sequences and functional dependent sequences (see Wu [35] for the definition of
functional dependent sequences). Fan, Grama, Liu and Shao [13] gave two self-normalized
Cramér type moderate deviation results for martingales. For a closely related topic, that is,
exponential inequalities for self-normalized martingales, we refer to de la Pefia [23] and
Bercu and Touati [1]. The main purpose of this paper is to establish self-normalized Cramér
type moderate deviations for general stationary sequences. We deduce also a self-normalized
moderate deviation principle and a Berry—Esseen bound.

The paper is organized as follows. Our main results are stated and discussed in Section 2.
The applications are given in Section 3. Proofs of theorems are deferred to Section 4.

All over the paper, ¢ and C, possibly enabled with indices (arguments), denote constants
depending only on the previously introduced constants and on its indices (arguments). Their
values may change on every occurrence. For two positive real sequences (a,);>1 and (by);i>1,
we write a, = O(b,) if there exists a positive constant C such that a, < Cb, holds for all
large n, and a, = o(b,) if lim,_« a,/b, = 0. We also write a, < b, if a, = O(b,) and
b, = O(ay), and a, ~ b, if lim,_, o a,/b, = 1.

(1.4)

2. Main results

Assume that (X;);cz is a stationary sequence of centered random variables, where X; =
Xoo T/ and T : 2 — {2 is a bijective bimeasurable transformation preserving the probability
P on (£2, F). For a subfield Fy satisfying Fy € T~ (Fp), let F; = T~/ (Fy). Assume that X,
is Fp-measurable, so that the sequence (X;);cz is adapted to the filtration (F;);cz-

Denote by |a] the integer part of the real a. Let m € [1, n] and kK = |n/m], where m may
depend on n. Define

Hi={i:m(j-1)+1<i<mj}, 1=<j<k.
Consider the block sums S5 =3, u; Xis and the block self-normalized sums

k o
Y =15

Wi;) = VkO

k
: where (V) =) ($9)%
j=1
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In particular, when m = 1, the block self-normalized sum W, becomes self-normalized sum
W,. We also denote the LL°°-norm of X by || X|c, that is || X|lcc = inf{u : P(|X| > u) = 0}.
For any 1 <m <n, set

1/p
- 2+p
on = ST | ELISH 150l @1
1
Vi = ml/za 737 HE Smjl 7ol H @2
=1
and
: 1
v =—|E[SulFol| + | —=EIS,IFol —1| . 2.3)
oo o oo
where p and o are two positive constants. We are interested in the case where
max{&,, Ym, Om,m/n} — 0 asn — oo. 2.4)

We remark that §,, — O implies that % i ES2 — 0% as n — oo.

Remark 2.1. Let us comment on condition (2.4).

1. If ”IE[|X1|2+"|]-"O] ||Oo < 00, then, by convexity, we have

1 2+p 1 m
IEL=—Sul 1 Follloe < — Y IEIXP 1 Folloe < [ELXi 2151
i=1
and thus &,, = O(m'*'/?/n'/?) as n — oo. In particular, the claim holds provided that
X is bounded, that is HX1 ||oo < 0
2. If | Xi]|looc < o0 and §,, — 0, then we have

|ELSHl* 1 Fol|, < m”| X |2 |EIS, 1 Fol| , = OGm' ).

Therefore, it holds &,, = O(m/n'/?) as n — oo.

3. Assume ||IE[|S,,,|2+‘)|.7-"0]||Oo = O(m'™"/?) as m — oo. Then it is easy to see that
em = O(J/m/n) as n — oo. In particular, if (X;, Fi)icz is a martingale difference
sequence satisfying HE[|X1|2+"|]-"0] ”oo < 00, then, by Theorem 2.1 of Rio [30], it is
easy to see that

ELISu 71 Fo DY < (14 p) Y (ELIX; | Fol>/ )
k=1

< (L4 p)|EUX P17l [ 25 m

a.s., which leads to
|ELSHl*1Fol|, = O™ and &y = O(/m/n)

as n — 0o, and

3

=0 and 52=HLZ x,?|f0]—1HOo

m
mao

4. Dedecker et al. [9] introduced the following two conditions for stationary sequences:
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(A1) The following sum is finite:

i #H]E[S,J]—'o] Hoo < 0. 2.5)

n=I1

(A2) There exists a positive constant o such that

n—oQ

lim H %E[S,ﬂ}'o] e Hoo —o. (2.6)

Clearly, under conditions (A1) and (A2), by Lemma 29 of Dedecker et al. [9], it holds
that max{y,,, 8,,} — O for any sequence m = m(n) such that m — oo and m/n — 0
as n — oo.

For any sequence of small positive numbers (&,,)>1, let €,,(x, o) be a function of ¢,,, x and

o defined as follows
8p(2—p)/4
m

En(x, p) = 2.7)

1 + xP@tp)/4°

The following theorem gives a self-normalized Cramér type moderate deviation result for
stationary sequences.

Theorem 2.1. Assume that there exists p € (0, 1] such that max{e,,, Ym, 6m,m/n} — 0 as
n— oo.

[il If p € (0, 1), then there exists an absolute constant o, > O such that for all 0 < x <
ap min{snjl, Jn/m},
P(W,; > x)

‘ln
1— & (x)

< Cp (_x2+/’gﬁl +x2(531 + Vm| In )/m| + %)

- m
+d +x)(5m + VYl Iny| + &), +em(x,p)+,/;)>,

where C, depends only on p.

