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We consider the two-dimensional weakly asymmetric simple exclusion process, where the asymmetry is
along the X -axis. The generator for such a process can be written as ¢ >Ly+& 'L, £ >0, where L, and
L, are the generators for the nearest neighbor symmetric simple exclusion and totally asymmetric simple
exclusion, respectively. We prove propagation of chaos and convergence to Burgers equation with
viscosity in the limit as € goes to zero. The density fluctuation field converges to a generalized Ornstein-
Uhlenbeck process. The covariance kernel for a class of travelling wave solutions is consistent with a
phase boundary which fluctuates according to a linear stochastic partial differential equation.
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Introduction

The one-dimensional Burgers equation,

2
T p1-p) =225,
0<p=<1,reZ, t=0, =0, has been studied in great detail [1-9]. This equation has
been used to model a wide variety of phenomena. Of particular interest are the
class of travelling wave solutions of this equation. In the last decade a great deal
of work has been devoted to the understanding of the macroscopic structure of
Burgers equation. The approach has been along the direction suggested by McKean
[14], namely that of using stochastic microscopic description. While there exists a
number of works [3, 20] where interacting Brownian motions are used as a model
at the microscopic level, we focus our attention in this paper on interacting infinite
particle systems, particularly the exclusion process. A great deal is known about
the hydrodynamic behaviour of asymmetric simple exclusion. In particular, the
microscopic stability of the shock has been intensively studied in the last few years
[1,2,7,10,24]. The recent work suggests that at the microscopic level the shock
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fluctuates rigidly, maintaining its shape, the translations being described by standard
Brownian motion. While this has not been proved, there is considerable evidence
to support this conjecture. Recent work of Ferrari [8] shows that the fluctuations
of the shock come from the initial condition and not from the dynamics, and gives
a precise characterization of the relation.

In this paper we consider the two dimensional Burgers equation. Very little scems
to be known about this model at the microscopic level. There are the recent results
of Landim [12] proving the convergence of two-dimensional asymmetric simple
exclusion to Burgers equation in the hydrodynamic limit. We consider the two-
dimensional weakly asymmetric simple exclusion, the asymmetry being along the
X -axis. We prove propagation of chaos and convergence in the kinetic limit to
Burgers equation with viscosity. We study the density fluctuation field and show
that it converges to a mean zero generalized Ornstein-Uhlenbeck process. Then we
consider the travelling wave solution of the Burgers equation obtained from the
one-dimensional travelling wave solution by making the density uniform along the
Y-direction. We show that the covariance of the fluctuation field is consistent with
the following picture for the evolution of the boundary of the travelling wave solution
(phase boundary). Let h*(y, t) be the height of fluctuation (in the X-direction) of
the boundary at time ¢ and level y. Then

ah*
at

= Ah*+eDZ,,,

where Z, , is the space-time white noise. A discrete model at the microscopic level
is

dh®(y, t) = 2A4h° dt+ (D) dB,(y),

where yeZ, A, is the discrete Laplacian and (B,(y)),.z are a countable collection
of independent Brownian motions. D is a constant determined by the shape of the
travelling wave solution.

We point out that models of the type described above appear in the physics
literature [22]. Of course, the goal in such a context usually is to start from the
model and obtain some information about the phenomenon. We have considered
the problem of obtaining the model starting from an appropriate stochastic micro-
scopic description. The linearity of the equation we have obtained originates from
the assumption (of the model) that the asymmetry is always along a fixed direction
(X) at every point on the phase boundary. A more general situation would be where
the boundary grows along a direction normal to the boundary at every point on the
boundary. In this case one would expect to obtain a nonlinear equation.

We use the correlation function technigue [5] to obtain our results. This model
was studied in one dimension by DeMasi, Presutti and Scacciatelli [4]. While we
follow the approach in their paper there are particular technical problems which
arise because of the two-dimensional nature of the problem. One of the important
estimates in the correlation function technique involves the time integral of the
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probability of two random walks being nearest neighbors (in Z°). Since this probabil-
ity goes like 1/t in two dimensions, one has to deal with logarithmic divergences,
which are not present in one dimension. We note that this problem appears even
in the study of symmetric simple exclusion in dimension greater than one and was
solved using elementary methods in a recent paper [17].

1. Description of the model and results

The symmetric simple exclusion process on Z* is a Markov process whose state
space is the set of configurations of particles in Z?, i.e., {0, l}zz. (0 denotes an empty
site while 1 denotes an occupied site.) A particle at a site attempts to jump to one
of its nearest neighbor sites with probability ; after an exponential waiting time of
mean one. The jump does not take place if the site it wants to jump to is occupied.
Let ne{0, 1} be a configuration (an element of the state space). We denote by
n{x) the coordinate projection of n onto site x, i.e., n(x) is the occupation number
of the site x € Z* for the configuration 7. It is well known that the symmetric simple
exclusion process can be constructed with the generator L,, where the action of L,
on cylinder functions is defined as follows [13].

—Z Z (f(n ™) =f(m)(n(x)(1=n(1)))

4 22 Jx—y|=1

=—Z Z (f(n™) = f(n))

8 ez |Jx—yl=1

Ly S (e ),

4er a=1

where

N (z2)=m(z) ifz#x, ') =), 20)=nx),
e;=(1,0) and e,=(0,1).

We denote by L, the generator of the totally asymmetric simple exclusion process
on Z°. This is the process where a particle in a configuration attempts to jump to
the site one unit to its right. The jump takes place if the site is not occupied. The
generator L, is defined on cylinder functions as follows:

Lof(m)= Zzz () = fm))(n(x)(1 = p(x +e))).

By weakly asymmetric simple exclusion, we mean the family of processes with
generators L, = Ly+¢eL,, £ > 0. We are interested in studying the process obtained
when & > 0 and space is scaled like £ ' and the time is scaled like £ "> The typical
displacement of a particle under L, (root mean square displacement) in a time & >
is of the order £~', while under L,, whch is a pure drift, the typical displacement
in the same time is of the order of £ 2. If we did not weaken L, by multiplying it
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by &, the drift would totally dominate the diffusion as £ - 0. Since we are interested
in studying the microscopic structure of Burgers equation with viscosity, we want
both the drift and diffusion terms to survive in the limit. Therefore we have weakened
the drift by multiplying it by g, i.e., scaled down the rate of jumps by «.

