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Abstract: In [Becker and Jentzen, Stoch. Proc. Appl. 129:28-69, 2019] and [Becker, et al., arXiv
preprint arXiv:1711.02423, 2017], an explicit temporal semi-discretization scheme and a space-time
full-discretization scheme were, respectively, introduced and analyzed for the additive noise-driven
stochastic Allen-Cahn equations, with strong convergence rates recovered. The present work aims to
propose a different explicit full-discrete scheme to numerically solve the stochastic Allen-Cahn equa-
tion with cubic nonlinearity, perturbed by additive space-time white noise. The approximation is easily
implementable, performing the spatial discretization by a spectral Galerkin method and the temporal
discretization by a kind of nonlinearity-tamed accelerated exponential integrator scheme. Error bounds
in a strong sense are analyzed for both the spatial semi-discretization and the spatio-temporal full dis-
cretization, with convergence rates in both space and time explicitly identified. It turns out that the
obtained convergence rate of the new scheme is, in the temporal direction, twice as high as existing
ones in the literature. Numerical results are finally reported to confirm the previous theoretical findings.

MSC 2010 subject classifications: 65C30, 60H35, 60H15.
Keywords and phrases: stochastic Allen-Cahn equation, cubic nonlinearity, spectral Galerkin method,
tamed exponential integrator scheme, strong convergence rate.

1. Introduction

As an active area of research, numerical study of evolutionary stochastic partial differential equations
(SPDEs) has attracted increasing attention in the past decades (see, e.g., monographs [35, 38, 31]
and references therein). Albeit much progress has been made, it is still not well-understood, espe-
cially for numerical analysis of SPDEs with non-globally Lipschitz nonlinearities. The present work
attempts to make a contribution in this direction and examine a space-time full-discretization scheme
for a typical example of parabolic SPDEs with super-linearly growing nonlinearity, i.e., the stochas-
tic Allen-Cahn equation. The driving noise is a space-time white one, which is of special interest as
it can best model the fluctuations generated by microscopic effects in a homogeneous physical sys-
tem, including, for example, molecular collisions in gases and liquids, electric fluctuations in resis-
tors [18]. A lot of researchers carried out numerical analysis of SPDEs subject to such noise, e.g.,
[36, 16, 19, 21, 13, 30, 4, 5, 26, 1, 15, 14, 28, 8, 37, 9, 42, 49], to just mention a few.

Numerically solving the continuous problem on a computer forces us to perform both spatial and
temporal discretizations. In space, we discretize SPDE (2.1) by a spectral Galerkin method, result-
ing in a system of finite dimensional stochastic differential equations (SDEs). Based on the spatial
discretization, we propose a nonlinearity-tamed accelerated exponential time-stepping scheme (4.1).
The resulting approximation errors of both the spatial discretization and the space-time fully discrete
scheme are carefully analyzed, with strong convergence rates successfully recovered. More accurately,
by X(t,,) we denote the unique mild solution of the underlying SPDE taking values at temporal grid
points t,, = mt,m € {0,1,...,M} with uniform time step-size T = % > 0 and by Y,f:f"N the numerical
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approximations of X (), produced by the proposed fully discrete scheme. The approximation error
measured in LP(Q;H), p € [2,0) reads (cf. Theorem 4.12):

sup [1X (1) = Y2 oy <C(N P +7P), WB e (0,). (1.1)

0<m<m

Here H := L*((0,1);R) and the constant C depends on p,8,T and the initial value of the SPDE, but
does not depend on the discretization parameters M, N.

Over the last two years, several research works were reported on numerical analysis of space-time
white noise driven SPDEs with cubic (polynomial) nonlinearity [4, 3, 37, 8, 6]. Becker and Jentzen [4]
in 2016 introduced two nonlinearity-truncated Euler-type approximations for pure time discretizations
of stochastic Ginzburg Landau type equations with slightly more general polynomials. There a strong
convergence rate of order almost i is identified. More recently when the first preprint of this work was
almost finalized, we were aware of four other preprints [3, 8, 37, 6] submitted to arXiv, concerning
with numerical approximations of similar SPDEs. Becker, Gess, Jentzen and Kloeden [3] proposed new
types of truncated exponential Euler space-time fully discrete schemes for the same problem as in [4]
and derived strong convergence rates of order almost % in space and order almost % in time. Later,
Bréhier and Goudenege [8] and Bréhier, Cui and Hong [6] analyzed some splitting time discretization
schemes and obtained strong convergence rates of order %. Liu and Qiao [37] investigated spectral
Galerkin backward implicit Euler full discretization, with strong convergence rates of order almost % in
space and order 41 in time achieved. As clearly implied by (1.1), the spatial convergence rate coincides
with those in [3, 37], but the strong convergence rate of our time-stepping scheme can be of order
almost %, essentially twice as high as those in [4, 3, 37, 8, 6]. Despite getting involved with linear
functionals of the noise process, the newly proposed scheme is explicit, easily implementable and does
not cost additional computational efforts (see comments in section 5 for the implementation of the linear
functionals of the noise process).

It is important to emphasize that, proving the error estimate (1.1) is rather challenging, confronted
with two essential difficulties, one being to derive uniform a priori moment bounds for the numerical
approximations with super-linearly growing nonlinearity (see relevant comments in [3]) and the other
to recover the temporal convergence rate of order almost % instead of order (almost) i in the existing
literature. With regard to the former, we essentially rely on certain estimates for deterministic perturbed
PDEs (4.3), as elaborated in subsection 4. The uniform a priori moment Le-bounds are derived based
on a certain bootstrap argument, by showing E[lq,. [¥MN|P] < oo and E[lagc, IFYN P < o,
V :=C((0,1),R), for subevents Qgz, with R" depending on T carefully chosen (seén subsection 4.2).
The latter difficulty is addressed by fully exploiting the global monotonicity condition on the nonlin-
earity in conjunction with smoothing property of the analytic semigroup, commutativity properties of
the nonlinearity and improved temporal Holder regularity results in negative Sobolev spaces (consult
subsection 4.3 and particularly the treatment of J; in the proof of Theorem 4.12 for details).

Furthermore, we would like to point out that the improvement of convergence rate is essentially cred-
ited to fully preserving the stochastic convolution in the time-stepping scheme (4.1). Such a kind of ac-
celerating technique was used by Jentzen and Kloeden [30], to solve nearly linear parabolic SPDEs and
has been further examined and extended in different settings [29, 50, 49, 43, 39], where a globally Lip-
schitz condition imposed on nonlinearity is indispensable. When the nonlinearity grows super-linearly
and the globally Lipschitz condition is thus violated, one can in general not expect the usual accelerated
exponential time-stepping schemes converge in the strong sense, based on the observations in [2, 24].
To address this issue, we introduce a taming technique previously used in [25, 48, 47, 23, 27] for ordi-
nary SDEs, and propose a nonlinearity-tamed version of accelerated exponential Euler scheme for the
time discretization. Although the idea of constructing the explicit scheme in this paper is inspired by
the aforementioned works, the approach of the error analysis for the full discretization of the stochastic
Allen-Cahn equation with space-time white noise is original and much more involved than that in both
the finite dimensional non-globally Lipschitz SDE setting and the globally Lipschitz SPDE setting (see
section 4). Moreover, our approach is much easier than that in [3], also treating explicit full-discrete
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schemes for Allen-Cahn type SPDEs.

