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Abstract

We study in this article the hydrodynamic limit in the macroscopic regime of the coupled system of
stochastic differential equations,

: 1
i i ;
dr; = NdW V(A )dt+ éé )\l i=1,...,N, 0.1
j 1

with 8 > 1, sometimes called generalized Dyson’s Brownian motion, describing the dissipative dynamics
of alog-gas of N equal charges with equilibrium measure corresponding to a S-ensemble, with sufficiently
regular convex potential V. The limit N — oo is known to satisfy a mean-field Mc-Kean—Vlasov equation.
We prove that, for suitable initial conditions, fluctuations around the limit are Gaussian and satisfy an
explicit PDE.

The proof is very much indebted to the harmonic potential case treated in Israelsson (2001). Our key
argument consists in showing that the time-evolution generator may be written in the form of a transport
operator on the upper half-plane, plus a bounded non-local operator interpreted in terms of a signed jump
process.
© 2018 Elsevier B.V. All rights reserved.
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1. Introduction and statement of main results
1.1. Introduction
Let 8 > 1 be a fixed parameter, and N > 1 an integer. We consider the following system of

coupled stochastic differential equations driven by N independent standard Brownian motions
W W)z,

. 1
AN = ——dW' — V(k)dt+— i=1.....N. (1.1)
" UN ; PUSSVE
Letting
WY = Z Vo) — Zlog(k’ Ay, (1.2)
l#/
we can rewrite (1.1) as dAl = ﬁde — VW@, ..., AN)dt. Thus the corresponding
equilibrium measure,
B/2
. 1 i
dul (V) = —5e VYOI = - TTin/ = 4]
ZV zy J#
N
X exp (-21\7 > V(,v‘)> ' daN (1.3)
i=1

is that of a B-log gas with confining potential V.

Let us start with a historical overview of the subject as a motivation for our study. This
system of equations was originally considered in a particular case by Dyson [6] who wanted
to describe the Markov evolution of a Hermitian matrix M, with i.i.d. increments dG, taken
from the Gaussian unitary ensemble (GUE). In Dyson’s idea, this matrix-valued process was
to be a matrix analogue of Brownian motion. The latter time-evolution being invariant through
conjugation by unitary matrices, we may project it onto a time-evolution of the set of eigenvalues
(AL, kfv} of the matrix, and obtain (1.1) with 8 = 2 and V = 0. Keeping 8 = 2, it is easy to
prove that (1.1) is equivalent to a generalized matrix Markov evolution, dM; = dG, — V'(M,)dt.
The Gibbs measure

N
1
PY (M) = Z—e‘NTrV(M)dM, dM = HdMi,» ]_[ dRe M;; dlm M;;

N i=1 l<i<j<n

can then be proved to be an equilibrium measure. Such measures, together with their projection
onto the eigenvalue set, ,LLZ[({)J, ..., AN}), are the main object of random matrix theory, see
e.g. [1,13,18]. The equilibrium eigenvalue distribution can be studied by various means, in
particular using orthogonal polynomials with respect to the weight e=¥V®_ The scaling in N
(called macroscopic scaling in random matrix theory) ensures the convergence of the random
point measure XV = %Z,N: 16, to a deterministic measure py with compact support and
density p when N — oo (see e.g. [10], Theorem 2.1). One finds e.g. the well-known semi-circle
law, p(x) = %«/ 2 — x2, when V(x) = x?/2. Looking more closely at the limit of the point
measure, one finds for arbitrary polynomial V (Johansson [10]) Gaussian fluctuations of order
O(1/N), contrasting with the O(1/+/N) scaling of fluctuations for the means of N independent



4106 J. Unterberger / Stochastic Processes and their Applications 128 (2018) 41044153

random variables, typical of the central limit theorem. Assuming that the support of the measure
is connected (this essential “one-cut” condition holding in particular for V convex), Johansson
proves that the covariance of the limiting law depends on V only through the support of the
measure — it is thus universal up to a scaling coefficient —, while the means is equal to p, plus an
apparently non-universal correction in O(1/N).

Then Rogers and Shi [21], disregarding the random matrix background, studied directly for
its sake the system (1.1) in the case where V is harmonic (i.e. quadratic) and § = 2, which we
call Hermite case henceforth (by reference to the corresponding class of equilibrium orthogonal
polynomials), proving in particular the following two facts:

(i) two arbitrary eigenvalues never collide, which implies the non-explosion of (1.1);
(ii) the random point process X" := %vazlaki satisfies in the limit N — oo a deterministic
hydrodynamic equation of Mc-Kean—Vlasov type, namely, the asymptotic density

or = X, = w-limy_ o XV (1.4)
satisfies the PDE
ap(x) d d
— = X = P'U‘/ > pi(y) ) pi(x) ), (1.5)
at ax xX—y

where p.v. [ ;{T‘y 0:(y) is a principal value integral.

In the case studied by Rogers and Shi, explicit formulas for finite N are known for the Markov
generator in the form of a determinant, called extended kernel, see e.g. [7], chapter XI, or [15]),
whose asymptotics for N — 0o may in principle be used to study the macroscopic limit. This is
accomplished by noting that a simple conjugation trick turns the generator of the process into an
N -particle Hamiltonian with a one-body potential only, whose eigenfunctions are deduced from
those of one-particle Hamiltonians (actually, harmonic oscillators). For general V, however, in
marked contrast with respect to the equilibrium case, no explicit formulas are known for finite
N, even for B = 2, since the conjugation trick produces a supplementary two-body potential
making the spectral problem unsolvable. To be more precise, Macedo and Macedo [12] classified
all random matrix dynamics which are unitary equivalent to imaginary-time evolution under a
Calogero—Sutherland type Hamiltonian, providing explicit determinantal solutions in connection
to classical orthogonal polynomials when 8 = 2; however, restricting to SDE’s with additive
noise, the latter class contains only the Hermite case. Related models of diffusions conditioned
on non-intersecting, solvable in terms of classical orthogonal polynomials, have been considered
in Duits [5], who showed convergence of fluctuation field to inhomogeneous Gaussian free field.
Then for B # 2, the finite N equilibrium measure is not fully understood, even in the harmonic
case, see [25].

This makes the direct study of (1.1) for general V and 8 all the more interesting. Whereas
the PDE appearing in the hydrodynamical limit is known [11], the law of fluctuations is not
known in general, and it is the purpose of this study, and of the forthcoming article [24], to fill
this gap. S. Li, X.-D. Li and Y.-X. Xie [11], generalizing properties (i) and (ii) above, prove
that the random point process XV satisfies in the limit N — oo a generalization of the above
Mc-Kean—Vlasov equation, namely,

9 o ((v d
Paix) = ((V (x) = g P.v./ E _yy p;(y)) /Oz(x)) : (1.6)
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The equilibrium measure p, defined as the solution of the integral equation g pu. [ xdTyy,o( y) =

V'(x), cancels the right-hand side of (1.6). Replacing in (1. 1) L IN ZH&, =y with

_NZ 2VU (Al — A{ ) where U is some convex two-body potent1al satisfying some very
general properties of regularity and growth at infinity, one may show that there appears in the
same limit an equation similar to (1.6),

9p; 0 , ,
“”=—(Qmm+§/@uu—wmﬂﬁmﬁ. 1.7

at 0x

Solutions of this type of equations, common in plasma theory and the study of granular
media [3,8] and in particular, the rate of convergence of these to equilibrium, have been studied
in detail using Otto’s infinite dimensional differential calculus [16] in a series of papers, see
e.g. [4,17,26]. However, as already noted by S. Li, X.-D. Li and Y.-X. Xie, the range of
applicability of these papers, written under the assumption that U be Lipschitz, does not seem to
extend to our case when U(x) = —clog|x|. Since formally the law of fluctuations is obtained by
linearizing the system of Eqs. (1.1) around its macroscopic limit p, it is clear that one must find
some way to deal with (1.6).

Rogers’ and Shi’s approach to (1.1) has been successfully generalized to the case of a
harmonic potential with arbitrary 8 by Israelsson [9] and Bender [2]. The present study owes
very much to these two articles, so let us describe to some extent their contents. There are two

main ideas. Let YN = N(X, N _ X,) be the rescaled fluctuation process for finite N; we want

to prove that YV lﬂ; Y, when N — oo and identify the law of the process (Y;),;>o. First, It0’s

formula 1mphes that

1 1 & o
YN, f) = 51— g)(xf’, £t + NG > fahaw; (1.8)
i=1

if the test functions ( f;)o</<7, fi : R = R solve the following linear PDE

of, , _g/ﬂm—ﬂm
4 X =Yy

5y O = V() f{ (x) (XY (dy) + X:(dy)) 1.9)

(see Proposition 1.3). Eq. (1.9) is a dualized, linearized version of (1.6). Second, Eq. (1.9) may be
integrated in the harmonic case by means of a Stieltjes transform (see Definition 1.2). Namely, the
N

family of functions {-= }CE(C zeC\R 18 preserved by (1.9). The solutio

N
condition Ly = - is obtained by solving two coupled ordinary differential equations for cN
—z =z

and z depeaning on X and the random point measure X* (see [9], Lemma 2). Substituting to
X"V its deterministic limit X in the r.-h.s. of (1.9), one gets in a natural way a system of two
coupled ordinary differential equations for (z;)o</<7, (¢;)o<:<r that describes a solution of the
asymptotic limit of (1.9) in the limit N — oo, namely,

of, , _g/ﬂm—ﬂm
2 xX—y

—(x) V') f](x) X:(dy). (1.10)

Bender interprets these equations as characteristic equations for a generalized transport
operator (see Appendix A) which is never stated explicitly. Then (at least formally), It6’s formula
(see [9], p. 29) makes it possible to find explicitly the Markov kernel in the limit N — oo.
Namely, consider a finite number of points () in C \ R, and the solutions (zf),gr of the

corresponding characteristic equations with terminal condition (z%);. Letting f;(x) = >
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be the solution of (1.10), and ¢, (YY) := el /o),

1 T
El¢ s, (Yr)|Fi] = Elg, (Y))] exp (5/ [i(l - g)(xs, 1) = (X (ﬂ)z):| dS) - (11D

Since functions f of the above form are dense in some appropriate Sobolev space, formula (1.11)
allows to conclude that the limit process is Gaussian. Then Bender solves explicitly the charac-
teristic equations, which take on a particularly simple form in the harmonic case, and deduces
first the covariance of the Stieltjes transform of the fluctuation process, Cov(U;, (z1), U, (22)),
Ui(z) = (Y, ﬁ), and then (taking boundary values and using the Plemelj formula, see

Appendix B), the (distribution-valued) covariance kernel Cov(Y;, (x1), Y, (x2)).
Our approach for the case of a general potential has exactly the same starting point, but dealing
with Eq. (1.9) turns out to be more complicated than in the harmonic case. The reason is that the
£ is no more preserved by (1.9): this is easily seen if V is a

family of functions {-
polynomial or extends analytically to a strip around the real axis, since

-2 }ceC,zEC\R
/ 1 ’ " 1
— Vi(x)dx <—) = (VI(2)9: + V'(2) (—)
—Z X =2z

X
VO(z V®(z
(e, e
2! 3!
features extra unwanted polynomial terms. In practice we need only assume that V is sufficiently

regular, and (letting z =: a + ib) write instead, for a in a neighborhood of the support of the
random point measure

(x —z)+...> (1.12)

(x —a)

T+ (x —a)P’Wy(x — a), (1.13)

V'(x) = V(@) + V(@) —a) + V"(a)

and find for the first three terms,

= V'(@)dx < 1 ) V'(a)d, (L) . = V(@)(x — a)d, ( 1 )
x =z X =z x—z
1

= V"(a) (1 + bdy) , (1.14)
xX—z
—a)? 1 1 1 1
vy, = ZV"(a) + = V" (@)Qib + b2d,) ——, (1.15)
2 X —z 2 2 X —z
defining a generalized transport operator
1
— V'(a)d, — V"(a)(1 + bdy) — EV/”(a)(Zib + b%d,). (1.16)

The new piece is the last (Taylor’s remainder) term in (1.13). We must give up at this
point the idea that the time-evolution is a simple characteristic evolution, and prove that the
Taylor remainder produces instead a non-local kernel. Let us highlight the main points while
avoiding technicalities. The main tool here is the use of Stieltjes decompositions of order k (see
Definition 2.3): for any b,,,, > Oand« =0, 1,2, ..., any sufficient regular, integrable function
f : R — R may be written as an integral over the strip I, = {a £1b | 0 < |b| < bpax}

( )_/Md /b b (=ib) 0§ (x) ha, ) (1.17)
fx)= i a o i S f.(x) h(a, .
where f.(x) = ! . (1.18)

X =2
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The mapping f +— h is clearly not one-to-one. Explicit Stieltjes decompositions are produced
in [9], Lemma 9; part of the job consists precisely in choosing Stieltjes decompositions with good
properties. Let k¢ > x > 0. Inserting the time-evolution operator (1.9) into (1.17), we prove that:
— the (%)—potential and the second-order Taylor expansion of the operator V'(x)d,, see (1.14),
(1.15), act together as a transport operator H* : L'(I,, . ) — L'(II,,,.);
— the Taylor remainder term (see Section 3.7), to which one must add an inessential off-
support contribution (see Section 3.8) and boundary terms (see Section 3.9), may be realized as

a non-local operator |b|< ¥ M, omi0ear (1) acting on the coefficient function A,

) . , +00 bmax /.
I 0@ ) = 1 [t [ abr i

—o0 bmax
x (a, b; ar, br)h(ar, br) (1.19)
such that
Hi i (@) 2 L'(I,,,,.) — L'(I1y,,,,) (1.20)

are bounded. From (1.20) we get: b’;’-[;;},;o’;al(h)(a, b) = h(a, b) with h € L'(II,,,..|b|"" da db).
In other words, the non-local part of the time evolution is (in some weak sense) regularizing near
the real axis, and acts therefore as a bounded perturbation of Hf, . or:-

1.2. Notations and basic facts

In this paragraph, we simply assume that V is convex. The filtration (F; ) is the filtration of
the Brownian (W/),>0.i=1...n-

Definition 1.1.

1. Let
LN
N._ _ .
X = ;% (1.21)
be the empirical measure process.
2. Call
YN .= nNXN-X) (1.22)

the finite N fluctuation process.

The case developed in [9] and [2] is the harmonic case, V (x) = %xz (up to normalization), to
which we shall often refer. Apart from this very particular case, classical examples include the
Landau—Ginzburg potential V(x) = %xz + %x“, A > 0, for which the support of the equilibrium
measure is connected, and the density is the product of the (rescaled) semi-circle law by some
explicit polynomial of degree 2 (see e.g. [10], p. 164).