[iil If p = 1, then there exists an absolute constant a > 0 such that for all 0 < x <
amin{s,;l, J/n/m},
P(W? > x)

’1n

< C(x% +x2<82+y [Iny, |+T>
1—®(x) |~ " e T

N m
+ (1 +)C)<8m + Vm| In le + 8m| 1n";m| +5111(xa 1) + ;))

In particular, the last two inequalities imply that, for any p € (0, 1],

PW/ =9 _ oy 2.8)
_— = 0 .
1 —&(x)
i — ; —p/2+p) -1 —-1/2
uniformly for 0 < x = o(mln{sm s 8 s Vml In oy ) M/n/m}) as n — 00. Moreover,
P(W; > x) P(W; < —x)

the same results hold with replacing by

1—&((x) ® (—x)

Remark 2.2. Let us comment on the results of Theorem 2.1.
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1. The range of validity of (2.8) can be very large. For instance, if ||IE[|S”|2+"|]-'0] HOO =
O+, |ELS, | Fol|| . = O(1), and |LE[S2|Fo] — 02| = O(L) as n — oo, then

em = O(ym/n), Vs 0m = O/ 1/m).

With m = |n2/@+30) | equality (2.8) holds uniformly for 0 < x = o(n?/“+%) /\/Inn)
as n — oo. The last range coincides with the classical range, up to a term +/Inn,
when applied for block self-normalized sums of i.i.d. random variables, that is 0 < x =
0(kP/@+20) See Remark 1 of Shao [32].

2. If (X;, Fi)iez is a martingale difference sequence satisfying ||E[| X |2+"|]~"0]||oO < 00,
then Theorem 2.1 gives a block self-normalized Cramér type moderate deviation result,
with

1 m
en=O(m/n), yn=0 and 8 = |— S BIXAF -1
mo i1 o]
as n — oo, which extends the main result of Fan et al. [13] to block self-normalized

martingales. Furthermore, if ||IE[XI.2|.7-'0] — 02|l < Ci~? for some positive constants C
and 0, then we have

om™h, if0 >1,
82 =1 O(m 'lnm), if6 =1,
o(m=9), if 6 € (0, 1).
Taking
|nP/ 200 | if 0 > 1,
m= { |nP/(PH0Q+o)) | if 6 € (0, 1),

we have the following results:
[il If p € (0, 1), then (2.8) holds for 0 < x = o(nr/Gr+20Q+p)y,
[ii] If p = 1, then (2.8) holds for 0 < x = o(n”/“+4") /Inn).
[iii] If p > 1, then (2.8) holds for 0 < x = o(n?/“¢+*7).
3. Besides block self-normalized sums, we can also consider the interlacing self-normalized

sums. Let o € (0, 1) and m = |n“], k = |n/(2m)] (instead of |n/m] considered before)
and

Bj={i:2m(j—l)+1 §i§2mj—m}, 1<j<k
Let Y = Zlij X, (V)2 = Z’;ZI(Y;‘)z and write

I* — ZI;ZI YJ*

n Vk*
for the interlacing self-normalized sum. Clearly, Theorem 2.1 also holds for interlacing
self-normalized sums [, with E[ - |[F¢] and W, replaced respectively by E[ - |F_,,] and
I¥. Such type of results for f-mixing and some functional dependent sequences have
been considered by Chen et al. [4].

The following self-normalized moderate deviation principle (MDP) result is a consequence
of Theorem 2.1.
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Corollary 2.1. Assume the condition of Theorem 2.1. Let (an)n>1 be any sequence of real
numbers satisfying a, — 0 and a, minfe,', /n/m} — 0o as n — oo. Then, for each Borel
set B C R,
x? x?
— inf = <liminfa? lnIP’(anW,j’ e B) < lim sup a2 lnIP’(anW,j’ e B) < —inf =

xeB? 2 n—>00 n—o0 XEB

2.9)
where B and B denote the interior and the closure of B, respectively.

In the i.i.d.case, W, is a self-normalized sum of k i.i.d. random variables. According to
the classical result of Jing, Shao and Wang [19], the MDP holds for 0 < x = o(k'/?). Since
k = [n/m], the last range reads also as 0 < x = o(y/n/m). Notice that ¢,,! is of order /n/m.
Thus, the convergence rate of a, in the last corollary cannot be improved even for i.i.d. random
variables.

Theorem 2.1 also implies the following self-normalized Berry—Esseen bound for stationary
sequences.

Corollary 2.2. Assume the condition of Theorem 2.1. Then, for p € (0, 1],
sup [POW; <) = ()| < Cp (8 + yl In vl + 64270 4 20,
x n

where C, depends only on p.

3. Applications

In this section, we present some applications of our results, including ¢-mixing type
sequences, contracting Markov chains, expanding maps and confidence intervals.

3.1. ¢-mixing type sequences

Let Y be a random variable with values in a Polish space ). If M is a o-field, the ¢-mixing
coefficient between M and o (Y) is defined by

#M, () = sup | Prac(a) —Py(a)| . G.)
AeB(Y) o

For a sequence of random variables (X;);cz and a positive integer m, denote
¢m(m) = sup  P(Fo, 0(Xi, ..., Xi,))s
im>-->i1>n

and let ¢(k) = lim,,_, », ¢, (k) be the usual ¢-mixing coefficient. Under the following condition

> k'P¢i(k) < oo and Jlim (k) =0, (3.2)
—00
k>1
Dedecker et al. [9] obtained a MDP for standardized sums of bounded ¢-mixing random
variables. See also Gao [14] for an earlier version of MDP under the condition »_ r=1 P(k) < 00
which is stronger than (3.2). Denote
Ni,n = SUp ”]E[Xkl‘FO]”oo»

k>n
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M. = sup [|E[Xi X[ Fo] — E[Xi X1l oo
k,>n

Clearly, when the random variable X, is bounded, it holds that n,, = O(¢1(n)) and 1,,
= O(¢y(n)) as n — oo.

From Theorem 2.1 we obtain the following self-normalized Cramér type moderate deviation
expansion with depending structure defined by 7, and 7, ,.