Finally, we mention that, just one spatial dimension is considered here because the space-time white
noise driven SPDE only allows for a mild solution with a positive (but very low) order of regularity
in one spatial dimension. It is because of the low order of regularity that the error analysis becomes
difficult. Further, the error analysis of the space-time full discretization is significantly more involved
than that of the pure time semi-discretization (compare [4] and [3] and see comments therein). Strong
convergence analysis of numerical methods for smoother noise (e.g., trace-class noise) driven stochastic
Allen-Cahn equation in multiple spatial dimensions has been done in our recent work [44] and further
strong and weak approximations of parabolic SPDEs with non-globally Lipschitz nonlinearity will be
our forthcoming works (see also, e.g., [7, 45, 33, 34, 40, 17, 20, 32, 22] for revalent topics).

The rest of this paper is organized as follows. In the next section we collect some basic facts and
present the well-posedness of the stochastic problem under given assumptions. Section 3 and Sec-
tion 4 are, respectively, devoted to the analysis of strong convergence rates for both the spatial semi-
discretization and spatio-temporal full discretization of the underlying SPDEs. Numerical results are
included in section 5 to test previous theoretical findings.

2. Well-posedness of the stochastic problem

Throughout this article, we are interested in the additive space-time white noise driven stochastic Allen-
Cahn equation with cubic nonlinearity, described by

(t,x) = %(t,x) + f(u(t,x))+W(t,x),xe D, t € (0,T],
u(0,x) = up(x), x € D, (2.1
u(t,0)=u(t,1)=0,t € (0,7].

Here D := (0,1), T >0, f: R — R is given by f(v) = a3v’ +av* +a1v+ag, az <0, az,ay,ap,v € R,
and W (z,-) stands for a formal time derivative of a cylindrical I-Wiener process [12]. In order to define
a mild solution of (2.1) following the semigroup approach in [12], we attempt to put everything into an
abstract framework. Given a real separable Hilbert space (H,(-,-),| -||) with || - || = (-, ->%, by Z(H)
we denote the space of bounded linear operators from H to H endowed with the usual operator norm
| - Il #(#)- Additionally, we denote by #3(H) C £ (H) the subspace consisting of all Hilbert-Schmidt
operators from H to H [12]. It is known that % (H) is a separable Hilbert space, equipped with the

1
scalar product (T'1,T2) g () = Lpen (D10 214), and norm || gy := (Znew [T1[1%) 2, indepen-
dent of the particular choice of ON-basis {7, },cn of H. Below we sometimes write % := % (H) for
brevity. If I' € Z(H) and I'y,I", € 25 (H), then [(I'1,12) 2 ()| < [Tl (e [T 2]y ) ITT 1 || gy ) <
ITN 2 1T || 2, (1) - By LY(D:R),y = 1 (LY(D) for short) we denote a Banach space consisting of y-
times integrable functions and by V := C(D,R) a Banach space of continuous functions with usual
norms. To reformulate (2.1) as an abstract problem, we make the following assumptions.

Assumption 2.1 (Linear operator A). Let D := (0,1) and let H = L*(D;R) be a real separable Hilbert
space, equipped with usual product (-,-) and norm || - || = (-, >% Let —A: dom(A) C H — H be the
Laplacian with homogeneous Dirichlet boundary conditions, defined by —Au = Au, u € dom(A) :=
H?*NH.

The above setting assures that there exists an increasing sequence of real numbers A; = 7%i2,i € N
and an orthonormal basis {e;(x) = v/2sin(imx), x € (0,1)};en such that Ae; = Ae;. In particular, the
linear unbounded operator A is positive, i.e., (—Av,v) < —A;||v||?, for all v € dom(A). Moreover, —A
generates an analytic semigroup E(¢) = e~"4,t > 0 on H and we can define the fractional powers of A,
i.e., AY,y € R and the Hilbert space HY := dom(A%), equipped with inner product (-,-), 1= (A%~,A%->

1 . i )
and norm || - ||y = (-,-)7 [35, Appendix B.2]. Moreover, H* = H and HY C H%,y > §. It is well-known
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that [41], for a positive constant ¢ > 0,

IATE(@)| () <ct™, 1>0,y=0,

(2.2)
|A™P(I—E ()| 2@) <ctP, t>0,p€[0,1],
and accordingly one can verify that [35, Lemma B.9 (iii)]
t
/ IASE(t — Pul>dr < c(t — )" P|u|®, VueH,pe0,1],0<s<1. 2.3)

Here the constant ¢, might depending on ¥, can be chosen to be independent of p € [0,1]. Also, it is
evident to see that

Bt - 2(B-1)\ 2
|A—= ‘|$2(H): P I(ZlZ(ﬁ 1))2 < oo, forany B < % (2.4)
ieN

Assumption 2.2 (Nonlinearity). Let F: L°(D;R) — H be a deterministic mapping defined by
F(v)(x) = f(v(x)) := a3V’ (x) + apv*(x) + a1v(x) +ao, x € (0,1), a3 <0, az,ar,a0 € R, v € LS(D;R).
It is easy to find constants Ly, L; € (0,0) such that

(u—v,F(u) —F(v)) < Lollu—v|*>, wu,veV,

) ) (2.5)
[F () = F )| < Lo (U [Jully 4 [0 llo) [l =i, v eV
The second property in (2.5) immediately implies, for some L, € (0,0),
IF )| < Lo(U+ Jull§)lull, we V. (2.6)

Evidently, the constants Lo, L, L, only depend on coefficients of f, i.e., ap,ai,a»,as.

Assumption 2.3 (Noise process). Let {W(#)}c(o.7) be a cylindrical I-Wiener process on a probability
space (Q,.F,IP) with a normal filtration {7, },c( 1), represented by a formal series,

=S

W(t):=Y Bu(t)en, 1€10,T], 2.7)

n=1

where {B,(t) }nen,t € [0,T] is a sequence of independent real-valued standard Brownian motions and
{e, = V2sin(nzx), x € (0,1)},.cn is @ complete orthonormal basis of H.

Assumption 2.4 (Initial value). Let the initial data Xo: Q — H, given by Xo(-) = uo(-), be an %o/ B(H)-
measurable random variable. For sufficiently large positive number py € N and for any B < % there
exists constants Kg depending on [3, po and Ky only depending on po such that

1Xoll 2o (,8) < Kpp <o, [1XollLro @,y < Kv < . (2.8)

At the moment, we are prepared to formulate the concrete problem (2.1) as an abstract stochastic
evolution equation in the Hilbert space H,

{ dX(t) +AX (t)dt = F(X(¢))dt +dW(z), t€(0,T], 2.9)

X(0) = Xo,

where X (¢,-) = u(t,-) and the abstract items A, F, X, are defined in Assumptions 2.1-2.4. The above as-
sumptions suffice to establish well-posedness and regularity results of the mild solution to (2.9), defined
by (2.13) later. Before that, we provide some regularity properties of the stochastic convolution.
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Lemma 2.5. Let Assumptions 2.1, 2.3 be fulfilled. For any p € [2,%0) there exists a constant Cy depen-
dent of p but independent of B € |0, %) such that the stochastic convolution { O, },¢(o 1) satisfies

B-1 . !
16,y < CollA"T L yar) <o, with 6, ::/O E(t —s)dW(s), (2.10)
p-t B
10 = Osl|ro.my S CollA T [ (t—5)2, 0<s<t<T. (2.11)
Moreover, we have
IE[ sup ||ﬁ,||€} < oo, 2.12)
t€[0,T]

Recalling (2.3) one can validate the first two estimates easily, see, e.g., [50, Theorem 2.4.]. The
last assertion can, e.g., be found in [11, Proposition 4.3] and [10, Lemma 6.1.2]. Owing to the above
regularity properties of the stochastic convolution, we can get the corresponding regularity properties of
the mild solution to (2.9) as follows.

