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Abstract

We prove regularity estimates for functions which are harmonic with respect to certain jump processes.
The aim of this article is to extend the method of Bass—Levin (2002) [3] and Bogdan—Sztonyk (2005) [6]
to more general processes. Furthermore, we establish a new version of the Harnack inequality that implies
regularity estimates for corresponding harmonic functions.
© 2012 Elsevier B.V. All rights reserved.
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1. Introduction

Let ¢ € (0, 2). We define a non-local operator £ by
Lf(x)= / (fGx+h) = fx) = (VFx), h) Lyn<ipn(x, h) dh, (1.1)
RI\{0}

for f € Cg(]Rd). Assume for a moment, that n: RY x (Rd \ {0}) — [0, 00) is a measurable
function with

c1lh| ™47 < n(x, h) < ealh| 747 (1.2)
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forevery h € RZ\ {0}, any x € R? and fixed positive reals c¢; < c». Note that n(x, h) = |h|~4—2
for every h implies £ f = —c(a)(—A)*/? f with some appropriate constant ¢().

In [3] it is shown that harmonic functions with respect to £ satisfy a Harnack inequality in the
following sense: there is a constant ¢3 > 1 such that for every ball By the following implication
holds:

f>=0 in ]Rd, S harmonic in Bg = Vx,y € Bgypa: f(x) < c3f(y).

In [3] it is also shown that harmonic functions with respect to L satisfy the following a-
priori estimate: There are constants 8 € (0, 1), ¢4 > 1 such that for every ball By the following
implication holds:

Jf harmonic in Br = [|.f llcs g5y < call flloo-

This result and its proof recently generated several research activities; see the short discussion
below. Our aim is to prove similar results under weaker assumptions on the kernel n.

Let us be more precise. We consider kernels n: R? x (Rd \ {0}) — [0, co) that satisfy for
every x,h e R, h #0

n(x,h) =n(x, —h) (1.3)
and
k <£) J(hl) = n(x,h) < Kok (i) J (A1) (1.4)
|| |72]

where Ko > 1 and k: gd-1 [0, o0) is a measurable bounded symmetric function on the unit
sphere satisfying the following conditions: there are N € N, ¢1,...,ey > 0and ny,...,ny €
§9=1 such that for S; = S~ N (B(n;, &) U B(—n;, &))

N
k@) =1 ifgel Jsi. (1.5)

i=1
Let j : (0, 00) — [0, 00) be a function such that f]Rd(lzl2 A 1) j(|z]) dz is finite. We further
assume the following.

(J1) There exist ¢ € (0, 2) and a function £: (0,2) — (0, oo) which is slowly varying at 0 (i.e.

lim, 0+ % = 1 for any A > 0) and bounded away from O on every compact interval

such that
: £(1)
j@) = Tra forevery0 <t < 1.
(J2) There is a constant ¥ > 1 such that
Jj(@) <kj(s) whenever 1 <s <t.
In order to establish regularity estimates we need an additional weak assumption.

(J3) There is o > 0 such that

lim sup R"/ jlzhdz < 1.
|z|]>R

R—o0

If this condition holds, then one can always choose o € (0, «).
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Remark. The symmetry assumption (1.3) is used only in Proposition 2.3 and can be dispensed
with if ¢ € (0, 1).

Example 1. If a kernel n satisfies condition (1.2), then it also satisfies (J1)—(J3). Choose N = 1,
g1 =41e. 81 =81 k=1Ky=ca/c1, j(s) =c1s7 9 %in(1.4),£ = c;in(J1),x = 1in (J2)
and o € (0, o) arbitrarily in (J3). In general, (J1)—-(J3) hold for jumping kernels corresponding
to stable processes, stable-like processes and truncated versions. Sums of such jumping kernels
can be considered, too.

Example 2. Let N € N, n1,...,nny € S91 and ¢, ..., en be positive real numbers such
that the sets S; = S~ N (B(n;, &) U B(—n;, &;)) are pairwise disjoint fori = 1,..., N. Set
B = U,N=1 S;.Letk = 1 and Ko = ¢ for some ¢ > 1. Let j(s) = s 4% fors > 0.
Then our assumptions are satisfied if (1.4) and (1.3) hold true. For the particular choice where
x +— n(x, h) is constant (case of Lévy process), this class of examples is treated in [6, p. 148],
where it is shown that for N = oo the Harnack inequality fails.

Given a linear operator £ as in (1.1) satisfying (J1) and (J2) we assume that there exists a
strong Markov process X = (X;, P¥) with paths that are right-continuous with left limits such
that the process

1
{f(Xz) — f(Xo0) — / llf(Xs)dS}
0 >0
is a P*-martingale for all x € R? and f € Cg (R?). We say that a bounded function f : RY — R
is harmonic with respect to £ in an open set {2 if {f (Xmin(,,m,))},zo is a right-continuous
martingale for every open 2 C R? with 2/ C 2, where 7o = inf{r > 0: X; & 2} denotes the
first exit time from (2’
We prove the following version of the Harnack inequality.

Theorem 1.1. Assume (J1) and (J2). There exists a constant ¢ > 1 such that for every xo € R,
r € (0, ‘—11) and every bounded function f :RY — R which is non-negative in B(xg, 4r) and
harmonic in B(xq, 4r) the following estimate holds

/ f@nw,z—v)dz
B(xq,4r)¢

r

fx) Zcf(y)+c

up
£(r) veB(xg,2r)
forall x,y € B(xp,r).

