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Abstract

We present a general framework for solving stochastic porous medium equations and stochastic
Navier—Stokes equations in the sense of martingale solutions. Following Krylov [N.V. Krylov, The selection
of a Markov process from a Markov system of processes, and the construction of quasidiffusion processes,
Izv. Akad. Nauk SSSR Ser. Mat. 37 (1973) 691-708] and Flandoli-Romito [F. Flandoli, N. Romito,
Markov selections for the 3D stochastic Navier—Stokes equations, Probab. Theory Related Fields 140 (2008)
407-458], we also study the existence of Markov selections for stochastic evolution equations in the absence
of uniqueness.
© 2008 Elsevier B.V. All rights reserved.
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1. Introduction

The purpose of this paper is twofold. First, we prove a general existence result of solutions
for a large class of stochastic partial differential equations (SPDE) of evolutionary type in the
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sense of Stroock and Varadhan’s martingale problem (see [17]). Second, because of the lack of
uniqueness in general, we construct almost sure (with respect to the time parameter) Markov
selections.

Recently, there has been a lot of interest in stochastic porous medium equations. Strong
solutions have been constructed for various classes of such equations e.g. in [9,6,15,3,4,18,
16] (see also [14]). Weak solutions, unique in an L2%-sense, were constructed in [5,2]. In
all these papers, however, weak monotonicity conditions were imposed on the coefficients.
One aim of this paper is to modify and extend the classical work by Mikulevicius and
Rozovskii [13] on weak or martingale solutions for SPDE in such a way so as to include
stochastic porous medium equations without monotonicity conditions, but merely growth
restrictions on the coefficients and quite weak continuity assumptions (i.e. merely demi-
continuity). To this end, we suggest a general framework (cf. Section 4) which also comprises the
stochastic Navier—Stokes equations over a bounded domain in all dimensions with multiplicative
noise (which was, however, already covered in [13] under similar assumptions on the
coefficients).

On the other hand, without any at least local weak monotonicity conditions on the coefficients
one cannot expect to be able to prove uniqueness of martingale solutions. The least, however,
what one can expect is to prove the existence of Markov selections or so-called almost sure
Markov selections recently introduced by Flandoli and Romito in [8], generalizing the classical
work of Krylov [10], beautifully implemented in finite dimensions in [17]. In this celebrated
paper [8], the authors prove the existence of almost sure Markov selections in the case of
stochastic 3D Navier—Stokes equations (also showing that the “almost sure” can be dropped
for sufficiently regular additive noise). The second aim of our paper is to prove the existence of
such almost sure Markov selections in our general framework in Section 4 (cf. Theorem 4.7). As
applications, we recover the corresponding results in [8] for the stochastic 3D Navier—Stokes
equations (cf. Section 6), but also prove the existence of such selections for non-monotone
stochastic porous medium equations for the first time (see Section 5).

Our construction of almost sure Markov selections differs from that in [8] in the following
ways: Our abstract Markov selection theorem is stated in a Polish space so that it can be used
to deal with more general stochastic equations. Another main difference about the notion of
martingale solutions is that we avoid using the notion of “a.s. super martingale” from [8], which
would cause some unnecessary difficulties (as e.g. the lack of measurability of s — E(-|F)(w)
for the natural, not right-continuous filtration (F;)s>0).

This paper is organized as follows: In Section 2, we state the abstract Markov selection
theorem in a Polish space, whose proof is given in Appendix A. In Section 3, under the
assumptions of existence and weak compactness of martingale solutions, we prove a theorem
about the existence of Markov selections for abstract SPDE of evolutionary type. In Section 4,
we give some concrete conditions for the coefficients of such SPDE so that the assumptions in
Section 3 are satisfied. In the next two sections, we apply our general results to non-monotone
stochastic generalized porous medium equations and stochastic 3D Navier—Stokes equations with
multiplicative noise. In Appendices A—C, for the reader’s convenience and completeness, we
include some proofs of theorems and lemmas used in the main text.

2. Abstract Markov selections

Let (X, px) be a Polish space. For fixed t > 0, let £2' := C([t, 00); X) be the space of all
continuous functions from [#, o) to X with the metric
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00
Pl y) = Y L ( up_ px(x(s), Y() A 1) :
Then (£2', p') is a Polish space. For s > 1, define the o-algebra F! on 2’ by
Fli=ol{x(r):t <r <s},
and write
F' = Vg FL.
Thus, we have a measurable space with filtration
(2 F (F)sz0)-
If t = 0, we simply write
(02, F, (F5)s=0)-
We remark {2’ can be regarded as a closed subset of {2 by setting
x(r)=x@), rel0,z], xe.
In this way, forany s >t > 0, 2" € F; and
Fl=0"NnF, C F.
The shift operator @, : 2 — ' defined by
D, (x)(s) =x(s —1), s=>t, 2.1)

establishes a measurable isomorphism between ({2, F, (Fs)s>0) and (27, F', (Fl)s>t).

For a Polish space V let 5(V) denote its Borel o-algebra, and 7 (V) the set of all probability
measures on (V, B(V)). It is a classical fact that 7/ = B(2"), and L (V) is still a Polish
space with respect to the weak topology. The corresponding metric is denoted by dy. For each
P € ("), we may extend P to {2 by putting P(A) = P(2' N A) for A € F. In this
way, Z2(2") can be thought of as a subset of Z2({2). The shift operator &, also establishes
an isomorphism between Z2(£2) and ("), ie.,if P € P2({2), then P o &' € 2(2"); if
P e P2, then Po & € P(N).

The following lemma is easy.

Lemma 2.1. Fort > 0, let P € P2(2") C P(12). Then for any non-negative F-measurable
random variable &

EF | F) =EP ¢EIFD), s>t

Proof. Since F! C Fy, we only need to prove that for any A € F;
EP(15-&) =E (14 -EP (61 7).
However this is true because P is concentrated on 2. O

Given P € Z(f2) and ¢t > 0, we shall denote by P(-|F;)(x) a regular conditional probability
distribution (abbreviated as r.c.p.d.) of P with respect to F;. In particular, P(-|F;)(x) is a
probability measure on (2, F) and for any bounded F-measurable function f on {2
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EP(f|F) = /Q FOPy|F), P-as., 2.2
and there exists a P-null set N € F; such that for any x & N (cf. [17, Theorem 1.1.8])

P {y:y(s)=x(s),s € [0, t]}|F) (x) = L. (2.3)
In particular, by (2.3) we can also consider P (-|F;)(x) as a measure on (2', F'), i.e.,

P(-|F)(x) € 2(02). 2.4)

Below we shall do this without further comments.
Let us recall the following result (cf. [17, Theorem 6.1.2]).

Theorem 2.2. Fixt > 0. Let x — Q be a mapping from {2 to & (£2") such that for any A € F',
x = Qy(A) is F;-measurable, and for any x € {2

Ox(ye 2 :y@t) =x@1) = 1.
Then for any P € P ({2), there exists a unique P ®, Q € 22 ({2) such that

(P®; Q)(A) = P(A), VYAeF, (2.5)
and for P ®; Q-almost all x € 2
Ox = (P ®: Q)(:|F1)(x). (2.6)

Let B be another Polish space, which is continuously and densely injected into X. By
Kuratowski’s theorem, B is a Borel subset of (X, px) and B(B) = B N B(X).

Definition 2.3. We say P € Py (2) C L ({2) is concentrated on the paths with values in B, if
there exists an A € F with P(A) = 1 suchthat A C {x € 2: x(¢t) € B, Vt > 0}.

Remark 2.4. As a subset of (Z(2),dp), (Pp(£2),d) is a separable metric space, but, may
be not complete. It is clear that B(Zg({2)) = P (2) N B(L(12)).

Following [8, Definitions 2.4, 2.5], we introduce the following notions.

Definition 2.5. A family (Pp),cp of probability measures in Z2g({2), is called an almost sure
Markov family (resp. Markov family) if for any A € F, b — P,(A) is B(B)/B([0, 1])-
measurable, and for each b € B there exists a Lebesgue null set Tp, C (0, oo) (resp. Tp, = ¥)
such that for all ¢ ¢ T p, and Pp-almost all x € {2

Py(-1F)(x) = Py o ;1.

In other words, for any bounded F'-measurable function f on £2’

/Qt FO)Pydy|F)(x) = EPO(f o &,), Ppas.x € 2.

_ By Comp(£p({2)) denote the space of all compact subsets of &g({2). Define a metric
dc (K1, K3) between two points K, K, € Comp(ZPp(£2)) by

dc(Ky, Ky) == inf{e > 0: K| C K5, K> C K£},
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where for any set K € Comp(Zp(§2)), K€ = {y : dp(x,y) < €, Ix € K}. We remark that for
any x, y € Zg(12)

de(fx), (y) = do(x, ).
It is easy to see that (Comp(Zp({2)), do)isa separable metric space, which will be endowed

with the Borel sigma algebra.

Definition 2.6. Let B > b — %(b) € Comp(Hp(f2)) be a measurable mapping. We say
(€ (b))pep forms an almost sure pre-Markov family (resp. pre-Markov family) if for each
b € Band P € € (b), there exists a Lebesgue null set Tp C (0, 0o) (resp. Tp = @) such that for
alo <t &€ Tp,

1 (Disintegration) there is a P-null set N € F; such that for x ¢ N,
x(t) €B, P(D()|F)(x) € Cx(1));

2 (Reconstruction) for each mapping 2 > x — Q, € Pp({2") satisfying the assumptions in
Theorem 2.2 such that there is a P-null set N € F; such that forall x ¢ N

x@®)eB, Qro® €L (x());
then P ®; Q € € (b).

We are now in a position to state the following abstract Markov selection theorem (cf. [8,
Theorems 2.8, 2.12]).