Proposition 3.1. Assume that || Xo|lc < 00,

o= Z E[XoXx] >0 and m?)é{m,,,} = O(n_ﬁ), n — 0o,
k=—00 =5

for some constant 8 > 1.
[il If B = 3/2, then (2.8) with m = |n*"| holds uniformly for 0 < x = o(n'/'*/s/Inn) as

n — oQ.

il If B e (1,3/2), then (2.8) with m = |[n'/CF=V]| holds uniformly for 0 < x
= o(nP—V/6F-2)) g5 n — oo.

[iii] Assume m = m(n) — oo and n'?/m — oo as n — oo. Let (an)n>1 be any sequence of
real numbers such that a, — 0 and a,n'’?/m — 0o as n — oo. Then (2.9) holds.

By point 3 of Remark 2.1, if E|S,|*"” = O(n'**/?) for some p > 0, then point [iii] of
Proposition 3.1 can be further improved. Indeed, in this case, (2.9) holds for any m — oo, and
any sequence of real numbers (a,),>; such that a, — 0 and a,+/n/m — 0o as n — oo.

3.2. Contracting Markov chains

Let (Y,),>0 be a stationary Markov chain of bounded random variables with invariant
measure p and transition kernel K. Denote by || ||, the essential norm with respect to . Let
Ay be the set of 1-Lipschitz functions. Assume that the Markov chain satisfies the following
condition:

(B) There exist two constants C > 0 and p € (0, 1) such that

sup [|[K"(g) — (@)oo, < Cp"
ge

and for any g, g’ € A, and any m > 0,
Jim [K7(¢'K"(9)) — n(s'K")| =0
Denote by L the class of functions f : R +— R such that
|f) = fOI = h(lx — yD), (3.3)

where h is a concave and non-decreasing function satisfying

boh(@)
————=dt < 00, 34
/0 t/|Int| S
see [9]. Clearly, inequality (3.4) holds if h(t) < c|In(¢)|”” for some constants ¢ > 0 and

y > 1/2. In particular, £ contains the class of a-Holder continuous functions from [0, 1] to
R, where o € (0, 1].
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Dedecker et al. [9] proved a MDP for the sequence
Xn = f(Yn) — u(f) (3.5)

under the condition that the function f belongs to the class £. The following proposition gives

PRI
J=1 T o __ .
, where Sj =) icH, X; and

an extension of the MDP to self-normalized sums W, = =
k

(VEY = Y5 (592

Proposition 3.2. Assume that the stationary Markov chain (Y,),>o satisfies condition (B), and
let X, be defined by (3.5), with f belonging to L. Assume m = m(n) — oo and n'>/m — oo
as n — oo. Let a, be any sequence of real numbers such that a, — 0 and a,n'>/m — oo
asn — oo. If

o = 0?(f) = u((f = w()?) +2)_ u(K"(f) (f = u(f)) > 0.

n>1

then (2.9) holds.

Proof. By Lemma 15 of Dedecker et al. [9], it is easy to see that X is bounded: || X|[loo,.
< h(Cp) with h defined by (3.3). Then by point 2 of Remark 2.1, we have ¢,, = O(m/nl/z) as
n — oo. The conditions of Proposition 3.2 imply the conditions (2.5) and (2.6): see the proof
of Proposition 14 in Dedecker et al. [9]. Hence, by point 4 of Remark 2.1, the conditions of
Proposition 3.2 imply the conditions of Corollary 2.1, thus Proposition 3.2 follows. [J

Furthermore, assume that the Markov chain satisfies the following condition which is

stronger than condition (B).

(C) There exist two constants C > 0 and p € (0, 1) such that

sup [K"(g) — u(®lloou < Cp"
geA

and for any m > 0,

sup HK”(g’K’”(g))—/x(g/K’”(g))H <Cp".
g.8'eM Rl

Then we have the following self-normalized Cramér type moderate deviation expansion.

Proposition 3.3. Assume that the stationary Markov chain (Y,),>o satisfies condition (C),
and let X, be defined by (3.5). Assume f € L,

02 = () = u((f = u(HP) +2 3 w(K"(H) - (f = u(F)) =0
n>0

and, for some constant 8 > 1,
h(p")=0m™P), n— oo, (3.6)
where h is defined by (3.3).

[il If B > 3/2, then (2.8) with m = |n*"] holds uniformly for 0 < x = o(n'/**/+/Inn) as
n — oo.

il If B € (1,3/2), then (2.8) with m = |n"®F=D| holds uniformly for 0 < x =
o(nB=V/6F=2) g5 n — oo.
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Notice that if g(r) < ¢|In(r)|™® for some constants ¢ > 0 and B > 1, then (3.6) is satisfied.

Proof. From the proof of Propositions 14 of [9], it is easy to see that
max{ni..} = O (h(Co"),

where C is given by condition (C) and & is defined by (3.3). Notice that Cp" < p"/? for n
large enough. Hence, Proposition 3.3 is a simple consequence of Proposition 3.1. [

3.3. Expanding maps

Dedecker et al. [9] have obtained the MDP for expanding maps. Here we show that our
results can also be applied to expanding maps for getting self-normalized MDP and Cramér
type moderate deviations.

Let T be a map from [0, 1] to [0, 1] preserving a probability x on [0, 1], and denote

Xe=foT" M —u(f),
o 53

for any function f € L2([0, 1], ). Let W = 7o, where §7 = 37, X and (V)2

= ZIJ‘.:l(S;’)Z. Denote by BV the class of bounded variation functions from [0, 1] to R.
For any f € BV, denote by ||df]| the total variation norm of the measure df : ||df]| =
sup{ f gdf, llgllo < 1}. A Markov kernel K is said to be B)V-contracting if there exist two
constants k > 0 and p € [0, 1) such that

IdK" (Ol < k" lldf |- (3.7)
Define the Perron—Frobenius operator K from L([0, 1], W) to L3([0, 1], w) via the equality

1 1
/0 (Kh)() f(r)puldx) = /0 RO o TYO(d). (3.8)

The map T is said to be BV-contracting if its Perron—Frobenius operator is BV-contracting.
We have the following corollary for the self-normalized sum W,.

