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Abstract

In this paper, we first prove that the local time associated with symmetric «-stable processes is of
bounded p-variation for any p > % partly based on Barlow’s estimation of the modulus of the local

time of such processes. The fact that the local time is of bounded p-variation for any p > % enables us

to define the integral of the local time ffo “_1 f(x)dy L" as a Young integral for less smooth functions
being of bounded g-variation with 1 < ¢ < 3=.. When g > 3=, Young’s integration theory is no longer
applicable. However, rough path theory is useful in this case. The main purpose of this paper is to establish
a rough path theory for the integration with respect to the local times of symmetric a-stable processes for
2 <
— <gq <4
o

© 2017 Elsevier B.V. All rights reserved.
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1. Introduction

1td [14] developed the integration theory with respect to Brownian motion and the chain rule
for Brownian motion known as It6’s formula. We first recall 1t6’s formula developed in 1944 as
follows.
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(Itd’s Theorem (1944)) Let f : R — R be a function of the class C? and B = {B,, F; : 0 <
t < oo} be any Brownian motion on ({2, F;), then

t 1 t
F(B) = f(Bo) + /0 FBdBs + 5 /0 F7(By)ds.

For 1t6’s formula, the contribution lies in defining the stochastic integral [ f'(B;)d Bs. An
integral [ XdZ can be defined as a Stieltjes integral pathwise when the integrator Z is of finite
variation and the integrand X is continuous. However, Brownian motion is not of bounded
variation a.s. and when the integrator is of infinite variation, there did not exist an integration
theory in place to use before It6 dealt with this issue.

Despite a huge success, [td’s original formula has its own limitations as it applies for Brownian
motion and for functions with twice differentiability only. This hinders the applicability of
Itd’s formula. On one hand, one often encounters the need to define the stochastic integral
for a wide class of stochastic processes besides Brownian motion. Doob [9] emphasized the
martingale property of Itd’s integral. Subsequently, Doob proposed a general martingale integral
after discovering the key role of the martingale property of Brownian motion in defining It6’s
integral. In order to build the theory, he needed to decompose the square of an L2-martingale.
This was done latter in [26]. Based on [26], Kunita and Watanabe in [16] defined an integral
provided the integrand is previsible for the case the integrator is a square integrable martingale.
They generalized [t6’s formula to continuous martingales only and proved the above It6’s formula
is still valid if ds is replaced by d(X), (see Section 2, [16]) and generalized 1t6’s formula to
discontinuous martingales (see Section 5, [16]). Meanwhile, Meyer [27] extended 1t6’s formula
to local martingales of which the concept was introduced in [15]. Meyer [28] further extended
It6’s formula to semimartingales.

On the other hand, one also encounters the restriction of using It6’s formula in the cases when
the function is not C? in the space variable. The first result in this direction is the Ito—Tanaka’s
formula derived in [32] for f(x) = |x| with the help of the local time. The concept of local time
was first introduced in Lévy [18]. It has been indeed the wellspring of much of the extensions of
1t6’s formula for functions not being C? in the space variable. Wang [33] extended Itd’s formula
to a time independent convex function which is being absolutely continuous with its first order
derivative being of bounded variation. Bouleau and Yor [7] made a further extension to absolutely
continuous functions with locally bounded first order derivative. The idea to extend Itd’s formula
to less smooth functions of Feng and Zhao in their papers [11-13] is to establish a Young’s
integration theory and a rough path integration theory for local time. Young [35] showed that the
pathwise integral [ XdZ makes sense if X is of finite p-variation and Z is of finite g-variation
where 1 4+ 1 > 1, together with the condition that X and Z have no common discontinuities.
The theory of rough paths was developed by Lyons and his co-authors in a series of papers
(see, e.g. [5,8,19,20,22,21,23]). Rough path theory removed the restriction of % + ‘17 > 1, hence
applicable to even rougher paths.

The purpose of this paper is to establish the integral f_oooo ver! fx)dy Ly for symmetric o
stable processes as a Young integral as well as a rough path integral.

The rest of the paper is organized as follows. In Section 2 we recall some results from
the Young’s integration theory and establish a Young integral of local time. In Section 3 we
recall some results from the rough path theory and establish a rough path integral of local
time.
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2. The Young integral
We first recall the definition of the bounded p-variation (see e.g. [35,23]).

Definition 2.1. A function f : [x/, x”] — R is of bounded p-variation if

m
sup Y [ f(xi) = fxi—)|” < 00 @.1)
E =1
where E .= {x’ = x0 < x| < -+ < x; = x”} is an arbitrary partition of [x’, x”"]. Here p > 1 is

a fixed real number.

We present Young’s integration theorem from [35] in the following.

Theorem 2.2 (Young Integral). Consider a function f of finite p-variation and a function g

of finite q-variation where p,q > 0, % + % > 1, such that f(x) and g(x) have no common

discontinuities, then

/ F(x)dg(x) = (%I)n OZf(Si)(g(Xi)—g(xz'—l)) (22
! m(E)=0 4=

is well defined. Here §; € [xi—1, x;], m(E) = supj ;< (xi — Xi—1).

We also recall the integration of a sequence of functions which is also due to Young (see [35]).

Theorem 2.3 (Term by Term Integration). Let {f,} be a sequence of functions of finite
p-variation converging densely to a function f of finite p-variation uniformly at each point
of a set A. Let {gn} be a sequence of functions of finite q-variation converging densely, and at
x', x" to a function g of finite q-variation uniformly at each point of a set B. Suppose further that
p,q >0, %—i—é > 1, and that A includes the discontinuities of g, B those of f, AU B represents

all points of (x', x"). Then as n —

x// x//
/ fndgn — / fdg. (2.3)
x/ x’

2.1. Fractional derivative and fractional Laplacian
We first recall the definition of the «th right fractional integral of a function g from [29]. The

left fractional integral is defined similarly. The Riemann’s definition of fractional integral for a
suitable function g is

1 X
aly g(x) = m/ (x — ) 'g(u)du, 2.4)

for almost all x with —oco < a < x < oo and Re(«) > 0, where « is a complex number in
general and Re denotes its real part. For a = 0, this is a Riemann-Liouville fractional integral

l X
olygx) = m/o (x —w)* 'g(u)du, Re(a) > 0. 2.5)
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A sufficient condition that ensures the convergence of integral (2.5) is that g(%) = 0o,
n > 0. Functions with the above property are sometimes called functions of the Riemann class.
For instance, constants are of Riemann class as well as functions such as x™, with m > —1. For
a = —oo, this is the Liouville fractional integral

1 X
—olygx) = m/ (x —uw)* 'gu)du, Re(a) > 0. (2.6)

A sufficient condition that ensures the converges of integral (2.6) is that g(—x) = O (x~%~17),
n > 0, x — oo. Functions with the above property are sometimes called functions of the Liou-
ville class. For example, functions such as x"*, with m < —a < 0 are of the Liouville class. The
fractional integral operator satisfy the semigroup property, namely

WAYGIP) = ,19TF Re(a, B) > 0.

The right fractional derivative operator and left fractional derivative operator are defined in
terms of the right fractional integral operator and left fractional integral operator in the following
manner

WV = d (alf_o‘), Re(a) > 0, n = |Re(a)| +1, 2.7
dx"
and
V= (=" dci:" <XI;_"‘>, Re(a) > 0, n = [Re(a)| + 1. (2.8)

Next, we recall the definition of the Riesz fractional derivative in the following

Definition 2.4 (See e.g. [30]). The Riesz fractional derivative for 0 < o < 2 and for —co < x <
oo is defined as V¥g(x) = —co(—0oV§ + x V&) g(x), where

1
= —7 1’
Co 2 cos (%) o7
1 e g(u)
N v = —— ——————du,
2o Vx8(x) I'(n —a) dx" [_oo (x —u)xtl-—n "

xvgog(X)=(—1)"; - / &du,

I'(n —a)dx" (u — x)atl-n

where n = |Re(a) ] + 1.
For a function g satisfying the integrability condition

g
: 2.9
/(1+|y|)1+a Y=o 29)
we define as in [6] that
2f g(x) = AL, —a) $0) =809 2.10)
ly—x|>e€ |y_x| to
and
A% g(x) =A(l,—a)P.V./ 8D =809 o lim af (o). @2.11)
R |y — x|t e—0F
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whenever the limit exists. Here “P.V”. stands for the“principal value”. The above limit exists and
is finite if g is of class C? in a neighborhood of x and satisfies condition (2.9); in this case

A% g(x) = Adl, _a)/ g(y) —glx) — Vg(x).l(era— x)1{|y,x|<€}dy
R ly — x|

a—1 a+l o
for any € > 0, where A(1, —a) = azl—F(Z) Here Az, is the fractional power of the Laplace
72I'(1-9%)
operator —(—=A)?. The Fractional Laplacian is the infinitesimal generator of « stable process
(see e.g. [17]). The Fractional Laplacian is usually defined by its Fourier transform (cf. [31]):

f((—A)%g)(é) = |&|*F(g)(&), its proof can be found in [17]. Hence, —(—A)%g(g) =
-F _I(IEI“]—" (g)(E)). The definition we used in (2.11) coincides with the usual Fractional

Laplacian defined by its Fourier transform (see [1]).
By the Fourier transform method, one could show that the following relation holds (cf. [10]):

—(=0)2g(x) = Vg (x).

2.2. p-variation of local time of symmetric stable process

We present the exact modulus of local time of stable processes from [4] in the following
theorem. Recall its characteristic function is given by

x(0) =101 +ih|0]*sgn(0),

where |h]| < tan(ar/2). We define its local time as L7 .

Theorem 2.5. For a symmetric stable process of index a > 1, its local time satisfies

lim sup
810 ja—b|<s

a—1

e 1
\bel —a g _
ggsegt |b |2 (10 (Ibfal

for all intervals I C Rand allt > 0 a.s., where

LY — LY 2cq /2 (

172
))1/2 = TENEYE supo) , (2.12)

xel

1I'2—-a) . R—o)r
— sin .
a—1 2

2 o0
Cq = —/ (1 —cosy)y “dy = (2.13)
T Jo

Barlow [4] gave a necessary and sufficient condition for the joint continuity of the local time,
and the exact modulus for a fairly wide class of Lévy processes.

Let [a, b] be any finite interval. By its dyadic decompositions we mean partitions {a; < aj <

- < ay,} of [a, b], where

k
aZ:a—i—ﬁ(b—a), k=0,1,...,2",

andn € N.

Proposition 2.6. The family of local times L of a-stable processes witha € (1, 2) is of bounded
p-variation in x for any t > 0, and any p > a—zl almost surely.
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Proof. First from Theorem 2.5, we know that for almost all @ € (2, there exists a §*(w) > 0
such that when 0 < |b — a| < 8*(a)), we have the following

(ale)p ! 14 ZP'HCQg 4
<log< )) a (sup L;‘) . (2.14)
|b—al (1 +h2)7 xel

We can construct a dyadic decomposition which fully covers the interval [a, b]. Furthermore, by
Proposition 4.1.1 from [23] (seti = 1, y = p — 1), for any partition {a;} of [a, b], we have

L — Lb1P < |b—a

on

sup Y L — L < C(p.y Znyz
D

n=1 k=1

p

L — L (2.15)

where C ( D, )/) is a constant depending on p and y. Notice the right hand side of (2.15) does not
depend on partition D.
We can choose an ng big enough such that

|b—a|
2n
(2.14) into (2.15), it follows that

< §*(w) for any n > ng. By substituting

00 2" B no—1 2" p
IDDEEELIIED D »
n=1 k=1 =1
(a *1)
on 5 p p p

Py

n=ng

ag —ay_,

1 7 gptl £ 2
log< — )) Ca 5 <supo> .
|ak - ak_1| (1 + h2)7 xel

In [3], Barlow showed that

p
2
(sup Lj‘) <00, as. (2.16)
xel
Now, we consider the term
o o p | 2
S0 e - ap (10g<—>)
n=ny k=1 | _ak ll
where a,’; = 25,1(19 —a)+a,k=0,1,...,2" then it is not difficult to see that
00 on (04—21)}’ 1 g
14 n__ n - -
n_zn n Z a; —a;_, (log<|an —a |>>
=ng k=1 k k—1
a—1 a—1
00 on ( 3 )p +% ¢ - )p _% | 2
— Y n __ n n___n -
= Zn Zak ay_, ay ak_l‘ (log<| TR |>>
n=ng k=1 ai ar_q
(orfl)p_%

> b—a
=B Zny< o )
n=ng

< 00,

where B is a constant depends only on p. It turns out for any interval [a, b] C R

a,
sup E |L;™ T — L™ |P < oo.
D “m
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As L{(w) has a compact support in a for each w, say [—N, N] contains its support. We still
denote its partition by D := D_y y = {—N =xp < x| < --- < x; = N} and attain that

supZ LI — LYP < 00, O (2.17)
D

2.3. The Young integral with respect to local time

We start with functions which are smooth, then proceed to functions which are less smooth.
The following works for sufficiently smooth functions, unless we explicitly say otherwise. It6’s
formula for Lévy process in general (cf. [2]) is given by

t t
g(Xy) = g(Xo) +/0 Ve(Xs)dXs + %62/0 Ag(Xy)ds

t
+/0 /R gXs—+y) —g(Xs—)}1{|y|31}N(dy,dS)

JURL
+/(;/Rg(Xs+y)—g(Xs)}1{|y|<1}N(dy,dS)

P
+ f / 8Xs—+y) —g(Xs-) — ng(Xs—)]1{|y|<1}v(dy)ds, (2.18)

0 JRL
where N (dy, ds) is the compensated Poisson measure defined as the difference of Poisson point
measure N (dy, ds) and its intensity measure v(dy)ds. And, the Lévy measure of stable process

v(dx) is
v(dx) = Clx|™* dx,

where C is a constant. The last term of the above 1t6’s formula can be further simplified by using
the definition of fractional Laplacian as

/ |:g(Xs— +y) _g(Xs—) _ng(Xs—)]1{|y<l}V(dy)
R\{0}

_ C/ g(Xs— +y)—g(Xs-) — YVg(Xsf)llykl
R\(0} |y|a+1

dy

dy

_C/ g(Xs—+y)_g(Xs—)
ly|=1 |y|et!