Theorem 2.6. Under Assumptions 2.1-2.4, SPDE (2.9) possesses a unique mild solution X : [0,T] x
Q — V with continuous sample path, determined by,

X(t)=E()Xo+ /(:E(t —$)F(X(s))ds+ O, P-as.. (2.13)

Forany p € [2,00) and 8 < %, there exists positive constants Cy,C, depending on p,T,{a;};_, but not
depending on B such that,

sup [|X (1)l @) < C1(1+ 1 Xollr(a.y))- (2.14)
t€[0,7]
p-t
S[%pr]”X(t)”Lp(Q’HB) SC2<1+”X()HLP(Q7H3)+“X0||z3P(Q7V)+||A > ). (2.15)
telo,

Moreover; there exists a constant Cs € [0,%0) depending on p,T.{a;}3_, but not depending on J such
that, for any B < % and0<s<t<T,

B
2 .

Bt
I1X(5) =X (9)l|zo @1y < C3 (14 Xollp o) + 1X0l 22y + 14T o)) (=) (2.16)

The existence of the unique mild solution and the regularity assertion (2.14) are based on [10, Propo-
sition 6.2.2] and (2.12). The rest of estimates in Theorem 2.6 can be verified by standard arguments
(consult, e.g., [50, Theorem 2.4.]).

3. Spatial semi-discretization

This section concerns the error analysis for a spectral Galerkin spatial semi-discretization of the under-
lying problem (2.9). For N € N we define a finite dimensional subspace of H by

HY :=span{ey, ez, ,en}, 3.1)

and the projection operator Py: H* — HN by Py =YV (€, e)e;,VE € H*, o € R. Here H" is chosen
as the linear space spanned by the N first eigenvectors of the dominant linear operator A. It is not difficult
to deduce that

[(Bv—Do| <Ay lella <N ¥|0lla, Yo eH* a>0. (3.2)

Additionally, define Ay : H — HY as Ay = APy, which generates an analytic semigroup Ey(t) = e "V,
t €]0,00) in HV. Then the spectral Galerkin approximation of (2.9) results in the following finite dimen-
sional SDEs,

{ dXN(t) +AnXN (t)dt = Fy(XN(¢))dt +PydW(t), t€(0,T], (33)

XN(0) = PyXo,
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where we write Fyy := PyF for short. It is clear to see that (3.3) admits a unique solution in HV, By the
variation of constant, the corresponding solution can be written as

XV (1) = En(t)PyXo + /O "En(t—5)PyF (XY (5))ds + /0 "En(t—s)PydW(s), P-as.  (3.4)

In the error analysis for the spatial semi-discretization (3.3), we require ||PyX (7)|/zr(q,v):f > 0 to be
uniformly bounded with respect to N € N, which can be deduced based on the following two auxiliary
results. The first one is a direct consequence of [5, Lemma 5.4] with #{ = 0 and we follow the same
arguments there to provide a short proof here.

Lemma 3.1. Let {ﬁ,}te[oﬂ be the stochastic convolution defined by (2.12) and let Assumptions 2.1,
2.3 be fulfilled. Then for any p € [2,0) it holds

sup (| ON| ooy < oo, with OV := Py 0. (3.5)
t€[0,T],NeN

Proof of Lemma 3.1. Owing to Assumptions 2.1, 2.3, we perform the expansion of the stochastic
convolution OV and use the Itd isometry to get, for any N € N,z € [0,T],x,y € D,

SICREATIEN W | [ e apio)[ ] et - i)’

(9[-}

< Y 224) N (V2i) | — y5 (lei(x) |+ ei3)])

ieN (3.6)
< 2%757%‘)(__”% ng
ieN
4
<3lx—yl5.

In the same manner, one can acquire, for any N € N,¢ € [0,7],

supE[|@N (x)[*] < 2. (3.7)

xeD

1
Using the Sobolev embedding inequality W57 C V, p > 5 and noting that the stochastic convolution
OV is Gaussian one can deduce, for any N € N,z € [0, T],

! 1 N(x N
EflorI) <c [ BfloNw dHC//EIﬁ =00 41q,
’ x—y|5*!

<c/ 167 @)P)) 2ax+C // E[|6)(x) - 6)0)|]) ady 3D

P
r—y[57!
1l P,
§C<l+// ’x—y’5 dxdy><<>o.
o Jo

Using Holder’s inequality yields the desired assertion in the case p € [2,5]. O
The second one concerns the smoothing property of the analytic semigroup.

[SlhS}

Lemma 3.2. Let Assumptions 2.1 be fulfilled. For any N € N and w € H,y € [0, %) it holds that

2y-1

_ L2yt
IPVE@)Wllv <27 (57255) 21 % wlly, 1>0,7€[0,3). (3.9)
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Proof of Lemma 3.2. Elementary facts readily yield

IPVE()wlly = sup ’Ze qfe>el(x|<fze M| ()|

x€[0,1]
B 1/2 1/2
< x/i():z,- re-)!! (zx,7|<w,e,->\2)
i=1 i=1
oyl [T oy, —2n2 172
<Var ([ e ran)
— o3 /w 27,7 24,)
2w 2ta (0 y e dy) lwlly

54 L 2yt
S27/(27:(17}2l;/))7t T lwlly,

(3.10)

as required. [
Equipped with the above two estimates, one can prove that ||[PyX(7)[|1s(qv),t > 0 is uniformly
bounded with respect to N € N as follows.

Lemma 3.3. Let {X(t) },c(o,r) be the mild solution to (2.9), defined by (2.13). Then for any p € [2,0) and
Y € [0, %) there exists a positive constant C, depending on T, p, {a,-}?:o, but not depending on N, B, Xy
such that

5-4y \3 S
;UEIHPNX(I)”LP(Q.V) < 2Y(W,}2Iy))2 1Xoll o pryt 7 +C(1+ ||X0H23p(g,v))a t€(0,7]. (3.11)
€
Proof of Lemma 3.3. Observing that Ey (¢)Py = E(t)Py and using Lemmas 3.1, 3.2 show

ot
1PV X ()] r @y < ||E(f)PNX0||Lﬂ(Q,v)+/O IE(t —s)Fn(X ()llzr@v)ds + IPN Ol o v

_ Loyt ! _1
Szy(zns(lgy))zt T 1 Xoll o (g7 + O(t—s) HIFX () e,y ds + IPN Ol o @v)

2y-1

54y \4 2oL 3
Szy(Zn(l—)Z/y))zt TN\ Xoll o (o) + 51 S[UP I1FX)er@m) + 1PN O o v)

S a4y L2
= 27(27:(17;]/))% e 1Xoll 00y +C(1+ GS[%PT] ||X(S)HL3p av) ) IO r@yy.  (B.12)
5

Owing to (2.14), (3.5) and Assumption 2.4, one can arrive at the expected estimate. []

Throughout this paper, by C we mean various constants, not necessarily the same at each occurrence,
but independent of the discretization parameters. Now we are prepared to carry out convergence analysis
for the spectral Galerkin discretization (3.3).