It is proved in (Li—Li—Xie [11], Theorem 1.3) that, provided X(’)V N2>°o Po, a deterministic
density, the empirical measure process (X) converges in law to a deterministic measure process
(X;);>0 with density p, solution of the non-linear Fokker—Planck equation,

dpr 9 : d
Paix) = ((V (x) — g p.v./ T _yy p,(y)) p,(x)) (1.23)
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with initial condition py. Equivalently, for any test function f,

%(Xz, f) = %/ﬂz(x)f(x)dx = —f V'(x) f'(x)X,(dx)

+ 5 /f SO =FO) ¢ ) X,(dy). (1.24)
4 X =y

The equilibrium measure ,ué\;, see (1.3) converges weakly when N — oo to the stationary,
deterministic solution X;(dx) = pe,(x)dx of (1.23), where p,, is the solution of the following
integral equation, called cut equation, [10]

». / P _ 2V, (1.25)
x—y B

Formula (1.24) is formally obtained as in [21] by taking the limit N — oo in the finite N Itd

formula (eq. (3) in [9]),

dix. f) = (:3 / / m)%f(”xt”(dnx,”wy)— / V/(x)f’(X)X,N(dx)) dt

1 B
+50 -

l N " 1 A ITon i i
DX Ydt + —— ;f AW (1.26)

NN £

Roughly speaking, both terms in the second line of (1.26) are 0(%) (the argument for the
martingale term relies on an L?-bound based on the independence of the (Wi D<i<N)-
Definition 1.2 (Stieltjes Transform). Fix z € C\ R.

(i) Let f;(x) = = (x € R).
(ii) Let, forz € C\ R,

1
MY = (X R) =305 - (1.27)
i=1 "t
and
M, = (X, .) =f%dx (1.28)

be the Stieltjes transform of X/, resp. X;.

Starting from the cut equation (1.25) and applying Plemelj’s formula (see Appendix B), one
finds at equilibrium

M(x +10) = —%V/(x) + i 0q (x) (1.29)

M(x +i0) — M(x —i0) = 2imp,e(x),  M(x +i0) + M(x — i0) = —%V’(x). (1.30)

A PDE for the Stieltjes transform of X, is determined easily from (1.24),

aMt—i(é(M())z+V/( )M()+T()) (1.31)
or oz \a ¢ DA ) '
where

T,(z) == / %:(Z)X,(dx). (1.32)
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In the harmonic case, T is simply a constant, hence M is the solution of a complex Burgers
equation on C \ R, see e.g. [9], Eq. (6). However, this is no more the case in our general setting,
and the non-local term T in the right-hand side prevents any explicit solution of the equation. Yet
the Stieltjes transform will turn out to be a very convenient technical tool in the computations.
The first idea, coming from [9], is to transfer the drift in the time-evolution of YN to the test
function f. This is done through a straightforward generalization of (Israelsson [9], Lemma 1):

Proposition 1.3 (see Israelsson [9]). Assume the following event holds for some constant R > 0,

Nk : sup max |A | < R; vVt < T, supp(X;) C [—R, R], (1.33)

0<t<T i=l,...,

i.e. that the support of the random point measure X" and of the measure X, is C [—R, R] for
0 <t <T.Let(f)o<<1, fi : R — R be such that

U = v - ﬁ/%f(”w(dywx,(dy» (1.34)
forall |x| < R. Then
v, fiy = 50 = B0, i+ Zf,(k AW, (135)

J—

As emphasized in the above Proposition, (1.34) need only hold on [—R, R], because (X tN , )
and (X;, f) do not depend on the values of f on C \ [—R, R].

The above Proposition is a direct consequence of Itd’s formula applied to the fluctuation
process (just subtract (1.26) from (1.24)),

avN, f)= g [ / w[xﬁdxwx,(dx)] YN (dy) - / V() £/ @)Y (dx)

1 _ é N i
+ 5= X 1) fo(x AW, (1.36)

Then Israelsson solves Eq. (1.34) in the harmonic case by using as test functions the %Z
¢ € C,z € C\ R, on which the generator of time-evolution acts in a particularly simple way.
We do not reproduce their results here however, since they do not separate the analysis of the
term due to the harmonic potential from that due to the two-body logarithmic potential. We shall
analyze (1.34) in Section 3 after we have introduced Stieltjes decompositions.

Normalization: the reader willing to compare our results with those of Israelsson [9] or
Bender [2] should take into account the different choices of normalization. Compared to [9],
wefixo = landleta = £,y = 1(1 — £). After rescaling the A'’s by a factor #~'/2, we obtain
for V quadratic [2] with o = %

1.3. Main result and outline of the article

Assumptions on V.
We assume V to be a convex function in C'1.
Main examples are convex polynomials, or suitable, smooth perturbations thereof.
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Under our assumptions (see e.g. [10], Theorem 2.1 and Proposition 3.1) the equilibrium
measure p,, is well-defined and compactly supported, its support [a, b] is connected, and p,,
is a solution of the cut-equation (1.25).

Assumptions on the initial measure.
Let /,L(I)V = uo({Ay}i) be the initial measure of the stochastic process {Ai},zo,i:l _____ ~, and
X{)V = %Z,N: 15"6 be the initial empirical measure. Since N varies, we find it useful here to

.....

value of N. We assume that:

(1) (large deviation estimate for the initial support) there exist some constants Cy, co, Ry > 0
such that, for every N > 1,

P[ IlllaxN|A6V’i| > Ry] < Coe~ 0V, (1.37)

.....

.. l . e
(i1) X(I)V =@ po(x)dx when N — oo, where py(x) is a deterministic measure,
iii) (rate of convergence

8

(B0 @)~ 1) = 0 (1.38)
0 Z 114 - Nb .
forz=a+ib € C\ R, where My(z) = [ dx %? is the Stieltjes transform of py.

Lemma 5.1 proves that the initial large deviation estimate (i) implies a uniform-in-time large
deviation estimate for the support of the random point measure, which is essential for our main
result.

Definition 1.4 (Sobolev Spaces). Let H, = {f € L*(R) | lfllm, < oo} (n > 0), where
172 .
I £l = ([ d& (1 + [EP)|FFE)I) "2 and H_, := (H,) its dual.

The measure-valued process Y'Y may be shown to converge in C([0, T], H_4):

Main theorem (Gaussianity of limit fluctuation process).
Let YY be the finite N fluctuation process (see Definition 1.1). Then:

1. Y~ la—u; Y when N — oo, where Y is a Gaussian process. More precisely, YV converges
to Y weakly in C([0, T, H_14);

2. let ¢p(YN) = ei(YfN’COh>, with C° (Stieltjes decomposition of order O with arbitrary cut-off
bmax > 0) as in Definition 2.3. Then

B )= (e 7))

(1.39)

1 T
El s, (Y7)| Fil = ¢n, (V) exp <§/ [i(l -

where ( f;)o<s<r IS the solution of the asymptotic equation (1.10).

Scheme of proof. As in Israelsson [9], the main task is to prove a uniform in N Sobolev bound,
called “Hg-bound”, see (4.10),

E[ sup (Y)Y, $)I1 < Cr il (1.40)

0<s<T
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implying in particular tightness in some Sobolev space with negative index. Representing ¢ in
terms of its standard Stieltjes decomposition of order 5, ¢ = C>h, this is shown (by technical
arguments developed in [9]) to hold provided

E[[N(MY (z) — My(2)’] < Clb|™2 (1.41)

(see (4.18)) or equivalently E[| (YZN, f2) |2] < Clb|~"2. Apply (1.9): start from terminal condition

fr = f, and integrate in time, (Y}¥,f.,) = <Yé",f0 + 10 - g)for dt ((XtN, 7y +
\LFNZzN:l £/ OHdw! )> Terms in the r.-h.s. are bounded in Section 4 using a control over

(ft)o<t<r, solution of the evolution equation (1.9). The above equation is solved in the following
way: it is proved to be compatible with the Stieltjes decomposition of order «,

+oo max |b|K
fix) = (Ch)(x) = / da/ db (—ib)———— f,(x) h,(a, b) (1.42)
—c0 —bmax (] + K)'
see Definition 2.3, if %(a, b) = H,h,(a,b) for a certain time-dependent operator H, — a

“Stieltjes transform” of the evolution operator featuring in (1.9) — acting on L'(Il,, ), which is
written down explicitly and analyzed in great details in Section 3.

The article is organized as follows. We first introduce a family of Stieltjes decompositions C*
depending on a regularity index k = 0, 1, 2, ... (see Section 2). The main technical section is
Section 3, where we rewrite the r.-h.s. of Eq. (1.34) using Stieltjes decompositions as a sum of
linear operators which we call generators; these are of two types: generalized transport operators,
including V-dependent terms sketched above in (1.16), summing up t0 H;rquspors» and bounded
operators summing up to H,oniocar- We prove our Main Theorem in Section 4. Since (1.39)
is formally just a consequence of It6’s formula, and most of the technical arguments used in
Israelsson’s paper to justify this formula hardly depend on V, Section 4 really revolves around a
fundamental estimate, Lemma 4.2, which is based on properties of the characteristics, hence is
strongly V-dependent. The analysis of the generators made in details in Section 3 allows one to
prove the latter estimate. To conclude, one uses as input large deviation estimates for the support
of the measure proved in Section 5. Finally, Appendices A and B, where we collected some
well-known facts and formulas about transport equations and Stieltjes transforms.

In an article in preparation [24], we solve (1.39) and obtain the Gaussian kernel of the limiting
fluctuation process Y.

2. Stieltjes decompositions

In (Israelsson [9], Lemma 9) one finds the following decomposition of an L' function
f : R — Rliving in the Sobolev space H, as a sum of functions of the type
1

fo i x> , 2.1
X —z

where z = a + ib, b # 0 (see Appendix B),

+00 400
oo = / da / (—ib)dbf.(Oh@),  h(a) = —f"(@). 2.2)
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The above “reproducing kernel type” decomposition is clearly not unique. The proof is based
on the fact that, fork =0, 1,2, ... (see (B.11))

+00 +oo
/ db (—ib) b - F(fp)s) = 2 fo db |bl* F(Im f)(s)

o]

400
= 271'/ db |b|"* eV

o0

=27 - (1 4+x)! |s| 727", (2.3)

where F is the Fourier transform (see Appendix B for normalization), from which we also get
the following family of decompositions, valid for f € L' N Hay,, k € N,

+oo +o0 b
Flx) = / da / —ib)db o " ST, h@ = FSPEF @, 24

a straightforward generalization of (2.2) obtamed by choosing some arbitrary value of « instead
of k = 0in (2.3). Note that / is real since F~'(|s| -) is given by a real-valued convolution kernel
(see Appendix B).

The reason for introducing this x-dependent family of decompositions is that the coefficient
of §.(x) now vanishes to order 1 + « instead of 1 on the real axis, a property inherited from the
assumed supplementary regularity of f. Note that, for k even, F~'(|s [>t% F(-)) is the differential
operator (—852)1*"/ 2. For k odd, on the other hand, one gets derivatives of the ()l—c)—kernel (see
Appendix B).

Since all interesting phenomena appear when |b| is small, and we want to avoid artificial
problems arising when |b| is not bounded, we shall actually use analogous decompositions in
which |b| ranges from O to some maximal value b,,,, > 0. This introduces the following changes.
First, instead of (2.2), we get

400 bma) bl
) = / da / (ibydb —Lf hta), ha) = (FKE ) * ). 2.5)

bmax (I +w)!
where
bmax -1
Kj,,.(5) = (2 / db|b|'** - F(Im (fib))(s)) 2.6)
0
(note that the above integral is > 0 by (B.11)). We now study the convolution operator

bmax f H ‘F I(Kb"'lllx) f (2‘7)
depending on the parity of «:

(i) For « even,

bmax bmax
/ db |b||+K - F(Im fib)(s) — 7[/ db |b|]+K e—bls\
0 0
= 7 (=) (ky,, (1), 2.8)
where
1
Kppor (5D = =5 (1= (14 bynaxls e 1)) 2.9)

When [s| — oo, k) (Is|) ~ s~2; on the other hand, k) (|s|) "~ bfmzk>o((,;1;')‘,(k +

D(BuaxlsDF. Thus (—020 20, (Ish) "'~ (—D”“Jﬁi), nd (32 (k

Is|—>

(IsD)

bmax bmax
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(— 1)"/ 2 b'"‘” . It is a simple exercise to prove the following: let

(S) —( 1)K/2 ((K+1)' 24k +(2+K)b (2+K)) K~

max bmax

(s)— 1. (2.10)

_bmax

Then (K )(s), j = 0,1,2is O( n b”z“”’ ) uniformly in s and b,,,,. Hence the

convolution operator
b)?’IﬂX f H ‘F (—bmat) f (2'1 1)
is a bounded operator from L'(R) N L*(R) to L'(R) N L*(R). Indeed,
S Moo iy ML s i@ < IFEKS i

and

|FNKg )

IA

min (”_b,,m ”le ||(—bma,\ )//”L'>

0 / ds mln(l (bmax)z)
L+ 07,87 o

1 . max 2
= - min(L, ( )9, (2.12)
X

bmax

from which 1K} 1@y 1) 1K, 2o > Loo@) = O(1). We may therefore write

max

s o=+ K5 ) (= + DT + (= D2+ k)b, 5. (2.13)
For « odd,
bmax +00
/ db |b|'™* . F(Im §i)(s) = nf db |b|'** =Pl
0 0
= (=) T2k, (Is]), (2.14)
where
ky, (Is) = —(1 — e bmarlsly, (2.15)

— s—>0 1k
When |s| — 00, k; )~ Is|™"; on the other hand, k) (Is)) "~ buax g0 5151 (Bma

IsIf. Thus =020k} (lsh) = (= DRELEE and (—02) D2k,

max

s|—0 24
Ush) Mz (—1)w+b/ z}g—“’f. Therefore the previous analysis, from (2.10) to the line before

(2.13), remains valid, with (—1)*/2, resp. s>**, replaced with (—1)**1D/2 resp. |s|s'**, and
one obtains using (B.20):
s o=+ K5 ) (= + DHHE™ + (=D* 22 4 6)b, &) (2.16)
where H is the Hilbert transform, defined by the principal value integral
1 to
Hf(x) = —p-v~f —f(dy (2.17)
i o XY

and K, defined by analogy with (i) as the convolution with respect to the inverse Fourier
transform of

KS (5) = (=D 2 (e + DUsP™ + Q4+ 0b, 2 KE (59— 1, (2.18)
has operator norm O(1) on L'(R) and on L*®(R).
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The above formulas are particular instances of Stieltjes decompositions, where h = h(a, b) is
allowed to be complex-valued and to depend on b.

Definition 2.1 (Upper Half-plane).

1. Let [T+ ={zeClm@ >0)
2. For by, > 0,let I,” :={z € C|0 <Im (2) < byax}.
3. Let /I~ :=—II* 1, = andIl:=MI"WII", I, =1 Il .

Definition 2.2. Let, for p € [1, +00] and b4, > O,

LP(Iy,,,) = {h : 1L, — C| h(Z) =h(z) (z € I} ) and ||h|Lpm,, ) < 00} (2.19)

bﬂﬂ){
where
+00 bmax 1/p
Vo, ) = ( / da / db |h<a,b>|f') (p < 00).
bmax (2.20)
Al ooy, ) = sup |h(z)].
ZeHbmax

We will be mostly interested in the extreme cases p = 1, p = oo. Letting formally

bmax — =00 one obtains in an obvious way the space L?(II) with its norm || ||z»(;7). However,
we shall actually fix some finite value of b,,,., say (for convenience only), 0 < b, < %,
implying: In(1/|b]) > In2 > 0.

Definition 2.3 (Stieltjes Decomposition). Letk =0,1,2, ...

