Accepted Manuscript

stochastic

processes
and their
applications

Local times of stochastic differential equations driven by fractional
Brownian motions

Shuwen Lou, Cheng Ouyang

PII: S0304-4149(17)30086-8
DOI: http://dx.doi.org/10.1016/j.spa.2017.03.013
Reference: SPA 3103

To appear in:  Stochastic Processes and their Applications

Received date: 23 February 2016
Revised date: 9 December 2016
Accepted date: 14 March 2017

Please cite this article as: S. Lou, C. Ouyang, Local times of stochastic differential equations
driven by fractional Brownian motions, Stochastic Processes and their Applications (2017),
http://dx.doi.org/10.1016/j.spa.2017.03.013

This is a PDF file of an unedited manuscript that has been accepted for publication. As a
service to our customers we are providing this early version of the manuscript. The manuscript
will undergo copyediting, typesetting, and review of the resulting proof before it is published in
its final form. Please note that during the production process errors may be discovered which
could affect the content, and all legal disclaimers that apply to the journal pertain.


http://dx.doi.org/10.1016/j.spa.2017.03.013

*Manuscript

©CO~NOOITA~AWNPE

Local times of stochastic differential equations driven by

fractional Brownian motions

Shuwen Lou* and Cheng Ouyang

University of Illinois at Chicago

December 9, 2016

Abstract

In this paper, we study the existence and (Holder) regularity of local times of
stochastic differential equations driven by fractional Brownian motions. In particular,
we show that in one dimension and in the rough case H < 1/2, the Hélder exponent (in
t) of the local time is 1 — H, where H is the Hurst parameter of the driving fractional
Brownian motion.
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1 Introduction

In this paper, we consider the following stochastic differential equation (SDE)

t mo A
X, = x—i—/ V(](Xs)derZ/ Vi(X,)dB:., te[0,T), (1.1)
0 — Jo
where x € R%, Vg, Vi, -+, Vy are C™-bounded vector fields on R? and {B;}o<;<r is an

m-~dimensional fractional Brownian motion. Throughout this paper, we assume that in
(1.1), the fractional Brownian motion has Hurst parameter H € (1/4,1) and the vector
fields V; satisfy the uniform elliptic condition. When H € (1/2,1), the above equation
is understood in Young’s sense. When H € (1/4,1/2), stochastic integrals in equation
(1.1) are interpreted as rough path integrals (see, e.g., [8, 10]) which extends the Young’s
integral. Existence and uniqueness of solutions to the above equation can be found, for
example, in [13]. In particular, when H = %, this notion of solution coincides with the
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solution of the corresponding Stratonovitch stochastic differential equation. It is also clear
now (cf. [1, 6, 7, 11]) that under Hérmander’s condition the law of the solution X; has a
smooth density with respect to the Lebesgue measure on R%.

We are interested in the existence and regularity of local times of the solution X to
equation (1.1). For a d-dimensional fractional Brownian motion B itself, its local time
has been studied intensively under the framework of Gaussian random fields and is now
well-understood (see, e.g., [4], [9] and [5]). The challenge to investigate local times of X is
that it is not a Gaussian process in general. Many tools developed for Gaussian random
fields can not be directly applied. For example, the Fourier transform of the law of X is
not easy to analyze in such a non-Gaussian setting.

Our approach relies on a sharp estimate of the joint density of finite distributions of X
(Theorem 2.4 below). Essentially, this density estimate plays a similar role to the “local
nondeterminism” condition that is often used in the content of Gaussian random fields.
The main result of our investigation is summarized as follows.

Fix any small positive number a. Let L(t,z) be the local time (occupation density)
of X up to time ¢ and L*(¢,z) the occupation density of X over the time interval [a,t].
Define the pathwise Holder exponent of L*(-, x) by

Lot +6,2) — Lt
a(t) = sup ¢ @ > 0, limsup sup (t+9,2) (t,2) =0%. (1.2)
0—0 zeR4 o

Theorem 1.1. Let X be the solution to equation (1.1).

(1) Almost surely, when dH < 1, the local time L(t,x) of X exists for any fized t; when
dH > 1, the local time does not exist for any t.

(2) Assumed =1 and 1/4 < H < 1/2. There exists a version of L*(t,x) that is jointly
continuous in (t,x). Moreover, for any 3 < 1 — H, L%(t,x) is B-Hélder continuous
in t, uniformly in x. And its pathwise Hélder exponent is given by

alt)=1—H, as. forallté€|a,T).

Finally, let us briefly explain why we have to impose the technical assumption d = 1 and
1/2 < H < 1/4 for the Holder regularity of L*(t,z). In order to establish the continuity
of L*(t,x) in the space variable, the natural approach is to provide an upper bound for

E|L%(t, z) — L°(t, y)|™.

Our observation is that the above moment can be bounded from above by quantities of
the form

]a:—y]"/da:l,...,dxn/[ 1] ‘agptl,...7tn(xl7~-')xn)|dt17"'adtna
a,T'|™

where py, 4. (21, ..., 2y) is the joint density of (X3,,..., Xy,). In general, one needs n > d
in order to conclude the continuity of L*(t,z) in . However, as one can see from Theorem
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2.4, large n and H tend to blow up the time integral above. Consequently, we have to
take small n and H in order for our approach to succeed. Indeed the computation in
Lemma 4.2 shows that we have to restrict our discussion under the assumption n < 2 and
(1+d)H < 1,ie,d=1and H <1/2.