Theorem 3.4 (Spatial error estimate). Let Assumptions 2.1-2.4 hold. Let X(t) and X" (t) be defined
through (2.9) and (3.4), respectively. Then for any < % p € [2,00) and N € N, there exists a positive
constant C, depending on T, p, {ai}?:(), but not depending on N, B, Xy such that

Y NP,

(3.13)

p-t
s[lép]HX(t) YOl roum) <C(1+|\XoHlepQV + 1 Xoll74p g pvito- o) + 1477 |
rel0,7

Here and below we denote a V b := max (a,b). Clearly, the above convergence rate § < % can be

. B-1 .
arbitrarily close to 5 ! but can not reach 1 , since the constant |[A 2" || &, as calculated in (2.4), explodes
when 3 tends to 2. This comment also applies to the full approximation error estimates in section 4.
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Proof of Theorem 3.4. The triangle inequality along with (3.2) provides us that

X (1) *XN(t)HLP(Q,H) < [T =Pu)X(O)l|r(@.m) + [ PuX ( )*XN(I)HLP(Q,H)
SN?BHX( )HLI’ Q:HB) + Het ||LP (Q.H)

. (3.14)
SC2(1+||X0||L1’(Q,HI3)+HXOHLSP(Q,W+||AT|L%)N7B
+ HeﬁvHL!’(Q,H);
where e := PyX (1) — XN (1) = [§ En(t —5) [Fn(X(s)) — Fn (XN (s))] ds satisfies
e = —Avel + (X))~ In(XV(0) = ~Ac + (X))~ V(X)) (319)
Therefore
d

H e ||” =plle) [P (e, —Ae) +F(X( ))—F(XN(t))>

< plle¥ P {e ,F(PyX (1)) — 1))+ plleN |72 (el F(X(t)) — F(PyX (1))

< Loplle||” + plleM 1P~ ||F x<r> <PNx<r )| (3.16)

< (Lop+p=1)lle' P+ [|[F(X () = F(PvX (1)) "
< (Lop+p =D + Ly (1 IIXOIF + IBVX O 1)1 (= o)X (1))

Choosing y = 55— 1 € (‘"2‘027 i) in Lemma 3.3 and also considering (2.14), (2.15) and (3.2) assure

Efllet' 7] <C/ E[e) 7] +E[(1+ X () [+ 1PyX ()[[77) (7 = Pv)X (5)[17] ds

SCj/ ]E[Heé\/”p]+ (1+HX( )HL4p QV) +||PN‘X( )||L4p QV )H(IiPN)X(S)HZzP(Q‘H)dS

<C [ Bl 171ds+CN P sup Xz,
S€[0,T] *

6
[ Ol 515l

L120(Q,V) )ds

LA (QH(P=1)/(2p))
_ -1
<C [ Blle!I7)s+CN {1+ Kol in) + %0y + 14 12)"

( +HXOHL12[) V) +H 0||L4,, Q.- 1)/(2,;)))

2
%)"

<C/]E||6N||”]db+CN PP (L 11Xol13 120 0y + 1Xol1F 40 g gvito- 1201 HIAT
(3.17)

After the use of the Gronwall inequality, one can derive from (3.14) the desired error bound. [

4. Spatio-temporal full discretization

This section is devoted to error analysis of a spatio-temporal full discretization, done by a time dis-
cretization of the spatially discretized problem (3.3). For M € N we construct a uniform mesh on [0, 7]
with 7= % being the time stepsize, and propose a spatio-temporal full discretization as,

YMN Ay (I—Ey(t ))FN(th
1+ 7| Fy (Y )|

Imt1
Yt,,m =En(7)Y,, ) +/t EN(tmy1 —s)PvdW (s) “4.1)
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form=0,1,....M —1 and Yéw N = PyXo. Equivalently, the full discretization (4.1) can be written by
Y)Y = PyXo and for m =0,1,....M — 1,

tmtt En(tmy1 — §) F (YM’N) It 1

M.N M ,N N\Im+1 N\1y,

Y, =En(T)Y, " + &L ds+/ Eyn(tya1 —s)PydW(s). 4.2)
Im+1 ( ) tm o 1 T”FN(thM,N)H tm (m+ ) ( )

Here we invoke a taming technique in [25, 48, 47, 23] for ordinary SDEs, and construct a nonlinearity-
tamed accelerated exponential Euler (AEE) scheme as (4.1). The so-called AEE scheme without tam-
ing is originally introduced in [30], to strongly approximate nearly linear parabolic SPDEs. Since
the stochastic convolution is Gaussian distributed and diagonalizable on {e;};cy, the scheme is much
easier to simulate than it appears at first sight (see comments in section 5 for the implementation).
When the nonlinearity grows super-linearly, one can in general not expect that the usual AEE schemes
[29, 50, 49, 43, 39, 30] converge strongly, based on the observations from [24, 2]. Also, we mention that
analyzing the strong convergence rate is much more difficult than that in the finite dimensional SDE
setting.

When analyzing strong convergence rates, a crucial element is to derive uniform moment bounds for
the spatio-temporal full discretization. To do this, a key ingredient lies on transforming the continuous
time extension (4.19) of the full discretization (4.2) into a random differential equation (4.27), with a
random perturbation appearing in the cubic nonlinear term. So the forthcoming subsection attempts to
reveal that the V-norm of the solution to the perturbed differential equation can be controlled by a norm
of the perturbation (see Lemma 4.2). Based on this finding, one can further use the structure of the tam-
ing scheme and a certain bootstrap argument (Lemma 4.4 and (4.49)) to provide a priori moment bound
of the approximation, as shown by Theorem 4.6 in subsection 4.2. Reecovering the higher temporal
convergence rate of order almost % also heavily hinges on commutativity properties of the nonlinearity
(Lemma 4.9) and the improved temporal Holder regularity of the solution in negative Sobolev space
(Lemma 4.10), as presented in subsection 4.3. Armed with these useful results, the expected conver-
gence rate is finally proved in subsection 4.4.

4.1. Useful estimates for a perturbed differential equation

In the first part, we restrict ourselves to the following perturbed differential equation in HV, N € N,

{ A — AN+ Py F(ON +2Y), 1€ (0,T), “3)

where F comes from Assumption 2.2 and zV,vV: [0,T] — H". In what follows, we aim to show that
the V-norm of the solution to the perturbed problem (4.3) can be controlled by the I.?-norm of the per-
turbation zV in the nonlinear mapping (see Lemma 4.2), which plays a crucial role in deducing uniform
moment bounds for the full discretization (4.1). To show this, we need further smoothing properties of
the analytic semigroup E(7),7 > 0 described as follows.

Lemma 4.1. Lett > 0 and let Py,E(t) be defined as in the above sections. Then it holds that

p-2
IPNE@)Wllopy<t™ * |yl Vp=>2,
_1
IBVE@)Wllv < (5) 211Vl () 4.4)
PR
IBVE@Wlis0) < () F W1,
Proof of Lemma 4.1. Recalling (3.9) with ¥ = 0 helps us to infer,

_ _p=2 _ _p=2
IPVE@ WL, py < IPVEOWIP - IBVE@ W < [[wll? e~ % lwllP 2 =" w7, @4.5)
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which validates the first assertion. To arrive at the second one, we again use (3.9) with ¥ =0 to get

IPVE @) wllv = [IPVE(S)PVE(S) wllv < (5) FIPVE() ]| = (5) o [(PVE(L)w,0)|

=(5)7% sup [(y, vE(5)9)] < (5)7% sup [[WllLip) - [BVE(5)9llv (4.6)
lol<1 lol<t

_1
<(3) 2 Ivlle oy-
Concerning the last inequality, one can similarly acquire
1 1
IBVE@) W3y < (5)" 2 IRVE(5) Wl = (5) 7 e, [(PVE(5)w.0)]
<

1 1
=(5)712 sup [(w,AvE(5)¢)] < (5)77 sup [ly]l 4 [PVE(5)9llsp)  (4.7)
o<1 o<1 L3 (D)

_3
<@ vl

The proof is now completed. [
It is easy to see, the perturbed problem (4.3) has a unique solution in H”, which can be expressed by

W) = /0 "En(t— s)PyF (M (5) 1 2V (5)) ds. 4.8)

1

Define norms ||ullLs(px o) := (fo ||u(s)\|zq(D) ds)?,q > 1,1 € [0,T]. For the particular case ¢ = 2,
L9(D x [0,7]) (L7 for brevity) becomes a Hilbert space with (u,v)12(pyjo,) = Jo (u(s),v(s))ds. The
next lemma asserts that the V-norm of the solution to (4.3) can be controlled by the L°-norm of the
perturbation zV, which will be essentially used in proving moment bounds of the approximations.

