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Abstract

Peng (2008) proved the Central Limit Theorem under a sublinear expectation:

Let (X;)i>1 be a sequence of i.i.d random variables under a sublinear expectation E with I:Z[Xl] =
E[—Xl] = 0 and ﬁ[|X1|3] < oo. Setting Wy = %, we have, for each bounded Lipschitz
function ¢,

Jim (E[p(Wn)] = NG (9)| =0,

where N is the G-normal distribution with G(a) = l]?3[aX%], aelR
In this paper, we shall give an estimate of the convergence rate of this CLT by Stein’s method under
sublinear expectations:
Under the same conditions as above, there exists a constant « € (0, 1) depending on o and &, and
a positive constant Cy G depending on o, o and & such that
0 24a
sup[Blp(Wi)] = N ()| < Cor ol

|(P‘Lip51 nz

)

where 52 = I:Z[X%], 12 = —I:Z[—X%] > 0 and Ng is the G-normal distribution with

| 1
Ga) = EE[ax%] = 5(ﬁza+ —o%a7), aeR.
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1. Introduction

The Central Limit Theorem is one of the most striking and useful results in probability and
statistics, and explains why the normal distribution appears in areas as diverse as gambling,
measurement error, sampling, and statistical mechanics. In essence, the Central Limit Theorem
in its classical form states that a normal approximation applies to the distribution of quantities
that can be modeled as the sum of many independent contributions, all of which are roughly
the same size.

Motivated by problems of model uncertainty in statistics, measures of risk and superhedging
in finance, Peng [10] introduced the notion of sublinear expectations. A random variable X in
a sublinear expectation space ({2, H, E) with E[|X 1’1 < oo is called G-normally distributed if
for any independent copy X’ of X and o, B € R,

aX + X L /a2 + B2X.

As known, if E is a linear expectation generated by a probability, a random variable X with
the above property is normally distributed. Suppose X is G-normally distributed under E. For
@ € Cp,1;p(R), the collection of bounded Lipschitz functions on R, set Ng[¢] = E[(p(X )]. We
call Mg, a sublinear expectation on Cp,1ip(R), a G-normal distribution. Here, the function G,
defined by G(a) = %E[axz], a € R, characterizes the variances of X.

In the seminal paper [7], Peng S. proved the Central Limit Theorem under a sublinear
expectation, which is a milestone in the theory of sublinear expectations.

Theorem 1.}. Le{ (Xi)i>1 lze a sequence of i;i.d random variables under a sublinear
expectation E with E[X;] = E[—-X;] = 0 and E[|X1|3] < oo. Setting W, = %
we have, for each ¢ € Cp ;p(R),

Jim |Elp(W,)] — No(9)| =0,

where Ng is the G-normal distribution with G(a) = %I:Z[aXf], aclR

Just like the linear case, this theorem mathematically justifies, at least asymptotically, the
G-normal distribution would be may be used to approximate quantities which can be formulated
as the sums of independent and identically distributed random variables under a sublinear
expectation. However, even though in practice sample sizes may be large, or may appear
to be sufficient for the purposes to handle, depending on that and other factors, the normal
approximation may or may not be accurate. It is here that the need for the evaluation of the
quality of the normal approximation arises.

For the linear case, Stein’s method, which made its first appearance in the ground breaking
work of Stein [13], is a powerful tool to estimate the error of normal approximation. The
cornerstone of Stein’s method is the Stein equation (refer to [1] for more details): For a standard
normally distributed random variable Z and given ¢, solve the following equation for f,

f'&) = xf(x) = (x) — E[p(2)]. (1.1)
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Then, for any random variable W, evaluate the left hand side of the Stein equation at W and
take the expectation, obtaining E[@(W)] — E[¢(Z)].

The objective of this paper is to introduce the ideas of Stein’s method to the nonlinear case.
The expected Stein equation for G-normal distribution would be

" X /
G = () =) — Nslgl. 1.2

Unfortunately, for ¢ € Cp, 1;,(R), Eq. (1.2) generally does not have a solution. Therefore, the
first step is to find a substitute of the Stein equation.

