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Abstract

We take a class of functions F with polynomial covering numbers on a measurable space (X, X))
together with a sequence of independent, identically distributed X-space valued random variables
&1, ..., &n, and give a good estimate on the tail distribution of sup s 7 Z?:l S (&) if the expected values
E| f(&1)| are very small for all f € F. In a subsequent paper (Major, in press) we give a sharp bound for
the supremum of normalized sums of i.i.d. random variables in a more general case. But the proof of that
estimate is based on the results in this work.
© 2015 Elsevier B.V. All rights reserved.
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1. Introduction

This work is part of a more general investigation about the supremum of (normalized) sums
of bounded, independent and identically distributed random variables if the class of random
variables whose sums we investigate have some nice properties. It turned out that it is useful to
investigate first the case when the expectations of the absolute values of these random variables
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are very small, and this is the subject of the present paper. In paper [4] we shall get good estimates
in the general case when the expectations of these absolute values may be relatively large with
the help of the main result in this paper.

First I recall the notion of uniform covering numbers and classes of functions with polynomial
covering numbers, since they play an important role in our investigation. Then I formulate the
main result of this paper, and make some comments that may help in understanding its content.

Definition of uniform covering numbers with respect to L|-norm. Let a measurable space
(X, X) be given together with a class of measurable, real valued functions F on this space.
The uniform covering number of this class of functions at level ¢, ¢ > 0, with respect to the
Li-norm is sup, N'(e, F, L1(v)), where the supremum is taken for all probability measures v
on the space (X, X), and N (¢, F, L1(v)) is the smallest integer m for which there exist some
functions f; € F,1 < j < m, such thatminlfjgmf |f — fjldv <eforall feF.

Definition of a class of functions with polynomially increasing covering numbers. We say
that a class of functions F has polynomially increasing covering numbers with parameter D and
exponent L if the inequality

sup N (e, F, Li(v)) < De L €]

holds for all 0 < & < 1 with the number sup, N'(e, F, L1(v)) introduced in the previous
definition.
The main result of this work is the following Theorem 1.

Theorem 1. Let F be a finite or countable class of functions on a measurable space (X, X)
which has polynomially increasing covering numbers with some parameter D > 1 and exponent
L > 1, and sup,x |f(x)| < 1 forall f € F. Let &,...,&, n > 2, be a sequence of
independent and identically distributed random variables with values in the space (X, X) with
a distribution u, and assume that the inequality f | f(X)|u(dx) < p holds for all f € F with
a number 0 < p < n= 2% Put S,(f) = Su(f)E1, -, &) = Xiy f(&)) forall f € F. The
inequality

P (sup [S: ()] = u) < Dp%" forallu > 41L )
feF

L

holds with some universal constant 1 > C > 0. We can choose e.g. C = z;.

I introduce an example that may help in understanding better the content of Theorem 1.
In particular, it gives some hints why a condition of the type u > CL had to be imposed in
formula (2). (We imposed this condition with C =41)

Let us take a set X = {xi,...,xy} with a large number N together with the uniform
distribution w on it, i.e. let u(x;) = % for all 1 < j < N, and define the following class
of function F on X. Fix a positive integer L, and let the class of functions F consist of the
indicator functions of all subsets of X containing no more than L points. Let us fix a number 7,
and choose for all numbers j = 1, ..., n a point of the set X choosing each point with the same
probability % independently of each other. Let &; denote the element of X we chose at the jth
time. In such a way we defined a sequence of independent random variables &1, . . ., &, on X with
distribution u, and a class of functions F consisting of non-negative functions bounded by 1 such
that f f)u(dx) < % for all f € F. Let us introduce the random sums S, (f) = 27:1 fé&p
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for all f € F. We shall estimate first the probability P, = P (sup s+ Sy(f) > n) and then the
probability P, , = P (supfej_- Sn(f) > u) foru <n.

It is not difficult to see that P, = 1if n < L, and P, < (”L’)(ﬁ)" < CLp"L with

p = ﬁ if n > L, where C is a universal constant. The number C can be chosen as a con-

stant for which the inequality p? < C? p! holds for all positive integers p. We can choose
for instance C = 4. In the proof of the above estimate we may exploit that X has (1Z ) sub-

sets containing exactly L points, and the event sup s 7 S, (f) > n may occur only if there is
a subset of X of cardinality L which contains all points §;, 1 < j < n. Also the estimate
P,n < (Z) P, < CLn“,o“_L holds, because the event SUp reF Sp(f) > u can only occur if
there are some indices 1 < j; < j» < --- < j, < n such that all points §;, 1 < s < u,
are contained in a subset of X of cardinality L. The probability of such an event is P, for all
sequences 1 < j; < j» < --- < j, < n, and there are (Z) such sequences.

We show that if N > n2%! and n > 41L, then the above model satisfies the conditions of
Theorem 1, and compare the bound we got for P, , in our previous calculation with the estimate
of Theorem 1 in this example. We shall apply Theorem 1 for the class of functions F consisting of
the indicator functions of all subsets containing at most L points of a set X. To apply Theorem 1
I show that the above defined F is a class of functions with polynomially increasing covering
numbers with exponent L and an appropriate parameter D. Then we can apply the estimate of
Theorem 1 for the probability P, ,. To check the above stated property of F I recall the definition
of Vapnik—Cervonenkis classes together with a classical result about their properties.

Definition of Vapnik—éervonenkis classes. Let a set X be given, and let us select a class D
of subsets of this set X. We call D a Vapnik—éervonenkis class if there exist two real numbers B
and K such that for all positive integers n and subsets S(n) = {xi, ..., x,} C X of cardinality
n of the set X the collection of sets of the form S(n) N D, D € D, contains no more than Bnk
subsets of S(n). We call B the parameter and K the exponent of this Vapnik—Cervonenkis class.