Proposition 3.4. Assume that T is BV-contracting, f € BY and o* = ,u(( f—ulf ))2) +
22 u(f o T - (f = pu(f) > 0.
[il Let m = |n*"|. Equality (2.8) holds uniformly for 0 < x = o(n'/'*//Inn) as n — ooc.

[ii] Assume m = m(n) — oo and n'’*/m — oo as n — oo. Let (a,) be any sequence of real
numbers such that a, — 0 and a,n'’*/m — oo as n — oo. Then (2.9) holds.

Proof. Let (Y;);>; be the Markov chain with transition kernel K and invariant measure @ in
the stationary regime. Using equality (3.8), it is easy to see that (Y, ..., Y,) is distributed as
(T™', ..., T). Assume that f € BV. Since K is BV-contracting, by the proof of Corollary 18
of [9], we have

IELXx[Yolloo < Colldf ||
and, for any [ > k > 0,

IELX X Y0] = EIXi Xi]lloo < C(1 + C)p*[ldf |,

By an argument similar to the proof of Proposition 3.1, Proposition 3.4 follows. [
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3.4. Application to confidence intervals

Consider the problem of constructing confidence intervals for the mean value pu of the
stationary sequence (¢;);>1. Let X; = ¢ — u,i > 1. Assume that (X;);>; satisfies the
conditions (2.1)—(2.4). Let

Zl;:l(yj — mp)

vV Zl;:l(yj - 71')2’

where Y; = 3" Lugj—n4is 1 <j <k, andY; =k Z‘];:l Y;.

T, =

Proposition 3.5. Let «,, € (0, 1). Assume that k, — 0 and

|Ink,| = 0<min{8,;2, n/m}), n — oo. (3.9)

Let A, = YARC2L JS™  (v; — Y ;)2 Then [A,. B,] with
k k

> j=1 Y; > j=1 Y;
- An! B"l =
km km
is a 1 — k, confidence interval for u, for n large enough.

A,, = +Anv

Proof. It is well known that for all x > O,

k
(Y= 1/2 1/2
]P’(Tnzx)zp( 21:1( i —mp) 2x(kkl)/<k k2 1)/>’
VI = mpy? B e
see Chung [5]. The last equality and Theorem 2.1 together imply that

BT, > x) )
T s exp{o(l)(l +x) ] (3.10)

uniformly for 0 < x = o(min{snjl, «/n/m}). Let F(x) =1— (1 — @ (x))exp{o(1)(1 + x)?).
Notice that

1—&(x,) —

1 2 x2 2
—x;/2 — __n<1 —

e ex + ln(xnv2n))}, X, — 00.
XpN 27 p{ 2 x5

Thus the upper (k,/2)-th quantile of the distribution function F satisfies

F~ Y k,/2) = V2| In(k, /2)|, n — oo,

which, by (3.9), is of order o(min{srgl, «/n/m}). Then applying (3.10) to 7,,, we complete the
proof of Proposition 3.5. O

By (3.9), a good choice of the size m is such that R, = min{e;z, n/m} is large enough, so

that «, can be small enough. A suitable choice is m = |Inn]; then, by Remark 2.1, we have

R =1 s if |E[1X 71 R, < oo,
if H]EHSm|2+,o|_7:0]”OQ — O(m'+°/?),

_n_

[Inn]

Proposition 3.5 uses a condition on the LL°°-norm. We should mention that Hannan’s central
limit theorem (cf. Hannan [18]) holds under the condition on the L?-norm. Accordingly, a
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confidential interval for linear regression can be obtained via Hannan’s theorem (cf. Caron and
Dede [3]), but with larger risk probability; the risk probability can be significantly improved,
using Cramér type moderate deviations of Wu and Zhao [36] and Cuny and Merlevede [8]
on stationary sequences. Notice that the results of [36] and [8] also hold when X; has finite
pth moments with p > 2. See also Chen et al. [4] for self-normalized Cramér type moderate
deviations for B-mixing sequences and functional dependent sequences.

4. Proofs of theorems
The proofs of our results are mainly based on the following lemmas which give some

exponential deviation inequalities for the partial sums of dependent random variables.

4.1. Preliminary lemmas

Assume on the probability space ({2, F, P) we are given a sequence of martingale differ-
ences (&, Fi)i—o...n, Where & = 0, {#, 2} = Fy € ... € F, € F are increasing o-fields.
Define

k
My=0, M=) & k=1,...n 4.1)
i=1

Let [M], and (M), be respectively the squared variance and the conditional variance of the
martingale M = (My, Fi)i=o....n, that is

k k
[Mlo=0, [Mli=) &, (M)=0, (M) =) BIEIFi,], k=1,...n
i=1 i=l1
4.2)

Assume the following two conditions:

(C1) There exist €, € (0, %] and p € (0, +00) such that
El&***|Fii] < e/ BIEHFial, 1<i<n

(C2) There exists ¢, € [0, 3] such that || (M), — 1]le < 2.

n

In many situations we have €,,t, — 0 as n — oo. In the case of sums of i.i.d. random
variables with finite (2 4+ p)-th moments, conditions (A1) and (A2) are satisfied with ¢, = 0
and €, = O(1//n) as n — 0.

Define the self-normalized martingale

M,
T n>1. (4.3)

Define €,(x, p) in the same way as in (2.7) but with &, replaced by ¢,. The proof of

Theorem 2.1 is based on the following technical lemma which gives a Cramér type moderate
deviation expansion for self-normalized martingales.

W, =

Lemma 4.1. Assume conditions (C1) and (C2).
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[il If p € (0, 1), then there exists an absolute constant o, o > 0 such that for all 0 < x <
Olp.()En_l,
PW, > ~
n %&);) <c¢p <x2+965 + x2L;21 +(1 —|—x)(Ln + Erf +€,(x, ,O))>
— P (x

[ii] If p = 1, then there exists an absolute constant oy > 0 such that for all 0 < x < txoen’l,
P(W, > x)

In
1— &)

< c<x3e,, +x%0 + (L4+2) (10 + € Ine,| +6(x, l))).