Remark. If f is, in addition, non-negative in all of R?, then the classical version of the Harnack
inequality follows, i.e. for all x, y € B(xg, r):

f@x) = fy).
As a corollary to the Harnack inequality we obtain the following regularity result.

Theorem 1.2. Assume (J1)—(J3). Then there exist B € (0, 1), c3,ca > 1 such that for every

xo € R?, every R € (0, 1), every function f : R¢ — R which is harmonic in B(xo, R) and every
p €(0,R/2)

sup | f () — FODI < el flloolp/R)P, (1.6)

x,y€B(x0,p)
in particular | 1| cs ey 7 < €411 llo- (17
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Let us comment on the differences between our results and those of [3]:

(1) We can treat kernels n(x, i) for which the quantity

e |th € BO,r); n(x, h) =0}
inf liminf
xeRd r—0+ |B(0, r)]

is arbitrarily close to 1, e.g. n(x, h) as in (1.9).
(2) For fixed x € R?, upper and lower bounds for n(x, ) may not allow for scaling.
(3) Large jumps of the process might not be comparable, i.e. the quantity

{ n(x, hy)

u :

n(y, h2)
might be infinite.

(4) We establish a new version of the Harnack inequality and derive a-priori Holder regularity
estimate as a consequence. In a different setting, this procedure was recently established
in [10].

(5) We establish a general tool, Theorem 4.1, that allows to deduce Holder a-priori estimates
from the Harnack inequality.

Ix =yl = 1, 1h1 — ha| = 1, [ha| + |hi] 22}

The constants in the main results of our work and [3] depend on «. It would be desirable to
enhance the technique such that the results are robust for « — 2—. Under an assumption like
(1.2), this has been achieved with analytic techniques in [15] and [11]. Note that Theorem 4.1 is
uniform with respect to «.

Comparing our results to the local theory of second order partial differential equations, a
natural question arises: What is a broad natural class of kernels # such that similar results hold
true?

We call a kernel n of the above type nondegenerate if there is a function N : (0, 1) — (0, c0)
with lim,_,o4 N(p) = +oc and A, A > 0 such that for every p € (0,1) and x € R9 the
symmetric matrix [Aipj(x)];f j=1 defined by

Al (x) = N(p) hihjn(x, h)dh
{0<Ih|<p}

satisfies for every & € RY

d
MEP < Y AL (n&E; < AlgI%. (1.8)

ij=1

If n depends only on 4 and N (p) = p®~2, then this condition implies that the corresponding
Lévy process has a smooth density; see [14]. Note that condition (1.2) implies the nondegeneracy
condition (1.8) with N(p) = ,o"‘_2 but is not necessary, just consider the example

n(x, h) = ALy, 120.990m) - (1.9)

Note that (1.8) holds under our assumptions.

Let us comment on other articles that generalize the results of [3]. Note that we do not include
works on nonlocal Dirichlet forms. In [16] one can find conditions on Lévy processes and more
general Markov jump processes such that the theory of [3] is applicable. In [1] the theory is
extended to the variable order case and to situations where the lower and upper bounds in
(1.2) behave differently for |#| — 0. In these cases, regularity of harmonic functions does not
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hold. Regularity is established in [2] for variable order cases under additional assumptions. Fine
potential theoretic results are obtained in [5,6] for stable processes. The case of Lévy processes
with truncated stable Lévy densities is covered in [12] and generalized in [13]. As mentioned
above there is an independent approach with analytic methods developed in [15,7] covering linear
and fully nonlinear integro-differential operators.

Notation. For two functions f and g we write f (1) ~ g(¢) if f(t)/g(t) — 1.For A C R? open
or closed 74 denotes the first exit time of the Markov process under consideration. T4 denotes
the first hitting time of the set A.

2. Some probabilistic estimates

In this section we prove useful auxiliary results. We follow closely the ideas of [3]. However,
we need to provide several computations because of the appearance of a slowly varying function
in (J1). The proofs of Propositions 2.6 and 2.8 are significantly different from their counterparts
in [3].

The following proposition will be used often in obtaining probabilistic estimates.

Proposition 2.1. Ler F:R? x R? — [0, 00) be a measurable function that vanishes along the
diagonal. Then for every bounded stopping time T

T
B [Z F(Xo, Xs)} [ [ Fwntu - xoauas]
0 R

s<T
fe R4
or every x S B

For a proof see e.g. [8, Lemma 4.8].
The following result, taken from the theory of regular variation, will be repeatedly used
throughout the paper.