It is not difficult to see that the subsets of a set X containing at most L points constitute
a Vapnik—Cervonenkis class with exponent K = L and an appropriate parameter B. (Some
calculation shows that we can choose B = lL—?) I recall a classical result (see e.g. [6] Chapter 2,
25 Approximation Lemma) by which the indicator functions of the sets in a Vapnik—Cervonenkis
class constitute a class of functions with polynomially increasing covering numbers. (Actually
the work [6] uses a slightly different terminology, and it presents a more general result.) In
the book [6] it is proved that if the parameter and exponent of a Vapnik—Cervonenkis class
are B and K, then the class of functions consisting of its indicator functions has polynomially
increasing covering numbers with parameter D = max(B2, ng) and exponent L = 2K with
an appropriate constant ng = no(K). Moreover, it is not difficult to see by slightly modifying
the proof that this exponent can be chosen as L = (1 4+ ¢)K and an appropriate parameter
D = D(K, L, ¢) for arbitrary ¢ > 0. Actually there are some improved versions of this result
that supply slightly better estimates for this parameter and exponent (see [2] or [8] Theorem
2.6.4), but this improvement does not play an important role in our considerations.

The above argument shows that the class of functions F considered in the above example has
polynomially increasing covering numbers with exponent 2L and an appropriate parameter D. Its
exponent can be chosen even as (1 + ¢) L with an appropriate parameter D(¢) for all ¢ > 0. This
means in particular that Theorem 1 can be applied to estimate the probability P, , if the numbers
L, N and n are appropriately chosen. It can be proved that both Theorem 1 and our previous
argument provide an estimate of the form P, , < p*" with a universal constant 0 < o < 1,
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only the parameter « is different in these two estimates. (Observe that p = % > f fx)u(dx)
for all f € F in this example.) To see that we proved such an estimate for P, , which implies
the inequality P, , < p“* under the conditions of Theorem 1 observe that p”_L < ,040“/ 41 and
n* < ,0_“/ 200 Moreover, it can be seen that if we are not interested in the value of the universal
parameter «, then this estimate is sharp. I also remark that we can give a useful estimate for P, ,
in this example (and not only the trivial bound P, , < 1) only ifu > L.

The main content of Theorem 1 is that a similar picture arises if the supremum of the sums we
consider is defined with the help of an arbitrary class of functions with polynomially increasing
covering numbers. Namely, Theorem 1 states that if F is a class of functions with polynomially
increasing covering numbers with some exponent L and parameter D that satisfies some natural
conditions, then there are universal constants 0 < o« < 1, C; > 1 and C, > 0 such that
P (supfef Sp(f) > u) < Dp~@ ifn > C;L and p < n~C2. Here we applied the notations
of Theorem 1. We also gave an explicit value for these universal parameters in Theorem 1, but
we did not try to find a really good choice. It might be interesting to show on the basis of the
calculation of the present paper that we can choose C1 = 1+ ¢ or @ = 1 — ¢ with arbitrary small
& > 0 if the remaining universal constants are appropriately chosen.

As the above considered example shows the estimate of Theorem 1 holds only if u > CL
with a number C > 1. The other condition of Theorem 1 by which p < n~2 with a sufficiently
large number C, > 0 can be weakened. Actually this is the topic of paper [4] which is a
continuation of the present work. In paper [4] I shall consider such classes of functions F with
polynomially increasing covering numbers for which the parameter p considered in Theorem 1
can be relatively large. On the other hand, in [4] we shall consider only such classes of functions
F whose elements have the ‘normalizing property’ [ f(x)u(dx) = 0 for all f € F. In the
present work we did not impose such a normalization condition, because in the case p < n™¢
with some o > 1 the lack of normalization has a negligible effect.

Theorem 1 will be proved with the help of Theorem 1A formulated below. After its
formulation I shall explain that Theorem 1A can be considered as a special case of Theorem 1.

Theorem 1A. Let X = {x1,...,xn} be a finite set of N elements, and let X be the o-algebra
consisting of all subsets of X. Let u denote the uniform distribution on X, i.e. let u(A) = ‘1’%‘
for all sets A C X, where |A| denotes the cardinality of the set A. Let F be a class of
functions with polynomially increasing covering numbers with some parameter D > 1 and
exponent L > 1 on the measurable space (X, X) such that 0 < f(x) < 1l forallx € X
and f € F, and [ f(x)u(dx) < & forall f € F with some p > 0 which satisfies the inequality
p < min(ﬁ, L_ZO).

For the sake of a simpler argument we shall assume that the number N has the special
form N = 2KNg with some integer k > 0 and a number Ny that satisfies the inequality
1—16,0*3/2 < Ng < %p73/2. (Actually we could choose an arbitrary number N > %)073/2
in Theorem 1A, but this special choice of N makes our argument simpler.)

Introduce for all numbers p = 1,2, ... the p-fold direct product X? of the space X together
with the p-fold product measure 1), of the uniform distribution p on X, i.e. let each sequence
xP = (Xgpsoens xsp), Xs; € X, 1 < j < p, have the weight ;Lp(x(p)) = ﬁ with respect to the
measure [Lp.

Given a function f € F and a positive integer p let us define the set B,(f) C X? for all
p = 2 by the formula

By(f) ={(xP = (x5, ....x5,): xP e XP, f(x;)=1 foralll <j<p}, 3)
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and put

By =B,(F) = B,(f). “)
feF

If p>2Land p < ,0_1/100, then there exist some universal constants C1 > 0and 1 > Cp > 0
such that

wp(Bp) = pp(Bp(F)) = CDp“?P. 5)
We can choose for instance C1 =2 and Cy = 41_1

In Theorem 1 A we considered a special case of the problem discussed in Theorem 1. We took
a space of the form X = {xi,..., xy} with the uniform distribution w on it, and considered a
class of functions with polynomially increasing covering numbers and some additional special
properties. If we apply Theorem 1 with the choice p = n, then the event B,(F) defined in (4)
agrees with the event sup feF S, (f) > n, and formula (5) implies the estimate (2) with the
special choice u = n for the system X, F, i considered in Theorem 1A.