The rest of the paper is organized as follows. In Section 2, we introduce some basic tools
for analyzing SDEs driven by fractional Brownian motions. In particular, we establish the
key estimate for the joint density of (X3, ..., X3, ), which enables us to establish both the
existence of local time in Section 2 and the regularity of the local time in Section 3.

2 SDEs driven by fractional Brownian motions

In this section, we present some tools for analyzing SDEs driven by fractional Brownian
motions which will be needed for the remainder of the paper.

Let B = {B; = (B},...,B™), t € [0,T]} be a m-dimensional fractional Brownian
motion with Hurst parameter H € (0,1). That is, B is a centered Gaussian process whose
covariance structure is induced by

1
R(t,s) :=EB.B] = 5 (52H e 5|2H) dij, t,j=1,...,m. (2.1)

It can be shown, by a standard application of Kolmogorov’s criterion, that B admits a
continuous version whose paths are v-Holder continuous for any v < H.

2.1 Malliavin calculus

We introduce the basic framework of Malliavin calculus in this subsection. The reader is
invited to read the corresponding chapters in [14] for further details. Let £ be the space
of R™-valued step functions on [0, 1], and H the closure of £ for the scalar product:

(Lo s Lotm))s Loss)s = s Lo 1 = D Rt 5i).

i=1
‘H is the reproducing kernel Hilbert space for B.

Some isometry arguments allow to define the Wiener integral B(h) = f01<hs,dBS> for
any element h € H, with the additional property E[B(h1)B(h2)] = (h1, ha)y for any
h1,ho € H. An F-measurable real valued random variable F is said to be cylindrical if it
can be written, for a given n > 1, as

F=f(B("),...,B(¢"),

where ¢' € H and f : R® — R is a C™ bounded function with bounded derivatives. The
set of cylindrical random variables is denoted by S.

The Malliavin derivative is defined as follows: for F’' € S, the derivative of F' is the R™
valued stochastic process (D¢F")o<¢<1 given by

D F = zwwﬁi (B(¢'), ... B(¢")).

3
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More generally, we can introduce iterated derivatives by Dflw’th = Dy, ...Dy, F. For
any p > 1, we denote by D*P the closure of the class of cylindrical random variables with
respect to the norm

1
k p
1Pl = |EE) + S E(IDF,) |
j=1
and
D> = (][] D"".
p>1k>1
Let F = (F!,...,F") be a random vector whose components are in D*°. Define the

Malliavin matrix of F' by
vr = ((DF", DF)y)1<ij<n:

Then F' is called non-degenerate if vg is invertible a.s. and
(det ’YF)fl € ﬂpzle(Q).

It is a classical result that the law of a non-degenerate random vector admits a smooth
density with respect to the Lebesgue measure on R™.

It is well-known that for a fractional Brownian motion B, there is an underlying Wiener
process W such that

t
Bt:/ Ky(t,s)dWs,
0

where K(t,s) is a deterministic kernel whose expression is explicit. Based on the above
representation, one can consider fractional Brownian motions and hence functionals of
fractional Brownian motions as functionals of the underlying Wiener process W. This
observation allows us to perform Malliavin calculus with respect to the Wiener process W.
We shall perform Malliavin calculus with respect to both B and W. In order to distinguish
them, the Malliavin derivatives (and corresponding Sobolev spaces, respectively) with re-
spect to W will be denoted by D (and by D¥P, respectively). The relation between the
two operators D and D is given by the following (see e.g. [14, Proposition 5.2.1]).

Proposition 2.1. Let DY2 be the Malliavin-Sobolev space corresponding to the Wiener
process W. Then DY2 = DV2, and for any F € D%? we have DF = K*DF ,where K* is
the isometry between L?([0,T]) and H.

It is known that B and the Wiener process W generate the same filtration which we
denote by {F;; t € [0,1]}. Set L? = L?([t,1]) and E; = E(-|F;). For a random variable F
and t € [0, 1], define, for £ > 0 and p > 0, the conditional Sobolev norm

£

k
kot = | Ee [FP] + ZEt [“DjF“I(ng)eaj}
=1

4
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By convention, when k = 0 we always write || F||p;; = || F|lo,p:t- The conditional Malliavin
matrix of F' is given by

Ty = ((DFi,DFj>L%) (2.2)

1<i,j<n’
The following is a conditional version of Proposition 2.1.4 of [14].