Lemma 4.2. Let vV, N € N be the solution to (4.3). For any t € [0,T), there exists a positive constant
C, dependent of T but independent of N, such that

IOl < OIS pron) Vi EO.TI. (49)

Proof of Lemma 4.2. The assertion is trivial for t = 0. So we always suppose ¢ > 0 in the following.
We divide the proof into two steps.

1 1
Step 1. For any fixed ¢ € (0,T], we claim first that, by setting p, := 51 max{%, |% ‘ z |Z—2 ’ 3,

||VNH]]_,4(D><[OJ]) < 5||ZNHL4(DX[0,1]) or ||VN||L4(DX[O,I]) < pr- (4.10)

By deterministic calculus and noting Ayv" = Av" for any vV € HV, we infer

0< IIvNE)|? = /Ot (VN (s), ANV (s) + Py F (VW (s) + 2V (s)) ) ds

4 (4.11)
< [ MO P06+ 2 @) ds = 0V F O + ).
Noticing that a3 < 0, for any v,z € R,
vi(v+z) =asv(v+2)* +apv(v+2) +av(v+2) + apv @.12)

< a3v4 + 3a3v3z+a3vz3 +a2v3 + 2a2v2z+a2vz2 Jralv2 +avz+aopv.
After using the fact a3 < 0 and the Holder inequality, one derives
N FON 4210 < aslVVIIEs +3las VYR all2V s + las Y [l 1Y
- laale¥ [V I3+ 2laaleS VR l1Y s+ laale WV eI @13)

1 1 3
+ar|e2 V24 + larle [V Lall lla + Lol [[vV|s.
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Assume the claim (4.10) is false, namely, ||z L pxo)) < 5 HVN||L4 D><[0 ) and ||vN||]L4 Dx[04]) > Pr-
This enables us to derive, in the case p; > 0, i.e.,

1
O F +zN>>Lz<(as+3'“3‘+'f‘ss‘)||vN||ﬁ‘L4+(|a2|ﬂ+2'“§-"“ COT
5 2 3
+<\allﬂ+f'““”)||v”||§4+\ao|r4||wv||y

(a3+76\a3|+\a2|ﬂ+2\az|ﬂ +|a225\1f+\a1|ﬂ+|am +\ao\r1>HvN”i4 (4.14)

< (o ) 200l
6
=2V <o,

|az |
a
only consist of |a3| or a3 and tl‘lg ‘resultmg collection turns out to be negative. The conclusion (4.14) thus
contradicts (4.11). When ap = a; = ap =0, i.e., p; = 0, one can similarly derive (W, F(V" +2V));2 <
(a3 + 3‘a3| + ‘1‘1235|) W I2s = 4192"53 [WV]I14 <0, also contradicting (4.11). Therefore, the claim (4.10) must
be true.

Step 2. Apparently, (4.10) implies

where we set p; 1= 5t max{ 22, |4 {2 |a0’ 1 such that all coefficients of ||y ||lL4 in the second step

W llesoxion < 512 Lsoxo) £ o1, Ve €[0,T]. (4.15)

This together with the last inequality in (4.4), the property of the cubic nonlinearity and the Holder
inequality yields, for any ¢ € [0,T],

IOl < [ NEC—)PF 6+ 0 ) d
< [ H P26l 4,

5

<C/(” A 1+Hv”(s)\|i4 LI () 1)) ds (4.16)

<C(/<”*ads ([ 1+ 17O i) 126y 05)
SC(I—FHZNHHA(DX[OJ]))-

Likewise, by virtue of the second inequality in (4.4) instead, one obtains, for any ¢ € [0,7T],
0l < [ IBEG— 9P )+ ()l as
< [ () P )+ 6 o) ds
< [0=9 U+ IO )+ 1O s )0 *17)

! _1
§C<1+ZN||?L4(DX[0,t])+/()(t_S) 2||ZN(S)”23<D)ds>
gC(I+HZN||]19‘9(DX[0J]))

The proof of Lemma 4.2 is thus finished. [

Before closing this subsection, we would like to add some comments on the proof of Lemma 4.2. The
Key step is to show either [V 1.0,y < K1Y [1s(pi01)) O V¥ 100 < Pr. with some positive
constants K, p; properly chosen. As shown above, its proof is based on the reduction to absurdity and

1 ‘ 2‘ a |2 ag
. 7 a
we choose kK =5 and Pt = 5t max{ I } a ' as

that the choice of k, p; is, however, not unique.

1
| 3} in (4.14) to result in a contradiction. We mention
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4.2. A priori moment bounds of the approximations

The aim of this subsection is to prove a priori moment bounds for the fully discrete approximation (4.1)
(or (4.2) equivalently), which is essentially based on the estimate (4.9) in the previous subsection as
well as a certain bootstrap argument. First, we define

lt]:=1;, fortelt,tiv1), i€{0,1,...M—1}, (4.18)

and introduce a continuous version of the fully discrete scheme (4.2) as,

t Ey(t—s)Ey(¥"")
YMN =En(n)yy™ /7Md oN. tel0,T]. 4.19
N() + 0 1+1HFN(YL_A;IJ'N)|| SO [ ’ } ( )

Here we recall that 7 = % is the uniform time stepsize. By B¢ and 1, we denote the complement and
indicator function of a set B, respectively. Additionally, we introduce a sequence of decreasing subevents

Qry = {wesz sup ||Y,1;47N(w)||V§R}, Re(0,00),i€ {0,1,...M}.  (4.20)
]G{O,l,...,i} ’

It is clear that 1o,, € %, forie {0,1,...,M} and ]].QR <1g,, fort; >1t;since Qry C Qry;,ti > 1.
Furthermore, we put additional assumptions on the 1n1t1a1 data. '

Assumption 4.3. For sufficiently large positive number py € N, the initial data Xy obeys

sup || PvXollro vy < o 21
NeN

Thanks to the Sobolev embedding inequality, (4.21) is fulfilled provided ||PyXo|| Lpo © ) < o for
any y > é In what follows we start the bootstrap argument, by showing E [IL Qe H b Hp ] < oo and

E[1 Q. M i Hp | < oo for subevents Qgz , with R” depending on 7 carefully chosen.

Lemma 4.4. Let p € [2,0) and R* := T Jor any B € (0, %) Under Assumptions 2.1-2.4, 4.3, the
approximation process Y,fw’N,i €{0,1,...,M} produced by (4.1) obeys

sup  sup E[lg, [N 8] < oo, (4.22)
MNeNic{0,1,...M}

where we set 1o, = 1.

