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Abstract

Sn = %T,L/ZX,,XZT,IZ/Z, where X;; = (x;;) is a p X n matrix consisting of independent complex entries
with mean zero and variance one, T}, is a p x p nonrandom positive definite Hermitian matrix with spectral
norm uniformly bounded in p. In this paper, if sup, sup; ; E | xl.gj |< oo and y;, = p/n < 1 uniformly
as n — 00, we obtain that the rate of the expected empirical spectral distribution of S, converging to its
limit spectral distribution is O (n™ 1/2) Moreover, under the same assumption, we prove that for any n > 0,
the rates of the convergence of the empirical spectral distribution of S, in probability and the almost sure
convergence are O(n_z/ 5 ) and O(n_2/ S+ respectively.
© 2011 Elsevier B.V. All rights reserved.
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1. Introduction and results
/
ij
Elx;; |2 = 1, and let T, be a p X p non-random positive definite Hermitian matrix whose spectral
norm is bounded by a constant independent of p. In this paper, we consider a class of sample
covariance matrices,

1 172

S, = —T\/*X, X*T)/?,
n

Let X;; = (xij) pxn, where x; s are independent random complex variables with Ex;; = 0 and
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where T,i/ 2 s any square root of T, and X denotes the conjugate transpose of the matrix X,,.
Here S, can be viewed as the sample covariance matrix based on n samples from a p dimensional
population, whose population matrix is T, (see [24,7,9,4]). Moreover, if T, is taken as the
inverse of another sample covariance matrix which is independent of X,,, then S, is an F-matrix
(see [23,4]).

In recent years, since high dimensional data occur in many modern scientific fields, the
random matrix theory (RMT) in both theoretical investigations and applications becomes more
and more important. For example, RMT was widely applied in the context of vector signal
processing. Another typical application is in finance. Details can be found in [10,21,5,14,22,13].

We start with some basic facts about RMT. For any n x n matrix A with only real eigenvalues,
let FA denote the empirical spectral distribution function (ESDF) of A, that is

1 n
FAa =~ 164 <),
i=l

where Af‘ denotes the i-th smallest eigenvalue of A. The results in [27,24] state that F Sn
converges almost surely (a.s.) to a non-random distribution - under the assumption that,

asn — oo, the ratio y, = p/n — y < oo and H, := F™r 2) H, a proper distribution.
The notation F¥># means that the limiting spectral distribution function (LSDF) of the sequence
{S,,}, which is also known as Marchenko—Pastur (M—P) type distribution, depends on the limiting
dimension to sample size ratio y and LSDF H of the population matrix. It is shown in [7] that
the Stieltjes transform s(z) of F ¥-H 5 a solution to the equation

1

= dH (). (L.1)
t(l—y—yzs—2)

which is unique in the set {s € C : —(1 — y)/z + ys € CT}. Here for any function of bounded

variation G on the real line, its Stieltjes transform is defined by

1
sG(z) = / EdG(k), zeCt={zeC":3z>0).

Silverstein and Choi in [26] derive some analytic properties of F-#, such as the continuous
dependence of F> on y and H, and the fact that the limit of s(z) as z | ¢ € R\ 0 exists and is
continuous. Later Bai and Silverstein in [9] establish the central limit theorem for linear spectral
statistics of S,;. Recently, Jing et al. in [20] give another way of understanding the LSDF F” H
i.e., using kernel estimators to estimate -

Clearly, in order to refine the above approximation, we need to obtain the convergence rate.
In this paper, we focus on establishing the convergence rates of the ESDF of S,,. In other words,
we will study the rate of the following Kolmogorov distances tending to zero,

A, = sup [EFS (x) — F¥Hi(x)| and A, = sup |FS (x) — F¥Hn(x)]
X X

where FYn-Hn is the distribution function obtained from F¥-# by replacing y and H with y, and
H, respectively.

The rates of convergence play important roles in the applications of the spectral analysis
of large random matrices which can be viewed in [12,20,11]. If T,, = I, the p x p identity
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matrix, given the condition that y = lim,,_, o ¥, stays away from 0 and 1, Bai [2] proves that the
convergence rate of A, to zero is O (n~'/*) under the assumption that sup,, sup; ; Exf/. I(|x;j] =
M) — 0as M — oo. Ten years later, Bai et al. [6] and G6tze and Tikhomirov [18] improve the
rate to O (n~!/?) at the cost of the eighth moments of the matrix entries. If y is close to 1, since
the limit density function and its Stieltjes transform have singularities, the research of the rates
of convergence becomes more difficult. In this case, Bai [2] proves that the order is O (n™>/4%).
In [6], it is improved to O(n’l/g). In [19], Gotze and Tikhomirov obtain the bound O (n~1/2)
under the assumption sup; ; Exfj <oocand 0 < 6 < y, < 1. When T, is not the identity
matrix, Jing et al. in [20] prove that A, = O(n~2/3), assuming that x! ;S are independent and
identically distributed, Ex 1116 < o0, and y, — y € (0, 1); and they apply this result to estimate
the spectral density functions of sample covariance matrices. However, the exact rates and the
optimal conditions of the convergence are still open. Jing et al. in [20] conjecture that the rate of
A, could be O(n~'/logn) in probability (i.p.) under the fourth moment condition. Our main
results of this paper are as follows.

Theorem 1.1. Assume that 0 < 6

IA

y» < O < 1 for positive constants 0 and O,
. D

sup,, sup; ; E|xl.8j| < 00, lim,,_ AIT" = Ao > 0,sup, )\g" < oo and FI" S H, a proper

distribution function. Then we have

A, = 0m~ %), (1.2)

Remark 1.2. The condition sup,, A;" < 00 is equivalent to sup, )\z” < 1. One can see this via
re-scaling T, by (sup,, A;")’l. From now on, we will assume that sup,, k;" < 1.