It may be worth mentioning that in Theorem 1A we considered a class of functions F which
contains functions f* with the property 0 < f < 1, while the event B, (JF) whose probability we
have estimated depended only on the sets where these functions f take value 1. Hence the event
B, (F) would not change if we replaced all functions f € F by the smaller functions f - I{r—1},
where I; y—1y denotes the indicator function of the set {x: f(x) = 1}. Nevertheless, it was useful
to formulate the result in the form as we did, because by replacing the functions f by f - I{y=1;
we may get such a class of functions which has not polynomially increasing covering numbers.
We shall prove Theorem 1 with the help of Theorem 1A formulated in the present form.

In Section 2 I make some remarks and discuss some examples which may explain the
motivation behind the investigation of this paper. Theorem 1A will be proved by means an
appropriate induction procedure in Section 3. Theorem 1 will be proved in Section 4 with the
help of Theorem 1A and a good approximation.

2. A discussion of the results in this paper

To understand the results of this work it may be useful to consider the following problem.
Let us have a finite set X = {xy, ..., xy} with large cardinality N and a class F of subsets of
X which is a Vapnik—Cervonenkis class with some parameter B > 1 and exponent K > 1, and
such that all sets A € F contain no more than p N points, where p is a relatively small number,
say p = min(ﬁ, (2K)~3%). Let us choose n points from the set X randomly and independently
from each other so that at each step we choose every point of X with the same probability %
Let n > o K with an appropriately chosen sufficiently large but fixed universal constant . Give
a good estimate on the probability that one of the sets A € F contains each one of the n selected
points.

This probability is very small, and it can be well bounded by means of Theorem 1A. Indeed,
if we define the class of functions F which contains the indicator functions of the sets in . s
then  is a class of functions with polynomially increasing covering numbers which satisfies the
conditions of Theorem 1A, and the probability we want to estimate equals the probability of the
event Bp(ﬁ) defined in (4) with p = n. Hence Theorem 1A gives the estimate C B,OC2" with
some universal constants C; > 0 and C, > 0 for the probability we want to estimate.
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Theorem 1 can be useful in the solution of the following generalized version of the previous
problem. Let us consider the same class of functions F as before, and choose randomly 7 points
from the set X independently of each other by the uniform distribution, and let us assume this
time that p < n~ /2%, Let us bound the probability of the event that one of the sets A € F
contains at least « K elements from the randomly chosen n points, where « is a sufficiently
large fixed number, and K is the exponent of the Vapnik—Cervonenkis class . This probability
can be estimated similarly to the previous case, only we have to apply Theorem 1 instead of
Theorem 1A. We get the estimate Bp*CX with a universal constant C.

Similar problems can be solved with the help of results which give a good bound on the
probability at the left-hand side of formula (2) if F is a class of functions with polynomially
increasing kernel functions, and the inequality f f(x)u(dx) < p holds for all functions f € F
with a small number p. (The measure w in this formula is the distribution of the random variables
which take part in the definition of the quantity S, (f) appearing in Theorem 1.) I know some
results in the literature in this direction, but they do not provide a good estimate in the previous
problems. In particular, they do not show that the above considered probabilities are very small
even in such cases when we consider relatively short sequences of selected points in the first
problem or we are looking for such a set A € F in the second problem which contains only
relatively few elements from the random sequence we have selected. (We may get good estimates
if the sequence we consider has a length n > o K or we are looking for a set A € F containing
at least o K points of our sequence. Here o > 0 is a universal constant, and K is the exponent of
the Vapnik—Cervonenkis class.) The earlier results I know about do not give a good estimate in
these problems, because they provide a sharp estimate in formula (2) of Theorem 1 only if the
parameter p in it is relatively large.

In this paper I gave a good estimate in Theorem 1 if the parameter p in it is very small, namely
if the inequality p < n 2% holds. I am also interested in the question what can be told if this
condition is dropped. This is the subject of my paper [4]. I also discuss some examples in that
paper which show that its estimates are sharp, and I compare them with the results of some earlier
works. The proofs in [4] are based on Theorem | of this work. But since the arguments of the
two papers are essentially different I decided to handle them separately.

I wrote that the parameter p in Theorem | must be small. But actually the condition p < n™
imposed on it provides a relatively large bound. In the proof of the generalized version of
Theorem 1 in paper [4] I shall adapt one of the main ideas in the Vapnik—Cervonenkis theory. I try
to reduce the estimation of the probability we are interested in to the estimation of the probability
of relatively few events that can be simply bounded. Relatively few events means in this context
that their number is only a polynomially, and not e.g. an exponentially increasing function of the
sample size n. I shall be able to carry out such a program, since the parameter p in Theorem 1 is
bounded by a (negative) power of the sample size n. This is the reason why it is important that
we can apply Theorem | with relatively large parameters p.

I finish this section by some comments on the terminology of this paper. I applied the
notion of classes of functions with polynomially increasing covering numbers. I introduced
the same notion in my work [5] under the name ‘Li-dense classes of functions’. I changed
this name to make reference to the closely related notion of uniform covering numbers which
was introduced in the literature at several places, see e.g. [1,7] or [8]. I used the terminology
Vapnik—Cervonenkis classes in a non-standard way. Usually one calls a class C of subsets of
a set X a Vapnik—Cervonenkis class of dimension d if d is the largest integer such that for all
subsets D of X containing d elements its intersections with the sets of C contain all subsets
of D. (See e.g. [1].) An important combinatorial result called the Sauer lemma implies that a

200
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Vapnik—Cervonenkis class of dimension d is a Vapnik—Cervonenkis class with exponent K = d
and parameter B = (g)d by our terminology. (On the other hand, if a class of sets is a
Vapnik—éervonenkis class with exponent K and parameter B by our terminology, then it is a
Vapnik—éervonenkis class of dimension d < d, if d is such a number for which BdX < 29.)
Hence we may also speak of Vapnik—Cervonenkis classes with given exponent and parameter.
prefer this terminology, because it expresses the most important property of Vapnik—Cervonenkis
classes, and it indicates the similarity of this notion with the notion of classes of functions with
polynomially increasing covering numbers.