Proof of Lemma 4.4. The proof heavily relies on the use of Lemma 4.2. In order to apply it, we
introduce a process wa’N given by,

’ )
ZMN — B ()Y N /E _ A_PF)/M,N N
' N()Yy T+ A n(t S)|:1+T”PNF( ] wF (Y, )} ds+ 0,
t
=Ex(0)Yy"" + / E(t—s)Py[F(Y2Y) = F(£"")] ds 4.23)
AEeY)
— PyF Y ds+PyO,, t€]0,T].
+/ 1+THPNF(H AT "] as+rvan reo)

Bearing this in mind, one can rewrite (4.19) as

t
P = [ By )PV F(rY) a5+ 2, (4.24)
JO
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Further, we define 77 as

PN =M 2N wi 7N =o0. (4.25)
Once again, we recast (4.24) as
A /O IEN(t—s)PNF(YSM’N +ZMNyds, 1€10,T], (4.26)
which satisfies
d MV = ANt Py RN 42N, e o,1), 7)Y =0, (4.27)

dr’
Now one can employ Lemma 4.2 to obtain,

17Ny < CO+IZ"N o j0))s 1 € 10.T], (4.28)
where ZM*" is defined by (4.23). Thus, for any i € {0,1,...,M},

[]lgRt ” ”V} <C(1+E[19Rt 1||ZMNH]T9P Dth])])

A (4.29)
gc(1+1€ ]1QRJH/O I vadsD,
where, for s € [0,4], i € {0,1,...,M}, it holds that
MN s MN
Lo, 12"V lly < 1En() X |y +1g,, | 1 [ Bl npuF@) — ] ar
: v
s MmNy TPV ] ol (4.30)
+1QRJ,-,] H/() E(S*I”)PNF(YUJ )m ‘|‘HPN6) HV
= | En ()" lv + 1+ R+ [Py
Before proceeding further, we claim
3
Loy, IV"Mlv <CR+ TR () |lv + 6] Iv), Vrel[0n). 4.31)

By the definition of ¥ and noting f{lj E(r—u)PydW, = 0N —E(r — Lrj)ﬁm, r € [0,), one can
write

MN _ _ M,N " E(r— u)FN( w Ny N B v

This together with the boundedness of the semigroup E( )inV,ie., [|[E(1)¢]ly <] @|v and (3.9) for
Y = 0 promises

o Il < L (160 L)Y+ [ B =)y du

N N
|6} ~E(r—|r])o), Hv) (4.33)

MN " _1
<tay,, (M + [ = O acs 10Xy + 10 v)
SREITPR 6 v+ 1167 Iv.
This shows the claim (4.31). With the aid of (2.5) and (4.31), the first term /; can be treated as follows,

5 7l
h < gy, , [ =0 PO POl
0 (4.34)
< Loy, CE+ TR+ + 108 17) [ (5= 4y -y o
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where r € [0,s], s € [0,1],

F(rN)
PV YN~ [E0) - B + [ Er—u )me
v (4.35)
/ELJ PNFW du+PyO, — PyO
T ey r e TN O T NG
This suggests that
]IQRt IHYMN YLA;IJNH
Eiymn PyF(r")
< A IE g + 1y, .H/ 1] =) (EGr— |r)) - )WHMWH
(4.36)
r Py (Y
+119er1-71‘/ E(r—u )W H+119R, PG — 0|

]
< T2 | Xollp+C(1+ B (2h +2) + 6, — 6.
Inserting this into (4.34) results in
I SC(R2+r%R6+||ﬁfv|\%+||ﬁffj||%,)/os(s7r)’%{T%HXOHﬁ +C+ R 46, — 0, | dr
<CR + TR+ |6V + 16, 13)72 %ol s
+C(R+ 02RO+ | OV |} + 110N, 1) (1 +R) 75

+c/ s—r) AR+ IR+ 0N IO )6, - 6, ar

4.37)
Therefore, letting R = R* := ‘L"g and considering (2.11)-(2.12) one can further infer that
B-1
11 or @) < C(L+ (X0l op @ g8y + 1A 7 [y a1))- (4.38)
In a similar manner, choosing R = R? := ’g enables us to treat I, as follows:
S
b < gy, | [ IEG=PFEY)lv-TIAvF Y ar
g _1 MNy |2
<l 7 [ 5= HIPENPar @39)
< C(R6 + 1)1
-3
< C(r T 41),
where we also used (3.9) with y =0 and the structure of the taming scheme, namely, 1 e <z,z>0.
Bearing (4.38), (4.39) and (3.5) in mind, one can deduce from (4.30) that, for any s € [0,#],
E[lgy, [[Z8VI) < C <. (4.40)
This together with (4.29) and (4.40) immediately implies
]E[II.QRT/ » || f ||p] < C < oo, 4.41)

Combining this with (4.25) verifies the desired assertion (4.22). [
As a direct consequence of Lemma 4.4, the following corollary offers a priori moment bounds of the
numerical approximation on subevents Qgz ,,,i € {0,1,...,M}.
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Corollary 4.5. Let p € [2,00) and R" := = forany B € (0, %) Let Assumptions 2.1-2.4, 4.3 hiold and
let the approximation process Y,?/[’NJ € {0,1,...,M} be produced by (4.1). Then it holds

sup  sup ]E[ILQRTJ.H)Q?/I'NH‘@] < oo, (4.42)
M.NeNie{0,1,...M} !

Proof of Corollary 4.5. Thanks to the assertion (4.22) and the fact that Qg ;, C Qg |, one can easily
deduce

sup  sup Eflg. [4VIP]< sup  sup E[lg,  [5VI7] < (4.43)
M.,NEN€{0,1,... M} M.NENi€{0,1,...M}

as required. [

Equipped with the bounded moments (4.42) on subevents Qs ;i € {0,1,...,M}, one only needs to
deduce bounded moments on its complement Q. 1, before arriving at the expected bounded moments
on the whole probability space stated as follows.

Theorem 4.6. Let Assumptions 2.1-2.4, 4.3 be fulfilled and let the approximation process Y,?/I’N,l €
{0,1,...,M} be produced by (4.1). Then for any p € [2,0) it holds that

S Swp B[] < (4.44)
Proof of Theorem 4.6. As discussed above, it remains to bound supy; yen SUP,efo,1,.. ) E[1 QRT " ||YM o 5]
Owing to the boundedness of the semigroup E(t)inV,ie., ||[E(
structure of the taming scheme, i.e. ~!'for z > 0, one can infer
17 < BByl + v v [ [[Eon - )Hfl’(,; o, o
< ol + | <z>|(<u)”>|d s+ 1By llv (449
< ||PvXollv + gt,i v+ |PvO,, lv, me{0,1,2,...M}.
Thanks to Lemma 3.1 and Assumption 4.3, we can show that for any p > 2,
|| . ||,,,QV <C(1+t", me{0,1,2,..,M}. (4.46)
Meanwhile, one can learn that
Qe = Qpey | +Qprey, {0 EQ: || HV >R"}, (4.47)
and as a result
Lo, T e, T hopey, o Lyyny ey = Z Yoo, Ly spey (448)

where we recall 1Q;ér’ = 0. By (4.46) and the Chebyshev inequality, one can show, for any m €
1
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{0,1,....M},M €N,
M.N
E[lg,, %, IV] ZE R e Y

<Z( [ 17 )%(E[ﬂﬂkm]l{uYzi”'”upr}])%
1

<Y (7 (P(@e Qpey, < K]y > R))’
=0

/N

) (4.49)
=C(1+17)

S

PloeQ:lg,, [y Rf))

8(p+1) 8(p+1) 1
M,N
E[Log, 1%y > /(RY) P

™M= L=

Il
=}

<C(1+77)

/N

8(p+1)

M N 2
o (E[Lage,, NP ])T <o

==

I
=}

<C(1+7177?)

This estimate together with (4.42) yields the required estimate (4.44). U
With Theorem 4.6 at hand, one can use standard arguments to obtain the coming corollaries.

Corollary 4.7. Let Assumptions 2.1-2.4, 4.3 be fulfilled and let the approximation process YtM’N,t
[0,T] be produced by (4.19). Then for any p € [2,%0) and B < % we have

sup YV pqan s (I ) <o (4.50)
M,NeN,1€[0,T] M,NeN,1€(0,T)

Corollary 4.8. Let Assumptions 2.1-2.4, 4.3 be fulfilled and let the approximation process Y,M’N,t €
[0,T] be produced by (4.19). Then for any p € [2,) and B < % there exists a constant C, depending on
p, B, T and the initial data but not depending on M,N, such that

A :

N YN oy <Ct—5)2, 0<s<t<T. (4.51)

4.3. Refined temporal Holder regularity results in negative Sobolev spaces

In addition to the a priori moment bounds for the approximations, we further rely on refined temporal
Holder regularity results in negative Sobolev spaces, as stated in Corollary 4.11, which are essentially
used in proving the temporal convergence rates of order almost % To arrive at Corollary 4.11, we also
need commutativity properties of the nonlinearity and the improved temporal Holder regularity of the
solution in negative Sobolev spaces, as presented in Lemma 4.9 and Lemma 4.10, respectively.