Theorem 1. Let p, be a bounded C* function on R* with bounded derivatives and
values in [0,1]. For €>0, let u° be the product measure on {0, 1" such that
w(n|n(x)=1)=pyex). Then for r€ R* and t >0 uniformly in compacts of R* xR, ,

lim |EL(nle'r], e *) —p(r, )] =0,
-0

where p(r, t) is the solution of the Burgers equation

ap 0
E Ay~ (11— 1.1
ot 48p ax P( p), (1.1)

and p(r, 0) = py(r). [x] denotes the integral part of x.

This theorem states that the average value of particle density at [ 'r] at time
£t with respect to the measure u°P¢ (where P?¢ is the transition operator for the
weakly asymmetric simple exclusion, WASEP), is well approximated by p(r, t), the
solution to Burgers equation with initial condition p,. We indicate why this is a
reasonble expectation by the following heuristic argument.

First note that if f(7n) = n(x), then

L) =2 T (9()=nx))

4ix-5=1

+te[n(x-e)A-n(x)) - n(x)(1-nx+e))l

If we assume the pair correlation function of the density factors (mean field) and
denote E<(n(x, t)) by p.(x, t), we obtain

Pxo=; T GO0-Ax0)
_E[ﬁe(xa t)(l_ﬁe(x+ela t))~p_(-:(x_el’ t)(l*ﬁs(x, t))]
(1.2)

It is easy to see that (1.2) is a discretization of the rescaled Burgers equation
where the scaling is p.(x, t) = p(ex, £°t). Therefore we see that with thg \aiSsumption
that the correlation functions for density factor, the forward equation for density
in the WASEP under diffusive scaling gives a discretized Burgers equation. This
suggests that WASEP is an appropriate model for the Burgers equation with viscosity
and that one might be able to make the heuristic arguments rigorous, if one is able
to show that the discrepancy in the factoring property goes to zero fast enough as
£ goes to zero. This turns out to be a feasible strategy and motivates the next
proposition. We need a few definitions before stating the proposition.
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Let p.(x, t) be the solution of the following integral equation with p, (x, 0) = p,(ex),
pe(x, t) =%, P(x~>z)p.(z0).

—e J ds T P (x> 2)[pe(z $)(1—pe(z+ ) = pe(z —e1, $)(1 = po(z, 5))],
(1.3)

P,(x - z) denotes the transition kernel for the symmetric random walk in Z>

Definition. For any n=1, let x=(x,, x5, ..., X,), X; € Z*, be an n-tuple of distinct
points in Z°.

Vi 1) = E;E(ﬁ n(x, )= pe(x,, r)>,

i=1

where E - denotes expectation with respect to WASEP with parameter ¢.

Proposition. Let T>0, y> 0. Then for each n=3, there is C, such that

sup |Vilx, )| < C,e" ™, Vi<e ’T, V>0, (1.4)

and for n=1, 2, there exists a >0 such that
IVf,(gc, t)l<a62g(xl, X2, t)’ Vt$£¥1T; V€>0a (1‘5)

where g(x;, %5, ) =1+[, Y P_ (x> 2z)1{|z,~ 25| =1} ds and P,_,(x > z) is the transi-
tion probability kernel for two symmetric simple exclusion particles.

Let Y{(p) =€y, d(ex)n(x, e *t), where ¢ € S(R?), be the density field for the
WASERP. It is easy to establish that lim,, Y;(¢)=fg: ¢(x)p(x, t) dx, V1[0, T},
T <. Given this law of large numbers, we next define the fluctuation field and
state a central limit theorem. The fluctuation field X{(¢) for ¢ € S(R?) is defined as

Xi(¢)=e L ¢p(ex)(n(x, e72t)~ E,-(n(x, £ °1))). (1.6)

S(R*) denotes the space of C™ functions which, along with their derivatives, decay
exponentially fast at infinity.

Given an initial measure u°, we have thus defined a random linear functional on
S(R?) at each time . Let 2° be the law of this process with paths in D(R, - S'(R?)),
right-continuous left-limited paths taking values in the space of linear functionals
on S(R?).

Theorem 2. The law of P° converges weakly to P, the law of a mean zero generalized
Ornstein- Uhlenbeck process (O-U process). P solves the following Martingale prob-
lem. For any ¢ € S(R?) and Fe C*(S(R?)),

1

F(X.(¢)) - J. ds F'(X,(¢)) X,(As¢) —J' ds 3| B |*F'(X,(¢)) (1.7)

0
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is a P Martingale on C*(R~ S'(R?)). Operators A, and B, are defined as follows,

<AS¢>(r>=%A¢<r>+<1—2p<r,s))aixw), (1.8)

where p is the solution to Burgers equation, and

|lBs¢u2=%f o(r, )1~ p(r, s))((gf) +(Z—¢) )dr. (19)
R? y

Remark. We note that if we considered the density field Y;(¢), it would be easy
to check the Martingale condition stated in Theorem 2, with A, =34~
(3/9x)(ps(1—p,)) and B, =0, thus proving the weak convergence of the density field
to the deterministic functional given by | p(-, t).

It is well known that there exists travelling wave solutions to the Burgers equation
in one dimension [21]. If we consider an initial profile which is in the shape of a
travelling wave solution to the one-dimensional Burgers equation along the X-
direction and uniform along the Y-direction, then it is easy to see that this will be
a travelling wave solution to the two-dimensional Burgers equation. Let us consider
such a solution p((x, y), t) = p(x —ct), where ¢ is the velocity of the travelling wave.
Specifically, let p be monotonically increasing in x with lim, ., p(x)=p., and
B0(0) =3(p.+p_). The microscopic stability of this profile in one dimension was
considered in [4]. There it was shown that the covariance of the fluctuation field is
consistent with the following picture. At time t define a (random) local equilibrium
profile pr(r, t)=p(r—ct+ B;), where B; is a Brownian motion with a diffusion
coefficient De. The vaue of D depends on the shape of p. Let ¢,(r) = ¢(r+ct) and
Ep, the expectation with respect to Brownian motion. Let pg ., be the random
product measure defined by pr(r, 1), i.e., pg..(n|n(x)=1)=pgr(ex, t) for all x in
Z. 1t was proved in [4] that

i 1im By E.u,,, (X5(6)X5(0) =lim < lim B, (X (8)X7(4).
This supports the conjecture that even at the microscopic level, the profile of the
travelling wave solution is stable except for rigid translations.