=Cy A% g(X, ) — f | 1[g(Xs- +y) — g(Xs)v(dy)
yi=

1
Cx2l(1-2)

Then, one can derive the following Itd’s formula for stable processes from (2.18) based on
the fact that o = O for stable processes which are pure jump processes and the definition of the
compensated Poisson measure

for every g € C,% (R), where C,, =

t t -
g(X:) = g(Xo) +/ Veg(Xs)dX; +/ / [g(Xs +y) - g(Xs)]N(dy, ds)
0 0 JR\{0}

t
+Ca/ A% g(X,_)ds. (2.19)
0
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By the occupation times formula, one can show that

t o0 o
/ Vg(Xs_)ds = / Ve (x)Lrdx = / Lid(v* 'g(x)). (2.20)
0

—00 —0o0

Note the last integral f fooo Lid, (V“_lg(x)) can be defined without the need to assume that
g € C%. Infact, if V*~!g(x) is of finite g-variation (1 <g < 52-), then the integral [ V*~!g(x)
dy L7} is well defined as a Young integral. Similar to [11], we have the following remark.

Remark 2.7. If v !g(x) is a C' function, then ffooo V"‘_lg(x)def exists as a Riemann
integral and we have

/OO v le()d LY = —/Oo Lid, (v* 'g()). (2.21)

—0o0 —00

In fact, since L,. has a compact support for each ¢, one can always add some points in the
partition to make L;' = 0 and L;" = 0. Then, we can show that

xj—l

oo m
/oo vailg(X)dXL;C - m(lgl)nﬁoz vailg(xj_l)(l'fj o L’ )
- j=l1

m m—1
= lim |:Z V“_lg(xj_l)ij — Z V“_lg(xj)iji|
: =

m(D)—0L

m
= — lim Vel (x;) — v¥ g (x; )L
m(D)%O;( g(x]) g(x] 1)) ¢

o0
= _f Lid, (v* 'g(x)). (2.22)
—o0
In the following, we will consider the integral for less smooth functions. For this, we define a
mollifier

1
,O(X) — {ce<x—1)2—1 s ifx e (O, 2), (223)
0, otherwise.

Here c is chosen so that f02 p(x)dx = 1. Take p, (x) = np(nx) as the mollifier which will be
used to smoothen less smooth functions.

In this paper, we extend Itd’s formula for less smooth function f : R — R which is absolutely
continuous. Such function f has a (¢ — 1)th fractional derivative which is assumed to be left
continuous and is of finite ¢ variation, where 1 < g < 4. And, we denote the left limit of this
(o — 1)th fractional derivative of f as ve! fx).

Theorem 2.8. Let f : R — R be an absolutely continuous, locally bounded function, have
the (o« — 1)th fractional derivative which is left continuous and of finite g-variation, where
1<g< ﬁ Define f,(x) = ffooo on(x —y)f(y)dy withn > 1. Then

o0 o0
/ vl f(x)dy LT —>/ vl f(0)d LY, asn — oo. (2.24)
—00

—00

Please cite this article in press as: Q. Wang, H. Zhao, Rough path properties for local time of symmetric « stable
process, Stochastic Processes and their Applications (2017), http://dx.doi.org/10.1016/j.spa.2017.03.006




Q. Wang, H. Zhao / Stochastic Processes and their Applications 1 (1111) IIE-111 9

Proof. Note that f,,(x) can be rewritten as

2
fn<x>=/ p@f (x-Z)dz n=1,
0 n

and note it is smooth. In particular

2
V“’Vﬁxx)z‘é p(@vaflf(x——g)dz, n>l. (2.25)

To see this, one can use Fubini’s theorem and the absolutely continuity property of the function
f to get

i L d ([T RO

o0 = o ([ )
R B O D
a F(z—ooﬁ(fo el )
. 1 © fulx -0,
T Ir2-oa <fo o=l )

1 ! l—a : / Z
m <Km(x —1) /0 ,O(Z)f ([ — ;) dZdl)
=m</ "(Z)/ )a 1dtd>
B 1 2 d X f(l‘— Z)

T I2-a </0 PO (/oo(x—rw 1‘”)")

_ /02 P(D) 0oV f (x - —) dz. (2.26)

Similarly, we can derive xvggl fa(x) = ]02 p(2)x Vg‘o’l flx — %)dz. Hence, we have proved
(2.25).

Similar to [36], for any partition D = {—N = xp < x] < --- < x, = N}, there is an
increasing function w such that

9% £ Garen) — V9 £ G| < (Wearer) — W) T, xxier € D,

where w(x) is the total g-variation of ve-l f(x) in the interval [-N — 2, x].
Then, by Jensen’s inequality, we obtain

.
sup Z|V“_1fn(xz) — Va_lfn(xl—1)|q
D =1

Please cite this article in press as: Q. Wang, H. Zhao, Rough path properties for local time of symmetric o stable
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2 r
. '\ |9
§M1/ SUPE ‘Va_1f<xl— 5) —V“_lf(XIfl - 5)‘ dz
0 D= n n

<M, /02 (w (N — 2) —w (—N — f—l)) dz, 2.27)

where M is a constant. In addition, as we have
z z
w(N=2)—w(-N-2) = wm), (2.28)
n n

it follows that

sup ) |V fu) = ! fula—n] ! < 2Miw(N) < oo, (229)
D =

This implies that V¥~! f,(x) is of bounded g-variation in x uniformly in 7. Moreover, by
Lebesgue’s dominated convergence theorem and (2.27), we have that

Ve ) > v F(x) asn — oo. (2.30)

Now the theorem follows from Theorem 2.3 immediately. [

We present the It6’s formula for stable processes defined in terms of Young integral in the
following theorem.

Theorem 2.9. Let X = (X;):>0 be a symmetric a-stable process, | <o <2, and f : R — Rbe

an absolutely continuous, locally bounded function that has (o« — 1)th fractional order derivative

vel f(x). Assume that vel f(x) is locally bounded, and of bounded q-variation, where
2

1 < g < 3=;. Then we have the following 1t6’s formula

t
F(Xy) = f(Xo) +f0 Vo f(Xs)d X

t
+ fo fR (f(xs_+y>—f(xs_>>ﬁ(dy,ds)

—Cy / vl f(0)d, LY, (2.31)

1
n2I(1-2)

where Co[ = m.

Proof. Define a smooth function f;, as in Theorem 2.8. We apply It&’s formula (2.19) for stable
process to the smooth function f;,. Then when we take the limit as n — oo, the convergence of
all terms except the fractional Laplacian term is clear. For the fractional Laplacian term, we use
the occupation times formula, Remark 2.7 and Eq. (2.24), to obtain that

t o o
[ A% f(Xs_)ds = —/ v f(x)de LY — —/ vl rod L. O (232)
0 —0 oo
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3. Local time as rough path

For a function g is of bounded g-variation for 1 < g < L and local time is of bounded

p-variation (p > —= 1) one can find a real number p > ai such that L i é > 1, hence

ffooo g(x)dy L} can be defined as a Young integral. But when g > ﬂ’ the condition % + % > 1
is not satisfied, hence one can no longer use Young integral to define ffooo g(x)dy L} . Moreover,
JLY¥dLY cannot be defined as a Young integral as pointed out in [12,13]. However, the rough
path integration theory can provide a way to overcome this obstacle. In the rest of the paper,
we deal with the case where % < a < 2and 3_% < g < 4. For this, one needs to treat

Zy = (L7, g(x)) as a process of variable x in RZ. In this case, Z, is of bounded §-variation in
x, where § = max{p, g} with p € (a 7. 4).

In the following, we will first construct a continuous and bounded path Z(m) from Z on a
certain time interval. The smooth rough path Z(m) is thus built by taking its iterated integrals
with respect to Z(m). The final stage is to show the existence of the geometric rough path
Z = (1,7Z', 7% 77) associated with Z .

In order to show the existence of the geometric rough path Z, we need to prove that the space

of rough path we have defined is complete under the 8-variation distance which was pointed out
in Lemma 3.3.3 in [23]

i

. . Q ﬁ
dp (X, Y):lggg]di,g(xl,r)— max sup<Z|Xxl i 1xl|-> . (3.1)

1<i<[0

Therefore, the strategy consists of verifying that the smooth rough path Z(m) is a Cauchy
sequence in the -variation metric dy on Co ¢ (A, TV (R?)).
We recall the following lemma from [25].

Lemma 3.1. Let X = {X(t),t € R4} be a real-valued symmetric stable process of index
1 <a < 2and (L}, (t,x) € Ry x R} be the local time of X. Then, for all x,y € R, and
integers m > 1,

a=1 a=1
IL} — LY llam < Cla,m)t % |x —y| 7, (3.2)
where C(a, m) is constant depending on o and m.
We obtain that for any p > %, the following relation as a special case of Lemma 3.1

l)p

E|LY — L9P < c|b — al® (3.3)

with a constant ¢ > 0. This means that L satisfies the Holder condition with exponent % A
control function w is a non-negative continuous function on the simplex A := {(a,b) : x' <a <
b < x""} with values in [0, co) such that w(a, a) = 0. It is super-additive, namely

w(a, b) +w(b,c) < w(a,c), 3.4)

for any (a, b), (b, ¢) € A.In the case when g(x) is of bounded g-variation, one has a control w
such that

lg(b) — g(@)|? < w(a,b), (3.5)
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1

for any (a, b) € A. Itis clear that wy (a, b) := w(a, b) + (b —a) is also a control of g. For h = 7

and 6 > g, one can verify that

lg() — g@)|” < wi(a, )" (3.6)
for any (a, b) € A and h6 > 1. Hence, there exists a constant ¢ such that

E|Zp — Z4|? < cewi(a, )", V(a,b) € A. (3.7)

Following the idea in [12], one could define a continuous and bounded variation path Z(m)
on [x’, x”] for any m € N by

wi(x) —wi(x")) Anz, (3.8)

Z(m)s = Zyp,

wi(x") —wi(x" )

where xl’”_l < x < xlm with [ 1,...,2™ and A;"Z = Zm — Zm . Take a partition
1 -1

Dy = {x" = x{' <x{" <--- <xp, =x"}of [x, x"] such that
1
wi (") —wi(x ) = 2—mW1(X’, x"), (3.9
where wi(x) := wj(x’, x). In addition, by the superadditivity of the control function wy, it is

clear that

1
/ "
WLy, ") S W) —wiGly) = Sowi (10,

The smooth rough path Z(m) associated with Z(m) is constructed by taking its iterated path
integrals. That is

Z(m)! , = / dZ(m)y, ® -+ @ dZ(m), (3.10)
’ a<x|<--<xj<b

for any (a, b) € A, where j =0, 1,2, 3.
We will need the slightly modified version of Proposition 4.1.1 from [23].