For ¢ € Cp 1ip(R), the function u(x, t) == Nglo(x + /1] is the unique viscosity solution
of the G-heat equation below

du— G(D*u) =0, (x,1) € R x (0, 0),

u(x, 0) = p(x),
where G(a) = iMNglax?], a € R, is determined by the variances 5> = Ng[x*] and
o2 = —Ng[—x%]. So, if 0 = ¢ = o, Ng is nothing but the classical normal distribution

N, o).
Let © be a weakly compact subset of probability measures on (R, 5(R)). For the sublinear
expectation N[g] = SUp,co wulel on Cp 1ip(R) and a function ¢ € Cp 1ip(R), set

w®) = Nv(v/1 =t 1)],

where v is the solution to the G-heat equation with initial value ¢. Then w(l) = Ng[¢],
w(0) = N[¢], and it can be shown that, for a.e. s € (0, 1),

1 1
w'(s) = :/L.Y[G@;'(X)) - Exq’)é(X)], (1.3)

where ¢;(x) = v(v/1 — sx, s) and u; € O with u[¢s] = N[¢]. From this, we get a substitute
of the Stein equation.

Step 1. Nglp] — N1l = [ 15 1, [G@!(x)) — Lxg)(x)]ds.

Return to the linear case, i.e., 0 = o and © = {u} is a singleton, the above formula will
reduce to the classical Stein equation (see Remark 4.2 for details).

Now the next task is to calculate the expectation on the right side of the equality (1.3).

Let o € (0, 1). Suppose N[x] = N[—x] = 0 and N[|x|**¥] < oo. For ¢ € C,f’“(R) and
w € O with u[¢] = N[¢p], we have

Step 2. ‘M[G(fﬁ”(x)) — 3X¢' (]| < 2[¢"1N|x[***], where G(a) = jNTalx|’], a € R.

It merits to emphasize that the function G in Step 1 is determined by the variances of Ng
and that the function G in Step 2 is determined by the variances of A. In other words, to
estimate NVg[¢] — N¢] applying Step 1 and Step 2 requires that Az and N have the same
variances.

Besides, note that ¢s(x) in the equality (1.3) is the solution to the G-heat equation.
Therefore, to apply the estimate in Step 2, we need the regularity properties of the G-heat
equation, which can be found in the literature on the partial differential equations (see Section 3
for details).

Step 3. [D2v(:, 1)) < ca,(;ﬁw;mp for some « € (0, 1) and ¢, > 0.

t

Following these three steps, we give an estimate of the convergence rate of Peng’s Central
Limit Theorem.
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Under the same conditions as those in Theorem 1.1, there exists a constant @ € (0, 1)
depending on o and o, and a positive constant Cy ¢ depending on o, o and & such that
E[X:[**]

L X+ 4 X,
sup  [Blo(———21)] — Ng(9)| < Cog—g—,
lelLip=l \/ﬁ n2

where 5% = I:Z[Xlz], o’ = —I:Z[—X]z] > 0 and Ng is the G-normal distribution with

G(a) = %E[aXf] = %(Ezcﬁ —gza_), a € R.
Here « is the Holder exponent in Step 3, and C, ¢ can be chosen as %ca,G with ¢y ¢ the
a-Holder constant in Step 3.

In Section 2, we review the basic notions and results of sublinear expectations. In Section 3,
we introduce the regularity properties of the G-heat equation that will be used in this paper.
In Section 4, we shall generalize the idea of Stein’s method to the sublinear expectation
space, based on which we get the rate of convergence of Peng’s Central Limit Theorem. In
Section 5, we consider the CLT under sublinear expectations of a sequence of independent
random variables which may not be identically distributed.

2. Basic notions of sublinear expectations

Here we review basic notions and results of sublinear expectations. The readers may refer
to [7—12] for more details.