Theorem 1.3. Under the same assumptions of Theorem 1.1, we have
A, =0m™ ip., (1.3)
and for any n > 0,

A, =0m™y as. (1.4)

Remark 1.4. It is worth noting that, as in [2], it is impossible to establish any rate of

. D
sup, |EF Sn(x) — F¥*H (x)| because we know nothing about the rates of y, — y and FT» 5> H.
This is why we choose F¥»#r instead of F¥-f in these theorems.

Remark 1.5. The condition sup, sup; ; E|x?j| < 00 is just a technical assumption. This
assumption is essentially required when we apply Lemma 6.5 and the truncation Lemma 3.1.
However we believe that the fourth moment is sufficient.

The rest of this paper is organized as follows. The main tools of proving the theorems and
some basic consequences are introduced in Section 2. In Section 3, we take the truncation and
centralization step. Theorem 1.1 is proved in Section 3 and the proof of Theorem 1.3 is provided
in Section 4. Some technical lemmas are given in Section 5. Throughout this paper, constants
appearing in inequalities are represented by C which are nonrandom and may take different
values from one appearance to another.
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2. The main tools and easy consequences

Our main tools to prove the theorems are two Berry—Esseen type inequalities which are proved
by Gotze and Tikhomirov in [17] and by Bai in [1].

Proposition 2.1 (Lemma 2.1 in [19]). Let F and G be distribution functions satisfying f |F(x)—
G(x)|dx < oo. Denote their Stieltjes transforms by s (z) and s (z) respectively, where z € Ct.
Assume that the distribution G has a support contained in the bounded interval [a, b] and admits
a density g such that g(x) < cg for some positive constant cg > 0. Then there exists some
constant C > 0 depending only on c, such that, forany 0 <v <V,

sup |[F(x) — G(x)| < c(/ Ik + V) — sG(u +iV)|du
14
+v+ sup R {/ (rp(u+ix) —sqg(u+ ix))dx} > 2.1
u€la,b] v

Proposition 2.2 (Theorem 2.2 in [1]). Let F be a distribution function and let G be a function
of bounded variation satisfying f |F(x) — G(x)|dx < oo. Denote their Stieltjes transforms by
sr(2) and s (z) respectively, where 7 = u + iv € CT. Then

—A

1 A
U IF() = G| = s (/ 157 (2) — s6(2)ldu

+ 27! / |F(x) — G(x)|dx +v™! sup/ |G (x +u) — G(x)ldu) (2.2)
|x|>B |u|<2vcy

X

1

1
ulze, @44 > 7> and

where the constants A > B > 0, ¢ and c are restricted by p = %f‘

4B
¢ = sa=pa—n € 0. D.

We use Proposition 2.1 to prove Theorem 1.1 and use Proposition 2.2 to prove Theorem 1.3.
Moreover, the bound of the density function of FY:# is required when we apply the two
propositions. For example, in Proposition 2.1, we require the density function of F¥# to be
bounded by some constant. It is also useful when we estimate the third integral in (2.2). So here
we present a lemma on it.

Lemma 2.3. Let s(z) be the Stieltjes transform of the LSDF of matrices S,,, where z = u +iv €
Cct. If u € [a, b] with a > 0, then there exists a positive constant C such that for all v > 0, we
have

1
sup |s(2)| <C and frH(x) < ——,
u€la,b] ﬂvloxy

where Y1 (x) is the density function of F¥-H (x).

Before proving this lemma, we give some notation and facts which will be well used in the
following parts. Let I be the identity matrix. Define D = D(z) =S, —zL r; = n_l/zT,],/zX(,j)
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where X is the j-th column of X, and D; = D (z) = D(z) — r;r’. Moreover introduce

aj =vD;'T,D;'r;,  a;=a; —n '"BuD;'T,D;'T,),
Vi =er;11-,~ —n—lEtr(DJflTn), v =er;11~,~ —n—ltr(DjflT,,), 03
Bi=0+rD 'y~ b= +n"Bu®;'T,) 7,

Sn = $p(2) = 5psa (2), s =5(z2) = spynu(2), 50 = 50(2) = Spyn.n (2).

LetS, = 2 X3 T, Xy, 5, = 5,(2) = 5p5, (2), FH = limy o0 FS, s = 5(2) = spvn (2) and
So = 8¢(2) = Spw.H, (2). Since the spectra of S, and S, differ by |n — p| zero eigenvalues, it
follows that

FS = (1= y,)1(0,00)) + y, F>,
which implies

FrH = (1= y)1(0, 00)) + yF" 1,

25,(2) = yn — 1 4+ 2ynsn(2), (2.4)
and

28(z) =y — 1 +z2ys(2). (2.5)

Substituting (2.5) into (1.1), we obtain

1 1
s(z) = —Z/ T tgdH(t)' (2.6)

Moreover s(z) has an inverse

1 t
Z(Q) = _E —l—y/ Tl‘idH(t) 2.7

Note that if T, is the identity matrix, there is an explicit solution to (1.1). Thus, in this case
we can get the explicit expression of the destiny function f-# by the inversion formula of the
Stieltjes transform (Lemma 6.8). Then analysing the asymptomatics of the ESDF FS» becomes
much simpler. But for general T,,, there is no explicit solution to (1.1), so we know nothing about
FYH except the Eq. (1.1). Thus what we can do is to investigate the properties of Eq. (1.1), or
equivalently the Egs. (2.6) and (2.7). This makes the problems more complicated.