Proposition 2.2. Assume that £: (0,2) — (0, 00) varies slowly at 0 and let B1 > —1 and 8, > 1.
Then the following is true:

() for Mﬂlf(”) du ~ %Z(l’) asr — 0+,

Giy [1 u=Poeu) du ~ j;;’f 0(r) asr — O+
Proof. By a change of variables and using [4, Proposition 1.5.10] we obtain

r o0 l+ﬂ|£
/ WP e(u) du = / u B2 Yy dy ~ D
0 -l 1+ B

since u > £(u~') varies slowly at infinity. This proves (i). Similarly, with the help of [4,
Proposition 1.5.8] we obtain (ii). [

Remark. Using [4, Theorem 1.5.4] we conclude that for a function £: (0,2) — (0, co) that
varies slowly at O there exists a non-increasing function ¢: (0, 2) — (0, co) such that

redTeg(r)

r—>%l+ ¢ (r) 2.h
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Before proving our main probabilistic estimates, note that (1.5) implies that there exists
¥ € (0, /2] such that for every i € {1, ..., N}

[(h, mi)
|h|

n(x,h) > j(h]) forallh e RY h 0, > cos V. (2.2)

2.1. Exit time estimates

Proposition 2.3. There exists a constant C; > 0 such that for every xo € R%, r € (0, 1) and
t>0

£(r)

PO(tpxgr) < 1) < ler_a-

Proof. Again, we closely follow the ideas in [3]. Let xo € R%, r € (0, 1) and let f € C*(R%) be
a positive function such that

lx — xol%,  |x —xo| < L
Jo =17, 2
re, |x —xol =7
and
9 92
If ()] < err?, (ol <err and /(0| <ei.
Bx,- 3x,'BXj

for some constant ¢; > 0.
Let x € RY. We estimate £ f (x) in a few steps.
First

/B(o : (fG+h) = f) = (VF@), ) Lyn<ny) n(x, h) dh

<o / hPnx, hydh < e / WP e () dh
B(0,r) B(0,r)

< c3r?7U(r),

where in the last line we have used Proposition 2.2(i). Similarly, by Proposition 2.2(ii) on
B(0, r)¢ we get

/ (fx+h) = fx)nx,h)dh < ||f||oo/ n(x, h)dh
B(0,r)¢ B

(0,,-)17

<1 £llos (m/ |h|*"*°‘£(|h|)dh+/ n(x,mdh)
B(0,1)\B(0,r) B(0,1)¢

< c1r? (C5r_°‘E(r) + 66) < C7r2_“£(r).

In the last inequality we have used the fact that lim,_,o4 r~%£(r) = oo (cf. [4, Proposition
1.3.6(v)]). Finally, by symmetry of the kernel, we have

/ (h, Vf())n(x, h)dh = 0. (2.3)
B(0,1D\B(0,r)
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Therefore, by preceding estimates, we conclude that there is a constant ¢; > 0 such that for all
xeRandr € (0,1)

Lf(x) < cgr®™e(r). (2.4)
It follows from the optional stopping theorem that

tATB(xo,r)

B f (Xi vy, ) — f(x0) = B f LF(Xy)ds < egtr® L), >0, (2.5
' 0

On {TB(xy,r) <t} one has Xt/\fB(xo.r) & B(xg, r) and so f(Xt/\tB(xO,r)) = r2. Then (2.5) gives

PO(tpixgr) < 1) <cstr *L(r). O

Proposition 2.4. There exists a constant C» > 0 such that for every r € (0, 1) and xo € R¢

o

inf E'r > C .
veBGor/n) OO = E20

Proof. Let r € (0, 1), xo € R? and y € B(xg, r/2). Using Proposition 2.3 we obtain
Py(TB(xO,r) <t) < Py(TB(y,r/z) <t)<(Cp trfaﬁ(r) fort > 0.

Let

rOl

o = .
0= 3¢
Then

o

E'tr > 1P (z > 1) > .
B(xo,r) = 10 (TB(xg,r) > T0) = 20100

Proposition 2.5. There exists a constant C3 > 0 such that for every r € (0, %) and xo € R?

o
sup Ey‘L'B( ,r) < C‘ —_—
yeB(xo.r) 0T (r)

Proof. Let r € (0, %), xo € R? and y € B(xg,r). Denote by S the first time when process
(X¢)r>0 has a jump larger than 2r, i.e.

S =inf{t > 0:|X, — X,_| > 2r}.

Assume first that PY (S < %) < % Then by Proposition 2.1

ra
s = =K Lyx,—
< B E(r)) Z {1Xs—Xs—|>2r)

o
S<IAS

£(r)

7 B [%/\S
=K n(Xs, h)ydhds | . (2.6)
| /0 B(0,2r)°
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Choose arbitrary &y € {11, ..., nn} and let ¥ be as in (2.2). Then

/1 n(Xy. hydh > /n n(Xe. ) dh
B(0,2r)¢ {heRd 2r<in|<1, 0500 >cosz9}
L(|h)

> - 7
AheRd 2r<|h|<1, 50! >cosz9} |h|d+e

£(t £
qu ()dtzqg,
2r r

t1+(x

where in the last inequality we have used Proposition 2.2(ii). Using this estimate we get from

(2.6) the following estimate
« 12
Py Sgr zczﬂ]E —/\S
£(r) re L(r)
o
CzIPy S > r— > C_2
L(r) 2

Therefore, in any case the following inequality holds:

o
P> S<r >1AC—2.
—er)) T2 2

Since S > Tp(x,,r) We conclude

y re y r*
P >P < —1>
<‘L’B(x0r)_£( )> (S_ Z(r)) > C3,

with ¢z = % A %. By the Markov property, for m € N we obtain

v

) ra rO(
P <TB(X0J) > (m+ Um) <P (TB(xo,r) > mm, TB(xp,r) © Qm% > m)
, X, re r¢ ro
= ]Ey []P) £(r) <TB(X()J) > m) 5 TB()C(),V) > mm]
ra
< (1-c3P’ (tB(xo,r) > m%> ,

where 6, denotes the usual shift operator. By iteration we obtain

o

-
P’ <r3(xo,r) > mz(r)) <(I-c3)", meN.