Let (2 be a given set and let H be a linear space of real valued functions defined on {2 such
that for any X € H and ¢ € Cp 1;p(R), we have ¢(X) € H. The space H is considered as our
space of random variables.

Definition 2.1. A sublinear expectation is a functional E:H—>R satisfying

El. E[X] > E[Y], if X > V;

E2. E[xX] = AE[X], for A > 0;

E3. ]:Z[c] =c, forc eR;

E4. E[X + Y] < E[X] +E[Y], for X,Y € H;

E5. E[@,(X)] | 0, for X € H and ¢, € Cp 1ip(R), ¢, | 0.

The triple (£2, H, E) is called a sublinear expectation space. For X € H, set
N¥[g] = Elo(X)), ¢ € Cprip(R),

which is a sublinear expectation on Cp 1;,(R). X follows the distribution NX, and we write
X ~ NX. A functional NV is a sublinear expectation on Cp 1;,(R) if and only if it can be
represented as the supremum expectation of a weakly compact subset © of probability measures
on (R, B(R)) (see [2]),

Nlg] = sugu[w], for all ¢ € Cp 1;p(R). 2.1
e

Definition 2.2. Let (12, H,E) be a sublinear expectation space. We say a random vector
X =(Xi,..., X,y) € H" isindependent of Y = (Y}, ..., Y,) € H" if forany ¢ € C} 1;,(R"™™)

Elp(Y, X)] = E[E[o(y, X)]lyy].
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In a sublinear expectation space, the fact that X is independent of Y does not imply that Y
is independent of X. We say (X;);>; is a sequence of independent random variables, if X;;
is independent of (X, ..., X;) for all i € N.

Definition 2.3. Let (2, H, ]:3) and (f), 77, E) be two sublinear expectations. A random vector
X in ({2, H, E) is said to be identically distributed with another random vector Y in ({2, H, E)

(write X 4 Y), if for any bounded Lipschitz function ¢,

Elp(X)] = E[p(Y)].

3. Regularity estimates for the G-heat equation

In this section, we shall introduce a regularity result for the G-heat equation, which is crucial
to obtain the convergence rate in Peng’s Central Limit Theorem.

dux, 1) — G(D2u(x, 1) = 0, (x,1) € R x (0, 00), 3.1)
u(x,0) = p(x), (3.2)

where G(a) = %(Ezcﬁ —o?a™) for some & > o > 0.

Throughout this paper, we shall always suppose that o > 0.

For regularity estimates of (more general) fully nonlinear partial differential equations, we
refer the readers to the papers by Kruzhkov [4], Krylov [5], Wang [14], and the book by
Lieberman [6] and the references therein. Here we only introduce a result that will be used in
this paper.

First of all, for any initial value ¢ € Cp, 1;,(R), the collection of bounded Lipschitz functions
on R, the G-heat equation has a unique classical solution. Furthermore, we have the following
interior regularity estimate:

There exists a constant a € (0, 1) depending on o and o, and a positive constant c, ¢
depending on o,0 and o such that if u € C>'(R x (0, +00)) is a solution to the G-heat
equation, we have

[D2u(-, Dy < ol Dutllco rx10.1]- (3.3)

Here, [ flo = SUP, yep vy LE=E and (0]l mxio,1) = SUP(, ez xo,1] 10X, D

Set v.(x,1) = Sizu(sx, €2t) for & € (0, 1). Then v, is also a solution to the G-heat equation.
So we have

[D2v.(, D]y < a6 DVelloo R x[0.1]-
Noting that

[Dve(, Do = e*[D3u(:, £9)]a
and

I Dxvelloo,rx0,1 < & I Dyttlloo mx(0.11,
we get

| 2 2
e T D2u(-, %)l < ca.6l| Dxttllco.Rx[0.1]-
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We summarize the above arguments in the following theorem.