3. The proof of Theorem 1A

Theorem 1A will be proved by means of induction with respect to the parameter k (appearing

in the definition of the size N of the set X). The first result of this section, Lemma 3.1, formulates
a result similar to Theorem 1A in the special case when the set X, where the functions f are
defined contains relatively few points. We need it to start our induction procedure.
Lemma 3.1. Let us fix a number p, 0 < p < 1, and a set X = {x1, ..., xn,}, with Ng < %,0_3/2
points together with a class of functions F defined on X which satisfies the following weakened
version of the property having polynomially increasing covering numbers with some parame-
ter D > 1and exponent L > 1. N'(e, F, L1(n)) < De’Lfor all0 < ¢ < 1, where p is the uni-
form distribution on X, and N (¢, F, L1(i)) was introduced in the definition of uniform covering
numbers. Let us also assume that f fx)dux) < pand f(x) = 0forall f € Fand x € X.
Let us consider an integer p > 2L, and the set B, = B,(F) C X? introduced in formula (4) to-
gether with the uniform measure (i, on the p-fold product X? of the space X. The inequality

1p(Bp) < DpP!* ©)
holds.

Proof of Lemma 3.1. Let us choose a set of functions fi,..., fs, fj € Fforalll < j <,
with cardinality s < D(ZNO)L such that for all f € F there is a function f;, 1 < j < s, for

which the inequality f|f(x) — fi()|pu(dx) < 2—11\,0 holds. Iff|f(x) — fi)u(dx) < ﬁ
then [ f(x) — fj(x)]| < % for all x € X. This follows from the inequality Nio|f(x) — fi)] <
f [f(x) — fi()|uldx) < ﬁ for all x € X. As a consequence, {x: f(x) =1} C {x: f;j(x) >
%} for such a pair of functions f and f;, and

B, = By(F) = B,(f)
feF

' 1
C ]L:Jl {(xtp...,ti):fj(xtk) z 5 foralll <k = p}.
Besides, we have for each j, 1 < j <,
1
Kp {(xn,...,xtp)ifj(m) = forall 1 <k < p}

1 p
= (M {xtifj(xt) = 5}) < (2p)".
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3

Hence the relations p > 2L and Ny < %p’ /2 imply that

1p(Bp) < s(2p)? < DQ2No)"/*2p)? < DpP’*. O

In our inductive proof we also need a result presented in Lemma 3.2. It is a version of the
following heuristic statement.

Let us consider a class of functions F on a finite set X with polynomially increasing covering
numbers which consists of non-negative functions bounded by 1, and take the supremum of the
integrals f f(x)u(dx) of all functions f € F with respect to the uniform distribution © on X.
Let the cardinality of the set X be 2N, where the number N is of the form N = A2% with some
positive integers A and k, and let the above supremum of integrals be bounded by a number 1.
Then there is a number py slightly larger than pi1 with the following property. For most subsets
Y C X with cardinality N the supremum of the integrals of the restrictions of the functions
f € F to the set Y with respect to the uniform distribution on Y can be bounded by p.

Lemma 3.2. Let us define two sequences of numbers

—1

k—1
3
Ne=2No. and pe=p[] |1+ 35 | o k=12...;=p. ™
Jj=0 j

with the help of some starting numbers Ny and p which satisfy the relations p < min(WIOO, L~20)
and %,0_3/2 < Ng < %p_3/2. Let us fix an integer k > 0, and a set X = {x1,...,x2n,}
with Niy1 = 2N = No2Kt! elements, and consider a class of functions F defined on the set
X which has polynomially increasing covering numbers with parameter D > 1 and exponent
L > 1 and satisfies the inequality 0 < f(x) < 1 for all points x € X and functions f € F. Put
Ri1(f) = 2721 f(x;j), and assume that the class of functions F also satisfies the condition
Rit1(f) < Nig1pr+1 forall f € F. Let us define the quantity Ry(f) = ijey f(x;) for all
functions f € F and sets Y C X. The following Statement (a) holds.

(a) The number of sets Y C X such that |Y| = Ni, and SUp re Ry (f) = Nipy is less than
2N, 1 ~k/20 ,—1/20
(Nkk)Dexp[—WZ/ o~V }

Proof of Lemma 3.2. Let us fix a partition of X = {x, ..., xan,} to two point subsets {x,, x,},
R {szqu»szNk} together with a sequence of ii.d. random variables ¢p,..., ey, with
distribution P(g; = 1) = P(gy = —1) = % for all 1 < [ < Ng. Let us define with their
help the ‘randomized sum’
Ni
Uf) =Y e (fjy ) — fx)y) ®)

=1

forall f € F.
Let us observe that for all f € F the inequality

2 2
P(Ui(f) > 22) < exp {1 =+ ‘ < o=P/2Mepri ©

(f(xjy,]) - f(szl))z
1

=
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holds for all z > 0 by the Hoeffding inequality (see e.g. [6] Appendix B) and the inequality

2Nk

Ni
D ) = FEp)) <2 f(x)* < 2Req1(f) < 4Ngpir- (10)
=1 j=1

(In formula (10) we exploit the condition 0 < f(x) < 1 which implies that f(x j)2 < f(xj).)
Define the (random) set

Vi =Viter,....en) = | U U o)

I:g1=1 l:g=—1

With such a notation we can write

w: Z f(xs) > Nipiy1 +2

seVi(e1(),....en, (@)

Ri41(f)
C Jw: Z f(xs) > — +2 +z3 = {a): Uk(f)((,!)) > 2Z}
seVi(e1(@),....en; (@)
Hence
P @: Z f(‘xS) > Nkpk+l +z = e_zz/ZNkpk+l (1 1)

seVi(er(),....en, (@)

for all z > 0 by relation (9).
I claim that relation (11) implies the following Statement (b).

(b) For all f € F and z > 0 the number of sets V C X such that |V| = N, and erv f(x)
> Nipk+1 + z is less than or equal to (%{X(k) e~ 12Nkpis |

Indeed, it follows from relation (11) that for a fixed partition of the set X to two point
subsets the number of those subsets V' C X which contain exactly one point from each
element of this partition, (and as a consequence contain exactly Ny points), and Yy, f(xs) >

Niprs1 + z is less than or equal to 2N e~ T /2Nepist We get an upper bound for the quantity
considered in statement (b) by summing up the number of sets V with these properties for
all partitions of X to two point subsets, and taking into account how many times we counted
each set V in this procedure. The number of the partitions of X to two point subsets equals

2Ny — D@2Ny —3)---3-1 = 2(,%,2\];/);' and each partition provides at most 2Nk g=2% /2N it
sets V with the desired properties. All sets V were counted Ni!-times in this calculation. (The
multiplicity by which a set V, |V| = N, was counted in the above calculation agrees with the
number of those partitions of X to two point subsets which have the property that all of their
elements contain a fixed element of V.) These considerations imply Statement (b).