Proposition 3.2. Let Z € Co(A, TN (V) be a multiplicative functional with a fixed running
time interval, say [0, 1]. Then for any 1 <i < N, 0 satisfying0/i > 1, andany y > 6/i — 1,
there exists a constant C; (0, y) depending only on 0, y, and i, such that

2"

o0
sgpz 1Zyy ol =GO Y on Y Y Nz LI, (3.11)
1

n=1 k=1 j=I
where supp, runs over all finite partitions D of [0, 1], and xﬁ satisfies Eq. (3.9).

The aim of the remaining part of this section is to prove that {Z(m)},,cny converges to a geometric
rough path Z in the #-variation topology.

3.1. First level path

We first consider the convergence of the first level path Z(m) i b
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Proposition 3.3. Let (Zy) be a continuous path and h6 > 1, Z(m) be defined as above. Then
foralln e N

2"
1 6
m— 1; Z(m)Yy ] (3.12)
is increasing. Hence,
2[1
supZ|Z(m) . ’x2|9 — mlgllooZ|Z(m)1 ’x£|9. (3.13)
M k=1

Proof. By (3.8) and (3.10), we can derive forn < m
1
Z(m)x;(‘,l,xz =AyZ, k=1,...,2"
On the other hand, if n > m, it is possible to find a unique integer 1 <[/ < 2" satisfying
xS xpoy < xp < xt (3.14)
Based on (3.8) and (3.10), one can get

wi(x}) — wi(x2))

Z n=27Zm + AMZ, j=k—1k. 3.15
(m)xj X, Wi (Xln ) — wi (xl_l) 1 J ( )

It turns out that
Z(m)iz_l’xl? = Z(m)yy — Z(m)y  =2"""AlZ, Vn>m. (3.16)

For n > m, from the inequality (3.14), we can compute the range for the integer k for a given
integer /. That is 2"7™( — 1) + 1 < k < 2"7™[. In other words, there are 2"~ points of the
form of {x}}on-m(_1)41<k<2n-m; embedded inside [x;" |, x;"). Therefore, for n > m,

2" 61 o
1 -
Z |Z(m))1(],(771’x;,|9 = (2_n> m? IZ 1Anz)?. (3.17)
k=1 =1
It is interesting to notice that

m m+1 ﬂl+1
Wthh gl\/es

om

< (2m+])6 1 Z(lAm-‘rlZ'@ + |Ag1l+%Z|9>

om+l1
— (2m+1)0—1 Z |A;’1+1Z|9. (3.18)
=1

This proves the claim. O
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As a consequence of Proposition 3.3, one can show that Z(m) , o+ On any finite interval have
finite 6-variations uniformly in m using a similar method in the proof of Proposition 4.3.1 in [23].

Proposition 3.4. For a continuous path Z, satisfying (3.7) and h® > 1. Then Z(m))lc/ . have
finite 0 variation uniformly in m.

We present the convergence result of the first level path in the next theorem. Let lel’ =
Zy — Za. By (3.7), one can show that E|Z} ,|° < cwi(a, b)". In particular, E|Z!, ,|°
, k—1%k

IA

h6é
ewi (e xh < e(5) " wi(x!, xR

Theorem 3.5. For h6 > 1, if a continuous path Z, satisfying the inequality (3.7), then we have

1
0 7
ngp(ZlZ(m)M /A 1x1|9) <00 as. (3.19)

m=1 1

In particular, Z(m)cll , converges to chl , in the O-variation distance almost surely for any
(a,b) € A.

Proof. For n < m, we have Z(m)!, , =7, _,, whileifn > m then
X—1%k Xp—1%k

1 1 6—1 1 0 %
2oy =Tl gl <2 <|Z<m>x; glf + 12 |>

By (3.7) and Proposition 3.2, we have

1

9
E Z sup(z |Z(m)x] bt xz i m'e)

m=
1

o0 00 2" 5
1 1 %]
<C@®,y) E (E E n’ E |Z(m)xz71’xg - Zx;j,l,x;'| )

m=1 n=m+1 k=1
1

o0 o0 7
502( ) nyzmm)n ,xg|0+|z;g_l,x£|e>
n=m+1 =

1

) 1 ho—1 7
Z ny<2_n) wl(x’,x”)]w)

(
scy(mw) X ()
(

R

n=m+1

< 00, (3.20)

for h® > 1, where C is a generic constant depending on 6, i, wi(x’, x”’) and ¢ in (3.7). This
completes the proof. [
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3.2. Second level path

Next, we consider the convergence of second level path Zi p- From [23], for n > m,

1

N N(m— ®N

Zimyy o= m2 (m=m (A7) (3.21)
for all level paths with N = 1,2, .... For the second level path, we take N = 2. In the case of
n<m,

1
2
Z(m)x;?,l,x;f = EAZZ ® AZ
1 2"1—)1]( l
+5 2 Y (ArZeAPZ-A'Z®AVZ), (3.22)
=27 (k—=1)+1 r=2m—"(k—1)+1
therefore,
2 2
Zn+ D% o —ZmY
1 Qm=nj ] 1 ] ]
+ + + +
= Y (Mrzedytlz—apt'ze Altz), (3.23)

1=2m=n (k—1)+1

where k =1, ..., 2".
We first give the result for the second level path Z(m)g’ p Whenn > m.

Proposition 3.6. For a continuous path Z, which satisfies (3.7) with h0 > 1, then for n > m

0 ho—1
2 1 2
< c( 2n+m> : (3.24)

where C is a generic constant that depends on 0, h, wi(x’, x”), and ¢ in (3.7).

2’1
2 _ 2
; E ‘Z(’" TGy T2y g

Proof. For n > m, it follows from (3.21)

z 2 2 %
E ‘Z(’" TG g T2y
k=1
2m+l )
=YY e[t z)® - 2 (ap2)®
2 2
=T e <t

om+l1 0

_22(m+l—n)(A;n+lz)®2 _ %22(m—n) (A;nz)@’z 2

1
_Z —m—1
— an E2

=1

om 6 2m+! 1\
§C<2_n> Zznml<2_m> wl(x/’x//)hO

=1

om N 0=h0 ;| \ ho—1
() ()
- 2n 2"
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1 ho—1

omN\O=ho ;N N
fC(z‘n) (z—n) (2—m)

ho—1

1 2
< C(2m+n> , (3.25)

where C is a generic constant depending on 8, i, wi(x’, x”),and cin (3.7). O

The proof of the above result in the case when n < m is more involved as suggested by
(3.23). In order to establish the convergence of the second level paths, it is crucial to estimate
> E (L — Lfi)(Lf'i - ij ), and to obtain the correct order in terms of the increments
Xj+1—x; as suggested in [12]. This point will be made clear through the proof of the convergence
of the second level path.

First, define

o2(h) = E(LF" — L} (3.26)
and a covariance matrix

pij(D) = E(L — L") (LY = L7™),
where D = {x;}; is a partition of a given interval. By (3.26), using the same elementary algebraic

manipulation, one can deduce that fori < j

Pij = — [Gz(xjfl —xi_1) — 0 (xj1 —x)]

+ = [o?(xj — xic) — o2 (xj — x)]- (3.27)

= =

It was proved in [24] that
1
d_lpi (D] < 50?0 = xjmn) (3.28)
i

for the Gaussian case which is purely based on the concavity and monotonicity of o'2. As the
function | - |°"1 for % < o < 2 1is both concave and monotone, therefore, the inequality (3.28) is
also applicable for the local time of stable process. Hence, by (3.3) and (3.28), it follows that

1 2 a—1
> e D) < 502 () = xjo1) < Cilxj = x| (3.29)

1

where C is a constant related to the constant ¢ in (3.3). Now we are in the position to prove the
following proposition

Proposition 3.7. Let % <qg<32<6 <3 Thenforn <m

(3)' ()

where C is a generic constant depends on 6, i, wi(x’, x”), C1 and ¢ in (3.7).

2h+a—2
70

X

2 2
ElZm+ 13y | g =2y

}, (3.30)
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Proof. First, by (3.23), we have

2 _ 2 2
E[Zm + Dy | g =200y g
1 g 1 1 1 1 2
— + + + +
= £ (A5 2z Ay Z - AT Z® AN Z)
lzzlll*il(k_1)+1
1 & , : ‘ :
_ +1 +1 +1 +1 2
= - Z [EZ(A;'}_lz’Ag"l zZ) — A ZE AN ZT)
i j=1,ij I
+1 i am+1j 1 i am+l j
+2EZ(A§§_IZ’A’2", Z) — Az At 70
r<l
+1 i Am+1 5] i gm+1 ]
< (a2 ag iz - agnz A )|

1
=720 E[(A’Qéi‘lLi‘ A5 (0)? — 245 LY A g () AR LY AR g ()
1

HAgH L A e)’]

1 2
+12. E[(Agﬂg(x)Ag;“Lf) —2AN g () A L AL g (1) AR LY
1

m m 2
+ (A5 () ALHILY) i|

1
3 Y (B A L (A e a3 o)

r<I

+E(A;",“L;CA';“Li‘)(Aa';t}g<x>A’£’r+—11g“)))

1 m X m X m m
) Z(E(A21+IL1 Azrtlle )(Azztllg(x)Azrﬂg(x))

r<l

+E(AZTL AT L) (A5 50 AL o))

1
-3 (A s 2 s (a4 )

r<l

+ (45118 AT g (0) (A5 LT A3 Li‘))

1
"2 Z((A?’tllg (A58 () E (A5 LT ARELY)

r<l
(A5 g0 AL g0 E(Ag T LF AT L) )

We estimate the following term using (3.29)

2

r<I

(A5 () AL g () E (AR FL L AR LY)
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2mng

-1
1=2m=n(k—1)+1 r=1

2m—ng 1 h
=< Z C(W) w1 (x', X//)h

[=2m""(k—1)+1

Arﬁ“g(x) Arznng(x) 20-1 2r—1

‘Am+1LxAm+l Lx

-1
h +1 +1
x Z<2m+1> o, XV E (1A L AL L)

r=1

1 m X Am X
Z<2m+l> ZE |A21+11L A2r+11L |)

IA
aQ

[

1
¢ Z(2m+l
e 1 2h+a—1
c|2 2m+l
1 1 2h+a—2
_ c[_<_) } (3.31)
2n 2’"

The other terms can be estimated similarly. It then follows from Jensen’s inequality that

0
2)4

0
}. O (3.32)

IA

m+1 m+1ja—1
Xy l1 = X5

IA

IA

n

9
E[Zm+ D3 = Zm3 <E|Z(m DY e 2

n n
—1:%k —1%k

() ()
cl= —
2n 2m
By Propositions 3.6 and 3.7, we showed the convergence of the second level path The

convergence result is presented in the next theorem. As 6 > max{p, g}, where p > m and

q > ﬁ is the variation of the local time associated with the symmetric stable process and

2h+a—2
Py

IA

of the function g respectively, together with the fact that % < ﬁ holds as long as o < 2,

therefore, the smallest possible value that « can take must satisfy o > (% + 1. As 6 can be chosen
very close to 3, hence, the smallest possible value of « that we can take for the second level path
isa > % This means for any « € (%, 2), there exists a 6 € (2, 3) such that o > % + 1.

Theorem 3.8. Let % <a <2 ﬁ < q < 3. Then for a continuous path Z, satisfying (3.7),
there exists a unique Z2 on the simplex A taking values in R?> @ R? such that

SUP(Z|Z(m)x1 X xz 1x1|g>9 -0, (3.33)

both almost surely and in L! (2, F,P)as m — oo, for some 0 such that M;ﬁ <0 <3.

Proof. By Proposition 4.1.2 in [23], we have

0
E sgp Z}Z(m + 1))2(171’)61 - Z(m))zq,l,xl } :
[
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1

) 2" 2
0 2
<C(, y)E(ZnV Z|Z(m + 1))161111»)6? - Z(m))lc;gfl,xg )
n=1 k=1

00 2" %
x (Z n? Z|Z(m + 1)}61,{,4# o4 |Z(m))lc;:71’xg 9)
n=1

k=1

[4
2

00 2"
v 2 — 2
+C@O,y)E X;n I;|Z(m + Dxlf'l—l'xl)cl Z(m)xgil,x,’(‘
n= =

=A+B. (3.34)

We have proved the convergence of the first level path in Theorem 3.5. The result from
Theorem 3.5 is used to estimate the part A, that is

1

0>2

"tz -2

n n
e Xk—1"k

00 2"
E Y E 1 -7!