Proof of Lemma 2.3. First, from taking the imaginary part of (2.7), we have for all z € C™,

/—tz dH() = —— — Y > 2.8)
Y] T+ s@)P TP 3@ '

Also, (2.5) and (2.6) imply that

zs(2) —y+1=zys(z) = —yf H(t).

—d
1+ ts(2)
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It follows from Holder’s inequality and (2.8) that

2
12y5(2)] < fy(y / de<t> / r2dH(r>)
NG

= Is@ol’

which implies

172

1
ls(2)s()| < ———.
roA/Y Izl
This leads to, for all u € [a, b],

sup [s(z)| <C and  sup [s(z)| <C.
uela,b] u€la,b]

Let ¥ be the support of F¥H (x). Forany u € ¥ \ 3 ¥, via Lemma 6.8, we have ¥ (1) =
7135 (). Then taking the real part of (2.7),

Ns (1) / t(1+tMs(u))dH (1)
U=—

|s (u)[? 114 15 (u)[?
Using (2.8) with v | 0, we obtain

_/ tdH (1) 3 /dH(t)
IV O s + 23s@)? =0 ) iSs)?

Therefore,

Ss(u) <

(fo“ yrlde)” 2
- .

Ifu € €UV, we have Js(u) = 0. Therefore, by the fact that s(z) = —? + ys(z), the proof
is complete. [J

3. Truncation, centralization and rescale

We first truncate the random variables x;; at n3/16 and then centralize and rescale the variables.
In the following sections, we denote ||A| as the spectral norm of any matrix A, i.e. the square
root of the maximum eigenvalue of A*A. Let us define

Zij = xil (x| < 1% & = % — Exy; Xij = %ij/(ElRi; — Exij )2
X, = (fij)pxn X, = (iij)pxn X, = (%ij)pxn
. 1.1, . 1 - 1.1 . 1 1.1, . 1
S, = ~T;X,X'T? S, = -TX,XT2 S, = -T2 X, XT2.
n n n

In this section, we will show that under the assumptions in Theorem 1.1, we have almost surely
sup | FS(x) — F¥Hn(x)| < C max {sup |FSn(x) — FYnHn ()], n_l/z} ) (3.1
X X

This means that we can add the condition |x;;| < n3/16 for all i , j in Theorems 1.1 and 1.3.
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From [8], we know that the support of FYH(x) is a subset of [A¢(1 — ﬁ)z, 1+ ﬁ)z]. Thus
applying Lemma 2.3, we get
x+h
/ frmHn ()dt
X

< sup "
o 271,/)»]T"y,, (Vx+h+ x)
N

< .
/o 2 Th
yn)\l

This shows that F¥»fn gatisfies the condition in Lemma 6.3. Thus to prove (3.1), one has to
prove the following lemma.

sup | Fmfn(x + by — FnHn(x)| = sup
X X

Lemma 3.1. Under the same assumptions of Theorem 1.1, we have
L sup, |[FS(x) — FS(x)] = 0(n~'2) as.

I L(FS" — FS) = o(n~'?) a.s.

where L(-, -) denotes the Lévy distance.

Proof. (I) By Lemma 6.1, we have
& 1 1 A 1
swwwm—FMMS—me—ﬁ@&—mQs—zywm>f“y
x P NG P4
Under the assumption of Theorem 1.1, we have

( > I(lxijl > 010

ij

- =o',

pn maxE|x,~j|8
) pn3/2

and

1
Var (— Z I(|xij| > n3/16)) = O(n_3/2).

For any ¢ > n!/?

1
P(—E:Hum>n”m»>w“%>sszﬂi

which is summable. Therefore from the Borel-Cantelli lemma, we get ().
D) Let M,, = (1 Jr 1) , with 05. = Var(x;;) and o be the Hadamard product of
pXxn

p~! Zij P(lx;| > n3/16) and by the Bernstein inequality, we have

matrices. Now let us estimate the Lévy distance. By Lemma 6.2, we obtain that

S 8 1 T!/2% T\
L(FS' FSvy <2 H— X,
2|7t

1
" H L)

S S 1 V2% 1/2 2
L(FS, FS) <2 H—
f

H T/2(X, o M,,)
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From Theorem 1.1 in [8] and the condition || T, || < 1, we have

1/2X <14,y as.

1
_T1/2X

Jn

In addition, by the assumption that Ex;; = 0 and sup,, sup; ; E|x | < oo, we have

lim sup

= lim sup ” —T

”—TI/ZEX

< VnmaxElxi |1 (lj| > n/1%) = 0(~13/19),
LJ

2
|Uij —1] =< |Uij — 1]

IA

2
E (|xij|21(|xij| > }13/16)) + (]Exij1(|x,»j| < n3/16))
= 0(n_9/8)_

Thus, we have
2

< - Z %12 (1 =017

<- § |)z,»,-|2max<
n — i,j
L]

From the above arguments, we can complete the proof. [

” T/2(X, o M,,)

2
— o
”) =o(n*1) a.s.

Uij

Remark 3.2. In proofs of theorems, we may assume that the entries of X, are truncated at n3/16,

recentralized and rescaled. For brevity, we still use x;; to denote the truncated and normalized
variables X;; in the sequel.

4. Proof of Theorem 1.1

In [20], which is the first paper investigating the convergence rates of spectral distributions of
S, with T, not being the identity matrix, Jing et al. prove that A = O(n~2/3). However, this
order cannot be improved by the mathematical technique used in [20]. Therefore, in this section,
we introduce another technique. The main tools used in the proof are properties of the Stieltjes
transform and bounds on the moments of martingale difference sequences. Before proceeding,
we introduce some notation.

Throughout this section, we use a and b to denote two constants such that 0 < a <
(=3 b >+ /) Letz=u+iv,u € [a,bl,1 > v > vy = max{® A, Con~'/?}
with 0 < ¥ < 1 and Cy be an appropriate constant. Both ¥ and C( will be specified later.