Proposition 2.2. Fiz k > 1. Let F = (F!, ..., F") be a random vector and G a random
variable. Assume both F and G are smooth in the Malliavin sense and (detTps)~! has
finite moments of all orders. Then for any multi-index o € {1, ..., n}* k > 1, there exists
an element H3(F,G) € Np>1 Nm>0 D™P such that

Es [(0ap)(F) Gl = Es [p(F) Ho(F,G)], ¢ € G5 (RY),

where H3(F, G) is recursively defined by

s _ —1 y s . s s
H(i)(F7 G)= Zés (G <FF’S>ij DFJ> . H:(F,G)= H(ak)(F7 [j[(omm’aH)(F7 Q).
Jj=1

Here 65 denotes the Skorohod integral with respect to the Wiener process W on the interval
[s,1]. (See [14, Section 1.3.2] for a detailed account of the definition of §s.) Furthermore,
the following norm estimate holds true:

k
k

||H2(F7 G)Hp;S < CP,QHFE‘; DFHZ,T“*U’;SHG

»q5S?

where + =
p

Q=

2.2 SDEs driven by fractional Brownian motions and density estimate

Consider the following stochastic differential equation driven by a fractional Brownian
motion with Hurst parameter H > 1/4,

mooet t
X =x0 + Z/ Vi(Xs)dB, + / Vo(Xs)ds, te0,T]. (2.3)
i=1"0 0

Here V;,i = 0,1, ...,d are C*-bounded vector fields on R? which form a uniform elliptic
system. Note that under the uniform ellipticity condition, we have m > d.

Recall that D is the Malliavin derivative operator with respect to the underlying Wiener
process W and I'p is defined in (2.2) for a random variable F'. The following estimate is
a restatement of Proposition 5.9 in [2].

Lemma 2.3. Let a € (0,7T), and consider H € (1/4,1). Then there exists a constant
C > 0 depending on a such that for a < s <t < T the following holds:

C
— d
||FX1_X575|

_a _
d,20+2,5 < m (Es(l + G)) 2d+2

Ot — s)H (B,(1 + G)) 72

IN

ID(Xe = Xo)l|g gas2
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where G is a random variable smooth in the Malliavin sense and has finite moments to
any order.

The above lemma allows us to estimate the joint density of (Xy,, ..., X, ), or equivalently
the joint density of (X, X, — Xogyooes Xo,, — Xt 4)-

Theorem 2.4. Fiz a € (0,T) and v < H. Let py,,.. 1, (&1, .., &n) be the joint density of
the random vector (X, Xv, — Xty oos Xt,, — Xty 1)y @ < t1 < --- < t,, < T. For any
non-negative integers ki, ..., ky, there exists a constant C1,Cq > 0 (depending on a) such
that

DL O Pry, ot (61, s )

2
1 _leal® 1 ,%
2
C e 2lta—t1]27 e Coltn—tp_1|27 .

< L.
> 01 (tQ _ t1)(d+k’2)H (tn _ tn_l)(d+k7l)H

(d+k1)H

Remark 2.5. In the above upper bound, the term ¢, has been absorbed in the

constant C, given the fact that ¢t; > a > 0.

Proof. The proof is similar to the one for Theorem 3.5 in [12]. We only prove the case of
n = 3. The general case is almost identical. The positive constants ¢;, 1 < ¢ < 4, may
change from line to line.

First observe that py, 1, +, can be expressed as

0L D208 Pyt 5 (1, 62, 63)
=0 020 E [06, (X1,) by (X, — X)) 0, (Xiyr)], for €160 € R,

:8511 8§;E [551 (Xt1) 552 (Xt2 Xt1) a Et2 [553 (Xt3 th)ﬂ .

Due to Proposition 2.2, My, = 8§§Et2 [0¢,(X¢; — X4,)] can be bounded from above as
follows:

-1 d+k d+k 1/2
|Mt2t3| < Cl||FXt3—Xt2,t2Hdikigﬁkgm’h ||D(Xt3 - Xt2)||dik§72d+k3+2;t2 (Etz[l(th—Xt2>£3)]) ’

where ¢ is some positive constant. Therefore, Lemma 2.3 yields that for some constant
co > 0,

8k1 8k2 8k3pt1,t2,t3 (1,62,€3) (2.4)
d+ks

C _aTk3
2 ak1 8k2E [551 (th) 552 (Xt2 - th) (Etz(l + G)Q) 2tthstt (Etg [1(Xt3—Xt2 >§3)])

< 1/2
- <t3 _ t2)(d+k3)H &1

To proceed, denote by B the lift of B as a rough path. Set

d(By,By)
/ / |v—u|7‘1 d dv,
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where v < H and ¢ a nonnegative integer, and

/ dB®k
v<51<...<sp<u

N .4(B) is the Besov norm of B (as a function in ¢). The reason we need to consider these

[1/H]
d(B,,B,) = >
k=1

1/k

Besov norms N, 4(B) is that they are smooth in the Malliavin sense.
Fix any ¢ > 0 satisfying v + ¢ < H. It has been shown in [12, Theorem 3.5] that for

some ¢ > 0,
Xt — X < eft = s|7(1+ Nypeog(B) /2,

and there exists a constant \g > 0 such that
Eexp {)\UN7+€72¢1(B)1/(1} < 00.

That is, Ny ye2q (B)'/24 has Gaussian tail. Thus, for A < \g we can find a constant ¢3 > 0,

€327
|ts — to|?7*

Et2 |:1(Xt3*Xt2 >§3)} < C3exp {_/\ } Et2 exp {)\(1 + N7+E,QQ(B))2/2q} .