Theorem 3.1. There exists a constant o € (0, 1) depending on o and @, and a positive
constant c, G depending on a, o and & such that if u € C*'(R x (0, +00)) is a solution to the
G-heat equation, we have, for t € (0, 1],

[D2u(-, )]e < Ca I Dt oo, R x10,11- (3.4)

1 o
1272

For ¢ € Cp 1ip(R), if u is the solution to the G-heat equation with initial value ¢, we know
that u(-, ¢) is also uniformly Lipschitz continuous with

| DxttllooRx10.1] < 1@ Lip-

Hence, we have the following immediate corollary of Theorem 3.1.

Corollary 3.2. There exists a constant o € (0, 1) depending on o and &, and a positive
constant ¢y, depending on a, o and & such that if ¢ € Cp Lip(R) with |¢|.;, < 1, and u is
the solution to the G-heat equation with initial value ¢, then we have

1
[DiuC, Dy < Ca6——- (3.5)
t2T2

4. Rate of convergence of Peng’s CLT

Let N¢] = SUp,co wle] be a sublinear expectation on Cj 1ip(IR), where © is a weakly
compact subset of probability measures on (R, B(R)). Sometimes, we also write N[y] for
sup,co #[¥] when ¢ is a Borel measurable function such that sup, o p[yy] makes sense.
Throughout this article, we suppose the following additional property:

(H) limy_, oo N|x| 12151 = 0.

Note that the condition (H) is naturally satisfied if A'[|x|'*?] < oo for some § > 0.

Define & : R — R by &(x) = x. Sometimes, we write Ngle], N[¢] and u[p] by
Ecle@)], Ele)] and E,[@(&)], respectively. For ¢ € Cp 1ip(R), set 6, = {u € O :
E lp&)] = Elp&)]}.

Lemma 4.1. For ¢ € Cy 1;p(R), let v be the solution to the G-heat equation with initial value

¢ and set ¢ps(x) .= v(v/1 —sx,5). Then

|
sup E,, [Lody(E)lds = /0 L int E,[La6,6)lds,

— § us€By

L |
Nolg] — N] = / 1
0

- s €Oy
“.1)
where Lops(x) = G(p](x)) — 5¢;(x), Oy = Oy,. Particularly, we have, for a.e. s € (0, 1),

sup Ey,[Lo6h ()] = inf Ey [Lou(E)]

s €Oy

Please cite this article as: Y. Song, Normal approximation by Stein’s method under sublinear expectations, Stochastic Processes and their Applications
(2019), https://doi.org/10.1016/j.spa.2019.08.005.




Y. Song / Stochastic Processes and their Applications xxx (xxxx) xxx 7

Proof. Set w(s) = E[v(v/1 — s&, 5)]. Then w(1l) = Ng[¢] and w(0) = N[¢]. By Lemma 2.4
in Hu, Peng and Song [3], we have, for s € (0, 1),

w(s +8) — w(s)

+ R
v = i
1
=7 sup E, [Le¢s(é)]
- s € Os
and
-8 —
h 5§04 -5
L
= 1_s Hsllelgv E}LS [£G¢v($)]

Noting that w is continuous on [0, 1] and locally Lipschitz continuous on (0, 1) by the
regularity properties of the solution v of the G-heat equation, we have w'(s) = 9tw(s) =
0, w(s) for a.e. s € (0, 1) and consequently

1 1
w(l) — w(0) =f ij(s)ds =/ d; w(s)ds. O
0 0
Remark 4.2.  Suppose that G(a) = yNglax?] = 1o?%a is linear, ic., Ng = N(0,0?), and
that V' is a linear expectation, i.e., © = {u} is a singleton. Then (4.1) can be rewritten as

3 3

! 1 62 " 4 62 " /
Elp(D)] - E.[¢(5)] = Eu[/o 1—_s(7¢s (5)—§¢s($)>dS] = Eul587E) =58 @)

where g(x) = fol %_sqﬁs(x)ds and Z ~ N(0,0?) under E. Since this equality holds for any
distribution p, we have, by choosing pu = §,,
o? X
E[¢p(2)] — ¢p(x) = jg”(X) - Eg’(X), x e R,

which is just the classical Stein Equation. Eq. (4.1) will be used as an analogue of the Stein
equation under sublinear expectations.