1. Leth € L'(I,, ). We say that f : R — R has Stieltjes decomposition h of order k and
cut-off bpax on [—R, R]if, for all |x| < R,

+00 bmax K
fx) = (C*h)(x) —/ da/ (—ib)db |b|K)' f.(x)h(a, b). (2.21)

bma)(

2. The function & : (a, b) — ’CZ,W (f)(a) is called the standard Stieltjes decomposition of
order k and cut-off byqx of f.

Thanks to the symmetry condition, /(Z) = h(z), (2.21) may be rewritten in the form

. +00 bmax |b|1+K
(Ch)(x) = 2/% da /0 b oy I 0, ), (2.22)

from which it is apparent that f is indeed real-valued.

As already emphasized before, Stieltjes decompositions are not unique. In fact, it turns out to
be useful to introduce a larger family of decompositions depending on a further scale parameter,
p > 0. We shall give less details since we apply these to the functions Im §,, with Im z7 > 0
only, and concentrate on the case x = 0 for computations. For 0 < p < b,,,,, we write

~1

hmax
Ky p(8) = </ db b P . F(Im (fib))(s)) (2.23)
0
(compare with (2.6)) and let as before

Ky i fe>F UK )« f, (2.24)
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so that, for by # 0,

+0o0 bmax
m [§ip, 1(x) = / da / dbb* ' PP Im [f.(0)1 K}, (Am fip, )(a). (2.25)
—00 0
Then (compare with (2.8)) (K0 x,p)_l = 7k 0 (l + |s|) Thus (emphasizing only the
differences with Kgmax = limp_>+ongmm o) Ko p(|s|) 20 Cp? instead of b2, with C =
1 — (1 + byay/p)e bmex/? bounded away from 0. Hence
K3 oop®) = (sl + 0" H7Kp =1
14+ s 1y)e~bmax(Isl+0~")
1+ (Isl+p7")e (2.26)

1= (U bar(Js| + p e bmarlolto™D

is a O (e~ 2bmax (5152~ defining a bounded operator on L' N L with operator norm
- bmax — L
0 ( / ds e~ dbmax(sl+o 1>) . / dx min(l, ") = O (e 2bmer/?) 2.27)
X

(compare with (2.12)), so that ICO wn = F “1((Is| + p~1)?)%, times (1+plus bounded pertur-
bation). More generally, it may be proved that (for some constant c,) IC,,)W 0 = ¢ F ' ((Is] +

p~1)?*)x, times (1+ bounded perturbation). On the other hand, letting f = Im [f,,], with
zr = ar + iby, by > 0, we find using (B.4), (B.11)

F=HUsl + o~ Fm [f:; (@) = (p" - %)M <m_af;ﬁ) .22
Hence, letting
h(a,b) = e "/?IC;  (m ¥, )a), (2.29)
we get:
+o0 bmax 1 1
/_oo da /_bm dbh(a,b) = O(1)p {W + W}
=0 ( (140G~ )2”))) (2.30)

which is minimal, of order
Ikl )~ b7 (2.31)

when p = by. Choosing p = by /C for some large enough absolute constant C > 0, we further
obtain — specifically in the case k = 0 — a positive function &, which can hence be interpreted as
a density. Also, one easily checks that, still with p = by,

@, b) > In(1/|bDh(a. b)l 11z, ~ In(1/br)by '™ (2.32)
if0 < by < % On the other hand,

Il ooy, )~ by~ . (2.33)
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In Section 4, we consider the time-evolution of C*h7, where At is essentially as in (2.34),

hr(a,b) = e "PK}  (xgImf.)a), (2.34)

for some cut-off function (see Definition 3.3) essentially supported on the ball B(0, R) for some
fixed radius R > 0. An easy adaptation of the above arguments, and a use of (B.23) when «
is odd in order to deal with the Hilbert transform, show that the above estimates (2.31), (2.32),
(2.33) remain correct, while now A7 is O(1), independently of by, far from the support, e.g. on

((BO. 2R X [=byars bma] ) U (R X (=bmaes bnaa] \ [~ Sbmars 3bmar))-

3. Generators

The general purpose of the section is the following: for k = 0, 1,2, ... fixed, we want to
write down an explicit time-dependent operator #(#) such that the right-hand side of (1.34) for
f; decomposed as

400 bmax |b|K
fi(x) —/ da / db(— 1b) f.(x) hs(a, b) 3.1
blﬂﬂ‘( K)!
(see Definition 2.3) is equal to
400 bmax |b|K
/ da / db(— 1b) ol f.(x) H(h,)(t; a, D) (3.2)
bmax °

where H(h,)(t; a, b) = (H(t)(h,))(a, b).

Given the characteristic evolution in the z-coordinate found by Israelsson (recalled in Section
3.1) — which one may view as a deterministic Markov process — it is natural to think of the
function % as a density h(a, b)da db, and then to interpret H(¢) as a Fokker—Planck operator,
whence (by duality) £(f) = (H(t))! as the generator of a random process (see Appendix A
for more). However, contrary to the harmonic case studied by Israelsson and Bender, in general
we obtain a truly random process, furthermore, a signed process, with & a signed function. For
lack of references on these notions, we shall refrain from developing this signed Markov process
interpretation, and solve instead the evolution equation

dh’( b) = H(h,)(t; a, b) (3.3)

using semi-group theory.

We have been voluntarily been vague up to this point about the double dependency of  on the
integer index « and the cut-off scale b,,,,. Why could not one just set « = 0 and let b,,,, — +00,
as does Israelsson? The reason is, we cannot handle properly the potential-dependent part of the
generator (save when V is order < 2, which is the case considered in [9]) without introducing
various cut-offs and perturbative arguments — unless maybe if V is analytic (or even better,
polynomial), where another strategy is perhaps possible. Since we do not want to make this
assumption, we shall:

(1) (support issues) in practice replace V(x) by its Taylor expansion to order 2 around all
points in the support of the measures (X,N Yo<i<r and (X;)o<,<r and treat the Taylor
remainder as a perturbation. Since V is not bounded at infinity, it is important not
to Taylor expand around any point on the real line, but only on a compact interval,
choosing as compact interval the support is natural because the singular kernel term in
(1.34) vanishes outside. For brevity, we shall henceforth call support of the measure the
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random set (U()gth supp(X,N)) U (U()Sth supp(X,)) and denote by R > 0 any number
such that the support of the measure is C [—R, R]. We rely on the bounds developed in
Section 5 to argue that the probability of the support not to be included in [— R, R] for some
large enough R is exponentially small in N when R is large enough. Then we naturally
decompose h € L'(Ily,,.) as h'™ + h**" where supp(h’™) C [=3R, 3R] X [=bmax, bmax]
and supp(h*") € (R \ [—2R, 2R]) X [—buax, bmax], for instance by writing h(a, b) =
Xxr(@h(a, b) + (1 — xgr(a))h(a, b), where xr : R — [0, 1] is some smooth function such
that supp(jr) C [—3R, 3R] and supp(1 — xz) C R\ [-2R, 2R]. The action of H on h**
is very simple and can be added to the action of the remainder term H,oni0car discussed
in (2).

(2) (varying k) in order to be able to treat the part (thereafter denoted by H,oniocar) Of
the generator due to the remainder term as a perturbation, it is important to see that
Huontocath(a, b) = O(|b|]) when b — 0. This being the case, we may also consider
Huoniocal @S an operator intertwining a Stieltjes decomposition of order k with a Stieltjes
decomposition of order k + 1, leading to a modification of the scheme developed around
(3.1): namely, we want the right-hand side of (1.34) for f; decomposed as (3.1) for some
integer index « to be equal to

400 bmax | |1+K

/ da/ 1b)db fz( YH TN (h,)(t; a, b). (34
bmax

Thus, instead of a single operator ’HO, we deal simultaneously with a family of operators

H*< and a family of intertwining operators H<''* . for k = 0,1,2,.... These

intertwinings result in an expansion of the Green kernel explicited in (4.22). This strategy
yields optimal bounds in Section 4.

Let us collect by anticipation all the terms which will come out of the computations in Section 3.1
through Section 3.9. As a general rule, if H : L'([=3R, 3R] X [—bumax, bmax]) ® L'(R \
[_ZR’ ZR]) X [_bmaxv bmax]) - Ll([_?’R’ 3R] X [_bmaxv bmax]) @ Ll((R \ [—ZR, ZR]) X
[—bmax s bmax]) 1s an (unbounded) operator, we denote by

int .__ ext .__
H = H|L1 H T H |0$Ll([—3R,3R]X[—bmax»bma)(]) (35)

its restrictions to either factor, and HHinD Flnt.ext) qlextint) gylext.ext) jts four block-
components, so that

) (int,int) (ext,int)
2= (H,m | Hm> _ (H_ H ) , (3.6)

([=3R.3R]x[~bmax bmax NS0’

H(znl,ext) H(ext,ext)

By explicit computation we show that

HE 0
> = ( tragsport O) +Hn0nlocal’ 3.7
2
Heanspors =M+ Y it (3.8)

is a sum of 4 transport operators — with H{ coming from the ( ) -kernel part (see Section 3.1),
and H';(ff), k = 0,1, 2 (see Sections 3.3, 3.4, 3.5) from the Taylor expansion of the potential —,
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which are unbounded operators;

,(3
’};onlacal = (H;(Et) + Hgdry | HK’E”) s (39)

pot

is a sum of bounded operators. The operator 'H';,(ff ) - coming from the third order Taylor
remainder for the potential — is introduced in Section 3.7. The operator Hoary = H), gy, +
My pary 18 itself a sum of boundary terms (see Section 3.9): contributions coming from
horizontal boundary [—3R, 3R] X {%b,..}, collected in ’Hﬁ_bdry, and contributions coming
from vertical boundary {£3R} X [—buaxs bmax], collected in ”Hﬁ_bdry. The eight operators

S s s Mt Mo e narys Mo ary Hiper” are defined resp. in (3.26), (3.41), (3.45),
(3.48), (3.64), (3.107), (3.111), (3.91).

We also write down expressions for H;;lloia ;» namely, H';,Z;I’K’G), 'Hﬁ;(li;'y(, 7—[5_1;:1;'; , H;j,l"(’m,
to be found resp. in (3.65), (3.106), (3.110), (3.92).
The kernels of these operators are denoted by the letter g, for instance,
~+00 bmax
Hi(h)(a, b) =/ daT/b dbr gi(a, b; ar, br)h(ar, br) (3.10)
-0 —Dmax

and similarly for the other operators.

Let us simply state as general remark that the dependence on R of the bounds of the present
section will never be made explicit, since for the proof of our Main Theorem (see Section 4), we
shall simply fix R = R(T'), where R(T) is a fixed radius depending only on the potential and on
the time horizon T, defined in Section 5.

3.1. The (}%)—kernelpart

(1.34) is easily solved by the characteristic method in the case V = 0 for test functions f of
the form f(x) = =. Up to conjugation we may assume that b := Im z > 0. This is done in
(Israelsson [9], Lemmas 2—4) — we need only subtract the trivial contribution of the harmonic
potential —:

Proposition 3.1 (See Israelsson [9]). Assume V = 0. Then Eq. (1.34) with terminal condition
fr(x) = % (Im z > 0) is solved as

T G
i )= p—— (3.11)
- t

where (Cy)o<i<1, (Z:)o<:t<t Solve the following ode’s,

dZ dcC,

d—t’ = —g(M,N (Z0)+ M(Z))), d—t’ = —g((M,NY(Z,) + M{(Z))C, (3.12)
with terminal conditions Z7 = z, Cr = c. In particular,

dzZ
Im d—t’ = —§<va + X, Im (f,,)) < 0. (3.13)

Obviously, the solution of Eq. (1.34) with terminal condition fr(x) = x%Z is now ftT(x) =
& x—%
xJZ, .
The last inequality (3.13), a simple consequence of (B.5), implies that Z, moves away from
the real axis as ¢ decreases, hence away from singularities. From the above and from general

properties of the Stieltjes transform of p, (see Appendix B), one can deduce bounds for the




J. Unterberger / Stochastic Processes and their Applications 128 (2018) 4104—4153 4121

displacement, as in [9]. First |M,N(z)|, |M;(z)| < 1/b;, hence (letting Z, =: A; +1B;, B, > 0),
for some large enough constant C > 0,

Br < B 5\/IBT|2+C(T—t). (3.14)
Similarly, |A, — Ar| = O(TT;’). Finally, £ (((M})(Z)| + I(M)(Z)]) < 14Bddl —
|4 (In(B,))|, whence C, < g—; < VI|Br|*+ C(T —t) /Byr. Summarizing: for a given
final condition z, {2’| |dB’| < gﬂ% < El is bounded along the characteristics, but may

become arbitrarily large when b — 0; |B, — Br| < /C(T —1) is bounded independently
of b, while |A; — Ar| is not. On the other hand, starting from Z; far enough from the
support of (XrN)OS,g, (X71)o<t<1, €.2. |IRe Zy| = CR, where C > 1 and (by assumption)
supp(X,"), supp(X,) c B(0, R), then (by (B.15)) |A,| > C'R (1 < C' < C) forall 1 € [0, T],
whence | B, |4,| < & < oo, provided T < &(C - C").

Definition 3.2. Let £y = L((¢) be the time-dependent operator defined by

(Lo()g)a, b) = b (Re (M) + M) ()] dup(a, b) +Im [(M" + M,)(2)] dp(a, b)
+ (MY + M))(2)p(a, b)) . (3.15)
The motivation for this definition is the following. Let £ (x) = C’ as in Proposition 3.1.
Then 8{:; ‘ 1 = (Lo fr)T; z) == (Lo(T) fr)(z). Take, more generally, a termmal condition for
(1.34) of the form
h b
frix) = /daT/db hatar. br) (3.16)
X —Zr
Then
9 T
g; l_r = / dardbr (Lo(——)zn)hr)ar, br)

_ / dardbr f., <x><c3hr><r, ), (3.17)

where (ﬁghT)(T; z27) = (Lo(T)) h7)(z7) is obtained from the adjoint of Lo(T). Thus Ly, resp.
Eg may be considered as the generator of a — here deterministic — generalized Markov process
Z. = A. + 1B, resp. the associated Fokker—Planck generator, where generalized refers to the
supplementary order O term in Lo(¢) (second line of (3.15)), which has on top of that the nasty
property of not being even real-valued.