In two dimensions, the picture for which we argue is a bit more complicated.
Here too the profile seems to be shifted rigidly at the microscopic level. In this
model, in addition to the drift along the X-direction, there is also diffusion along
the Y-direction. The picture which emerges is the following. Microscopically, the
profile is shifted along the X-direction randomly. If we denote the shift for given
values of y and t and scaling parameter £ by h°(y, t}), then

£

h
o (», t)=A4h"(y, 1) +eDZ,, (1.10)

where Z,, is the space-time white noise [22] and D > 0 is determined by p. Equation
(1.10) may be thought of as a model of fluctuations of a phase boundary. We can
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think of the straight line I(t) = (ct, y) as an approximate macroscopic phase boun-
dary, separating the occupied sites (to the right) from empty ones (to the left). The
boundary would be sharp if the profile p was a step function instead of being
smooth. At time ¢, I(t) describes the macroscopic average position of the correspond-
ing microscopic boundary. The microscopic fluctuations around this line can be
obtained from the fluctuation field of the WASEP. We now describe a different
model for the fluctuations of the phase boundary which will be shown to be consistent
with the WASEP at the level of covariance. Let [°(t)=(ct+h*(y, t), y), where h®
is defined by equation (1.10). I°(¢) is the position of the microscopic phase boundary
in a shifted profile pg,(x, y)=p(x—ct+h"(y, t)). Expected value of I°(t) with
respect to h°(t) is I(t). We show that the microscopic fluctuations of WASEP are
asymptotically equal to the microscopic fluctuations produced by the random shifting
of the macroscopic phase boundary described above.

Let up, be the random measure on configurations in {0, I}Zz, given by the
random profile pg.(x, y)=p(x—ct+h(y,t)). That is, wpg,=I] (s, Where
Vi (n(x, p) [ n(x, ¥) =1) = pg,(ex, £y). Then

L

lim —=lim Ey-E,, , (X5(¢))(Xg(¢)) =lim tlin;E,f(Xf(¢.))(Xf((//.)),

1
t—0 \/-t_ -0 t—>0

for all ¢, ¢ € S(R), where E,- is expectation with respect to h°.

2. The proofs

Proof of the proposition. We proceed along the same line as in the one-dimensional
case [4]. We obtain an integral equation for V,. (We omit the superscript £ to
simplify notation.) This equation, as in the one-dimensional case, involves integrals
of V,, V,_,, V., and V, . That is, we obtain an infinite hierarchy of equations.
To terminate the hierarchy, we need to control V, when n is large. This is done by
obtaining a bound of the type sup,|V,(x, t)| < c,e™, Vt< ¢ *T, for some & > 0. This
was done in one dimension by first establishing this bound for a microscopic time
(t<e"T,y>0) and then iterating to extend it to macroscopic times (& °T).
There is no essential difference in this part of the argument for the two-dimensional
case. Therefore, we assume the existence of such an a priori bound and proceed
with the proof of the proposition.

The integral equation satisfied by V,(x, t), n=2, can be written as follows. A
detailed derivation of the integral equation can be found in [18].

Vilx, t)= jﬂ [ P_(x->z)(Qi(z,5)+ Qy(z, 5))+eR(x, 2, 1 — S)] ds,
(2.1)
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where

Ql(—z’ t) = E[E l{xi+ el # xj, V.] ;é l} Vn+1(~X’ xi + €, t)

‘Z Hx;—e # x;, Vj# I}V (x, x; ey, t)]
+2 Hx =x+ e} (p(xi, 1) = pe (x5, 1)) + (1= pe(x;, )] Valx, 1)

+e Z 1{xj =X ei}ps(xi_ela N(V,(x, 1), (2.2)

iLj

0ux = 3 1T 1ix=x+e)

a=1 4 Lj

X [2(pe (xi, 1) = p (x5, (Vi (x (i), ) — Vo1 (x(j), 1))]
+ s[z Hx; =x;+e}

x (p.(x;, 1)(1 - p.(x;, ) V,_i(x(i), 1) = Vi (x(j), 1))
+pe(xj’ t) —pe(xi’ t)(l _pe(xj’ t))Vn—l(Zc(j)s t)

-pe(xh t)Vn—l(lc(i)’ t))]
+e X Hx = xi+e}(p.(xi, 1) = pe(x, 1))
X pe(xi, 1)(pe(x;, ) = 1) Vo o(x(4, ), 1)

2
- L iD= x e o 0= (5, 0)Voralx(i ), 1),
’ (2.3)
R(x,z,t—5) =Y (P-(x~>z+e:) = P(x>2) (1~ p(z,5) Va(z,3)

+(P,_(x>z—e)— P (x> 2))pc(z;, 5)Valz, 5)
+P_ (x> z+e ) (p(z, 5)—p.(z+ e, 5)) Valz, 5)
+P_(x>z—e ) (p(z—er, )~ p.(zi, 5)) Valz, 5)
+P_ (x> 2)(p.(zite,s)—p.(z—e,5)Valz,5). (24)
P,_.(x - z) is the semi-group for the symmetric simple exclusion process, starting
from a configuration with n particles. We have identified a configuration with the
set of occupied sites (x). ¥, ; indicates sum over all distinct ordered pairs. x(i,j) =
x\{x;, x;}, x(i) = x\{x;}.
Before proceeding with the proof of the proposition, we note that the above
integral equation applies only for n = 2. It is easy to write down an integral equation
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for V;, which we do now.

av, 1 _
als, 5, eo-ven)]

+e[(Vilx+e, 1) = Vi(x, 1)+ (Va(x+ey, x, 1) = Va(x, x —e5, 1))],
Vilx, )=« Jl P_(x->2)[(Vi(z+e,, s) = Vi(z,5))

+(V2(Z+elaz’ S)’_ VZ(zaZ’_el’S))] ds
t

=¢| Y(P_x>z-€e)—P_{x~>12))

0 =z
X(Vi(z,s)+Vy(z,z—e, s)) ds.