A < C<E 1n k 1|Z(m + I)X/?_PXI': ZX;:—I’X’?
n= =

%) 2n 1
y 1 6 1 A%
X <E Zn |Z(m + l)x;‘_l,x,:‘ + |Z(m)x,'g_l,xl’} )
n=1 k=1
ho

() "G )]

h6—1

1 4
C<2—m> . (3.35)

For % <a <2and h > L, we can choose @ satisfies Mﬁ < 6 < 3. Therefore, W@

3 b
>1-— %. Hence, we can choose an € such that 1 — % <e< W@. Then by Propositions 3.6

and 3.7, it follows that

IA

IA

0 | 1162—I m—1 | %_1 1 2h+f—29
p=cy v (zm) e (z) ()

n=m n=1

ho—1 0 2h+a—2

1 > m—1 1 7 1+e 1 T—0—€

I Vi — I
=7 G ]

1h(;‘lT—l 12h+f_20_€
C A C I

Hence, we proved the convergence of the term B. With the above observation and the fact that
h0 > 1, itis clear that

ho—1
0 1 2 1
ES‘;}’Z|Z(’” + l)/%[—laxl - Z(m)zl—l»xl|2 = C|:<2_m) + (2_m>
1

If we sum up for all m as we did in Theorem 3.5, one can show that (Z(m)z)meN e (RH)®2 s
a Cauchy sequence in 6-variation distance. In other words, it has a limit as m — oo, denote it by
77 € (R*)®2. By Lemma 3.3.3 in [23], we can conclude that Z? is also finite under 0-variation
distance. Thus, we have proved the theorem. [

2hta—2
T —0—¢€

Please cite this article in press as: Q. Wang, H. Zhao, Rough path properties for local time of symmetric o stable
process, Stochastic Processes and their Applications (2017), http://dx.doi.org/10.1016/j.spa.2017.03.006




20 Q. Wang, H. Zhao / Stochastic Processes and their Applications 1 (1111) II-EIR

As local time L has a compact support for each w and ¢, so the integral of local time in R can
be defined. We take [x’, x”'] which contains the support of LY. By Chen’s identity, one can see
that for any (a, b) € A,
r—1
2 : 2 1 1
Za‘b - m(Dg,rbI]l)—w g(zxi—l,xi + Za,xi ® in—l,xi)' (3.36)

In particular, similar to the proof in [13], we have

r—1
@op2a = Jim D (B )+ By ® L )20)
@ i=0
r—1
_ : 2 N Xi _ pXi-l
= m(Dg,r:]lHO;(Zx,_,,x)z,l +(g0) — g@) (L) — LT, (3.37)
Here (ZJZCH, x;)2.1 denotes the lower-left element of the 2 x 2 matrix Zii—l» x;- Hence, the
following
r—1
lim 7 . DLy — L
m(D[a’WO;(( )21 gL — L)
r—1
= i Z . ) — Ly — L
m(D[j,‘,f}Hol;( )2l + (@) — gLy — L)
+8(@)(Ly — L) (3.38)

holds. Therefore, we have the following corollary.

Corollary 3.9. Under the same conditions of the previous theorem, then for (a, b) € A,

b r—1
LYdLY = i 7’ LY (LY — LT y). 3.39
/a t t m(D[;g]l)_)()g(( xi_l,x,-)l,l_i_ ¢ (Ly ¢ ) ( )

Moreover, if g is a continuous function with bounded q-variation, q¢ > 3% then we have

b r—1
dLY = i 7> (LT — LYhy). 3.40
/a sdLi= | lim S kgL~ 1) (3.40)

3.3. Convergence of rough path integrals for the second level path

In this section, we will prove the convergence of the second level path in the 6-variation
topology.

Proposition 3.10. Let% <a<?2 % < q < 3, one can choose a 0 such that ﬁ <0 < 3.
Moreover, let Z;(x) == (L}, gj(x)), Z(x) = (L7, g(x)), where g;(-), g(-) are both continuous
and of bounded q-variation. Suppose g;(x) — g(x) as j — oo uniformly and the control
Sfunction wj(x,y) of g; converges to the control function w(x, y) of g as j — 00 uniformly.
Then the geometric rough path Z;(-) associated with Z;(-) converges to the geometric rough
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path Z(-) associated with Z(-) a.s. in the O-variation topology as j — oo. In particular,
[0, 8i()dLY — [°0 g(x)dL} a.s. as j — oo.

Proof. For each j, one can obtain the geometric rough path Z;(-) associated with Z;(-), and
also the smooth rough path Z;(m) in the same way as Z(m). Here the Z; is defined as Z; =
1, Z}, Z%). Similarly, we have Z; (m) = (1, Z} (m), Z? (m)). First, we prove the convergence of
Z}. — Z! in the #-variation topology and in the uniform topology. To see this, we consider for

any finite interval [x’, x”] in R. As local time L} has a compact support in x a.s., so the following
proof can be extended to R. To prove that Z; — Z' as j — oo in the da,9 topology, note first

dr (L}, Z") < dyg(Z}, Z}(m)) + da g (Z}(m), Z' (m)) + dop(Z' (m), Z). (3.41)

From (3.20), we know that dp ¢(Z'(m), Z') — 0 as m — oo and dz,g(zl.,z;(m)) — 0 as
m — oo uniformly in j. Thus there exists an integer mq such that ds g (Z'(mg), ZY < % and
dz,g(Z}, Z} (mp)) < % Consider Z} (mo) and Z'(my), which are bounded variation processes
and Z} (mo)(x) = Z'(mg)(x) as j — oo uniformly in x. Moreover,

2
(Z}-(mo)m) - Z1<mo)<x1)> — (Z}(mo)m_l) - Zl(mo)m_l)) (3.42)
exists and bounded uniformly in j. Thus, by Fatou’s Lemma, we have
2
(Z (mo) (x)) —Z (mo)(xz)> (Z} (mo) (xi—1) — Zl(mo)(xlfl)>
j—>oo
2

< E lim sup Z

J=% Digiy 7

(Z (mo)(x1) — Z (mo)(xz)) (Z} (mo)(x1-1) — Zl(mo)(xl—l))

2
= E sup ) lim ‘ (Z}(moxxz) — Z‘(mo)(x1>> — (Z} (mo)(x1-1) — Zl(mo)(xz—l))

Diap) 7 7
=0.

The exchange of lim_, », and supp, is due to the fact that

2

hm Z‘ (Z (mo)(x)) — 7 (mo)(x1)> (Z} (mo)(x1—1) — Zl(mo)(x[1)> =0

uniformly with the partition D, 5. Thus, we revisit (3.41) and apply m = m to conclude there
exists Jo such that when j > Jy

dz,g (Z}-, Zl) < €.

Thus,
2

(Z (mo)(x) — Z (mo)(xz)) - (Z}(mo)(xl—l) - Zl(mo)(xl—l))

]*)OO

=0.
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For the convergence of Z? — 72, similarly, we have

drg(Z5,27%) < dy g(Z5, Z5(m)) + da g (Z5(m), Z*(m)) + do.p(Z*(m), 7). (3.43)

The convergence of the last term of (3.43) as m — oo is clear from Theorem 3.8. From the
proofs of Propositions 3.6, 3.7, and Theorem 3.8, one can show the convergence of the first term
of (3.43) uniformly in j as m — oo. That is to say, for any given € > 0, one can find a N
such that for m > N, dz,g(zz.,zﬁ (m)) < § for all j, and dp ¢(Z*(m), Z*) < . In particular,
the above inequality also holds if we replace m by N. For a fixed partition of [x’, x”'] and this
N, one can show by the same method as in the proof of dz’g(Z} (mo), Z' (mg)) as j — oo that

a’z,g(Zi(N ), Z*(N)) < § by the bounded variation property of the smooth rough path. This
can be seen as Z? (N) and Z2(N)) are just tensor product of bounded variation paths Z j(N) and
Z(N). Thus Z? (N)(x) also converge to Z>(N)(x) uniformly in x. By using a similar method as
in the proof dzy@(Z} (m), Z'(m)) — 0as j — oo, we can prove that dz,e(Z§ (N),Z*(N)) - 0
as j — oo so there exists an integer J > 0 such that j > J, d2,9(Z§ (N), ZZ(N)) < % Hence,
for j > J, it follows from (3.43) for m = N that dzﬁ(Z?, Z2) < €. The first claim is asserted.

By the definition of ffooo gj(x)dL7, one can conclude the second claim. [J

Proposition 3.10 is also true for g being of bounded g-variation (ﬁ < g < 3) but not being
continuous. For the discontinuous case, we use the method from [34] by adding a fictitious space
interval during which linear segments remove the discontinuity, also bear in mind that a function
with bounded g-variation has at most countable jumps.

Definition 3.11. Let g(x) is cadlag in x of finite g-variation and set G (x) := (g(x), L;(x)). Let
8 > 0, for each n > 1, let x,, be the point of the nth largest jump of g. Define a map

o0
75 7, x"] - [x’,x” +8) |h(xn)|ﬂ

n=1

in the following way

T5(0) = x +8 Y 7)1, < (%),

n=1
where h(x,) = G(x;) — G(x,—).
The map t5 : [x/, x”'] — [x/, ts(x")] extends the space interval into one where we define the
continuous path Gs(y) from a cadlag path G by
G(x), if y = 75(x);

Goy) = {G(xn—) (= 3R )|, if y € [15(n—), T5(xa).

Notice that L, 5(y) := L s(ts(x)) = L} as L} is continuous. Let g(x) be a cadlag path with
bounded g-variation (ﬁ < g < 3), we define

4 "

/ | Lidg(x) = f CLidgt (@) + Y Ly (h(xp) = h(x=)), (3.44)

where the discontinuous g is decomposed into its continuous part g€ and its jump part /.
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Theorem 3.12. Let g(x) be a cadlag path with bounded q-variation (% <gq < 3). Then

"

X 75(x")
f, L?dg(x)=// L:s(y)dgs(y). (3.45)

Proof. The right hand side of (3.45) is a rough path as defined in the previous section. As local

"
time is continuous, hence the integral | ;, L7dg€(x) is a rough path can be defined as in the
previous section. For the integral associated with the jump part, we need the method pointed out
before the theorem. At each discontinuous point x,,

/ " Lrdg(x) = Ly (o) () — g0i—)) = Ly () () — h(xe—)).

By Definition 3.11, we have that
Li(xr)(g(xr) — g(xr—)) = Ly s(ts(xr—)) (g5 (T (x1)) — g5 (Ts(xr—))).

Hence, it follows that
S L) @) — =) = O Lis (@ =) (85(ts () — 85(Ts(x,—)).  (3.46)

From Corollary 3.9, we know that the right hand side of (3.46) alone is not well defined, but
together with Zr((Z) ,) itis well defined. In this case, we need to check that

2 (@) 12 =0
r

in order to have (3.46) to be well defined. From Corollary 3.9 and the continuity of local time,
we obtain that

w5 (xr)

PRCANITEES S / (Lis(y) — Loy (05(or—))dgs () = 0,

75 (X, —)
where Zs(y) == (L;5(y), g5(y)). Therefore, we have

Z/ LYdh(x) = Z/

75 (X —

T5(xr)

Ly (y)dgs(y) =Y f LY (y)dhs ().

w5 (xr)

75 (X —)

As the continuous part g€ is the same as gs on the space interval where g is continuous
and g€ does not contribute on the interval where the function jump. Similarly, where g is
jump discontinuous, we denote as &, does not contribute on the interval where the function is
continuous, hence

" " "

X X X
/ Lfdg(x):/ L;‘dgc(x)-i-/ LYdh(x)
x' x' x’
T5(x") T5(x")
= [ Lsodgo+ [ Lustkdhs)
x/ x/

75(x")
_ / Lus(»)dgs(y).
x/

This completes the proof. [
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The convergence for discontinuous functions can be proved by applying the method in the
above theorem and Proposition 3.10 to (h — g)(x). Note the function As is piecewise linear for
fixed § > 0. Itis certainly of bounded g-variation with a control function ws. If hs; is a sequence
of bounded g-variation functions with control function ws; such that hs; — hs and ws; — Wws
as j — oo uniformly. Then, we have

75(x") 75(x")
f Los(dhsj(y) — f Los(dhs(y)
x x/

’

as j — oo. Hence, we have the following proposition.