We now need some very general development, which we apply to Ly in this paragraph. Let
w : Il — R% be some weight function. The relation %(wh) = w(Ly (1))Th defines an operator

(LY,
LY a,b) == wLo@)w Hi(a, b)
= —gw(a, b)™' (=3, Re [(M)Y + M)(2)] — 9 Im [(M,}" + M,)(2)]
+ (MY + M))(2)) w(a, b) (3.18)
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which is the adjoint of Ly with respect to the measure w(a, b)da db on II. In other words, we
see that the solution (A, )o<;<7 of the equation
oh,

5 = LD O (3.19)

with terminal condition &7 is the density of Z. with respect to the measure w(a, b)da db.
Let us consider specifically the cases

w(a, b) = b |b|", k=0,1,2,... (3.20)
for which we write
Ly = Ls. (3.2

These cases allow a direct connection to Stieltjes decompositions of order « with b,,,, = +00,
namely: if

+00 K
Sfrx)=Chr(x) = [da/ db (—ib) 161 hr(a,b) f,(x) (3.22)
0 (1 +x)!

then

fi(x) == C¥hy(x), (3.23)
where (h;)o<;<r is the solution of

oh

a—t’ = (LA, (3.24)

The generator
T
£ = (1B LB IBI) = 1B Lo(lb] ! (3.25)

is obtained from (3.15) by replacing the multiplicative term g((MIN Y + M))(2)¢(a, b) with
g ((MNY + M))(2) - HTKIm (M} + M,)(2)]) ¢(t; a, b), from which
Hy (s a,b) = (L5 (D(ho)(a b)
= § (3 [Re (M) + M)(@) h(t: a, b)]
+0p [Im (M} + M,)(2)) h(t; a, b)]

+ [1 lem (MY + M)(2)) — (MY + M,’)(z)i| h(t; a, b)) . (3.26)

Consider the extended characteristics (z;, ¢;) = (a; + ib;, cf) of the operator Hf as in
Appendix A: they are defined as the solution of
da . db .
d—t’ = gRe (MY + M,)(a, +ib,), d—t’ = glm (MY + M,)(a, +ib,) (3.27)
dcf 1+« . - Ny o . p
dtt = g ( > Im [(M) + M))(a, +ib)] + (M) + M)) (a; +1b,)> cr. (3.28)
1

Here we used the fact that 3, Re (M + M,)(z) = 3, Im (M} + M,)(z) = Re (M) + M))(z)
since z > (MY + M,)(z) is holomorphic. Mind the sign changes with respect to Proposition 3.1:
characteristics of the dual operator H; have reversed velocities with respect to those of £, with
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characteristic curves (Z,)o<,;<r running backwards in time (see Appendix A for more details).
By convention, characteristics are killed upon touching the real axis.

Now it follows from (B.14) that Re (—t(¢, z;)) = Re —(c;‘)‘1 % < 0 for k = 0, whence
(see Appendix A) Hj is a generator of a semi-group of L°°-contractions. Because the first line of
(3.26) is in divergence form, and the second line has positive real part, H is also the generator
of a semi-group of L'-contractions.

Let us now see what happens for R and b, finite. It is clear that the cut-off does not change
the characteristic equations for (a, + ib;, ¢;). On the other hand, we get two supplementary
boundary terms. This can be proved as follows. Assume

max | |K

3R b
frx)=Chr(x) = / dar f dbr (—iby) ———— hr(ar, br) §.,(x). (3.29)
3R —bmax (I+«)!

Then (coming back directly to the characteristics equations of Proposition 3.1)
B Jr&) = f7(»)
7 %(Xﬁ(dy)%—&(dy))

B P |br v
=3/, du [ ,(Sibr)dby Gmms {1 [MF 4+ M) ] Gy )0+

Re [((M} +MT)(ZT)](3anZT)(x)} hr(ar, by) +---
B e [ iy any 2P {85, (Im [(MY + Mp)(zr) hr(ar. b
4 /;3R ! /bmax e 1+ «)! br T NGl hr(ar, T)) +
dar (Re [(M} + My)zr)] hr(ar, b))} fop(x) + -+
+ bdry (3.30)

113

where “---” denote the contribution of the c-characteristics (which we can ignore), so (by
integration by parts) we get a boundary term bdry = h-bdryp+ v-bdryy on the support of the
measure, with

:3 b1+K +00 v ]
h-bdry, = T4 _":’;)! / dar - xg(x)- (Im [(M7 + Mr)(ar + ibpax)] -

: fa7~+ibmax (x)h(ar, bpay) — Im [(M;v + Mr7)ar — ibpax)]
X faT—ibnmx (x)h(aT, _bmax)) (331)

and

bmax b K
v-bdry, = _g/ (—ibr)dbr onl”_ <xr(@x) - {Re[(M} + M7)3R +iby)] -

b (1 +)!
- fartiby () h(3R, br) — Re [(My + Mr)(—3R + ibr)]
X f_3rtivy () R(=3R, by)} . (3.32)

3.2. The potential-dependent part: general introduction

Consider now the potential-dependent part in (1.34). Without further mention we fix for the
discussion R > 1 and some arbitrary b,,,, € (0, %]. Generally speaking we want to write the
action of the operator V’(x)% on a function f = fr with Stieltjes decomposition of order «
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n[—R, R]

+00 bmax brl|¢
fx)= /_OO dar / dbr (—ibr) (1| -'7_"|K)! fzr (X)h(ar, br), x| <R (3.33)

(see Definition 2.3) . In principle (see below though) it may be done in the following way.

—bmax

Definition 3.3 (Cut-offs). Let xgz : R — R be a smooth cut-off function such that:

(i) xg =lon[—R,R];
(11) XR‘B(O,%R)C =0

and xr be the function x — xr(3).

Definition 3.4 (g-kernel). Let, forx, ' =0,1,2, ...
(—ibr)|br |

Aol e (0 XROV'@fL ()@ (3.34)

K’sK . —
gpot (as b9 ar, bT) — 1|b|<bmax

with K§ asin (2.7).

In practice we are only interested in couples of indices («, k" = k) and (k, ¥’ = « + 1), and
let g%, = gpor- Let f be a function as in (3.33). Then, using the standard order k' Stieltjes
decomposition with cut-off by of V' (x)%(f, (x)), we get

/

+00 bmax |b|K
V(x)—f(x) / da/ b (=ib) o )

b”la,x /)'
meL\
/ dar /b dbr gpuz (a, b, ar, bT)]’l(ClT, bT), (335)
- —Omax
thus defining (unbounded) operators H,,, HE L LV (I, , dap dbr) — L'(ILy,,., da db),
+00 bmax
Hyia.b) = [ dar | " dbr g (a.biar, brGar, br)
-0 —Omax

+0oo bmax
H;jtl "(h)(a, b) = / daT / de gpm‘l “(a b ar, bT)h(llT, bT)

o] bmax

However, these Stieltjes representations of the vector field V'(x) -2 5. Will be used directly only
when i = 0@ has support in R\[—2R, 2R], producing the H¢*'-term. When h = h""* ©0 has
support C [—3R, 3R], we separate first the Taylor expansion of order 2 of V'(x) around ar, as
explained in (1.13) or (3.37), which is directly analyzed without further Stieltjes decomposition.

Let us discuss in details how we proceed when i = 7™, As we have just mentioned, the first
step is to u%se a second-order Taylor-expansion of V' around ar for |ar| < 3R and x € supp(xr),
ie. x| < 5R,

_ 2
V/(x) = V,(aT) + VN((IT)(X —ar)+ VW(CIT)M

+(x — ar) W, (x — ar), (3.36)
where W, is C”. Thus

8 _ 2
V@) = Vi), + V'(ar)(x - ar)d, + V”’(aﬁ(xTaT)ax

+(x — ar)* W, (x — ar)d, (3.37)
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makes four different contributions to the generator, #),,,, k = 0, 1,2, 3, resp. called constant,
linear, quadratic and Ta(ylor remainder term, plus some boundary contributions. Computations
show the following: ;. k = 0, 1, 2, are directly of the adjoint form

— ((ar, br) = 04; (Vnor(ar, br)h(ar, br)) + Op, (Veers(ar, br)h(ar, br))

~t(ar, bhar, br)) (3.38)

with Re 7(-) < 0, implying that they generate L'-contractions (see Appendix A, and recall that
we go backwards in time). As a nice feature of this problem, e po, ) k=0,1,2also generate L*°-
contractions. Replacing the vector field g (x)V’(x)d, in (3.34) by xr(x)(x — ar)®*w, ap (X —ar)dy
produces a kernel gf,f, (a, b; ar, br) discussed in Section 3.8. As for the first three terms, they are
directly shown to be equivalent to the action of a transport operator (see Sections 3.3, 3.4, 3.5).
We sum up in Section 3.6 the contrlbutlons of the transport operators introduced in Sections 3.1,
3.3, 3.4 and 3.5. The operators "' p[,, ) and H;oe,x " are studied in Sections 3.7 and 3.8. Finally, the
contribution of the boundary terms is analyzed in Section 3.9.

The terms in H,oniocal, ON the other hand, do not generate neither L*°- nor L'-contractions.
Thanks to the horizontal and vertical cut-offs however, they are bounded, hence generate by
integration some exponentially increasing time factor e“*’, with C depending on R.

3.3. Constant term

Inserting the constant operator V/(aT)% inside the Stieltjes decomposition

+3R bimax
fr(x) = / dar f (=ibr) dby |br|* §.,.(xX)h(ar, br),

3R

—bmax

we get

3R bmax
/ da / (—iby)dby |bT|KV’<aT>f;T(x)h(ar,br>

—3R —bmax
3R b’n{l,x
_ / da / (ibp)dbr Ibr [ V'(ar) =2 ey CDhCar. br)
73R 7blnﬂx
3R bﬂlﬂx
= [ dar [ ibrydbr br (05 (Varhar, br) + by (339)
—3R —bmax
where
bmaX
bdry = v-bdry,y, = — / (=ibr)dbr |brl* - Xg(x) -
_hmax
(VIGR) fsgsig ) RGR, by) = VI(=3R) [ 3ipy (¥ h(—3R, b7) (3.40)

is a vertical boundary term coming from integration by parts, which we shall not discuss till
Section 3.9.
This defines a new operator HO por i divergence form,

d
Ml (W)ar, br) = — o (Vi@nhtar. bp). (3.41)

with corresponding extended characteristics
da; db; dc¥

L —v'(a), —— =0, L —V"(a). 3.42
7 (ar) 7 T (ar) (3.42)
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3.4. Linear term

Proceeding as in the constant term case, we insert the operator V" (ar)(x — ar)Z 5. inside the

Stieltjes decomposition of fr, getting

bmax
f dar / (—ibr)dbr by < V"(ar) [(x — ar)df., ()] hiar, br)

bmax

bma,\
fdaT/ le)de |bT|K V”(aT) . BbT (beZT(.X)) h(aT, bT)

bmax

bmaA
—bdry + /daT/ le)de |bT|K
bmax
X ., (x) V"(ar)(brdy, + 1 + k)h(ar, br),
where

bdry = h-bdry')), = —bZ" f dar V' (ar) - xr(x)

. (f(l]‘“ribmax ()C)h(a]", bmax) - faffibmax (X)h(a]‘, _bmax))

(3.43)

(3.44)
K,(1)

is a horizontal boundary term coming from integration by parts. This defines an operator, H ;.

H\ (W) ar, br) = (9,07 + &) (V"(ar)h(ar, br))

with associated characteristics,

da db dc¥ ,
d—t’ =0, d—; = V"(a))b,, =10V @)

3.5. Quadratic term

Proceeding as in the previous paragraph, we insert the operator 5 LV (ar)(x — aT)2
the Stieltjes decomposition. Since (x — ar)*2= = d.(x — ar)* — 2(x —ar), and

d [(x = ar)* o, (0] = 14 0704, -7 (1),
—2(x — ar)f; (x) = =2 — 2ibrf,,(x)

this term produces a new operator

HEP (h)ar, br) = ( dupb% — 2ibr) (V" (ar)h(ar, br)).

pot

with associated characterlstlcs

d 1 db dck
TL=—SVi@kl =0, Sh =iV
plus a vertical boundary term,
bmax
bdry = v-bdry\, = — / (—ibr)dbr |br ™ - xg(x)
_bmax

- (V"3R) faryiby X) RGR, br) = V" (=3R) f_3ryiby (x) A(=3R, b)) .

(3.45)

(3.46)

inside

(3.47)

(3.48)

(3.49)

(3.50)

The remaining term due to the constant %V”’(ar)(l — 2) in (3.47), integrated with respect
to the measure |by|'"™“dar dbr, adds a time-independent constant C to f,, which however
disappears from the computations since: (i) the right-hand side of (1.34) features only f/;

(ii) d(YN,C) =dC = 0in (1.8).
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3.6. Recapitulating: the transport contribution

We can now write down the action of the sum of our three transport operators,
.0 (1 2
Heranspord 0 1= i@ + Hyg” + Hio + Hy) (3.51)

(note that only H{ depends on the time variable), defined respectively in (3.26), (3.41), (3.45) and
(3.48). Summing the contributions in (3.28), (3.42), (3.46) and (3.49), we obtain the following
equation for the characteristics on [-3R, 3R] X [—byuxs binax],

dat /3 N . / 1 " 2
T ZRe (M," + M;)(a, +ib) + V'(a,) — EV (a,)b; (3.52)
db
d_t’ = glm MY + M,)a, +ib,) + V" (a,)b, (3.53)
dc¥ 1+« . N -, .
= [§< S Im (M, Mi)a +ib) + (1Y) + (1, e +lb,>>
t
+Q2+ 1)V (a,) — iV”'(a,)b,] cy. (3.54)

Let us make the following observations (see Section 3.1):

(i) t — |b,| increases, whence |b,| < |by| (0 <t < T).
(ii) velocities are O(1) far from the support, e.g. on {|la| > CR} U {|b| > bya./2} (see
discussion below Proposition 3.1); '
(iii) as s already true of each individual generator Hf, Hiyst’ (i = 0, 1, 2), the sum Hianspors )
generates a semi-group of L'-contractions. The same holds if one considers L*- norms,

since the real part of (3.54) is positive.

As a side remark, we may choose 7 small enough so that characteristics (a; +1b, )o<,<7 Started

attime T on the boundary ({:l:3R} X [—bmax bmux]) U ([—3R, 3R] x {:I:bmax}) always remains
far from the support, in the sense of (ii).
Appendix A therefore implies:

Lemma 3.5. Letur € (L'NL®)([—3R, 3R] x (0, bax]) and k =0, 1, 2. ... Then the backward

evolution equation fl—'; = Hiranspors Ou(t), u|t=T = ur (0 <t < T) has a unique solution

u(t) := Upranspor:(t, T)ur, such that
el L1 —3R 3RI(O.bmar ) = NUT I L1 1=3R3RIX(O.bpar) (3.55)
ls 1l oo —3R,3R1%(0.bmax]) = 4T | Loo(=3R.3R1%(0,bimax - (3.56)

In Section 4, we will separate (3.54) into its real and imaginary parts. Solving the (a, b)-
characteristics coupled with the real characteristic ¢*,

ddcf =Re [g (1 Z_Klm (M} + Mi)(a; +ib;) + (M) + (M) )a +ibz))

+Q2+ 1)V (a,) — iV”'(a,)b,:| cr, (3.57)

one gets a backward evolution equation,

du _ [Re H ONi(0), |, = iir

dt transport

ur  (0<t<T), (3.58)
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solved as u(t) := U,mmp,,rt(t, T)ii7, such that

NN L1 =3R 3R O.bmar ) = WET | L1 (=3R 3RIX(O.bypar 1) (3.59)

Zi: | Loo(—3R,3R1x 0, bmax ) < 8T Il Lo°((=3R 3R1x (0. bmax])- (3.60)

Assuming uy > 0, u is simply the modulus of u,
u(a,b) = |ua, b)|. (3.61)

In particular, #, > 0. The adjoint evolution with generator (Re H;‘mmm”ﬁ is sub-Markovian,
i.e. i, is the density at time ¢ of a (deterministic) time-reversed Markov (A;, B;)o<;<r process

(whose trajectories~run baclfwards W.I. to (a;, by)) with kernel p(¢, a;, l;,; s,ds, b)) = 0( <)
such that [‘da [db p(t,a,b; s, as, by) < 1.