Given a number 0 < u < 1 there exist s < Du—L functions fi,..., fs in F such
that for all f € F and sets ¥ C X one of the functions f;, 1 < j < s, satisfies the
inequality Y ..y [fj(x) — f(O)| < Y ex |fi(x) — f(x)| < uNigs1. We get this relation by
exploiting that F is a class of functions which has polynomially increasing covering numbers
with parameter D and exponent L if we apply inequality (1) to estimate N (g, F, L1(u)) with
the uniform distribution  on X instead of sup, N'(e, F, L1 (v)). This has the consequence that
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if erY f(x) = Ngpr+1 + z+ 2uNg forsome Y C X and f € F, then there exists some index
1 < j < s such that ery fi(x) = Niprs1 + z with the same set ¥ C X. Hence Statement (b)
implies that the number of sets Y such that |Y| = Ny and ery f(x) = Nipr+1 + z + 2uNg

with some f € F is less than or equal to s - e /2Nepist (21\7") — DuLe=7/2Nkpirs (213”‘).
k k
Put z = Nypgy1 - Ny 8 and u = Nik With such a choice we get that the number of sets
Y C X such that |Y| = Ng and sup ;e 7 Ry (f) = Nepes1 (143N, 7®

1/8\ L k/8ar1/8\ L
D (ch 1) e~ oe /2 (2132{) = <2NN:> b (2 PkN(l) ) N 2 (1)
+ +

) = N px is less than

It follows from the definition of p; that %p < prs1 < p, and we also have L < p~ /20

because of the condition imposed on the number p. These relations together with the condition

1—16,0_3/2 < Ng < %,0_3/2 of Lemma 3.2 enable us to bound the expression in (12) from above
by

Ny

- 2Nj Dexp [_C32k/20p71/20]

=\
with appropriate constants Cy, C2 and C3. One can choose e.g. C3 = ﬁ, and this implies

Statement (a). (In the last step of this estimation we have exploited that for a small number

.. . 3k/4 —1/8
p > 0 and all positive integers k the term e~ €22 ol

~1/20
(Clzk/gp_lg/lé)p which is of order exp {—const. o~ (logk + log %)}.) O

is much smaller than the reciprocal of

Remark. It may be worth remarking that the most important part of Lemma 3.2, relation (9) or
its consequence (11) can be considered as a weakened version of Lemma 3 in [3], and even its
proof is based on the ideas worked out there. In formula (9) a random sum denoted by Ui (f)
was estimated by means of the Hoeffding inequality. To get this estimate we had to bound the
variance of the random variable Uy ( f), and this was done in formula (10). In Lemma 3 of [3] a
similar random sum was investigated, but in that case a good asymptotic formula and not only
an upper bound was proved for the tail distribution of the random sum. In the proof of that result
a sharp version of the central limit theorem was applied instead of the Hoeffding inequality, and
we needed a good asymptotic formula and not only a good upper bound for the variance of the
random sum we investigated. The proof of the good asymptotic formula for this variance was the
hardest part in the proof of Lemma 3 in [3].

Proof of Theorem 1A. Let us fix some numbers Ny, p and L which satisfy the conditions of
Lemma 3.2. Take an integer k > 0, define the numbers Ny and p; by formula (7), consider
a space X = {xi,...,xy,} with Ny elements and a class of functions F on it which has
polynomially increasing covering numbers with parameter D > 1 and exponent L > 1, and
it has the properties that if f € F,then 0 < f(x) < 1 forall x € X, and f f)u(dx) < px
with the uniform distribution p on X. Fix an integer p such that p > 2L, p < ,o’l/ 100 and
let us also consider the sets B,(f), f € F, and B, = B,(F) introduced in formulas (3)
and (4). They consist of sequences x(P) = [T xsp) € X7 with some nice properties. Let
V(p,p, No, k) = Vp r(p, p, No, k) denote the supremum of the cardinality of the sets B, (F) if
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the supremum is taken for all possible sets X and class of functions F with the above properties
(with parameters Ny and pg).
I claim that

V(p, p, No, k) < CkDN[ pP/* forallk =0,1,2,... (13)
with
k .
Cy = l—[(l +277p). (14)
j=0

Relation (13) will be proved by means of induction with respect to k. Its validity for k = 0
follows from Lemma 3.1. Let us assume that it holds for some k, take a set X with cardinal-
ity Nx+1 = 2Nj together with a class of functions F which satisfies the above conditions
with the parameters D, L, p, px+1 and Niy1, and let us give a good bound on the cardinal-
ity of the set B, (F) defined in (3) and (4) in this case. To calculate the number of sequences
xP) = (%Xsy5 .-+, %s5,) € XP which belong to the set B, (F) let us take all sets ¥ C X with
cardinality |Y| = N, let us bound the number of those sequences xP) e B, (F) for which
also the property x(?) € Y? holds, and let us sum up these numbers for all sets ¥ C X such
that |Y| = Ng. Then take into account how many times we counted a sequence x‘?) in this
summation. I claim that we get the following estimate in such a way:

2Nk )
( Ni 4 U k20 —1/20
W (ckpl’/ +exp{—m2/ oV }) (15)

Ni—p
with the coefficient Cy defined in (14).