Finally,
Ol

o
EY < HPY
TB(xg,r) = e( ) Z(m +1) (TB(xo ry > m E(I"))

(X

5a>zw+m““)“ﬁﬁ
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2.2. Krylov-Safonov type estimate

Fix ¥ € (0, /2] such that (2.2) holds.

Proposition 2.6. Let A € (O, Si‘éﬁ ] There exists a constant C4 = C4(X) > 0 such that for every
xo € R r € (0, %), closed set A C B(xg, A\r) and x € B(xg, Ar),

P(Tp < tB(x.r) = C4¢-
¢ = T B(xo, 1)
Proof. Choose arbitrary & € {n1,...,ny} and set Xo = xo — 5&0. The idea is to choose A €
O, %] such that (see Fig. 1)
W_—U’SO)' > cos ¥ (2.7)
lu — vl

for all u € B(xg, 2Ar), v € B(Xg, 2Ar). Since for every u € B(xg, 2Ar) and v € B(Xg, 2Ar)

w—v.l VO -@? s

|lu — vl i

it is enough to choose A € (0, %] such that

V1 — (812> cosv,

or, more explicitly,

sin ¥
<

For s > 0 we denote B(xg, s) and B(xo, s) by By and Bs. Letr € (0,1), » € (0, SH‘T’}],
X € By, and let A C B, be a closed subset. The strong Markov property now implies

P*(Ty < tp,) = P* (XTB oy € By, Xrgzxr o QTBZM € A)
— E* [ W (Xez, € A); Xy, € BM:I' (2.8)

For every y € B, and ¢ > 0 Proposition 2.1 and (2.7) yield

PP(Xey med)=E > Jl (Xy—#X,, Xy €A)

s< ‘L'32

=F / /n(XY,z—X)dzds:|
: By £z — X))
> [ / |z—X|d+"‘dZdS]

Letting ¢+ — oo and using the monotone convergence theorem we deduce

|z — X))
¥ y
PY(X;: MeA)>E [/ /A|Z_X|d+adzds:|.




638 M. Kassmann, A. Mimica / Stochastic Processes and their Applications 123 (2013) 629-650

Fig. 1. The choice of X( and A.

Since |z — X| < r/2+4Ar <r, by (2.1) we conclude that
£(r)

P}’(Xr[;z” S A) Clm

v

Y.
[AIE 75,

Al _
> col(r r%EVts .
—Z 2 ( )lBrl Boyr

Using Proposition 2.4 we deduce

£(r) |A]
PY(X,. €A)>c A% . 2.9
(Keg,, € A) 2 30 o 2.9)
Since ¢ varies slowly at O we finally obtain
, |A -
PY(X;. €A)>cy forall y € By, (2.10)
Bo)r |Br
for some constant ¢4 = c4(1) > 0. By symmetry and (2.10) we deduce
X 5 |Bkr|
P*(Xep, € Biar) Z 4 E for all x € By,. (2.11)

r

Finally, by (2.8), (2.10) and (2.11) we get
|A]

P¥(Ta < 18,) > 220 —.
| B

2.3. Restricted Harnack inequality

The aim of this subsection is to establish a Harnack inequality for a restricted class of
harmonic functions.
The following lemma can be proved similarly as [13, Lemma 2.7].

Lemma 2.7. Let g: (0, 00) — [0, 00) be a function satisfying

g(s) <cg(t) forall0<t<s,
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for some constant ¢ > 0. There is a constant ¢’ > 0 such that for any xo € R¢ and r > 0 we
have

sz =xh=cr [ gz upa
B(xo,r)
for all x € B(xq,r/2) and z € B(xp, 2r)°.

Proposition 2.8. There is a constant Ly € (0, %) so that for every A € (0, Ao] there exists a
constant C5 = Cs5()) > 1 such that for all xo € RY r e O, %) and x,y € B(xg, Ar)

EX[H(X'L’B(XO’;J))] S C5Ey[H(X'L’B(X01r))]9
for every non-negative function H: R? — [0, co) supported in B(xq, 3r/2)°.

Proof. Let xo € RY, r € (0, §) and let x, y € B(xo, Ar), where A € (0, A9) and A¢ € (0, %) is
chosen later. A9 will depend only on constants in our main assumptions. Take z € B(xg, 3r/2)¢.
There are only two cases.

Case 1: There exists ug € B(xg, Ar) so that n(ug, z — ug) > 0.
Case2:n(u,z —u) = 0forall u € B(xg, Ar).

We consider Case 1. By (1.4) and (1.5) there exist &’ € {£ny, ..., £ny}and ¥’ € (0, %] with
_ 1
(z —uo, &) > cos 9.

|z — uol

Note that &', ©¥" depend on g, z, xo and r but ¥’ > ¢ uniformly with & as in (2.2).
Set X = xo — 5&’ and take Ao < %. Let By := B(xg, s) and By := B(Xg, s). As in (2.7),
for A < Ao we have

l(u —v, &)

| | > cos®’ forallu € By, v € Boyy.
u—v

Choose zg € 9B, so that the following conditions hold:

Ar
|z—w| <|z—u| forallu € Byy,,w € B <Z~0, —),

4
—v, & . A
w-v&) > cos® forallv e By, w e B 2, l , (2.12)
lw — v| 4
<Z_w7§/)