Plugging this inequality into (2.4), we end up with:
00208t .10 (€1, 6, 5) (25)

€512

calt—s127 aglag;E [0¢, (Xt,) 0y (Xpy — X1y) V]

< e -
— (tg _ tg)(d-‘rk:s)He

where WU is a random variable that is smooth in the Malliavin calculus sense. [¥ only
depends on G and N4 24(B)'/?4.]

Now we can continue our computation by writing
ORI OEE [0, (X1,) 0ey (Xiy = Xiy) W] = O'E (g, (Xi) O B, [0, (Xi, — X1y) W]

and repeating the above argument to establish an upper bound for My,;, = 8?22 Ey, [0¢, (Xt, —
X¢,) ¥]. Observe that the existence of a smooth random variable ¥ does not affect the
upper bound estimate when applying integration by parts. [But we may need to choose A
small enough to ensure sufficient integrability for ¥ and its Malliavin derivatives.] Hence,

05! 02052 P ot (61, €2, &3) (26)
1 Al 1 e
<ecs e caltz—t2|*7 (t2 — tl)(d—i—kz)H e calia—tal® aZlE [651 (Xt1) (I)]

(tg _ t2)(d+k3)H

where @ is a random variable that is smooth in the Malliavin calculus sense. [® still only
depends on G and N4 2,(B)'/?7.] We can now integrate (2.6) safely by parts in order to
regularize the term ¢, (X;), which finishes the proof.

O
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The following technical result will be needed later. Let py, . 4, (21, ...,25) be the joint
density of (X, ..., Xy, ),a <t; <,...,.<t, <T, and set

v(a:l,...,arn):/[ ] Pty oot (T15 ey Tp)dly, ..., diy,. (2.7)
a, ™

Corollary 2.6. If (1 +d)H < 1, then v is uniformly continuous in (1, ..., xy).
Proof. Let z = (z1,...,x,) and § = (Y1, ..., Yn)-

o) =S [ Pt @) = Pt @l

<|z — g - 10sp1s....0, (F)|dL, ... db. (2.8)
a, ™

Observe that
Pty (T15 s Tn) = Pyt (T1, T2 — T1, T3 — B2, ooy T — Tp—1)-
It follows immediately from Theorem 2.4 that

n
1 1 1

’a_pt ..... tn (i')’ <c1 . .

TPty é ‘tQ — t2|dH ‘tk - tkfl‘(H_d)H ‘tn _ tn—l‘dH

1 1
<c " .
>C2 ’tg - tl‘(1+d)H ‘tn v tn—l‘(H—d)H

(2.9)

By combining (2.8) and (2.9), and since there is no singularity in the integral (2.8) in ¢
under our assumption (1 + d)H < 1, the proof is complete. O

3 Existence of local time

For any time interval I C [0, 7], define
L(I,A) :=X{sel:X,eA}), AcCR? (3.1)

where ) is the Lebesgue measure on R™. It is clear that L(I,-) is the occupation measure
on R? of X during time interval I. If L(I,-) is absolutely continuous with respect to the

Lebesgue measure Ay on R%, we denote the Radon-Nikodym derivative by
L(I,x) =
(1.a) = S5,

and call L(I,z) the occupation density of X at x during time interval I. Thus it holds for
all measurable A € R? that

L(I,A) = /eA L(I,z)dz.

Whenever there is no confusion, we always write L(¢,A) = L([0,¢],A) and L(t,x) =
L([0,t], ) for the occupation measure and occupation density, respectively.

The following theorem is a classical result on the existence of occupation density (local
time) for a stochastic process X ([9, Theorem 21.12]).
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Theorem 3.1. For any interval I C RT, suppose

1
limi%)nf—d /IP’{(|X5 —Xu|) <e}ds <oo  forae uel,
€ € I

then the occupation density L(I,x) exists almost surely.

On account of the above theorem, we are ready to state our result on the existence of
local time for the solution to equation (2.3).

Theorem 3.2. Let X be the solution to equation (2.3). Assume that dH < 1, then for
each fized t € [0,T], X has local time L(t,x) almost surely.

Proof. Fix a t € [0,T] and a € (0,t]. It follows from Theorem 2.4 that the probability
density ps.(2) of X, — X satisfies that for some cq,c2 > 0,

c1 | 2|27

)% e

}, foralla <s<u<T,
where v < H. It follows immediately that under our assumption dH < 1, we have for the
solution X to equation (2.3)

1 t
limui)nfd/ P{(|Xs — Xu|) < €}ds < oo for all u € [a,t].
€ € a

Thus, by Theorem 3.1, there exists a null set N, C €2 such that the occupation density
L([a,t],z)(w) exists for all w ¢ N,. Since the occupation density exists for all w ¢ N,, we
can work on the following modification (in z) of it (for all w ¢ N, ), which is still denoted
by L([a, ], z),

. L([a,t],B(z,e)) . .1 [
D{la, ) = Tim uf [ (]jded ~liminf / 15(s.0(X.)ds.