The next Lemma gives an estimate of the expectations on the right hand of Eq. (4.1).

Lemma4.3. Leta € (0, 1]. Suppose E[&] = E[—£&] = 0 and E[|§|2+"‘] < oo. For ¢ € Ci’“(R)
and p € B4, we have

g
2
where G(a) = 3Elalé*], a € R.

E[2¢'(5) — G@"E)]| < 2[¢"1.ElEI*],

Proof. Taylor’s formula gives

1
¢(&) = ¢(0) + ¢'(0)§ + §¢”(0)|§|2 + R:, (4.2)
¢'(6) = ¢'(0) + ¢"(0)§ + Ry, (4.3)
¢"(6) = ¢"(0) + R, 4.4)

with [Re| < 110" 1aI€17%%, [RL] < [¢"1a1€]" and |R!| < [¢"1€]°.
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Set A == E[¢(§)] = E.[¢(&)]. Then
A =E[¢(&)] = E[$(0) + ¢'(0)¢ + l<l>”(0)|EI2 + R¢]
< ¢(0) + E[ 1<b”(0)|%‘| 1+ E[R¢]

< ¢(0) + G(¢"(0) + §[¢”]aE[IS|2+"],

and
— E[$(£)] = E[$(0) + ¢'(0)% + %¢/’<0>|s|2 +Re]
> $(0) + E[%¢”(0)|5|2] — E[—Re]
> $(0) + G(@"(0) — %[as“]aEnsF*“].
Therefore,
’A ~5(0) ~ G@'O))| = 36" LEIE )

Noting that A = E,[¢(&)] = $(0) + 3¢"(0)E,[1€*] + E,[Rs], we have

1
§¢”(0)Eu[|$|2]—G(¢”(0))‘ = ‘A—¢(0)—EM[R§]—G(¢”(O)) < [¢"1.ElIEIP*]. (4.5)

Now let us compute the expectation EM[%¢’($) — G(¢"(&))]- By (4.3) and (4.4), we have

: NAGECH)

>(@'(0) + ¢"(0)€ + R — G(@"(0) + RY)

Z9'(0)+1[ ¢”(0)|$ > = G@" (O] +[G(@"(0)) — G(¢"(0) + R)] + %Rg-

So, by (4.5),

2
_§
2
_§
2

Eu[%tﬁ’(é) - G(¢"(&))]

1 1
= Eu[iqﬁ/’(o)lélz — G(¢" ()] + EL[G(@"(0)) — G(¢"(0) + R + > Eu (6 R;]

1 1
< [¢"1E[IEI*T*] + §[¢“1QEZE[|5|“] + Ew”laEnsF*‘*]
< 2[¢"1E[E7T].
The last inequality holds since

Elle PIENE] < (BLEP T ) % (BDE1< % )% = BljgP™). O

Remark 4.4. We emphasize that the function G in Lemma 4.1 is determined by the variances
of Mg and that the function G in Lemma 4.3 is determined by the variances of A. In other
words, to estimate Ng[¢] — N[¢] applying these two lemmas requires that N and N have
the same variances.
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With these preparations, we are now ready to prove the convergence rate of Peng’s Central
Limit Theorem under sublinear expectations.

Theorem 45 Let (X )i>1 be a sequence of i.i.d random varlables under a sublinear
expectation E with E[Xl] = E[ Xi] = 0 and E[Xz] =32 > E[ Xz] = o2 > 0.
For ¢ € Cp, L,}{,(R) let u be the solution to the G-heat equation with initial value . Setting
W, = X‘+'—+ we have, for a € (0, 1],

NG
. 1 E“X |2+a]
Elp(W,)] — No(e)| <2 / (D3 $)lads——g—.
0 n
where Ng is the G-normal distribution with G(a) = % [aX f].