Theorem 2.7. Let (€ (b))pep be an almost sure pre-Markov family (resp. pre-Markov family).
Suppose that for each b € B, € (b) is non-empty and convex. Then there exists a measurable
selection B > b +— P, € P(12) such that P, € € (b) for each b € B, and (Pp)pep is an almost
sure Markov family (resp. Markov family). We call (Pp)pcp an almost sure Markov selection
(resp. Markov selection) of (€ (b))pcB.

Although the proof of this theorem is almost the same as that given in [8, Theorem 2.8]
(see also [17, Theorem 12.2.3]), for the reader’s convenience, the proof will be provided in
Appendix A.

3. Markov property for stochastic evolution equations

Let H be a separable Hilbert space, with inner product (-, -)y and norm || - ||. Let X, Y be
two separable and reflexive Banach spaces with norms || - || and || - ||y, such that

YCcHCX

continuously and densely. By Kuratowski’s theorem we have that Y € B(H), H € B(X) and
BY) =BM)NY, BAH) = B(Y) NH. If we identify the dual of H with itself, then we get

X*CcH" ~HcCX

In applications, X* is usually embedded in Y. The dual pair between X and X* is denoted by
x(x, Y)x+, xeX, yeX*:

We remark that if x € H, then

XX, yixs = (X, Y)H.
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Let & be a fixed countable dense subset of X* which will be chosen in each case.

Let (W (#)):>0 be a cylindrical Brownian motion in another separable Hilbert space U with
identity covariance. Let L, (U; H) be the space of all Hilbert—Schmidt operators from U to H
with inner product (-, -) 7, v m) and norm || - || 2, v, H)-

Consider the following stochastic evolution equation:

dx () = A(x()dt + B(x(@))dW,, t >0, x(0) = xo € H, 3.1)

where A : Y - Xand B : Y — L,(U; H) are B(Y)/B(X) and B(Y)/B(L,(U; H))-measurable
respectively.

Let f : Y — R be a B(Y)/B(R)-measurable real function. Setting R := R U {co}, we may
extend f to a B(X)/B(R)-measurable function on X by setting

fx) =00, xeX\Y. (3.2)

In the following, we shall always use this extension if it is necessary, and keep the same notations
as in Section 2 such as {2, F and F;. We now introduce the following notion of martingale
solution to Eq. (3.1).

Definition 3.1. Let xo € H. A probability measure P € Z({2) is called a martingale solution of
Eq. (3.1) with initial value xg if:

M1) P(x(0) = x9) =1 and foranyn € N

P {x ef: / |A(x(s))|Ixds +/
0 0

(M2) for every £ € &, the process

n

IBGIZ, iy ds < ~|—oo} 1

t
M(z, x) = x(x(1), £)x> —/0 x(A(x(s)), £)x+ds

is a continuous square integrable JF;-martingale with respect to P, whose quadratic
variation process is given by

t
(M) (1. x) = /0 1B* (x () (O [13ds.

where the asterisk denotes the adjoint operator of B(x(s));

(M3) for any p € N, there exist a continuous positive real function ¢ + C; , (only depending
on p and A, B), a lower semi-continuous functional N, » Y — [0, 00], and a Lebesgue
null set Tp C (0, o0) such that forall0 < s &€ Tp and all t > s

rels,t]

t
E” ( sup [lx(r) I3 + / N,y (x(r))dr fs) <Crogp - Ix®IE +D. (33)

Remark 3.2. If a martingale solution P € Z2({2) is concentrated on the paths that are right
continuous in H, then the exceptional set T p in (M3) is empty. In fact, letting t > s > 0, we
choose s, & Tp with s, | s. Then

t
E”( sup [lx(P)llz + / Ny (x(r)dr

r€lsp,t]

f) < Crmgpp - (I +1).
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Taking conditional expectations with respect to F; gives

ré€lsy,t]

t
EP( sup lx(r)lIEf + / Nop (x(r)dr ]-'S> < Crmgpp (B (Il 17) + 1)

Letting n — o0 and using the dominated convergence theorem and the right continuity of
s — x(s), we obtain

t
E” ( sup [x(r)lIzF + / Ny (x(r)dr

rels,t]

fs) < Ciogp (KO +1).

We make the following assumptions:

(H1) For each x¢ € Hi, there exists a martingale solution P € Z2({2) starting from x¢ to Eq. (3.1)
in the sense of Definition 3.1. The set of all such martingale solutions is denoted by & (xo).

(H2) Let x, — xpasn — ooinHand P, € € (x,). Then for some subsequence ny, P,, weakly
converges to some P € % (xg).

Lemma 3.3. Under (H1) and (H2), the family (6'(x0))x,cH Satisfies the disintegration property
in Definition 2.6.

Proof. Fix xo € H and P € % (xp). Let Tp be the exceptional set in (M2). We also fix
0<r¢gTp.Let Q) := P(-|F)(x) be an r.c.p.d. of P with respect to F.. We want to show that
there is a P-null set N € F, such that for all x ¢ N

Q' o & € € (x(r)).
That is, we need to check Q' o &, satisfies (M1)—(M3).
(M1). Setting

O = {x en: /O 1A Gx(5))llscds +/0 IBG )2, g, ds < +oo}
and ' = NyeN 24, by (2.2) and (2.4) we have
1=PW2) = / Q;(Q’ NRHPx) = / Q;(@rﬁ/)P(dx),
9] N

which together with (2.3) implies that for some P-null set N1 € F, and all x & N,
Q; o QY(Q/) = 15
and

Q%0 & (y: y(0) =x(r) = QL (y : y(r) = x(r)) = L.

(M2). Since & is countable, by (IIT) of Lemma B.3 there exists a P-null set N» € F, such
that for all x & N», Q' o &, satisfies (M2).
(M3). We choose & and n in Lemma B.2 as follows:

t
E(t,5) = sup ||x(s/)||%f+/ N,y (x(s))ds’

s'€ls,t]

and

n(t, s) = the right-hand side of (3.3).
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It is clear that for each 0 < s < t, n(t, s) is Fy-measurable, and ¢ — n(¢, s) is continuous,
t — &(¢, s) is increasing, and (iii) in Lemma B.2 holds. The integrability conditions on & and 7
in Lemma B.2 follow from (M3), i.e.,

EP (¢(1,0) < Crp - (Ixollif + 1), Ve >0.

Thus, by (III) of Lemma B.2 there exists a P-null set N3 € F; such that for all x & N3, Q% o &,
satisfies (M3).
Finally, letting N := N1 U N, U N3, we obtain the desired result. [

Lemma 3.4. Under (H1) and (H2), the family (€ (x0)) x,eH satisfies the reconstruction property
in Definition 2.6.

Proof. Fix xp € H and P € %(xg). Let Tp be the exceptional set in (M2). We also fix
0<r ¢gTp.Letf2>x > Qp € Zg({2) satisfying the assumptions in Theorem 2.2.
Suppose also that for some P-null set N € 7. and all x ¢ N

x(r)eH, Qio0® €F(x®)).
Our aim is to show
P ®, Q € € (xp).
(M1). Since P agrees with P ®, Q on F;,
(P& Q)(y:y(0) =x0) = 1.
Let {2’ be as in Lemma 3.3. By (2.6) we have

(P® O)(2) = /Q 0. (2,2 P(dx) = /N Oy 0 ()P (dx) = 1.
(M2) and (M3) for P ®, Q are direct consequences of Lemmas B.2 and B.3 and the fact that
P agrees with P ®, Q on F;. O
We can now give our main result in this section.
Theorem 3.5. Under (H1) and (H2), (€ (x0))x,cH defined above admits a measurable almost

sure Markov selection. In this sense, there exists an almost sure Markov family (Px,)x,cH for
Egq. (3.1).

Proof. By (H1) and Definition 3.1, it is clear that % (x¢) is non-empty and convex for each
xo € H. Note that

LiyRyHYN R e F,
and by M3)

P(Ly (R HYN ) = 1.

Since t > x(t) is weakly continuous in H for any x € Llo(fc (R4; H) N £2, P is concentrated on
the paths with values in H, i.e, P € Py (F).

In (H2), taking x,, = xqo gives that € (x9) € Comp(Zy(F)). By (H2) again, Remark 2.4
and [17, Lemma 12.1.8], xg — % (xp) is a Borel measurable map of H into Comp(Zy (F)).
Thus, by Lemmas 3.3 and 3.4, Theorem 2.7 implies the assertion.  [J
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4. Martingale solutions for stochastic evolution equations

In this section, we shall give conditions on A and B such that (H1) and (H2) hold. For this
purpose, we first introduce the following function class 2%, ¢ > 1: A lower semi-continuous
function N : Y — [0, oo] belongs to 27 if A/ (x) = 0 implies x = 0, and

Ny) <cdN(@), VYe>=0,yeY, “.1)
and

{y € Y: N(y) < 1} is relatively compact in Y. 4.2)

Remark 4.1. We extend NV to a B(X)/B([0, co])-measurable function on X as done in (3.2) so
that fot N (x(s))ds is well defined for all x € C ([0, 00), X).

In this section we assume
X is a Hilbert space and X* C Y compactly. 4.3)
The assumptions on A and B are given as follows:
(C1) (Demi-Continuity) For any x € X*, if y, strongly converges to y in Y, then
lim x(A(yn), X)x+ = x(A(y), X)x*,
n—oo
and
lim || B*(yn)(x) — B*(»)(¥)[ly = 0.
n—>oo
(C2) (Coercivity Condition) There exist A1 > 0 and N] € 9 for some ¢ > 2 such that for all
x € X*
X(AQ), x)xe < N1 (x) + A1 (1 + [lx[IFp-
(C3) (Growth Condition) There exist A, A3, A4 > 0 and ¥’ > y > 1 such that for all x € Y
IAG)IIE < AN @) + A3 (1 + [lx]l).
1B, e < A1+ lIxlF),
where N is as in (C2).
Remark 4.2. We note that because no monotonicity conditions are imposed, (C1)—(C3) above
are considerably weaker than the usual conditions to get strong solutions to Eq. (3.1) (cf. [14]).