Here, Cy is such that Cye? gives the volume of the ball B(z,€) in R?. The reason to work
on this version of L([a,t],x) is that it is monotone in a.
Observe that we have for all w ¢ N,

L(la,t], A) = / L([a,t], z)dx, for all Broel A C RY.
xcA

Letting a | 0 (along a sequence a,) in the above and by monotone convergence theorem,
we have for all w ¢ U2 | N,

L([0,t], A) = lim L([an,t],A) = / lim L([ap,t], z)dx.
anl0 €A an |0

Hence, almost surely, the occupation density L([0, ], z) of the occupation measure L([0, t], A)
exists (which is limg, o L([an, t], x)). O
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Theorem 3.3. Let X be the same as in Theorem 3.2. If dH > 1, X does not have a local
time L(t,z) for any t € [0,T] almost surely.

Proof. Tt has been shown in [12] that, with probability one, the Hausdorff dimension of the
sample paths of X over the time interval [0, 7] is min{d,1/H} =1/H < d, when dH > 1.
Hence the sample paths of X has Lebesgue measure zero almost surely, by the definition of
Hausdorff dimension. On the other hand, recall the definition of the occupation measure
of X in (3.1). Almost surely, it is a positive and finite measure supported in the sample
path of X. Therefore it can not be absolutely continuous with respect to the Lebesgue
measure A\y. The proof is thus completed. O

4 Regularity of local time

Unless otherwise stated, it is assumed that (1 + d)H < 1 throughout this section. As a
remark, in the case d = 1, any H < 1/2 satisfies this condition.

Fix a small positive number a € (0,77, and let L%(¢, A) and L*(t,z) be the occupation
measure and occupation density respectively on the time interval [a,t]. That is

Lt A) = L(ja, 1], A), and L%(t,z) = L([a, 1], z).

In order to use Kolmogorov type continuity theorems to conclude various continuities
of L%(t,z) in t and x, we seek to provide upper bounds for quantities in the form of
E|L*(t,x) — L%(t,y)|™. For this purpose, it is necessary to specify, for each fixed ¢ and =z,

a version of L%(t,x) more carefully. Let

1 t

which, by our discussion before, exists as a finite limit for a.e. x almost surely. Set

t
L?(t, ZL‘) = C;éi/l ]-B(x,e)(XS)ds (42)
Recall the content of Corollary 2.6, standard argument shows that the uniform continuity
of v implies that L¢(¢,z) is Cauchy in L™(P), uniformly in x. [See the argument in p42-
p43 in [9].] It follows that there is a subsequence {e,}n>1 such that L¢ (¢,z) converges
uniformly in L™(P) and converges almost surely for each fixed . Hence the limit exists
in (4.1) through the subsequence €, both uniformly in L™(P) and almost surely for each
fixed x, and there is no problem then in arguing as if €, is the full sequence € in the limit
in (4.1). This limit, which we denote by L%(¢,x), is the version we work with throughout
our discussion below.

Denote by Ir = [-R, R|] C R. The following theorem is a restatement of Theorem 3.1
of [3].

10
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Theorem 4.1. Let Y (t,z),(t,z) € [0,T] x Ir be a stochastic process of two parameters.
Suppose there are positive constants n,C and c,d such that

E|Y (t,x +k) =Y (t,2)|" < Clk|*™,  foraz,x+keIp,t=0,T; (4.3)

E|Y (t + h,z) = Y(t,z)|" < C|h|*T,  for allt,t +h € [0,T], and € Ig; (4.4)

E[Y(t +h,x+k) = Y(t,x + k)=Y(t +h,z) + Y (t,2)[" < Clk|**[p|",
for allt,t+h €[0,T] and z,x + k € Ig. (4.5)

Then there ezists a version of the process Y jointly continuous in (t,x). Moreover, for
every v < d/r there exist random variables n and A which are almost surely positive and
finite such that

Y(t+ h,z) =Y (t,z)| < Alh|7, forallt,t+h e [0,T],z € Ir, and |h| <.

Our primary goal for this section is to find a version of the local time L%(t,x) with
jointly Hélder continuity in (¢,z). Furthermore, on account of Theorem 4.1, we show that
the Holder regularity of the local time in the time variable is uniform in the space variable.
The next three lemmas establish the three inequalities in the condition of Theoerm 4.1.
We start off with the Holder continuity in the space variable.

Lemma 4.2. Assume d =1 and 1/4 < H < 1/2. For any t € [a,T], and « satisfying
l<ax< % — 1, there exists a constant C; > 0 (depending on a and T') such that for any
z,y € R,

E|Lo(t x) — L(t,y)|* < Cilz — y|*. (4.6)

Proof. By our choice of L*(t, ) in the paragraph after (4.1), and by Fatou’s lemma,

a _Ta 2
€l0 Cye

< lininf 05621& Lt B(x, ¢)) — L°(t, By, )|
Let pu,s(21, 22) be the joint density of (X, X;). By change of variables, we have
E|L%(t, B(z,€)) = L*(t, B(y,))|”
~2 | t: | Q00 = 156,000)) (s (X) ~ Lo, (X) dsdu

t
22/ / /2 15z,e)(21) = 1p(y,0(21)) (1Ba(22) — 1By, (22)) Pus(21, 22)dz1dzadsdu
=a Ju=a JR

+p(21 —(z—y), 22— (z—y)) — p(21, 22 — (x — y))]dzadz1 duds.

11
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For notation convenience, we introduce

Fa},y(zlv 22)

=p(21,22) —plz1 — (x —y),22) + p(21 — (. —y), 22 — (x — y)) — p(21,22 — (z — y)).