To prove relation (15) let us first observe that if F is a class of functions on the set X which
has polynomially increasing covering numbers with parameter D and exponent L, and we re-
strict the domain where the functions of F are defined to a smaller set ¥ C X then the class
of functions we obtain in such a way remains a class of functions which has polynomially in-
creasing covering numbers with the same parameter D and exponent L. Hence if we fix a set
Y with cardinality |Y| = Ny for which the property sup sz Ry(f) < Nipk holds (with the
quantity Ry (f) introduced in the formulation of Lemma 3.2), then the number of those se-
quences xP) for which xP) e B,(F) N Y? can be bounded by our induction hypothesis by
Ck N}/ DpP/*. We shall bound the number of the sequences xP) € B,(F) N Y? for the re-

maining sets Y with cardinality |Y| = N by the trivial upper bound N,f , but the number of

2N
Ni

|B,(F)| < DN}

such sets Y is less than ( ) D exp {—ﬁZk/zop’l/zo} by Lemma 3.2. This yields the upper

bound Cy N} DpP/* (%{,i") + N/ (2NNk") D exp [—ﬁZ"/ZOp’]/ZO] for the sum we get by sum-

ming up the number of sequences x?) € Y” N B, (F) for all subsets with |Y| = N elements.
To prove (15) we still have to take into account how many times we counted the sequences
x? ¢ B p(F) in this summation. If all coordinates of a sequence x? ¢ B p(F) are different,
2Nx—p
Ni—=p
of this sequence x 7 we have to extend these points with Ny — p new points from the remaining
2Ny — p points of X. If some coordinates of a sequence x”) may agree, then we might have
counted this sequence with greater multiplicity. The above considerations imply (15).

then we counted it ( )—times, because to find a set Y, |Y| = Ni, containing the elements
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To prove relation (13) with the help of (15) let us observe that under the conditions of Theo-
rem 1A (in particular, we have NL < 16,03/2, p2 < 071/50 < %p’l/ﬁ, 2Ny — p > Ny = 2kN0
forallk =0, 1,2, ... with a sufficiently small p > 0)

2N 2N,
) (N[) _ (Nkk) _ yp2Ne@N = D) @Ne = p 1)
k <2Nk—p> k (2Nk—p) Tk Nik(Ngy —1)---(Ny—p+1)

= NP <1+ ! )<1+ 2 )...<1+1’—_1>
Tk 2(Ng — 1) 2(Ng —2) 2(Ny —p+1)

2
p p p 2 kD pds P L)
§Nk+lexp{m}§Nk+le 4 SNk+l(1+§2 P,

and

1 1 p. 1
_ L k20 —1200 _ p/4 L k20 =1/20 ¢ Py 2
CXP{ 00~ * A BT Ty 0

1
< Ck,Op/4 . 32*(/€+1)Io

with the coefficient Cy defined in (14). These estimates together with (15) imply (13) for param-
eterk + 1.

It is not difficult to prove Theorem 1A with the help of relation (13). To do this let us observe
that p; > % and Cy <2forallk =0, 1,2, .... Hence taking a class of functions F on a set X
with cardinality Ny with some k > 0 which satisfies the conditions of Theorem 1A we can write
(by exploiting that [ f(x)u(dx) < § < pi) the estimate

1tp(Bp(F)) = N, P|By(F)| < N, "V(p, p, No, k) < 2Dp~P/*
by relation (13). O

4. The proof of Theorem 1

First we prove a special case of Theorem | in Lemma 4.1. Here we take a class of functions
F on a finite set X of cardinality 2¥ with some integer k, and j is the uniform distribution on X.

Lemma 4.1. Let us consider a finite set X = {x1, ..., Xk} with N = 2K elements together with a
class of functions F on X which has monotone increasing covering numbers with some parame-
ter D > 1 and exponent L > 1, and it contains functions f € F with the properties 0 < f(x) <
1 for all x € X and ff(x)u(dx) < p with some O < p < 1. Here u denotes the uniform
distribution on X. Let us take the n-fold direct product X" of X with some number n > 2, and
define the function S,(f)(xs,, ..., X5,) = le':l f(xsj)for all (xg,...,x5,) € X" and f € F.
Let us assume that p < n=>%, and N = 2F > p=3/2. Then the set B,(u) C X" defined as

By (u) = {(xsly cos Xg)osup Sy () (xgps el Xg,) > U (16)
feF
satisfies the inequality
wn(Bn(u)) <2Dp"'®  forallu > 40L, (17)

where [L, denotes the uniform distribution on X".
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Proof of Lemma 4.1. Let us define for all functions f € F and integers j, 1 < j < R,
where R is defined by the relation n < 2R < 2p, the functions fikx) = min(27/, f(x)) and
fix) =2/ fj(x),x € X.Put F; = {fj: f € Fyand F; = {fj: f € F}. One can simply
check that if F is a class of functions which has polynomially increasing covering numbers with
parameter D and exponent L, then F; is a class of functions which has polynomially increasing
covering numbers with parameter D and exponent L, while F; is a class of functions which has
polynomially increasing covering numbers with parameter D2/1 and exponent L. We can also
state that [ f;(x)(dx) < p,and [ f;(x)p(dx) <2/pforall f € F.
Let us define for all f € Fand 1 < j < R the following function H;(f) on X":

H;(f)(xs,, ..., x5,) = the number of such indices / for which fj(xs,) =1.

We can write

R
Su(f) sy oo X5,) < 2T H () (g0 %) + 1

=1

for all f € F. This formula implies the inequality

R
Sup S, (f) (g -0 xs,) < Y21 sup Hj(f) (g, xg,) + 1
feF j=1 feF

and the relation

{(x517 .. "xs,,): sup Sn(f)(x517 .. -sxs,,) >u

feF
R SugHj(f)(xs1a~--axsn) ( 1)
fe u— .
s s - 2-i/2
Hence
R
1n(Bu()) <> pa(Dy(u, j)) (18)
j=1
for the sets B, (1) defined in (16) and
. V2 -1 )
Du(u, j) = (Xgys -+ X5,): sup Hj(f)(xgys o0y Xs,) > (u—1)2/21
feF
I1<j=<R

We can prove Lemma 4.1 with the help of relation (18) if we give a good estimate on the measures
Un(Dy(u, j)). This can be done with the help of Theorem [A.