Proposition 3.13. Let o € (3.2), 525 < q < 3, 6 be chosen such that 5=t— < 6 < 3.
Consider h, the jump part of the function g and assume there is a sequence of continuous
Sunctions hj — has j — o0. Let hjs and hs be defined in the same way as Gs(y). Let hs;
be a sequence of continuous function satisfying hs; — hs as j — oo together with their control

functions and

/ LS (y)dhjs(y) = / L3 (y)dhsj (). (3.47)

—00 —00

Then as j — 00

o0 0
/ Lidh;(x) — / Lidh(x).
o —0oQ

Proof. By Theorem 3.12, integration by parts formula and assumption (3.47), one can see that

/ hj(x)dL} = / hjs (DALY (y)

—0Q —00

- / L (n)dh 5(5)

o 5
= —/ L; (y)dhs;(y).
—0o0
By the assumption that hs; — hs as j — oo together with their control functions, then by
Proposition 3.10 we have [%0_ L2 (y)dhsj(y) — [°o L2 (y)dhs(y). By using Theorem 3.12, we
have that f_oooo Lf (y)dhs(y) = ffooo L7dh(x). Hence, the result of the proposition follows. [

Corollary 3.14. Let @ € (%,2), ﬁ < q < 3, 0 be chosen such that %J;% < 0 < 3.
Moreover, let Zj(x) .= (L}, gj(x)), Z(x) := (L}, g(x)), where g;(.), g(.) are both of bounded
q-variation, and g; is continuous and g is cadlag with decomposition g = g. + h, where g,
is the continuous part of g and h is the jump part of g. Suppose g; = g¢j + h; with control
function w.; and wy; such that g.; — g. and W¢j — W, uniformly, h; satisfying conditions
in Proposition 3.13. Then we have

o0 o
/ gj(x)dL; — / g)dLY as.as j — oo.
o —0o0

Proof. The corollary follows from Theorem 3.12 and Proposition 3.13. [
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3.4. Third level rough path

The 8-variation formula for third level path in [23] is given as

0
51[1)p|Z(m + 1),3‘/_1,)” - Z(m)i,_.,xl E
%) 2" 0
3 3 3
< Cy Zny Z|Z(m + l)xlrcl—l’x/? - Z(m)xlrcl—l’x/? | :
n=1 k=1

[e e 2n 3
+Cs (Z"V |+ g g = Zlmg ’9>
n=1 k=1

00 2"
X (Zny > | Zm + D3
n=1 k=1

2

] 0\ 3
T |Z(m))2c,'€‘_l,x;{l‘2)

00 2"
+Cy <’;ny ;\Z(m + D% o= Z(m)ig_l’xg’g)
00 2" P 0 l
X (;nr ];yz(m + 1);’?_1# + |Z(m))lc;{l_l’x;: )
00 2" 1
+Cs <’; nY ;\z(m + Dy o= Zm)gy }9>
00 2" %
x (Zny D |Zen+ D “+ |Zm)y ") : (3.48)
n=1 k=1

where {x;'} satisfies (3.9).

We have obtained estimations for the first and second level paths. As there is a connection
between the sample path of local time of symmetric stable processes and its associated Gaussian
processes by Dynkin isomorphism theorem (cf. [24]), therefore, we present some relevant results
for the Gaussian processes first. The importance of the following result regarding Gaussian
random variables will be made clear throughout the estimation of the 6-variation on the third
level path.

Again, we have

lg(b) — g(@)* < wi(a, b)*" (3.49)

for any (a, b) € A and hf > 1.
We consider the cross product term on the increments of the g with parameter 4. By a purely
algebraic procedure as in (3.27), for b > a, o > 0, we have

1
(g(b) —g(a)) (g(b+g) —ga +Q)> < §<W1<b+g, a)? —wi(b+ o, b)*

+wila+o0 b —wia+o, a)2h>. (3.50)

All the estimations of the variance or covariance of the local time one encounter later in this
paper are similar to one of the following formats. For n > m, the proof on the convergence of the
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third level path is a straightforward exercise as pointed out in the proof of the Proposition 4.5.1
in[23].Form >n,k=1,2,...,2",2" "k —1)+1 <r <1 < 2™ "k, the estimations of the
variance of local time on different intervals are given by

m+1 n 1 a—1
E(szl L L;‘k—l)z < c(zn) (3.51)
and
m+1 Kl 2] — 1 2] —2\a—1 1 ya—1
Xo1-1 X1-2\2
E(L = L) 5C< mL 2m+1> = (ﬁ) (3:52)

where ¢ is a generic constant. The covariance of the local time on non-overlapping intervals

[y, a0, [y, a1 satisfies

ELX;”H; LXZ_u L*E’?ﬂ Lx'z’ﬂ 1 2, mtl 2, mtl
(L7 = L) (L~ L )—5 —o (xy ) —xp_) Ho (T — xy)

—otagtl b
<0, (3.53)

Here we have used (3.27), the concavity of o and the following two observations for a non-
negative concave function f:

f@x)=tf(x) forre[0,1],
fla)+ f(b) = f(a+Db).

On the other hand, by the increasing property of o> and the first part of (3.53)

m+1 n m+1 m+1 (

1
E(szl -2 _ L;‘k—l)(L;CZI 1 L;CZZ 2) > _ 20 (xg}irl _xglﬂr;

a—1
2m+1) . (354)
where ¢ is a generic constant. The covariance of local time on two overlapping intervals
[x¢_; xg’rtlz], [x¢_; xé’l’fé] is given by (without loss of generality, assuming / > r)

m+l
E(L Xa1-2 Lk 1)(L 2r Lk 1)
m+1 m+l m+1 m+1 m+1

X X7
—E(L X212 L2r 2)(L Xy~ Lk 1)+E(L Xy~ Lk 1)(L 2r2_Ltk71)

1
= 5[ =) + ot oqh —a) — fen Ty - )]

+O,2(xm+l x[?,])

1
- E[&ug}j-%ﬁg-#u;}j A+ ot — X )] (3.55)

One can conclude the above is non-negative based on the non-negativity and monotonically
increasing property of o2, Moreover, it is bounded from above as

m+ 1 \a—1
E(L;CZFZ L X (L 0 ' - N < g2(x’2"rt]2 —x;_)) < c<2_”) . (3.56)
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Similarly, one can estimate the following term

m+l X" Xt 1 m+l
E(L Xa1— 2_ k*l)(LZ L2r 2)

m+l m+1 m+1

— E(L 21 2 L 2r l)(L 2r 1 L Xor— 2)+E(L Xor—1 L X2~ 2)2
'21:+1 Xy xg;+ll gnrﬂz
+EWLT - LYWL — L)
1
=5[-o?G5 T =) +otents - ) - ot Gt — gt

2 1 1 2 1 2 1
+20 (xm+ —xé"ﬁ )—o ()cm+ —x;_)+o (xg’r"__1 —x;_y)

+1 +1
-0 (xm | — X5 2)]
1
_ 2, .m+1 m+1 2, m+l1 m+1
= 5[0 (55 = ) — o (g — x5, 0)
2, m+1 2, m+1
—o? (x5 —xp_ ) + ot = X)) (3.57)

The above quantity is nonnegative by monotonically increasing property of o2. Moreover, it
can be shown that it is bounded from above

RAC I SRR s ST s
E(L — L)L = L)

1
= S[o? 0ty =gty — o0ty — gt — oty —x )

+o? Gt = X p]

< o205y = 5T

1 \a-1
Sc(z—m) , (3.58)

where c is a generic constant.

For the case when n > m, we refer to (3.21). Similar to Proposition 3.6, we can prove the
following proposition.

Proposition 3.15. For a continuous path Z, which satisfies (3.7) with h® > 1, then for n > m

n 2 ho—1

1 2
E‘Z(m—i—l)i; —Z(m)} §C(2n+m> , (3.59)

X1 Xy
where C is a generic constant depends on 6, 7, w(x’, x”) and ¢ in (3.7).

\S)

|

n
1%k

k=1

Proof. If n > m, by (3.21), we show that

on 0
Z 3 _ 3
k=1 E‘Z(m + 1)"5—1’)‘1'3 Z(m)xf_pxﬂ
om+l1 1 1 %
_ 3(m+1—n) +1,\®3 3(m—n) ®3]°
-y E‘§2 I (41 2)% - 20 (a1 2)
=1 m+1 <xm-%—l : :
—1 k 1=
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2

om+1

_ Z n—m=— IE' 23(m+1 n) (Am+] Z) 123(n1—n) (A?IZ)®3
3!
g 2mt! hé
Z n—m— 1(2m> Wl(x/’x//)hé

9—h9 1 h6—1
on

ho—1 ho—1

TG E)

1\
_c<2m+n> : (3.60)

where C is a generic constant depends on @, i, wi(x’, x”) and ¢ in (3.7). O

“=’|'§

I/\
/\
N— —

IA
a
PR

() )
R[N RN

IA
a
A/

A

However, to estimate the left-hand side of (3.59) is more complicated when m > n. Recall the
following formula in [23]

Z(m + 1)3,, g Z(m)ig .

1%k

== Z = Zg )@ (AN Ze Ay Z - AN 2@ AT Z)

2-1 2042

+5 Z (AT Z@ AT Z — AT 2@ AYIZ) @ (Zay — Zyn)

Z AR Z(As Z @ ApP Z + AN Z @ AT Z)

- Z AR Z(APT Z @ AT Z + AT Z @ AT Z)

+1 +1 +1 +1 +1
—EZ(A';I ZQAIZ+ AN Z@ AN Z) @ AT Z

= A| + Ax + A3 + Ay + As, (3.61)

where the sum runs over 2" (k — 1) + 1 <[ < 2" "k. As suggested by Jensen’s inequality,
we have

0

2) ' (3.6

[
3

E[Zm+ 13 o —Zm)3 o

n
1%k

3 3
< (E [20m + Dy |y = Zlm)g

In order to estimate (3.62), we first use (3.61) to estimate

2

E[ZGm + 13 g —Zm)y o

n
—1% Xk—1"k

We will only estimate the term A and A3z, as other terms can be estimated similarly. For m > n,
we first estimate the term A2. Define ¢; = Z w1 — Zyn  and ¢! = Z' . —Z', | then
1 X2 k=1 ! P X1
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2
2 _ +1 +1 +1 +1
A = ‘Z(zx%—zxgl)@(A;';lZ@Ag; z- Az AN Z)
I
2 2
— +1 —~i +1~j +1~i +1~j
- Y (Zeragnziagnz - agnziagiz)
i jau=l,i%ju N 1
_ 2( Aam+1 i am+1-j +1 i am41j\2
= D D@z a2 - Atz A 7))
itju 1
+1 i am+l i am+l,j am+1j
£2 3 3 (et g a2 g 20 a2
i#jur<l
—ele A Z AL Z AR 2 AR 2
—le AL 2T A 2 A 2 A 2
+1~i +1~i +1~j +1 —~j
bl AL 2 AN 7 Ay 2 4 20
= J1+2(Jp — J3 — Jy+ Js). (3.63)

Z! denotes the ith element of Z, := (L, g(x)) wherei = 1,2. Wheni = j, the above equation
vanishes. When i # j, [ # r, we first consider the case when u = i

2
= D a2 a2 - a2 a2

1
2
+ RO A 2 - A 2 a2
l

m+1 n m+1 m+1
— Z(L;‘ZI—Z _ L;Ckl)2|:(Lf211 _ szpz)(g(x;nlﬂ) _ g(x’z’}f}))
I
m+1 m+1 2
— (L = L) (g0t - g(xg';té))}
m+1 xm+l

+ ) (sGhty) - g(xz1>)2[(g<x§’;t}) —gGhID)(L - L)
l

| ) ot ] 2
_ (g(xg;+ ) — g(ngfl))(L,Z”l _ Lt212)i|

— I + . (3.64)
xm+1 X1
First, we estimate E I;. The estimation of E I, can be done similarly. Set Hy = L,* > —L,*"",

gt A ! it
Hy=L>""—L”?and H3 =L,* —L,”",then

2 2
I = Z[leHf(g(xQ’;“) — (D) + Hi2H? (gt — g(x5™)
1

—2H*HyHs (g (™) — gt h) (s (it — gt )] (3.65)