A
>cos® forallw € B <Z,~o, %) )

In the Appendix we briefly explain the geometric argument behind the choice of zp € 9B, 3.
Let B, = B(Zp, s). By the strong Markov property,

B, B, ~
EY [/ n(XS,z—XS)dsi| > [EY |:/ n(Xs,z—Xs)ds;XrBw € BM:|
0

TBosr

T8, .
R H/ n(Xy, 2 — Xy) ds} 00y, i Xep, € BM}
0

TBy ~
[ []EX% U n(X, 7 — Xs)ds]  Xey, € BM] . (2.13)
0 r

|z — w|
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Similarly, for v € B,\r we have

‘[Br
EY |:/ n(XA.,z—XS)ds:|
0

Xe- TBy
>EY|E B n(Xs,z— Xg)ds |; Xz, € B/)»r .
0 Boxr T

8

Let w € B, . Then (J1), (J2), Proposition 2.4 and (2.12) yield
T

TBr ‘[B/)»r
EY |:f n(Xs,z—Xs)ds:| > EY [/ 4”(Xs72—Xs)dS:|
0 0

‘L'B/~
> ¢|EY [/ T j(z— Xs|)ds}
0

> Bty (20r) 7 / J(Iz = ul) du
Tr By,

rozfd

> c3n* ! / Jj(lz — ul)du.
(%) Jou,

Combining (2.13)—(2.15) we obtain

‘[Br
EY |:/ n(XA.,z—XS)ds:|
0

a—d X
/ jlz —ul) du B> |:IE” Bor (Xz-
By B2

’
(%)
Similarly as in the proof of Proposition 2.6 we obtain, for some c4 = c4(A) > 0

IP’”(X%" € B),)>cy forallve By,
Ar ]

2 C3)\’Ol*d

r

and

PY(X € By,) >cy4 forallu € By,.

TBay,
Therefore,

B, rOl—d
EY [/ n(Xx,z—Xs)dS} ECST/ J(z—ul)du.
0 E(T) By

On the other hand, by Proposition 2.5 and Lemma 2.7,

x TBM x TBM.
E/O n(Xy. 2 — Xy)ds CéEfO J(lz = Xy ds

1B e, (2r) / (12 = ul) du

Boar

IA

IA

rc{—d
= c3
L(Q2Ar) JB,,,

It follows from (2.16) and (2.17) that

X TBy, | By
E / n(Xs,z— Xg)ds | < coE” / n(Xs,z— Xg)ds|.
0 0

Jj(z —ul)du.

€ B/%, ); Xop, € EM} .

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)
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Next, we consider Case 2,i.e. n(u, z—u) = 0 for all u € B(xg, Ar). Also in this case, assertion
(2.18) holds true, because

TBr
EY |:f n(Xs,Z_Xs)ds] >0,
0

‘[Bkr
E* / n(Xs,z— Xs)ds | =0.
0

We have shown that (2.18) always holds. It is enough to prove the proposition for H = 14,
where A C B(xo, 3r/2)¢. We conclude from Proposition 2.1 and (2.18) that

(2.19)

B,
P (X, € A) = / EY [/ n(Xg, 7z — Xs)dsi| dz
A 0

TBAr
C;I/Ex |:/ n(Xs,z—Xs)ds:| dz
A 0

g 'P*(Xy, € A). O

v

3. Harnack inequality

In this section we prove Theorem 1.1.

Proof of Theorem 1.1. Since f is non-negative in B(xq, 4r), we may assume that

infyep(xy,r) f(x) is positive. If not, we would prove the claim for f; = f + ¢ and then consider

& — 0+. By taking a constant multiple of f we may further assume infyep(x,,r) f(x) = %
Choose u € B(xg, r) such that f(u) < 1. By Proposition 2.5 and using properties of slowly

varying functions we can find a constant c¢; > 0 such that for all u, v € R and s € O, r]

o

s o
E“t <cj—— and E¥r <c
B(v,2s) = 1E(S) B(v,s) = €1

,
ey’

@3.1)

From Proposition 2.6 we deduce that there is a constant ¢, > 0 and A € (0, Si]“é?] such that for

all A C B(xgp,2\r) and y € B(xg, 2Ar)
[A]

| B(xo, 2r)

Similarly, by Proposition 2.6 we see that there exists a constant c¢3 € (0, 1) such that for every
x € R4, s <rand C C B(x, As) with |C|/|B(x, As)| > %

PY(Ta < tB(x,2r)) = €2 (3.2)

P*(Tc < tBx,s) = C3.

The idea of the proof is to show that f is bounded from the above in B(xg, r) by

rOl
ca |1+ sup / fr(@n,z—v)dz ],
£(r) veB(x,2r) J B(xo,4r)°

for some constant ¢4 > 0 that does not depend on f. This will be proved by contradiction.
Define

c3 n
= 2 and = 33
7 3 a ¢ 2Cs 33

where Cs is taken from Proposition 2.8.
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Assume that there exists x € B(x, %’) such that f(x) = K for some

{Ko 2. 8dk_dKo}
K >max{—, ——— ¢,
¢ (%19
where
rO(
Ko=1+4¢ sup / f(@n(,z —v)dz. (3.4)
L(r) veB(xp.2r) J B(xg,4r)¢