P,(x—z) in the above expression is the transition kernel for a symmetric simple
random walk in Z°. By coupling two random walks, one starting from x and the
other starting from x+¢,, in such a way that they move independently until they
meet and together afterwards, one can easily show that [5]

Z’Pl~s(-_x—)_z—el)_Pr—s(l'_)_zﬂ< tC—S’

where C is independent of 1 —s.
Let a(e, k, u) =sup, ;.| Vi(x, s)|. We now show that, given 7> 0, there is M(7)
such that
a(e, 1, )< M(7)ale, 2, u), Vi<e 7, e>0. (2.5)
Let me N be such that Cv7/m <3}. Divide the interval [0, ¢ >7] into m equal
parts, that is, sub-intervals of the form [7, .,], Where 7. =(k/m)e ’1,0<k=<
m—1. Let t€ [Tk, Tk+1].
Vilx, )< a(e, 1, 7.)+¢ J

T

T

V Z IPTk+I_S(x_) Z—el) _P7k+l—s(x_) Z)]

X (a(s, 19 Tk+l)+a(€, 23 Tk+1)) ds
< a(E, 1’ Tk)+%(a(85 1’ Tk+1)+ a(E, 25 Tk+1))'
Therefore,
a(S, ls Tk+1) = 2a(£’ 15 Tk)+ a(£7 2’ Tk+1) = 2a(£, 1, Tk)+ a(£9 25 Tm)-

From this, by iteration, it is easy to see that there is a constant M(r) with
a(e, 1, 7,)<M(7)a(g, 2, 7,). Before proceeding with the iteration of (2.1), we
rewrite the first two terms in } | P,_.(x - z) Q,(z, s) by summation by parts. The idea
is to obtain in place of the gradient of V, ., with the indicator functions, a gradient
of the transition function and an indicator function for two exclusion particles to
be nearest neighbors.

Consider

Z Z PI—S(J%Z)I{Zi_FeI # Zj’ VJ# i}Vn+1(_Z, Zi+el, S).
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Let z'=z+e¢;;. Then we can rewrite the above as
LUP x>z —e )z #z},Vj# i}V, (2, zi—ey, 5).
i z
Since there is a one-to-one correspondence between the set of z”’s and z’s, we
can replace the sum over z by the sum over z'. Thus we obtain

Z Z P_(x->z)(1{z;+e # Z;j, Vi#i}V,a(z zi+e,s)
—lHzi—e, # Z;, Vj# i}VrH-l(_Zy zZ;i—e,Ss))

=Z (Z [(Pt—s(lc—)_z- ei,l) —P_(x-2z)l{z# Zj, vj# i}

+ Y P_(x>2)l{zi—e = Zj}] Vialz zi—ey, S)) (2.6)

J#Ei
We use a set of inequalities in our argument. Hereafter C is a constant whose
value changes from line to line.

suplp.(x+e,, s)—p.(x, )| <Ce, a=1,2, (2.7)

where C is a constant independent of £ and s. This follows from the equation for
p. and the smoothness of u, [5].

L P> Dz a| = 1< 28)
S|P (xo2)— Py(x>z+en)|< wi-; (29)

(2.8) and (2.9) can be proved using the two-dimensional version of the arguments
given in [5]. We also note that p.(x, s) is uniformly bounded in ¢, x, and s. From
(2.6) we get

:

> (Z P:—S(ZC—)Z“em) —P_ (x>z2)1{z;—e,# z;, Vj# i}

i

ds

+ Z P, (x-z)1{z —e = Zj}) Van(z, zi—e, s)

J=i

= Jl _ (2 I(P_ (x> z~e,) =P, (x>2)1{zi—e,# z,Vj # i}

i z

+ 2 P (x> 2)l{zi—e,= z,-})a(s, n+1,s)ds

J#i

ﬁj ( lPI*s(ZCQZ_ei,l)—Pr-s(Zc')_z”
0 i z

+2 Y P_(x->2)1{z;=e,= j}>a(e,n+1,s) ds.

j#Ei
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We prove equations (1.4) by induction. Let 0 < ¥ <1 be the number specified in
the proposition. Let K €N and k= 2.

Claim 1. If there exist positive real numbers {Ck ,}n=k» {Cunto<n<xk, and a,>
n—1y, 1=n=K such that

o
CK,,,E K n= K,
Cone®™, n<K,

Ve >0, then there exist positive real numbers {Cxi,,}n=k+ and ag., >
(K +1)—v such that

a(e,n,T}ﬁ{

CK-'-l,ngakﬂa ”;K-l-l’

ale,n T)< i
(e ) {C,,,,,,s " n<K+1,

Ve=0.
Proof of Claim 1. Let 0<<u <1, then it follows from (2, 3) that

|Va(x, )= a(e, n,u)

+CIJ[ il a(e,n+1,s)
lfemg Y

2 -1
—gn—{n——)a(e, n+1,s)+ i a(e, n,s)
t—s+1 t—s+1
en
(ea(e,n—1,s5)+ea(e,n—2,5)+a(e,n—1,5s))
t—s+1
i B0 ale, n, s)+nelale, n s}] ds (2.10)
m s Thy ) » : X

Let T=¢2r. Let meN be such that max((nv'r/m)e, nre/m)<3. Divide the
interval [0, e >7] into m equal parts, that is, consider the set of intervals [ 7, 711,
0<k=m-—1, where 7,=¢& “vk/m. Let te[n, 7,,]. We use (2,10) to estimate
V.(x, t). Let N=min{p|pd> K +1}. Thus we have a(e,n, T) < C,e" < C,e ™, if
n=N, If K+1= N, then we are done with the proof. Suppose K <N —1. From
(2.10) we obtain

a(S) N - 1’ fk+l)
sa(g, N—-1,7)

te j [__1*__ 2e(N=1)(N -2)a(e, n, s)

Tk+1 —¥+1
+e(N—1)ale, N=1,s)+e*(N—-1)a(e, N=2, s)
+(N-1)g%a(e, N=3, s)+e(N—1)a(e, N -2, 5))

e(N-1) e(N-1) B
+——~————m a(e, N, s)+r_ﬁ_m a(e, N—1,s)

+(N-1)e’a(e, N-1, 3)] ds.
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Let Ay =3 min{ax — (K —¥), ax_, — (K —1—-9¥)}. Let C,, be a positive real number
such that

The+1 ds -2
f =1n(8 7.+1><C)\Ke_'\/2,
m

Tk 'rk+l_s_*_1

V& > 0. Using this estimate in the inequality above we get
a(e, N—1, ) <ale, N—1,n)+3a(e, N—1, 1)+ Cexn1,

where ay > (K +1)—1vy and C is independent of £. Thus we have
a(e, N—1, 1. )<2a(g, N—1, 1) +2Ce %+,

From this estimate it is easy to see that there exists a constant C ., y-; such that
ale, N=1, T)< Cg.y n €75

Since N —(K +1) is finite, repeating this argument a finite number of times gives us
a(e,n, T)< Cxyy 6", n=K+1.

This completes the proof of Claim 1.

Claim 2. There exist positive real numbers C, ,{C; .} n»2, a2>2—yand a;>1—y
such that

a(e,n, T)<C,,e™, n=2, a(e, 1, T)<C, ™.