We recall that demi-continuity is implied by hemi-continuity for weakly monotone maps (cf. [14,
Remark 4.1]).

Below we set

S:=C([0,00),X)NLL (R;;Y)

loc

and for p > 1
Np() = Ikl ™" M), xeY.

It is clear that x — N, p(x) is still a lower semi-continuous function on Y.
The following two lemmas are well known (cf. [7,12]). For the reader’s convenience, the
proofs are provided in Appendix C.
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Lemma 4.3. Let (P,),cN be a family of probability measures on {2 = C([0, 00), X). Assume
that X* is compactly embedded into H, and for some 8 > 0 and any T > 0

neN 1€[0,T] s£1€[0,T] |t — s|P

_ T
sup EP» < sup x()fg+ sup DTG / Nl(x(s))ds> <oo. (44
0

Then (Py),eN is tight in S.
Lemma 4.4. Under (4.3), there exists an orthonormal basis & = {€;,i € N} C X* of H such
that for some k > 0

[Txllx < klixlx, VneN, xeX, (4.5)
where II,, is the projection operator defined by

n
I,x = Zx(x,ﬂibg*@i, x € X.

i=1

Below we shall fix this orthonormal basis & = {¢;,i € N} of H. Let us first verify assumption
(H2).

Theorem 4.5. Under (C1)—(C3), assume x, — xo in Hasn — oo and let P, € € (x,). Then
there exists a subsequence ny, and P € € (xo) such that P,, weakly converges to P.

Proof. We divide the proof into four steps.
(Step 1): In this step we prove that (P,),cN is tight in S. Recall that each P, satisfies
(M1)—-(M3). Define for each n € N

o0
Ma(t, ) =) My, (1, x)€; — x,
j=1

where ng (t, x) is given in (M2). The process (¢, x) — M, (¢, x) is then a continuous H-valued
F-martingale with respect to P, with initial value (due to (M1) and (M2))

M,0,x) =0, Py,-as.,

and whose covariation operator process in H is given by

t

(M) (2, x) = /o B(x(s))B*(x(s))ds. (4.6)
In fact, set M,(lk)(t,x) = Z];-:l My, (t,x)¢j — Ilkx,. By (M2), the process (7,x) >
M,gk) (z, x) is a continuous H-valued F;-martingale with respect to P,. Note that by (C3) and
(M3)
T T
/O E™ B ()2, 1) ds < M/o EFr (||x(s)||]12ﬂ n 1) ds < 4o00.
By Burkholder’s inequality and (M2), we have for any [ > k

l T
EP» < sup ||M’(1k)(t,x) — M’(ll)(t, x)||%1> <C Z/ EF ||B*(x(s))(€j)||[[zjds,
1€[0,7] j=k 70
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which tends to zero as [, k go to infinity. Therefore, M, (¢, x) is a continuous H-valued F;-
martingale, and by polarization

(M) (e, x) = > (MO M) 00 @ ¢
i,J

t
=y /0 (B*(x())(€). B*(x()(¢)))udst; ® €,
iJ

which gives (4.6).
Thus, the following equality holds in X

t
x(t) = x, +/ A(x(s))ds + M, (t,x), Py-as. 4.7
0

By Holder’s inequality, (C3) and (M3), (M1) for P, we have

Y T
Ef { sup (‘ /It —slylﬂ < EP [/ IIA(x(r))Ilggdr]
s£t€[0,T] X 0

T ’
<EP [/0 (szl(x(r» +a3(1+ le(r)IIEH)) d’}

t
/ A(x(r))dr

N

< Cry E™xOlf + 1) = Crp(lxallfy + 1, (4.8)
where Cr ,, is independent of .
Moreover, by (C3) and (M3), (M1) for P, again, forany T >t > s > 0 and p € N we have
t p
2
EP | My (1, x) = My (5. )l < CpE ( / ||B(x(r)>||iz(U;H>dr)
N

t
— 2
< Cplt —sI? 1/ EP B .1, 0

N

t
< Clt —s|f’—1/ EP (e ()12 + dr

s

2
< Cprlt = sP(xallyy + 1.

By Kolmogorov’s criterion, for any o € (0, pz—;]) we get

2p
1M (2, ) — My (s, )|
EP [ sup PR ) < Cpr (i + ). 4.9)
s2£1€[0,T] [t —s|P

Combining (4.7)—(4.9) gives for g = 1 — %

sup Ef» ( sup M) < 00. (4.10)

neN s#€[0,T] |t —s|P

Thus, by (M3) for P, and Lemma 4.3, (P,),cN is tight in S.

Without loss of generality, we assume that P,, weakly converges to some probability measure
P in S. We need to show P € %(xp), i.e, P satisfies (M1)—(M3).

(Step 2): In this step we verify (M1) for P.
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By Skorohod’s representation theorem, there exist a probability space (2, F, P) and S-valued

random variables X, and X such that:

(i) X, has the law P, for eachn € N;
(i) X, — X in S, P-a.e., and X has the law P.

First of all, noting that x, — xo in H, by (M1) for P, we have
P(x(0) = x9) = P(X(0) = x¢) = lim P(%,(0) = x,) = lim P,(x(0) = x,) = 1.
n—0o0 n—0o0
For p e Nand 0 < s < ¢, set

t
Ep(t, 5, %) = sup [lx(M) + / e () I3~ VN (e () (4.11)

rels,t]

Since N is lower semi-continuous on Y, it is easy to see that x +— &,(t, s, x) is also lower
semi-continuous on S. By Fatou’s lemma, from (M3) and (M1) for P, we have

EP (£,(t,0,x)) = EP [£,(,0,H] < lim E (£,(,0, %))

= h_m EPn (ép(tvo’x))

n—o0
< C lim B (Ix@1 +1)
n—oo
< C lim (xylI37 + 1) < +o0. (4.12)
n—o0

Thus, (M1) follows from (C3).

(Step 3): In this step we verify (M2) for P.

Fixing ¢ € &, we want to show M, (z, x) in (M2) is a continuous JF;-martingale with respect
to P, whose square variation process is given by

e, = | B ) OlRds. 4.13)
Setfor R > 0
Gy (6, x) = x(x(0), Ox» - xr(x(x(2), £)x)
6w = [ R AGE), O - xrGUAGS)), Dx)ds,
where xz € CS°(R) is a cutoff function with

(1. IrI<R
Xr(r) = {0, Ir| > 2R. (4.14)

Then for any # > 0, x — G%) (t,x),i = 1, 2 are bounded continuous functions on S. In fact, let
X, — x in S, then for every t > 0, x,,(t) — x(¢) in X and

t
/ 1%n(5) — x(5)[|%,ds — 0. (4.15)
0

Clearly,

lim Gt x0) =GR (1, x).
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Since y — x (A1), €)x* - Xr(x{A(y), £)x+) is a bounded continuous function on Y by (C1), by
(4.15) we have

: (2) 2
nILngO Gr (t,xp) =GR (t, x).
Thus, by the dominated convergence theorem
nlin;OEﬁ|G§§)(t,xn) -G6Vu,Hl=0, i=1,2 (4.16)
On the other hand, setting
GV (1, x) = x(x(0), O)x,
t
G, x) = / X(A(x (), O)x+ds,
0
by (4.8) we then have

lim supE” |G (1, %) — GO1, 5|

R—oco 5

~ t
< lim supE” (/ Ix(A(X(5)), £)x+] - 1{|X(A(i,,(s)),€)x*|>R}ds>
0

R—o0 p

t 1/y
<l Jim sup [( [ 1A o)
n

t (r=D/y
x (/0 P (I (A(Xn(5)), £)xc+| = R)dS> }

r .
< Iielixe Jim sup ( /0 IEPHA(azn(s))ngds) / R~
- n

t
= ||€|lx+ lim sup </ EP”||A(x(s))||%’§ds) /RV—1 =0, 4.17)
R—o0 p 0
and by (M3)
lim supE” )Gg)(t,x,,) —G(l)(t,)?,,)) —0. (4.18)
R—oc0 5

Combining (4.12) and (4.16)—(4.18), we obtain
lim EP ‘G(i)(t,in) - G(i)(t,i)‘ =0, i=12,
n—oo

which due to the definition of M, in (M2) implies
lim Eﬁ|Mg(t, Xp) — My(t,x)| = 0. (4.19)
n—>oo

Let r > s and g be any bounded and real-valued F;-measurable continuous function on S.
Using (4.19) we have

EP ((Me(t, %) = Me(5, x)g(x)) = EP (Me(t, ) = Mo(s, $)g ()
= lim E”((Me(t, %) — Me(s. T))g (%))

lim EPr((My(t, x) — Mo(s, x))g(x)) =0,
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where the last step is due to (M2) for P,. The arbitrariness of g yields
E" (M (1, x)|F) = Mq(s, x). (4.20)

On the other hand, by BDG’s inequality and (C3), (M3) for P, we have
~ - t P
sup B | My (t, %) |*? < CsupEP ( /O ||B*(fn(s>><z>||%ds)
n n
t ~
< Csup/ E? (llB*(in(s))(Z)H%p) ds < +00.
n 0

Since p > 1, by (4.19) we obtain

lim EP|Me(t, %) — M (t, H)]* =0,

n—0oo
and by (C1)

lim EP —0.
n—oo

t
/0 1B* (% ($))(€) — B*((5)) (€)1 gydr

Thus, using the same method used for proving (4.20), we obtain

t
B (Mg(t,x) - /0 1B () O dr

fs> = M (s, x) —./0 1B*(x()(0) I dr,

which means that (4.13) holds.
(Step 4): In this step we verify (M3) for P.