P(Wy<—x)
D(—x)

P(Wy>x)
—o()

Moreover, the two above inequalities remain valid with instead of

Proof. The points [i] and [ii] follow from Corollary 2.3 of Fan et al. [13].

Remark 4.1. Notice that in Fan et al. [13], the range for Lemma 4.1 is 0 < x = o(en_').
However, the proof of Fan et al. [13] can be applied with no changes to extend the range to
0 < x <a,0€, ", where a, ¢ is a sufficiently small positive constant.

Denote by x™ = max{x, 0} the positive part of x.

Lemma 4.2. Assume that & > —a a.s. for all i € [1, n]. Write

n

Hp) =Y (B[ 1Fi]+a"),  ped.2l

i=1

Then for all x, v > 0,
1 £
P (S, < —x, Hu(B)<v") <exp {—5608) (5)" } , (4.4)
where C(B) = B~1/#B-D — g=F/B=D 5 0 and B € (1, 2].

Proof. Let § € (1, 2]. Using the inequality

e ¥ <1l—x+xP for x>0,
we have, for all i € [1,n] and all ¢ > 0,

E[e 7G| Fo] < 1 = E[t& + o) Fict | + E[fP & + ) | Fii]
1 —ta+ 2P "7 (B[ | Fi1] + df)
exp{—ta +2°71P (B[ |1 Fii] + aP)).
Therefore, for all x, ¢, v > 0,

P(Sn = —x, Hn(;B) = Uﬂ)

IA A

IA

< E[exp{—tx =1 Y& +a) + tna + 27 1P HL(B) = 20 P H,(8) | i 5120 |

i=1

< e-m-s—ma-&-zﬁ’ltﬁvﬂ[[g[exp{—t i(& +a)— 2’3_11"3Hn(,3)}]

i=1
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n—1
< eith"aJrzﬂ_ltﬁvﬁE[eXp{—t Z(Sz +a)— ZﬂfltﬂHn(IB)}E[eft(én+a)|]:n_l]i|
i=1

n—1

< e_’”’(”_l)“+2ﬂ71’5”BE[exp{—t Z(&' +a)— 2ﬂ_1tﬂHn—l(ﬁ)}]
i=1

< e—zx+25’lzﬂv/3.

Taking 1 = %(/3)‘7)1/ #=D yields the desired inequality. [J
The following exponential inequality of Peligrad et al. [25] (cf. Proposition 2 therein) plays

an important role in the proof of Theorem 2.1.

Lemma 4.3. Let (X;)icz be a sequence of random variables adapted to the filtration (F;);cz.
Then, for all x > 0,

%2
P max |S;]| > x) < 4\/Eexp{— TR— } 4.5)
(l<i<n 2n(I1 X1 lloo 4+ 80327, j=2IELS 1 Fo0]lloo)?
The last lemma shows that the tail probability of max;<;<, |S;| has a sub-Gaussian decay
rate. In the proof of Theorem 2.1, we apply it to estimate the tail probabilities for the drift of
a stationary sequence.

4.2. Proof of Theorem 2.1

Define
D§ = §; = EIS}|Fymim]. 1) <k
Then (D;?, Fj—m)i<j<k is a stationary sequence of martingale differences. Clearly,
EL(D$) | F—1ym] = EIS? 1 F(j—iym] — RIS IFG—1m])

By stationarity and the fact that k = |n/m], it follows that

& . , 1 2
- E (E[S,'|]:(j—l)m]) < — E[Sm|f0] )
ni 4 - m
j=1 00 0
and that
| o o2 2 I o on2 2 n—mk ,
=3 EISDF oyl — 02| < = > |BIS)Fjiym] —ma?|  + o
n - n « n
Jj=1 00 j=1 [e%s)
1
< H—E[Sim)] — UZH + 252 (4.6)
m o0 n
Consequently, we have
X
0y2
” — D BID I Foim] - 1”
j=1 o

=

k k
1 1
— > EIS)Fj-im] — 1” +— ’ > j(E[S;ﬂf(,-_nm])ZH
j=1 . Jj=1 .
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1
< |msim 1]+ 2+ [Esim|
=524+ 2 4.7
n
Since §,, — 0 as n — o0, it follows that
1 1 1
|02 Ryl = | —EIS21 Rl = —EISuFo?| ~o® n—oo.  @8)
m o0 m m 00
Using the inequality
e =y < 2P (PR 4 [y ), 4.9)
by (4.8) and stationarity, we deduce that
o 2+ —1— o
E[|D5/(n'?0)| " | Fjoiym] < (00 =PP2PRL|SS | Fjoiym]

220 || ElIS3P1F G- m] 1
o /2 2 .
- nP/ZO-P E[(D0)2|‘/—_'(J l)m] ‘ E[(D}/(}’l U)) |‘/T-'(]—l)m]
= ’—np/zmazw [0S, 241701 BLDS /01200 F ]
= C,.0 4 BUDS/(n'?6)) | F(j—1ym]- (4.10)

We first prove Theorem 2.1 for p € (0, 1). Set &; = D%/(n'/?c), and denote My = Y"'_, &;.
Then, by (4.7) and (4.10), conditions (C1) and (C2) are satisfied with n = k, €} = C, g and
(2 =85+ By Lemma 4.1, there exists a constant &, o > 0 such that for all 0 < x <« o¢,,",

In P(My/~/[M]; > x)
1— & (x)

< cp< 2+pgp +x2(8,%1 )+ (1 +x)(8m + /% +éb +Em(x, p))). “4.11)

Notice that, by Cauchy—Schwarz’s inequality,

—[M]k o o k o A 2
H(ka’)z/(wz) H H(V )ZZS]E[S (V) Z<E[Sj|fw—l>'"]) ”