Proof of Claim 2. We proceed as in the proof of claim 1. Let M=
min{p|p6>2—y}. If n=M, then a(e, n, T)< C,e"™ < C,e” ". We estimate a(e,
M -1, T) using (2.10). Put 4 =3 min{8, 6M —(2— y)}. Let C, be a positive real
number such that

Tk+1 ds —A

——— < Cye A
o Tk+1—8+1

Using this estimate and the a priori estimate a(e, n, T) < C,e™ in (2.10), we easily

obtain

a(s, M—13 T) < CZ,M—lsazs

where a,>2—1v. Since M -2 is finite, repeating this argument a finite number of
times we get

a(e, n, TY< C, g™

Since a(e, 1, T)< M(7)a(g, 2, T), we easily obtain a(g, 1, T) < C, ¢ where a, >
1—v. This completes the proof of Claim 2.

Equation (1.4) follows from Claim 1 and 2 by induction.

We have proved equation (1.4) of the proposition, and now we proceed with the
proof of equation (1.5). Note that the main difference between equations (1.4) and
(1.5) is that in the former, the bound is in the uniform norm, while in the latter, it
is pointwise. The implication for the proof is that we have to continue the iteration
a few more steps before estimating the terms.
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We start with the integral equation for V,. Recall from equation (2.1),

Vaolx, 1) = J [Z P_(x~>2)(Q:(z, 5)+ Qulz, )+ eR(X, 2, 1 — s)] ds
0 z
(2.11)
Note that R(x, z, t —s) can be written as
R(x,z,t—5)=R\(x, 2z, t —s5) Va(z, 5).
Therefore we can iterate equation (2.11) by substituting for V, in the expression
for R. Iterating, we obtain

Volx, t) = Jl Y P_ (x> z)(Qi+ Qx)(z1, 51) ds

o s,
I
k=1Jo0 0

Sk
J (Z Y eR(X, z1, t—51)eR (24, 2, 5, 83)

0 E4] Zk+1
o &R (Zko1s Ziy Sko1— S)
X Z Psk-sk+l(_x—)_z)(Ql+Q2)

Zk+1

X(Zk+15 Sk+1)) ds,ds; - - - dsgay.

(2.12)

Using the bounds used in the proofs of Claims 1 and 2, it is easy to see that the
contribution of the Q, term in the first integral goes like £>"? for some 8> 0.
Therefore we consider only the contribution from the Q, term in the first integral.
Since we know | V,(x, t)] < Ce*®, for some «>1 and for all t<¢ °7 and xe Z7, it is
easy to see that the first two terms in Q, contribute less than Ce*™®, for some 8> 0.
Therefore, it is enough to consider the last term. The integral of the first term is
bounded in absolute value by

CSZI Z PI—S(X—)_Z.)IHZI—ZZ' = 1} ds = Cszg(xl, x2, £, t)
0z

Therefore, we see that the contribution from the first integral is of the right type.
We now show that the second term on the right-hand side of (2.12) is bounded in
absolute value by Ce2. We do this in two steps. First, we show that the term obtained
after the last two iterations is bounded in absolute value by Ce’. Then we show
that further iterations lead to a convergent infinite series in k and show that the
second term converges to a value bounded above by Ce>.

We note that R,(x, z, t—s) contains two types of terms: (i) terms of the form
P_(x~>z+e.)~P_,(x->2z)f(z5s) and (ii) terms of the form P,_,(x-z)X
(p:(z; +e,)—p.(z;)). Consider the last two iterations for the kth term in the series.
First we consider terms of the first type in R,. A typical term of this type is

Sk

-1
£ Z (Psk_,ﬂ,((.zkﬂ > Zk i,l) - Psk,l—sk(_zk—l = Zi)) pe (_Zk,is 5i)
0 Zk

X J’ > Ps—skﬂ(_z“)_zkﬂ)(ol + QZ)(_z.k+1 > Skr1) A dsiy,

0 Zk+r
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where z,; is the ith coordinate projection of z. Using equations (2.7)-(2.10), it is
easy to see that the contribution from the Q, term is bounded by Ce**#, for some
B > 0. Therefore, we consider only the contributions from the Q, term.

) Psk,,—sk(Zk-n > Zr — 3i,1)Ps(_Zk,i, Sk) Y Pskfsk“(_zk > Zk 1) Qo Ziwr 5 Skv1)

Zk Zk+1

:Z P(sk_1~sk)/2(_2k—1 te, >z Y P(s,H—sk)/z(.Z;c"Zk)Pe(_Zk,f, S¢)

Zk Zk

X z Psk—sk+‘(_zk ~-> Zk+1)QZ(_Zk+1 ’ sk+1)~
Zk+1
Here we have used the translation invaraiance property of the exclusion process
and the Markov property. Thus
Z (Ps,H—sk(ZkH > Zx— ei,l) - Psk,,—sk(_zk-n - _Zk))Ps (_Zk,i’ Sk)

Zk

X Z Psk—skH(Zk—)_zk+l)(QZ)(_zk+1’ Sk+1)

Zk+1

=Y (P(Sk—l‘sk)/z(—zk'l >z~ ei,l) - P(Sk_l\sk)/Z(_Zk—l > z§))

zx

XZ [P(Sk,l—sk)/Z(_Z;(—)Zk)pe(zk,i, sk)

3

XY Py g (2= 2 Q) (Zks1 5 S} ]

Zk+1

Therefore,

Z (P(skﬂ-sk)/z(Zkﬂ > Zi— ei,l) - P(sk,,—sk)/z(zk-l - z}))

Zk

XY [P(sk1~sk)/2(_2;< > 2i)Pe(Ziis Si)

2K

X ¥ Psrskﬂ(_zk > Zi+e )(Q2)(Zicr1, Sk+1)i”

Zk+1

SE; |P o syl Zior > Zh— €)= Py — oy Zk-1 = 23]

Zk

X

2 P(sk_l—sk)/Z(_Z;c_) Zk)pe (_zk,i’ sk)
zk

X Y Pooo. (2> 2k ) (Q2)(Zrw1 5 Sktr)

Zk+1

<Y VP —a2(Zim1= 2k~ 1) = Pisy—syr2(Zkor = 24)
i

XY Py —sr2(2k=> 2i) pe (2, Si)
2z

X Z Psk—skﬂ(_zk—)Zk+1)l(Qz)(Zk+1, Sk+1)l'

Zk+1
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Each term in Q, is bounded in absolute value by Ce®1{|z;1y;~ zx+1 ;| =1} for an
appropriate choice of i,j. Therefore, we have