Please cite this article in press as: Q. Wang, H. Zhao, Rough path properties for local time of symmetric o stable
process, Stochastic Processes and their Applications (2017), http://dx.doi.org/10.1016/j.spa.2017.03.006




30 Q. Wang, H. Zhao / Stochastic Processes and their Applications 1 (1111) II-EIR

We estimate each term in /; in the following. The bound of the first term in /; is given by

1he=1, 1 —1, 1 \2h
EZH] H? (gt — g(xé'}ff))chzm_”<z_n>a (2m+1)a (2_m>

1 \N@/ 1 \2hta—2
=c(5) Gr) : (3.66)
2n m
where c is a generic constant. The bound of the second term in /7 is similar to the first term with
1\@/ 1 \2hta—2
+1
3 EHH? (g0t — g(ith)’ < <2n) (2—m) . (3.67)

l

The bound of the third term in /] is given by

Z EHHyH (g (5™ — g5 D) (sG] — gy ™)))

< c( 1 )thm_n(L>a—l(i)a—l
2m 2" 2m

< c<2in>a(%)2h+“_2. (3.68)
Hence, we have
ElL < c(zin)“(zim)zm_z. (3.69)

Now, we compute the estimation for E I term, that is

X xm+1
E {Z(g(xg;tb — g(x;:_l))z[(g(xg}t}) - g(xztb)(Lﬁ’ — L)
l

m+|

ma 2
(g(xm+l) _g(xgrlzi-ll))(szl i ~L Xa1- 2)i| }
B 1 ~\2h+a—1 7/ 1\?"
=2 n<2m+1) (2_")

1\*T2h 1 2hta—2
5c(2—n) (2—n) . (3.70)

As Jp, J3, Ja, and J5 have similar structure, we only need to estimate one of them. The estimation
of Jp

xm x xm+l xn xm xm+l xm+l xm+1
20— kl 2r-2 __ k—1 20— 21 2 2r—1 2r—2
S = E (L, WL, =L )Ly, L7 = L7)

r<l
x (8™ — (D) (G5 — g ()
+ Y (20D — (D) (@AY — g0 ) (g0t — g (D)

r<l
m+1 m+1 m+l

m+1y m+1 gt _ - 2 *21-1
x (8Cy T — gy ) (Ly L, )(L — L"),

Please cite this article in press as: Q. Wang, H. Zhao, Rough path properties for local time of symmetric « stable
process, Stochastic Processes and their Applications (2017), http://dx.doi.org/10.1016/j.spa.2017.03.006




Q. Wang, H. Zhao / Stochastic Processes and their Applications 1 (1111) III-EI1 31

We estimate the first term in J; first. By (3.50), we have

(g3t — gyt ) (80 ™) — g Gz D))
2h 2h 2h
et S

l—r
which does not vanish if & # %, l#randp = 12%,’ > 0. Using Taylor expansion at ﬁ =0,
one can show that there is a constant Cj, depending on 4 such that

+‘1—

2h L 1 \2
1+ —- -— —2|=C 3.72
‘+l_ +' = h(l_) (3.72)
Therefore, we have
1 2h 1 2—-2h
(83 — g3 D) (g0 ™) — g (5D =< (2) (l _r> : (3.73)
Hence, it follows that
m+1 n m+1 m+1 m+1 m+l m+1
Z [(szz 2 _Lfk—l)(Ler—Z _ xk 1)(Lx21 1 "21 2)(L Xor—1 _LXZr 2)
r<l

x (gt — (D) (st — gt ))]

1 2h 1 2=2h m+1 n 1 m+1 n 1
= c(—) < ) (E(LXZI 2 Lf"’l)) (E(szr _L;Ck—l)4)4

l—r

m +1

(E(L 21 1 ~-L 2; 2)4) (E(Lflznr 1 ~L X2~ 2) )

2() (5) )G

r<l

a— 2h+a—2
<o (L) () (3.74)
n 2m

2-2h
where one summation is consumed by (ﬁ) and the second inequality is due to

Lemma 3.1.
The estimation for the second term in J; is given by

E

D (8eh™h — g(p_ ) (g(rpth) — g (sxhy ) — g5y ™)))
r<l

m+l m+1 m+1

X (g(x;"’l"f‘]l) _ g(xn1+1))(L:2r L X2~ 1)(Lf21 _ LXZI 1)
2h 2h —1
< cmn L L L ¢
- m 2n m
1 1+2h 1 2h+a—2
<c (_) (_) | (3.75)
2]’! 2’”
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Therefore, the bound for the term E A% is

) ety s 1 Ny 1 \2hta—2 1 \1F2h /1 \2h+a-2
EA2<cli™@ (—) (—) +(= — . (3.76)
2n 2m 2)1 zm

Next we estimate the term A3 in (3.61), that is

2
ZAZ+iZ®Am+1Z®A’n+IZ
1

—FE Z Z A?[+%Z Am+lzj) (Ar2nl+lzu)2
i,ju
+ Z Z E|: A'anJr]]Z A;nl+llzl)(Aglr+lszg1l+]Zj)(ArznrJr]ZuAIzr;Jr]Zu)i|
i,jur<l
+ DD BTz Az (At ) (ag 2y’

i r<l

771+l m+1 m+1

_ ZE L R ~L Xa1- 2)2(L;‘21 _sz ) (g(xm'H) _g(xg;ﬂ))Z

m+1

+ ZE(g(xg}tb g (gl — g (L - L)

r<l
m+1
(L) () — () (g — g )
+ Y E(gepth) — g th) (g(eh T — gy t)) (gt — g (b))

r<l

m+1 m+1 m+1
( (xm—H) _g(xglﬁ}))( xzr+ _Ler—l)(L;‘2[+ _szz—l)

m+1 m+1 m+1 m+1 m+1 m+1 m+1
+ ZE(Lj‘zrfl _ Ler—2)(Lf21—l _ szlfz)(szer _ L;‘zzfl)z(lljfzr+ _ Ler 1)2
r<l
+ Y E(g0pt) — g(pth)) (et — g5 ) (g th
r<l
- g(xg’;ﬂ)) (204t — gt )?

m+1 m+1 m+l

le 1 ;‘2172)2(L;‘21+ L Ya1- 1) (g(xm+1) _g(xglz-q_—}))Z

E m+ly m+1 m+ly m+1 ’szJr —L B2
(g(le—l) g(x2,_2)) (g(x ) — 8yt 1)) ( )

m+1 m+1 m+1 m+l m+1 m+1

L Xor—1 Ler—Z)(L;VZI 1 —-L X2 2)(L;‘2r _ L;‘Zr 1)

+ 2 |E(

r<l

m+l

xl m+1
x (L = L) (g0t — gt ) (st — g(x’g}tb)’
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+ 2 |E(

r<l

g5t — gy t)) (80t — gyt )) (g™ — (5 ED)

m+1

m m+1 m
(g(xm+]) _g(xgl'lltll))(LfZ)+l _ L;‘Zrtl)(L;C21+l _ L;CZI 1)

m +1 m—+1 m+| m—+1 m+1 m+1 m+1

+ Z E(L;‘Tr 1 ~-L Xor— )(LXzz 1 ~L Xo1— 2)(Lf2] —L Xo— ')Z(sz’ L 2r—1)2
r<l

+ 2| E(sh ) — () (Gt — s (D) (0™ — g (e ED)?
r<l
( (xm+1) _g(xsnr-tll))z (377)

Using Lemma 3.1 and Cauchy Schwarz inequality, we obtain the bound for the first term

2

!

m+1 m+1 m+1 m+1
E(LfZI—l _ L:ZI—Z)Z(L;C21+ _ L;CZI—I) ( (me) —g(ngﬂ))z

2(,1 n 1 1 \2h+20-3
<ct ( ) . (3.78)
2n\2m
The bound of the second term is
+1 xm+1 )
SOIE(Gth — (el th) (et — gl )AL — L)
1
1 /1 \4h+a—2
<c 2—(2—m) . (3.79)
Similar to (3.74), the bound of the third term is
X xm+ xm+1 m+1 xm+]
Z E(L e 1 — L g )(L,zl 1 —Lt2[_2)(Lf2’ _Lt2r 1)
r<l
> (LXZ-H _ Lxg;irll)( (xm—H) _ m+1 m+1y m+1
t t 8 g(xzrfl))(g(x ) g(lefl))
20— 1 1 \2h+20-3
<o —(—) . (3.80)
2n\2m
The bound of the fourth term is
D IE(Ght) — gpt)) (st — (i) (senith) — gaehith)
r<l
+1 xm+| m+1 xm+l
(g(xm_"l)—g(xg;ﬂ))( x2r _Ltzr 1)(L;‘21 _LIZ/ 1)
<c—|— . (3.81)
2n 2m
The estimation of the fifth term
m+1 x17;+| 2 m+1 xm+1 ) xm+1 m+1 xrr;+1 rri-H
Z E(szr _L12 1) (szl _Lt2[ 1) (Lt2l 1 — L Xo1- 2)(Lt2 1 _» X ) (3.82)
r<l
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is more involved. We use the following equation from [25] in the estimation of the fifth term

E(JjL,”):ZT:E( /f ilﬁdLi"") (3.83)

O<t1<tr<--=<ty<t

where the sum in (3.83) runs over all permutation & of {1, 2, ..., n}.
In the following, we estimate

xm+] xm+1 ) xm+l xm+1 ) Xm+1 xm+| xm+1 xm+1

2r 2r—1 21 2[—1 2[—1 20-2 2r—1 2r-2
E(L> —L>") (L =L (L2 =L (L =L 7). (3.84)
However, it suffices to only estimate a particular term in the summation r, it means we impose
certain restriction on 7r; and only estimate terms associated with that ;. Before we estimate this

fifth term, we recall Lemma 2.4.6 from [25]

Lemma 3.16. For any positive measurable function f(t) and any T € [0,00) and z € R we
have

T oo
/(; f®dL; = /(; [ ()1, 5)<Tds,

where {t(s), s € R+} is a positive increasing stochastic process with stationary and independent
increments.

If H; is a positive continuous F; measurable function, F a positive JF measurable function,
and T a stopping time (possibly T = 00), then

T T
E* (/ H,F o 9,de> = EX(F)E* </ H,de), (3.85)
0 0

where 6; is a shift operator with 6; o 05 = 0;4.

Ilustration In order to show how Lemma 3.16 can be applied in what follows, we use the lemma
to prove

t t
([ [ i -y - o)
n
t t /
= E,/() |:Ex3 (/0 dL;;l _dL;?)dL;? _ Ex4</(; dLi;l _dL;sz)dL;CI4:|_ (3.86)

Proof. First, we rewrite L.h.s. of (3.86) as following

| t / LD — dLEYALE — L
t pt N “ topt N “
[ [ [ [ o
tpt x2 “ topt o .
_ /O /tl AL2.dLY + /O /tl dL2.dLY. (3.87)
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We define, for example, f,’l dez‘ = F(0,1) o 6, with F(0,1) = fot deZ]. We apply
Lemma 3.16 to the first term in (3.87) with H; = 1, then we have

t t
E(/O (/t dLjQ).def)
1
t t t
o([ut)e([s)=c()e ([ar) 0w
0 0 0

Similarly, we have

t t t

—E(/ / dLj‘;.dL;‘;*) E(Lf“).Ex“(/

0 151 0
t

E(L)E( / de;),
0
t

t t
—E( [] de;.def)
0 hn
! ! X X. X, X
E(/o / dL,zz.dLll“)=E(L,4>.Ex4</0 dL,;).
1

Hence, this concludes the proof, since

t t
E< [ [y -arzyawy - ac )
1
t t
_ E(L)E ( /O dLn - de;) - E(L)E < /0 JLs dLg)
! ! X X X
- E[ / B ( / dL} —stj).dL,f}
0 0
! ! X X X.
= E[/O E (/0 Ly — dL,j).dL,;‘}. 0 (3.89)

Although there are many terms in the summation 7 but there are only a finite number of terms.
We estimate the following particular term only. Other terms can be estimated similarly. First note

t t t t t t
S
0 1  Ji3 Jig JI5 0 o > >
. (dLer _ dLerl>. (dLZZ' _ dL;C;’l)

. (dL;CZZI—l —dL;ZZI_z).(dLZz"_' _dL;(IZr—Z)

t t t t t t
=E / / / / [ / E™ < / dL; — de”“).dez’
0 Jy Jn Iz 14 0 6 6 >
t
— EXZI—I <‘/(; dL;?l _ dL;;2[l>.dL§;2]li| (dL;?r _ dLerl>.<dL;;2r _ dL;;Zrl)

: (de;I‘] - de;’-2>.(dLj‘f’-' - dL;jM), (3.90)

where we have used (3.85) with H; = 1 in Lemma 3.16 for the two innermost integrals.
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We use p;(x, y) to denote the transitional probability density function of the symmetric stable
process X. We recall only partial results of Theorem 3.6.5 from [25] which will be used in our
estimation (as symmetric stable Lévy processes is a class of Borel right processes, hence we

simply replace the Borel right processes in the original theorem by symmetric stable process
instead).