For the first step, we reveal commutativity properties of the nonlinearity in the forthcoming lemma.

Lemmad4.9. Let F: L%(D;R) — H be a mapping determined by Assumption 2.2. Then for any 3 € (0, %)
and n > % there exists a constant C depending on .1, {a;}3_ such that

IF'Gepvil—n < (1 +max{|xllv. | 2lg}*)IVIlp, VxeVNHP,veV. (4.52)

Proof of Lemma 4.9. As B € (0, %) standard arguments with the Sobolev-Slobodeckij norm (see,
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e.g., [46, (19.14)]) and properties of the nonlinearity guarantee

/ X X 2
IF' GOl < CIF wl?+C / / v = 7 OO |

|x y|2ﬁ+1
) | (x (%)) (w(x) — w(y))l
<CIF (vl +C / / v
1 (x OO (4.53)
+C// |x y‘2ﬁ+1 dydx
<C|F (x)w|| +C||f (2 IIV W25 +Clf" (x( IIV Wl -l 5.2

<C(U+IxI) Il +C (U 9wl +C (U ) Tl -l
< C(1+max{lxlv. Il (IwlF +Iwll)-

Accordingly, for any f € (0, %) and n > % one uses the Sobolev embedding inequality to derive

IF GOVllon = sup [(43F (yv.g)] = s [(v.(F'Gy -4~ Fe)|
ol<

= sup <A‘7v,A7F’(x)A‘ 2 (p>‘

lel<t
_n
< sup vl 5 [[F'(x)a Yol (454
lel<t
_n
S”SlnglHVII-B-C(l+max{Hva,IIXHﬁ}z)(Ilfpllﬁ-nHIA 20|lv)
o<

< Cp (1+max{lxllv, llxlls}*) IV p-

This completes the proof. [
For the second step, we establish the improved temporal Holder regularity of the solution in negative
Sobolev spaces as follows.

Lemma 4.10. Let Assumptions 2.1-2.4, 4.3 be fulfilled and let the approximation process Y,M’N,t €1[0,T]
be produced by (4.19). Then for any p € [2,0), 6 € [0, %} and B < % there exists a constant C depending
onT,p.,8,B.{a;}}_, and the initial data but independent of M,N such that

B+o
VN YN sy SCli—s) T, 0<s<(<T. (4.55)
Proof of Lemma 4.10. The definition (4.19) implies, for 0 <s <t < T,
YtMN YMN (EN(t —5)— I)YSM,N

M.N

't FN<YM )

(4.56)

Making use of (2.2), (2.4) and the inequality ||T'T" ||=g2 <|T 2T, T € Z(H), ') € £5(H) gives

/HA 2EN( - PPy 0 dr) <ci-9% . @5

(¢ = 1) Py dW(r) H
LP(QH9)

A combination of (2.2) and Corollary 4.7 shows

I(En(r =) = DYV g sy < A7 (E(—5) = 1) || - 11"

e (0.8) “4.58)
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Now we proceed to estimate the left term in (4.56), with the help of (4.44) and (2.5),

Gathering (4.57), (4.58) and (4.59) we deduce from (4.56) that (4.55) is true. []
It is worthwhile to mention that the approximate solution (4.19) enjoys higher order temporal Holder
regularity in negative Sobolev spaces H%, 8 > 0, as indicated by Lemma 4.10. More precisely, the order

of temporal Holder regularity is increased to be @ when measured in the negative Sobolev space

H? 8 € (0, %], in contrast to order g in H by Corollary 4.8. So taking 6 = 0 in (4.55) reduces into the
usual temporal Holder regularity results in H, i.e., (4.51) in Corollary 4.8.

Combining Lemmas 4.9, 4.10 with Corollary 4.7, one can easily arrive at the following corollary,
which is used several times in the error analysis, to improve the strong convergence rate of the scheme.

M.N

4 Fy(Y,
[ Ea-n LIt

— oy dr
1o B ()l

! MN
i <C | IFE ) lur@umdr <) (459)

Corollary 4.11. Let Assumptions 2.1-2.4, 4.3 be fulfilled and let the approximation process Y,M’NJ €
[0,T] be produced by (4.19). Then for any p € [2,%), B < % and 11 > % there exists a constant C
depending on T,p,n, B, {ai}?:() and the initial data but independent of M,N such that

IF MY = FOOM) | gy <Clt—s5)P, 0<s<i<T. (4.60)

4.4. Main results: error bounds for the full discretization
At the moment, we are well prepared to prove the expected strong convergence rate of the proposed
scheme, as stated in the following theorem.

Theorem 4.12 (The space-time full error bounds). Let Assumptions 2.1-2.4, 4.3 hold. Let X (t) and
Y,M’N,t € [0,T] be defined by (2.13) and (4.19), respectively. For any p € [2,%) and f3 € (0, %), there
exists a constant C depending on T, p, 3, {ai}?:o and the initial data but independent of M,N such that

u 1%(2) = X" o) < C(N7P + 7P). (4.61)
te[0,T

Proof of Theorem 4.12. Denoting ¢! := PyX (1) — Y™, we note that

1X (1) =¥ i) < M= POX O loriurn) + et Norium) (4.62)
where .
d yn MN )

aet = _ANe[ +FN (X(t)) — WW (463)

This in conjunction with (2.5) tells us that

mMNp [T MmN P-2) MN M.N v
el 7 = p [ Xl e+ (X0 = - ) s

< p/O’ Hé’ﬁvwHp72<e§‘47N’FN(X(s)) — Fy(PvX(s))

) — U Yack L [t as
’ Lol En ()l 0!
<l [ e asp [ AP P ) - PR 460
0 0

1 —
i [l )~ F)) ds

+p /’ e P2 <eM‘N r|\FN<Yﬁ’N>\\-F<Yﬁ*”>> ds
0!’ S Ayl

t
::pLo/O ||ejsw’NdeS+J()+Jl +J>.
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Following the same lines as in estimates of (3.16) and (3.17) one can bound the item Jy as follows,
'
Eo] < pE || 17 |P(X(5))  F(ByX(5)) | s
<(p=1) [ B+ [ EIFX ) - FEX )] (465)
<(p-1) [ Bl NI+,
The term J, is also easy to be treated, after taking the Holder inequality and (4.44) into account:
B0 < g [ e Py s
<(p-1) /E [[le|” ]ds—l—r”/ (17 (e | as (4.66)
g(p—l)/o E[||MV 7] ds+CeP.