Fix a p € N. Since x,, converges to X in S, P-as.,and Y C H, we also have this convergence
in L2 (0, co; H). By (M3) for P,, for any 7 > 0 we have

loc

T -
lim [ EP|IF.(s) — Z(s)[I7ds = 0.

n—oo 0

So, by choosing a subsequence if necessary, there exists a Lebesgue null set Tog C (0, co) such
that for all s & Ty

lim EP %, (s) — #()|2 = 0. 4.21)
n—>0oo

Let Tp, be the exceptional set in (M3) for P,. Set Tp := U2 Tp, U To. For any s ¢ Tp and
t > s, we need to prove

EP (£5(t, 5, 1) < Creg p - (Ix®) I + 1),  P-as.,

where &, is defined by (4.11), which is equivalent to proving that for any J,-measurable and
bounded continuous function g on 2 = C([0, 00), X)

E” (51,5, 0)) 0] < Cig,p - B [ (@I + Dg) ]
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By the lower semi-continuity of x = &, (¢, s, x) we have

EP [(&(t,5,0) e)] = B [(§,t,5, ) g(®)]
lim E”[(&,(t. 5, %)) §(in)]

= lim E™ [(&,(t, 5, %)) g(x)]

N

(by (M3) for P,) < Cryp+ lim EP [l + Dgo)]

n—oo

= Cimgp- lim EP [ (%I + De ()

n—oo

(by 421) = Cioy,p - E” [ IR + De(® |
= Cimep B [ @I + Dg)],
which means that (M3) holds for P. [

In the following result, we prove the existence of martingale solutions to Eq. (3.1) under

(CDH—(C3).

Theorem 4.6. Assume (C1)—(C3). For each xo € H, there exists a martingale solution P €
P () starting from xg to Eq. (3.1) in the sense of Definition 3.1.

Proof. We shall use Galerkin’s approximation to prove this theorem, and divide the proof into
three steps.
(Step 1): Let {¢;, i € N} be the orthonormal basis of H in Lemma 4.4. Let

H, :=span{fy, ..., ¢,} CX*cYCHCX.

Define the operators A, : H,, — H,, and B, : H,, — L, (U, H,,) as follows:
Ay (x) = I, A(x), B, (x) := II, B(x).

Then we have by (C2)

(An (), X)E, < =M@ + M0+ [IxllE ). x € Hy, (4.22)
and by (C3)

1B GO,y < A1+ lIxliFy,).  x € H. (4.23)

Consider the following finite-dimensional SDE in H,

dx, (1) = Ay (xn(1))dt + By (xn (1))dW (1), xn(0) = I xo. (4.24)
Set

2™ = C([0, 00), H,)
and

F = B(C([0, 1], Hy,)), FM = v,50 F™.

By Theorem C.3 in Appendix C, there exists a probability measure P, € & (2™ such that
(M1) and (M2) hold. The generic point in 2 is denoted by x,,.
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(Step 2): We now prove that (M3) holds for each P, with Tp, = #. Fixing p € N and
t > s > 0, we need to prove

™ (&0t 5, x) 1) < Coogp - (i @IE + 1), Paras., (4.25)

where &, is defined by (4.11), and r — C; , is some positive continuous real function

independent of n.
First of all, by (M2) the following equality holds in H,

t

xn (1) = Ilpxo +/ Ap (xn (r))dr + My (1, xp), (4.26)
0

where M, (¢, x,) is a continuous H,-valued ]—',(")-maningale with respect to P,, whose
covariation operator process in H" is given by

t
(M) (2, xn) 2=/0 By, (x(5)) By, (xn (s))ds.

Using It6’s formula twice we have

t
a1, = I Taxol +2 /0 (An(xa($)). xn ()3, ds

t t
+ /0 1B Con DI s, s + /0 (5 (5), M ()i,
and
t
X O = lxa()IZF +2p / 1% P2 ™D (A (e (7)), 20 (r)) 1, A

t
2(p—1
+p f 1 (3" 1 B Con (D12 3, A
)

t
+2p(p—1) / e (DI~ B* (e (7)) (e (P 1 dr

+MP (@t x0) — M (5, x0),

where M,(,p ) (t, x,) is a continuous real-valued Tt(")—martingale with respect to P,, whose

quadratic variation process is given by
) 2 [ 4(p—1) >
(M) (t, x,) = 4p / 1262 (M) 1”11 By (2 (1)) (e () [ 5l
0
By (4.22) and (4.23) we have

t
eI < Ixa() 137 +2p / 1 DI (N e () 4 2 (1 + [l () [3)dr

t
+pQ2p — iy - / e 1272 (1 [0 (1) 13D ds

+ Mt x0) — M (5, )
t t
< M@ —2p f Ny (xa(r)dr 4+ C, / (M7 + Dds
N N

+ M (2, x0) — M (s, %), 4.27)
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Put

g(t) == E ( sup [|xa (P12} |f<”>>

rels,t]

By Corollary B.4 and Young’s inequality we have

EPn ( sup |MP(r, x,) — M (s, xn>||7-i§">>

rels,t]

12
< C,EM [(/ lxn (1557~ 1)||B;1k(xn(r))(xn(i’))||%dr> ]_—S(n)]

¢ 1/2
< C,EM [ sup ||, (r) 15 < / (% (I + 1>dr) fs‘”)}

rels,t]

1 Pp (n)
< Zg(1) + Cp,E™ (||xn(r)||H Dydr|F;

1
<zg@®)+Cp (g(r)4—1)dr

[\

\S]

Thus, taking first supremums and then conditional expectations with respect to }'S(") for both
sides of (4.27), we obtain
]:(M)
S

<O + 5 g(t)+C /(g(r)+l)dr (4.28)

t
g(t) + 2pEfn ( f N (xn (r))dr

and furthermore
t
2
¢ < 201 +2¢, [ 60+ Dar
S
By Gronwall’s inequality, we obtain

g(1) < g(1) + 1 < 92| (s) 177 + 1),

which gives the desired estimate (4.25) due to (4.28).

(Step 3): We remaArk that 2, = C([0, c0), H,) is a closed subset of 2. We extend P, to a
probability measure P, on ({2, F) by setting

P,(A) =P, (AN,), AcF.

In particular, by (4.25) we also have

EP (8,1, 5,01 F,) < Cros.p - (X +1).
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We now show that (ﬁn)neN is tight in S. As in the proof of Step 1 in Theorem 4.5, we only
need to prove that for some 8 > Oand any 7 > 0

wp EP ( wp X0 = x(S)IIX)

neN s£1€[0,T] |t —s]p
t J—
— supBP [ sup ) TGk x”ﬁ(s)”X < . (4.29)
neN s55£1€[0,T] [t —s|

By (C3), (4.5) and (4.25) we have

v
EP [ sup (‘ /|I—S|y_1)
s#te[0,T] X

T T
<EP [ /O ||An(xn(r>)||§dr] < KVEM [ fo IIA(xN))Il?gdr}

t
/ AnCon(F))dr

s

T ’
< C,EM [ /0 [N Ga ) + ()1 + D] dr} < Cry,

and similar to (4.9), foranypeNandae(o,f;—;l
2p
M, (t, x,) — M, (s, x
wpEP [ sup MMt = MaGo Ol @30,
neN r#t€[0,T] [t — r|P®

Observing (4.26) we obtain (4.29). )
Without loss of generality, we may assume that P, weakly converges to some probability
measure P in S. As in the proof of Theorem 4.5 we then show P satisfies (M1)-(M3). O

Thus we obtain the following main result in this section.

Theorem 4.7. Under (C1)—(C3), there exists an almost sure Markov family (Px,)x,cH t0
Eq. (3.1).

5. Stochastic generalized porous medium equations

Let O be a bounded open subset of RY with smooth boundary. For k > 0 and p > 1, let
Wg "P(O) be the usual Sobolev space on O with Dirichlet boundary conditions. The norm in

Wg’p((’)) is denoted by || - ||, - The dual space of Wg’p(O) is given by W7 (), where
p = %. The following Sobolev embeddings hold (cf. [1]):

WyP(O) c C"(©), 0<m<k—d/p. (5.1)
By Poincare’s inequality, one has for x € W(}’z((’))
/ I (@)2du < po / IV.x () Pdt (5.2)
O O

An equivalent norm in Wol’z((’)) is thus given by

12
IIXI|1,2=</O |Vx<u>|2du) . (53)
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‘We shall use this norm below, as well as the notations

3 52 32

0 = e o ,
! aui Y 81/[,'81/!]'

and the usual Einstein summation convention.

Let {Wk(t);t > 0,k € N} be a sequence of independent standard Brownian motions, and 2
the Hilbert space of all square summable real number sequences. Consider the following quasi-
linear SPDE with Dirichlet boundary condition:

dx (1) = [afja"/(u, x(1)) + &b’ (u, x (1) + c(u, x(t))] dr + o; (u, x(1))dW' (1),
x(t,u) =0, (t,u) e Ry x90, 5.4
x(0) = x0 € L*(0),

where a, b, ¢ and o are continuous functions from O x R to R24 ]Rd, R and /2 respectively with
respect to the second variable, and satisfy for some fixed g > 2 and allu € O,r € R:

' (u, )& > —Kao - [r|*EP, & €RY, (5.5)
la” (. r)ligea < ka1 - (719714 1), (5.6)
195 (u, P)llga + 116", )llga < kap - P97+, - 1712, (5.7)
leu, 1) < kep - 1F197 ke - (Ir] + 1), (5.8)
lo @, M)l < ko - (r| + 1), (5.9)

where all k¥ with subscripts are strictly positive constants, and
2 2
Ka,b q-pPO Ke,1 -4~ PO Ka,0
— |1 2 < .
2 ( + 4 ) + 4 2
In the following we take

Y := L9(0), H := L*(0)

(5.10)

and
X =Wt 0), X=wi220).

Then (4.3) holds.
Define the functional N; on Y as follows:

ko 41 2 . 41 1,2
— Vv 2 du if |y|2 Wy’

Ny o 19015 yanPan it 111y € w320,
+00, otherwise.