Lemma 3.17. Let X be a strongly symmetric stable process and assume that its B-potential
density, uP (x, y), is finite for all x, y € S. (S is the state space of the process.) Let L] be a local
time of X at y, with

o
E* (/ e_ﬁtde) =uP(x,y).
0

Then for every t
t
EX(L)) = / ps(x, y)ds. (3.91)
0

One may write uﬂ(y —x) = uP(x, y) as pointed out in [25].
By (3.91) and the property p;(x, y) = p;(x — y), then we have

t
E)Cz[ (/0 dL;?l _ deﬁZl—l) — EX21 (L;CZI _ L?’Zl—l)
t
= /0 <Ps 0) — ps(xu — X21—1)>ds

t
= /O (m% ©0) — pa, (xu —xy_l))d%. (392)

In the last equality of (3.92), we have purposely used dts instead of ds to indicate that this is for
the innermost integral. Then, we have

t pt o ptopt t ¢
e[ L1 e () e )
0 Jy Jn Jin LIy 0 6 6 5
t
— EX2-1 (/ dL;?/ _ dL;662[1>'dL;C5211i|
Is
. <dL22r _ dL22r1>.<dL;;2r _ dLZZrl) <dL;52211 _ dL;V2212>.<dL;CIZr1 _ dL;inZ)
t t t t t t
X
N E/ / f / [/ [ <p4\r6 0) - PA (x21 _XZI—I))dtﬁ.dLZSZI
0 Jy Jn Ji3 LIty JO
- <PA,6 (x21 = x21-1) = pa,, (0)>dt6.dLj‘52’—'}
. <dL;V42r _dL;?r_l>.<de32r _ dL;?r—l)'(dL;‘;l—] _dL;‘;[—Z)

: (def" - def”), (3.93)

where A, =1t —ti_1.
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Iterating the procedure in (3.93), we obtain the following, where we have used the notation
Arp(x) = pr(0) — pr(x)

t t t t t t
E / / / / / / (dL;jj' - dLj?”‘).(dej’ — dLj‘;H)
0 n I J13 14 Jis

: (dL;;Zr —dL;]! ) . (de;' —dLy ! ) : (dej”‘ - de;”z) : (dL;‘fH - dL;‘fH)

t t t t t t
= E/ / / / [/ [ (PA,6 O) = pa, (xa — x21—1))dt6~<dL;;2[ + de;'_l)}
0 1 Jn Jt3 g JO

. (dL;;Zr _dL;\;‘Zr—l).<dL;;2r _dLZZI—l>.(dL;‘22l—I _dLZZI—2>.(dL;C]2r—I _dL;CIZr—Z>
t ptopt t t ot
:E/ / / |:/ E”’/ / Atsp(xﬂ_x2171)df6-<dL;221+def"‘)_dLjin
0 Jn Jn L/n 0 Jo s s
t t
_ EXor-1 / / At6p(le — xzz_l)dt().(dl";;[ +dL;‘52171>.dL;;2r—1i|
0 Jo
. <dL;f32r —dngr_l).(dL;?l_l _dL/;QZI—Z).(dL;‘er—I _dL;CIZr—Z)
t ptopt t ptopt
B E/ / / [/ / / Aigp (X1 —962171)d16-<1m,S (x2r — x21)
0 Ji Jn n JO JO S
+pa, (xor — x2171)>dt5.de42’
~ AP xz”l)dtﬁ(pﬂfs (x2r—1 = x21) + pa, (x2r—1 — x2171)>dt5.dLif’*‘]

. <dL;;2r _dLZZr—l>.<dL;;21—] _dL;\;ZI—Z).(dL;CIZr—] _dL;CIZr—Z)

t t t t t t
= Ef / {f / / / [Arf,p(le - le—l)dlé-<pA,5 (x2r — x21)
0 1 n JO 0 0

T g (o — 321 ))d;s.dL;;Zr

— Ay (x2 — x2171)dt6~<p4,5 (x2r—1 — x2) + pa,, (x2r—1 — x2171)>dt5~dLifM]

X (dL;VSZl _dL;;Zr—]>}'<dL;V221—I _dL;;ZI—Z).<dL;V12r—I _dL;VIZr—2>
topt( ptoptoptopt
ZE/ / {/ / / / AIGP(XZI_x21—1)dt6-|:([)A,§(x2r_XZI)
0 Jn n JO JO JO N

+pa, (xor — J€2171)>a’f5~(1m,4 0) = pa,, (x2r—1 — x2r)>dt4

- (PA,5 (X271 = x21) + pa, (¥2r—1 — xzz—l))dls-(PA,4 (X2r—1 — X21) = pa, (0))dl4]

X (dL/;?’Zr _ dL;;zr_l>}<dL;;21_l _dL;;ZI—Z).(dL;Zr—I _dL;CJZr—Z)
t t t t t t
=Ef / [/ / f / Al(,p(XZI_x21—1)dt6-(pA,5(x2r_XZI)
o Ju LJo Jo Jo Jo
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+ a2 —x21-1) + pa, (x2r—1 — X21) + pa, (¥2r—1 — x2171)>dt5

- Ay p(xar—1 — x2,)dly. (dL;‘;f —dL,"! ﬂ (de;’*l - dL;‘j“) . (def’" - dLﬁ”)

t t t t t t
= E/ / [/ / / / A p(xa — 3621—1)0”6-(174,S (x2r — x21)
0 Jy LJo Jo Jo Jo :

+ pa, (o —x21-1) + pay, (2r—1 = x2) + pag (x2r-1 — x2171)>dt5

Ay p(xor—1 — xzr)dt4-<pA,3 (x21-1 — x27) — pa,, (X212 — X2r)

—PAy (X211 — X2r—1) + pA, (X212 — xzr—1)>dt3 (de;H - dL;?H)]

. (dLZZr—l _ dL;CIZr—Z)

t t t t t t
= E/ / / / / / A pxo — )c214)dt6.(pAtS (x1 — x2,)
0o Jo Jo Jo Jo Jo 3

+ pa, (a1 = x2r) + pag (X — x20-1)

+pa (xa-1— x2r—1))dt5-AI4p(x2r — X2r—1)dty
: (PA,3 (x21-1 = x2r) = pa,, (x2-2 = x2r) + pa,, (x21-2 = x2r-1)
—pa, (x2-1 — X2r—1))dl3 (pA,2 (X2r—1 — X21-1) — pA,, (X2r—2 — X2-1)

+pa, (2r—2 — X2-2) = pa, (Xor—1 — xzz—2)>dt2 (pz] (x20-1) — py, (xzr—z)>dll- (3.94)

By the first inequality of (10.173) in [25], that is p;(x) < p;(0). The last step of the (3.94)
becomes

t t t t t t
‘E/ / / / / f A p(xy — xp—1)dts - (PA,S (x21 — x2)
o Jo Jo Jo Jo Jo

+pa, (x2—1 — x27) + pa, (X2 — x2r—1) + pa, (x2-1 — x2r1)>d15
<Ay p(xor — Xx2p—1)d1ts

: <17A,3 (x21-1 = x2) = pa,, (X212 — X27)
+pa, (212 = x2,-1) — pa,, (X21-1 — x2r—1)>dt3

: (PAt2 (x2r—1 — X21-1) = pa,, (x2r—2 — x21-1)

+ pa, (x2r—2 — x21-2) — pA,, (X2r—1 — xzzz))dtz . (le (x2r—1) — pyy (x2r72))dt1

t t t t t t
< E/ / / / / / Aggp(xor — x21-1)dte - (PAtS (x21 — x2r)
o 1Jo Jo Jo Jo Jo
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+pa, (211 — x27) + pa, (X — x2r—1) + pa, (x2-1 — xzr—l))dts
- Ay p(xor — x2p_1)d1y

: (pA,3 (x21-1 — x2r) = pa, (X212 — x2r) + pa, (X212 — x2r 1)
—pA, (X211 — x2r—1))df3

: <PA,2 (x2r—1 = X21-1) = pA,, (X2r—2 — X2-1)

+pa, (xor—2 — x21-2) = pa,, (x2r—1 — X2172)>dt2 . <An p(x2r72))dtl (3.95)

where A;p(x) terms are defined as A,;p(x) = p;(0) — p;(x). The estimation of the term
fot A p()ds in (3.95) is given by

t o0
/ A p (X2 — xo1—1)ds < / Agp(x21 — Xx21-1)ds
0 0

= O}i_r)r})(u“(O) —u®(xo1 — x21-1))

a—1

20— @21 —1)
2m+1

= Cq

a—1

) (3.96)

1

2m+1

Ca

2

where we have used (4.90), (4.95)! from [25] and Lemma 3.17 and ¢, = Z [0 ]*fTo”dt.

7 Jo

The term f(; Ap, p()ds in (3.95) can be estimated similarly. While the estimation of the term
Jo An p(xar—2)dt is

a—1

< ¢q, (3.97)

! 2r —2
A Ay p(xor—2)dt < cq ST

where Ay, p(x2,—2) = p;, (0) — py; (x2,—2), r <2""kandk =1,...,2".
By (10.173) in [25], that is p;(x) < p;(0) and p;(0) = das%, we can obtain the following
estimation

a—1

t t t 1 ad,
/ A, ()ds 5/ ps(0)ds Sf dys™Vds < t e .
0 5 0 0 1

o —

for some constant d,,. The positivity of the above four estimators follows from (10.173) in [25]
and py(.) is the transitional probability density.
By Lemma 3.17 and footnote 1, we have

t
/ (PA,3 (X211 — x27) = pa,, (X212 — Xx2r)
0

1 (4.90) together with (4.95) states that limg,_, o (% (0) — u®(x)) = ¢(x) = %‘)‘lxlo‘_l where ¢y = % (;X> %a’t.
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+pa, (22— x2r—1) — pa, (X211 — X2r1)>dt3
< lir%<u"‘(xzzl —x2,) — u®(0) + u®(0) — u® (xp—2 — x2)
o—

+u® (x21-2 — x20—-1) — u®*(0) + u®(0) — u* (xp—1 — X2r1)>

= @ (xo—2 — x27) — P (xX21—1 — X27) + P (x21—1 — X2r—1) — P (X21—2 — X2r—1)

2] —2 —2rja—1 20 — 1 —2r|a-1 2] — 2ra—1 2l — 1 —2rja—1
= Ca |W - ‘W Tom+1 - )W

<21—1—2r—21+2+2r01—1 21—2r—21+l+2r0!—1)
o /
2m+1 2m+1

1 yva—1

< Ca<2_m) , (3.98)

where the first inequality of (3.98) follows from the fact that |x|*~! — |y|*~! < |x — y|*~! for
O<a-—-1<1.

We can see that (3.98) is bounded from below by using the inequality |x|*~! — |y|*~! <
|x — y|*~! again and increasing property of | - |*~! with0 <a — 1 < 1
20 —2—=2rje=1 2] —1—=2rje-1 21 =2rje—1 2] —1—2r -1
‘ 2m+1 - ’ om+1 m+1 o ‘ 2m+1
2] —2r — 1|1 1 o=t 2l —1—=2r -1 2] —2r a1
= ‘ om+1 T pm+l N ) om+1 om+1
2l —1—2r -1
- ‘ om+1
1 ja—1
> _‘2m+1 (3.99)
Similarly, we can prove that
t
/ (PA,2 (x2r—1 = x21-1) = pA,, (X2r—2 = X21-1)
0
+ra, (x2r—2 = x21-2) = pa, (x2r—1 — le—z))dtz
1 ya—1
< ca<2—m) , (3.100)
and it is bounded from below by the following
21 —2r =1 2] = 2r + 1 o1 2] — 2r |a—1 2l — 1 —2r -1
‘ m+1 - ‘ m+1 m+1 - ’ m+1
2] —2rje=1 2] —2r|a—1 1 je=1 2] =2rje—1 2] —1—2r|a-1
= | om+1 T Tom+l T om+1 om+1 N ‘ om+1
1 ja—1
> _‘W (3.101)
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Therefore, the estimation of the fifth term in (3.77) is

m+1 m+1 m+1 m+1 m+1 m+1 m+1 m+|
Z E(L;‘h _ szr*l)z(Lfﬂ _ szl 1)2(L;‘21 1 _ szl 2)(L;C2r 1 ~L Xor— )
r<l
vl 1 4a—6 1 2
<er'T o (2—> : (3.102)

where ¢ is a generic constant.
The upper bound for the sixth term in (3.77) is

2

r<l

E(gG ) — g0t ) (et ]y — gt ) (e ety — g (et h)?

x (et — g(aithy)?