[}
k

k
< H TP > SSELSSIF-1m]
j=1

(ELS; |‘/_'.(j—1)m])2

1
_0)2

[e0]

, A 1/2
AR

o0

Ve
By stationarity and the fact that §,, — 0, when (V¢)? > 1no?, we have

2
H [M1k “ 272
L — -
(V2)?/(no?) 0o

X 1/2 X

2 2
Z(]E[Sjur(jl)m])?” + 3 Z ”]E[SjI]:(jq)m]Hoo
— o

j=1 00

sl

IA

i)~
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Clearly, §,, — 0 as n — oo implies that «,, — 0 as n — oco. Thus, the last inequality implies

that
‘[ 1+ -V [M]k(l Km
o _ Zi=i S} _ T Sj/eo)
Recall that W7 = e = Vel . It is easy to see that, for all x > 0,

. Vr 1 Yo 85/ o) Ver )
IP(Wn X — Tz 2) < P( T > x/T =k, et

( O)2

'm 1 'm 1 —«p, >
<«/_ > x(1 = Yl Iy DVT = ke 2)
JFIP>(nl/2(, ZE[S?WJ—IW] > x¥n|In ym|m>

P(«/_ > x(1 = yulIny,DyV1 _Km>

P('nl/za ZE[S;|~7:(j—l)m] > XYm|In ym|m>
=1

= I1(x) + I(x). (4.12)

IA

IA

We proceed to estimate /;(x) and I»(x). First, we deal with I;(x). From (4.11), we have,

for all 0 < x < a, ¢,

I1(x)

1 - @(x(l = V| In Y )1 _Km)
< exp{cjo (x2+/78f:1 + X282 + %) +Q +x)(8m + /% + e +En(x, ,0))) }

Using the following inequalities

: e < 1 - d(x) < LT RN (4.13)
V27 (1 + x) - ~ Jr(l+x) T '
we deduce that, forall x >0and 0 <¢ <1,
X _ 42
1—&(xv/T—¢) - fxm\/%,e 2124
1— & (x) - 1—-9(x)
_1_,—x*(1-e)2
e XE
S 1+ \/27[ 1 7x2/2
i ©
< 14 C( + x2)eere?
< exp{C(l +x2)8]. (4.14)
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Notice that (1 — y, | In YD1 — km > /T —=2(ym|In Y| + k). Using inequality (4.14) and
the fact that «,, < 6y, < 6y,,,|Iny,,|, we obtain, for all 0 < x < ozp,o(e‘,;',

L(x) Iy (x) 1— @ (x(1 = ¥l In Y DV/T = Kr)
1=@0)  1—&(x(1 = Yl Inyu VT — &) 1— & (x)

< e:)(p{C;)<ch+p<’3,’,’1 +x2(8,2n + % + V| Iny; | +Km)

m -~
+( +X)(5m o + & +En(x, p) + Vil Iy +Km)>}
< exp{C;)’(prs,ﬁ +x2<8i + Yl Inym| + %)

m ~
(1408 + 5+ e+ vl Iyl + B, p))) } (4.15)

which gives the suitable bound for 7;(x).
Now we deal with I,(x). By Lemma 4.3, the definition of y,, (cf. (2.2)) and the fact that
vm — 0, we derive that, for all x > 0,

2x%y2 1 m 2 1 — Km
hx) < 4J2exp{— il (O RS }
2k([ELSn I Fol | o, + 80 X5y j /2 IIELS | Follloc)?
< 4./e exp{—Coxz(ln y,,,)z}. (4.16)
From the last inequality, using (4.13), we deduce that, for all x > 1,
L(x) 1
1_2—¢(x) <Cd +x)exp{—C0x2(ln Yi)* + Exz} 4.17)

=< CZ(l +X)Vm| hlJ/ml,
which gives the suitable bound for I;(x). Thus, from (4.12), for all x > 1,

. (VO)Z
P(Wn >x, Sk > %) _ h@®+ bk
1— &) = 1-d®)

< exp{cg <x2+pe,€, + x2(5,2,, + YmlInyn| + ﬁ)
n

m ~
+(1+x)<6m+\/;+8,§’1+ym|1n)/m|+8m(x,p)>>}. (4.18)

Clearly, we have

P((v,f)2 < %n02>

k . ‘
= P(Z(“?)z — EI(S)1F-im]) < 3107 = Z]E[(S;)zu:(jl)m])
Jj=1 j=1
. 1
< P(Z((S;)z - E[(S;)2|]:(j71)m]> < —Znaz), (4.19)
j=1
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where the last line follows from (4.6) and the fact that §,, — 0 and m/n — 0. Denote

S \2 S \2
w =) =GR o]

Then, by (4.9) and stationarity, it is easy to see that

Z [etin 2721 < zz e

and that, for some positive constant c,

1
i > —— |E[S2|F
ni = nGZH [ m| 0]
where the last inequality follows from the fact that §,, — 0 as n — oo. From (4.19), using

Lemma 4.2 with @ = 7'c and B = (2 + p)/2, we have

Vey 1 1
P(( 0 _ 5) < exp{—C(,o)(g + %)} (4.20)

no?

24+p

Fom]| =270,
[e.¢]

| > —%c as.,

where C(p) > 0 depends only on p. Notice that, by (4.13), it holds, for small enough o, o > 0
and all 1 <x <, min{s;l, n/m},

1 1 n p
=0 exp{—c(p)(% + ;)} <V2r(l +x)(\/;+ en). 4.21)

Then, by (4.18), (4.20) and (4.21), we obtain, for all 1 <x <, min{s;l, /n/m},
0y2 0y2
P(wpzx) P(wpzx %r=z1) p(Yr <))
< +
1—d(x) — 1— & (x) 1— 9 (x)

< exp{c;’ <x2+p8,€l + x2(5,2,, + Yl Inym| + %)

+a +x)(8m i \/ng &2 + Y| I Yiu| + B x, p)))}
1 1 n
M) exp{‘c(p)(g + Z)}

< GXP{CZ/<X2+p8’€1 + x2<85, + VYl Iny| + %)

(148 + \/§+ e + Yl In Y] + B, p>))}.