Remark. It is instructive to look at terms that would be produced by continuing the

Taylor expansion to infinity. Note that the boundary value of the operator H';,’{f,z)(h) vanishes

(’H;’é,z)(h)(ar, br = 0) = 0 vanishes to order > 1). It may be proven in general that the

contribution of order j vanishes to order > j — 1. Summing up the whole series would yield
(up to k-dependent terms)

da, V("“)(a,) db, V("“)(a,)

L — b = —— (b)) .62

- > (b, - iy ——(iby) (3.62)
n=2p n=2p+1

dc; (ib,)"‘I

— = y ot _— 3.63

- ; @) =T (3.63)

Note that, for V holomorphic, this is equivalent to the vector field V'(Z,)dz, + V" (Z,). However,
terms of order > 3 also produce polynomials in x (instead of linear combination of f,(x),
z € C\R). Integrating the generator would yield power series in x which are maybe controllable,
but this would require totally different techniques with respect to ours.

3.7. Main remainder term

We study in this subsection the g-kernels g;,,'(( ) obtained by replacing xz(x)V'(x) fZ/T (x)

with xg(X)(x — ar)*W, ar (X —ar) f ' (x) in Definition 3.4. We want to prove that the operators
HyD ﬁ%)@@ﬁ/dwﬂmmﬁf
x (a, b; ar, br)h(ar, bT)) (3.64)
and

bmax
H;:;l 1k, (3) N ;;Ftl 1K, (3)(1’1) ((a b) — / dan de g;:‘tl?'ﬂ(:;)

_hmax
x (a, b; ar, br)h(ar, bT)) (3.65)

are bounded operators in L' (11, ).
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Definition 3.6. For f € C¥(R,R) and R > 0, let
I flle—r.r) == sup sup |fY]. (3.66)

0<j<k[-R,R]
Lemma 3.7.

. +1;,(3)
@ W5 DN, oniam, ) = OGpb IV e i-3r.3m);
. ,(3)
D) W Hpor N1y, L1ty = OUV 1740 1-3R3R)-
The same estimates hold for the L>-operator norms || - |lL(m,,,, )Ly, )

As can be checked by looking at the details of the proof, norms || - [, Iy, )_> LOO( Hh
deduced from these by dividing by a volume factor Vol([—3R, 3R] x [— bm,”, max]) ~ ?7,,1,”,
which follows from the fact that the kernel g;;," ‘) is regular on the diagonal.

We shall actually only prove the statement for |||’H';jtl”{‘(3)||| 11 1. The proof of (ii) reduces

immediately to (i) by substituting x — x — 1 and taking into account the extra b-prefactor.

Remark. Had we Taylor expanded V'’ to order 2 instead of order 3, would we have obtained
an unbounded operator instead of H**1*®) as testified by the bound (3.76) (with x? instead
of x3 in the numerator, the integral would diverge in the limit by — 0 for m = 3 + ). On
the other hand, for the same reason, it is easy to see by looking at the details of the proof that
HES  LI(I,,,) — L”(Hbmm) is bounded, typically because in (3.76) one obtains instead of

the L'-kernel x 2 7 the bounded function x — 2—T2
X + x=+b7.

Proof. By definition,

k+1Lk,(3) . _ (—ibr)|br|* 41
gpot (a, b, ar, bT) - —(1 T K)' bmax

X (x > xr@)(x — ar)’Wo, (x —ar) £, () (a).

We consider in the computations only the part g of the kernel gf,“ *3 obtained by replacing

K* with the operators in factor of the bounded operator 1 + &bmax in (2.13), (2.16). For some
numerical constants ¢; = ¢1(k), ¢c» = ¢a(k),

g%(a, b;ar, by) = (—ibp)|br|* {ci[F ' (IsPT)x] + 026,57} (Fupting )(x)
=: (—ibp)lbr[*(c1Gy, iy, %) + 2Go iy (X)), (3.67)

with x :=a — ar and
y3
Faryivr (y) = W, ()’)m (3.68)
where W, (y) = xr(ar + )W, () has support C [—2R, 3R] since |ar| < 3R. Thus (3.65)
looks like a convolution formula in the coordinates a, ar — but not quite since W, depends on

ar —, which leads us to use the following bound (where G, 1ip, = ¢1G! + ch

ar +ibt aT+1bT)

1;6,(3 1
IHA OB 1, ) < bmax sup |br |t
’ (ar,b1)€l-3R.3R]X[~bmax bmax]

x / da|Ga,+ibT(a—ar)|) . (3.69)
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whence

1;4,(3 1
IH DN 1 1 < ba sup 117" Gagrivg 1 |- (3.70)
(ar ,b7)e[=3R,3RIX[~bmax bmax]

We must therefore bound || |bT|'+"GaT+ihT|| 11. The main issue, on which we shall now
concentrate, is to bound || |by|'** GuT_HbT |15k sk @s shown later on, the missing terms are
less singular and may be bounded similarly. Thus from now on and till below (3.87), |ar| < 3R,
|x] <5R and |a| := |x + ar| < 8R are bounded.

If « is odd then |s|** = s is the Fourier symbol of a differential operator, otherwise
|s|>** = sgn(s)s>** involves a further convolution by a singular kernel. Let us accordingly
distinguish two cases. But first of all we let, for £ > 3 and |a7| < 3R,

Coi= sup Wl (3.71)
3<t/<t

and note that

Ci=0 ( sup  sup |v<"+”|) = O(IV'lle.(-3r.3R))- (3.72)
3</<t[-3R,3R]
More generally, if £ > ¢/ > ¢” >3 andr > 0,
Ly = (WD)l = O(Co). (3.73)
(i) (x odd) First
3+« .X3
167Gl iy Ny = 0(C6+K|bT|””>Z/ dx o (Tﬂz)‘ G719
Then
3
m _ m p _ —q
3" (—(x —ibT)Z) = Z ch xP(x —ibr) (3.75)
p—q=1-m,p=<3,q=2
for some coefficients C? . If 3 < m < 3 + « then |xP(x — iby)™1| = 0(|xlefﬁ,|3|2m) =
O( ";:“b ‘2) Multiplying with respect to |b7|'™ and integrating, one gets (using by <
max S l)
X3 bT
br|'"tom [ ——— Cb”“”/d ————— =0(l). 376
I b0} ((x —ibT)2> 1w < C'lbr| Xx2+ THE (1. (3.76)
m x3 _ x|~ _ 2—m 14K qm
Ifmgf 2 then br |9y ((x,ibr)z)‘ = 0(|bT|X2+|hT|2) = O(lx|=™™). Thus || |br| ™d}
(i) D sy = OUrI) = 01,
All together:
I 1br |1+KG¢14T+117T”Ll([—SR.—SR]) = O(Cosr)- (3.77)
(i1) (k even) Let, for0 <m < 3 +«,
1) = po( L) x| x o WO gm o (3.78)
= P pl o) | .

We must bound |br|"™ [ dx |1(x)].
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We rewrite /(x) as the sum of two contributions (we refer to Appendix B without further
mention for computations and bounds related to the principal value integral), I(x) =
Ireg(x) + Ising(x)a where

W(S-H(—m)(x) _ W(3+K—Wl)( ) 3
Leg(x) = / dy — ar Y gm al (3.79)
x—y (x —ibr)?
and
3 3
() - (=)
Liing(x) = / dy Wi (y) L 0T (3.80)
X =y
. ~‘(13+K—m)(x)_w(53+x—m)(y) _— .
Using | —L o i < ||W‘§T+’(_m)||oo < C7., and noting that, for |x| < 5R, the

integral [dy(---) = | B, R)(- --) (by symmetry) simply produces an extra factor O(1),
one obtains, using (i)

|bT|1+K/dx |Ireg(x)| = 0(C7+K)~ (3.81)

Considering now /;,¢(x), we expand the numerator of (3.80) as in (3.75) and rewrite

xP(x —ibp)™ — yP(y —ibp)™?  xP —y?
xX—y ~ X y

o (y —ibr)? — (x —ibr)?

(x = y)x —1ibr)i(y — ibT)q

(y —ibr)™?

p— q
1
xP=1r . 3.82
g oy Zl Gy =iy O
) W(?+x m)( )" W153+K m)( )
The integrals J; = [dy (yl—bT);y’ J= [ W may be bounded using
(B.19)sinceq >2>1andg + 1 —r" > 1. Thus
[Jil = O(Cgyi), | 2] = O(Csyi) (3.83)
Then (X, dx |x|?~'~" = O(1) and
14 |x|” (14)—('—p—1) 2 i+
|br| dx ———— = O(|br| PPN =00, )
|x —ibr|”
X(r'=p+2) (3.84)
(note that2 — r' + k + p > 0);
SR P SR d
|br| '+ f dx L < |br|"** f — = 0L In(1 /b))
sk |x —ibr| _sg |x —ibr|
K = p i) (3.85)

14+« oK |x|p 14+« K p—r' _ 14+« l
|br| dx ———— <b dx |x| =00b,") (" < p). (3.86)
—5R

sk |x _ iler/ — Ymax max

All together, one obtains, summing all terms:

|bT|1+K/dx |Ising(x)| = 0(C8+K)~ (3.87)
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Let us now quickly deal with the missing terms. First

I+x |x|3
Il b7 Gar+1bT”L1 = bmax dx| “iby | | (X)|
IR
< b2 ([ Warllo / , dx|x| = O (b,2.C3). (3.88)
—3R
2

Then one must bound |b7|'** foSR dx |GaT+lhT(x)|; because supp(WaT) - [—%R, 2R], this
contribution vanishes except if « is even, see (ii) above, in which case (by integration by parts)

|br| '+ [ dx |Gy, iy, (X)] = |br|'** f dx
|x|>5R

[x|=5R
SR
2
<[, Pt E o)
(x =)
2
< |br| dx O || b1l FET) s sk (3.89)
|x|>5R X

The integral || |bT|KF(§3'J:;;T lL1=5r.5Ry 1S (up to the replacement k — « — 1) exactly the one

which has been computed in case (i) above. Hence we find:
byl / Gl (O] = 0 (€0, (3.90)

Since C3 < Csyy < Copx < Csix = O(IV'||844.1—3r.38]) and by < 1, the sum of estimates
(3.77), (3.81), (3.87), (3.88), (3.90) is OB, 2 IV ll84x.1-3r.38). O

3.8. Away from the support

K Jk,ext

We study in this subsection the g-kernels g,
lar| = 2R. We want to prove that the operators

Hoi' th> (HK “I(h): (a,b) — f dar /

obtained by assuming that 7 = h**’, whence

max

dbr gy (a, by ar, br)h(ar, bT)) (3.91)

bmax

and

HEE s ("HK“ ey < (a, b / dar / " dbr ¢55 @, b aT,bT)h(uT,bT)> (3.92)

bmax

k+1;k,ext

are bounded operators in L'(Ily, . ). We shall actually only prove the statement for H ot ,

and leave the similar proof of the statement for H/,,; " to the reader.

Lemma 3.8.

3 +1k,ext —
(1) ”lHK oo ”lLl(Hbmax)"[‘l(Hbmax) =0 ( max ”V ||4+K [_QR R])
i) W W 11, o200 = O (1Y Dy 20300
The same estimates hold for the L>-operator norms || - |lr~m,,,, )L, )

As can be checked by looking at the details of the proof, norms || - |1 Iy, )~ L1y, ) AT€
deduced from these by dividing by a Volume factor Vol([—3R, 3R] X [—bumax, bmax]) = bax,

which follows from the fact that the kernel g;,,,” ! is regular on the diagonal.
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Proof.

k+1;k,ext

(1) (operator norm of H,,, ) By definition,

1
k+1;k,ex . _ . K
Spar Ma, by ar, br) = 1jp <ty Liag 2R o +K)!(_1b)|bT|
x Kyt (e V' L )(@). (3.93)

Note that, since |ar| > 2R and supp(xz) C B(0, %R), the function yp V’fZ’T is regular
and bounded. Furthermore, foreveryn =0, 1, ..., ||(xz V’fZ/T)(")Hoo = 0(||V’||n’[7%R%R]

lar|~?) is integrable at infinity in ar.

We consider in the computations only the part g“ of the kernel g';,j,”,l”(’e“ obtained by
replacing K with the operators in factor of the bounded operator 1 + K in (2.13),
(2.16), and distinguish the cases x odd, k even. Assume first « is odd. Then

|g“(a, b ar, br)|
= Vi <bpge Liaiz28 O™ (| V' £1,) @] + b, 0 1RV f1)(@)])

_ 1+ / -2 ’ -2
=0 (bmuiuv ||3+K,[—%R,%R] +bmax||v ”0,[—%1@,%13]) |aT|

l(axb)e[_%R~%R]X[_bmax»bmax]' (394)
Hence H'5y" " is a bounded operator on L'(ITy,,. ), with L'-operator norm
k+1;k,ext _ 1+« ’ -2 /
|”Hpat |”L1—>L1 =0 <bmax”V ”3.»,.,(,[_%1{,%1(] + |b|max v ”Q![_%R%RO
: VOI([_3R7 3R] X [_bmuxv bmax])
_ 3+ ’ ’ -1
=0 (bma§”V ||3+K,[*%R,%R] + ”V ”0,[7%R,%R]) bmax' (395)

Assume now that k is even. Then (using (3.94) and (B.23)) |g“(a, b; ar, by)| < O(b;2

max
1

’ -2
VMo, 1-3 &.3 1 L@.bret=3 R 3 RIXI=bimas a7 PLUS

1
1<t OUBTI™™) [Lag 220 p0-(2) 5 (V' 1) (@)

1 7 / K
= 1<t OUTI™) [Ny z2r p0-(5) 5 (V' f) (@)

1 4
= O0(Ibr ") [L@.b)el=3R3RIX [~bmax bmax] ||1|a7|22R(XRV/fZ/T)( Sl S

1
+ L@ b)e®-3RIRDX(~bas bmax] 3 ||1|aT|zzR(XRV/fZ’T)(2+”)IIOO} . (3.96)

We conclude by multiplying by xz + (1 — xz) that 7—[';,;1”"“’}1 = h'" + h**', where

50 = O (B IV a3 1Y o3 3) e AL (3:97)
and

1 < ORIV sy 3) I 3%9)

max
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(2) (operator norm of H';5") With respect to (3.95), (3.97) and (3.98), we remove one order of

pot
differentiation and one power of b! , and exchange parities. Thus
I N = O (B2ENY Dy gm0+ 1V o2 311 (3.99)
for « even, while for « odd, H}y; "h = hi"' + he¥' | with
510 = 0 (B IV N g3 g+ 1V o3 3y) Il G100
and
1R < OGN 3.3 AL G100

Remark. When by, = +00, the adjoint of A" or ’H;;Zl”"m is the generator of a signed

Jjump Markov process with good properties. Namely, for all ar, br,

+00 +00
/ da/ db g,",;i”(a, b;ar,br) =0 (3.102)
—0Q —0o0

K,ext

since K (s = 0) = 0, hence L},

= (Hyr")T may we written in the following form,

+oo +00
Loo @)ar. br) = / da / db ($(a. b) — plar. br))gys"
x(a.b;ar, br). (3.103)

For a bona fide Markov process, the function (a, b) —g;’ogtx’(a, b; ar,br) > 0 would be
the jump rate from (ar, br) to (a, b), and one would have — [ da db g;’j,x’(a, b;ar,br) = 1.
Here g is a signed kernel, so the probabilistic interpretation fails stricto sensu. However, the L'

semi-group generated by ;" has good properties because H'ys; ' is a bounded operator (see

Section 4).
3.9. Boundary terms

Recall the horizontal boundary terms h-bdryy (3.31), h—bdryg,l,z, (3.44), and the vertical

boundary terms, v-bdryy (3.32), v-bdry'), (3.40) and v-bdry's); (3.50). We adopt the following
notations. First let

aRHbmax =0 ([_3R7 3R] X [_bmax’ bmax]) = ([_3Ra 3R] X {:tbmax}) U ({i?’R}
X [_bmuxv bmux]) ) (3104)

and, for 4 : [—3R, 3R] X [—bax, bmax] = C, let 9gh = h‘aRHhmm be the restriction of 4 to the
boundary. Horizontal boundary terms h-bdry: (where the dots stand for various lower and upper
indices) are of the form h-bdry:(b,,4x; Orh) — h-bdry.(—b,.x; dgh); similarly, vertical boundary
terms v-bdry: are of the form v-bdry (3R; dgh) — v-bdry(—3R; dgh).