Then

Lemma 5.1. N is lower semi-continuous on Y, and the set {y € Y : N1(y) < 1} is relatively
compact in' Y. In particular, N7 € 4.

Proof. Let y, converge to y in Y = L9(0O). For the lower semi-continuity of A}, we need to
prove

Nl(y) < h_m Nl(yn)-

n—0o0
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Without loss of generality, we assume sup,, .y N1 (yn) < +00. Noticing that as n — 00
4_1 4_1 2
o |yn @127 yu(u) — [y@)[27 y(u)| du

2

1
/0Iy(u)+S(yn(u)—y(u))|%*1ds du

2
= "7/0 1y @) — Y ()2

<c, /O (1560 = 3 @ Py a1 + 1ya(@) = @) du = 0,
we get
ly|@=2/2y ¢ WOI’Z(O) and  Ni(y) < +oo,

as well as by (5.3)

q 2
/o‘v('w)lf—ly(u)) du = sup

xeX*, |lx]l2<1

/O ly@) |3 y(u) - Ax(u)du

= sup lim ‘ f |yn )27y ) - Ax () du
(@]

xXe Sx <
X5, flxlly o<1

N

lim sup
n—00 xeX*,|lx[|12<1

q 2
I R CATIE T
(@)

n—oo

/0 |9 )12y 1) - Ax (u)du

/A

which gives the lower semi-continuity of V.
Let {y,,n € N} be a sequence in Y such that N1(y,) < 1. Since Wol’z((?) is compactly
embedded into L2(©) (cf. [1]), there exists a subsequence ny such that

. 4_1 4_1
k}gnoo Y127 Y = 1127 Yyl 220y = 0.
Noting the following elementary inequality: for some C,; > 0
g q_ q_
=12 <Collr |27 r =1 2L nr e R,

we obtain

lim ||)’nk — Yy ”Y = lim ||}’nk — Yy ”Lq(O) =0. O
k,l—o00 k,l—o00

Define for x € Y = L9(0)
A(x) = 0%a" (. x() + 8B (. x()) + c(, x()) € X
and

B(x) == 0 (-, x(")) € La(I*; H).

Lemma 5.2. Assume that (5.5)—(5.10) hold. Then (C1)—(C3) hold for A and B defined above.
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Proof. We divide the proof into three steps.
(Step 1): Letx € X* = Wg+2’2((9) and y, converge to y in Y = L4(0O). Note that by (5.1)

X(AGn) — A(Y), X)x+ = /O (@ (u, y ) — a’ (u, y(u))) - 97 x (w)du,

— /O (b (uy yn () — b (u, y())) - d;x (u)du,

+ /O(C(u,yn(u)) —c(u, y))) - x(u)du

N

Clillao [ ot 3,0 = au, ) idn,
+Clxlenoy [ b0 3n) = bl ylda,
+Clielleo | et 3aw) = e, yw)ldu
= 1"+ 1"+ 1.

For Il("), by (5.6) we have foralln € N

9 9

me(u,yn(u»—a(u,y<u>)|wdx < C/O<|yn(u>|q*‘ +ly@)77" + D7 Tdx

< cf (GO + [yl + Ddu < C,
(@)

which implies that {|a(-, y,(-)) — a(-, ¥(-))|,n € N} is uniformly integrable, and so by the
continuity of a in r

Il(") — 0.
Similarly, by (5.7) and (5.8)
(n) (n)
LY+ 5" -0,

and by (5.9)
| B*(yn)(x) = B*(7) () l2 < /o o (u, yn()) — o (u, y@) |2 - |x(u)|du — 0.

Thus, (C1) holds.
(Step 2): For x € X*, noting

dja" (u, x(u)) = (8a"”)(u, x())d;xw) + (3;a") (u, x(u)),

by (5.5), (5.7) and (5.8) we get
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Az = = [ (@) x@)djr + @0 )] - i
O
— / bi(u, x(u)) - 0ix(u)du +/ c(u, x(u)) - x(u)du
O o
< —Ka 0 / )92 Vx () Pdut + s / @)1+ |V () du
@] o

i /O el - V() ldu + fo (ke @I +e2(x @ + [x @D ) du
By Poincare’s inequality (5.2) we have
[ i < po [ 1900 14" x0) P

_ 4’po
4

By Young’s inequality we have

~2|Vx(u)|*du. (5.11)

Ka,bf - [ Vx()ldu < <42
o

< Lab <1+w)/ @) 970 - V() du.

(1@ 1Vx @ + e @)l ] du
o

2
Hence, by relations (5.10) and (5.11), for some C > 0 we get

Ka,0

X(AM®), X)xr < ——= /|x<u>|‘1—2|Vx(u)|2du+C/(|x<u)|2+1>du
4 Jo 1)

= —Ni(x) + C(IxlIF + 1.

Thus, (C2) holds.
(Step 3): Since 82 and 8 are bounded linear operators from W=42(O)to X = W2-42(0),

by (5.1), we have for Yy = andx €Y
A% < C(Ilaz-a”(-, Ol + 185" ¢, 0% + lleC, 0113
< CUlaC, )N o + 116G 4o+ lleC 007 4 5)
< Clat, Ol o) + 16601 o) +lleC D1 )
< Cl™ 117 o) < CUxN 4o o) + D
< CIxlTq) + D < C- N + 1),

where the last step is due to (5.11).
On the other hand, we have

IBOOIZ, oy = /O lor ut, x () [ du

< c/ (x@) 2+ du
(@]

= C(lxlIgy + Vol(O)).
Thus, (C3) holds and the proof is complete. [
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Combining Lemmas 5.1 and 5.2 and Theorem 4.7, we obtain:

Theorem 5.3. Assume (5.5)—(5.10). For each xo € L*(©), there exists a martingale solution
Py, € P(12) to Eq. (5.4) in the sense of Definition 3.1 such that for any T > 0

T

2% ( sup X0l 0,+ [ Nir)ds ) < oo,
1€[0,T] 0

Moreover, there exists an almost sure Markov selection (Py,) xoeL2(O) for Eq. (5.4).

Below we discuss the existence of Markov selections in two situations. Let us first see the
simple case of g = 2.

Theorem 5.4. Assume that (5.5)—(5.9) hold with g = 2, as well as that
|[0ra(x, r)| < ko, V(x,r)e O xR,

Then for each xq € L2(0), there exists a martingale solution Py, € Z({2) to Eq. (5.4) in the
sense of Definition 3.1 such that t — x(t) € L%(0) is continuous and forany T > 0

T
EP  sup [x(0)}20, + f IVX ()17 5,,ds | < +o0.
(te[O,T] Lo 0 L0)

Moreover, there exists a Markov selection (Py,) xoeL2(O)-

Proof. By Remark 3.2, we only need to prove that for ¢ = 2, every martingale solution is path
continuous in H = L?(©). By Itd’s formula due to Krylov and Rozovskii [11], it is enough to
show that the operator A maps W(} ’2((’)) into W~12(0), because then, the following equality
holds in W~12(©)

t
x(t) = xo + / A(x(s))ds + M(t,x), Py-as.,
0
where M (¢, x) is a continuous L2(©)-valued square integrable martingale as defined in (Step 1)

of Theorem 4.5.
Forany x, y € W(}’2((’)), we have

5 (AG), Vx| = ‘— /O [ @ra7 ), x@);0(w) + @507 e, x(@)) | - 0y ()

— / bi(u, x(u)) - 0;y(u)du +f c(u, x(u)) - y(u)du
O (@]
< C/O<|Vx<u>| T+ (xG)l + 1) - 1V y(@)ldu

+ C/O(Ix(u)l + 1D - [Vy@)|du + C/O(Ix(u)l + 1) - y(u)du
< Cllxlliz+ 1D - liyllh2.

Hence, for each x € W(}’Z(O), A(x) is a bounded linear functional on W(}’Z(O), i.e., A(x) €
Wé’z((’))* = W~12(0). The proof is complete. [
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Next for the case g > 2, we consider the following type of equation
dx(0) = [ A O 2x(0) + e, x (1) | de + 03, ()W 0.

We shall follow the method in [16, Theorem 2.8] to prove that any martingale solution of this
equation is path right continuous. Thus, we obtain a Markov selection by Remark 3.2.

Theorem 5.5. Consider the above equation, and assume that (5.8) and (5.9) hold with g > 2.
For each xy € LZ(O) and each martingale solution Py, € Z(2) to Eq. (5.4) in the sense of
Definition 3.1, P is concentrated on the paths that are right continuous in L*(O). In particular,
there exists a Markov selection (Px,) v e12(0)-

Proof. Below we choose a special triple, namely:
V= L9(0) c W0) = Hy ~ Hj = Wy *(0) C (LI(O)* = V¥,
and consider a family of equivalent norms in Hy

llxle :=/ (1 — €)™ x@)Pdu, € >0,
O

where = is understood via the Riesz map R := [ — e A.
The Hilbert space (Ho, || - [le) will be written as H. It is clear that for any x € H

lxlle < llx[lm  and leifol I — €)™ — xllzg = IIxllg.

Itis well known that ] — €A : Wol’z(O) — (L7(0))* can be extended to a linear isometry from
L7T(O) to (L4(O))* such that for any y € L7 (O) and x € L4 (O) (cf. [14])

vix, I —eA)y)y = /Ox(u)~y(u)du.