From Proposition 2.1, we know that the essential portion of the proof of Theorem 1.1 is to
obtain the upper bound for |Es, — so|. The derivation of such a bound is one of the main technical
works of this paper. In order to make the presentation easily followed, we start with some basic
facts.

From the definition of the Stieltjes transform we have

(2) lf 1 Lis, — 1!
Sp(z2) = = —1r —Z .
B~ P
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Write

n
Sp—zl+zl=) rjri.
i=j

Multiplying the inverse of S,, — zI on both sides (refer to the notation in (2.3)), we have
n
I+zD7' =) gir;riD; . .0
i=j
Taking the trace on both sides and dividing by n, we get
1 &
M+wm=;;a—m,

which together with (2.4) implies

1 n
g,,:—z—n;ﬁj. 4.2)

If we can prove that E8; = g(z, Es,, (z)) +0(1) for some function g, then (4.2) gives (intuitively)
zEs, = —g(z, Es, (2)) + o(1).

So the LSDF f¥-# exists and its Stieltjes transform is the solution to the equation

s = —g(z, 8).

This is the classical method to deal with the problems about LSDF of random matrices. Now we
show how to find the function g rigorously in our case.

Let w, = w,(2) = ltr(—z]EgnTn — zI)~! — Es,. Later we will show that w,, tends to O fast
enough for our purpose. Using (2.4), we can check

1 dH,(t 11—
wn:__<y_n/ (1) +Es, + Yn)
Z

)’n Z IE£n + 1
:_Eﬁ@_ﬂ/mﬂg—_yn)
zyn \Es, J 1Es, +1 Es,
Es 1 tdH,(t
=JG%—%%ﬁ;ﬁ> 43)
ZVn Es, tEs, +1
_ 1 td Hy (1) —
Denote R, = —z — B T E Then we have R, = zy,w,/Es, and
1

Es =

—n

td Hy (1) :
—z+y [ T — R

Combining (2.5) and (2.6), we obtain

1
= 1dH, (1)
—Z+ yn f 5ol
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Thus we get

12d H, (1)
Es, = 30)¥n | Gt 0

(_Z + Yn f ;%I;:_f_tl) - Rn> <_Z + Yn t?;)]i(]t))

Es, —s9 = + 5,80 Rn,

which implies

12d H, (1)
wn | sty

tdH, (1) thn(t)
<_Z + Yn f (1+7Es,,) - Rn) (_Z + Vn T+ts, )

Next, we will bound the right side of (4.4). Noting (2.4) and (2.5), we are actually working on
|Es, — so|. Here we need the following lemma which will be proved in Section 4.3.

Eﬁn — 80 = SoYniWn 1 - 4.4)

Lemma 4.1. Under the same assumptions of Theorem 1.1, we have for any u € [a, b] and
v > Con’l/ 2

loa] = O~ w7,

From integration by parts, we have

o Sy _ FYn,Hp
|Es,(z) — s0(z)| = ‘/0 dEF>(x) — F (x))‘

X —z
o0 Sn _ ynyHn
:/‘ EF°(x) — F (x)dx<g<z.
0 (x —2)? v T
By Lemma 2.3, we have
sup [|so(z)] < C and  sup |[s4(2)] <C.
uela,b] u€la,b)
Then together with (2.4), if u > a, we have
|Esq ()| < C, |Es,(@)| < C. 4.5)

In view of (2.4) and (4.3), we have
1
—ZVn Wy = Yn / WdHn(t) +zEs, (2) —yn + 1,

which via Lemma 4.1 implies that

inf |Es, | > C > 0.
n,z
Thus we have for v > Con~'/? with appropriate C,

_ C
|Ry| = |ynzan(Es, (2))7!| < —<v. (4.6)
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Then by |R,| < v and the Cauchy—Schwarz inequality, we get

2dH, (1)
v J (I+Es,) (1+13,)

tdH, (1) td Hp (1)
(_Z +n [ (I+1Bs,) — R") <_Z +yn [ T+1sg )

1/2 ) 172
12d H, () 12d H, (1)
- s ) s, 2 on ) TrisgP
= 2 2
tdH, (t) td Hy ()
’_Z+Ynf (4ks,) — Rn ‘_Z‘*'yn Tsg
~ 2dH, (1) 1/2 2dH, @)\ /2
_ R TS 3380 J Tiigyp
N ~ ~ 12d Hy (1) 5 12dH (1)
v+ SR, + SEs,yn [ T 1T, 2 v+ sy [ Trisl
N [ CdH 0\ P
ynmgﬁ() f |1+[£0|2
= v+ s f i) 7
209 Tirs,?
Applying /1 —a <1 — %a fora < 1, we have
2an
o~ t“dH(t
UEO)’n 1 2 1 v
l ttizofll(t) =1- 2 2dH@) (4.8)
~ ~
v+ 3soyn [ sy 2 v+ Jsoyn [ sy |2
which together with Lemma 2.3 and (4.4) implies
C t2dH (1)
Es, —sol < — |Ss — .
sy = sol < nv? ‘Oyn/ 11+ 15/
Noting that (2.8) also holds when s is replaced by s, we obtain that
N 2dH (1) Jsg c “9)
Js = —v<C. .
S TR e
It follows from (2.4) and (2.5) that,
1 Cc
|Es, — sol = —1|Es,, — 5ol < —5, (4.10)
Yn nv

which implies that the second integral in (2.1) has the order o v1.
Moreover, for any constant V, if v = V, then from (4.37) and (4.6), we know that