1/d
Lets = (éf%) 22071 r. Thens < 7 and

1B, As)] = 20 B (xg, 20)]
X, A8)| = —— ,20)].
ol K 0

Set By := B(x, s) and 7, := Tp(x,5). Let A be a compact subset of
A" ={w e B(x, As): f(w) > ¢K}.
By the optional stopping theorem, (3.1) and (3.2) and Proposition 2.1
1> fu) = B'[f (X7 nrgsy an)]
= E*[f (XTyntpg20)s Ta < TBxo.20 ] — B L T (X Ty ntp0g.00)5 TA > TB(xp,21)]
> (K PY(Ta < tB(xp.2r) — BT (Kepg20)]

TB(xO,Zr)
= (K P(Ty < tB(xy.2r)) — E [f / f@nXs,z— X dz dt}
0 B(xg,4r)¢

|A]| re

—— —ci sup f f @n,z—-v)dz.
| B(x0, 2r)] L(r) veB(xg,2r) J Bxg,4r)

v

K

Using (3.4) we obtain

Al _ - re / F@n( Vd | B(xo, 2r)|
— < c1 sup on,z —v)dz | ——————
|B(x, As)] L(r) veB(xp,2r) J B(xo,4r)¢ 20 K|B(x, As)|

Ko |B(xo,2r)| 1

T (K |B(x,s)| 2

which implies
|A|

|B(x, As)]

Let C C B(x, As) \

1
=5
A’ be a compact subset such that

cr

1
Bam 23 ¢

Let H=f+1 Bg, - Assume that

E*[H(X,,)] > nK. (3.6)
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Then for any y € B(x, As) we have
fO) =E f(X) =E fT(Xy,) —E' f~ (X))
=E f1(Xy,) —E'[f~ (Xq,); Xz, & B(xo,4r)]
> E'[fT(Xq,); Xe, & Bas2l — EVLf 7 (X1,); Xo, & B(xo, 4r)].
Applying Proposition 2.8 to H it follows that
fO) = CT'E [T (Xe,): Xoy, & Basj2l
rO{

—cl—— sup / S @nW,z—-v)dz.
£(r) veB(xq,2r) J B(xp,4r)¢

Combining the last display with the assumption (3.6) and the definition of ¢ in (3.3) gives
K
= C;an —Ko=¢K (2 — {—;) >¢K forall y € B(x, As),

which is a contradiction to (3.5). Therefore E*[H (X4, )] < nK.
Let M = sup,cp, , f(v). Then

K = f(x) =E"[f(X1.); Tc < ] +E'[f(Xy,); 75 < T, Xy, € B3g)2]
+E[f(Xe): Ts < Tc, Xo, & Bag)2]
<¢KP'(Tc <t)+ MU -P"(Tc < 1)) +nkK

and thus
M _1—n—¢P(Te <)
K — 1-P(Tc <)

From the last display we conclude that M > K (1 4 28) with 8 = 6(16——3C3) + % > (. Thus there
exists X' € B(x, 3) so that f(x’) > K(1 + ).

Using this procedure we obtain sequences (x;,) and (s,) such that x,4+1 € B(xy, 3%) and
Ky == f(x,) > (1+ B)""'K. Thus

00 3 Ko 1/d
Xnt1 —Xi| < = si<cs| — r,
V;|n+l l|_2,;l_5<K)

for some constant c¢5 > 0.
If K > Ky cg’ , then (x,) is a sequence in B(xo, 37’) such that

lim f(x,) > lim (1+8)" 'K = .
n——+00 n——+o0o
This contradicts the boundedness of f and so K < cg Ko. Thus

sup  f(v) < ¢ Ko

veB(xq,r)
ra
= c? 1+ sup / f@n,z—v)dz).
£(r) veB(x,2r) J B(xp,4r)¢




644 M. Kassmann, A. Mimica / Stochastic Processes and their Applications 123 (2013) 629-650

Now, let x, y € B(xp, r). Then

o

fo) < <1+r— sup / f_(Z)n(v,z—v)dz>
B(xq,4r)¢

Z(r) vEB(x0,2r)
a

<24 f(y)+cf

/ f~(@n,z—v)dz.
B(xq,4r)¢

r
u
K(}") veEB(x0,2r)

The proof is complete. [
4. Harnack and Hoélder

In this section we prove a general tool that allows to deduce regularity estimates from our
version of the Harnack equality given in Theorem 1.1. This approach is developed in [10]; see
also [9]. We show that the implication

Harnack inequality = Holder regularity estimates

holds true for nonlocal operators. Since this implication is of general interest, we formulate the
set-up independently of Theorem 1.2.

Let m:R? x (Rd \ {O}) — [0, co) be a measurable function. Assume there is a function
y 1 (0, 00) = (0, 00) such that [pa(Jul* A 1)y (lu])du < oo and forall x, h € RY, h # 0,

h
k (W) y(hD) = m(x, h) < y(|hl), (4.1)

where k : §971 — [0, o0) is a measurable bounded symmetric function such that k > 1 on a
non-empty open set / C S?~!. Note that this is a very weak assumption.

We assume that there exist ¢ > 0 and L > 1 such that for 0 < » < 1 and r < R the following
estimate holds:

f;;osd_ly(s)ds <5)8
Faoa=t(7) 4.2)

Finally, let £ be a non-local operator defined by
Lfx)= /Rd\m}(f(x +h) — fx) = (VF), ) Lyn<im(x, h) dh 4.3)

for f € CZ(RY).