These terms depend a priori on the restriction of 4 to dg 11, , which is incompatible with the
L'-norms. In order to avoid that, we replace fap-tibmae With e ((a, b) — IC’(;W (fa,iibmax)(a)>,
k' = K,k + 1 so that

(h-bdry, + h-bdry\o ) Bumax; d&h) — Bumax <> —bmax)
— CK‘+1(HK+1§K,h*bd"y(8Rh)) — CK(’HKah*de(aRh)) (3.105)
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with HK+1;K,h7hdry’ Hk,hfbdry . LOO(aRHbmax) N (Ll e Loo)(Hbmax)’

3R

Hibi (Drh)(a, b) = / dar gi i (a, b; ar)drh(ar, buax) = (bnar < —bmay) (3.106)
R

3R
Mo @0 ) = [ dar gy .55 ar)ouhar. bpas) = (s < =) (107)
—3R

and
gh—bdry a,b,ar) = 4 (1 +K)' T r)\ar max
+ bt V”(ar)} Z,/W (Far +ibmax (@) (3.108)

Similarly, we replace fi3gyip With e ((a, b) — K’ (figRHb)(a)), k' =,k + 1, so that

bmax

(v-bdry, + v-bdry'), + v-bdry\, )(3R; dgh) — (R <> —R)
= CT HST L (Brh)) = CX (g, (9rD)) (3.109)

with H<TEE e

v-bdry * v-bdry : Loo(aRHbmax) - (Ll n Loo)(Hbmax )’

bmax

Hi b Orh)(a, b) = /b dbr g\ 43 (a. b: br)dgh(3R. br) — (R <> —R) (3.110)
bma:(

oy 0. 5) = | " by Giaanla b bNGR. b — (R > =R) G11)

and

sk . _ . B lbr|*
8y-bary(@s b3 br) = —(—ibr) {Z S

+1br*V'GR) + |bT|“+2V’”<3R>} Ky Our farsivg)@.  (3.112)

Re [((M} + M7)(3R + ibr)]

Lemma 3.9. Letk > 0and k' =k, k + 1. Then
i) I = b ® OGS + OBy |V d
@ WH b bary W12 O Ty )= L) = Dpmax (o) + Omax V" llo.-3r3r1 | an
" —2—(k'— 1 .
I ey M Lo o Ty ) L1 11y = Brnar Im%) + O(byax ||V”||o,[,3R,3R]},
(i)
1.
I ey W20 1) L0 0T 0

—1—(«'—x) 1 ’
=b O(b )+ OUIV'llo.1-3r.381)

max
max

+ O(bp,l VW||O,[—3R,3R])} (3.113)
and

K
I ,vabdry llzoe o R My )= L by 0)
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= b {0( )+ OV llo,1-3r.3r)

+ O(p, VW||0,[—3R,3R])} . (3.114)

As in the two previous subsections, L'-estimates and L*>°-estimates differ only by a volume
factor & b,y

Proof.

(i) Immediate consequence of the bounds |Im (MY + Mr)ar + ibmax)]| < 2/bmaxs bmax
IV"(ar)l < bpax V" llo.1-3r 3R] and |K5  (XRFap tibna (@] = O(bmfif“) O((l+\a\)2)(
seen by using (2.13) when «’ is even, and (2.16), (B.23) when «’ is odd).

(i) Immediate consequence of the bounds }Re [(M7 N+ Mr)ar + ibmax)]‘ < 2/ buax, |[V'BR)|
< NWWV'lloj=3r3r PEIV"GBR)| < b2, IV llo-3r38), and |}
(@) = 05,2+ O(

max (1+\a|>2)

(xR F£3R+iby)

bm ax

4. Gaussianity of the fluctuation process

In this section, we prove our Main Theorem (see Section 1.3), namely, we prove that the
finite- N fluctuation process (Y’ ,N )r>0 converges weakly in C([0, T'], H_14) to a fluctuation process
(Y1)r>0, which is the unique solution of a martingale problem that we solve explicitly in terms of
the solution of (1.34).

We fix once and for all: b,ux = %

Summarizing what we have found up to now and applying Proposition 1.3, we find for
k=0,1,2,...:

K 1 13 K " 1 K Ioq i i
d(YtN, Ckh;) = 5(1 — 5)(XrN, (C*hy)"ydt + ﬁ lZ(C he) (Ad W, 4.1
where (h,); <7 is the solution of the evolution equation
dh
o — = H (Oh(®). 4.2)

_On the other hand, the process (YZN )i>0 1s a solution of the following martingale problem:
if ¢ = {¢;}1<j<« is a family of test functions in C(R,R), F € CE(R", R), then, letting
Fz(YN) = F(YN, 1), ..., (YN, ¢u)),

T
/NNy = Fp(vy) — Fv) —/ ds LY Fz(Y)) 4.3)

is a martingale, where

kOF; () — ¢3(y)
<<Y;V P ER IR X, + XMYdy) — VIO 0)

LVNF(vNy = S 2V =
NFyrY) Zax,u) " =
j=1 7
-7 o) 3% Fa(YM) ( ‘P, 4.4
+(——< « Z (YN (XY, 40 4.4)

]l 1
(see [9], p. 28-29).
We now use an exponential functional of the process to derive the limit law.
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Definition 4.1. Forx =0, 1,2,...and h € (L' N L®)(II,,,,), let

¢h(YrN) — ei<YtN’CKh>, (45)
It6’s formula implies as in ([9], p. 29)
1 1
den, (Y)) = o, (¥) <§i(1 - g)(X,N, C*h)") = §<X,N, ((Ckhr)’)2)> dt, (4.6)

where (C*h;)o</<r is the solution of (1.9) for N finite, from which for 0 < ¢ < T (letting
formally N — 00)

1 T
Elgn, (Y7)|Fil = ¢n, (Y;) exp (5/ [i(l - g)(xm (C*hy)") = (X, ((Ckh.s)’)z)] dS)

4.7)

where (h;)o<:<7 1s now the solution of the asymptotic equation (1.10). Since g, t < s < T are
linear in A7, the term in the exponential in (4.7) is a sum of a linear and a quadratic term in A7,
giving resp. the expectation and the variance of a Gaussian process (see Israelsson, Section 2.6
for more details).

The strategy of the proof, following closely the proof in (Israelsson [9], Section 2), is the
following:

(A) find bounds for Efsup,_,|(YN,¢)[1, Elsup,_; (Y, [ W%j@xjv (dy))]] and
E[sup,_7[(YN, V'(-)¢'(-))|] (see first line in (1.36) or (4.4));

(B) prove a tightness property for the family of processes Y, implying the existence of a (non
necessarily unique) limit in law;

(C) prove that any weak limit Y of the (Y"),> satisfies the limit martingale problem, i.e.

T
&} (Y) = F3(Yr) — Fg(Yy) —/ ds LyFj(Y) (4.8)

is a martingale, where

k

IF; () —¢;(y)
Ly Fy(Y,) = Za—m( b / —yx,(dw — VOB O)+
Jj=1 J

+= (1—5)<X,, ) Za (F3(Yo) (X, ¢) (4.9)

jll

(obtained formally from (4.4) by letting N — 00);
(D) prove that there exists only one measure with given initial measure satisfying (4.9), and
that it is Gaussian, and satisfies (4.7).

To prove (C) one must essentially prove that (¢! — &/ )(Y'V) is small, since & is continuous
(see [9], pp. 47-48).

The proof is borrowed from Israelsson, where it takes up a few pages, see [9]. The main
bound, compare with [9], Lemma 15, is the following “Hg”-bound,

Efsup/(Y", )1 < Crllp]l . (4.10)

s<T
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The above Hg-bound is obtained by integrating (1.36), namely,
E[supl (v, 9)1] = € (BI(Y, )1

s<T

T / —o(
+ [ asE[urt viowon -, [ HE=EE 0 an + x@n]
T
+/ dsIE[I/q&”(x)Xf.v(dx)l]+E[sup|Ms|]) 4.11)
0 s<T

where M, = «/LN N Zf.vzlqﬁ’(k_’;)d W! is a martingale. All these terms are bounded as in [9],

s
Lemma 15, using easy, V-independent inequalities and the following fundamental estimate,

Lemma 4.2. There exists a constant C depending on T such that, forallt < T,
2
E[[(YY, ¢)"] < Cligll3,. (4.12)

itself an immediate consequence of

VEIT. P = VEINGY = M)@P < Clbl~, 4.13)
b :=1Im VS [_bmaxa bmax]
see (4.15).

Note the loss of regularity with respect to ([9], Lemma 14), where one has ||¢ ||z, in the r.-h.s.
This changes the bounds in the course of the proof of ([9], Lemma 15), see in particular p. 43,
1. 5, where estimates are proved using Israelsson’s Lemma 8 for ¢ = 2 (with ¢ — 1 playing the
same rdle as our «): the latter lemma yields (with our notations) a bound on [|K  (f)ll,1 in
terms of || fll,1 + | flla,ns resp. | fllpr + | flla, 5. depending whether « is even, resp. odd;
because of the loss of regularity one must take k = 5 (¢ = 6, same exponent as in (4.13)), hence
the “Hg”=H, +3-bound.

The proof of (C), see [9], Lemmas 17 and 20, mainly depends on a bound for C(¢) =
E[supoisg (YJN, f W%f(”X?’(dy))H. Assume ¢ = C“h, k € N; then C(¢) is bounded in
terms of the integral against the measure |b|“*!|h(a, b)| da db on II,,.. of the random function
N (MtN (z) — M;(z))*, averaging to 0(%|b|_12) by (4.13). Therefore the integral converges if
k > 11, and is bounded, as recalled in the previous paragraph, by O(1/N)||¢| ,,-

Then the tightness property (B) is proved using a lemma due to Mitoma [14] and the above
estimates (see [9], Section 2.4); the Sobolev space H_j4 in our Main Theorem is such that
there exists a nuclear mapping Hi4 — Hg (see (4.10)), as follows from Treves [23], which
is a requirement in Mitoma’s hypotheses.

Finally, letting ¢; = C°h;,i =1, ..., k, (D) is proved by computing

E [expi((Yy,, ¢1) + -+ (Y. #))]. 0 < & < ... <, < T by induction on k using the
assumed martingale property of the limit(s) and solving in terms of the time-evolved functions
hi(t),i =1,...,k Fork =2 we obtain (4.7).

So everything boils down to the proof of the above lemma.

Proof of Lemma 4.2. Let ¢ € C.°. Consider its standard Stieltjes decomposition of order 5,
¢ = Ch (take by = %). Then (using (2.21) and Cauchy—Schwarz’s inequality)

2
(N o) < k2, f dadbbP(NIMi(2) = M @))* (4.14)

bmax
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and ||kl 2, = O(|l@]l57) (as follows from the kernel representation (2.13) of the standard
Stieltjes decomposition, together with Parseval-Bessel’s formula). Hence (4.12) follows if we
can show that

E[IN(MY (z) — Mr(2)['1 = BI(YY . £.)]°] < Cb~72 (4.15)

for0 <b:=Imz < %; compare with Israelsson [9], Proposition 1, where a much better bound
in O((In(1 + 1/b) /b)z) is proved. Note, however, that there is, to the best of our understanding,
a flaw in Israelsson’s proof, see (4.51), whence (despite some efforts) we find in fact a bound in
O(b~'?) in the harmonic case too. Further, introducing the stopping time

T:=inf{0 <t < T: sup || > R(T)}, (4.16)
1<i<N
(and letting by convention T = T if supoi,sTsupliisNMﬂ < R(T)), see Lemma 5.1, we have,
using the large deviation bound of Section 5, and the obvious deterministic bound MtN () <
IIm (2)| ™",

E[IN(MY (2) — Mr()['] < BIN(MY (2) — Mo(2)]’] + Ce™*¥ N2|Im 2|2 (4.17)
So (4.15) holds provided we show that
E[INMY (z) — M. (x))['] < Cb™"2 (4.18)

where now by construction sup; AN < R(T)forallt < 7,a support condition which is essential
for the subsequent computations.

Before we can do that, however, we need a long preliminary discussion. Indeed, Israelsson’s
proof of this fact in his Proposition 1 does not carry through immediately to the case of a general
V, because it relies in an essential way on the bounds on characteristics. As explained in the
Introduction though, the deterministic characteristics due to the (%)—potential, see Section 3.1,
to which we can safely add the other transport generators without much change, yield the most
singular contribution, so our strategy is to treat the non-local term H,,pni0cqr @s a perturbation of
Hiransport» by using a Green function expansion. Note however the twist here: the operators
Hiranspore ad His, 0., are endomorphisms of L'(Ily,,,), but HEFTK | intertwines in some
sense two different copies of L'(Ily, ), with different mappings, C*, vs. C**! to L'(R). The
intertwining is not trivial, in the sense that b?—[;:,lll;o"m, 7# HY onioca- This leads us to introduce the
following operator-valued matrices.

Definition 4.3.

1. Let L'[e](ILy,,,) = (Rlel/e®) ® L'(IL,, ) ~ ° ® L'(IL,,, ) ® ' @ L'(IL,,.) ®e*®
L ! (Hhmax )
2. Let H[e] : Ll[s](Hbmax) — Ll[s](Hb,W) be represented by the operator-valued matrix

0
Htrampnrr 0 0
— 1,0 1
7‘[[8] A H Htram‘purt 0

onlocal i )
0 Hanlz)cal H

3. Let Ev: L' [el(IL,,..) = Ll(Hhmax) be the evaluation mapping,
Ev(ie* @ h° + &' @ h' + €2 ® h*)(a, b) = h®(a, b) + bh'(a, b) + b*h*(a, b). (4.19)

The (2, 2)-coefficient 7> — the sum 74> + H? — is coherent with the truncation.

transport nonlocal
Another possibility (also coherent with Lemma 4.4, but introducing pointless complications)
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would be to consider the un-truncated infinite-dimensional matrix

Hnamport 0 0 0
1,0
" Hyonlocal ’Hté’alnj[wrt 02 0 . i
Hiel=| 0 o 50 facting on L'[e)(Th,,,) = Rle] ® L'(1ly,,,),
0 0 H;l'nnlnral Htransport 0

with evaluation mapping Ev(zj-zoej ® h-j)(a, b) = ijobjhj.
Lemma 4.4. Let (h)o<<r € L'[e](Il,, ) be the solution of the time-evolution problem
‘% = H[e](t)h, with terminal condition hy = €° ® hy.