Indeed, the set D, (u, j) consists of such sequences (xs,,...,x;,) € X" which have a
subsequence (xsp] seees X, ) Withs =1(j) = [%(w —1)27/2141 elements, where [-] denotes

integer part, with the property that there is a function f € F such that the function fj (-) defined
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with its help equals 1 in all coordinates of this subsequence. More explicitly,

D, p= U e fis) =10, fieg) =13 (19)
{h,.....:.}c{l,...n} \ feF

with 1 = £(j) = [¥3=L (u — D202 + 1.

The outside union in (19) consists of ( . (’3)) < n'" terms, and the cardinality of the sequences
(x1, ..., xy) in the inner union can be bounded by means of Theorem 1A for each term if it is
applied with p = £(}), in the space X consisting of N = 2K = Ny2* points, for the class of
functions F ; which is a class of functions which has polynomially increasing covering numbers
with parameter D2/ and exponent L. Moreover, the functions f] eF ; satisfy the inequality
f f] (x)u(dx) < 2/p. This means that under the conditions of Lemma 4.1 we can apply
Theorem 1A for the class of functions F j with parameter p = 271 instead of p. (We have to
check that all conditions of Theorem 1 A hold. In particular, we can state that p = 2J+1 p =< L~20,
since p < n=200 2/ < 25, and since we estimate the probability in formula (17) only under the
condition u > 40L, and this probability is zero if u > n, hence we may assume that L < f—o. We
chose the term Ny in the application of Theorem 1A as Ny = 2%0 with ko defined by the relation
1—16,0_3/2 < 2ko < %,0_3/2, andk = k — ko.)

We will prove with the help of the above relations the inequality

D, (u, j o .
pn(Dpa, ) = 20D < 0t ot ity

2D(8n5p)l(j)/4 < szl(j)/5 < Dpju/25. (20)

IA

To get the first estimate in the second line of formula (20) observe that under the condition of
Lemma 4.1 %(u — 1) > 4L, hence 2/L < 2/27%1()/4 < 21()/4 and by the definition of the
number R we have

QI DA < QRFND/A < (4! (D/4,

We imposed the condition n < p~1/200 and this implies the second inequality. Finally ¢ (j) > %
(In the last inequality a j = 1 parameter is the worst case.) Relation (17) follows from (18)
and (20). O

Now we turn to the proof of the main result of this paper.

Proof of Theorem 1. We may assume that all functions f € JF are non-negative, i.e. 0 <
f(x) < 1lforall f € Fand x € X, because we can replace the function f by its absolute
value | f|, and apply the result for this new class of functions which also satisfies the conditions
of Theorem 1. Next I show that we also may assume that the class of functions F contains only
finitely many functions, and it satisfies the same conditions as the original class of function F
with the only difference that we assume that F is a class of functions which has polynomially
increasing covering numbers with the same exponent L but with parameter 2°D instead
of D.

Indeed, if a number is an upper bound for the probability P (sup reF Sn(f) > u) for all
finite subsets 7/ C F, then it is also an upper bound for P (sup sz S,(f) > u). Besides,
the conditions of Theorem 1 remain valid if F is replaced by an arbitrary class of functions
F' C F with a small modification. Namely, we can state that F’ is a class of functions which
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has polynomially increasing covering numbers with exponent L but with a possibly different
parameter D = 2LD. (We had to change the parameter D of a class of functions F' C F
with polynomially increasing covering numbers, because although we can choose a sequence of
functions fi, ..., fin withm < De~L elements which is an ¢-dense set in F with respect to the
L1(v) norm with a probability measure v, and f; € F, but these functions may be not contained
in F’. To overcome this difficulty we choose a sequence f1, ..., f, withm < 2L DeL elements
such that minj <<, [ |f — fjldv < § for all functions f € F’. We may also assume that for all
these functions f; there is a function f € F " whose distance from f 7 in the L1(v) norm is less
than or equal to §, since we can drop those functions f; which do not have this property. Then we
replace those functions f; for which f; & F’ by a function f € F’ such that [1f- fildv < 5.
In such a way we get an s-dense subclass of F' with m < 2L De~l elements in the L;(v)
norm.)

In the next step I show that we may restrict our attention to the case when the functions
of the class of functions F (consisting of finitely many functions) take only finitely many
values. For this goal first I split up the interval [0, 1] into n subintervals of the following form:
B; = (%, ,i;], 2 <j<n,and By = [0, %]. (We defined the function Bj in a slightly different
way in order to guarantee that the point zero is also contained in some set B;.) Then given a
class of function F on a set X that contains finitely many functions fi, ..., fg we define the
following sets A(s(1),...,s(R)) C X (depending on F):

A(s(D),...,s(R)) = {x: fj(x) € Byjy, foralll <j <R},

where 1 <s(j) <nforalll <j <R.

In such a way the sets A(s(1), ..., s(R)) make up a partition of the set X. Actually, for the
sake of a simpler argument we shall diminish a bit the set X, by defining it as the union of those
sets A(s(1),...,s(R)) for which w(A(s(1),...,s(R))) > 0 with the measure u appearing in
Theorem 1. This restriction will cause no problem in our later considerations.

We shall define new functions fj(x), 1 < j < R, by means of the partition of X to the sets
A(s(1), ..., s(R)) by the formula

fitx) = /L(A’gs.’(l),...,s(R))) , 1<j<R, ifxeAsQ),...,s(R).

We have | fj(x) — f;(x)| < 1 forall 1 < j <nandx € X.Hence

sup (Su(f) = Su(/)] < 1,
I<j<R
for almost all sequences & (w), .. ., &, (w), and as a consequence
Pl sup Su(fj)>u+1)<P| sup Su(fj)>ul. (21)
1<j<R I<j<R

Let us also observe that the class of functions £ = { fj, 1 < j < R} also satisfies the conditions
of Theorem 1, i.e. f fj(x)u(dx) <pforalll < j < R, and F is a class of functions which
has polynomially increasing covering numbers with parameter D = 2~ D and exponent L. (The
conditions on the numbers 7 and p clearly remain valid.)
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The first relation follows from the identity [ fj(x)u(dx) = [ f;(x)(dx) which holds
because of the identities

f FiGou(dx) = / FiOmn(dx)
A(s(1),....,s(R))

..... A(s(1),....s(R))

for all sets A(s(1),...,s(R)).