Theorem 4.1. Assume (4.1)—(4.3). Assume that harmonic functions with respect to L satisfy a
Harnack inequality in the following sense: there exists a constant ¢ > 1 such that for every
xo € RY r e (0, zlt) and for every bounded function f:R? — R which is non-negative in
B(xg, 4r) and harmonic in B(xo, 4r) the following inequality holds for all x, y € B(xg, r)

f&x) =cf(y) +cM(xo,r)  sup / fm@mv, z —v)dz, (4.4)
vEB(x0,2r) J B(xq,4r)°¢

where M (xg, r) = (fB(onr)f m(xp, 2 — X0) dZ)_l-
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Then there exist B € (0, 1), co > 1 such that for every xo € R?, every R € (0, 1), every function
f: RY — R which is harmonic in B(xy, R) and every p € (0, R/2)

sup £ x) — FO)I < coll fllso(p/R)P. (4.5)

x,y€B(x0,p)

Note that conditions (4.1)—(4.3) do not imply in general that £ satisfies a Harnack inequality;
see the discussion of Example 2.
Let us illustrate the above result.

Example 3. Assume m(x,h) = |h|™9 % ie.k = 1, yt) = 9% & = . Then £ =
—c(—A)*/2, The Harnack inequality (4.4) then becomes

rozafmrer [ @k - (46)
B(xq,4r)¢
Theorem 4.1 says that (4.6) implies a Holder regularity estimate. Note that (4.4) follows from

the more classical Harnack inequality for positive functions; see [9].

Proof of Theorem 4.1. Let xp € RY. Fors € (0, 1) and x € B(xg, s /2) we define a measure

Jav(z—xDdz

Vi (A) =
§ fB(xo,S)” J/(|Z - X()|) dZ

for measurable A C B(xg, 5)°.

Note that, by the assumptionk > 1 on I C S9! we can deduce

/ m(xg, z — x0) dz > Co/ y(lz — xol) dz,
B(xg,s)¢ B(xg,s)¢

with a constant ¢y > 0 depending on /.
Letr € (0, 1) and let f:RY — R be a bounded function that is harmonic in B(xg, r). Then

M(xo,r/4)  sup / fm@mx, z—x)dz
x€B(xg,r/2) J B(xg,r)¢

Sup [y /@y (2 —x])dz
C/XEB(xo,r/Z)

fB(xo,r)" y(lz = xol) , dz

By the Harnack inequality (4.4) with r replaced by r/4 we get

sup f<c inf f+4+c sup / @i (dz). 4.7)
B(xo,r/4) B(xo.r/4) B(x0.r/2) J B(x0,r)¢

Setk = % We will choose § € (0, 1) in the course of the proof such that
K
1—)4f < 1.
( 2) <

The main idea is to construct an increasing sequence (1,),cN, and a decreasing sequence
(M;)nen, so that for all n € Ny
my, < f(x) <M, forallx € By-n,,

4.8)
M, —m, =47"PK, (
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where My = supga f(x), mo = infre f(x), K = My — mg € [0, 2| flloc] and B; = B(xp, ).
Setm_, =mgand M_,, = My forn € N.

Assume that there are k € N, mg <m| < --- <my_jand My > M; > --- > Mj_; such
that (4.8) holds forn < k — 1.

We need to choose my > my_1 and M; < M_; such that (4.8) holds for n = k.

Set

mi_1+ Mp_1\ 2- 4k=Dp
gx) = (f(x) > > .
Then for x € By-¢-1),
My —my_y 2-4%-DF
< =1

gx) < 5 X

mg—1 — My_y 2 - 4*k=DF )
gx) > =-1, ielgkx)| =1

2 K
Let y € R? be such that |y — xo| > 4~ *~Dr. Then there exists j € N such that
47F < |y — xol < 47

Therefore, since f(y) < My—jyandmy_; 1 < my_y,

K myg—1 + My—1
mg()’) =fy - —
Mi_1 —my_
< Mi_jy —my_j1 — %’""1
_ 4Dk _ 4--p K
2
and so

g(y) <2-4F 1.
Similarly,
g(y) = 1-2.4F

Now there are two cases:

Case 1: [{x € B4+, : g(x) <0} > 3By,

Case 2: [{x € By, : g(x) > 0} = 1[By+,|.

We work out details for Case 1 and comment afterwards on Case 2. In Case 1 our aim is to
show g(x) < 1—« forevery x € By—«, andk = % Because then for every x € B4—«, we obtain

My—1 +my—1 + (1 _K)K4_(k_1)/3

flx) < >
Mot —mi—y (1 — 0K
= me_y + k—1 — Mg 1+( i) 4—(k=Dp
2 2
. §47<k71)ﬂ n %mkmﬂ

= mp_1+ (1 — g) 4~k=Db g

< mi_y +47 kK. “4.9)
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In this case we set my = mg_; and My = my +4 % K and obtain, using (4.9), my < f(x) < My
for every x € By—«, as desired.
Thus we need to prove

g(x) <1—« forevery x € By—,.