Thus, we have

1 1
vi{x, A(X))y+ = e /@ lx () |9 du + gV[x, (19720 () + vlx, e, x())]y
< —1||x||‘zq + 1/ (I — €)™ x@)| - |x ()| du
€ € Jo
+ f (I — €)™ x )| - |e(u, x(u))|du
(@)

< —énxn‘zq + énu — e xflpa - x|
+CIUT — A xllza - 11+ [x @) v
< =l + £||x||m @)1
+ Clixllze - (L4 @) g0
< O+ [x)19y). (5.12)
As in (Step 1) of Theorem 4.5, the following equality holds in V*

t

x(t) = xo + f A(x(s))ds + M(t,x), Py-as., (5.13)
0
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where M (t, x) is a continuous [H-valued square integrable F;-martingale with respect to Py,
whose square variation process is given by

t
)¢ = [ IBEODIE, g .
By It6’s formula and (5.12) we get for any t > r

t
IxOIIZ = llx()1? +2 / vlx(s), A(x(s)ly-ds
t t
2 [ . a0+ [ NBEOIE, o
t
< Ix()I2+C f (1 + x()1)ds
t t
+2/ (x(s),dM(s,x))He—l—/ 1B, 51,05 (5.14)

Note that by BDG’s inequality and the dominated convergence theorem

t t
EP)(O Sup / (x(s),dM(S,X»HE —/ (x(s), dM(S,x))H
1€[0,71J0 0
t
=EPx0 sup /((I—EA)_lx(S)_X(S), dM(S,x))H
t€[0,7]1J0

T 1/2
< 3EPo ( /0 I = €)™ x(s) = x () - ||B(x<s>)||iz(,z;H)ds)
— 0 ase | 0.

Hence, there exist a Py -null set N and some subsequence ¢, such that for all x ¢ N

t t
lim (x(s),dM (s, x))ge = / (x(s),dM (s, x))y, Vt=0.
0

&—0Jo

Taking firstly limits €, | O for both sides of (5.14), and then ¢ | 7, we get for Py,-almost all
x € andanyt >r

@le(t)llﬂ < lx@)llm-
On the other hand, by the weak continuity of x(z) in H we have

Llim [lx () Iz = X () 1
tir

Hence, t +— ||x () ||y is right continuous, and therefore also # > x(¢) in H. O
6. Stochastic Navier—Stokes equations

In this section, we want to apply Theorem 4.7 to the following d-dimensional stochastic
Navier—Stokes equation in a bounded domain © c R? with smooth boundary:

du(?) = [Au(@) — (u@) - VYu(t) + Vp(@) + f(x, u(r))] dr
+ [VBi (1) +hi(x, u()) ] dw;, (6.1)
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subject to the incompressibility condition

divu(z) =0, 6.2)
Dirichlet boundary condition

u(t,x) =0, (r,x) e Ry x 90, 6.3)
and with the initial condition

u(0) = uy, (6.4)

where p(t, x) and p;(¢, x) are unknown scalar functions, u is the velocity vector, f and h are
respectively functions from @ x R? to R? and R? x [2, continuous with respect to the second
variable, and satisfy for some ko > 0 and g € L%(0)

If(x, w)| + [[h(x, w2 < ko - [ul +gx), VY(x,u)eO xR, (6.5)

Let Cg%, (0)¢ be the space of all smooth d-dimensional vector fields on O with compact
supports in O and divergence free. The completion of C§ (O in Wg "P(©)? will be denoted
k,
by Wy’ 2.
Below we choose

Y =H =Wy, (©)
and
X =Wt o), X' =W (0).

Then (4.3) holds.

Let P be the orthogonal projection operator from L?(0)¢ onto H. We define the operators A
and B as follows: foru € Cgf’a((’))

A(u) ;= P[Au] — P[(u- V)u] + P[f(:, u)]
and
B(u) := P[h(-,u)].

Then

Lemma 6.1. Foranyu, v € CS,OO (0), we have

IP[Au] — P[AV]IIx < Cllu— V],
Pl - Viu] = PL(v- V)Vlllx < Clullm + IVl - o = vim.

In particular, we can extend the operators A and B to H such that foru € H, A(u) € X and
B(u) € Ly(I%; H).
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Proof. We only prove the second assertion, the first can be proved analogously. By the Sobolev
embedding theorem we have

(Pl Viu] — P[(v- V)V]lx
= sup [(Pl(u- V)u] — P[(v-V)V], w)g]

weCq, (O):[Iwll24a,2<1

= sup (Vu®u—v®V), wl

weCgo, (O):[Iwll24a,2<1

- sup (W@u—v®v, Vwyl
weCgo (O):[Wl24a,2<1

<C sup IVWlc@y | - Ne®@u—vQ VLo

weCo, (O):[Iwlla4a,2<1

< Clhallg + Ivim) - o= vig. O

Thus, we can write the system (6.1)—(6.4) in the following abstract form:
du(?) = A(u(z))dr 4+ B(u(t))dW(r), u(0) = ug. (6.6)
In order to use Theorem 4.7, we define the functional A; on Y as follows:

2 . 1,2
”Vu”LZ(O)’ lfu € WO’(,—(O)v
00, otherwise.

Ni(u) =

As in the proof of Lemma 5.1, we can prove that N; € 2. The following is the main result in
this section.

Theorem 6.2. Assume (6.5). Then there exists an almost sure Markov family (Puy)u,cH for
Eq. (6.6).

Proof. By Theorem 4.7, it suffices to check (C1)—(C3) for the above A and B.

For (C1), using Lemma 6.1, as in the proof of (Step 1) in Lemma 5.2, we can prove the
demi-continuity of A and B.

For (C2), noting that for u € X*

x(Pl(- V)ul, u)x« = (P[(u- V)ul, u)g = ((u- V)u,u);> =0,
by (6.5) we have
x(A), u)x- = =N (W) + (¢, W), w) 2 < =N () + C(|lullf + D).
For (C3), it is clear that by Lemma 6.1
lA@)x < C(llullg + 1)
and
1Bl 1,2, < C(lullm + 1),

This completes the proof. [J
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Appendix A. Section 2
A.l. Proof of Theorem 2.7

For each f € Cp(X) and A > 0, we define
[o)0]
Lt x) :=f e M f(x(s)ds, 120, x e
’ t

and
JH(P) :=E"(L}(0,), Pe 2.
It is clear that
Ly, x) = ML50, 87 (x)), xe . (A.1)
For each b € B, we define

M}(b) = sup J}‘(P)
Pe% (b)
and

%}(b) ={P € €(b) : J}(P) = M}(b)}. (A.2)

Lemma A.1. Let (¢ (b))pep be an almost sure pre-Markov family (resp. pre-Markov family)
with € (b) non-empty and convex. Then for any f € Cp(X) and A > 0, (%}‘(b))beg is still an

almost sure pre-Markov family (resp. pre-Markov family) with ‘f} (b) non-empty and convex.

Proof. Since L;.(O, ) € Cp({2), the map P +> IEP(L; 0, ) = J}(P) is linear and continuous
with respect to weak convergence. By the compactness and convexity of %' (b), we know
‘f} (b) € Comp(L({2)) is non-empty and convex. By [17, Lemma 12.1.7], the map b +—> Sa”} (b)
is measurable.

We now prove the disintegration and reconstruction properties for (%’ ;"(b))bdgg. Fixab e B

and P € %} (b) C €(b). Let Tp C (0, 00) be the corresponding exceptional set of P. We also
fixar € Tp.
Let P(-|F;)(x) be an r.c.p.d. of P with respect to F;. Define

Np={x:x() €B}U{x:x(t) € B, P(P:()|F)(x) & C(x(1))},
and
Ny :={x € Ny : P(%,(-)|F)(x) &Z%}(X(t))}-

By the disintegration property for (¢'(b))pecp, one knows that Ny € F; and P(N;) = 0. So,
by [17, Lemma 12.1.9], N, € F;. We want to show that P(N,) = 0.
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By the measurable selection theorem (cf. [17, Theorem 12.1.10]), there is a measurable map
b+ Ry sothat Ry € %%(b) for all b € B. Define

P(|F)(x), x¢&NiUN,,
Oy = 1Ryp)0 ‘I’t_l, X € No,
3x, X € Nl,

where §, is the Dirac measure concentrated on x.

By the reconstruction property for (€'(b))pen, We have P ®; Q € € (b). Hence,
JF(P) = M}(b) > J}(P & Q)
(by 2.5)) =E” ( /O t e“f(x(s))ds) +EP®Q (L;(r, -))
(by (2.2)) = J}(P) — fQ /Q Lt y)P(dy|F) (x) P(dx)
(by (22), (2.5) and (2.6)) + /Q /Q L5 (1, ) 01 (dy) P(dx).

Thus, by the definition of Q, and P(N;) = 0 we have
0> [ [ e anroaren- [ [ Leyraimeoran
Ny J 2 N{UN, J 2
—e | [ | iomrao@n - [ Lo @;W)P(dym)(x)} P(dv),
N> 0 2

that is,
/N [/ (Rea) = JHP(@OIF) )| Px) <. (A3)
2

On the other hand, for each x € Nj, by the definition of N, we have P(®;(-)|F;)(x) &
%} (x(#)), and in view of Ry(;) € CK}‘ (x(2))

THP(8,()F)(x)) < Mp(x() = JF(Re(r)
which together with (A.3) gives
P(N,) =0.

The disintegration property for (‘KJ’} (b))pep now follows.

Let us now look at the reconstruction property for ((5; (D))pen- Let x > O, be a mapping
from {2 to Z({2) and satisfy the assumptions in Theorem 2.2. Assume that there is a P-null set
N € F; suchthat forallx ¢ N

x() €B, Qr€Cr(x(1)o &
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By the reconstruction property for (%' (b)),en, we have P ®; Q € € (b). Moreover, by the above
calculations we have

t
T3 (P @ Q) —E” ( /0 e‘“f(x(s))ds) =E"® (L5, )
= [ B@ @i ypan = [ Licoapan
R .
> [ L pus e B P

f / L(t, ) P@IF) () Pdy) = EP (L1, ),
that is
JF(P® Q) = JF(P).
We have therefore shown that P ®; Q € <g]/} (b)by P €% } (b), which completes the proof. [J

LemmaAZ Let € be a convex and closed subset of the Polish space (D), dp). Let
(Q F, P) be another probability space, and 2356 Py € € an .7/(3”(!2)) -measurable
mapping. Then

[ P,y()P(dd) € %.
(0}
Proof. First of all, it is easy to see that

P() :=[ Py()P(dd) € 2(0).
2

By [14, Lemma A.1.4], there exists a sequence of P? € ¢ only taking a finite number of values
such that for each & € 2
do(P2, Py) L0 asn— oo. (A.4)
In particular, P2 has the following form
Ny
PE="j-14,(@),
Jj=1
where (1; € ¢, and A; e]},Ajﬁ/l,' =0,i #j.