Z IP(:k,l—sk)/Z(_Zk~1_)_z;c'—ei,l)'—P(sk-lfsk)/2(_Zk-l—>Z;<)‘

Zk

X2 P —sy2(2k 2)pe(Zxis Si)
2k

) Psk-skﬂ(_zk_)_Zk+1)‘(Q2)(_Zk+ls Sk+1)'

Zk+1

< Cs¢’ Z 'P(sk;l—xk)/2(2k~1 >zi—e,)— P o2z~ ZU’
Zi

X P(sbpsk)/z—skﬂ(_zl “’Zk+1)1{|zk+1,i - Zk+1,j| =1}

(Here we have used the positivity and boundedness of p,, and the Markov property
again)

Ce? V2 2
V1= 8, (SkF Si—1) = 28k ’

where we have made use of inequalities (2.8) and (2.9). Therefore,

<

Sk—1
2 f x Psk,l—sk(Zk—l > Zr— ei,l)Psk,,—sk(_zk—l —)_Zk)ps(_zk,ia Sk)

0 Zy

x J Y P2~ 2a ) Q) (Zicrr s Sirr) dsie Ay

0 zZk+1
Skt Sk \/5 2
< C€3 J J dsk dsk .
0 o VSio1— Sk (S + S — 284 M

Now using the fact that s, <& 7, VkeN, one can easily show that the term above
is bounded above by Ce?, where C is independent of . Now we consider the
contribution from the second type of term

Sk-1
£ J’ Z Psk‘l»:k(_zk~1 d _zk)(pe(_zk,i + Exs Sk) _ps(_zk,i, Sk))
Zx

5

z Psk—sk+1(_zk > Ze i Q) (Zkt1 5 Sir) dsy s

X pe(Zuiy Si) J.

0 Zi+i
Sk-1
<€ Z Pskﬁ,—sk(_zk~1 g _Zk)‘pe(_zk,i + Eus sk) —pe(_zk,i, sk)]
0 Zk
Sk
Xps(_zk,is k) f Z Pskﬂk“(_zk _)Zk+l)l(02)(_zk+1 s Sk+1)| dsi dsiq
0 Ziy

Sk—1 [ Sk
4
<Ce f J dsy dsk+1Psk-l—skH(_Zk—-l "_Zk+1)1{'zk+1,i - Zk+l,j| = 1}
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(where we have again made use of the Markov property and the uniform boundedness
of p. by a constant)

Sk+1 Sk ds
4 k+1
<Ce J dskj kel
0 0 Sk—17 Sk+1

Again using the fact that s, <& 7, VkeN, we easily obtain the desired estimate.
Call

J J- 2o Y eR(x, zi, t—s)eR (21, 22, $1—52)

o 0 E Zi+1

Ak:

<+ ER(Zk—y, Zky Sk — Sk} dsy - - dse |

To complete the proof of the proposition, we now show that

o
A <K <00,
k=2

where K is independent of ¢, and so=t.

! Cye %72 C,e
A< | | Ce?+—= )d f (c 2+—-2—)d - 2.13

2

where C, and C, are constants independent of . Since s, —s; ., <t<¢ ‘7, we have

£

2
C18 = C3 -—\/.—:’
Sk ™ Sk+1

for some constant C;. Therefore,

t £ j’skz £ Ck—l
A<C | —=ds,:-- C —_—dy_ <
. fOVt—Sl . 0 V27 Sk~ -l (k—=1)!

[4]. This proves (2.13), and completes the proof of the proposition. [J

Proof of Theorem 1. From the proposition, we know that

IVilTe ™, r], e *0)| = |Eus(n([e "1, £ 1) = po([e7'r], £ 720)| >0,

as £ >0, for all r e R?, uniformly on compact intervals of time. Therefore, the proof
of the theorem will be complete once we show that p,([£7'r], £ ’t) converges
uniformly on compacts to the solution p(r, t) of the Burgers equation with initial
condition py(x). This can be proved easily as was done in the one-dimensional case
[4]. Propagation of chaos can be proved in a similar manner, using the estimates
for V,. O
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Proof of Theorem 2. We now prove that the fluctuation field X;{¢) converges to a
mean zero O-U process in the space D(R, - S’(R?)). From the Holley-Stroock
[11, 16, 19, 15] characterization of the O-U process, it follows that it is sufficient to
establish the following criteria.

(a) The set of measures {?°, 0< ¢ < 1} for the WASEP is tight in D(R, - S'(R?)),
and any limit point of the set has support in C’(R, - S'(R?)).

(b) Any limit point ? (in the weak-*-topology) of the set {?*, 0 << e =<1} solves
the following Martingale problem. For any ¢ € S(R’) and F e C*(R?),

t

F(X.(¢))— J ds F'(X(6))X,(As) - f ds 3| By I F(X.(4))

0

is a P-Martingale, with respect to the canonical filtration in C(R, ~> S'(R%)). The
operators A, and B; are defined as follows:

(AB)(r) =146 (r)+[1-2p(r, s)](;ixw), (2.14)

where r=(x, y) and p is the solution to Burgers equation.

8.4 =3 ot )0-000((22) +(22) ) o (215)

Remark. Note that A, is the dual of the linearization of the operator on the
right-hand side of Burgers equation. We may interpret the Martingale condition as
saying that the limiting fluctuation field X,(¢) formally satisfies the stochastic
differential equation

Xm(¢) = X,(A,(f)) de+d m(Bt¢)

{c) The law of the limiting process at time zero is Gaussian with mean zero and
a covariance kernel

Colr, ') = po(r)(1 = po(r))8(r —r').

It is easy to check condition (c). The support properties of the process follow from
the observation that jumps of X;(¢) are bounded by Ce. We now verify the
conditions (a) and (b).