Then f, := C° o Ev(h,) solves (1.34) with initial condition C°(hr).

Proof. By definition. [

Htransporr 0 0
Thus our time-evolution operator is H[e]. Let H,ranspori[€] == 0 Hiransport 0
0 0 thranspurt
0 0 0
and Huontocarle]l = | 722 0ou 0 0 . The Green function first-order expansion then
2,1 2
0 Hyontocal Mnonlocal
reads as follows, romtocar - omest
T
Ulelx, T) = Ufransporl [e](s, T) — / ds Ulel(t, s)Hnontocar[€1(5)
t
X Utransport [8](51 T), (420)

Ulel(t, T), resp. Uiranspor: [€](2, T') being the Green kernels (or evolution operators) obtained
by integrating the time-inhomogeneous evolution systems generated by H[e], resp. Hiransport[€],

Le. u(t) = Ulel(t, T)u(T), resp. tsranspori(t) = Utransport[€1(t, T)Uranspor: (T ), solves the linear

equation % = H[el(®)u(t), resp. M = Hiransport |EN)Usranspor: (). We shall actually

require a second-order expansion of the Green kernel, obtained by iterating (4.20),

T
Ulelr, T) = Utransport[‘?](tv T) - / ds
t
X Utmnsport [8]([, S)Hnonlocal[8](S)Utrunsport [8](5‘, T)

T K
+ / ds / ds’' Ulel(t, S/)Hnonlocal [8](5,)Utransport[5](57/5)
t t
X Hnonlocal [8](S)Utransport [8](S, T) (421)
Thus (considering a terminal condition Ay = " ® hyr)

(Ev o Ulel(t, T))(h1)(@, b) = Uy yupors (£, TIh1(a, b)

_b/ ds Uranvport(t S)Hnonlocal(s) rampmt(s T)hT(a b)

+b2/ dS/ ds' U (t § )Hnonlocal( )Utramport(s S)Hngnlocal(s)
X Utran.vpnrt(S’ T)hT(av b) (422)
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Define

1 Nty = 590 (1Lt 0 1 £ 25cr0,00) (4.23)

and, for an operator H : (L' N L®) (I, ) — (L' N L®)(I1,,.),
|||H|||(LIQLOO)(1‘[an) = sup ||Hf||(1_1m1_00)(1‘[bmax)- (4.24)
It enooyi, )=
From the estimates proved in Section 3, that is, from Lemma 3.5 on the one hand, and

Lemmas 3.7, 3.8, 3.9 on the other, we know that, forallk ¢ Nand 0 <t < s:

K K .
WU ansport @& M iicm,  soricmy, 3 W angpore & OMioecm, 00,0 < 15 (4.25)
HEx =o(|V' 426
||| nUnZDCllI|||(L1mLm)(Hbmax)"(LIQLOO)(Hbm,M)_ (|| ||8+/<,[—3R,3R]), ( )

|||Hzgnzgcal |||(L1 NL®) (I, )~ (LINL®Y (T, 0 ) — o(|l v’ I 7+K,[—3R,3R])' (4.27)

Hence

Lemmad4.5. Let T > 0 fixed, and 0 <t <s < T. Then

Ve [
”|UK(t’s)”l(LlOL”)(H;,,MX)—>(L1F1L°°)(Hbmax < eIV ekt (4.28)

for some constant ¢ > 0.

Proof. Results from (4.27), Tanabe [22], Theorem 4.4.1 (construction of fundamental solutions
of temporally inhomogeneous equations) and Proposition 4.3.3 (bounded perturbations of
generators of “stable” strongly continuous semi-groups, here of Hy. . o1t Y Hponioear) U

Proof of (4.18). We start from 1td’s formula (1.8),

N _ l _ é N ” 1 o Y i
QY fi) = 2(1 2)(Xt s Jodt + N ?:1 Jr)d W, (4.29)
where
fo = X&) (4.30)
X —Z¢

represented as (C*h.)(x) for some x (to be chosen later), with 2, > 0 defined as in (2.28), and
/i satisfies the finite-N evolution equation (1.9). Recall (see (2.31), (2.33)) that ||Ac |11, =

1/by™, hellpom,,,, ) = 1/b3.
Integrating, we must bound three terms:
(1) (initial condition) E|(YY, fo)|*;
@) (drift term) B([7 de [(XY, £))%
. 2
(3) (“martingale term™) B( 4 5 dr L, fHd Wy )

where f; = C“h;.
Bounding (1) is easy. We use the 0-th order Stieltjes decomposition,
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fo(x) = (C°ho)(x) = [da fb’”“x (—ib)db f,(x) ho(a, b), together with the Cauchy—Schwarz
inequality, and obtain as in (4.14)

2
(Yo' fo)l” < lholl> g, / da db b*(N|My(z) — My (2)])*. 4.31)
max Hmax
We use the obvious L' — L*-bound, ||h0||L2(H B < ”hO”Ll(Hbmax)”hOHLOO(Hbmux)’ and
Lemma 4.5,

2 6
”ho||L1(Hbmax)”hO”LOO(Hbmax) S C”hr”(leLoo)(Hbmax) S C//bf (432)

with C, C’ are constants depending on 7, R = R(T) and ||V'||7,[=3&r 3R]

There remains to bound the integral in the r.-h.s. of (4.31), using our Assumption (iii)
on the initial measure, see (1.38). We split be D L S CEED I &
f(R\IfZRlRl)xlfbmax,bmaxl(' -+). The integral over [—2R, 2R] X [—byax, bmax] 1s O(1). As for the
integral over z € (R \ [-2R, 2R]) X [—buax,> Dmax], we first remark that

NIMY' (z) = Mo()| = (¥}, xzf:) (4.33)
and
hmux 1
xeofi(o = [ da / (b db K, Geafo)@) (4.34)
with (see (2.13)) ICO (XRfZ)(a’) = O(W)O( p /IZ) Hence (using Cauchy—Schwarz’s inequal-

ity and (1.38) once agaln)

2
S I T COTHEE e
la|>2R |bl<bmax

b2 da db bmax CNIY MY () — Mo |
§CIE/ 2‘/ / |||0()2o()l
(R\[<2R 2RDX[~bmax bmax] 4] bumax 1+ |a’|

, da’ bmax , , N, s N\2
<c /wa Ay BIN B MY ) — My = O(1). (4.35)

—bmax

All together we have proved: E| (YON, fo) |2 = O(b}ﬁ).
The bound for (2) is essentially pathwise, but more subtle and relies on our perturbative
expansion for the Green kernel, which yields the optimal exponent of 1/b,. Main term is obtained
by replacing f in (2) with (C%u,)", where u, = Usranspori(t, T)h;. By assumption i, > 0, so
(see (3.58)) u; == f/,mnsport(t, T)h, = |u;] = 0 for 0 <t < 7, and these terms may be bounded
as in Israelsson in a probabilistic way, by using the characteristic estimates proved in Section 3.

First (using |(f;)" (1| < 25 < 5 7257). we have pathwise

T T bmax
[anox @ = [Car|(xx. [aa [ avwiiycorca. o)
0 0

*bmax

T 3R bmax 1
< 2/ dt/ da/ db - Im MN(2))iis(a, b)
0 -3

bmax

T 3R bmax
<2 / dt f da / db;lm (MY +M,)(z)]u,(a b)
0 —

bﬂ‘l ax
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T bmax
:2/ d;/ da/ db ab Im (MN + M)(@)]i(a, b)] In(1/|b))
0 —

+ bdry, e (4.36)
where
bdry, = —2 / dt f da [Im (M} + M,)(a + ibyas)ii (@, byax)
— (bmax <> —bax)1In(1/[byax) (4.37)

is a boundary term.
Now, we compare the first term in the r.-h.s. of (4.36) to

8 3R bmax
—f da/ db (it-(a, b) — uo(a, b)) In(1/1b|)

I’max

hmux
=— dt (/ da/ dbﬁ,(a,b)ln(1/|b|)). (4.38)
0 dt

bmax

The main terms in /3 v tu,(a b) are those due to the ( )-kernel,

2[0, (Re (M) + M)(2)iii(a, b)) + 8, (Im (MY + M) (2)ii(a, b))].

The horizontal drift term 3, Re (MY + M,) vanishes by integration by parts up to a boundary
term,

bmax
bdry, = 2/ dt/ db In(1/|b])
bmax
x [Re (MY + M,)(3R +ib)it;(3R +ib) — (R <> —R)] (4.39)
(note that Re (M,N + M;)(£3R + ib) = O(1/R) is bounded), while the vertical drift term is
identical to (4.36). The other terms in H,,quspor: (¢), see€ (3.52), (3.53),

((v (@) — V”’(a)bz)u,(a b)) + (3 (V"(a)bii,(a, b)) + bdry (4.40)

contribute respectively: yet another boundary term,

8 T bmax
bdry; = —/ dt/ db In(1/1b))

bmax
[(V (BR) — V”'(3R)b2)u,(3R b) — (R < R):| 4.41)
8 T 3R bmax
—f dt/ da V”(a)/ dbu(a,b)
ﬂ O - bmax
= 0( sup |V”|> IV VRIRT ||y (4.42)
[=3R.3R] max

by Lemma 4.5, plus a boundary term,

bdry, = /dt/ da V" (@) [byax 01/ |byax ity (@, bynax)
WIHJC <~ bmax)] (4'43)
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and also the integral over the domain [—3R, 3R] X [—buax, Dimax] Of (%ln(1/|b|) times the
boundary terms of Section 3.9. Finally, the contribution of the ¢-characteristic is known from the
contraction property to be of the form % N f;lf da ff"’;’;x dbao,(a, b)i(a,b)In(1/|b]) > 0
with a;(+, -) > 0, hence positive.

Using the (L' NL>)-bound of i,, one sees that all boundary terms are O (1)||u- ”(leLoo)(Hbmax)
= O(|b,|™?), times some derivative of V, ||V(/)||o[ 3r3R], J = 1,2,3, times possibly
f bmax g1y In(1/]b]) = O(1). But, actually, we have a much better bound for T small enough:
because h:(z) is O(1), independent of b., far from the support [—R, R] x {0}, say, on
.\ ([—ZR, 2R] X [~ Lbpas, %b,,m]), we shall have

llete |l oo og 1100 = O (1) (4.44)

for all t € [0, t], as explained in the side remark before Lemma 3.5. Anticipating on the
next terms featuring in the second-order expansion of the Green kernel (see (4. 45)) it is
easy to see that Htlw(zllocal(s)us’ whence U, runsport(t s)(|Hnonlocal(s)u5 I) and Uz(t s/)Hnonlocal(s )
tmmpor,(s S)Hmm,owl(s)us too, enjoy the same property (4.44). Incidentally, this implies
Vol i, o Wollic,, o < Cllhellpi, el < C'/b¥instead of C'/bS in (4.32).
Consider now the left-hand side of (4. 38) Considering the adjoint evolution, we get a time-
reversed sub-Markov process (Al, B,) with kernel p(s, a,; t, Z;), s < t (see Section 3.6). Since
t— |1§,| decreases, we obtain

bmax
’/da/ dbzlo(a,b)ln(l/|b|)‘ :/a’ar/db, u.(ar, br)
bmax

/ dao / dbo p(0, do, Bo: 7. v, be) In(1/ o))
< f da, / dbe (1B (s, be) = O(In(1/ e o) (4.45)

by the log-estimate (2.32). So much for the contribution of U2, . port 10 (2), which we have shown

to be overall O((b;3)?) = O(b;®), and even O((In(1+1/b,)/b,)?) for T small enough, as in [9].
We now use the second-order expansion of the Green kernel (4.22). The second term in the
expansion,

U((l,b) :2/ ds Utranspart(t S)Hnonlocal(s) ransport(s T)h (a, b) (446)
t

leads to a development similar to (4.36):

/0 dr (XY, ()"
T 3R bmax
< / ar |(xV, / da / db B|(7.) ()|
0

-3R
i 1,0
X / dS(Ullranxpnrt (t’ s)lHn;mlocal(s)uS |)(a’ b)) ‘
t

T s 3R bmax
< 2/ ds U d;/ da/ db [Im (MY +M,)(z)|12f(a,b)]
0 0 —

bﬂ‘l ax

—bmax
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T s 3R bmax
= _zf ds [/ dt/ da/ db 3, [Im (MY + M) ()il (a, b)] b}
0 0 - bmax

+ bdry), (4.47)

l
runspart

T bmax
/ ds |:§ / daf db (it}(a, b) — u(a, b))b:|
0 13 -3 bmat
bmax
= / ds |: / dt — </ da/ dbiij(a, b)b):| . (4.48)
0 0 ~bmax

The right-hand side in (4.48) decomposes in the same way as explained below (4.40) — but
with x = 1 now . Compared to the main term studied in the previous two pages, In(b) has been
replaced with b (which may simply be bounded by a constant, b < %), so logarithms disappear in
the estimates, while the replacement of u, by |’H,i’£l 1ocal 81| produces the supplementary factor
|||Hnonlocal(s)”|( LINL®)(ITy, ) = O(1). The total contribution to (2) is therefore O(b;®) or even
O((In(1 + 1/b)/b)?) as for the main term.

The last term in the Green kernel expansion,

where i} (a, b) = (t, s)(|7-[n0nloca,(s)u5|)(a b) (> 0), which we compare to

w(a b) _'/ dS/ dS U (t s)lHnonlucal(s )Utransport(s S)Hm}nlocal(s)
x U (s, Dhe(a, b), (4.49)

transport

leads now to a third contribution which is bounded in a very simple way,

T bmax
/ dr [(x} €w,)) / ar [(x;" / da / db b6 (o)
0

bma)r
/ dS/ dS )U (t S )Hnonlocul(s)
X( trunsport(s * S)Hn;)nIOCal(s)uS)(a’ b)‘>‘ (450)
Since |b’|(f.)"(x)] = O(), (4.50) is simply bounded in the end for arbitrary T by

luellrnrooym,,, ) = O(|b;3)), times the product of the (L' N L*®)([ly,, )- operator norms
Il Ut"mmpor,(~, I, |||7-li+l’i /Ol G = 0, 1) figuring in the integral, yielding once again a total

nonloca
contribution O (b;®), or (for T short enough) O((In(1 + 1/b)/b)*) to (2).
We finally proceed to bound the “martingale term” (3).
A caveat is required here: for finite N, f;(-) is not F;-measurable, since it is obtained by
integrating the ordinary differential equation with random coefficients (1.9) backwards from time

T to time ¢. Hence

E[(%ﬁéb(r))z], Ii(v) = /0 dr fGDaw; 51

cannot be bounded by E fOT dt ( f/()»ﬁ))z using standard tools of stochastic calculus. By the

way, this points out to a mistake in the proof of the estimate for E[|N (M}V () — MT(z))lz]
given in Proposition 1 of Israelsson’s article. Our arguments below yield a bound in O(1/b'?)
independently of V — in particular in the harmonic case, instead of the bound in O((In(l +
1/b)/b)?) found by Israelsson. See remark at the end of this section for some after-thoughts.
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The correct way to cope with the stochastic integral I;(r) (4.51) is the following. Since
s > fI/(A) is C! for A fixed, it can be considered as the non-adapted finite variation part of
a semi-martingale, in the extended definition briefly mentioned below Definition (1.17) of [20],
Chapter 4. Hence the integration-by-parts lemma of standard differential calculus holds, and we
can rewrite I;(t) as [, ds fo(A)dW! — [ dt Ji(t), where

Jit) = / T Z—f(ki)dwf- (4.52)

Then, considering the standard Stieltjes decomposition of h, of order k = 3 this time (which
turns out in the end of the ensuing computations to be the minimum possible order yielding finite
results in the neighborhood of the real axis),

7100 = 5-C ) = [ da [ ;, db (—ib) [bP (1) 0 (a, b) (4.53)
and

Tt = / da / " db (—ib) PP H DR, DI, (4.54)
where the stochastic i;iggxral

) = / (G (455)

is now a standard (i.e. non-anticipative) It6 integral, whence (using primed integration variables
t',a', b’ for I;/(7) in the averaged squared quantity ]E[(fot dr Y L), dr’ Zi,Jir(t/))])

T

E[JF(0TF ()] = 81, f ds (5.) DG 0. (4.56)

max(z,t’)

The first step consists in transferring to the §_-factors the derivatives d,, d, coming from the action
of Hiranspor:(t) on h;. We concentrate on the most singular terms coming from 7 (¢), namely,

(Hs(h)a, b) = B 0u(Re (M, + M) @Dh(s @, b) + dy(im (M, + MYt a, b)] + -+,
where the missing order O part (- - - ) is as in (3.26). Integrating these two terms w.r. to the measure
fda db (—ib)|b|? f’z()\f;) yields by integration by parts —g fda (—idb) h(a, b)(:tb4Re (M, +
MR = ilm (M, + MY, (B.0) ).