The remaining term J; must be handled more carefully. As usual, such a term is simply treated with the

aid of temporal Holder regularity of ¥ M.N together with the Cauchy-Schwarz inequality and Holder’s

MN

inequality, but to only attain order 72. In our analysis, we decompose PyX(s) — in the inner

product into three parts. To do so we recall that

_ _yMN_ [T p Ev (™)
— PyX(s) — YMN = /0 E(s r)(FN(x(r)) v MN)H)dr, 4.67)

and split J; into three terms:

_ ! M,N||P— 2 <m ) MN yMN
t
—p [ e / (s — ) (P (X(r ))—FN(YrM’N))an(YSM’N)—F(YM’ )>ds
o :
+p/ ey N7~ 2</ E(s—r) (Fn(r"™) = En (Y([™)) dr F(r}Y) — (Yﬁ”)>ds
ol )IAv )
M,N | p—2 . Lrj j M.N

+p/ e </ Els TN A FO) ) as

=:Ju +Ji2+J13. (4.68)

Since the estimates concerning J;; and J, are demanding, we handle the item J;3 first. Utilizing (2.5),
the Holder inequality, (4.44) and (4.51) results in

t s
Ellal <pE| |
<CTE// |e¥N |72 (r ) P (l—i—HYMNHV+||Y VIR N v drds

<o [ Bl rias+cot [E[| [IF@EMIR. (1

o

gc/ IE[||eQ”\|P]ds+Cﬁ<‘+§>. (4.69)
0

MN|[P2 ol|F ()5 17+ ||[F (M) — F(y!iY)| drds

MN MN
Y I I =y dr
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At the moment we come to the estimate of Ji; and use the Taylor formula, the self-adjointness of
operators F’(u) and Py to infer that

E[|J11]] :”EH /0 t e[ /O E(s— ) (F(X (7))~ En (VX)) dn F (R — F(rEY) ) ds

[l [ B rpy [ F 2 4 0(x() - 14 do

|

{ MNHI? 2 YMN (F/(YMN+O_(X(r) erwzv)))*
t s rl
<o [ [ 1 ) - ) (2 ) 12
PyATE(s— A~ [F(rN) — F(r)i™)] || do drds

<CE [ [P X0 - (1 IR+ I )

X(s—r)" 2HA z[F(YMN) F(YLSMJ‘N)]Hdrds.

: (X(r) —YMNYdr, F(YMN) - F(Yﬁ=N)> ds

PyE(s—r) [F(Y)"N) —F(YM ) > dodrds

(4.70)

Further, employing the Young inequalities ab < “ h 5, for a,b>0,6,0'>1, % + % = 1,, the Holder
inequality, the transformation of integral domain and taking % <n<1give

E[[J11]] SCE/t/S(ser%HeﬁV’NHPdrderC]E/Z/s(sfr)*%Hx(r)fervNH
0 Jo 0 Jo
X (L IX I + IE1) a3 [P %) — Fr )] | ¥ drds

gC/IIE [[[e¥¥|”] ds +CE / /S(s—r)_gHX(r)—Y,M’NH‘Ddrds

4
2

+CIE// (s =)~ F(UEIX ()R + TN ) A~ [F ) — P )] |7 drds
gC/ E[|[e"¥7] ds—i—C/ E[||X(s) — YMV||P] ds

+c// s—r) BR[04+ XY + N ) |4~ [FRY) - P | aras,
4.71)

where the first step is trivial for p = 2 due to (4.70) and holds true for p > 2 after using the aforemen-
tioned Young inequality with 6 = ﬁ, 6’ = £. To proceed further, we resort to Corollary 4.11 as well
as (2.14), (4.44) and achieve

1

B 1
il < [ Bl Pas - cany +c [ (Bl [Fo) - FoY ] ) o
(4.72)

<C [ B[l | as+C P +CorP.

Finally, it remains to deal with the estimate of J;». By the Young inequalities ab < % + béi, fora,b >0,
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6,8 >1, %—i— % =1 and putting § < 17 < 1 one can derive that

_ omNp—2) [° -1 MN MN
il = | [ 12 [ ATEGs =0t (o) - B (1)) o

|

<CB [ [amn e Jad (r ) - P ()|
JO JO

A3 (FN(YSM,N) —Fy (YLAX/IJN)) > ds

At (B (1) = F (1)) | ards
sc, fje=nrEnepaaser [ -0 ) - )|

X[l (F ) = F(r)|1F ards

<c [t iasee [ [ ellat () < F ) s
t S
e [ [ B [amE (P~ P )| aras 473)

where the last step but one is trivial for p = 2 and holds true for p > 2 after using the aforementioned

Young inequality with § = ﬁ, 6’ = £. In the last step, we used the inequality ab < % + %,a, b>0.
Again, the use of Corollary 4.11 leads us to

13
E[ial) <C [ Eflel)ds+CoP”, (*.74)
0
which together with (4.69), (4.72) forces us to recognize from (4.68) that
13
E[Ji]] < c/ B[V 7] ds+C (L) + PP, (4.75)
0

Plugging this and (4.65), (4.66) into (4.64), taking expectations and applying the Gronwall inequality
gives
et ™ |l o) < C(NP +-7P). (4.76)

Therefore, the desired error bound follows from (4.62) by taking (2.15) and (3.2) into account. []

5. Numerical experiments

Some numerical experiments are performed in this section to test previous theoretical findings. Consider
the stochastic Allen-Cahn equation with additive space-time white noise, described by

%:%+M—M3+W(I), IG(O,”,XE(O,l),
u(0,x) =sin(zx),  x€(0,1), (.1
ut,0)=u(t,1)=0, r€(0,1].

Here {W(t)},e[oﬂ is a cylindrical /-Wiener process represented by (2.7). In what follows, we will use
the new fully discrete scheme (4.1) to approximate the continuous problem (5.1). Error bounds are
always measured in terms of mean-square approximation errors at the endpoint 7 = 1, caused by spatial
and temporal discretizations and the expectations are approximated by computing averages over 1000
samples.

Before proceeding further with simulations, it is helpful to mention that the stochastic convolution in
the scheme (5.1) is easily implementable once one realizes that fti;”“EN (tmr1 —5)PydW (s) = f-V:I Ase;,
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where A; = f,f;"“ e tm1=5)2i dB(s),1 <i <N are independent, zero-mean normally distributed random

. . .. . —22; . . .
variables with explicit variances E[|A;|?] = % For more details on the implementation of so-called
AEE schemes, one can consult [30, section 3] and [49, section 4.1].

To visually inspect the convergence rates in space, we identify the “exact” solution by using the full

discretization with Mexaet = Nexact = 2! = 2048. The spatial approximation errors || X (1) — X" (1)|| 2(:H)

with N =27,i=2,...,7 are depicted in Fig.1, against % on a log-log scale, where one can observe that the
resulting spatial errors decrease at a slope close to 1/2. This is consistent with the previous theoretical
result (3.13).

Mean-square errors of the spectral Galerkin method
T T

Space discretization
[e]

MeanASquare errors
3
T

o
S
T

Space stepsizes
FI1G 1. The convergence rate of the spectral Galerkin spatial discretization.

Moreover, we attempt to illustrate the error bound (4.61) for the fully discrete scheme (5.1). As
implied by (4.61), the convergence rate in space is identical to that in time. Consequently, we take
M=N,p=2and 3 = % — & with arbitrarily small € > 0 in (4.61) to arrive at

_1
X (1) =Y [l 2y < CeN™7 P (5.2)

To see (5.2), we, similarly as above, do a full discretization on a very fine mesh with Mexact = Nexact =
21 = 2048 to compute the “exact” solution. Six different mesh parameters N = 2/,i = 2,3,...,7 are
then used to get six full discretizations. The resulting errors are listed in Table 1 and plotted in Fig.2 on
a log-log scale. From Fig.2, one can observe the expected convergence rate of order almost %, which
agrees with that indicated in (5.2).

TABLE 1
Computational errors of the fully discrete scheme with M = N

N=2° N=2 N=21 N=2 N=2° N=27

0.106381 0.077172 0.055174 0.039209 0.027624 0.019225
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Mean-square errors of the space-time full discretization
T T

10°
—@— Space-time full discretization
— — Order 0.25
— — Order 0.5
Order 1
107" F E
2
e
5]
<4
<
S
=3
?
<
<
o}
=
102 F E
10'3 1 1
108 10 107! 10°

1/N

FIG 2. The convergence rate of the space-time full discretization.
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