By Theorem 2.4 and Taylor expansion of Fj ,(21,22) to the first and second order (with
respect to x — y), there exist a constant ¢; such that

Foy(z1,22) < |z — ?/|ﬁ, (4.7)

and
C1

Foy(z1,22) < |z — ylzm-

(4.8)

Write

E[L“(t, B(x,€)) — L*(t, B(y, €) —2/ / // Fyy (21, 22)dzodz duds
§=a < u=g 21,22€B(x,¢€)
_2// // Fx,y(21722)d22d21duds
|Sfu|H>|xfy| 21,22€B(z,€)
+2// // Fﬂfvy(zlsz)dZQledUdS. (49)
|s—ul " <|z—y] 21,22€B(x,¢€)

We take care of the two terms on the right hand side of (4.9) separately. Let § > 0 be a
fixed constant satisfying d + 1+ 0 < 1/H. For the first term, it holds

// // Fp (21, 22)dzodz1duds

[s—u|H >|z—y| 21,22€B(x,¢€)

// // ] — @ 7 dz1dzaduds [by (4.8)]
[s—u|H >|z—y| 21,22€ B(x, e) ’ |

< péflz— |1+6// 72% duds < ¢y |z — y|'+° (4.10)
[s—u|H >|z—y| |S_u’

Now for the second term on the right hand side of (4.9), due to (4.7) it holds

// // Fp (21, 22)dzodz duds
|s—ul# <|z—y| z1,22€B(x,€)
c3
< // // |z — Yyl 777 dz1dz2duds [by (4.7)]
|87U|H§|I*y| Zl,ZQGB(:L"e) |S — u‘(d-‘rl)H

1
§0362|x—y|// Ty duds
|s—ulH <Ja—y| |8 = Ul

_ 1
<z —y| - |x —y| T2 = oy Pl -yl (4.11)

where % —1 > 1+ 6. Therefore, the proof is complete by choosing & = 14 § in the
statement of the theorem. O

12
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It follows immediately by Kolmogorov continuity theorem that, when d =1 and H <
1/2, there exists a modification of L%(¢,z) that is a-Holder continuous in z for any a <

1
ﬁ_l-

In the following discussion, we seek to establish the Holder regularity of L°(¢,z) in the
time variable. We start with two technical lemmas which correspond to (4.4) and (4.5) in
Theorem 4.1

Lemma 4.3. Assume dH < 1. For all z € R?, and even n € N, there exists some positive
constant Cy (depending on a and n) such that for all x € R alla<s<t<T,

E|L%(t,z) — L%s, )| < Cylt — s|A-dH)m=1)+1, (4.12)
Proof. As before, we only need to find an upper bound for the following:

E’La(t B .’E E)) Le (S B(l, 6))’”
= n‘E/ / / 1B(CE,6) (Xul) . 1B(QT,6) (Xun)dul .. dun
Un=8 JUn—-1=S$ u1=s

:n!E/ / / / Dug,un (21, 5 2n)dz1 -+ - dzpdug - - - duy,.
Un=8 JUup_1=s ur=s J z1, - zn € B(z,€)

In the above, py, . u, (21, - ,2y) is the joint density of (Xy,,..., Xy,). By Theorem 2.4,
clearly we have that for some ¢; > 0 (which may change from line to line),

1 1
(Un — up—1) (ug —wy

pul,...,un(zly tee 7Zn) S C1 )dH7

Hence the right hand side above is upper bounded by

u,
c1n!e”d/ / /2 ! 1 1 -7 dua -+ - duy,
Up=5JUp_1=5 u (Un - unfl) (uQ - ul)

1=s
u3
a=s  (Un — Un—1)
u3
2=5

=S

~+

1 1

t
1 1
Scln!e”d/ . / e (ug — )1 = dugy - - - du
Up=8 Jup_1=3 u df (U3 - U2)dH "
< 1 .nd /t / 1 1 ( )l—dH d d
<cinle uz — 8 U9+ + - Al
Un=8 J Un_1=8 u (un - un—l)dH (Ug - u2)dH "
t
§cln!e”d/ / / e uz — 8)237MH) qug - du
Un=8 J Un_1=8 (un - un—l)dH (’LL4 - US)dH( ) "
<< enle” / (up — )N gy, < enled(t — s)(I-dH)=1)+1 (4.13)
Up =S8
The proof is complete. O

Again on account of Kolmogorov continuity theorem, there exists a modification of
L%(t, x) being f-Holder continuous in ¢ for any § < 1 —dH. The next lemma is needed for
the uniform Hélder continuity of the local time in the time variable (uniform in x).

13
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Lemma 4.4. Assume d = 1 and H € (1/4,1/2). For any 6 € (0,4 — 2) and any even
integer n € N, there exists some C3 > 0 such that

E[L([s, 1], @) — L([s, t],y)]" < Gyl —y["* - [t — [ HIZD0=), (4.14)
forall a<s<t<T andx,y € R.