From the last inequality, we get, forall 1 <x <«, min{e,;‘, /n/m},

P(W, > x) mf 2+ 2( 2 m
1——@()6) < C;(x pSZ—i—x <8m+ym|lnym|+;>

In

m -~
+ (100 4/~ + f + yl Iyl + B, p>)>, (422)

which gives the upper bound of In Hj(fv’d’ii’;) for p € (0, 1). The proof of the lower bound of

In H?EV;S(E;;), 1 < x < a,omin{e, !, /n/m}, is similar to the proof of (4.22), but, instead of
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using (4.12), we use the following inequalities: for all x > 0,

0\2
P(WO >x) > }P’(WO > x, @ > l)
"= - "= no? — 2
PIRYICRES! — (V)
= P(T Pkm "oz 2 2)
(V )2
> P > x(1 + Yl 0 Y DY/T + i, > >
‘ (v >2
Z]E[S |]:(j 1)m]>xym|ln7/m\/1+ ms k = 2)

2
IP’( Z[VI] zx(l—l-)/mllnyml)\/l—i—/(m) <(V) <l>
k

v

o? 2
P(m Z]E[S;L]:(jfl)m] > xym| In Vm|v 1 + Km)
j=1
— Pi(x) — Py — P3(x). (4.23)

By an argument similar to that of (4.15), we deduce that, for all 0 < x < a, o¢ ~1

Pi(x)

T o0 = exp{ ( el 4+ x5 + V| In Y| + %)

m —~
(1 +0)(80 4o+ fy+ T Iyl + B, p)))}. (4.24)
By (4.20), we have, for small enough oy > 0and all 0 <x <, min{en_l, J/n/m},

P, 1 ny 1,
I_—QS()_\/_(lex)exp{ C(p)<%+l’l_’l>+5x}

< Cp,3(\/§ +ep) eXp{—%xz}. (4.25)

By an argument similar to that of (4.17), we get, for all x > 1,

P3(x)
1-d(x) —

1
<C leln )/m|exp{—§x2}. (4.26)

1
<1+ x)exp{ —Cox*(In y)* + Exz}

Combining the inequalities (4.23)—(4.26) together, we obtain, for all 1 < x < a,omin{g, L

J/n/m},

P(W,; > x)
In—————

> —c, [ xre? 2(52 110 Vi T)
—o@x) - ”(X En T2+l Iyl + 2

m —~
+ (108 + /= +ef + yal Iyl +sm(x,p))>.

This completes the proof of Theorem 2.1 for all 1 <x <, min{en_', Jn/m}.
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For the case 0 < x < 1, instead of (4.12), we make use of the following estimations:

0y2 k S° 1/2 0\2
P(W;zx, Vo) z%) < P(szw/l—xm, (Vk) > %)

no? [M]i
< (J_ > (= vl 0yl T — oy (’;2 > 2)
+ I (1)
M
=< P(J[—M_]k > X = YullnyuDyv1 — Km) + I (1)

= [;(x) + Ly (1).

By an argument similar to the case of 1 < x < a, omin{g, I /n/m}, we obtain the upper

P(We° > P(We >
bound of In % for all 0 < x < 1. To prove the lower bound of In —1( "QS_( );), <
— P (x — & (x
x <1, instead of (4.12), we should use the following estimations:

( 3 ) ( 3 (VkO)z 1>
P{W, >x ) >P| W, >x, =5
no 2
Yk 82/ o) VR
= A (g e =)
M; ( 0)2
2Pl —= =+ VullnyuDv1 +kn, Z— — L(1)
[M]i 2

02 1
M~ 4yl Iy +Km> —P((nvf,; < -) — (D).

2

Again by an argument similar to the case of 1 <x <, min{s;l, /n/m}, we get the lower

o >
bound of In w

1— &)
p € (0,1).
For p = 1, the proof of Theorem 2.1 is similar to the case of p € (0, 1), where the
term ¢, |Ing,| comes from point [ii] of Lemma 4.1 with €, = Cj o&,,. Notice that if (X;);cz

satisfies the condition of Theorem 2.1, then (—X;);cz also satisfies the same condition. Thl;s
© > ° < —Xx

for all 0 < x < 1. This completes the proof of Theorem 2.1 for

the assertions in Theorem 2.1 remain valid when = is replaced by 2

1—&(x) é(—x)
x> 0.
4.3. Proof of Corollary 2.1
First, we prove that
¥2
lim sup a? lnH”(anW,‘f € B) < —inf —. (4.27)
n— o0 xeB

For any given Borel set B C R, let xo = infycp |x| > inf, g |x|. By Theorem 2.1, we deduce
that

IP’(a,,W; € B)
gP(W" > —> +]P’<W° < —@>
a, a,
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=21 #(2)) ool (Coreet (2 (2 il + )

n n

X m
+ (1 22) (8 + vl In +s£/“+,/—))}.
a, n

Notice that a, — 0 and a, min{s;l, J/n/m} — oo as n — oo. Using (4.13) and (2.4), we
deduce that

x? x?
limsuparzlln}P’<anW; € B) <20 <_ inf —,
n—00 2 xeB 2
which gives (4.27).
Next, we prove that
%2
lim gfag 1n1p><anw; € B) = — inf = (4.28)

Without loss of generality, we assume that B® # , otherwise (4.28) holds obviously, since in
this case the infimum of a function over an empty set is equal to co by convention. For any
given g; > 0, there exists an xo € B? such that

0<0 < i X 4 gy (4.29)
2 =52

We only consider the case when x( > 0, the case xo < 0 being proved in the same way. Since
B? is an open set, for xo € B and small enough &, € (0, x¢) it holds (xo — &2, xo + €] C B.
Clearly, xo > inf, .z x. It is easy to see that

P(anW,f € B> > P(W; € (a, '(xo — &2), a, "(xo + 82)]>
> P(W: > a;l(xo — 82)) — IP’(W,‘; > a;l(xo + 82)).
By Theorem 2.1, we have
]P’(W,f > an_l(xo + 82))
lim
n—eo ]P’(W,;’ > a; (xo — 82))
Again, by Theorem 2.1, (4.13) and (2.4), it follows that

=0.