Define w = 1 — g. Then w is non-negative and harmonic in B4—«+1, and thus, by (4.7), we
deduce

sup w <c inf w+c sup / W™ (MVy i1, (@y).
B

B4—kr 4=k x€eB

c
2.4=kp 4—k+1,

Since supB4 L W= 1, we get
—r
o0

inf w>—-— sup

/ =g Vg, @)
B4*kr c jZIXEBZ-zt*kr A(XO,4_k+!r54—k+.l+|r)

1 >, . .
> = =23 (WP =1) sup v, (A, 475 4T ),

j=1 XEBZ»4_1‘V

where A(xo, s1,52) = {y € R?: 51 < |y — xo| < s2}.

By assumption (4.2) and the definition of vi‘,(k,l)r we obtain

—k+j —k+j+1
sup VZ,(k,l>r(A(x0, 4K p 4RIy
X€By 4k,

f3(0,4—k+./—1r)c y(lul) du
=1
fB(0’4—k+lr)c )/(|M|) du

< L4072,

Choose Bg € (0, &). Then for 8 € (0, Bo)

o0

D@ —1) sup vy, (Alxo, 47 r 47K )

j=1 XEB2,4—1¢,

o0
< c14¥L Z47j(57ﬁ0) < 00.
j=l1
Choose [ = I(c, c1, L, Bo, €) € N so that

2, NN 4oiG—po) < ]

4°°L 477E7P) < —

“ Z ~ 8¢

Jj=l+1
and then 8 € (0, Bp) small enough so that

[
D@ -1 sup vy, (Alxo, 475 r 47EH )
j=1 X€B) 4k,

)
. , 1
<c4¥L) @P -4 < —

j=1 8¢



648 M. Kassmann, A. Mimica / Stochastic Processes and their Applications 123 (2013) 629-650

Therefore,

1 <1 1)
inf w>--2 +— )=k
By, c 8 8¢
ie.
g <1 —«kforall x € Byx,.

In Case 2 our aim is to show g(x) > —1 4 «. This time, set w = 1 4+ v. Following the strategy
above one sets My = My_; and my = My — 47 %K leading to the desired result.

Let us show how (4.8) proves the assertion of the theorem. Let p € (0, r/2). Choose m € Ny
with 4="+Dy < p < 477 Then condition (4.8) implies

B
sup | f(x) — fFO)l <4PK = @ P PAPK < 4PK (8) .
X,y€B,(xo) r

The assertion of the lemma follows and the proof is complete. [
Now we are finally able to prove Theorem 1.2.

Proof of Theorem 1.2. We apply Theorem 4.1. Let k = k; as in (1.4) and I = S} as in (1.5).
Set m(x, h) = n(x, h), y(t) = j(t). We need to check condition (4.2). We will show that there
is ¢ > 0 with the desired property.

Letr € (0, 1). Using condition (J1) and Proposition 2.2(ii) we obtain

00 1
/ s Vj(s)ds z/ s7e(s)ds > eire(r). (4.10)

Assume first that R € (r, 1). Then

00 1
/ s j(s)ds < 02/ s (s) + 3 < caRTYU(R).
R R

Choose 61 € (0, «). By the theorem of Potter (see [4, Theorem 1.5.6(ii)]) there is a constant

¢s5 > 0 such that Ze((R)) <cs ( ) forall 0 < r < R < 1. Therefore,

[ s4 j(s)ds _aR™“UR) _ (R —(@=d)
= SCc6| — .
[Zsd=1j(s)ds ~ car— €(r)

r

Next we treat the case R > 1. (J3) implies foo d— 1J(s) ds < c¢7R7?.Choose §; € (0, —0)
with o € (0, @) as in (J3). The theorem of Potter and (4.10) imply that there is a constant cg > 0
with

/ s Vj(s)ds > cre(yr~ % > ¢10(1)cgr™ @),
.

In this case,
0 d—1 — —
e s iwds _ (5) T b < g (5) "
froo s4=1j(s)ds — r - r

sincer <landa — 8 —o > 0.
Therefore, condition (4.2) is satisfied for ¢ = min{a — §;,0}. O
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Fig. 2. The choice of X( and Z.
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Appendix

We explain the geometric arguments behind the proof of Proposition 2.8.
Given n € S4! and p > 0 we define a cone V (1, p) C R¥ as follows. Set

S, p) = (B(, p) U B(—n, p)) N $97!  and

V(n.p) = {x Rl #0, 7 € S0 p)} .
From now on, we keep n € $~! and p > 0 fixed and write V instead of V (5, p). Choose
9 € (0, 5] so that p? = 2(1 — cos ¥).
Using a simple geometric argument one can establish the following fact.
Let 2 € (0, 22%), xg € R, r € (0,2),uq € Byr(x0) and z € B(xo, 3)°. Assume z € ug+ V.
Set Xo = xo — 5 € dB(xo, 5) where & € {41, —n} is chosen so that (z — uo, &) > 0; see Fig. 2.
Then the choice of A implies

(1) B(F0.2A1) € Myenxg.m U + V).

Moreover, there is Zg € d B(x, %) such that

(2) BGo. %) C (MvenGo.2mn @ + V),
() 2 € Nyepy. iy + V),

@) |z —Zo| < |z — xo| and thus |z — w| < |z — u| for all u € B(xg, 4Ar), w € B(Zp, ))Tr).
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These conditions ensure that the Markov jump process under consideration has a strictly positive
probability to jump from a neighborhood of x¢ via neighborhoods of X and Zg to z. One could
avoid the introduction of zy and let the process jump directly from the neighborhood of Xy to z
but this would result in a slightly stronger assumption than (J2).
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