<c 2%(2%)6/1_1' (3.103)

Therefore, we have

2
ZAST%Z@A’"-HZ@ Ag;—HZ
l

|: 1 \142h , 1 \2h+a—2
=c () ()
- n 2m
2(a—1) 1\« 1 \2h+a—2 2(a—1) 1 1 \2h+2a-3
e (27) (z—m) e (27)(27)
1 1 \4h+a—2 1 1N6h=1  a@en s 182/ 1 \3¢5
+(3)(50) (5)Ga) T T (5) (2_) - G0

Hence, we have proved the following proposition.

E

Proposition 3.18. For a continuous path Z, which satisfies (3.7), then for the case m > n

n 2]

\S)

3
3 B 3 ;
2F ‘Z(’" T g By g
c 1 %971 1 2h+6a—29 21, 1 2h+oz 29
< _ _
=) ) TG

2/1+20( '%9 4h+a 20

+

LT @)

H) TG T ) G T

where C is a generic constant depends on 6, i, wi(x’, x”"), and ¢ in (3.7).
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Theorem 3.19. Let o € (%, 2), ﬁ < q < 4. Then for a continuous path Z, satisfy (3.7), there
exists a unique Z> and a simplex A taking values in (R*)®3 such that

3
o\ 7
SUP(Z|Z(WZ)X/ X X/ 1 x1|3> -0, (3.106)

both almost surely and in L! (2, F,P)as m — oo, for some 0 such that M;ﬁ <0 <4

Proof. From [23], we have

(2
g

— Z(m)?

X[— lxl’

Esup|Z(m +1)3

X[—1,X1

Wl

<G ZnV Z E[Zm+ 13 o —Zm)3y o
n=1 k=1 - -
o) " P x
1 1
+C3E<ZnVZ|Z(m+ ])X/:l_px]’(l _Z(m)xltl_px]? )
n=1 k=1
[ee) 2" 5 0
Y 7
* (X;n 2|z 05
n=

k=1

o\ 3
+ ’Z(m))zf/?_l’xl'cl } 2)
00 2"
~|—C4E<Zny Z|Z(m + l)i,'f,lsxﬂ - Z(m)i,’},px;: >
n=1 k=1
00 2" 0
x (Zny Z|Z(m + Dy
=1 k=1
2’1 §
+CsE (Z”V Z|Z(m + 1)1 13 _Z(m))lfz'ffl’xf 9)

o
* (Z n? Z|Z(m + Dy gl
n=1 k=1

By Propositions 3.15 and 3.18, the estimate of the first term on the r.h.s. of (3.107) is

+ |Z(m))1(],zil’ ;

[Z0m)y

9) . (3.107)

e8]

2n
D WEY |Zm DY —Zm)y

n=1 =1

00 1 Mz;l m—1 1 %9_1 1 2h+6afz€

ECZ"V(ZW) +C2”y[(2—n) (37)
n=

4h+6a—20
IN\2-1, 1\ %1 1\20-1, 1 %50
(—)6 )G G ]
n 2m on 2m

1 ; 2/1+1971 1 1 %971 1 2h+605726
=C(3) Z [( D Gt G GR)

=1
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1\5-3+e/ 1
)" ()
)T ()T
2n 2m 2n 2m

=K.

2

1\§-3+e/ 1
()" (%)
4&6—60}

For h > Z and o > g, one can choose 6 sufficiently close to 4 such that -1 >
0, 2h+6°‘_29 0,460 —1 >0, 269 —1>0, 4“669 > 0. Wechoosee > Ow1th§ —% <€ <

2h+2a-3 5 1 dhta—2, 1
—0—3—¢€ s —0—3—€

o

2h+1 0

min{2it2e=3g _ 1 dhia=2g 1 6h-lg 1y 6h-ly 1 hence
N 1\ Zte=2g |\ Zt2a=3g 1 . 1\ Hte=2g 1
Kn =€ <2m) * (2_m> * (2m> * (2_m)
Nt A B
n (2_m) + (2—,") } (3.108)

Therefore, if we sum up all m, we would have Zm K, < oo. This shows that (Z(m)3)m eN €

(Rz)®3 is a Cauchy sequence in 6-variation distance. In other words, it has a limit as m — oo,
denote it by 73 € (R%)®3, By Lemma 3.3.3 in [23], 73 has finite 0-variation. Together with the
convergence result of the second level path and first level path, we complete the proof of the
theorem. [J

Based on Chapter 5 in [23], for any Lipschitz one form in the sense of Stein f : R? —
L(R?, R?), the almost rough path ¥ = (I, Ylb, ab Vo b) is given by

vl = F@)Z., + P22, + PP 2L,

Y2, = (FZo) ® FZNZE,+ (F(Z0) ® F(Za) dz., ®d72,,,

s<up<ur<t

+ (FP(Za) ® [(Za)) dz;, ®dZy,,.

s<up<up<t
Y2, = (f(Zd) ® [(Za) ® f(Zo)L .
Consider one form f: R? — L(RZ?, R?) defined as
F@E = @, yv),

where z = (x, y) and £ = (v, w). For the general case, it is defined as

FH w, w)(v) = (0, > d* Fwywi, . ...,w;)v{)
7

forallv = Zj(v1{+l’ w1{+]) R--® (U'zj, U}é) ® (Ulj, LU{)

We use the notation f ab f(Z)d 7" to denote the nth degree term of f ab f(Z)dZ. Whenn =1,
we have

/oo f(Z)dz' = (/OO dL?, /Oo g(x)dLj‘). (3.109)
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One can therefore use the almost rough path to construct the unique rough path ffooo f(Z)dZ
with roughness 6 in 7 (R?). In particular

/ - F(Z)dZ' =

|
2
o=
18
o
i
3:1
L
&

r

hm |:f/‘\(Zx,'1)(Z)lcilyxi)

m(D)—0 =

+ P2 D22+ F(sz'l)(zi,-l,x,-)] (3.110)

The above integral is well defined as the limit of the almost rough path. In particular, we have

F@H@L ) + PPZ)(Z2 ) + P22 ) = (Lﬁ’ — L, ga)(L! - L?))

+ <0, (Zf,,b)m) (3.111)

as ]/B is equal to zero for this particular linear one-form. Hence, we have the following corollary.

Corollary 3.20. Let % < o < 2 and g be a continuous function with bounded q-variation,
3% < q < 4. Then, the integral fah g(x)dL; for (a,b) € A can be defined as

o

b r
/ g(x)dLy = HLO[Z gLy — L) + (Z)zc,._l,x,.)z,l]- (3.112)
a i=1

li
m(D)

3.5. Convergence of rough path integrals for the third level path

In this section, we will prove the convergence of the rough path integral of the third level path
in the 0-variation topology.

Proposition 3.21. Let % <a < 2 % < q < 4. Moreover, let Z;(x) := (L}, g;(x)), and
Z(x) == (L7, g(x)), where g;(-), g(-) are both continuous and of bounded q-variation. Suppose
gj(x) — g(x) as j — oo uniformly and the control function w;j(x, y) of g; converges to the
control function w(x, y) of g as j — oo uniformly in (x,y). Then as j — oo such that the
geometric rough path Z;(-) associated with Z(-) converges to the geometric rough path Z(-)
associated with Z(-) a.s. in 6-variation topology as j — o0. Here, we choose a 6 such that

Mﬂjﬁ < 0 < 4. In particular, ffooo gi(x)dLy — ffooo g(x)dL; as. as j — oo.

Proof. By the reasoning given above and under the conditions given in the proposition, one can
obtain the geometric rough path Z;(-) associated with Z;(-), and also the smooth rough path
Z;(m). Here the Z; is defined as Z; = (1, Z}., z?, Zj) while Z = (1,Z', 2%, Z%), similarly
we have Z;(m) = (1, Z} (m), Z?(m), Z; (m)) while Z(m) = (1, Z'(m), Z>(m), Z3(m)). The
convergence of Z;(-) — Z(-) in f-variation means the convergence of corresponding level path
in f-variation when g;(-) — g(-) as j — oo. We have discussed the convergence of first and
second level in Proposition 3.10. By similar argument as in Proposition 3.10, one can show the
convergence of the third level path. [
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Next, we prove that in fact the proposition above is also true for function g being of bounded
g-variation (3%0[ < g < 4), but not being continuous.

Theorem 3.22. Let g(x) be a cadlag path with bounded q-variation (% <q <4). Then
x// f5 (x//)
f Lydg(x) = / Ly s(y)dgs(y).
x! x'

The proof of Theorem 3.22 is similar to Theorem 3.12. Based on Theorem 3.22 and Proposi-
tion 3.21, one can prove the following proposition

Proposition 3.23. Let o € (%, 2), 3% < g < 3, one can choose 0 such that %fﬁ <60 < 3.
Moreover, let Z j(x) .= (L}, gj(x)), Z(x) = (L}, g(x)), where g;(.), g(.) are both of bounded
q-variation, and g j is continuous and g is cadlag with decomposition ¢ = g +h, where g is the
continuous part of g and h is the jump part of g. Suppose gj = gc; + hj with control function
W¢j and Wyj such that g.; — gc and Wej — W uniformly, hj satisfying conditions (3.47) in
Proposition 3.13. Then

o0 o
/ gj(x)dL} — / g)dL} a.ss. as j — oo.
o —0o0

Recall p as the mollifier and define

2 Z
hj(x)zf o (h (x——,) dz
0 J

and £ 5 in the same way as G, so hjs = h; as h; is continuous. Define hs in the same way as
Gs, then

2 Z
hsj(y) = / p(2)hs (y - —.) dz.
0 J

Thus by the integration by parts formula and Fubini theorem, we have

f L2 (n)dhsj(y) = — f hsj (ALY (y)

%) 2 z
- / / p(2)hs (y - —:) dzd L} (y)
—00 JO J
2 [e’s) z
_ / / s (y - —.) AL (y)p(2)dz.
0 J—oco J

By Theorem 3.12, we have

/Oo hs (y—i)de(y)=/oo h(x—i_)dLj‘.
—00 J —00 J

Hence,

oo 2 oo
f LY dhs, (y) = — /0 p(2) f h (x - f) dL*dz
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o0 2 z

—/ / h <x - —,) p(z)dzdLy
—c0 JO J

—/ hj(x)de

= /OO Lidh;j(x)

—00

= /OO L2 (x)dh j5(x). (3.113)

—00

The last equality follows from Theorem 3.12. This indicates that condition (3.47) in
Proposition 3.13, which is also needed in Proposition 3.23, is satisfied.
The following theorem summarizes the main results of the paper.

Theorem 3.24. Let X = (X;);>0 be a symmetric a-stable process and f : R — R be absolutely
continuous, locally bounded function and has (o« — 1)th fractional order derivative ve! f(x)

which is locally bounded. Assume vl f(x) is of bounded qg-variation, where 1 < q < 4. Then
we have the following extended version of Itd’s formula

t
FX) = f(Xo) + /0 V_f(Xy)dX,

t [ee)
+ / / (f(xs_+y>—f(xs_))iudy,ds)—ca / VI Fdo LY, (3.114)
0 JR —00

1
_ m2ila-2
where Ca = m.
The integral ffooo Voi_lf(x)def is a Lebesgue—Stieltjes integral when q = 1, a Young

integral when 1 < q < ﬁfor 1 < o < 2 and a rough path integral when 3_% <qg<4

for % < a < 2 respectively.

Proof. We have already showed that the integral | fooo vl f(x)d L} can be defined as a Young

integral when 1 < g < ﬁ for 1 < o < 2. Based on the result proved for level 1, level 2, level
3 path and (3.113), as well as applying a standard smoothing argument and taking limit using
Proposition 3.23, one can define the integral ffooo vely (x)d Ly as arough path integral. [
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