1 1
liminf a? 1n1@<anw,;’ € B) > liminfa? In E1P>(W,;> > a7 (xo — 82)) =~ 50— )2,
Letting &, — 0, we obtain

x2 x2
1iminfa31n1p<anwg € B) > —70 > — inf — —¢y.

n—00 xeBo 2

Since &; > 0 can be arbitrarily small, we get (4.28). The proof of Corollary 2.1 is complete.
4.4. Proof of Corollary 2.2

We only need to consider the case where max{y,, &u, 8n, m/n} < 1/10. Otherwise,
Corollary 2.2 holds obviously by choosing C, large enough. Denote

—p(2=p)/8, 8,,_1'/4, (m/n)_'/4}.

C ., =174
K, = min{y, /4, &~
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It is easy to see that

sup [P(W, <x) — @(x)‘ < sup [P(W, <x)— ®(x)|+ sup |[P(W, <x)— & (x)

|x[<kn [x[>Kn
— sup [P(W° < x)— @(x)‘
|x|<kn
+ sup P(W, <x)+ sup & (x)
X<—kKp X<—Kp
+ sup P(W; > x)+ sup(1 — @ (x)). (4.30)
X>Kp X>Kpn

Notice that

-~ 2—p)/4
Sup {e0,11n e, B, )} = e£P.
[x|<kn

By Theorem 2.1 and the inequality |e* — 1| < |x|e™!, we have

sup [P(W;, <x)— @ (x) ’
[x|<kn
< sup (1 _ ¢(|x|)) oCo (P etx? (57 vl 10yl 2 ) 4140 (St y Ty 4657774 /)
[x|<kn
< Cput (B + vl Iyl + 00+ [2). (431)
n

From the last inequality, we get

sup P(W; < x) = P(W; < —«,)

X<—kKp

< Cot(8n + vl nyul + 66274+ [2) + @ (—k)
n

< CpaBu+ vl Inyl + 52 4 ™). (432)
n
Similarly, we have
sup B(W® > x) < cm(am F ol 10 Y| + £2C=PV4 4 /T). (4.33)
X>Kp n

Clearly, it holds that

sup(l — @ (x)) = sup @ (x) = @ (—«k,) < Cp,4(8m + Vol Ny, | -{-851(2_’0)/4 + /ﬂ>
X>Kp xX<—kp n

(4.34)
Combining the inequalities (4.30)—(4.34) together, we obtain the desired inequality.

4.5. Proof of Proposition 3.1

We only need to show that the quantities y,, and §,, can be dominated via the quantities
n1.» and 1,.,. By the definition of y,,, it is easy to see that

1 00 1 mj
= (T
m ml/ZU;J3/2 ; !

j=
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Thus, when n;,, = O(n~*) for some B > 1, it holds
= 0(/m"?).

Next, we give an estimation for §,,. It is obvious that
m
ELS | Follloo < D s
i=1

and

Hﬁm}w -1 = (”E[Szlfol ELS2 s + [ELS3] = mo?]).

mao?

Clearly, it holds
m

IELS, | Fol = EISz 1l < Y IIEIX7 I Fo] — BIX] oo

m
i=1

m—1 m
+ 23 Y X X1 Fol — ELX X ] oo
i=1 j=i+1

Splitting the last sum as
22 2t )
Il<i<m/2i+1<j<2 l<i<m/22i+1<j<m m/2<i<m—li+l1<j<m

by the condition max;—; 2{n; .} = O(n—?), we infer that

IELS; | Fo] — ELS 1l
< cl(Zz Pt Y imit Xl > Y mAm Y Uzz)
1<i<m/2 I<i<m/2 j=>i i>m/2
Notice that
IE[X; Xo]l = [E[XoE[X;|Folll < I Xolloo I ELX;|Fo]llce-

By 01, = O(n™?), B > 1, it is easy to see that

m

‘ZE[X X1- Y ELX, X1

1 j=1 j=—00

|E[S2] — mo?| <

1

> Z E[X;X;]+ Z ELX X

i=1 j=—o0 Jj=m+1

Xl >(D 0w+ Y 0Gh)

i=1 j=—00 j=mAl—i

m
m

IA

m

szi_ﬁ

i=1

Cs.

IA

IA
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Hence, it holds

m m
5,2,,§mc_01n2|:<§771,i>2+ziﬂ+ Z in2i + [ Xolloo Z Zm,;

i=1 1<i<m/2 l<i<m/2 j=i
+m Z M, + C4i|.
i>m/2

Then, taking into account that max;—; 2{n; .} = O(n=?), we have

O(m=B=D/%), if g €(1,2),
Sm =1 Om™'2/Inm), if B =2,
o(m='%), if B > 2.

By point 2 of Remark 2.1, we have &, = O(m/n'/?). If > 3/2, then equality (2.8) with
m = |n?| holds uniformly for 0 < x = o(n'/'*//Inn) as n — oco. If B € (1,3/2), then
equality (2.8) with m = [n'/®#=D| holds uniformly for 0 < x = o(n#=V/6f=2) a5 n — co.
This completes the proof of points [i] and [ii].

To prove [iii], notice that m := m(n) — oo and n'/?/m — oo imply &,, Y, 8n — 0 as
n — oo. Then, point [iii] follows from Corollary 2.1. [
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