1 1
|a)n|:0(—) and |Rn|=0<—).
n n

Therefore, it follows that

c c C
IBs,, = 5ol < —[Bs, 50| = —Els;| + —[Es, |[Es, — so]-
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This implies, for large n,
1 C
[Esn —sol = —I[Es, — s <
Yn nyn

A direct calculation shows that

2
[Es,|.

o0
/ |Es,(u+iV)—so(u+iV)|du

—0o0

<CEfOO/OO ! dudEFS» (x) 0(1 4.11)
— —————du Sn(x) = - 1. .
T Jsodioo X —u)2 V2 n

Therefore, we conclude from Proposition 2.1, (4.10) and (4.11) that for 0 < 6 < y, <
O < lLuela,bl1>v=uvy=max{94, Con '/},
C C
A<Clo+ -2+ 2. (4.12)
nv n
Here we note that neither C1 nor C3 depends on . If vg = Con~ /2, then we have A <
O 1Con=12.1f v > vy = © A, then choose ¥ = (2C;)~L, from (4.12), we also have

A=0mn""?.

Therefore, it remains to prove Lemma 4.1.

The rest of this section is organized as follows. In Sections 4.1 and 4.2, we will introduce
two important conclusions, Lemma 4.2 and (4.32), which will be used in the rest of the paper.
The proof of Lemma 4.1 will be provided in Section 4.3, which is an improvement over the same
part in [20]. Since the conditions in Theorem 1.1 are much weaker than those in [20], we have to
make sure that many conclusions in [20] are also correct under our situations.

4.1. A bound for E|Es, — s,

In this section, we will use the martingale decomposition method to get a bound for
E|s, — Es, |2l. This method, devised by Girko in [15,16], is widely used in random matrix theory.

—1/2

Lemma 4.2. If |b;| < C, sup, sup; IE|xij|8 <oo,u € [a,b]land v > Con , then there exist

positive constants C; depending on I, such that for all n and any | > 1.

2 C
= 23l

1 1
E|-tT,D~' — E-tT,D™! (4.13)
n n

Proof. Let Eq(-) denote the expectation and [E¢ (-) denote the conditional expectation with respect
to the o-field generated by ry, ..., ry. We have

l n
—— ) (EuT,D" — B uT, D)
k=1

1 D' T,D; 'r
— Y (B~ Eip) (kk—"kk)
Pz

1 +r,’§D,:lrk

1 1
E-uT,D~! — —«T,D!
n n

1 n
— Y " (Bx — Bx1) (axbr — axibiyi) -
P =
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Note that {(E; — Ex_1)axbi} and {(Ex — Ex_1)axBxbryx} form two sequences of bounded
martingale differences respectively. Applying Lemma 6.9, it follows that for [ > 1,

21

1
1 n _ n n
E ;Z(Ek—EH)bkak <Cp™ E(ZEknbmuz) + Y Elbrar”
k=1 k=1 k=1

It follows from Lemma 6.7 that
|Bja;| = |«T,D™ — trTnD]f‘| <v (4.14)

From (4.14), one can check directly that

1
T, D, (T,D; )" = =3 (trTﬁ(Dk D)+ trTﬁD)

1 /1
< - (— + StrTnD> . (4.15)
v \v
It follows from Lemma 6.5 that

C _ _
Er—1lbrox|* < Byt tr(T,Dy H2(T, D>

C _1 e C RN
< ]Ek_]mtrTnDk (TnDk ) < ]Ek_] m ; + JtrTnD .
Furthermore, by Lemma 6.5 and the fact that
vyr = sup sup E|x;; | = {ZEI)S;BS/Z) 5 = j
j n 9 > 9

n o ij

for/ > 1, we have

C _ _ 1 _ _ I
Ele|” < n_zllE ((vm(TnDk H2(T, D} 1)2*) +V4ltr((TnDk H2(T,D] 1)”‘))

C
w2l

C 1 ~ 1 Vay
203 (J + (SEuT,D) ) T AT AT

IA

!
<]E (u—ztrTnD,;l(TnD,: 1)*) + vy P EuD (D ‘)*)

IA

and,
C 1
Elox]> < — ( - + SE«T,D ) .
n2v3 \v

Therefore we have
21

l n
E|— Z (Ex — Ex—1) broy
=y

G 1 !
<~ (1+E <%—trTnD) ) (4.16)
n<v n

Similarly, using (4.14)
21

n l n
=Cp |E (Z Ek_1|yk|2) + Y Elyl?
k=1 k=1

1 n
E " Z (Ex — Ex—1) akBrbr vk
k=1
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Forl > 1,
N C 1 V4
21 ~ 1
Elpe|” < Ay <J + (SEuT,D) ) + AT AT 4.17)
and
Cc (1
EIpl® < — (— + SEtrTnD> : (4.18)
n?v \ v

For any ! > 1, by Lemma 6.7

C 1 L
Ely; —pil' < - ; + C,E‘ T,D~' — E~tT,D~!
n

So,
21

1 n
E > Z (Ex — Er—1) akBrbr vk
k=1

C 1 ! c |1
21 31 (1 +]E (J;trT,J)) ) + nl_UZIE ;

Combining (4.16), (4.19) and selecting Cyp such that 2, < %, we obtain that

24 1 !
< o 1+ FE (?s—trTnD> . (4.20)
n

We will use the inductive method to complete the proof. When [ = 1, we have

21

1
trT,D~' — E—tT,D! (4.19)
n

1 1
E ‘—trTnD_l —E-uT,D™
n n

1 1 2
—1 —1
E ‘—trTnD — E—trT,D
n n

1 C C
n n<v n<v

n2y3
This shows that the lemma holds for / = 1. When [/ € (1, 2], from (4.20) we have