For finite N, H(t)h,(-) is random and not F,-measurable, hence

IE[(’H(t)h,(a, bYH(t o (d, b’))(J;(r)Jf/(ﬂ))] may not directly be bounded using (4.56) (see
Remark below). Instead, we use the bounds

|hi(a, b\, |hy(d', )| = O(lhll o<y, ) = OB ™) = 0(b;°) (4.57)

Ib*Re (M, + M)(2)| = O(|b]*), 17/ 1loe < |B]7° (4.58)

and

E| 2 / FGhdw; / 10w
< [E<2/Tf?(ki)dW§)2]1/z[E(Z /T f;/(ki/)dngz]l/z
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T i 2 1/2 T l-/ 2 1/2
=[ZE / ds 1101 [ZE / as 11,
E (b> Z/ ds 1§30 +( ) Zf ds 17,01’ ]
b } i N //2 b N /N2
—EEKE) / ds (xV, (7)) (b) [ ds (XY, (7))

= O(N(|bb')7d). (4.59)

Considering instead the terms of the type 4b3f; ()J;) coming from 8;,(b4f; ()\f; )), or those coming
from the missing order O part (- - - ) above, leads to the same scaling in b, b’ when b, b’ — 0, as
can easily be seen, while terms coming from the bounded operator H,,oui0cq; OF from the time 0
contribution for ds fé()&)d W! are less singular. Thus we finally find, as expected:

[( b Z I (1:) / da / " b 0(b;6))2 — o), (4.60)

bmax

plus an O(1)-contribution coming from (H(#)h)er;,. O

Remark. Israclsson’s bounds in O((In(1 + 1/b)/b)?) are recovered if one (somewhat carelessly
and out of the blue!) replaces f;, solution of the finite-N evolution equation (1.9), with the
deterministic solution f;>° of the asymptotic evolution equation (1.10). Namely, in that case, 1t6’s
formula applies, see (4.51). Using |(f,) (x)| < and (B.12), we get, letting f,>° Co(hfo)
and I7°(7) == [ dt (f7°) (ADHdW; :

E[(LN i o) = /0 (X, (hey Pl

b”'la,x bmak
/ dt /da/ /da / db’ |hi(a, b)||h,(a’, b))
bn’aX

bmax
A UTMONINAION

bm‘” bmax
/ dz/da/ /da/ db’ [hy(a, By )XY, B
bn"ﬂY

bmax

bmax T
sup (/da/ db/lh,(a/,b/)|> . / dt
0<t=<t bmax 0

hmax
</ da/ db %Im M,N(z)|h,(a,b)|>. (4.61)

bmax

Ib\ IX z

IA

IA

The second factor in (4.61) is bounded exactly like the drift term (2), while the first one is just
WAl L1, - All together, I°°(7) is bounded by O (b;®), or even by O(In(1 + 1/b,)/b?) for T
small enough.

A way to improve our poor estimates (4.60) would be to separate &, into h{° plus a O(1/N)
fluctuation §A7°, whose contribution to (4.18) would be hopefully O(1/N) times some inverse
power of b, and would therefore vanish when N — oo. However, the time-evolution of 8h°
is a priori governed by the Jacobian of (1.10) around 4{°, whose characteristics are obtained
by linearizing those of the transport operator H,anspor:- Alas, the linearization of the already
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singular characteristics of Hy, see Proposition 1.3, leads to an exponential factor of the type
exp (c [dt (MNY'(Z))+(M](Z,))), which is exponentially large for small |b| near the points x
of the real axis at which M, (x £10) is not differentiable, e.g. near the end points of the support for
a standard density of the semi-circle type %\/ 2 — x2 (a > 0), with associated Stieltjes transform
M(z) = —z + /2% — 2, see (1.29).

5. Large deviation bound for the support of the measure

As a key technical argument required for the convergence of our scheme, we prove in this
section the following bound for the probability that the support of the measure is large. Since the
number N of eigenvalues varies in this section, we emphasize the N-dependence of the process
when we judge it necessary by writing AN instead of Al

Lemma 5.1 (Large Deviation Bound). Assume the large deviation estimate (1.37) for the initial
Let T > 0. There exist some radius R = R(T) and constant c, depending on V and Ry, co but
uniform in N, such that

IP[ sup sup [AN| > R:| < CeN. (5.1)

The principle of the proof was obligingly provided by a referee. It relies on uniform-in-time
moment bounds for the empirical measure, and on a comparison principle for sde’s.

First, we use as an input moment bounds proved in the case V. = 0 by induction on
p = 1,2,...,eN in Anderson—Guionnet—Zeitouni [1]. Let (XZN”),Z(),i = 1,..., N be the
solution of the modified system of coupled stochastic differential equations with zero potential,

o 1 . B dt
VN IN o =
with initial condition i(l)v’i = )»(])V’i coinciding with that of (1.1), and )}tN = %Zf\;@;\m be
t

.....

the corresponding random point process. Under (2 : (maxi:l le(z)v < R0>, an event of
probability 1 — Coe~V, eq. (4.3.45) in [1] holds, namely,

E[l% sup /)?,N(dx) |x|”i| < R(T)". (5.3)
0<t<T

(An explicit expression for the constants ¢ and R;(T), depending on R, can be obtained by
following computations on p. 274, as a consequence of Lemma 4.3.17.) The above bound

implies E 1, supofthsupizlﬁ___'N|X§V’i|p < NR|(T)? and then (by Markov’s inequality),
letting Ry(t) := eR;(2),
Pllg, sup sup [ANY| > Ry(T)] < Ne™*V. (5.4)

0<t<Ti=l,..,N

Then, one compares the two eigenvalue processes (Aﬁ)ogfr and (ii)ogir, adapting the argument
given in [1], Lemma 4.3.6. Let E,N’i = A,]V‘i - )_»fv‘i — ot (o > 0). Subtracting the sde’s for the
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two processes, one gets

dElNl B Z Nl _ EN]
N0 —h NG
—(v’(,\,”“")— VoMY = VAN —a. (5.5)

Whatever the ordering chosen for the eigenvalues, the denominator in (5.5) is always > 0
N,i
Wl = Ro) N

.....

because eigenvalues never cross. We assume that the event (2 : (maxizl

(sup0<,<Tsupl 1 N|)_»N < Rg(T)) is realized, an event of probability 1 — e~“1V; then

|V’ (AN ’)| is bounded umformly in N, i, and t < T by some constant C, depending on V;
we assume « > C,. Initially, E ” < Ry+ R(T),i =1, , N by construction. Assume that
there exists some ¢t < T and i such that EN’ > R3(T) = Ro + Ry (T)+ 1, and let t,,;, > O
be the first time at which one such inequality holds, so that E = R3(T) for some i, while
E,N’j < R3(T) fort < tyi, and j = 1,..., N. But then EN' — ENJ > O forall j # i, and

Imin
de)
(by convexity of V) V’ (X,mm) -V (k ) > 0. Hence d"”” < 0: a contradiction. Reversing the
signs of the inequalities, one proves s1m11arly that A" — AN — ar < R3(T). Concluding: with
high probability, sup,_, .rsup;_, VAT < Ry +2Ry(T) + CoT 4+ 1. O

tml n
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Appendix A. Generalized transport operators

Many operators in this article are of the following type,

Hof () =Y vilt, X)dy, f(x) + T(t, ) f(x) (A.D)
k

with f : £2 — R, where {2 is a domain in R¢ (in practice, we need only consider 2 = II%),
and v(t, -) a vector field, resp. t(¢, -) a function, on 2. Let us call such operators generalized
transport operators.

It is well-known how to solve PDEs generated by generalized transport operators, i.e. of the
type

i(x) He fi(x) (A2)

with terminal condition fr = f. Namely, let y, = @lT (v) (called: characteristics of (A.2)) be
the solution of the ode dy’ = v(¢, y;) with terminal condition y;7 = y. One checks immediately
that

T
L) = ¢ f(D] (), Cr = €xp (—/ f(ys)ds> (A.3)

is a solution. In particular, supp(f;), t < T is the inverse image of supp(f) by &/; so, if v|a o 18
inward on the boundary of some domain (2 containing the support of fr, then supp(fr) C {2
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forallt < T. In the article we actually refer either to the basis trajectory y. = a. 4 ib. or to the
“extended” trajectory (a. + ib., c.) as characteristics.

The Jacobian of the ode, J, = %, solves the linearized ode % = V(¢ y,)J; with
terminal condition Jr = Id. In particular (letting | -| denote the determinant), %| wrlil =
Te(Vv(T, y)) = V - »(T, y). The time-variation of the L'-norm of f; is

d d d
E|’=T dylfinl = [ dy (Re Ecz()’) lfDl = | dy EL:TIJ;I LfF I
= /dy Re o(T, y) = Te(Vv(T, y)) | fF(D); (A4)
it vanishes when Re ¢ = Tr(Vv), in particular when
T
H, = (Z v, x)axk) == wlt,1)dy = V¥t x0) (A5)
k k

is in divergence form, i.e. is the adjoint of a transport operator. Thus H, is the generator of a
strongly continuous semi-group of contractions of L'(R), see e.g. [19], chapter 1. The latter
observation extends to the case when H,; = (Zkvk(t, x)axk)T — 7(t, x) with (¢, -) < 0, in the
sense that [dy | fi()| < [dy |[fr(»)|for0O <t <T.

Appendix B. Stieltjes transforms

We collect in this section some definitions and elementary properties concerning Stieltjes
transforms. We make use of the Fourier transform normalized as follows,

+00

F(f)(s) = fx)e ™ dx (B.1)

with inverse F~'(g)(x) = % [ g(s)e™ ds.
Let,forz=a+ib € C\ R

1
f(x) = ——, x € R. (B.2)
X —z
For fixed b # 0, f,(x) may be seen as a convolution kernel K},
1
Kyx —a)= ———. B.3
- = (B.3)
Note that
Im (f.)(x) b Re (f.)(x) = —— (B4)
x) = = , X)) = ——F+«—. .
‘ Ix —z]>  (x—a)?+b? : (x —a)? + b?
In particular,
Im (f;)(x) = 0 (b >0). (B.5)

Many estimates are based on the simple remark that

b

is a constant. The Plemelj formula,

1 1
— = p.v. (—) + iy (B.7)
x —10 X
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implies the following boundary value equations for K,

blir(lgg / dy Kp(x = y)p(y) — blir(l)li / dy Kp(x — y)p(y) = 2im p(x) (B.8)

d
lim / dy Kp(x — () + lim / dy Kp(x — »)$(») =2 pv. / L 5. B9
b—0F b—0 xX—y
Then:
Fi.(s) = 2ime M55 o (b > 0), —2igetllTet (b <0) (B.10)
hence (for b > 0)
F(m (5.))(s) = me lsI=ias, F(Re (},)) = —im sgn(s)e IsI=ias (B.11)

Properties of the Stieltjes transform of p,.
Let M,(z) = (X;, f;) (b :==1Im z > 0). Then:

b
Im (M,(2)) = (X, m% (B.12)
1
M ()| = (X, mﬂ <1/b; (B.13)
M’ = (X ! < ! X, b 11 M B.14
IM,(2)| = |{ r,mﬂ_l—)( m) bm( ((2)). (B.14)

When |a| > R, we get much better estimates, e.g.

[M(2)| <2/|al, la| > 2R. (B.15)

On the other hand, if » — 0 and a € supp(X;), then M,(z) may diverge in general. In
particular,

R
[Re (M;(2))] = Cllpilloo In(R/D) (b < S lal = 2R). (B.16)

However, if p; is bounded then Im (M;(z)) € [0, 7| 0¢lloo]; and Re (M;(z)) = O(1) if the space
derivative of the density, p;, is bounded.
Some distributions.

Let ¢ € C° be a smooth function supported on [—r, r], and b > 0. Let

(fin» @) :=fdy ¢(y.) . (B.17)
y—ib
Then
(fiv, & ¢>(0)/ —+1/ dy (¢(y) — ¢(0))T
"o y(e(y) — ¢(0)
+ /Lr dyv (B.18)

is O(Illoc +7l1¢'lloc) sinee: | [7, 3251 < [ dy 25 = O(1), and M2 < ||¢]|oc. Hence
(as seen by integration by parts), y > (y — ib)~ o (n>1)isa dlstrlbunon of order n, namely,

[ v P00 = 0016Vl + 7167 ) (B.19)
(y —ib)"
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The (1)-kernel and its family.
It is known that

+00

i 1
F s sgn(s)F f(s))(x) =iHf(x) := ip.v./ :f(y)dy (B.20)

[o¢]
deﬁned for a compactly supported f € C! either as nilimg_,m flx—y|>£ x%y f(»)dy or as
f LOW=fx) (y )= f &) gy, from which by differentiating

1 too 1
Fls b ISIFF()@) = == p.v. / ——— () dy. (B21)
T —00 ()C - Y)
For a function f supported on [—R, R], we have the following bounds:
1 TR fy) = f) &))
'P~U-/ —f(y)dy‘ = 1jy<2r / u ‘+ 1jv>2r f—ydy‘
X =y x—3R X = X =Yy
= Liy<2r ORI f'llo0) + 1\x|>2R Ol fllooR/Ix1), (B.22)

and similarly

/”” fO=-re, ‘
-~ ay

1
'P‘U-/ mf()’)dy' = 12k

—3R X =Yy
R
S )
1, —
Tl L G =y

= <2k ORI f"lloo) + Lixm2z O f o R/X7). (B.23)
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