We observe that

F(Xf(cb))—e_zj ds L*(F(X:(¢)))

+e‘2J ds F'(X{($))E.-L*(F(X(¢))) (2.16)
0
is a E,--Martingale, where L* is the generator of the WASEP. From the definition
of the WASEDP, it follows that
L (F(X{(¢))— F'(X{(¢)E.-L(F(X{(4)))
= F(X(#))yi(t, 6) + F'(X(#))v:(1, &)+ R(1, §), (2.17)
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where € *R°(t, ¢} >0 as £ >0,

e, )= Xia) + vi (2, ),

Yf(z—d) )—8 % a—(ex){n(x e (1-n(x+e,e71))

—E.(n(x, e ) (1-n(x+e, e ?0)))},
(2.18)

e72y5(t, &) = g€’ Z [(a¢) (ex)(n(x, e 2D) = n(x+e, £770))

+ (%’) (ex)(m(x, e *)—n(x+e, Ezt))z]'
(2.19)

Using this observation we first establish tightness for the process. It is well known
[16] that a family of processes (X {(-)|0<e=1), with values in D([0, T, S'(R?))
is tight if, for each test function ¢, the family of processes (X £(¢)|0<¢e=<1) with
values in D([0, T],R?) is tight. The Martingale conditions for tightness of
(X(¢)|0<e=1) are as follows:

(i) For all £ with 0<e<1,

sup E, (X:()) <o,

O=t=<T

(ii) There exist non-anticipating functions ¥i(t, ¢), ¥7(t, ) such that for t¢
[o, 7,

Me(t)E(Xf(rﬁ))-J0 ¥i(s, ¢)ds,

NEE(ME(t))Z—J‘ ¥3(s, &) ds

are E,--Martingales, and
)<oo, i=1,2.

o=t=T
It can be shown that M® and N° are Martingales if we choose
¥i(s, ¢) =L X(¢) ~ B, (e *L*X ()

and
¥3(s, @)= e (L (X($))* —2X($)L*X ()

[6, 11]. Now let F(z)=z and z? in (2, 17). Then we obtain
L°X{(¢)— E.-(L°X (¢)) = vi(t, )+ Ri(1, ),
LY(X{(6))*~2X(@)E .(L"X ()

=2X7(9)vi(t, ¢)+2y5(1, ¢)+ R3(1, 6).
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Thus

e *yi(1, ¢)=7i(1, ¢)— ¢ "Ri(1, &),

e it ¢) =3l ¥3(1, $) +2e T’ Ri(1, $) X () — e R3(1, ¢)].
Since & °R;(t, ¢) is uniformly bounded in £ and ¢, it is easy to see that
E, (¢ ?R}(t, ¢))* is uniformly bounded for i =1, 2. We show that

sup sup E,-([X{()[") <.

0=t=T
Therefore, it follows that it is sufficient to show that
sup sup E,-(e7%yi(s, ¢)I) <c0 (2.20)

e O=t=<
in order to check condition (ii). Condition (2.10) for y5(t, ¢) follows easily from
the boundedness of n(x, t) and the integrability of (3¢/ox)* and (6¢/3y)> It can
be easily seen that

E - (IX{(®)))<Ce® T |Vaxy, x5, 8 2t)|+R,. (2.21)

Xy,X2

The sum on the right-hand side of (2.21) can be shown to be uniformly bounded
in ¢ and ¢ [17]. To verify the condition for y{(t, ¢), we note that E,-(Y})* can be
seen to be uniformly bounded in ¢ and ¢ by expressing it in terms of V, and V,.
With this observation, it is easy to see from equation (2.18) that condition (2.20) is
true for y{(t, ¢). This completes the proof of tightness (a).

Verification of the Martingale condition (b): The term on the right-hand side of
equation (2.17) is a Martingale for every £ > 0. Now if we take the limit £ > 0, then
we see that the second term converges to the third (F”) term in condition (b). The
first term on the right-hand side of (2.16) has two parts. The X {(;4¢) term converges
to the X,(3A4¢) term in condition (b). The Martingale condition (b) will be proven
if we show that

lim E‘Ls<J’8 Y§(¢)—X§<[1 —2p(-, s)]%%(-)) ds) =0. (2.22)
£=>0 0

From the known results of the Boltzmann-Gibbs principle [6, 9], we have

lim lim E#»<—1— j Y (o) —xizs(n “2p(-, 9122 )) ds) 0.
T>0 g0 T ¢ 9x
(2.23)

(2.22) follows from (2.23). This completes the verification of condition (b), and
completes the proof of Theorem 2. [J

We now obtain an integral equation for the equal time covariance kernel for the
limiting process of the fluctuation field. The covariance kernel is defined by the
following relation.

E(X,(¢)X,(¢))= J' , J , ¢ (r)CE(r, r)y(r')drdr,

23
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where X, is the limiting O-U process. If we let F(z) = z° in the Martingale condition
(b), we obtain
t t
E(X ()X (¢))—E J 2X,(¢)X,(Ap) ds —J I B )* ds =0.
0 0

Using the definition of the covariance kernel, we obtain

J J' () CHE(r, r)Y(r') dr dr’
RZ RZ

= J’f j J 26(r)C¥(r, r'Ydrdr' ds
0

+J‘J"%p(r,S)(l—p(r,S))[(Z—f) +<%f—;) ]ds dr. (2.24)

We now define a modified covariance kernel C,(r, r') by

CHir,rY=C/(r, ")+ p(r, DA —p(r, 1))8(r—r").
This splitting of C¥ into diagonal and non-diagonal parts is a natural one, as can
be seen from the form of the expected value of the square of the fluctuation field.
With this definition from (2.24), we obtain

JJ C(r,rYo(r)p(r)drdr

== | #(p(r, 00 =p(r0) dr

ri

+ J'J 2¢0(r)Cy(r, r'Y(A,d(r')) dr dr' ds

+ J- 2¢(r)Asp(r)p(r, s)(1 - p(r, 5)) dr ds

JO

t 2 2
+%J.O J‘ p(r, s)(l—p(r,s))[(%g) +<Z—f) ] drds. (2.25)

We integrate the second term on the right-hand side by parts to transfer the
derivatives in A, on to C,(r, r') to obtain {; {{ 2¢(r)¢(+')L,C,(r, r') dr dr’ where L,
is the linearization of the operator on the right-hand side of Burgers equation, i.e.,

LG5 ) =34,C, =5 (1=2p(r, N Co(r, ).
X
We observe that

J 3¢ A(p(r, (1 —p(r, 1)) dr

= J ¢(r)(4¢)(r)p(r, )(1=p(r, 1)) dr

2 2
+J p(r, )(1—p(r, t))[(i—f) +<Z—§) ] dr.
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Therefore, if we differentiate equation (2.25) with respect to ¢, we get
[ aC(r, 1)

—T d(r)¢p(r')drdr’

=—J ¢*(r)(1-2p(r, t))[%Ap(r, t)—f;(p(r, H(1—p(r, t)))] dr
+2 J d(r)p(r')LC(r, r") dr dv’