Proof. Denote by
GIv?JQG(Z) = ]-B(z,e) (Z) - ]-B(y,e) (Z)

We divide the proof into three steps.
Step 1: For any € > 0, the following holds:
E[L* ([s,t], B(x,€)) — L* ([, t], B(y,€))]"

:n!E/ Gayie(Xuy) - Goyie(Xu,,) dug - - - duy,
s<ur < Sup <t
:n!/ duy -+ - dup B| 1 (5 ) (Xuy )1 B(2,e) (Xuz) = 1B(y,e) (Xus ) 1 B(y,e) (Xus)
s<uy < <Lup <t
- 1B(y,e) (Xm)lB(:r,e) (XUQ) + 1B(y,e) (XU1)1B(y,€) (XU2):| G$7y;6(XU3) T Gx7y§€(XU7z)'
We first estimate the probability expectation in the above. Note
E |:1B($,6) (Xul)lB(ac,e)(XU2) - 1B(y,6)(XU1)1B(y,e) (Xuz)
- 1B(y,€) (Xul)lB(a:,e) (Xuz) + 1B(y,e) (Xm)lB(y,e) (Xuz)} Gw,y;e(Xu ) T Gw,y;e(Xun)
:/n |:1B(m,e)(zl)]-B(a:,e)(22) — 1By, (21)1B(y,0)(22) — 1B(y,)(21)1B(z,0) (22)

+ 1B(y,e) (Zl)lB(y,e) (22) Gm,y;e(Xu;g) ce Gx,y;e(Xun)pu1,~~ JUn, (217 T azn)dzl e day,
(4.15)

where py, .., (21, - 2n) is the joint density for (X,,, ..., Xy,). For notation convenience,
we denote by zZ = (z3,..., 2z,), and write p(21, 22, Z) = Duy,....un (%1, -, 2n). By doing change
of variable three times in (4.15) to make all the terms in the square brackets equal to
1B(2,6)(21)1B(2,¢)(22), We can write the last display of (4.15) as

/ 1B(z,e) (Zl)]-B(gc,e) (ZQ)Ga:,y;E(ZS) T Gx,y;e(zn)F:c,y(Zla 22, E)dzleQdi,
where

Fx,y(zh 22, 2)

=p(z1,22,2) —p(z1,22 — (x — y), 2) = p(21 — (. — Y),22,2) + p(21 — (¥ — ), 22 — (¥ — y), Z).

14
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Hence we have for any even integer n,

E[L* ([s,t], B(x,€)) — L* ([s, t], By, €))]"

Sn!/ duy -+ - du,
s<up <+ <Sup<t

/ 1B8(0.0)(21)1B(z,e) (22)|Gayic(23) - - Gaye(zn)| - |Fay (21, 22, 2)|d21d2odz. (4.16)

Setp 2: Applying Taylor’s expansion to the first and second order, and by the estimates
of derivatives of the joint density p(z1,22,2) (Theorem 2.4), it can be seen immediately
that there exist constants ¢; such that the following upper bounds hold.

Fraer, 2,91 < atle ] (oo + ey ) (s :
21,29, 8)| < erlw — ce ;
z,y( 21, 22 1 Y (ug —u2)d " (ug —u1)® ) (up — tup_1)® (ug —up)f
(4.17)
and
1 1 1 1
F 2| < 2 .
|Fey (21, 22, 2)| < calx — g <(u3 — up)2H + (ug — u1)2H> (Up, — Up_1)H (ug —uq)H )
(4.18

In order to get (4.18) as above, we have used the elementary inequality
(uz — ug)(ug — uy) > min{(uz — uz)?, (ug — uy)?}
for the cross term.

Setp 3: We split the right hand-side of (4.16) into J; + Jo where

J1:n!/ duy - - - duy,
{s<ur < <un<t}n{us—ui>uz—us}

/ 1B8(2.0)(21)1B(w,e) (22)|Gayie(23) - - Gayie(2n) | Foy (21, 22, 2)|dz1d22dz,  (4.19)
R’ﬂ

and J is defined similarly for {ug — u; < ug — us}.

In the following, we only show how to bound J;, as Jy can be treated in a similar
manner. Below, the positive constants ¢; (1 <1 < 5) may change from line to line. From
our bound of Fj ,(21, 22, Z), we clearly have

J1

|z — y| |z — y|? 1 1
e duy---d
<ci€ /{S<u1<m<un<t} <(u3 — u2)H (u3 _ u2)2H (Un — Un—l)H (uz - ul)H U1 U,

ug—uj2uz—uy

|z —y] |z —y[? 1 1
Sclen/ ( A duy - -~ du
(s<ur<-cun<t) \(uz —u2)" " (ug —u2)?" ) (up —up—1)?  (ug —u)# "

1 1
Sclen(t—s)lH/ dus -+ du
{s<us <-<un <t} " (un = un—)" (ug —ug)
us [z — y| |z — y|? ) 1
A dus. 4.20
/u2=s ((u3 —ug)H " (uz —u2)?H ) |uz — ug|? (4.20)
15
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DO UIUIUTUUUIOIUTUUDRNDADNRNRNDNMARNDNWWWWWWWWWWNNRNNNNNNNNRPRPRRRRRRRR
OARAONPROOONONRONROOOVNOUNRNWNROOONONRWONROOONOUNRWNROOWONOURNWNEREO