1 1 21
-1 -1
E ‘—trTnD — E~trT,D
n n

C

2\ c
1 l
< <= + [Esp| | <
123l n n

1 1 _
1+<E’;trTnD ~E_uT,D T

Assume that the lemma holds for [ € (2, 2'T!]. Consider the case where [ € (2/*1, 2!12]

1 1 21
-1 -1
E ‘—trTnD — E~trT,D
n n

C
n2p3l <1+]E

which completes the proof of the lemma. [

1
-aT, D! — E—aT,D™!
n

!
C
!
+ [Esal' ) = )
n n2l 3l
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Lemma 4.3. Under the assumptions of Lemma 4.2, for any | > 1, we have

C
Elsy — Esal” < —7. 4.21)
Proof. Lemma 4.3 is obtained by repeating the argument of Lemma 4.2 and using
C 1 1 A
Ely; — 7,1* < == + GE|-t«T,D~! —E-tT,D™!
|yj y]l — n2lv2l l n iy n ri,
C C
= 22 23l
Remark 4.4. From Lemmas 4.2 and 4.3, we know that for any / < 4,
Ely;|* = o(n v, (4.22)
and for any v > Con’l/z,
Elsn(2)| < Elsn(z) — Esn(2)| + [Esn(2)| < C. (4.23)

4.2. The proof that |bj| is bounded

Let by = (14+n~'"EuD, 'T,)~". By the fact that S(n~'wD} ") > 0 and S(r¥D; 'r)) > 0, we
have '
1Bl < lzlv™" and |bj| < |zv™. (4.24)
Using Lemma 6.7 and (4.24), we have

1 |z|
|bo — bj| < %|b0bj| < n_v2|b°|’ (4.25)

which implies,

1bjl < (% T 1) bol.
Therefore if v > Con~!/? with appropriate Cp, then we have
1bjl < Clbol.
Recalling that —zs, = % Z;'.:l Bj and zs, () = yn — 1 + 2ynsn(2), we get
by =1—yp — 2yuEsn(2) + Ky (4.26)
where i, = 2 3i_ (bo — EB)).
Lemma 4.5. If 3(z + k) > 0, then there exists a positive constant C such that

lbol < C.
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Proof. Consider the case J(Es,(z)) > v > O first. It follows from (4.26) and the assumption

that

Sn — 1+ z2yuEsp(2) +2) = —3(bo)

Note that
S — 1+ z2ynEsp(2) +2) = v + vy, R(Esy, (2) + uynI(Esy, (2)).
Thus we have
v+ vy N(Esy (2) + uynI(Esp(2))
A" 3(Esy)
= A ynlEsn @] + uyn)I(Esn(2)) _
- 31" yn S (Esy) -

2
lbol” <

C.

Consider the case J(Es, (z)) < v next. Note that for u € [a, b],

S(Esy(z) =

v

C +v?’

From (4.27) we have

2 _ (€4 )+ yulEsn ()] + uyn)v
=< Yn¥

which completes the proof. [

|bo

SC7

—[bol3(1 +n~ ' BID~T@)T,) > [bo*A]" ya S (Esy).

(4.27)

(4.28)

Next, we aim at proving that for any v > Con_1/2, we have J(z+«,) > 0. First, if I(z+«,) =0,

then we have |«,| > J(k,) = v and |by| < C. Remembering the notation (2.3), we have

Bi =bj —bjyj+Bibjy}.
Then from (4.22) and (4.25), we get

1
lkn| = —
n nv

n
3 (s = b0 -+ 53—} 397
j=1

Thus, choosing an appropriate Co > (2C)'/4,if v > Con~!/2, then
v
lken| < 5
which contradicts with |«, | > v. Therefore we have

S(z +kp) #0.
When taking v = 1, we have |b;| < |z|. Then from (4.30),

lken| < ;,

which implies that for v = 1 and large =,

S(z 4 x,) > 0.

(4.29)

(4.30)

4.31)
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Combining (4.31) and the continuity of the function, we get J(z + «;) > 0. Therefore we get for
any j =0,1,...,n,

bj| < C. (4.32)

4.3. Proof of Lemma 4.1

In this part, we will proceed the proof of Lemma 4.1. If we estimate it by the method in [20],
we can see that w, is controlled by En—laD™2 (D_z)*. As far as we know, in the literature, the
best order of En~'trD~2(D~2)* is O (v—?) under the assumptions of Theorem 1.1. This forces
us to use different techniques as follows.

Denote K,, = (Es, T, + DL By the fact that T, is a positive definite Hermitian matrix, we
have

where U; U, = L. This implies
T, -1
K, =U} U,.
T, -1
(Es,hp" + 1)
Let
T, -1/2
Es, A"+ 17
T, -1/2
(Es, 2y + DY

Denote Q = K,l/ 2 (K:/ 2)*, then we have

Q’ =K,K*.

Using the same method of calculating (4.1), we get that
Z 1
-1 -1 -1 -1
(Es, T, + D~ 4D = ;ﬁj (Knrjrj.l)j ~ K, T,D ) :
Multiplying n~'Q™ for m = 0, 1 on both sides of the above equality and taking the trace, we get

1 m -1 Z myy—1
—-tr Q" (Es, T, + )™ + —EtrQ"D
n n

1 . *—1m 1 m —1
:;E;ﬁj (erj Q Knrj—ztrQ K,T,D )

1< I
— 23y =13 —dntdp =+
j=1 j=1
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where

1
djj =bjE (-trQ'"KnTnD; terK T,D™ 1)

n

_ 1
djs = bRy, <rijj 'Q"K,r; — ~trQ"K, T,D" ‘)
djz = b?Eng <rij]f1Q’"K rj — —trQ’"K T,D™ 1)
dis = b*Ey? (r'D7'Q"K,r; — lterK T,D~!
j4 JEYi\ LY ntj = nly

_ 1 _
djs = biEB;y;} (erj 'Q"K,r; — EtrQ’"K,,T,,D 1) )
Next, we will investigate the bound of d;. From (4.14) and (4.29),
b2
dj = LB <trQ"’K,,T,,D]T1TnD;1>
1 3 4.2 153 5 4 -1 -1
+—E(=bly; + by} = bjy] + BibSy)) (1D} Q'K T,D; ' r; )
_ M 2
= dj1 + a’j1 .
Note that T, K, = K,, T, and Q"T,, = T,,Q", by lemma (4.32), we can verify that
C
|dj(11)| < ﬁEter_HD_l (D_l)*.