To prove that F has polynomially increasing covering numbers with parameter 22D and
exponent L let us introduce for all probability measures v the probability measure v = v(v)
which is defined by the property that for all (measurable) sets A(s(1),...,s(R)) and B C

A(s(1), ..., s(R)) the identity p(B) = M(B)% holds. Because of the special form

of the functions f] if a set of functions F, ; C F is an &-dense subset of F in the L () norm,
then it is also a e-dense subset of F in the L (v) norm. (In the proof of this statement we exploit
that

V(AGs(1),...,s(R))) =v(A(s(1),...,s5(R)))

for all sets A(s(1),...,s(R)), and it depends only on the value of a measure v on the sets
A(s(1), ..., s(R)) whether a set of functions { f1, ..., fin} C F is an e-dense subset of F in the
Li(v) norm.)

Hence it is enough to prove the existence of an e-dense subset ]35,,; of F in the L; (V) norm
with cardinality bounded by De~% only with respect to such measures ¥ which can be written
in the form v = v(v) with some probability measure v. In this case the relation we want to
check follows from the fact that the original class of functions F has polynomially increasing
covering numbers with parameter 25 D and exponent L, and the inequality [ f] - fj/ [dv(v) <
[ 1fj = fy|dv holds for all pairs fj, f;; € F and probability measure v. This inequality holds,
since

/ Ifi () — fir(x)]db(w)(x) < / Ifi(x) = fjr ()] dv(x)
A(s(D),...,s(R)) A(s(D),...,s(R))

for all sets A(s(1),...,s(R)).
Let us observe that for all k > 1 we can define such a ‘discretized’ probability measure /i on
the o -algebra X with atoms A(s(1), ..., s(R)) in the space X for which

lak(AGs (D), ..., s(R)) — w(AGs(D), ..., s(R))| <275,
and the probability fix has the property that for all sets A(s(1), ..., s(R))

fik(AGs(1), ..., s(R)) = a(A(s(D), ..., s(R))27* (22)
with a non-negative integer a(A(s(1), ..., s(R))). (To find such a probability measure i} let
us list the sets A(s(1),...,s(R)) as By, ..., Bp, and define the measure fi; by the relation

S k(B = B27Kif (B, — D2F < 3)_, uk(Br) < Bs27F with a positive integer ;. We
assume this relation forall 1 <s < Q.)
Clearly,

I<j<R I<j<R

P( sup Sy (fj) > u) :klim P,;k( sup Sy (fj) > u) (23)

for all u > 0, where Py, means that we consider the probability of the same event as at the left-
hand side of the identity, but this time we take i.i.d. random variables &1, .. ., &, with distribution
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[Lx (on the o-algebra generated by the atoms A(s(1), ..., s(R))) in the definition of the random
variables Sn(fj).

We shall bound the probabilities at the right-hand side in formula (23) for all large indices k
by means of Lemma 4.1. This will be done with the help of the following construction. Take
a space X =X k = {x1,x2,...,xx} with 2k elements and with the uniform distribution
n = u(k) on its points. Let us ﬁx a partition of X consisting of some sets A(s(l) .,s(R))
with a(A(s(1),...,s(R))) elements. The number «(-) was 1ntr0duced 1n (22) Let us define
the functions fj(x) 1 < j < R, x € X, by the formula fj(x) =z ’ ,1 < j < R, if
X € A(s(l), ..., 8(R)). Take the n-fold direct product X" of X together Wlth the uniform dis-
tribution w, = ;Lf,k) on it and the functions Sn(fAj)(x,l, ce X)) = Z};l fj(xt,), 1 <j<Rif
Xpy5 ooy Xy,) € X" on the space X" I claim that

Puk< sup S, (f;) > u)
1<j<R

=uP <{<x,l,...,xt,,>: sup sn<f,-)<x,1,...,xtn>>u}) <2Dp"/» (24)

1<j<R

ifu > 8L.

The identity in formula (24) holds, since the joint distribution of the random vectors
Sn(fidé1,...,80),1 < j <R, where &y, ..., &, are independent random variables with distri-
bution ft; and of the random vectors S, ( fj)(x,l, ...y X5,), 1 < j < R, where the distribution of
Xtysooes X)) € X" is ,un , agree. To prove the last mequahty of (24) it is enough to check that
for all sufﬁ01ently large numbers k the class of functions F={ fl, . fR} on the space X =X
satisfies the conditions of Lemma 4.1. Namely, F has polynomially increasing covering numbers
with parameter D =2LD and exponent L, and f fj(x)u(dx) < p with a number p < n—200
for all fj e F.

We should explain why F is a class of functions on X with polynomially increasing covering
numbers. Let us observe that to prove this it is enough to find good covering numbers only for
such probability measures D which have a constant density (with respect to the uniform distri-
bution ) on all sets A(s(l), ..., 8(R)). This reduction of the probability measures can be
done similarly as we proved that F has polynomially increasing covering numbers with the help
of the measures 7(v). Given a measure d on X with the above property let us correspond to it
the measure v on X defined by the relation V(A(s(1), ..., s(R))) = O(A(s(l), . s(R))) for
all sets A(s(1),...,s(R)). Then we get that if a class of functions .7-15 5= {fll, .. ﬁ } is an
e-dense class of]-' w1th respect to the L (V) norm, then the class of function .7-'8 5= {fh Yo f[s}
is an e-dense class with respect to the L (V) norm. This implies that F has such polynomially
covering numbers as we demanded.

Then we get the inequality part of formula (24) from Lemma 4.1. Relation (2) follows
from (24), (23) and (21). We still have to understand that in our estimation the coefficient
2D = 21D in (24) can be replaced by D if we estimate the probability (2) only for
u > }T(L + 1), and the term ,0”/25 in (24) is replaced by p“/50 when turning from (24) to
formula (2). To see this observe that p*/? < p%(L'H)/SO i3 < = (LAD pu/30 < %2_1‘,0“/50
ifu>31L,p<n? andn>2. O
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