For the integral with respect to ug in the last display of (4.20), we have for any ¢ < % -2,
u3 T — x — y|? 1
[ (et ey L,
up=s \ (uz —u2) " (uz — uz) |ug — us|
|z =y |z =yl ) 1
/(ugug)H<|:py| <(U3 - u?)H (U3 - u2)2H |U3 - u2|H

|z — y] [z -yl ) 1
+ / < AN dUQ
(ug—uz)H>|a—y| \(uz —u2)# " (uz — u2)?" ) |ug — ug|H

|z — gy

|z —yl /

: Ty — )2 102 T = dus

/(‘U3—1L2)H<|$_y| (u3 - u2)2H (ug—ug)HZ‘x—yl (U3 . u2)3H

#l- |z — y|(1+0)

<|z—y||z—ylm! 2H]+/ "

‘ ’ ‘ (uz—u2)H>|z—y| (U3 — u2)(2+5)H

1_

< (!x—y|H 1+|x_y|1+5) < |z — y|+e. o)

To complete the computation for (4.20), by following the same line of computation as the
proof of Lemma 4.3, we obtain
1 1

dug - - - duy, < co(t — s)I-HDM=3)+1 (4 99
/{s§u3<~-un§t} (un — tn—1)™ " (ug — ug) <ali-s) (4.22)

dH

Combining (4.21) and (4.22), we have shown that for any § < £ — 2, there exists some
constant c3 > 0

J1 < ez€|z =yt (t — 5)Im ) (n=3) 41 (4.23)
Following same line of argument as above, it holds for some ¢4 > 0 that
Jo < cq€|z — y|t Ot — 5)I D (=3) 41 (4.24)
Therefore we have established the following desired upper bound for (4.16):
E (L% ([s, 1], B(z, ) — L% ([s, ], Bly, )" < 5| — g +(t — 5)A-M0-3+1 (4 95
The proof is thus complete. O

Remark 4.5. Clearly, Lemma 4.2 is a special case of Lemma 4.4. The reason that we keep
Lemma 4.2 is because the proof of this simpler result provides a better idea of the more
complex proof of Lemma 4.4. We also remark that by taking s = ¢ in Lemma 4.4, we have
for any 0 € (0, % —2) and even n € N, there exists a positive constant Cy depending on T
and a such that

E [LO(t, z) — LO(t,y)]" < Culz — y[*T7. (4.26)

Now that all the three conditions in Theorem 4.1 have been established in the three

lemmas above, the following theorem results from Theorem 4.1 naturally.
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Theorem 4.6. Assume d =1 and H < 1/2. For every < 1 — H, there exists a version
of the local time L°(t,x) jointly continuous in (t,x) € [a,T] x R. Moreover, there exist

random variables 1 and A which are almost surely positive and finite such that
|Le(t + h,x) — L(t,z)| < A|R|P, for all x,t, h satisfying t,t + h € [a,T], and |h| < 7.

Proof. Fix R > 0. Apply Theorem 4.1 to Y (¢t,z) = L([a,a + t],z) and by Lemma 4.3,
Lemma 4.4 and (4.26), we obtain for each m € N a joint continuous version Y, (¢,x) of
Y (t,z) on [0,T] x I,g which is 8-Ho6lder continuous in time uniformly in x € I,,,g, for all
8<1-—H.

Observe that for m’ > m, Y,,,/(¢, ) is a continuous extension of Yy, (¢, z) from [0, T|x I, r
to [0,T] X I,vr. Therefore, we can define a continuous version of Y on [0,7] x R by

Y(t,x) = Yy(t,z), for (t,z) €[0,T] X I;ug.

The proof is complete by observing that Y (¢,2) = L([a,a + t],x) has compact support in
x € R (for each fixed w € Q). O

Recall the definition of pathwise Holder exponent of L%(¢, x) in (1.2). We are now ready
to state the main result of this section.

Theorem 4.7. Assume d =1 and 1/4 < H < 1/2. Let X be the solution to equation
(2.3). The pathwise Hélder exponent of L*(t,x) is given by

alt)=1—H, as. forallte|a,T].

Proof. 1t follows immediately from Theorem 4.6 that oy, > 1 — H. We show af <1—H
in what follows. Fix any ¢ > 0. Since the local time vanishes outside the range of X, it
holds

d= /Rd (L(t + 0,z) — L(t,z)) dx

< sup (L(t+8,0) — L(t,2)) swp |Xu — X,

z€R4 5,u€[t,t4-9]
<2sup (L(t+6,x) — L(t,x)) sup |X;— Xsl (4.27)
rER SE[t,t+6]

Now in order to show ay < 1 — H, it suffices to observe for any a > 0, by (4.27), it
holds that

sup,eprd (L(t + 9,2) — L(t, z)) N ol
o T 25UDge[,14-) X — X

On the other hand, by the construction of rough integrals, we have, for any v < H, a finite
random variable G, such that for all s,t € [0, 7],

1X; — X, < Gyt — 8|7

17
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Hence for all v < H,

supyepe (L(t+8,2) = L(t,z)) _ 67 5=

o« -G, G,
For any @ > 1 — H, we can always find a v < H such that the right hand side above tends
to infinity as § | 0, which implies a(t) <1 — H. The proof is complete. O
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