Letyr; = r*D Q’”KnT D — n’ltrD Q"K, TnD 1Tn, from (4.15), Holder’s inequality
and Lemma 6. 5 we get

Ely! (¢D7'Q K, TuD} 'r; ) | < Elyly;| +n~'Ely/uD}'Q"K, T, 'T,|

12 C|IQ™| 172
21 2
= () S (hue?)

By (4.22), (4.32) and (4.24), we have
1/2
7 < C“Qm” ( Qz) "

Therefore, we conclude that for v > Con_l/ z

C Q™ 172
djil = QD )7 4 C1 IQ ”( tQ) .
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Using y; = p; + n’l(trD;ITn - EtrDJTITn), we have
N _ 1 _
dj> = bTED; (rijj 'Q"K,r; — ~tQ"K, T,D; 1)
b
+ LBy (8D 'Q"K, T,D; ')
(1) 2
= dj2 dj2 .
We obtain from Lemma 6.4 and (4.32),
) m+1yy—1 y—1y*
;)| < 2trQ D;'(D; )",

In view of (4.29) and the estimate of d® ., we have

clom 12
|d(z)l < ||Q I ( Q ) ,
n

which implies that for v > Con_l/ 2

11’

c c|Q™ 172
4 = Q" oy 4 S (Lag2)
: n J J
Similarly, using (4.22), (4.24) and Holder’s inequality, for v > Con~1/2, we also have
CIIQ’” I 12
ldji| < t Q) .
where k = 3, 4, 5. Therefore, summarizing the above arguments yields that for v > Con_l/ 2
m 1/2
n J J

If m = 1, from Lemma 6.6, it is straightforward to get

1
—-trQ"K,, + EtrQ’"D_
n n

1 1,
_trQKn = —tI‘Q
n n

and

C 2ny—1 —1\% C 2
ﬁtrQ Dj (Dj )< 21)ztrQ.

Furthermore, using Lemma 6.6, we have forv < 1,
4
QI = IKxll < —.
v
Therefore, for 1 > v > Con~!/% and u € [a, b], we conclude that

1 1/2
‘—trQD_l < Eter + (EtrQ2> ) (4.33)
n n n
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On the other hand, if m = 0, then we have
1 c c (1 172
“tuK, + 2uD7 ! < ZuQDT D7 + = (ZuQ?) .
n n n? 7o nv \n
In addition, by Lemma 6.7 we obtain

1
2|IE(trQD RURDBIE 2|IE(trQD 'DhH* >|+0< R 3>

Since D has the decomposition

(k?n _ Z)71
D=V Vo,
Sn -1
Ay —2
where V'V, = L. This implies
Ay =zl
EteQD~'(D™1)* = EwQV? V,

|A§,” —z|72
307 -7
= Ev~'trQV* Vo,
3 -7
= v 'E3aQD ™! < v ExQD ).

Then combining (4.33) and the definition of w,, we conclude that
C c 1/2
|eynen] < —-tQ” + — ( trQ2> : (4.34)
}’l

which implies that for v > Con~ Y% with Cy > +2C,

1/2
|Zynwn| < 2—trQ2 2( trQ2> : (4.35)
Moreover, recalling

1

Taking the imaginary parts on both side of (4.36), we have

tJEs,
—= —dH,(t) = -3 — X(zF. )
/|1+tE§n(z)|2 n () $(zwn) — J(zEs,,(2))
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If IEs,, > v > 0, then from (4.35) we have

|3 (zawy)| . [VRw, + uSw, |
JEs,(z)  SEs,(2)

c 1 c 1\ /1 1/2
<> +—)uQ*+—=+=)(-uQ*) .
n2v  2n nv 2)\n

And using (2.4), we get
|SzEs, (2)] _ |v3ﬂE£n(Z) + MSEEn(ZN
SEs,(z) YnSEs, (2)

On the other hand, if SEs, < v, then by (4.28), we also have the above two inequalities.
Therefore we have

t c 1 c 1\ /(1 1/2
— _dH,) < [ — + — | uQ? — + =) [ ~uQ? C.
/|1+IE§n|2 n(t) = <n2v+2n> Q +(nv+2) (n rQ) +

Furthermore, we have

< C.

1, 1 1 t
—t = ————5dH,(t) < = | ————=dH,(1).
e /|1+rEgn|2 n()_)LT”/|1+IE£n|2 "

This yields for v > Con_l/2 and u € [a, b],
1
-trQ* < C.
n

Then together with (4.34), we conclude that

C
lop] = —, (4.37)
nv

which completes the proof of Lemma 4.1.
5. The proof of Theorem 1.3

From Theorem 1.1, we have

A, < sup |FS (x) —EFS (x)| + 0(n~'?).