By the convexity of %', one knows that

Ny
P = fQ PL()P(dd) =) uj-P(A)) e%.
j=1

On the other hand, by (A.4) and the dominated convergence theorem, we have for any f € Cp({2)
lim E"(f) = lim / EF% (£)P(dd) = / lim EX% (£)P(dd) = EP ().
n—oQ n— o0 (9] 0 n— oo

Now the assertion follows by the closedness of . O
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Proof of Theorem 2.7. Let (0,,),cN be a dense subset of (0, 0co) and (¢;,),cN a dense subset of
Uy (X), where Uy (X) is the space of bounded and uniformly continuous functions on X equipped
with the supremum norm. Let (A, f,),eN be an enumeration of (6, ¢n)n meN. For each b € B,
set 69(b) = €' (b), and define inductively

Gur1(b) = €1 (b),
where ‘5 (b) is defined by (A.2) in terms of %, (b).

By Lemma A.1, each (6, (b))pep is an almost sure pre-Markov family with non-empty convex
values. Since %,+1(b) C €, (D), it is clear that for each b € B,

Coo (D) = Ny € (b) € Comp(FR(12)),

and (%o (D))pep is still an almost sure pre-Markov family with non-empty convex values. Thus,
if we can show that %, (b) has only one element for each b € B, the result then follows.
Claim: For any b € B, P, Q € 6~ (b) and bounded measurable function f on X,

E”(f(x@)) = EC(f(x(1))), Vi=>0. (A.5)
Suppose that P, Q € %0 (b). By the definition of €5, (b), we have for all n, m € N

EP ( / - e M f (x(t))dt> =E? ( / - gt fm(x(t))dt> .
0 0

Since (A;)qenN is dense in R, it follows from the uniqueness of the Laplace transform that
E” (fu(x(®)) = EC(fu(x(®)), Vi >0, meN.

By a monotone class argument, we obtain (A.5).

In the following, we fix b € B and P!, P> € €x(b), and prove P! = P2 Let Tpi be the
exceptional set corresponding to P’. We only need to prove that forany 0 < t] <t < --- <
tp < oo witht; & T p1 U T p2 and any bounded measurable functions f; on X

EP (fi(e()) -+ fule(@)) = EP (fix(@) -+ fux(@))).
Suppose the above equality holds for n. Let G, = o{x(t;) : i = 1, ..., n}. Then
P'=P2 on Gn.

By the disintegration property for P, there are N; € F, with P/(N;) = 0 such that for all
x & Ni,

x(ta) €B and  P'(&;, ()| F,)(x) € Coo(x(tn)).

On the other hand, since G, C F;,, there are A; € G, with Pi(A;) = 0 such that for all
X Q/ A,‘

Pi(-1Gn)(x) = /Q P C|F,) ) PH(dy]Gn) (x).
Since
0= P (N;) =/(2Pf<N,~|gn>(x>Pf(dx>,

there are B; € G, with P/ (B;) = 0 such that for all x ¢ B;
P'(Ni|Gn)(x) = 0.
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Set C; = A; U B; € G,. For x € C;, we have

P! (@, ()]G (x) = fN PU(@, ()1 F,) () P (dy[Ga) ()

1

by (2.3) = / Pi(@,, ()IF,)(3) P (dy|G) ().
Nfﬁ{y:y(tn):x(tn)}

If x(t,) & B, then N N {y : y(t,) = x(t,)} = 0. So, for x ¢ C; and x(t,) ¢ B

PY(®,, ()1Gn)(x) = P2(P,, (1)|Gn) (x) = 0.
For x ¢ C; and x(1,) € B, noting that for y € Nf N {y : y(t,) = x(t,,)}

P B, (N F) () € Coo(¥(tn)) = Coo (x (1))

and by the convexity and compactness of ¢, (b) as well as by Lemma A.2, we get
P! (,,()|Gn) (x) € Coo(x (1))
Set N := C; U C; € G,. By the induction hypothesis we have
P'(N) = P2(N) < P*(C1) + PX(C2) = P'(C1) + PX(C2) = 0.
By the above Claim, we have for x ¢ N
/Q St G tn)) PH(AY1Ga) () = /Q Fas1 (0t 1)) P2(AY1Ga) (),

i.e.,

E (fut1 (e ne0))IGn) = B (fur1 (c(ta 1) 1Gn).
The proof is thus completed by induction. [

Appendix B. Section 3

We need the following three lemmas in Section 3 about regular conditional probabilities,
whose proof idea comes from [17, Theorem 1.2.10] and [8, Proposition B.4].

LemmaB.l. Let P € P(2) and &€ € LY(2, F, P). Forr > 0, let Q% = P(-|F,)(x) be an
rc.p.d. of P with respect to F. Then for s > r, there exists a P-null set Ny ¢ € F; such that for
all x € NSC’
EP (| F) =E% | F) =E%¢|F).  Qh-as. (B.1)
Proof. For A € F, and B € F;, by (2.2) we have
/ EC*(15E" (£ 7)) P(dx) = / E” (13E" (¢|F)| ) P(dx)
A A
=E"(14- 15 -E" E|F)
=E(4-15-8) = f E%(158) P (dx)
A

_ AEQ?<13EQ?<S|fS>)P(dx>.
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Hence, there is a P-null set Np € F, such that for all x & Np
E2 (1E7 (¢|F))) = B (13E2 (| F)).

Since Fj is countably generated, by a monotone class argument, we may find a common P-null
set Ny ¢ € F, such that for all x & Ny ¢ and B € F;

E2 (15E" (§1F,)) = E% (1,E% (€| F)).
The first equality in (B.1) now follows. The second equality is straightforward by Lemma 2.1
and 2.4). O

LemmaB.2. Let D := {(¢,s5) : 0 < s <t < oo}. Let £, : D — Ry be two measurable
processes on (£2, F). Given P € Z({2) andr > 0O, let Q'. .= P(:|F;)(x) be an r.c.p.d. of P
with respect to F,. Suppose that:

@) for each s > 0, the map t — &(t,s) is a.s. increasing, and t +— n(t,s) is a.s. right
continuous, 1(t, s) is Fs-measurable for any t > s;
(i) for each (t,s) € D,

£(t,s),n(t,s) € L', F, P)

and
§(t, ) () € L1O, 15 L1 (82, F. P));

(iii) foranyx € Qandt > s >r

E(t,s, Dpx) =&t —r,s —1,X)

and
n(t,s, &px) =n(t —r,s —r, x),

where @ is defined by (2.1).

Then the following three statements are equivalent:
(I) There is a Lebesgue null set T, C (r, 00) such that foranyr < s ¢ T, andt > s

EP @, 9)IF) <n(t,s), P-as.

(II) For some P-null set N € F, and each x € N€, there is a Lebesgue null set T, , C (r, 00)
such that foranyr < s € T, andanyt > s

E9 (£(1, 5)|FT) < n(t,s), Ql-as.

(IIl) For some P-null set N € F, and each x € N, there is a Lebesgue null set T, , C (0, 00)
such that forany 0 < s € T,y and any t > s

B P (&(t, )| F) < n(t.s). Q%o Br-as.

Moreover, T, =0 & T, = 0.
Proof. (I) = (II). Fix t > r. For B € F;, by Lemma B.1 we have
£(x,s) = E% (15 -E%((t, ) —&(t, 9)|F))
= E% (15 - E  (n(t.s) — &(t. )| F)).
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Recalling that conditional expectations with respect to F; have cadlag versions in s and by a
monotone class argument, one easily sees that
(x,8) — C(x,s) isF x B([r, t])-measurable.

Hence, for any T € B([r, t]), A € F, and B € F;, we have by Fubini’s theorem
t
/ [ E% (17 - 15 - E% (n(t, s) — £(t, $)|F))ds P(dx)
AJdr
t
=/ / 17 B9 (15 - EP (1, 5) — £(t, )|F3))ds P(dx)
AJr
t
= [ 1B (14 B a B 0.) — £ 9 F)IF) ) ds

= f tr-E” (1ang - [1(0.9) =B €. )1 7)] ) ds > 0.

-

As in the proof of Lemma B.1, since B([r, t]) and F; are countably generated, by a monotone
class argument we may find a common P-null set N; € F, such that for all x € Nf and any
T € B([r, t]), B € F;

t
/ E% (17 - 15 - E% (n(t, s) — £(t, )| F))ds > 0.

r

Hence, there exists a Lebesgue null set T; , C [r, t] such that for all s & T; ,
E%((t,s) — £, $)1F}) 20, Q-as.,
i.e.,
ECx (&(t, )| F) < n(t.s), Ql-as.
Let Q, be the set of all rational points in (r, 00). Set N := U;cq, Ny, then N € F, is a P-null

set. For each x € N¢, set T, := U;cq, Tt,x. Lett > s > r with s ¢ T, ;. Choose a sequence of
points f, in Q such that 7, | ¢. By (i) and Fatou’s lemma, we then obtain

E% (£(t, 5)|F7) < B9 <li_m E(tn, )| FT )

< lim B9 (£(1y, 5)|FT)

n—o00

g h_In n(tnas) = n(tas)v Q;_a's'

n— o0
Lastly, we need to show r ¢ T, .. This can be done as above by taking s = r and without
integrating with respect to s.
(II) = () is completely the same as (I) = (II) by reversing the arguments.
(IT) < (IID) is direct from (iii). Indeed, for any A € F;_,

E9°P (14 -6t —r,s —1r) = E% (g - £ —r,s — 1), &, ())
- IEQ;(hp,A CE(,5)) < EQ;(lqs,A (1, 5))
=E% (g -0t —rs—r), &)
= ECP (14 n(t —ros —r)).