Proof. Let u(x,f) be the solution to the G-heat equation with u(x,0) = ¢@(x). Assume
fol[DfuC, $)]ods < 0o and E[|X]*>T%] < oo. For the other case, the result is trivial.
Fix n e N. Set, for 1 <i <n,

X; i
iin = T, —» Wn=0, VVi.nz ns
&, NS : ;Sk,

and, for 0 <i <n,

Ain = Blu(Win 1 — 1.
n

Then A, = Elp(W,)], Ao, = Ngle], and

Elp(W,)] - Z |Ain = Ai1a] (4.6)
E[bi,n(w,»,l,nn — Elci n(Wim1.)]], (4.7)
< Zsuﬂg |bin(x) = €in(x)] 4.8)

i—1 X€

where b; ,(x) = E[u(x + j—%, - fl)] and ¢; ,(x) = Eglu(x + %, 1— ﬁ)]. Here and below we
write Eg[¢(£)] for Ng[o].

Let us now compute b; ,(x) — ¢; ,(x). .

Set ¢(3) = rin(y) = ulx + 2=, 1 — L), Then ¢;,(x) = Ngl] and b;,(x) = BIp(X1)].
The latter, as a sublinear expectation on Cj, 1;,(R), can be represented as

E[¢(X))] = sup ulgl,
nee

where O is a weakly compact subset of probabilities on R. In the sequel, we employ the
notations in Lemma 4.1. By this lemma, we have

inf s [Lopslds

1 — 5 puse6s

1 1 1
in(xX) = bin(x) = / — sup (Lo lds = /
0 — S8 €6y 0
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where

¢s(y) = Eglo(V1 —SY—i-x/_é)

EG[“(X'F\/ y+[§ 1——)]
:u(x+,/ y,l——+ )

(D2, = (=) +$ (D2, 1 - =4 Dy,
n n n

Therefore

Now Lemma 4.3 gives

1
’b,-,noc)—ci,n(x) < / 1—2s[D§¢s1adst[|xl|”“]
1=

o1 =92 ' .
= / 229 p2u, 1= & Dlds x BIIX ]
0 nltz n n

) ' .
= / — e [D2u(. 1 = =4 Dyluds x B X, P
0o n'2 n n

1—i=1

= i U [D2u(, $)]ods x B[IX, 2T,
n2 Ji—-+
Hence,
Elp(W,)] — NG[fﬂ]' < Zsup |bin(x) = cin(x)]
i= le
<

—g/ [D2u(-, 5)]ds x E[|X,[**%]. O
n2 Jo

Corollary 4.6. Let (X;)i>1 be a sequence of iid random variables under a sublinear
expectation E with E[Xl] = E[ X1] =0 and E[Xz] = —E[ X2] =02 > 0. Setting
W, = w then there exists a constant o € (0, 1) dependzng on g and @, and a positive
constant Cy g depending on o, o and & such that

E[|X, ]

<COlG ’
n2

sup  [E[p(W,)] — Ns(@)

lelip=1

where Ng is the G-normal distribution with G(a) = %I:Z[aX 12].

Here « is the Holder exponent in Theorem 3.1, and C, ¢ can be chosen as 111 Co,¢ With
Ca,c the a-Holder constant in the same theorem.

Proof. The conclusion follows immediately from Theorem 4.5 and Corollary 3.2. [

5. Non-identically distributed Case

In this section, we consider the normal approximation for an independent but not necessarily
identically distributed sequence of random variables. To do so, we first introduce some
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notations. For a random variable X in a sublinear expectation space with &> = E[X?] >
—E[-X?] = o2 > 0, set B = 2 and 0 = ”+” . Now we can use 8,0 to characterize
the variances of a random variable X in a subhnear expectation space. For example, we
shall write N3(0, o) for the G-normal distribution Ng, and write Ny for Ng(0, 1). Clearly,
N0, 62) = N(0, 0'2), the classical normal distribution.