[ ) 3¢
+2 ¢(r)[<zA¢(r)+(l =2p(r, t)g;))ﬂ(", (1 =p(r, t))] dr

L et aemetn na-ptr 0) dr

+i ; ¢2(r)[(1—2p(r, t))Ap(r, t)—2[(g(£) +(Z—$> ]] dr

=2 jj d(r)d(r)L,C.(r, ') drdr

+2 J ¢*(r) :‘5 (r, )(p(r, )(1—p(r, 1)) dr

1 ) a_d’ 2 (y—) 2
_EJ ¢ (r)[(ax) +(ay) ]dr. (2.26)

We now consider the special initial profile of the form py(x, y)= go(x), where
Po(x) is the profile of a travelling wave solution of the one-dimensional Burgers
equation with viscosity. lim, , .., fo(x)=p. and 0 p_<p,<1. g(x, 1) = po(x —ct)
where c=1—(p_+p,). Clearly, p((x, y), t) = g(x, t) is a travelling wave solution to
the Burgers equation in two dimensions. We now obtain an integral representation
for the equal time covariance kernel of the limiting fluctuation field in this special
case. We are interested in the fluctuations of the shape of the travelling wave.
Therefore, we consider the fluctuations at r=(x+ct,y)=r, r'=(x"+ct,y’)=r..

It follows from (2.26) that

g d
—Clr,re, 1) =(%Ar——(1—Zﬁo(x)*C)>C,(rc, e, )
at 0x
1 9 5 4 !
+ zAr’—a;(l_po(x)_c) Ct(rcs rc,t)

+6(r-r'>{29a—’3° (o1 po)) (x) ~+ (‘Lﬁ") } Colr, ') =0,
X 2\ 9x
(2.27)
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Let K,(z, r) be the transition kernel for a two-dimensional diffusion which is a
product of two independent diffusions. Along the X-direction, we take a diffusion
with drift (1-2p—c) and along the Y-direction, we take the standard Brownian
motion. The transition kernel for this process can be written as

e—(y—zz)z/(zt)

1
it

Kt(z, r) :%Qr(zh x) \/'2—

z=(zy, z,) and r=(x, y), and Q, satisfies the forward equation

3Q, 18°Q, 9
Xt =—-X_" (1=-25 _
ot (Zlax) 2 6x2 ax( p()(x) C)QU

Qo(zy, x) = 8(z, — x).

With these definitions, C,(r., r.) can be written as

1

Cl(rcs r’c) = J’ J‘ 5 ths(za r)Kr—x(Z, r’)

0

X [2(po(21)(1 = Bo(21)) polz1)) —H p3(21))°] dz ds

t
:J' J ___1 . e(—(y—Zz)Z*(y'*Zz)z)/(Z(t—s)) dZZ ds
0 JR 2’T|'(t - S)

x B j Qi (21, X)Qu (21, x)

x{2(56(21)(1 = Fo(21)) Bo(21)) —3(p5(21))7} dzl] ,

where py(z,) is the derivative of fy(z,). We note that except for the coefficient $ in
front of the (54(z,))” term, the term in the curly brackets is the same as the one
which appeared in the one-dimensional case [4]. We have chosen the origin of the
initial profile g, such that 5o(0) =3(p. + p_). Therefore (1 —2p,(r) —¢) is negative if
r>0 and positive if r <0. That is, Q, is the probability kernel for a diffusion with
drift directed towards the origin. Therefore, the process with the transition kernel
Q. has an invariant measure w. Since pg is a stationary solution of the linearized
Burgers equation, the invariant measure can be written as

1
p(dr)y=——po(r) dr.
P+~ pP-
We note that
J‘ 1 e(—(y-zz)z—(y'—zz)z)/(2(Y*S)) dz,= 1 e*(y*y')z/(“(l—s))_
r27(t—s) Vaw(t—s)
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Thus

1 =y (A=
C,(rc, r';)“ e Y ¥/ (ai—s))

Vén(t—s)
x [% J Q;—;(an)Qr—s(ffn x,)

X {2(po(2:)(1 = po(21))Po(21)) — z(ﬂo(zrnz} d?-'1:| (2.28)

It is easy to see from (2.28) that

grﬂfEX () X, ()

1
T L Lz S () (r)po(x)po(x")
XJ {2(po(2:)(1 = p(21)) po(21)) *%(Pé(zl))z} dz, drdr’

=DI j L BW(FBa(x)py(x") dr dr,
R JR

where ¢,(r) = ¢(x+ct, y). Now consider the stochastic partial differential equation

dh*®

nD=4hr"+VDez,,
where Z,, is the space-time white noise [22]. Then it is known that

h* (&, I)=_[ ¢(y)h*(y, 1) dy

r
1 3
=D ST SR, —(y—y)fﬁ(f*s)ldz_jd
‘ J'o JJ ¢(y)v21'r(l-sie vy G

for all ¢ € S(R). Therefore,
Ey<(h*(¢, t)h*(, 1))

i
1 —
= EDJ III Ny (= (y=uP— (' —u)) /(2 1-5)) ’
£ . ¢(y)¢(y)21r(t*s)e dy dy’' du ds,

where E,, is the expectation for the process k. Now we define a random set of
profiles (for almost every path of h®) pg, as

Pr.(% ¥, 1) = fo(x —ct+h*(y, 1)).
Now we define a (random) product measure on configurations in Z7, as

e __ £
f-"R.I_ 1-[ vx,ys
Xy
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where v ,(n(x, y) =1) = pg (ex, ey, t). Note that the random measure u§ , describes
the random shifts of the profile, where the shift at a given value y of the Y-coordinate
is h®(y, 1).

lim EyeE g (X5($)X5(0))

-0

=lim Eh[(X Y dlex+et, ey)

£ X,y x',y'

x p(ex'+ct, eyVpo(exVhe(y, Hh*(y', t)) + Re] s
where E,-R, goes to zero as & tends to zero. Now we can see that

1
lim 7 lim Ej-E ¢ (Xo(@)X5(¢))

t=0 >0

-P f : J L d(NY(r)po(x)po(x') dr dr'.

Thus we have shown that the covariance of the limiting fluctuation field is
consistent with the picture of random rigid translation of the profile of the travelling
wave we described in Section 1. We note that, instead of modelling the phase
boundary at the macroscopic level by a stochastic partial differential equation, we
could model it at the microscopic level by a (countable) system of stochastic
differential equations, which will give us the same covariance in the limit. Such a
model is given by

dh®(y, t)=e?Ash" dt+eD dB,(y),

where ye Z, A, is the discrete Laplacian and (B,(y)),.z are a countable collection
of independent standard Brownian motions.
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