And also, by Proposition 2.2, we have

A
sup |[FS"(x) — EFS"(x)] < C (/ Isn(2) — Esp(2)|du
x A

+ 270! / |FSn (x) — EFS (x)|dx
|x|>B
+v7! sup/ |FYmHn (e 4 u)y — FYHr(x)|du + 0(n1/2)> .
x [u]<2vey

Thus, by Lemma 4.3, to prove Theorem 1.3 we need to get the bound of |F Sn x) —EF Sn (x)]
and |F¥Hn (x + u) — F¥»Hn (x)| which are obtained as follows.
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Lemma 5.1. Under the assumptions of Theorem 1.1, we have

f [FS (x) — F¥ " (x)|ldx = o(n™?) a.s.
|x]|>5

Proof. Note that if x > 5 then F¥»#1(x) = 1. Therefore we have

/ E|FS (x) — F¥Hn (x)|dx = /00(1 —EFS (x))dx
|x|>5 5

© q p S 00
:/ — ZP(Ak" > x)dx 5/ P()\%’ > x)dx. 6.1
5 Pia 3

It follows from (3.15) of [6] that,

/ [FS (x) — FP» i (x)|ldx = O0(n™?) as. O (5.2)
|x|>5

Lemma 5.2. Under the conditions of Theorem 1.1, for Vv > 0 we have
4v?

TR0y (L — 7 + V)

sup/ |FYH (x +u) — FY¥H(x)|du <
lul<v

X

Proof. From [8], we can get that the support of F- (x) is a subset of [1o(1 — ﬁ)2, a1+ ﬁ)z].
Let ¢(x) = [ (F"H (x +u) — F*" (x))du, we have

sup/ |F7H (x 4 u) — F¥H (x)|du
lu|<v

X

< sup / |FPH ) — PP (oldu
x=ho(1—/3)? / lul<v

<2 sup B (5.3)
x2h0(1= /52

Then by Lemma 2.3, we have

v x+u v x+u
d(x) = / f f()dtdu < / f 7 Yoy "V 2dtdu
0 X 0 X

x+v
:/ 7 ooyt) V2 (x + v —)dt
X
v x+v dt
S J— —_
TA/AoYn Jx \/;
2
(Vi - V)
_ 202
T on oy (Vx+ v+ x)

which together with (5.3) implies the lemma. [

v
A0y
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So in order to prove (1.3), we only need to show that for v = n=2/3,

A, = O(v). (5.4)

From Lemma 4.3

A
C
/ Elsy(z) — Esy(2)Pdu < ——= = 0(v?),
—A n<v
which together with Lemmas 5.1 and 5.2 implies (5.4).

Moreover, (1.4) follows from the inequality that for v = n=3* and 1 > (5p)7 L,
(by Lemma 4.3)

A
C
/ Elsy(z) — Bs,(2)|*du < —— = 0@*n ™).
—A n-v
Therefore, the proof of Theorem 1.3 is complete.
6. Some basic lemmas

In this section, we give some basic lemmas which are used in the paper.
Lemma 6.1 (Lemma 2.6 in [3]). Let A and B be two p x n complex matrices. Then

* >k 1
sup |[FAY (x) — FB®'(x)| < —rank(A — B).
x p

Lemma 6.2 (Lemma A.47 in [11]). Let A and B be two p x n complex matrices. Then
L(FM, FP¥) <2 Al |A ~ BJl + |A - BI,
where L(-, -) denotes the Lévy distance.

Lemma 6.3 (Lemma B.19 in [11]). Let Fi, F» be distribution functions and let G satisfy
sup, |G(x +1) — G(x)| < g(¢), forallt > 0, where g is an increasing and continuous function
such that g(0) = 0. Then

sup |[F1(x) — G(x)| = 3 max {Sup |F2(x) — G(x)|, L (F1, F2), g (L (F1, Fz))} :

Lemma 6.4 ((1.15) of [9]). Let A = (aij)pxp
and X = (x1,...,x,)* be a random vector of independent entries. Assume that Ex; = 0 and
E|x;|*> = 1. Then we have,

E(X*AX — trA)(X*BX — trB)

and B = (bij)pxp be nonrandom matrices

P
=Y Elxi|* = [Ex?|* — 2)aiibi; + rA,B] + rAB, (6.1)
i=1

where A, = (Exizaij)pxp and B = (Exizbij)pxp'
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Lemma 6.5 (Lemma 2.7 of [7]). Let A be an n x n nonrandom matrix and X = (x1, ..., x,)*
be a random vector of independent entries. Assume that Ex; = 0, E|x;|*> = 1, and E |x L <.
Then, for any p > 1,

E|X*AX — trA|” < C,, ((U4tr(AA*))”/ ’ 4 vzl,tr(AA*)p/z) ,
where C), is a constant depending on p only.
Lemma 6.6 (Lemma 2.3 of [24]). For z = u + iv € C7, let 5(2) be the Stieltjes transform of
any distribution function, A be n X n Hermitian nonnegative definite matrix. Then

I(s(z)A + D~ < max{4||A|l/v, 2}.

Lemma 6.7 (Lemma 2.6 of [25]). Let z € C* with v = 3z, A and Bn x n with B Hermitian,
7 €R, and q € CN. Then

A
(B — <D™ — (B +7qq" — 2D HA| < g

Lemma 6.8 ((1.2) of [26]). Let G be a function of bounded variation on the real line. Then for
any continuity points a < b of G, we have

1 b
G{la, bl} = lim—/ Ssg(x +ie)dx,
elom J,
where sg is the Stieltjes transform of G.

Lemma 6.9 (Burkholder Inequality). Let { X} be a complex martingale difference sequence with
respect to the increasing o -field Fy, and let Ey denote conditional expectation with respect to
Fk. Then we have

(@) forp > 1,

n p

n p/2
E() X <KE (;w) , 6:2)

k=1
(b) for p = 2,

n p

n p/z n
E|> X <K IE(ZIEk1|Xk|2> +EY IXil” | 6.3)
k=1 k=1
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