In this section, we shall fix the ratio 8 > 1 of variances as a constant and call o2 the
variance. We write Gg for the function G with o = ﬁ and 0 = {5 +ﬁ So the Gg-normal
distribution is N.

Theorem S5.1. Let (§;),<i<n be a sequence of independent random variables under a sublinear
expectatzon E. We suppose further that, for each 1 <i <n, & has finite variance a and mean
0, ie., E[é,] = E[ £1=0. Setting W :=& +---+ &, and 0% = =X 102 then there exists a
constant o € (0, 1) depending on B, and a positive constant Ca, B dependmg on o, B such that

E[|&>] o o
< Cqp sup {%(—) }

1<i<n g

sup E[w(—)] — Ns(p)

lelip=1

Here « is the Holder exponent in Theorem 3.1, and C, g can be chosen as 14a Ca,Gy With
Ca,Gg the o-Holder constant in the same theorem.

Proof. The proof is adapted from that of Theorem 4.5.
Set, for 1 <i <n,

X o2 L&
ty=0, tp ==L Wy=0 Wy=) =.
and, for 0 <i <n,
A; = E[u(W;, 1 — )],

where u(x, t) is the solution to the standard G g-heat equation with u(x, 0) = ¢(x).
Then A, = E[p(W,)], Ao = Ngle], and

Elp(W,)] — <) A — A (5.1)
i=1
= Z ’E[b,-(wio] — Ele; (Wi, (5.2)
< Zsup |bi(x) = ci(x)] (5.3)
—1 xeR

where b;(x) = E[u(x + %, 1 —1)] and ¢;(x) = Eglu(x + U'S , 1 —1;)]. Here and below we write
Eglp(&)] for Ng[a].

Let us now compute b;(x) — c;(x).

Set ¢(y) = ¢yi(y) = u(x + %, 1 —1;). Then c;(x) = Njl@] and bi(x) = E[¢p(£)]. The
latter, as a sublinear expectation on Cp, ;;,(IR), can be represented as [

[¢(E )] = sup ulg],

i HeBO
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where O is a weakly compact subset of probabilities on R. In the sequel, we employ the
notations in Lemma 4.1. By this lemma, we have

1 1
1 1
() — bix) = / Sup p1,[La 6, 1ds = / inf (£, :1ds
0 I—s s € Og 0 I s €Oy
where
ds(y) = Eglp(V1 — sy + +/5E)]
(o] o
= Eglu(x +v1— sy «/E;éf, 1 —1)]
. 2
=ulx + 1 —sa—ly, 1 —ti—l—sa—’z).
o o
Therefore
2 02 1+ 2 02
[Dydsla = (0—’2(1 — )2 [Du, 1 -1 +SO__12)]0(
2 2
< ca, Gﬂ(" (1 —s)E — g s(’—"z)—<%+%>.
Now Lemma 4.3 gives, noting that G(a) = 1E [a(fl )2,
1 24a
E[|&1*]
bi n — Cin < D s O(
’ () =€) /0 1_s[ Srlads X =g
of [ o? of _1,e . B[
< zca Gg 5 2 / (_(1 — S))2(1 -t + G_lzs)_(2+2)ds X W
oF e . Bl&
S 260{ Gﬂ )1+2 / (1 —_ tl O‘_ZS) (2+2)ds X W
1—t;_1 I 24
_ _, _(l+g) |$I| ]
= zca’G"a“ - s2720ds x 0,-2+a
Hence,
lLL‘[‘p(VVn)] - Z SUP ’bl n(x) Ci n(x)|
i= le
1 24«
< 2¢u.Gy fo s~(2+8gs sup { H&ZL“ ](2)0’}

deaty {Ens,w““] o;
o

By

l—a 1<i<n
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