This completes the proof. [



B. Goldys et al. / Stochastic Processes and their Applications 119 (2009) 1725-1764 1759
The following lemma can be proved as Lemma B.2 (cf. [17, Theorem 1.2.10]).

Lemma B.3. Let (M (t)):>0 and (K (t))r>0 be Fi-adapted real-valued processes on (2, F)
which satisfy for x € 2,t >r >0

M, &x) =Mt —r, x), K@, &,x) =K@ —r, x).

Given P € Z(2) andr > 0, let Q. := P(:|F.)(x) be an r.c.p.d. of P with respect to F,.
Assume that for each t > 0, EP (K (t)) < +o00. Then the following statements are equivalent:

(D) (M;, Ft, P)r>r is a continuous martingale with square variation process (K (t))>r.
(I) There exists a P-null set N € F, such that for all x ¢ N, (M;, F;, Q%)i>r is a continuous
martingale with square variation process (K (t));>.
(IIl) There exists a P-null set N € F, such that for all x ¢ N, (M;, F:, Q% o @;)i>0 is a
continuous martingale with square variation process (K (t)):>0.

As a consequence, we have the following BDG’s inequality under conditional expectations:

Corollary B4. Let (M;, F;, P):>, be a continuous square integrable martingale with M, = 0.
Then

s€lr,t]

EP ( sup |MS||]-}) <42 EF (<M>}/2|f,), P-as.

Appendix C. Section 4
C.1. Proof of Lemma 4.3

Before proving Lemma 4.3, we prepare two useful lemmas.

Lemma C.1. Let N' € 4 for some q > 1. Then for any € > 0, there exists an R > 0 such that
forany x,y € Y with N'(x), N () < +00

Il = ylIy < €N @) +NY)) + Rellx — yli§. (C.D
Proof. Suppose that the assertion is false, then there exists an g > 0 such that forany n € N,
there are x,,, y, € Y with A (x,,), N'(y,) < 400 such that

1 = Yally > €N (o) + N () + nllxn = yall%-

Since M (x) = 0 implies x = 0, we have

N(xp) +N(yn) > 0.

Set

Xy = xn/(N(xn) +N(yn))1/q
Vn = Yn/ N (x,) +N(yn))1/q-
Then

%0 — Full, > €0 + nll %0 — Full% > €o. (C2)
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By (4.1) and (4.2) we have that {x,, n € N} and {y,, n € N} are relatively compact in Y. Hence,
there exist a subsequence ny and X, y € Y such that

lim [|X,, —X[ly =0, lim ||y, — ylly = 0.
k— 00 k— o0

Thus,
lim ”;an - )7nk — X+ 5)‘”Y =0.
k— o0

On the other hand, dividing both sides of (C.2) by n and then taking limits, we obtain that

lim [[X, — Yullx = 0.
n—oo

Therefore, x — y = 0 and
lim ||)znk - x~nk ly =0.
k—o00

From (C.2), we then get the contradiction 0 > €g. [

Lemma C.2. Let N' € 9 for some g > 1, and K a subset of 2 = C([0, 00), X). If for any
n € N, K is equi-continuous in C([0, n]; X) and

n
sup sup [lx(®) |l + sup/ N(x(s))ds < +o0. (C.3)
xeK te[0,n] xeK JO

Then K C 'S = C([0, 00), X) N LI (0, 00;Y), and relatively compact in S.

loc

Proof. Let x € K. By Remark 4.1 and (C.3), there exists a Lebesgue null set T C [0, oo) such
that forall + ¢ T

x() eY, N(x()) < +oo.
By (C.1) we have
x()1% < eN @) + Rellx (@)%

Hence x € L{ (0, 00;Y),and K CS.

In order to prove the compactness of K in S, it is enough to prove that K is relatively compact
inS, := C([0,n],X) N L0, n; Y) for every n € N. Let {x, k € N} be any sequence in K. By
(C.3) we have

sup sup [lxg (1) [l < +oo.
keNte[0,n]

Since X* is compactly embedded in Y, we also have that H ~ H* C Y™ is compactly
embedded in X. By a diagonalization method, we may extract a subsequence x;, such that for
any rational points ¢ € [0, ]

lim [lxg, (1) — X, (D x = 0.
l,m— o0
By the equi-continuity of {xy,,/ € N}, we further have

lim  sup |lxg (t) — xx, (DlIx =0,
l’m—“’ote[O,n]
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which together with (C.1) and (C.3) also yields
n
lim llxk, (1) — xk,, (D1|%de = 0.

I,m—0o0 Jg

Hence, there exists an x € S,, such that
n
lim sup |lxg (1) —x(@)llx + lim / llxx, (1) — x (D)1 ,dr =0,
=00 Jo

[=00t¢[0,n]

which completes the proof. [

Proof of Lemma 4.3. Fix € > 0. For any n € N, by (4.4) we may choose R, sufficiently large
such that

P, {x € 2: sup ||x@|lm+ sup M +an(x(s))ds > Rn} <e/2".
0

1€[0,n] s#1€0,n] |t —s|8
‘We set
K= {x €R: sup x(O)m

neN 1€[0,n]

+oap O ZxGx +/ Ni(x(s))ds < R, V.
sre0,n] |t — s|P 0

Then K is a compact subset of S by Lemma C.2. Moreover,
sup P, (K€) < €
n
Hence (P,),eN is tight in S.

C.2. Proof of Lemma 4.4

It is well known that there exists a self-adjoint operator A on H such that D(A) = X* and
(Ax, Ax)m ~ el

On the other hand, since X* C H is compact, the spectrum of A is discrete, i.e., there are
eigenvalues 0 < Ax 1 oo and normalized eigenfunctions {¢;, i € N} C X* in H such that

Al = iy,

and {¢;,i € N} is a complete orthonormal basis of H. Thus, the spaces X* and X can be
characterized respectively by

X* = {x = Zaiék : Zkl-z|ai|2 < +oo},
i i

and
:{X_Za’ ,:Zi<+oo}.
Aj

The result now follows.
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C.3. Martingale solution for SDE with coercivity drift in finite dimension

Consider the following SDE in R?:

{dx(t) =bx()dt +o(x(@)dW (), (C4)

x(0) = xp € RY,

where b : R — R? and o : R? — L, (U, R?) are continuous functions.
‘We have:

Theorem C.3. Assume that there is a constant C > 0 such that for any x € R¢

(x, b(0))ga < C(1 +[x/%), llo () L,w.rey < CA+|x]). (C5)

Then there exists a martingale solution P € 2 ({2) to Eq. (C.4) satisfying (M1) and (M2) of
Definition 3.1, where 2 = C(R4; R?).

Proof. Define forn € N
bn(x) = xn(x)b(x), on(x) == xn(x)o (x),
where 0 < x, € C§° (R?) is a cutoff function with

_ L Ixl<sn
X (¥) = {0, |x] > 2n.

Then b, and o, are bounded continuous functions and satisfy
byt < CA+1D), Nlow)l Lw.pey < L+ [x]), (C.6)

where C is independent of 7.
It is well known (cf. [17]) that there exists a probability measure P, € Z2({2) such that
P,(x(0) = x09) = 1and

'
M, (t,x) = x(t) — xo —/ by (x(s))ds, x € 12,
0

is a continuous square integrable JF;-martingale with square variation process

t
(M) (2, x) =/0 tr(o, (x(s))o, (x(s)))ds.

By It6’s formula and (C.6), we have

t
lx(1)* = |xol? +2/O (x(5), by (x(5))) pads

t

t
+ / tr(o, o) (x(s))ds + 2/ x(s)dM,, (s)
0 0
13 t
< Ixol* + c/ (1 + [x()]})ds + 2/ xX()dMy (5).
0 0
Taking expectations by Gronwall’s inequality, we obtain for any 7 > 0

sup EP7|x(1)* < Cy. 7
tel0,7T]
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On the other hand, by BDG’s inequality and Young’s inequality we have

EP"< sup |x(t)|2> < Cy1 +C]EP"( sup )

1€[0,T] te[O T
||U*(X(S))X(S) ||[Uds>

t
f x(s)dM,, (s)

< Cyy,7 + CEP

T
< Cyr + CEP ( sup |x(r>|2 llow (NI, Rd)ds>
te[0,T] ’

T
< Crp.1 + E”n( sup |x<t)|2)+c / B x ()] + 1)ds.

tel0,T1]

Hence

E"» < sup IX(t)I2> < Cx.1-
tel0,T]

Set for any R > 0
T = inf{r : [x(r)| > R}.
Then

Cxo,T
R

sup Py{tg < T} <
n

Moreover, as in deriving (4.10), we have for some 8 € (0, 1)

x(ATR)—x(s AT
supE/n sup x( 2 ; 7| < Cp.
n s#1€[0,T] |t — s
So, forany §,e€ > 0and R > 0
sup P, sup lx(t) —x(s)| > €
n [t—s|<8,s,t€[0,T]
< sup P, sup x(@) —x(s)| > €, 1, 2T
n |t—s5|<6,s,t€[0,T]
Cr-6 C
+ sup Pyt < T} < R4 ;)Z’T,
n

which implies that for any 7 > 0

lim sup P, sup lx(t) —x(s)| >€¢ =0.
§=0 »n |t—s|<8,5,¢€[0,T]

1763

Therefore, (Py,),cN is tight. Without loss of generality, we assume that P,, weakly converges to
a probability measure P on C(R; R9). For example, as in (Step 2) and (Step 3) of Theorem 4.5,

one can easily show that P satisfies (M1) and (M2) of Definition 3.1. O
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